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ABSTRACT

By circumventing symbolic Lie algebraic computations, sensitivity-based algorithms very effi-
ciently compute controllability/observability of large-scale nonlinear dynamical systems. Also,
they provide controllability/observability signatures, pinpointing the state variables involved
in uncontrollable/unobservable modes. One contribution of this paper is to show that these
algorithms can also be used to determine whether the transformation into the controllabil-
ity/observability canonical form is linear or not. If linear, this paper also reveals how this trans-
formation is obtained from the sensitivity-based algorithm. Another contribution is to show that
this linear transformation can also be obtained from standard algorithms, putting linear time-
invariant systems into the controllability/observability canonical form. Examples of medium-and
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large-scale nonlinear dynamical systems are presented to illustrate these contributions.

1. Introduction

Canonical forms of both linear and nonlinear dynami-
cal systems reveal in a straightforward manner whether
individual state-variables are connected to the system
input/output or not. The unconnected state-variables
are the ones that are uncontrollable/unobservable
(Isidori, 1995; Kwatny & Blankenship, 2000; Nijmei-
jer & van der Schaft, 1990; Van Willigenburg, 2024).
The lack of a connection to the input causes a zero
sensitivity of the corresponding state-variable to the
input. Similarly, a lack of a connection to the output
causes a zero sensitivity of the output to the correspond-
ing state-variable. If the system is not represented in
a canonical form, uncontrollable/unobservable state-
variables turn into uncontrollable/unobservable modes
being combinations of all state-variables as determined
by the state-transformation into the canonical form, see
Figure 1.

Zero sensitivities to the input of uncontrollable
modes, and zero sensitivities of the output to unob-
servable modes, lie at the basis of sensitivity-based
algorithms to determine controllability/observability
of possibly large-scale nonlinear dynamical systems.
Zero sensitivities cause rank-deficiency of the sensitiv-
ity matrix computed by the sensitivity-based algorithm
indicating uncontrollability/unobservability. Moreover,
the singular value decomposition (SVD) used to deter-
mine the (numerical) rank of the sensitivity matrix
also provides right singular vectors. The nonzero com-
ponents of the right singular vectors, corresponding

with zero singular values indicate the state-variables
involved in the uncontrollable/unobservable modes
(Stigter et al., 2018; Van Willigenburg, 2024; Van Willi-
genburg et al., 2022). Generally, the latter is sufficient
information for control system analysis and design.

To obtain further insight, in some cases, one would
like to obtain the controllability/observability canon-
ical form explicitly. To obtain these, one requires the
state-transformation into the canonical form, the com-
putation of which is avoided by sensitivity-based algo-
rithms. This enables them to be very efficient, even
for large-scale systems (Wieland et al., 2021) by avoid-
ing symbolic Lie algebraic computations (Stigter et al.,
2018; Van Willigenburg et al., 2022). One contribution
of this paper is to show how sensitivity-based algo-
rithms can be used to determine whether this state-
transformation is linear, or not. If linear, this paper
also shows how to obtain this transformation from the
sensitivity-based algorithm. Another contribution of
this paper is to show that the existence and compu-
tation of such a linear state-transformation can also
be decided and performed by standard algorithms
putting linear time-invariant systems into the controlla-
bility/observability canonical form, such as ctrbf/obsvf
in Matlab and the ones in Van Dooren (1981). Exam-
ples of medium- and large-scale nonlinear dynamical
systems are presented to illustrate these results.

Although there is a large body of literature on con-
trollability, observability and corresponding canonical
forms, the results presented in this paper seem to have
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General analytical nonlinear
dynamical systems

Change of state-space

Canonical forms
Controllable state variables: state variables connected to the input
Observable state variables: state variables connected to the output

coordinates/State-
transformation

Figure 1. Canonical forms facilitating simple definitions/explanations of controllability and observability as connectivity’s to the
input and output. Changes of coordinates/state-transformations connect analytical nonlinear dynamical systems to their canonical

forms.
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Figure 2. Singularvalues and controllability signature of the CSTR with three control variables as obtained from the sensitivity-based
algorithm. The left panel shows one numerically zero singular value corresponding to a single uncontrollable mode. The right panel
shows the corresponding controllability signature indicating that the single uncontrollable mode is a combination of state-variables
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Figure 3. Singular values and controllability signature of the CSTR with two control variables as obtained from the sensitivity-based
algorithm. The left panel shows two numerically zero singular values corresponding to two uncontrollable modes. The right panel shows
the corresponding controllability signature indicating that the two uncontrollable modes involve state-variables 3-7.



gone unnoticed (Boley, 1980, 1984; Boutat & Busawon,
2011; Conte et al,, 1995; Kalman, 1962; Zeitz, 1990;
Zhirabok, 2008, 2010). As to the terminology used in
this paper, what is called controllability and observ-
ability for linear and nonlinear systems in this paper,
for nonlinear systems is most often called local strong
accessibility and local observability in the literature
(Nijmeijer & van der Schaft, 1990).

Section 2 presents the state-space representation of
nonlinear dynamical systems together with trajectories
along which sensitivity-based algorithms perform com-
putations. It ends with an important remark concern-
ing the local character of controllability/observability.
Section 3 introduces sensitivity-based algorithms com-
puting controllability/observability of nonlinear, pos-
sibly large-scale, dynamical systems. Section 4 pro-
vides the main results that are illustrated in Section 5
with small and large-scale examples. Finally, Section 6
presents conclusions.

