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Optimal feedback policies in stochastic epidemic models

Giovanni Pugliese Carratelli, Xiaodong Cheng, Kris V. Parag, loannis Lestas

Abstract— We consider the problem of finding optimal
policies that mitigate the effects of an epidemic. We develop
computational tools for finding such policies for broad classes
of stochastic epidemic models and investigate various features
of such policies. In particular, we observe that optimal policies
are predominantly constant for epidemics where the mitigation
measures are associated with the infected population.

I. INTRODUCTION

Approximate deterministic models are frequently adopted
in studies of epidemic control. Recent studies include the
computation of the policies for initiating and exiting lock
down interventions [1], [2], [3], [4], the analysis of the time
sensitivity of their implementation [5], [6] and even cost-
benefit analysis studies [7], [8]. Stochastic models, that take
into account the randomness of the spread [9], are often
employed to evaluate comprehensible intuition based policies
[10] but are however seldomly used to devise policy design
principles and limitations.

In [11], [12] time delays and nonlinearities in the in-
fections are shown to be a limitation for negative feed-
back methods. The controllability of an emerging infectious
disease is also quantified in [13]. The results associated
with negative feedback policies for stochastic models of the
spread [14], [15] are however more limited despite their
practical significance. Studies on the optimal management
of an epidemic via integer valued stochastic models are
addressed via computational methods in [16], [17] and [18]
while in [19] trade offs between socialising and risk of
infection are studied on network Markov models.

In this study we try to investigate the effectiveness of
real time interventions for stochastic epidemic models. In
particular, and we find via computations of optimal policies
for models with low levels of recoveries and mitigation mea-
sures associated with the infected population that constant
interventions are often optimal in limiting the spread of a
disease. The contribution of this paper is two fold:

o We develop computational tools for finding the optimal
policies for epidemic models with arbitrary number of
states modelled as a continuous time Markov Jump
Process (MJP) with controlled rates.

o We consider the continuous time stochastic Susceptible
Infected (SI) epidemic with a controlled transmission
rate and we find that optimal policies are predominantly
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constant for costs that depend linearly with the number
of infected individuals but can otherwise depend non-
linearly with the mitigation measures.

The manuscript is organised as follows. In Section II we
introduce the notation and the epidemic model that will be
considered. In Section III we define the problem we seek to
address. Our main results are stated in Section I'V.

II. SYSTEM MODEL AND NOTATION

A. Notation

E[]  Expectation operator

R~ Set of positive real numbers {z € R: z > 0}

R> Set of non-negative real numbers {z € R : x > 0}

Z~ Set of positive integers {1,2,3,...}
Z> Set of non-negative integers {0,1,2,3,...}

B. Mathematical preliminaries

We develop computational tools for finding the optimal
policies that apply to broad classes of Markov Jump Process
(MJP) models for epidemics. These are then used to inves-
tigate the properties of such policies for classes of optimal
control control problems formulated for stochastic SI models.

In particular, we consider the MJP version of the Sus-
ceptible Infected (SI) transmission model for an epidemic.
The state of the system is the number of individuals in
the susceptible and infected categories which evolves via
infection, and recovery events occurring at certain rates.
These events take place at random times that depend upon
the state of the system and its parameters and are summarised
in Table L.

This system is a birth-death like process that can be
defined via the Kolmogorov Equation (also known as the
Master equation). This is a partial difference equation for the
probability at time ¢ that the number of individuals in each
category takes prescribed values. The Kolmogorov equation
for the considered epidemic is stated below, but before that
we introduce the variables describing the system and their
physical interpretation.

More precisely, we consider a constant population of N €
Z~ individuals and the integer valued random variables S(t)
and I(t), each defined on the support S = {0,1,...,N}.
S(t) and I(t) denote respectively the number of Susceptible
and Infected individuals at time ¢. We denote the infection
prevalence with I(¢)/N, and we denote the incidence of the
disease with S(t)/N.

The state of the epidemic evolves via infection and recov-
ery events occurring at the rates defined in rows la and 1b
of Table L.
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ID Event Transition Rate
la  SIInfection I —I4+1 pBy(l,u)
b SIRecovery I —1-—1 274

