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Filter-Based Intelligent Output-Constrained Control
of Uncertain MIMO Nonlinear Systems With

Sensor and Actuator Faults
Ning Zhou , Member, IEEE, Canyang Zhao, Xiaodong Cheng , Senior Member, IEEE,

and Yuanqing Xia , Fellow, IEEE

Abstract—This article studies the tracking problem for a class
of strict-feedback uncertain multi-input–multi-output (MIMO)
nonlinear systems, considering both the output constraints
and multiple sensor/actuator faults. A novel control approach,
named adaptive-neural-backstepping fault-tolerant constrained
(ANBFTC) algorithm, is proposed, which incorporates the
dynamic surface analysis into the iterative design. A filter-based
adaptation coordinate transformation (FBACT) is introduced
to define new backstepping iteration variables, eliminating the
need for fault amplitudes and bias information. To further
address the nonlinear uncertainties inherent in the system,
we employ a learning approach, specifically utilizing radial
basis function neural networks (RBFNNs), to approximate the
uncertainty dynamics. This methodology not only mitigates the
computational challenges typically associated with high-order
derivatives in iterative designs but also ensures the convergence
of tracking errors while adhering to output constraints, even in
the presence of multiple sensor/actuator faults. Finally, numerical
simulation results are presented to demonstrate the feasibility of
the ANBFTC approach.

Index Terms—Adaptation mechanism, coordinate transfor-
mation, filter-based adaptation, intelligent constraint control,
multiple sensor and actuator faults.

I. INTRODUCTION

IN RECENT decades, the tracking control problem of com-
plex uncertain nonlinear systems has attracted considerable

attention [1], [2], [3], [4], [5]. These systems find diverse appli-
cations in agricultural machinery [6], quadcopter vehicles [7],
flexible manipulators [8], and surface vessel systems [9], etc.
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However, there are still many challenges to be addressed. For
instance, due to harsh external conditions, equipment wear
and aging, sensor and actuator faults inevitably occur during
system operation. These faults lead to a decreased perception
of system dynamics, resulting in degraded overall performance
or potentially catastrophic consequences. Moreover, they also
lead to increasing difficulties in control design. The other
challenge is the constraints on system variables, stemming
from physical limitations and safety requirements. For exam-
ple, it is essential to constrain the position of a robotic
arm to enable precise object manipulation along a specific
path. While some control designs have used the concepts of
barrier Lyapunov functions (BLFs) and nonlinear mappings,
see [10], [11], [12], and [13], many of these approaches
primarily focus on handling output and state constraints,
neglecting faulty sensors/actuators. Therefore, how to design
fault-tolerant tracking control while simultaneously satisfying
asymmetric output constraints poses a challenging problem.

In the current literature, extensive studies have been
focused on handling actuator faults, see [14], [15],
[16], [17], [18], [19], [20], [21], [22], [23], [24], [25],
[26], [27], [27], [28], [29], [30], [31] and the references
therein. Various control schemes are presented for non-
linear systems with faulty actuators, including adaptive
proportional and integral control [14], finite-time adaptive
neural network (NN) control [15], [16], adaptive fuzzy con-
trol [22], prescribed performance control [17], [18], distributed
adaptive fault-tolerant control (FTC) [19], adaptive event-
triggered FTC [20], adaptive fault compensation methods [21],
NNFTC [24], [25], [26], etc. Among them, multi-input–
multi-output (MIMO) nonlinear systems are considered
in [22], [25], and [26]. Furthermore, research works consider-
ing both actuator faults and output constraints or both actuator
faults and state constraints can be found in [20], [22], [23],
[27], [27], [28] and [29], [31], respectively.

On the other hand, faults in sensors appear to be another
important factor affecting controller design, as serious sensor
faults can reduce the reliability of states measurement and lead
to system performance decline or even collapse. To overcome
this challenge, different methods have been developed, such as
state observers [32], [33], [34], sliding mode observers [35],
sensor fault compensators [32], [36], event-triggered adaptive
control [37], and neuron adaptive control [38], etc. In [35],
[36], [37], and [38], sensor faults are only considered as
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bounded bias, which exclude the possible multiplicative faults.
[39] takes into account multiple sensor faults and output
constraints in MIMO pure-feedback systems, which assumes
that the system outputs are only affected by bias faults. Time-
varying sensor faults are addressed in [34], where the control
scheme relies on known boundaries of fault coefficients and
biases. This requires precise information regarding sensor
faults, which may not always be feasible in practice. For the
interconnected nonlinear systems discussed, an adaptive fault-
tolerant approach was developed in [40] to address the problem
arising from general output constraints and sensor faults.

Note that the aforementioned works only investigated either
actuator faults or sensor faults. However, in practical devices,
both kinds of faults may appear simultaneously [41]. In [42],
the leader-following fault-tolerant consensus problem of uncer-
tain second-order multiagent is addressed with simultaneous
sensor/actuator faults and time-varying delays. In [43], [44]
and [45], [46], four adaptive algorithms are proposed for high-
order nonlinear systems and multiagent systems, respectively,
subjected to faulty sensors/actuators. Nevertheless, none of
them have considered output constraints, which is the major
factor restricting overall system performance and prevalent
in practical systems. To address this design challenge aris-
ing from output constraints while considering both types of
faults, two different approaches have been proposed. For
SISO nonlinear systems, an adaptive fuzzy state-constrained
control method is studied in [47], utilizing nonlinear state-
dependent mapping for output tracking, without considering
uncertainties. For block-triangular MIMO uncertain nonlin-
ear systems, an event-triggered adaptive output-constrained
control method is presented in [48], which requires the nonlin-
earity of the system to be locally Lipschitz continuous. Both
methods rely on a single scalar adaptive parameter in each
iteration step to handle overall nonlinearities and uncertainties.
However, without assuming the locally Lipschitz property
of the nonlinearities in the system, neither of the existing
approaches in [47] and [48] can be applied to tackle the track-
ing control problem of uncertain MIMO nonlinear systems
subject to output constraints and multiple sensor/actuator
faults. So far, this problem remains largely underexplored,
and no intelligent control methods have been proposed. This
gap in the literature motivates the research presented in this
article.

The proposed method is formulated using a modified
backstepping framework via filter-based adaptation coordinate
transformation (FBACT). Generally, the standard backstepping
control leads to an “explosion of complexity” as system order
increases, primarily due to the derivatives of virtual control
variables. To mitigate this issue, we adopt the dynamic surface
control (DSC) technique, following [49], which filters the
synthesized virtual control variables at each iteration step.
Furthermore, an radial basis function NN (RBFNN) is used
to approximate the unknown nonlinear function, removing
the requirement for it to be locally Lipschitz. Furthermore,
a set of parameters is designed and estimated to account for
NN optimal weights, sensor compresses faults, actuator gain
variations, disturbances, etc. Overall, the main contributions
are summarized as follows.

TABLE I
ORIGINAL TEXTS AND ABBREVIATIONS

1) A new adaptive-neural-backstepping fault-tolerant con-
strained (ANBFTC) algorithm is presented, capable
of addressing general uncertain nonlinearities without
assuming the locally Lipschitz property. The method can
handle the tracking problem of a class of strict-feedback
uncertain MIMO nonlinear systems with multiple sen-
sors/actuators faults and time-varying asymmetric output
constraints.

2) Considering sensor/actuator faults, a new FBACT is con-
structed by leveraging the DSC method and intelligent
control technologies to generate iteration variables for
the backstepping design, so that the a priori amplitudes
and biases information of faults are not required, differ-
ent from [39].

3) To address time-varying asymmetric constraints, the
ANBFTC algorithm is delicately designed under the
framework of BLFs with adaptation mechanism, and
theoretical and simulation analysis are provided to show
the convergence of all closed-loop signals.