2. Trajectories of nonlinear dynamical systems
and the local character of
controllability/observability

To facilitate their analysis, numerical solution and con-
trol, dynamical systems described by ordinary differ-
ential equations are often represented in the so-called
state-space form given by

x(t) = f(x(t), u(t)), x € R"™, u e R™ (1)
y(t) = g(x(¥)), y e R™. (2)

Within this formulation t denotes time, x € R"* is the
state-vector or state collecting all state-variables x;, i =
1,2,.., 1y, u € R™ is the input-vector or input collect-
ing all input-variables u; e R, i=1,2,..,n, and y €
R™ is the output-vector or output collecting all output-
variables y;, i = 1,2, .., n,. Equation (1) describes how
the state x(¢) propagates and depends on the input u(¢)
and is called the state-equation. Equation (2) describes
how the state x(¢) maps on the output y(¢) and is called
the output-equation. To be able to use results from non-
linear system theory, f is assumed to be affine in the
input

f(®),u(®) = fo(x(®) + D filx(®)ui(d),

i=1

i=1,2,.,n,
filx(t) e R™,i=0,1,2,.,ny. (3)
Let
(@), u" (@), y* (1)t St <IN (4)

denote a state, control and output trajectory satisfy-
ing Equations (1)-(3) with fo, ty representing the initial
and final time, respectively.
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Remark 2.1: Controllability/observability properties
of dynamical systems (1)-(3) are determined by the
number of what are called uncontrollable/unobservable
modes in Van Willigenburg et al. (2022); Van Willigen-
burg (2024), see also Figure 1. Only if there are no such
modes, the system is controllable/observable.

Remark 2.2: According to the Hermann-Nagano the-
orem (Hermann & Krener, 1977), if the system (1)-(3)
is analytic, meaning f,g in (1)-(3) are analytic vec-
tor functions, as assumed throughout this paper, the
number of uncontrollable/unobservable modes does
not change along trajectories (4). But this number may
still depend on the initial state x(#y). In the latter case,
there is a part of the state-space consisting of what
are called singular states/points, where this number is
increased. This part of the state-space always is very
small in the sense that when selecting the initial state
x(tp) of trajectory (4) randomly, almost surely guaran-
tees the trajectory (4) to consist of regular states x(t)
called a regular trajectory. Still, this phenomenon causes
controllability/observability to be a local property in
general.

Remark 2.3: : Despite a random choice of x(#;), one
may still be in doubt about the regularity of trajectory
(4). When selecting more trajectories, the large majority
will be regular, all having the same minimal number of
uncontrollable/unobservable modes.

Remark 2.4: : Sensitivity-based algorithms compute
sensitivities along short trajectories (4) providing a sen-
sitivity rank condition (SERC) that replaces the Lie
algebraic rank condition (LARC). For their outcome
to be correct, these trajectories must have the property
that SERC and LARC provide the same outcome. Such
trajectories are called non-singular in Van Willigenburg
et al. (2022). These non-singular trajectories are differ-
ent from the regular trajectories mentioned in Remark
2.2.

Remark 2.5: : Given x*(fy), choosing u*(#) of trajec-
tory (4) randomly, almost surely guarantees it to be
non-singular, as specified in Remark 2.4.

Remark 2.6: : From Remarks 2.1-2.5, choosing both
x*(to) and u*(t) of trajectory (4) randomly almost
surely guarantees it to be regular, as mentioned in
Remark 2.2, as well as non-singular, as mentioned in
Remark 2.4. Similar to what is mentioned in Remark
2.3, when selecting several trajectories the large major-
ity will be both regular and non-singular providing the
same outcome of SERC and LARC.
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3. Sensitivity-based algorithms

A nonlinear dynamical system failing controllabil-
ity/observability may be interpreted as certain inter-
nal connections to the input/output failing, causing
corresponding sensitivities to be zero (Van Willi-
genburg, 2024; Van Willigenburg et al., 2022), see
Figure 1. Sensitivity-based algorithms are able to detect
these zero sensitivities very efficiently, even for large-
scale nonlinear dynamical systems. In this section, the
important link between controllability/observability of
nonlinear dynamical systems and the variational sys-
tem along trajectories, that is a linear time-varying sys-
tem, will be established. This link underlies sensitivity-
based algorithms. Considering only observability suf-
fices, since dual results will hold for controllability.

For the nonlinear dynamical system (1)-(3), let

X, (1) dzefdx(t) /dx(ty) € R™*"™ denote the sensitivity
def
of state x(t) for the initial state x(f;) = xo, called

the state sensitivity. Similarly, let y., (¢) d=efdy(t) /dxp €
R™*" denote the sensitivity of the output y(t) for the
initial state, called the output sensitivity. State sensitiv-
ity x4, (¢) and output sensitivity yy,(¢) are both matrix
functions related as follows

_ %
yxo(t) = axxxo(t)- (5)

where xy, (¢) is governed by the dynamics

d 0
Exxo (t) = a_{ch(t)> Xxo (to) = L.t > to. (6)

The initial condition xy, (t) is the sensitivity of the initial
state to itself and so I,,, denotes the identity matrix of
dimension n,. When evaluated along trajectories (4)

0 0 def
g_o =AM, @)
0x  OX[y(py=x* (1), u(t)=u*(¢)

Then differential Equation (6) becomes linear, time-

varying and autonomous

d
Exxo (t) = A(t)xxo (), Xxo (to) = I,. (8)

Concerning the sensitivity-based algorithms a key
observation (Van Willigenburg et al., 2022) is that

Xxo (t) = (D(t’ tO)’ t =1 9)

where @ (t, ty) is the state-transition matrix of the linear
time-varying autonomous system

dox(t)
dt

= A(H)ox(t), ox(t) € R™. (10)

where J0x(t) represent infinitesimal deviations of state
x(t) from x* (t) of trajectory (4). When evaluating y,, (t)

in Equation (5) along trajectories (4)

dg dg def

=cw). (11

dx — dx x()=x*(t), u*(H)=u(t)

If the trajectory (4) is non-singular, observability of
the nonlinear dynamical system (1)-(3) along this tra-
jectory is equivalent with sensitivity matrix function
Yx, (¢) having n, independent columns (Van Willigen-
burg et al., 2022). From (5), (8), (9), (11), this is equiva-
lent with the linear time-varying variational system (10)
with output equation

Sy(t) = C(H)dx(1) (12)
being observable, because for this, matrix func-
tion C(£)D(t, ty) = yx,(t) should have n, independent
columns (Weiss & Kalman, 1965) (where it is called C-
observable). Similar to (10), oy(t) represents infinites-
imal deviation of the output y(¢) from y*(¢) of trajec-
tory (4).