The remainder is organized as follows. Section II states
the essential knowledge and overall control objective. In
Section III, the developed control mechanism and main
results are expounded, while the main theorem is proven in
Section IV. Sections V and VI provide a simulation example
and conclude this article.

Notations: We denote R as the set of real numbers and R
n

as the set of n-dimension real vectors. For a vector/matrix, ‖·‖
represents its Euclidean norm, and the ith order time derivative
of any time-dependent variable v is denoted as v(i) with i =
1, 2, . . . , n. Furthermore, sgn(v) denotes the sign function.
Besides, for the sake of clarity, we provide the following list
of abbreviations in Table I.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. System Dynamics

Consider a class of fully interconnected strict-feedback
uncertain MIMO nonlinear systems with the ith subsystem
dynamics modeled by

ẋi,j(t) = xi,j+1(t)+ fi,j
(
x̄N,j

)+ di,j(t), i = 1, . . . ,N

ẋi,n(t) = ui(t)+ fi,n
(
x̄N,n

)+ di,n(t), j = 1, . . . , n − 1

yi(t) = xi,1(t) (1)

where xi,k(t) ∈ R, k = 1, . . . , n are states, fi,k(x̄N,k):RNk →
R are unknown but continuous nonlinear functions with
x̄N,k = [x1,1(t), . . . , xN,1(t), . . . , x1,k(t), . . . , xN,k(t)]T ∈ R

Nk,

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Wageningen UR. Downloaded on May 21,2025 at 08:22:36 UTC from IEEE Xplore.  Restrictions apply. 



ZHOU et al.: FILTER-BASED INTELLIGENT OUTPUT-CONSTRAINED CONTROL 3

and yi(t), ui(t), di,k(t) ∈ R are, respectively, the system
output, control input, and external disturbances. The dynamics
model of system (1) is derived from [2]. For simplicity, we
set the control gain coefficient as 1. In practical terms, the
time-varying asymmetric constraints

Li(t) < yi(t) < Hi(t), t ∈ [0,+∞), i = 1, . . . ,N (2)

should be satisfied, where Li(t) and Hi(t) denote the lower and
upper time-dependent constraint functions, respectively.

B. Modeling Sensor Faults and Actuator Faults

1) Assume that xi,j(t), j = 1, . . . , n cannot be precisely
measured, and the effectiveness of sensor j is described
as [43]

xf
i,j(t) := δi,jxi,j(t) with 0 < δi,j ≤ 1 ∀t > tfi,j (3)

where δi,j is the scaling factor. Using well-functioning
sensing devices, the states xi,j are accurately measured
as xf

i,j = xi,j. But if the sensor compresses faults occur

at time tfi,j > 0 due to some unexpected circumstances,
e.g., natural disasters, mechanical/physical faults, etc.,
the measurement may be compressed to (3).

2) Consider the ith subsystem subjecting to actuator faults
modelled by [21]

ui(t) := ρiuci(t)+ uei(t) with 0 < ρi ≤ 1 ∀t > tai (4)

where ρi and uei(t) are unknown actuator gain variation
and actuator bias, respectively. When ρi = 1 and
uei(t) = 0, it indicates that no fault/failure occurred.
tai > 0 represents the moment when the ith subsystem
suffering actuator fault. 0 < ρi ≤ 1 means that the loss
of actuator effectiveness is partial, and it is still operating
such that ui can be actuated by uci(t) all the time.

C. Control Objectives

For i = 1, . . . ,N, j = 1, . . . , n, the following assumptions
regarding system (1) are required.

Assumption 1: There exists an unknown upper bound of the
disturbance d̄i,j ≥ 0 such that |di,j(t)| ≤ d̄i,j for all t.

Assumption 2: There exist unknown lower bounds on the
scaling factors δi,j, ρi

> 0 of the sensor and actuator faults
such that δi,j ≤ δi,j ≤ 1 and ρ

i
≤ ρi ≤ 1.

Assumption 3 [15]: There exists an unknown upper bound
on the bias of the actuator faults ūei ≥ 0 such that |uei(t)| ≤ ūei.

Remark 1: The constants d̄i,j, δi,j, ρ
i
, and ūei in

Assumptions 1–3 are unknown. Assumption 1 states that all
environmental disturbances due to white noise, electromag-
netic radiation, unknown load, harmonics, etc., are bounded.
Assumption 2 shows that the state measurements are all
partially available and the system remains fully actuated.
Otherwise, if δi,j and ρ

i
are nonexistent, then the states

become unobservable and the system is underactuated, in
which case the output-based control scheme and active fault-
tolerant mechanism should be considered, and that is out of our
interest in this article. Assumption 3 describes that the additive
faults uei of the actuator have an unknown upper bound, which
reduces the conservative type of actuator fault model.

Let ydi(t) be a desired trajectory for yi(t), which satisfies
the following assumption.

Assumption 4 ([4], [50]): The signals ydi(t) and ẏdi(t) are
bounded in a compact set �d := {ydi(t)|ydi

≤ ydi(t) ≤
ȳdi, |ẏdi(t)| ≤ A1, i = 1, . . . ,N} with Li(t) < y

di
and ȳdi <

Hi(t), where A1 > 0 is unknown.
For system (1) with multiple faulty sensors and actuators,

the overall objective is to construct a control strategy such
that yi(t) can track ydi(t) without breaking the constraints (2),
and the tracking errors zi,1(t) → �zi,1 as t → +∞ for

i = 1, . . . ,N, where zi,1(t) := xf
i,1(t) − ydi(t), �zi,1 :=

{zi,1(t)|zi,1(t) ∈ R, −ζLi ≤ zi,1(t) ≤ ζHi}.1 Meanwhile,
all signals are SGUUB and converge to the corresponding
compact sets, as specified in Theorem 1.

To improve the readability and conciseness of this article,
whenever applicable, we represent any function F(∗) with the
variable ∗ as simply F.

III. MAIN RESULTS AND ANBFTC CONTROL DESIGN

In this section, a new fault-tolerant mechanism, i.e., the
ANBFTC algorithm, is proposed for the time-varying asym-
metric output constraints tracking problem, while addressing
the design challenges arising from sensor/actuator faults.

A. Coordinate Transformations

The proposed controller is designed using a filter-based
adaptation backstepping method. Since the standard backstep-
ping approach cannot be directly applied to iterative design
for system (1) with faulty sensors/actuators, we introduce an
adaptation coordinate transformation of the ith subsystem as
outlined below. Through this transformation, new variables zi,j

are defined by incorporating the modeling of sensor/actuator
faults, which are subsequently used for backstepping control
design.

zi,1 = xi,1 − ydi, i = 1, . . . ,N

zi,j = xi,j − v̂i,j, j = 2, . . . , n. (5)

To avoid the computational complexity explosion caused
by high-order derivatives in backstepping design, we adopt
the DSC technique [49] and designed a first-order filter as
described in (6), where v̂i,j is its output, and vi,j−1 is a virtual
controller.

λi,j
˙̂vi,j + v̂i,j = vi,j−1, j = 2, . . . , n (6)

with λi,j a positive design parameter.
Define ei,j as the filter error variables given by

ei,j := v̂i,j − vi,j−1. (7)

From (3) and (5), since δi,j is unknown, xi,j and zi,j are
also unknown, and thus the traditional coordinate transforma-
tions (5) is unusable for further design. To address this, first,
we calculate xi,j from (3) as

xi,j = �i,jx
f
i,j ∀ t > tfi,j. (8)

1We specify ζLi and ζHi in (63) and (64).
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where �i,j := 1/δi,j, and it is bounded with 1 ≤ 1/δi,j ≤
1/δi,j according to Assumption 2. Second, denote �̂i,j as the
estimation of �i,j and �̃i,j := �i,j − �̂i,j as the estimation
error. By extracting xf

i,j from xi,j, (5) can be rewritten in a new
FBACT form

zi,1 = xf
i,1 − ydi

zi,j = �̃i,jx
f
i,j + ẑi,j, j = 2, . . . , n

ẑi,j := x̂i,j − v̂i,j (9)

where x̂i,j := �̂i,jx
f
i,j is the estimation of xi,j, and xi,j is

rewritten as xi,j = �i,jx
f
i,j = �̃i,jx

f
i,j + �̂i,jx

f
i,j.

B. ANBFTC-Based Controller Design

To address the asymmetric output constraints problem of
system (1), the tracking error zi,1 should satisfy

−ξLi < zi,1 < ξHi, ξHi �= ξLi

−ξLi(0) < zi,1(0) < ξHi(0)

where ξHi := Hi − ydi and ξLi := ydi − Li are two predefined
smooth and positive time-dependent functions.

Then, we define an asymmetric BLF as follows:

Vi,φ := 1

2
φ2

i , φi := ξHiξLizi,1(
ξHi − zi,1

)(
ξLi + zi,1

) . (10)

It shows that φi = 0 if and only if zi,1 = 0. When zi,1 →
ξHi, we have φi → +∞, and when zi,1 → −ξLi, we have
φi → −∞. Thus, for −ξLi < zi,1 < ξHi, as long as φi is
bounded, the output constraints will be guaranteed.

To facilitate the design of the controller, we take the time
derivative of φi as

φ̇i = wiżi,1 + oiξ̇Hi + hiξ̇Li (11)

where

wi = ∂φi

∂zi,1
=

ξHiξLi

(
z2

i,1 + ξHiξLi

)

(
ξHi − zi,1

)2(
ξLi + zi,1

)2

oi = ∂φi

∂ξHi
= − ξLiz2

i,1
(
ξHi − zi,1

)2(
ξLi + zi,1

)

hi = ∂φi

∂ξLi
= ξHiz2

i,1
(
ξHi − zi,1

)(
ξLi + zi,1

)2 .

Consider the sensor faults, actuator faults, and time-varying
asymmetric output constraints on system (1). The ANBFTC
control scheme is iteratively designed for each subsystem.

Step 1: Design the virtual controller vi,1 as

vi,1 = − 1

w i
�̂i,1si,1 (12)

si,1 = κi,1φi + oiξ̇Hi + hiξ̇Li + ψ̂i,1φiwi√
φ2

i w2
i + η2

i,1

+θ̂iφiwi‖Si,1
(
Xi,1

)‖2 (13)

˙̂
ψi,1 = βi,1φ

2
i w2

i√
φ2

i w2
i + η2

i,1

− βi,1εi,1ψ̂i,1 (14)

˙̂
θi = σi,1w2

i φ
2
i ‖Si,1

(
Xi,1

)‖2 − σi,1τi,1θ̂i (15)
˙̂
�i,1 = γi,1φi,1si,1 − γi,1�i,1�̂i,1. (16)

where κi,1, σi,1, τi,1, βi,1, ηi,1, γi,1, �i,1, εi,1 > 0 are design
parameters. In (13), the variable (1/wi) offsets the coefficient
of the first term in (11), and it collaborates with terms oiξ̇Hi

and hiξ̇Li to offset the second and third terms in (11), while κi,1
denotes the control gain. θ̂i is the estimation of supt≥0 ‖W∗�

i,1 ‖2.
W∗�

i,1 is NN optimal weight in (32), which addresses the
nonlinear function fi,1(x̄N,1) and the constraint function φi.
ψ̂i,1 is the estimation of ψi,1 in (34), which addresses the
external disturbance di,1 and approximation error εi,1 in (32).
Si,1(Xi,1) (with Xi,1 := [x̄f �

N,1, ydi, ẏdi, ξHi, ξLi]�) is the basis
function of RBFNNs.

Step k (2 ≤ k ≤ n−1): Design the virtual controller vi,k as

vi,k = −κi,kẑi,k − Ŵ�
i,kSi,k

(
Xi,k

)− ςi,k + ˙̂vi,k

− ψ̂i,kẑi,k√
ẑ2

i,k + η2
i,k

(17)

˙̂
ψi,k = βi,kẑ2

i,k√
ẑ2

i,k + η2
i,k

− βi,kεi,kψ̂i,k (18)

˙̂Wi,k = σi,kẑi,kSi,k
(
Xi,k

)− σi,kτi,kŴi,k (19)

˙̂
�i,k = max{0, γi,kOi,k

(
xf

i,k

)2 − γi,k�i,k�̂i,k} (20)

where κi,k, σi,k, τi,k, βi,k, εi,k, γi,k, ηi,k, and �i,k are positive
parameters to be designed. The function ςi,k in vi,k is used
to offset the residual term zi,2, . . . , zi,n−2 generated in the
previous step, while κi,k denotes the control gain. Ŵi,k is the
estimation of NN optimal weight W∗

i,k in (41), which addresses
the nonlinear function fi,k(x̄N,k) and ˙̂vi,k. ψ̂i,k is the estimation
of ψi,k in (42), which addresses di,k and εi,k in (41). �̂i,k

estimates �i,k in (8), which addresses the reciprocal of sensor
multiplicative fault δi,k. Si,k(Xi,k) (with Xi,k := [x̄f �

N,1,
ˆ̄x�

N,k]�)
is the basis function of RBFNNs, where

ˆ̄xN,k := [
x̂1,2, . . . , x̂N,2, . . . , x̂1,k, . . . , x̂N,k

]�
.

For k = 2, ςi,k = (1/2)ẑi,k, Oi,k = αi,k((κi,k +
(1/2))ẑi,k)

2 + (1/2)S�
i,k(Xi,k)Si,k(Xi,k) + (3/2) + κi,k +

αi,k(([ψ̂i,kẑi,k]/[
√

ẑ2
i,k+η2

i,k]))2, and αi,k > 0. For k =
3, . . . , n − 1, ςi,k = ẑi,k−1, Oi,k = 1 + κi,k + αi,k(κi,kẑi,k)

2 +
(1/2)S�

i,k(Xi,k)Si,k(Xi,k)+ αi,k(([ψ̂i,kẑi,k]/[
√

ẑ2
i,k+η2

i,k]))2.
Step n: Design the actual controller uci as

uci = − �̂isi, with (21)
˙̂�i = ιiẑi,nsi − ιiμi�̂i (22)

si = κi,nẑi,n + ẑi,n−1 − ˙̂vn + ψ̂i,nẑi,n√
ẑ2

i,n + η2
i,n

+ Ŵ�
i,nSi,n

(
Xi,n

)
(23)

˙̂
ψi,n = βi,nẑ2

i,n√
ẑ2

i,n + η2
i,n

− βi,nεi,nψ̂i,n (24)

˙̂Wi,n = σi,nẑi,nSi,n
(
Xi,n

)− σi,nτi,nŴi,n (25)
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TABLE II
LIST OF ADAPTIVE DESIGN PARAMETERS

˙̂
�i,n = max{0, γi,nOi,n

(
xf

i,n

)2 − γi,n�i,n�̂i,n} (26)

where κi,n, σi,n, τi,n, βi,n, εi,n, γi,n, �i,n, ιi, ηi,n, and μi are
the design positive parameters. Ŵi,n represents the estimated
ideal weight W∗

i,n for the NN in (51), which addresses the
nonlinear function fi,n(x̄N,n) and the filter output ˙̂vi,n. ψ̂i,n

estimates ψi,n in (52), which addresses the external disturbance
di,n, approximation error εi,n in (51), and actuator bias fault
uei. �̂i,n estimates �i,n in (8), which addresses the reciprocal
of sensor multiplicative fault δi,n. �̂i is the estimation of �i

in (52), which addresses the reciprocal of actuator gain ρi.
The intermediate variable si is designed to offset the residual
term zi,n−1 from the previous step and further prove the
practical exponential convergence of zi,n in (54d), (54d),
and (61). Then, by combining with �̂i, the actual controller
uci is obtained by compensation for the effect of the actuator
gain. Si,n(Xi,n) (with Xi,n := [x̄f �

N,1,
ˆ̄x�

N,n]�) denotes the basis
function of RBFNNs, where

ˆ̄xN,n := [
x̂1,2, . . . , x̂N,2, . . . , x̂1,n, . . . , x̂N,n

]�
.