In summary, observability along a non-singular tra-
jectory (4) of the nonlinear dynamical system (1)-(3) is
equivalent to the linear time-varying variational system
(10), (12) being observable. Dual results (Van Willigen-
burg et al., 2021, 2022) hold for controllability along
a non-singular trajectory (4) and controllability of the
time-varying linear variational system given by

dox(t

§)=Am&m+3@w@,
0

A(t) = o ,
OX | x(ty=x*(8), u(t)=u* (z)
0

By = (13)
ou x(t)=x*(t), u(t)=u*(t)

Sensitivity-based algorithms numerically integrate the
nonlinear system dynamics (1) along a short trajectory
(4) together with differential (8). This provides xy, (t),
to < t < tn. To maximise accuracy, the numerical inte-
gration is performed demanding a high accuracy and
df /0x in (7) is computed using automatic differenti-
ation (Neidinger, 2010). To establish whether matrix
function yy, (t) has n, independent columns, samples
at times fo < #; < .. < ty of yy, (¢), given by Equation
(5), are concatenated. Within Equation (5), dg/dx is
also computed using automatic differentiation. This
provides output sensitivity matrix

yxo(tO)
)’xo(tl)
SO = )’xo(tZ) )N+ 1 2 nx) (14)

X0 (.tN)



Dualising this result (Van Willigenburg et al., 2022)
provides the input sensitivity matrix

uxN(tN)
Uy (EN=1)
SC = MXN(tN—Z) >AN — x(tN))N+ 1 2 Ny. (15)

uxN.(tO)

where uy, (¢) d:efdu(t) /dx(ty). Starting from terminal
state x(ty) of trajectory (4), values of uy,(f) are
obtained from backward in time integration of the non-
linear dynamics (1), (3) together with the dual version
of sensitivity dynamics (8), (12) being

d
(1) = AT ()X (1), Xy (1) = Ly, thy (£)

= BT (t)xy (1). (16)

The nonlinear system (1)-(3) is controllable/observable
along trajectory (4), if and only if rank(S;) = ny/rank
(So) = ny. In that case it satisfies what is called the
sensitivity rank condition (SERC). If not, the sensitivity-
based algorithm provides a signature indicating the
cause of uncontrollability/unobservability.

Both the rank and signature are obtained from
a singular value decomposition (SVD) of the sen-
sitivity matrix S;, respectively S,. The number of
zero singular values equals the number of uncon-
trollable/unobservable modes of the nonlinear system
(1)-(3) along the trajectory (4). The signature consists
of the right singular vectors v; corresponding to (numer-
ically) zero singular values of the sensitivity matrix.
These right singular vectors are also obtained from
the SVD and represent directions in which the state
cannot be controlled/observed locally. Moreover, the
non-zero components of these right singular vectors cor-
respond to the state-variables of the nonlinear system
(1)-(3) involved in the uncontrollable/unobservable
modes (Van Willigenburg et al., 2022).

4, Computing linear state-transformations
into the controllability and observability
canonical form of nonlinear systems

Changes of coordinates representing a dynamical sys-
tem will not change controllability and observability of
such a system. A change of coordinates is realised by a
state-transformation

X =¥ (x). (17)

as ¥ is a difftomorphism. By means of such state-
transformations, controllability/observability canoni-
cal forms can be obtained (Isidori, 1995; Kwatny &
Blankenship, 2000; Nijmeijer & van der Schaft, 1990).
The controllability canonical form of system (1) is

JOURNAL OF CONTROL AND DECISION 5

given by
. / x/lj . lPu(x)
x _f(x’u)’x - [X/u] - [\Ijﬂ(x)] >
£ u) = [f m}’f;;’f% ”)} : (18)

Within the controllability canonical form (18), the
transformed state x’ separates into x'* containing con-
trollable state-variables, that depend on the input u and
x4 containing uncontrollable state-variables, that do not
depend on the input u. A corresponding split of the
state-transformation ¥ (x) into ¥*(x) and W¥(x) is
specified in (18). Each Wi(x), i = 1,2, ..,ny is a scalar
function called a mode of system (1), (3). Therefore,
W (x) are called the controllable modes and W¥(x) the
uncontrollable modes of system (1), (3) (Nijmeijer &
van der Schaft, 1990). Their number dim(x’*), dim(x’*)
can be obtained from the sensitivity-based algorithm
applied to the nonlinear system (1) since dim(x'") is
the number of (numerically) zero singular values o; = 0
obtained from the SVD of the sensitivity matrix S, in
(15) (Van Willigenburg et al., 2022) and dim(x'") =
ny — dim(x’").

The observability canonical form of system (1)-(3)
is given by

N EZA N 216! ;[ P w
v=[]= i) e =
g(x) = g(x”) (19)

Within the observability canonical form (19), x” con-
tains the observable state variables on which the output
y depends, whereas x7 are unobservable state variables
on which the output y does not depend. Given the cor-
responding split of ¥(x) in (19), W7 (x) contain the
observable modes and WY (x) the unobservable modes
of system Eqauitons (1)-(3). Their number dim(x’y),
dim(x”) can be obtained from the sensitivity-based
algorithm since dim(x”) is the number of (numeri-
cally) zero singular values o; = 0 obtained from the
SVD of sensitivity matrix S, in (14) and dim(x'y) =
n, — dim(x”). Van Willigenburg (2024), states, inputs
and outputs that do or do not depend on one another,
are called connected and disconnected from one another.

In this paper, the special case where a linear state-
transformation exists that realises these canonical
forms is considered i.e.

Y(x) = Tx, T € R™"™, T non-singular.  (20)

Lemma 4.1: The linear time-invariant state-transfo-
rmation (20) transforms the nonlinear system Equa-
tions (1)-(3) into,

X () =f &0, u®) = TF(TH (@), u®), (21)
y(t) = g/(x/(t)> u(t)) = g(T_lxl(t)) u(t))’ (22)
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and the time-varying linear variational system (13), (12)
into,

ox'(t) = A’ (t)0x (t) + B (H)ou(t), A'(t) = TA(H) T,
B'(t) = TB(t) (23)
Sy(t) = C'(H)ox' (1), C'(t) = C(H) T~ (24)

Proof: Equations (21), (22) follow from standard rules
of differentiation and matrix inversion. The effect
on the variational system follows from the fact that
0x'(t) = Tox(t).

When the linear time-invariant transformation (20)
transforms system (1), (3) into the controllability
canonical form (18), system matrices A’(t), B'(t), C'(¢)
given by Lemma 4.1, can also be obtained directly
from (18)

of’

ap=TL| |t oy d'"
- 6x’ « o 0 af/u/dx/u o
U oo’

In case the linear time-invariant transformation (20)
transforms system (1)-(3) into the observability canon-
ical form (19)

von [of7 Jox 0 G if
A (t) - |:af/}'/axy af/y/ax}‘/] */, B (t) — a_u */>
C) = [65{)‘3"1 , (26)

with #’ the shorthand for x'(f) = x™*(t) = Tx*(¢),
u(t) = u*(1).

To further develop the results in this paper, it is con-
venient to state two assumptions, as well as their dual
versions, explicitly. |

Assumption 4.1: A linear state-transformation (20)
exists that transforms the nonlinear system (1), (3) into
its controllability canonical form (18).

Assumption 4.2: The non-zero parts of matrices A’ (¢),
B/(t) of the variational system (25) do not cause addi-
tional uncontrollable modes on top of the dim(x’ a)
uncontrollable modes of the variational system. In
other words, dim(x'*) = dim(dx’*) holds.

Dually there are,

Assumption 4.3: A linear state-transformation (20)
exists that transforms the nonlinear system (1)-(3) into
its observability canonical from (19).

Assumption 4.4: The non-zero parts of matrices A’ (¢),
C/(t) of the variational system (26) do not cause add_i—
tional unobservable modes on top of the dim(x"”)

unobservable modes of the variational system. In other
words, dim(x”) = dim(éx"”) holds.

Lemma 4.2: Suppose Assumption 4.1 and Assumption
4.2 hold. Then the uncontrollable state-variables x* in
the controllability canonical form (18) correspond one-
to-one with their uncontrollable state-increments ox'*
of the time-varying linear variational system (23), (25),
irrespective of u* (t), x"*(t).

Dually, assume Assumption 4.3 and Assumption 4.4
hold. Then the unobservable state variables x” in the
observability canonical form (19), correspond one-to-
one with their unobservable state-increments 9x”V of the
time-varying linear variational system (23),(24), (26),
irrespective of u* (t), x"*(t).

Proof: The zero parts of matrices A’(t), B'(¢), C'(¢) in
Equations (25), (26) reveal that the input du(t) does
not affect ox’* in (3), (25) and that the output in (23),
(24), (26) is not affected by 0x”. Also, these zero parts
of matrices A’(t), B'(t), C'(¢) in Equations (25), (26) do
not depend on u*(¢), x™*(¢). [ |

The linear variational system (11)-(13) is time-
varying whenever u*(t), x*(¢) in (4) are not constant.
In that case, a linear time-varying state-transformation
is generally required to transform the variational sys-
tem into its controllability/observability canonical form
(25)/(26) (Kalman, 1962). But here, as seen from
Lemma 4.1, this state-transformation equals (20) that
is linear time-invariant. Such a transformation is only
obtained from a time-invariant variational system.
Since Lemma 4.2 holds irrespective of u*(t), x"*(t) =
Tx(t), and thus irrespective of u*(t), x*(t) in (4), the
following idea presents itself.

Select u*(t), x*(¢) in (4) randomly and constant,
no longer satisfying (1), (3) in general. Then a ‘vari-
ational system’ is obtained that now is time-invariant
and, therefore, the state transformation into the con-
trollability/observability canonical form (25)/(26) will
now also be time-invariant. This state-transformation
can be computed by algorithms readily available in
the control literature, such as ctrbf/obsv in Matlab or
the ones in Van Dooren (1981). The one-to-one cor-
respondence mentioned in Lemma 4.2 suggests that
the same linear state transformation will put the non-
linear system (1) in the controllability/observability
canonical form (18)/(19), if this can be done by a lin-
ear state-transformation, as was assumed. To check
the latter, apply the same linear time-invariant state-
transformation to the nonlinear system (1)-(3) to see if
it provides the independence of f"* from x™ and  in (8)
or dually the independence of f and g’ from x” in (19).
The checks for independence require knowledge of the
number of uncontrollable/unobservable state-variables
dim(x'*)/dim(x"”). From Lemma 4.2, these numbers
can be taken to be dim(dx'")/dim(dx"”) as obtained



Algorithm 4.1. Finding linear state-transformations into the controllability
canonical form.