In (26), Oi,n := (1/2) + κi,n + αi,n(κi,nẑi,n)
2 + (1/2)s2

i +
αi,n((ẑi,nψ̂i,n/

√
ẑ2

i,n + η2
i,n))

2 + (1/2)S�
i,n(Xi,n)Si,n(Xi,n) with

αi,n > 0.
The overall control strategy diagram is illustrated in Fig. 1,

where all the adaptive design parameters are listed in Table II.
Remark 2: From the adaptation laws of �̂i,k, k = 2, . . . , n,

in (20) and (26), it is clear that ˙̂
�i,k ≥ 0, and limt→∞ �̂i,k =

�i,j. Thus, �̃i,k > 0, sgn(�̃i,k) = 1 only if �̂i,k(0) < �i,k.
Since inft≥0 �i,k = 1 from the definition �i,k := 1/δi,k with
0 < δi,k ≤ 1, we conclude that �̂i,k(0) ≤ 1. Some related
elaborations can be found in [43, Remark 2].

C. Main Results of the ANBFTC Algorithm

Using controller (23) for system (1), we conclude that:
Theorem 1: Consider the system (1) with external distur-

bances, output constraints (2) and multiple sensor/actuator
faults as described in (3) and (4). Let Assumptions 1–4 hold.
By applying the ANBFTC scheme in (13)–(26) to system (1),
for the Lyapunov function V in (58) with V(0) ≤ p and any
given p > 0, the following results are obtained.

(a) The transformed output tracking errors φi, the coordinate
transformation errors zi,k, the adaptive estimation errors W̃i,k,
�̃i,j, ψ̃i,j, θ̃i, �̃i, and the first-order filter estimation errors ei,k

converge to the sets �φi , �zi,k , �Wi,k , ��i,j , �ψi,j , �θi , ��i ,

and �ei,k , respectively, as t → ∞, where the sets are defined
as follows:

�φi :=
{

φi|φi ∈ R, |φi| ≤
√

2C2

C1

}

, i = 1, . . . ,N

�zi,k :=
{

zi,k|zi,k ∈ R, |zi,k| ≤
√

2C2

C1

}

, k = 2, . . . , n

�Wi,k :=
{

W̃i,k|W̃i,k ∈ R, |W̃i,k| ≤
√

2σi,kC2

C1

}

��i,1 :=
{

�̃i,1|�̃i,1 ∈ R, ‖�̃i,1‖ ≤
√

2γi,1C2

δi,1C1

}

��i,k :=
{

�̃i,k|�̃i,k ∈ R, |�̃i,k| ≤ 3

√
3γi,kC2

C1

}

�ψi,j :=
⎧
⎨

⎩
ψ̃i,j|ψ̃i,j ∈ R, |ψ̃i,j| ≤

√
2βi,jC2

C1

⎫
⎬

⎭
, j = 1, . . . , n

�θi :=
{

θ̃i|θ̃i ∈ R, ‖θ̃i‖ ≤
√

2σi,1C2

C1

}

��i :=
{

�̃i|�̃i ∈ R, |�̃i| ≤
√

2ιiC2

ρiC1

}

�ei,k :=
{

ei,k|ei,k ∈ R, |ei,k| ≤
√

2C2

C1

}

with C1 and C2 defined in (60).
(b) Irrespective of the presence of sensor and actuator faults,

yi can track ydi, and zi,1 → �zi,1 as t → ∞ with �zi,1 :=
{zi,1|zi,1 ∈ R, −ζLi ≤ zi,1 ≤ ζHi}, ζLi and ζHi defined in (63)
and (64), shown at the bottom of p. 9 for i = 1, . . . ,N.

(c) All signals are SGUUB.
(d) The output constraints (2) are satisfied.

IV. PROOF OF THEOREM 1

The proof is outlined in four steps (a), (b), (c), and (d), cor-
responding to the four main results in Theorem 1, respectively.
Before moving forward, we provide two necessary lemmas.

Lemma 1 [11]: ∀ a, b ∈ R, ab ≤ (ςm/m)|a|m +
(1/nςn)|b|n holds with (m−1)(n−1) = 1, ς > 0 and m, n > 1.

Lemma 2 [17]: ∀ η(t) > 0, z ∈ R

0 ≤ |z| − z2
√

z2 + η(t)2
< η(t) holds.

A. Proof of Theorem 1 (a)

For the ith subsystem, the proof is presented using the
backstepping technique, which is divided into n steps.

Step 1: Combining (10), we define the Lyapunov candidate

Vi,1:=Vi,φ + 1

2σi,1
θ̃2

i + 1

2βi,1
ψ̃2

i,1 + 1

2
e2

i,2 + δi,1

2γi,1
�̃2

i,1 (27)

where θ̃i = θi − θ̂i, ψ̃i,1 = ψi,1 − ψ̂i,1.
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Fig. 1. Block Diagram of the ANBFTC Approach

Taking the derivative of Vi,1 yields

V̇i,1 = φiφ̇i − θ̃i
˙̂
θi

σi,1
− ψ̃i,1

˙̂
ψi,1

βi,1
+ ei,2ėi,2 − δi,1

γi,1
�̃i,1

˙̂
�i,1. (28)

According to (1), (5), (7), and (11), we have

φiφ̇i = φi
(
wiżi,1 + oiξ̇Hi + hiξ̇Li

)

= φiwiδi,1
(
zi,2 + ei,2 + vi,1 + fi,1

(
x̄N,1

)+ di,1
)

−φiwiẏdi + φi
(
oiξ̇Hi + hiξ̇Li

)
. (29)

By using Lemma 1, we obtain

φiwiδi,1zi,2 ≤ 1

2
φ2

i w2
i δ

2
i,1 + 1

2
z2

i,2 (30a)

φiwiδi,1ei,2 ≤ 1

2
φ2

i w2
i δ

2
i,1 + 1

2
e2

i,2. (30b)

Substituting (30) into (29), we obtain

φiφ̇i ≤ φiwiδi,1
(
vi,1 + di,1

)+ 1

2
e2

i,2 + 1

2
z2

i,2

+φi
(
oiξ̇Hi + hiξ̇Li

)+ φiwiδi,1fi,1
(
Xi,1

)
(31)

where fi,1(Xi,1) = φiwiδi,1 + fi,1(x̄N,1)−ẏdi/δi,1.
Applying the RBFNNs, any continuous function

f (X) : R
l → R

m can be approximated using W∗ ∈ R
h×m

and a basis function S(X) : Rl → R
h with h the number of

NN nodes, Sι(X) := exp[ − (X − χι)
�(X − χι)/(2b2

ι )] for ι =
1, . . . , h, χι ∈ R

l represents the center and bι ∈ R represents
the width. Furthermore ∀ ε̄ > 0, there exists �X ⊂ R

l such
that

f (X) = W∗�S(X)+ ε(X) with ‖ε(·)‖ ≤ ε̄ ∀X ∈ �X .