1. Randomly select constant values for u* (t), x*(t) in (4).

2. Obtain the time-invariant ‘variational system’ of the nonlinear system
(1), (3), i.e. obtain system matrices A, Bin (13) e.g. by automatic
differentiation (Neidinger, 2010).

3. Use a standard algorithm (ctrbf in Matlab or the one from Van Dooren
(1981)), to find the linear state-transformation x’ = Tx, T € R™ XM T
non-singular, that transforms A, Bin (13) into the controllability
canonical form A’, B’ in (25). Also the number of uncontrollable modes of
A, Bis obtained from this algorithm being the number of uncontrollable
states dim(ox’") as determined by A’, B'. Although the random choice
in step 1 is generally sufficient for Assumption 4.2 to hold, to better trust
this, one can repeat steps 1-3 and take one giving the smallest outcome
of dim(dx’") here.

4. Apply the same linear state-transformation to the nonlinear system (1),
(3), in an attempt to obtain the controllability canonical form (18).

5.Seeif f in (18) is indeed independent of x™ and u by evaluating f" for
random values x’,u, and then changing only x", u randomly to see if "V
stays the same. Knowing f and T, use (21) to evaluate f’. Take for the

number of uncontrollable modes dim(x'") =dim(sx'"), found under
step 3.

Algorithm 4.2. Finding linear state-transformation into the observability
canonical form

1. Randomly select constant values for u* (t), x*(t) in (4).

2. Find the corresponding constant y* (t) from the output (2).

3. Obtain the time-invariant ‘variational system’ of the nonlinear system
(1)-(3), i.e. obtain system matrices A, C from (11)-(13), e.g. by automatic
differentiation (Neidinger, 2010).

4. Use a standard algorithm (obsvf from Matlab or the one from Van
Dooren (1981)), to find the linear state-transformation x’ = Tx,

T € R™*™ T non-singular, that transforms A, Cin (13), (12) into the
observability canonical form A’, " in (26). Also the number of
unobservable modes dim(dx””) is obtained from this algorithm being
the number of unobservable states determined by A’, C’. Although the
random choice in step 1 is generally sufficient for Assumption 4.4 to
hold, to better trust this, one can repeat steps 1-4 and take one giving
the smallest outcome of dim(dx”) here.

5. Apply the same linear state-transformation to the nonlinear system
(1)-(3), in an attempt to obtain the observability canonical form (19).
6.See if f¥ and g’ in (19) are indeed independent of x¥ by evaluating 7,

g’ for randomly selected X’ and then changing only x”¥ randomly to see
if ¥, g’ stay the same. Knowing f, g and T, use Equations (21), (22) to
evaluate f',g’. Take for the number of unobservable modes
dim(x"”) = dim(dx”) found under step 4.

from the algorithms putting the linear time-invariant
variational system into the controllability/observability
canonical form. If the check comes out positive, a linear
state-transformation is found transforming the non-
linear system into the corresponding canonical form.
Algorithm 1, Algorithm 4.2 and Theorem 4.1 formalise
this procedure and result.

Theorem 4.1: If step 5 of Algorithm 4.1 comes out
positive, step 3 finds a linear state-transformation x' =
Tx, T € R™*" T non-singular, that transforms the
nonlinear system (1), (3) into the controllability canon-
ical form (23) with dim(x'") = dim(6x’"). If not, then
no linear state-transformation into the controllability
canonical form exists and dim(x'") = dim(5x'") need
not hold.

Dually, if step 6 of Algorithm 4.2 comes out pos-
itive, step 4 finds a linear state-transformation T €
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R™>*™ T non-singular, that puts the nonlinear sys-
tem (1)-(3) into the observability canonical form (19)
with dim(x”) = dim(x”). If not, then no linear state-
transformation into the observability canonical form
exists and dim(x”) = dim(5x”) need not hold.

Proof: Given in Appendix 1.

As the next theorem states, a candidate linear state-
transformation into the controllability/observability
canonical form can be obtained directly from the
sensitivity-based algorithm. |

Theorem 4.2: Consider the linear state-transformation
x = Vx, withV e R"™X"x the matrix [v1 vy oo an]
found from the singular value decomposition of the sen-
sitivity matrix S¢ in (15) as obtained from the sensitivity-
based algorithm checking controllability of the nonlinear
system (1), (3). The numbering i = 1,2, .., ny must be
such that the singular values o; > 0 appear in decreas-
ing ordet, as in most algorithms computing an SVD (such
as svd in Matlab). Let steps 4-5 of Algorithm 4.1 check
if this linear state-transformation transforms the nonlin-
ear system (1), (3) in the controllability canonical form
(18). In step 5, take the number of uncontrollable modes
dim(x'") to be the one obtained from the sensitivity-
based algorithm. If so, a linear state-transformation into
the controllability canonical form (18) exists and is
found. If not, no such linear state-transformation exists.

Dually, for observability of the nonlinear system (1),
(3) steps 4-6 of Algorithm 4.2 check if the linear state-
transformation x' = Vx, found from the singular value
decomposition of the sensitivity matrix S, in (14), trans-
forms it in the observability canonical form (19). In step
5, take the number of unobservable modes dim(x”) to
be the one obtained from the sensitivity-based algorithm.
If so, a linear state-transformation into the observability
canonical form (19) exists and is found. If not, no such
linear state-transformation exists.

Proof: Given in Appendix 1. |

5. Examples

Two examples illustrating the two algorithms and the-
orems in this paper, are presented in this section. The
first concerns the control and startup of a continuous
stirred tank chemical reactor. In dynamically modelling
chemical reaction systems redundant states often occur.
These cause uncontrollability as well as unobservabil-
ity. These redundant states can very often be removed
after application of a linear state-transformation. These
issues have been beautifully analysed and mathemati-
cally formalised in Amrhein et al. (2010); Bhatt et al.
(2010) from which the next example is taken. This
allows us to verify the outcome of the algorithms and
theorems in this paper with theirs.
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Example 5.1: CSTR control and startup, taken from
Amrhein et al. (2010); Bhatt et al. (2010).

The CSTR reaction system considered is the ethanol-
ysis of phthalyl chloride. It involves 7 chemical species
denoted by A,B,C,D,E,EG and 3 chemical reactions
given by,

Ri: A+BC+D

Ry: C+B3E+D

Ry: D+B=F+G. (27)
The reaction rates satisfy

r1 = k1CaCp, 12 = k2CpCo,
r3 = k3CpCp — k4CrCg, (28)

as C4 denotes the concentration [kmol m™3] of species
A in the CSTR and similar for the other species. The
stoichiometric matrix indicates the number of species
gained in each reaction and is, therefore, given by

A B C D E F G gained

-1 -1 1 1 0 0 0] R
N=|0 -1 =1 1 1 0 0| R (29
0 -1 0 -1 0 1 1| Rs

The reactor is fed with two input streams u1 j,, 42,in [kg]
of pure species A and B and has an output stream u3 o,
[kg] The system dynamics are represented by the mole
balance equation

U3,out
m(t)

a(t) = N"V(©Or@) + Wi, [ul’i"} - n(t) (30)

Uz,in

where V(t) [m?] is the reactor liquid volume and m(t)
[kg] are total mass in the reactor. Furthermore

n = [na, ng, nc, np, ng, ng, nG) "~ (31)

is the state vector in which ny4 [kmol] is the amount
of species A in the reactor and similarly for the other
species. V(#) and m(t) depend algebraically on n(%),

m(t) = My, 1ng + Myang + ... + My ong, (32)

M M M
V() = 2y + 02
P1 P2 P7

ng, (33)

with molecular weights [kg kmol™'],

M1 = 203, M5 = 46, M,,3 = 212.5, M, 4 = 36.5
My,5 = 222, M, 6 = 64.5,M,,7 = 18 (34)

and liquid densities [kg m ],

p1 = 1400, pp = 790, p3 = 1118, ps = 1486,
ps = 1118, pg = 921.4, p; = 998 (35)

From Equations (28), the reaction rate vector r(t) =
[r1,72,73]T [kmol h=! m=3] is given by

r(t) = [kinang, kanpnp, ksnpng — kanpngl™/V2(t)
(36)

with reaction constants [m> kmol™! h™1],

ki =0.127, k; = 0.023, k3 = 11.97, k4 = 8.01
(37)

Furthermore

W — [0.0049 0

0 T
m=1 o 00217 ] > (38)

0 0 0 O
0 0 0 0 O
and uyjy, Uz and u3 oy, are the control variables.
From the analysis in Amrhein et al. (2010); Bhatt et al.
(2010) it follows that with these three control vari-
ables, the system has one uncontrollable mode. This is
confirmed by the singular values and controllability sig-
nature obtained from the sensitivity-based algorithm,
depicted in Figure 2.

If we consider the chemical reactor without an out-
flow, i.e. without w3y, according to the analysis in
Amrhein etal. (2010); Bhatt et al. (2010) two uncontrol-
lable modes result. Again, this is confirmed by the sin-
gular values and controllability signature obtained from
the sensitivity-based algorithm, depicted in Figure 3.

In case the CSTR has two control variables Amrhein
et al. (2010); Bhatt et al. (2010) specifies a linear state-
transformation that transforms the system into the con-
trollability canonical form (18). According to Theorem
4.2, the matrix V.= [v; v, Vn, | obtained from
the SVD of the sensitivity-based algorithm, must also
be a state-transformation that transforms the CSTR
dynamics into the controllability canonical form (18).
To verify this, steps 4-5 of Algorithm 4.1 were executed.
Numerical evaluations of f’, for significantly different
values of x"# and u, confirmed that f/ iis independent of
both, since the maximum absolute difference recorded
for components off’i‘ was 3.3769e-12, which is con-
sidered zero numerically. Following Theorem 4.1, by
executing Algorithm 4.1 entirely, we find this to be
6.9389¢-17. This outcome is even more close to zero
and therefore more accurate.

In case the CSTR has an outflow, i.e. with u3 ,,,; being
the third control variable, according to the analysis in
Amrhein et al. (2010); Bhatt et al. (2010), the state-
transformation into the controllability canonical form
(18) is no longer linear. With V = [v1 vy oo an]
taken from the sensitivity-based algorithm, steps 4-5
of Algorithm 4.1 produce 1.6216e-04 as the maximum
absolute difference of components of f'. This complies
with Theorem 4.2 stating that, in this case, no lin-
ear state-transformation exists into the controllability
canonical form (18). Following Theorem 4.1, by exe-
cuting Algorithm 4.1 entirely, gives 1.3591e-04 as the
maximum absolute difference for components of f"* for
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Figure 4. Singular values indicating a single numerically zero singular value and corresponding unobservable mode (left panel).
From the observability signature (right panel), the single unobservable mode is a combination of state-variables 9-16 being all phases
@i, i =1,2,.,80fall oscillators. The CPU-time on an ordinary Windows 10 PC was 2.62 s.

the case with three control variables. This also con-
firms there is no linear state-transformation into the
controllability canonical form (18) in this case.

The previous example concerned transformation
into the controllability canonical form (18) for what
might be called a medium-scale system having seven
state-variables. The next example is chosen to both
challenge the sensitivity-based algorithm with a large-
scale system and to illustrate the dual case of transfor-
mation into the observability canonical form (19).