Let l = N + 4 and m = 1 for function fi,1(Xi,1)

approximation. By using vector W∗
i,1 ∈ R

h, for any ε̄i,1 > 0,

there exist �Xi,1 ∈ R
N+4 and Si,1 : R

N+4 → R
h, such that

fi,1(Xi,1) is described as

fi,1
(
Xi,1

) = W∗�
i,1 Si,1

(
Xi,1

)+ εi,1
(
Xi,1

)
(32)

with |εi,1(Xi,1)| ≤ ε̄i,1 and ε̄i,1 ≥ 0.
From Lemma 1, it yields

φiwiδi,1W∗
i,1Si,1

(
Xi,1

) ≤ θiw
2
i φ

2
i ‖Si,1

(
Xi,1

)‖2 + 1

4
(33)

where θi := supt≥0 ‖W∗
i,1‖2.

Define ϕi,1 := di,1 + εi,1. From Lemma 2, it yields

φiwiδi,1ϕi,1 ≤ ψi,1φ
2
i w2

i√
φ2

i w2
i + η2

i,1

+ ψi,1ηi,1 (34)

with ψi,1 := supt≥0 |ϕi,1|.
From (6), (7), and Lemma 1, we further have

ei,2ėi,2 = ei,2

(
− ei,2

λi,2
− v̇i,1

)
≤
(

1

4
− 1

λi,2

)
e2

i,2 +�2
i,1 (35)

where �i,1 := v̇i,1.
Substituting (13)–(15) and (31)–(35) into (28) yields

V̇i,1 ≤ −κi,1φ
2
i −�i,2e2

i,2 + τi,1θ̃i,1θ̂i,1 + εi,1ψ̃i,1ψ̂i,1

+ z2
i,2

2
+�2

i,1 + ψi,1ηi,1 + δi,1�i,1�̃i,1�̂i,1 + 1

4
(36)

where (1/[λi,2]) − (3/4) ≥ �i,2 with �i,2 > 0 represents a
constant.

Step k (2 ≤ k ≤ n − 1): Define the following Lyapunov
candidate:

Vi,k :=Vi,k−1 + 1

2
z2

i,k + 1

2σi,k
W̃�

i,kW̃i,k + 1

3γi,k
|�̃i,k|3

+ 1

2βi,k
ψ̃2

i,k + 1

2
e2

i,k+1 (37)
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where W̃i,k := W∗
i,k − Ŵi,k, �̃i,k := �i,k − �̂i,k, and ψ̃i,k :=

ψi,k − ψ̂i,k.
Differentiating Vi,k, we have

V̇i,k = V̇i,k−1 − 1

σi,k
W̃�

i,k
˙̂Wi,k − 1

γi,k
�̃2

i,k
˙̂
�i,ksgn

(
�̃i,k

)

− 1

βi,k
ψ̃i,k

˙̂
ψi,k + zi,kżi,k + ei,k+1ėi,k+1. (38)

Differentiating Vi,k−1 with respect to t, one has

V̇i,k−1 ≤ −κi,1φ
2
i −

k−1∑

j=2

Ki,jz
2
i,j −

k∑

j=2

�i,je
2
i,j +

k−1∑

j=2

1

2
ψ2

i,j

+
k−1∑

j=1

εi,jψ̃i,jψ̂i,j +
k−1∑

j=2

�i,j�̃
2
i,j�̂i,jsgn

(
�̃i,j

)

+
k−1∑

j=2

τi,jW̃
�
i,jŴi,j +

k−1∑

j=2

1

2
W̃�

i,jW̃i,j +
k−1∑

j=1

�2
i,j

+
k−1∑

j=1

ψi,jηi,j + τi,1θ̃iθ̂i + δi,1�i,1�̃i,1�̂i,1

+�i,k−1 + Ti,k−1. (39)

For k = 2, �i,k−1 = (1/2)z2
i,k, Ti,k−1 = (1/4). For k =

3, . . . , n − 1, �i,k−1 = −(1/2)(�̃i,k−1xf
i,k−1)

2 + zi,k−1zi,k,

Ti,k−1 = (1/4)+∑k−1
j=2 (1/[2αi,j]), and αi,j > 0. Ki,j := κi,j −

(1/2) > 0 for j = 2, and Ki,j := κi,j − 1 > 0 for j =
3, . . . , k − 1. (1/[λi,j]) − (3/4) ≥ �i,j (j = 2, . . . , k) with
�i,j > 0 represents a constant.

From (1), (5), and (7), we have

zi,kżi,k = zi,k
(
zi,k+1 + ei,k+1 + vi,k − ˙̂vi,k

+fi,k
(
Xi,k

)+ di,k
)

(40)

where fi,k(Xi,k) = fi,k(x̄N,k). Following the design in (32), let
l = kN. Then, we rewrite fi,k(Xi,k) as

fi,k
(
Xi,k

) = W∗�
i,k Si,k

(
Xi,k

)+ εi,k
(
Xi,k

)
(41)

where |εi,k(Xi,k)| ≤ ε̄i,k with ε̄i,k ≥ 0.
Moreover, define

ϕi,k := di,k + εi,k. (42)

Substituting (41) and (42) into (40) yields

zi,kżi,k = zi,k
(
zi,k+1 + ei,k+1 + vi,k−˙̂vi,k

+W∗�
i,k Si,k

(
Xi,k

)+ ϕi,k
)
. (43)

By utilizing (9) and Lemmas 1 and 2, we have

zi,kei,k+1 ≤ 1

2
z2

i,k + 1

2
e2

i,k+1 (44a)

zi,kW̃�
i,kSi,k

(
Xi,k

) ≤ 1

2

(
�̃i,kxf

i,k

)2
S�

i,k

(
Xi,k

)
Si,k
(
Xi,k

)

+1

2
W̃�

i,kW̃i,k + ẑi,kW̃�
i,kSi,k

(
Xi,k

)
(44b)

zi,kϕi,k ≤ ẑ2
i,kψi,k

√
ẑ2

i,k + η2
i,k

+ ψi,kηi,k

+1

2

(
�̃i,kxf

i,k

)2 + 1

2
ψ2

i,k (44c)

ei,k+1ėi,k+1 ≤
(

1

4
− 1

λi,k+1

)
e2

i,k+1 +�2
i,k (44d)

− ẑi,kψ̂i,k�̃i,kxf
i,k√

ẑ2
i,k + η2

i,k

≤
αi,k

(
ψ̂i,kẑi,k�̃i,kxf

i,k

)2

ẑ2
i,k + η2

i,k

+ 1

4αi,k
(44e)

where ψi,k := supt≥0 |ϕi,k|, �i,k := v̇i,k. For k = 2, we have

−
(
κi,k + 1

2

)
zi,kẑi,k ≤

(
κi,k + 1

2

)(
�̃i,kxf

i,k

)2 + 1

4αi,k

+αi,k
((
κi,k + 1

2

)
ẑi,k�̃i,kxf

i,k

)2 −
(
κi,k + 1

2

)
z2

i,k. (45)

For k = 3, . . . , n − 1, one has

− ki,kzi,k ẑi,k = −ki,kzi,k

(
zi,k − �̃i,kxf

i,k

)

= −ki,kz2
i,k + ki,k

(
ẑi,k + �̃i,kxf

i,k

)
�̃i,kxf

i,k

≤ −ki,kz2
i,k + ki,k

(
�̃i,kxf

i,k

)2 + 1

4ai,k

+ai,k

(
ki,kẑi,k�̃i,kxf

i,k

)2
(46a)