Example 5.2: Coupled nanoelectromechanical oscilla-
tors taken from (Emenheiser et al., 2016; Matheny et al.,
2019; Mesbahi et al., 2021)

The example concerns an arbitrary number of reac-
tively coupled nanoelectromechanical oscillators num-
bered i = 1,2, .., M. Each oscillator is coupled with its
neighbours i — 1, i + 1 while for oscillator i = 1,i — 1
becomes M, and for oscillator i = M, i+ 1 becomes
i = 1. The amplitude a; and phase ¢; of the oscillators
satisfy the ordinary differential equations

da; a; —1 .
7; i g[aiﬂ sin(@iy1 — i)

+ ai—1 sin(¢i-1 — ¢i)] (39)
de;
% = aai — f + %[aﬁl cos(diy1 — ¢i)

+ ai—1 sin(gi—1 — ¢i)] (40)

A single variable is measured given by
N
y = cos(gi — dis1). (41)

i=1

In Emenheiser et al. (2016); Matheny et al. (2019);
Mesbabhi et al. (2021), M = 8 coupled oscillators are
considered, as is also done here. This makes up a state-
space model having 16 state-variables. To challenge the

sensitivity-based algorithms the number of oscillators
was also raised to M = 100 making up a state-space
model having 200 state-variables. By selecting x; = a;,
XiyN = ¢i»i =1,2,.., M, p1 = a, p» = f, a state-space
representation (1), (2) is obtained.

For M = 8 the results obtained with the sensitivity-
based algorithm are depicted in Figure 4. The exis-
tence of one unobservable mode complies with the
result in Mesbahi et al. (2021) stating that the system
is unobservable. Applying Theorem 4.2 presents and
interesting case. With the linear state-transformation
X =Vx, V= [v1 v an] obtained from the
sensitivity-based algorithm, running through steps 5-6
of Algorithm 4.2 results in a maximum difference in f”,
g of 2.6694e-14 which is considered zero numerically.
According to Theorem 4.2, this implies that this linear
transformation transforms the system into the observ-
ability canonical form (19). Following Theorem 4.1, by
fully applying Algorithm 4.2, results in a maximum dif-
ference in f7, ¢’ of 5.9715e-15. Since this number is
slightly more close to zero, another, slightly more accu-
rate, linear state-transformation into the observability
canonical form (19) is found.

A comparable and similar result is obtained for M =
100 oscillators. Due to the high state-dimension of two
hundred, to obtain this result, it is now necessary to
invoke the feature of concatenating the result of sev-
eral trajectories, when applying the sensitivity-based
algorithm. This enlarges and moves up the gap within
the singular values (Van Willigenburg et al., 2022), so
that it becomes clearly visible, as can be seen from
Figure 5.

Again, a single unobservable mode is present
which is a combination of all state-variables repre-
senting phases, as seen from the observability sig-
nature depicted in Figure 6. With the linear state-
transformation X’ = Vx, V = [v1 V) an] from
the sensitivity based algorithm, running through steps
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5-6 of Algorithm 4.2 results in a maximum difference
inf{, g’ of 9.3866e-11, which is considered zero numer-
ically. This implies a linear state-transformation into
the observability canonical form (19) is found. Fol-
lowing Theorem 4.1, by fully applying Algorithm 4.2,
results in a maximum difference in f{, g’ of 4.417%-
14. Since this number is more close to zero, another,
slightly more accurate, linear state-transformation into
the observability canonical form (19) is found.

6. Conclusion

For ordinary and large-scale nonlinear dynamical
systems, sensitivity-based algorithms provide most

information concerning controllability/observability a
control engineer wants. They not only determine
whether the system is controllable/observable, but
also provide the state-variables involved in uncontrol-
lable/unobservable modes. If the system is not con-
trollable/observable, in some cases, one would addi-
tionally want a state-transformation, i.e. a change of
coordinates, representing the system into the con-
trollability/observability canonical form. This paper
showed that, if a linear state-transformation exists that
does this job, it can be directly obtained from the
sensitivity-based algorithm. Moreover, simple compu-
tational steps have been provided to check if this lin-
ear state-transformation does the job. If not, no linear
state-transformation exists that does the job.



Instead of using sensitivity-based algorithms, for
ordinary and large-scale nonlinear systems an alter-
native way to compute candidate linear state-transfor-
mations to do the job has been presented. It only
requires running standard controllability/observability
algorithms for linear time-invariant systems, such as
ctrbf/obsvf in Matlab. After a candidate linear state-
transformation has been obtained this way, the same
simple computational steps can be used to check if it
provides the appropriate canonical form of the nonlin-
ear system. If not, no linear state-transformation exists
that does the job.

Because the two types of algorithms presented in this
paper are of a numerical nature, they demand accept-
able numerical conditioning of the system dynamics
and all related computations. Like deciding on the
numerical rank of a matrix, the decision on whether a
linear state transformation is found from the algorithm
relies on the decision whether very small numbers
may be considered zero numerically. It appears that
the type of algorithms that use standard controllabil-
ity/observability algorithms for linear time-invariant
systems are more accurate numerically, as they compute
smaller numbers for those that should be considered
zero numerically. This might be because they linearise
along a single state, instead of a state-trajectory, as the
sensitivity-based algorithms do.

The results of this paper naturally raise the question
of how often state-transformations into controllabil-
ity/observability canonical forms are linear. Roughly
speaking, this does not happen that often. This paper
identified two types of dynamical systems having this
property, namely dynamical models of chemical reac-
tions having redundant states and coupled nanoelec-
tromechanical oscillators. Although not shown in this
paper, by starting from a canonical representation fol-
lowed by a linear state-transformation, examples are
obtained that all have this property. Moreover, the
state, input and output dimension as well as the num-
ber of uncontrollable/unobservable modes can then be
selected at will. This allows one to further validate the
results presented in this paper.
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Appendix 1. Proof

In this appendix both Theorem 4.1 and Theorem 4.2 are
proved. Both proofs require the following lemma.

Lemma A.1: Suppose Assumption 4.1 and Assumption 4.2
hold. Then all linear state-transformations satisfying Assump-
tion 4.1 are given by,

s | T T Tu T 1 x (ng—ni)
P[] [ ) et

Ty, € ROw—m)x(ne=ng)

T12 € R(nx—n;)xn’;’ T22 S Rn;xn‘; such that

|:T61 %z] non-singular, (42)
where n* = dim(x'") is the number of uncontrollable modes
of the nonlinear system (1), (3). Moreover, by Lemma 4.2,
these linear state-transformations ¥ (x) = T'x also represent
all state-transformations that transform the linearisation into
the controllability canonical form (23) with dim(éx'") =
dim(x'*).

Dually, assume Assumption 4.3 and Assumption 4.4 hold.
Then all linear state-transformations satisfying Assumption 4.3
are given by,

s | T 0 (=1 x (nx—r)
T = |:T21 T22j| T, Ti1 e R >

0e ]R(le—”;yc)XﬂZTZI c Rﬂzx(ﬂx—ﬂg),

woxn, Tn O
Ty € R such that |:T21 Tzz]

non-singular, (43)
with 1y = dim(x”) the number of unobservable modes of
the nonlinear system (1)-(3). Moreover, by Lemma 4.2, these
linear state-transformations W (x) = T'x also represent all
state-transformations that transform the linearisation into

the obs_ervability canonical form (23), (24) with dim(éx’j' ) =
dim(x”).

Proof: The controllability canonical form (18) is fully char-
acterised by the property that the controllable state-variables
x* as well as the input , do not influence x'*. Equation (42)
captures all linear state-transformations that leave this prop-
erty unaffected because of the non-singularity and zero part
Ty Ti2

0 Tx
follows from the one-to-one correspondence in Lemma 4.2 of
all uncontrollable state-variables x'# with their uncontrollable
state-increments dx'%.

Dually, the observability canonical form (19) is fully
characterised by the property that the unobservable state-
variables x, do not influence x}. Equation (43) captures all
linear state-transformations that leave this property unaf-
fected because of the non-singularity and zero part of the
T 0
T T
lows from the one-to-one correspondence in Lemma 4.2
of unobservable state-variables x”¥ with their unobservable
state-increments dx”. [ |

of the matrix [ ] . As to the linearisations, the result

matrix |: ] As to the linearisations, the result fol-
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Proof of Theorem 4.1: Algorithm 4.1 computes a linear
time-invariant state-transformation (20) that transforms A, B
in (13) into the canonical form A’, B’ in (25). When Assump-
tion 4.1 and Assumption 4.2 hold, according to Lemma 4.2,

dim(dx'*) = dim(x’"). Moreover, because of Lemma 6.1, this
linear state-transformation transforms the nonlinear system
(1), (3) into the controllability canonical form (18). Suppose
Assumption 4.1 holds. Then Assumption 4.2 holds due to
step 3 and the random selection of u*(¢), x*(t) in step 1 of
Algorithm 4.1. Next, if step 5 in Algorithm 4.1 fails, then by
Lemma 4.2, Assumption 4.1 must fail.

Dually, Algorithm 4.2 computes a linear time-invariant
state-transformations (20) that transforms A, B, C in (13),
(12) into the observability canonical form A’, B, C' in (26).
When Assumption 4.3 and Assumption 4.4 hold, accord-
ing to Lemma 4.2, dim(dx”) = dim(x’*). Moreover, because
of Lemma 6.1, this linear state-transformation transforms
the nonlinear system (1)-(3) into the observability canonical
form (19). Suppose Assumption 4.3 holds. Then Assumption
4.4 holds due to step 4 and the random selection of u*(t),
x*(t) in step 1 of Algorithm 4.2. Next, if step 6 in Algorithm
4.2 fails, then by Lemma 4.2, Assumption 4.3 must fail. W

Proof of Theorem 4.2: 1f Assumption 4.1 holds, a linear
state-transformation x’ = Tx exists that transforms the orig-
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inal dynamics (1), (3) into the controllability canonical
form (18). If Assumption 4.2 also holds, from Lemma
4.2 and Lemma 6.1 the same state transformation trans-
forms A, B into the canonical form A’,B’. From the zero
parts of A’(t), B/(¢t) in (25), the first dim(dx") = dim(x")
columns of the transformation matrix T are seen to be
directions along which infinitesimals 0x can be steered
whereas the last dim(dx%) = dim(x*) columns are direc-
tions along which infinitesimals dx cannot be steered. Matrix
V=[n n Vn, |- obtained from the sensitivity-based
algorithm checking controllability through the SVD applied
to (15), has exactly these properties (Van Willigenburg et al.,
2022). Assumption 4.2 holds because of step 3 and the ran-
dom selection of u* (t), x* (t) in step 1 of Algorithm 4.1. Then,
if step 5 of Algorithm 4.1 fails, from Lemma 4.2 and Lemma
6.1, Assumption 4.1 must be violated.

Replacing Assumption 4.1 and Assumption 4.2 above
with the dual Assumption 4.3 and Assumption 4.4, and
step 3 and step 5 of Algorithm 4.1 by step 4 and step
6 of Algorithm 4.2, dual arguments hold for the matrix
V= [v1 V) an] obtained from the sensitivity-based
algorithm checking observability through the SVD applied to
(14) (Van Willigenburg et al., 2022). [ |
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