− zi,kẑi,k−1 ≤ −zi,kzi,k−1 + 1

2
z2

i,k

+1

2

(
�̃i,k−1xf

i,k−1

)2
. (46b)

Substituting (17)–(20), (39), and (43)–(46) into (38) yields

V̇i,k ≤ −κi,1φ
2
i −

k∑

j=2

Ki,jz
2
i,j −

k+1∑

j=2

�i,je
2
i,j + Ti,k

+
k∑

j=1

εi,jψ̃i,jψ̂i,j +
k∑

j=2

�i,j�̃
2
i,j�̂i,jsgn

(
�̃i,j

)

+
k∑

j=2

τi,jW̃
�
i,jŴi,j +

k∑

j=2

1

2
W̃�

i,jW̃i,j +
k∑

j=1

�2
i,j

+
k∑

j=1

ψi,jηi,j +
k∑

j=2

1

2
ψ2

i,j + τi,1θ̃iθ̂i

+δi,1�i,1�̃i,1�̂i,1 +�i,k, (47)

where �i,k = zi,kzi,k+1 − (1/2)(�̃i,kxf
i,k)

2, Ti,k = (1/4) +
∑k

j=2 (1/[2αi,j]), αi,j > 0. Ki,j := κi,j − (1/2) > 0 for j = 2,
and Ki,j := κi,j − 1 > 0 for j = 3, . . . , k. (1/[λi,j])− (3/4) ≥
�i,j (j = 2, . . . , k + 1) with �i,j ≥ 0.

Step n: Define the following Lyapunov candidate:

Vi,n :=Vi,n−1 + 1

2
z2

i,n + 1

2σi,n
W̃�

i,nW̃i,n

+ 1

3γi,n
|�̃i,n|3 + 1

2βi,n
ψ̃2

i,n + ρi

2ιi
�̃2

i (48)

where W̃i,n := W∗
i,n − Ŵi,n, �̃i,n := �i,n − �̂i,n, ψ̃i,n := ψi,n −

ψ̂i,n, and �̃i := �i − �̂i.
Differentiating Vi,n with respect to t yields

V̇i,n = V̇i,n−1 + zi,nżi,n − 1

γi,n
�̃2

i,n
˙̂
�i,nsgn

(
�̃i,n

)
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− 1

σi,n
W̃�

i,n
˙̂Wi,n − 1

βi,n
ψ̃i,n

˙̂
ψi,n − ρi

ιi
�̃i

˙̂�i. (49)

From (1), (4), and (5), it yields

zi,nżi,n = zi,n
(
ρiuci + uei + di,n

+fi,n
(
Xi,n

)−˙̂vi,n
)
, (50)

where fi,n(Xi,n) = fi,n(xN,n). Following the design in (32), let
l = nN and m = 1, we rewrite fi,n(Xi,n) as

fi,n
(
Xi,n

) = W∗�
i,n Si,n

(
Xi,n

)+ εi,n (51)

where |εi,n| ≤ ε̄i,n with ε̄i,n ≥ 0.
Moreover, let

�i:=1/ρi, ϕi,n:=uei + di,n + εi,n. (52)

Substituting (51) and (52) into (50) yields

zi,nżi,n = zi,n
(
ρiuci + W∗�

i,n Si,n
(
Xi,n

)

+ϕi,n − ˙̂vi,n
)

(53)

By utilizing (9), Lemmas 1 and 2, we get

− κi,nzi,nẑi,n ≤ −κi,nz2
i,n + κi,n

(
�̃i,nxf

i,n

)2 + 1

4αi,n

+αi,n

(
κi,nẑi,n�̃i,nxf

i,n

)2
(54a)

−zi,nẑi,n−1 ≤ −zi,n−1zi,n + 1

2
z2

i,n

+1

2

(
�̃i,n−1xf

i,n−1

)2
(54b)

zi,nW̃�
i,nSi,n

(
Xi,n

) ≤ 1

2

(
�̃i,nxf

i,n

)2
S�

i,n

(
Xi,n

)
Si,n

(
Xi,n

)

+1

2
W̃�

i,nW̃i,n + ẑi,nW̃�
i,nSi,n

(
Xi,n

)
(54c)

zi,nϕi,n ≤ ẑ2
i,nψi,n

√
ẑ2

i,n + η2
i,n

+ ηi,nψi,n

+1

2

(
�̃i,nxf

i,n

)2 + ψ2
i,n

2
(54d)

− ẑi,nψ̂i,n�̃i,nxf
i,n√

ẑ2
i,n + η2

i,n

≤
αi,n

(
ψ̂i,nẑi,n�̃i,nxf

i,n

)2

ẑ2
i,n + η2

i,n

+ 1

4αi,n
, (54e)

where ψi,n := supt≥0 |ϕi,n|. Adding and subtracting zi,nsi

to (49), and substituting (23)–(26), (47), (53)–(56a) into (49),
it yields

V̇i,n ≤ −κi,1φ
2
i −

n∑

j=2

(
Ki,jz

2
i,j +�i,je

2
i,j

)
+

n−1∑

j=1

�2
i,j

+
n∑

j=2

(

τi,jW̃
�
i,jŴi,j + W̃�

i,jW̃i,j

2
+ �i,j�̃

2
i,j�̂i,jsgn(�̃i,j)

)

+
n∑

j=1

(εi,jψ̃i,jψ̂i,j + ψi,jηi,j + 1

2
ψ2

i,j + τi,1θ̃iθ̂i

+δi,1�i,1�̃i,1�̂i,1 − zi,nρi�̂isi − ẑi,nρi�̃isi + zi,nsi

−1

2

(
�̃i,nxf

i,nsi

)2 + ρiμi�̃i�̂i +
n∑

j=2

1

2αi,j
+ 1

4
. (55)

Using Lemma 1, one has (j = 1, . . . , n, k = 2, . . . , n)

W̃�
i,jŴi,j ≤ 1

2

(
W�

i,jW
∗
i,j − W̃�

i,jW̃i,j

)
(56a)

�̃2
i,k�̂i,ksgn

(
�̃i,k

)
≤ 1

3

(
�3

i,k − |�̃i,k|3
)

(56b)

ψ̃i,jψ̂i,j ≤ 1

2
ψ2

i,j − 1

2
ψ̃2

i,j (56c)

�̃i�̂i ≤ 1

2
�2

i − 1

2
�̃2

i (56d)

zi,nsi − ẑi,n ρi�̃isi − zi,nρi�̂isi

≤ 1

2

(
�̃i,nxf

i,nsi

)2 + 1

2
(ρi�̃i)

2 (56e)

θ̃iθ̂i ≤ 1

2
θ2

i − 1

2
θ̃2

i (56f)

�̃i,1�̂i,1 ≤ 1

2
�2

i,1 − 1

2
�̃2

i,1 (56g)

Substituting (56a) into (55), it yields

V̇i,n ≤ −κi,1φ
2
i −

n∑

j=2

(
Ki,jz

2
i,j +�i,je

2
i,j

)
−

n∑

j=1

εi,j

2
ψ̃2

i,j

−
n∑

j=2

(
τi,j − 1

2
W̃�

i,jW̃i,j + �i,j

3
|�̃i,j|3

)
+

n−1∑

j=1

�2
i,j

− τi,1

2
θ̃2

i,1 − δi,1�i,1

2
�̃2

i,1 − 1

2
ρi(μi − ρi)�̃

2
i +�i. (57)

Let ηi,j = ai,jexp(−bi,jt), ai,j > 0, bi,j > 0,
|ηi,j| ≤ η̄i,j, then �i := ∑n

j=1(([εi,j]/2)ψ2
i,j + ψi,jη̄i,j) +

∑n
j=2(([τi,j]/2)W∗�

i,j W∗
i,j + (1/2)ψ2

i,j + ([�i,j]/3)�3
i,j) +

([ρiμi]/2)�2
i + ([τi,1]/2)θ2

i + ([δi,1�i,1]/2)�2
i,1 + Ti,n with

Ti,n := (1/4) + ∑n
j=2 (1/2αi,j) and αi,j > 0. Ki,j := κi,j −

(1/2) > 0 for j = 2, and Ki,j := κi,j − 1 > 0 for j = 3, . . . , n.
(1/[λi,j])− (3/4) ≥ �i,j (j = 2, . . . , n) with �i,j ≥ 0.

Define the overall Lyapunov candidate

V :=
N∑

i=1

Vi,n

=
N∑

i=1

[
1

2
φ2

i +
n∑

j=2

1

2
z2

i,j +
n∑

j=2

1

2σi,j
W̃�

i,jW̃i,j

+
n∑

j=2

1

3γi,j
|�̃i,j|3 +

n∑

j=1

1

2βi,j
ψ̃2

i,j + ρi

2ιi
�̃2

i

+ 1

2σi,1
θ̃2

i + δi,1

2γi,1
�̃2

i,1 +
n∑

j=2

1

2
e2

i,j

]
. (58)

Differentiating (58) and using (57), one has

V̇ ≤ −
N∑

i=1

[
κi,1φ

2
i +

n∑

j=2

Ki,jz
2
i,j +

n∑

j=2

�i,je
2
i,j

+ 1

2

n∑

j=1

εi,jψ̃
2
i,j + τi,1

2
θ̃2

i,1 + δi,1�i,1

2
�̃2

i,1 −�i

+ 1

2

n∑

j=2

(
τi,j − 1

)
W̃�

i,jW̃i,j + 1

2
ρi(μi − ρi)�̃

2
i
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+ 1

3

n∑

j=2

�i,j|�̃i,j|3 −
n−1∑

j=1

�2
i,j

]
. (59)

For any p > 0, we define �Z := {Z|Z ∈ R
5Nn,V ≤ p} with

Z = [φi, z�
i,n,

¯̃W�
i,n, �̃

�
i,n, e�

i,n,
¯̃
ψ�

i,n, �̃i]�, zi,n = [zi,2, . . . , zi,n]�,
¯̃Wi,n = [W̃�

i,1, . . . , W̃�
i,n]�, �̃i,n = [�̃i,2, . . . , �̃i,n]�, ei,n =

[ei,2, . . . , ei,n]�, ¯̃
ψi,n = [ψ̃i,1, . . . , ψ̃i,n]�. Since �i,j = v̇i,j, vi,j

are continuous, there exist �̄i,j, v̄i,j > 0, such that |�i,j| ≤ �̄i,j

and |vi,j| ≤ v̄i,j for i = 1, . . . ,N, j = 1, . . . , n − 1, in the
compact set �Z ×�d.

Consider (58) and (59) and choose

C1 = min{2κi,1, 2Ki,j, 2�i,j, σi,1τi,1, σi,j
(
τi,j − 1

)
, γi,j�i,j

βi,1εi,1, βi,jεi,j, ιi(μi − ρi), γi,1�i,1}, i = 1, . . . ,N

C2 =
N∑

i=1

⎛

⎝�i +
n−1∑

j=1

�̄2
i,j

⎞

⎠, j = 2, . . . , n. (60)

Then (61) holds:

V̇(t) ≤ −C1V(t)+ C2, (61)

where κi,1 > 0, Ki,j > 0, �i,j > 0, σi,1τi,1 > 0, σi,j(τi,j −
1) > 0, γi,j�i,j > 0, βi,1εi,1 > 0, βi,jεi,j > 0, γi,1�i,1 > 0 and
ιi(μi − ρi) > 0. Inequality (61) shows that V̇ < 0 on V = p
when C1 > (C2/p). Consequently, �v := {V(t) ≤ p} is an
invariant set, implying that ∀ t ≥ 0, V(t) ≤ p holds if V(0) ≤
p. Subsequently, multiplying (61) by eC1t and integrating it on
[0, t], we have

V(t) ≤ V(0)e−C1t + C2

C1

(
1 − e−C1t

)
. (62)

From (58) and (62), we conclude that the closed-loop sig-
nals φi, zi,j, W̃i,j, �̃i,j, ψ̃i,j, ei,j and �̃i are SGUUB. According
to (10), we have zi,1 = ([(ξHi − zi,1)(ξLi + zi,1)φi]/[ξHiξLi])
for i = 1, . . . ,N, where ξHi > 0, ξLi > 0 and ξHiξLi > 0. Since
φi are bounded, it follows from (10) that (ξHi − zi,1)(ξLi + zi,1)

are bounded. Therefore, zi,1 are bounded. Since the parameters
W∗

i,j, �i,j, ψi,j and �i, j = 1, . . . , n are bounded, we have

Ŵi,j, �̂i,j, ψ̂i,j and �̂i are bounded. Then, according to (58),
the following inequalities hold:

0 ≤ 1

2
φ2

i ≤ V, 0 ≤ 1

2
z2

i,j ≤ V, 0 ≤ 1

2σi,j
W̃�

i,jW̃i,j ≤ V

0 ≤ 1

2βi,j
ψ̃2

i,j ≤ V, 0 ≤ 1

2
e2

i,j ≤ V 0 ≤ ρi

2ιi
�̃2

i ≤ V

0 ≤ 1

3γi,j
|�̃i,j|3 ≤ V, 0 ≤ θ̃2

i

2σi,1
≤ V, 0 ≤ δi,1�̃

2
i

2γi,1
≤ V

and, when t → ∞, we have

0 ≤ |φi| ≤
√

2C2

C1
, 0 ≤ |zi,j| ≤

√
2C2

C1

0 ≤ |W̃i,j| ≤
√

2σi,jC2

C1
, 0 ≤ |�̃i,j| ≤ 3

√
3γi,jC2

C1

0 ≤ |ψ̃i,j| ≤
√

2βi,jC2

C1
, 0 ≤ |ei,j| ≤

√
2C2

C1

0 ≤ |�̃i| ≤
√

2ιiC2

ρiC1
, 0 ≤ |θ̃i| ≤

√
2σi,1C2

C1

0 ≤ |�̃i,1| ≤
√

2γi,1C2

δi,1C1
.

Remark 3: From (61) and the Lyapunov practical stability
principle, it can be concluded that a larger C1 leads to faster
convergence, while a smaller C2 can improve the convergence
precision. According to (60), the convergence speed and
precision of the system errors can be adjusted by tuning
the parameters κi,1, Ki,k, σi,j, τi,j, γi,j, �i,j, αi,j, βi,j, εi,j,
ιi, and μi, where i = 1, . . . ,N, j = 1, . . . , n, and k =
2, . . . , n. Specifically, a larger κi,1 or Ki,k contributes to faster
convergence speed. A smaller αi,j improves the precision of
system errors. Appropriately chosen parameters σi,j, τi,j, γi,j,
�i,j, βi,j, εi,j, ιi, and μi enhance the overall performance of
system errors. In practice, designers must carefully balance
the tracking performance and control effort. By optimizing
these parameters, specific system capacity requirements can
be satisfied effectively.

B. Proof of Theorem 1 (b)

It is obvious that within the interval −ξLi < zi,1 < ξHi for
i = 1, . . . ,N, using the fact that 0 ≤ |φi| ≤ √

(2C2/C1),
we derive {zi,1 := −ζLi ≤ zi,1 ≤ ζHi} with ζLi and ζHi given
in (63) and (64).

C. Proof of Theorem 1 (c)

Since both zi,1 and ydi are bounded, xi,1 are also bounded
for i = 1, . . . ,N. From (13), we see that vi,1 are bounded.
From (6), we obtain that v̂i,2 are bounded. Due to the
boundedness of signals zi,2, ẏdi, v̂i,2, xi,2 are also bounded. By
induction, it obtains that vi,2, . . . , vi,n−1 and v̂i,3, . . . , v̂i,n are
all bounded. Then, we get the actual control inputs uci and
system states xi,3, . . . , xi,n are bounded. From (4), the control
signals ui of the actuators are also bounded. Finally, all the
signals are SGUUB.

ζLi = −[ξHiξLi + ζ (ξHi − ξLi)] +
√

4ζ 2ξHiξLi + (ξHiξLi + ζ (ξHi − ξLi))
2

2ζ
, ζ =

√
2C2

C1
(63)

ζHi = −[ξHiξLi − ζ (ξHi − ξLi)] +
√

4ζ 2ξHiξLi + (ξHiξLi − ζ (ξHi − ξLi))
2

2ζ
(64)
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(a) (b) (c)

Fig. 2. (a) Reference trajectory yd1, actual trajectory xf
1,1, upper bound H1 and lower bound L1. (b) Tracking error z1,1. (c) Actuator fault input u1 and

actual control input uc1.

(a) (b) (c)

Fig. 3. (a) Reference trajectory yd2, actual trajectory xf
2,1, upper bound H2 and lower bound L2. (b) Tracking error z2,1. (c) Actuator fault input u2 and

actual control input uc2.

D. Proof of Theorem 1 (d)

From zi,1 = xf
i,1−ydi and Assumption 4, we have y

di
−ξLi ≤

ydi − ξLi < xf
i,1 < ξHi + ydi ≤ ȳdi + ξHi. Let Li = ydi − ξLi and

Hi = ydi + ξHi, we have y
di

− ξLi ≤ Li < xf
i,1 < Hi ≤ ȳdi + ξHi

for all t ≥ 0. Therefore, we conclude that the constraints in (2)
are satisfied.

V. SIMULATION EXAMPLE

Consider two inverted pendulums, connected by a spring
and a damper, modelled by [51]

J1ϑ̈1 = m1grsin(ϑ1)− 0.5Frcos(ϑ1 − ϑ)+ u1 + d1

J2ϑ̈2 = m2grsin(ϑ2)+ 0.5Frcos(ϑ2 − ϑ)+ u2 + d2,

where J1 = 0.5 kg · m2 and J2 = 0.625 kg · m2 are
the inertia moment, the outputs ϑi [rad], i = 1, 2 are
the pendulums’ angles, m1 = 2 kg and m2 = 2.5 kg
denote the masses, g = 9.81 m/s2 denotes the gravity
acceleration, F = kc(z − lc) + bcż is the spring-damper
force applied to the pendulums, kc = 150 N/m and
bc = 1 Ns/m are the spring and the damper constants,
respectively, lc = 0.5 m represents the natural length, z =
(d2

c + rdc(sinϑ1 − sinϑ2)+ (r2/2)(1 + cos(ϑ2 − ϑ1)))
1/2 is

the current spring length, r = 0.5 m is the length, ϑ =
arctan(([(r/2)(cosϑ2 − cosϑ1)]/[dc + (r/2)(sinϑ1 − sinϑ2)]))
is the relative angle, dc = 0.5 m is the distance between
pendulum base. u1 and u2 are the control inputs, and
disturbances are d1 = 0.1 sin(t) and d2 = 0.2 cos(t). All the
initial values and parameters are given in Table III.

TABLE III
INITIAL VALUES AND PARAMETERS

Denote x1,1 = ϑ1, x1,2 = ϑ̇1, x2,1 = ϑ2, and x2,2 = ϑ̇2.
The desired trajectories are yd1 = (π/6)sin((π/2)t), yd2 =
(π/4)sin((π/3)t). The constraint boundaries of z1,1, z2,1 are
ξH1 = 0.2 + exp(−0.5t), ξL1 = 0.3 + exp(−0.6t), ξH2 =
0.1 + 1.3exp(−0.55t), ξL2 = 0.2 + 1.4exp(−0.65t). The
sensor/actuator faults parameters are δ1,1 = 0.9, tf1,1 = 20s,

δ1,2 = 0.7, tf1,2 = 9s, δ2,1 = 0.85, tf2,1 = 7s, δ2,2 =
0.4, tf2,2 = 0s, ρ1 = 0.7, ue1 = 0.5 sin(0.5t), ρ2 = 0.5,
ue2 = 0.1 sin(t), ta1 = 6s, ta2 = 12s. The basis functions are
Sk(Xi,k) = exp[ − (Xi,k − χk)

�(Xi,k − χk)/(2b2
k)], i = 1, 2,

k = 1, 2, where χk are random in (−5, 5), and bk = √
2.

S1(Xi,1) contains six nodes, S2(Xi,2) contains four nodes, and
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(a) (b) (c)

Fig. 4. (a) System state x1,2 and sensor measurement value xf
1,2. (b) System state x2,2 and sensor measurement value xf

2,2. (c) Sensor faults adaptive

parameters �̂1,1, �̂1,2, �̂2,1 and �̂2,2.

(a) (b) (c)

Fig. 5. Actuator faults adaptive parameters. (a) ψ̂1,2 and ψ̂2,2. (b) �̂1 and �̂2. (c) θ̂1, ‖Ŵ1,2‖, θ̂2 and ‖Ŵ2,2‖.

the inputs of Sk(Xi,k) are Xi,1= [xf
1,1, xf

2,1, ydi, ẏdi, ξHi, ξLi]�

and Xi,2= [xf
1,1, xf

2,1, x̂1,2, x̂2,2]�.
Figs. 2–5 illustrate the efficiency of the ANBFTC method.

Specifically, the tracking results of xf
1,1 and xf

2,1are shown in
Figs. 2(a) and 3(a) without breaking the output constrains.
The boundedness of tracking errors z1,1 and z2,1 is verified
in Figs. 2(b) and 3(b). The boundedness of actuator inputs ui

and actual control inputs uci, i = 1, 2, is shown in Figs. 2(c)
and 3(c), which observe that the occurrence of sensor faults
causes short-lived fluctuations. Fig. 4(a) and (b) show the
response curves of x1,2 and x2,2, as well as the measured
values xf

1,2 and xf
2,2 with sensor faults, which are all bounded.

Figs. 4(c) and 5 show the boundedness of adaptive parameters
�̂1,1, �̂1,2, �̂2,1, �̂2,2, ψ̂1,2, ψ̂2,2, �̂1, �̂2, θ̂1, ‖Ŵ1,2‖, θ̂2, and
‖Ŵ2,2‖, respectively.

VI. CONCLUSION

This article presented a novel ANBFTC control scheme
for a class of strict-feedback MIMO nonlinear systems.
The backstepping design was implemented through a newly
constructed FBACT, and an adaptation strategy was formu-
lated at each iteration step to address unknown disturbances,
sensor/actuator faults, and residuals in NN approximation.
The faulty sensor measurements, after appropriate adaptive
compensation, were utilized as the inputs of RBFNNs. The
computational complexity, arising from high-order derivatives
of the virtual controller, was mitigated by adopting the DSC
technique at each step. Then by integrating BLF into the

iterative methodology, the ANBFTC approach was developed
for precise output tracking while upholding output constraints.
Finally, we demonstrated the effectiveness of the ANBFTC
approach through a simulation example. Future works will
focus on exploring sensor/actuator failures in MIMO nonlinear
systems.
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