TABLE I: Events associated with the Susceptible Infected (SI) epidemic

The rate at which infected individuals recover, corresponding
to event 1b in Table I, is yI(¢t) where v € Rs. For
each infection event a single individual transitions from the
Susceptible to the Infected category. Infections occur at a rate
of uBs(I,u) where 1o € Ry is the transmission parameter
and (7 is defined below in equation (2). We highlight that
due to the proportional nature of the infection rate with
respect to [ the systems have an absorbing state at [ = 0.
The variable © € U modulates the transmission rate. The
set U is the set of transmission mitigation measures that may
be adopted to tame the disease transmission. ¢/ is a set of
cardinality N, € Zs, i.e. U = {uy,ua,...,un,}. Note
that in the following sections we address optimal control
problems where we optimise over all possible values of .
The function h(u) : U — [0, 1] reflects how a specific
mitigation measure u reduces the transmission of the disease.
We consider for notational purposes and to simplify the
interpretation of the results, the following assumption
Assumption 1: The function h(u) : Y — [0, 1] is a non-
increasing function.
Assumption 1 formalises that increasing values of u, that are
associated with increasingly restrictive mitigation measures,
reduce h(u) and thus reduce the transmission of the disease.
We consider a constant population and hence we have
S(t) + I(t) = N. Therefore S(t) = N — I(t) and without
any loss of generality we consider only the random variable
I(t). For each i € S we denote by P(i, t) the probability that
at time ¢ we have I(t) = 1.
The considered MJP satisfies the following Kolmogorov
Equation

BLD — wlsti = 10PG~ 1,0 - 56RO
+7[(i + V)P + 1,t) — iP(i, t)]
where By (i, u) is defined as
By, u) = 1-(N = Dh(w) @

This is a well suited model for diseases characterised by
weak levels of immunity after a recovery or at the initial
stages of an epidemic when the number of infected is small
with respect to the size of the population.

III. OPTIMAL CONTROL PROBLEM FORMULATION AND
CONSIDERED COSTS

We consider the problem of finding an optimal feedback
disease mitigation policy. We formulate a stochastic optimal
control problem for the SI epidemic and we outline in
Section III-A the considered costs.

We seek to minimise social costs due to the presence
of ¢ infected and due to the adoption of the transmission

mitigation measure u. In the considered problem we min-
imise the total expected costs in continuous time over an
infinite horizon, where the stage cost per unit of time is
gc(i,u) : S xU — R>. The function g., discussed below, is
the cost of applying the mitigation measure u with ¢ infected
individuals.

We consider deterministic feedback policies that are a
function of the current state of the process. This is without
loss of generality due to the Markov nature of the system, i.e.
state feedback policies would be optimal even if the feedback
policy was allowed to depend on the history of the process
[20],[21]. We consider without any loss of generality only
time invariant feedback laws since it can be shown that the
policies for an infinite horizon problem are independent of
time [22], [21]. A particular policy for the system in (1) is
denoted by u(i), u : S — U. With F we denote the set of
time invariant state feedback policies, i.e. the set of functions
u which for each value of the state give an element in /.

Problem 1: Consider the system in (1) and the stage cost
gc(i,u) : S x U — R>. We consider the following problem

J(io) = ggrflt]ﬁ(io) 3)

JE(ip), defined in (4), is the cost associated with the evolu-
tion of the MJP in (1) from the initial condition iy under a
time invariant state feedback policy u.

TNt
Jilio) = lm_E /0 e(i(t),w)dt| 1(0) = ig| (@)

As previously discussed the considered continuous time
process has an absorbing state and terminates in finite time.
It can be shown that the considered continuous time optimal
control problem can be transformed to that of an appro-
priately constructed discrete time Markov Decision Process
(MDP). This equivalent formulation is presented in Section
IV-A.

The solution of Problem 1 corresponds to finding an
optimal policy u*(7) that minimises a socio-economic cost
ge(i,u) related to an epidemic. In particular, we associate
for each infected individual a cost that society has to incur
and a costs for interventions that reduce the transmission of
the disease.

A. Considered costs

In this section we describe the class of cost functions that
will be considered, and we show in the next section that for
these costs the optimal policies do not vary with respect to
the infection levels.

In particular, we consider epidemics where infected indi-
viduals may require medical treatment or may be subjected
to isolation and quarantine thus incurring a cost to the
economy/society. The transmission mitigation interventions
u encompass a broad class of such measures for infected
individuals including social distancing, medical isolation
and quarantine. Such measures may require for example
individuals infected not to work or they may be able to do
so only in a limited manner.
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Specifically, we consider cost functions g. of the form
ge(iyu) = 1 + caiz(u) + csi 5)

where z(u) : Y — R is an arbitrary function with non-

negative values. The term c¢; € R> is a fixed cost to be
accounted for regardless of the number of infected or the
adopted mitigation measures. The proportionality between
i and z(u) suggests that a cost of coz(u),c2 € R> is
incurred for each infected for the mitigation measure u. The
term c3¢,c3 € R relates to the sole presence of infected
individuals and is linked to fatalities and hospitalisations
when the latter are well below their capacity. The parameter
c3 depends, for example, upon the infected to fatality ratio or
the infected to hospitalisation ratio. Note that without loss of
generality the cost in (5) can be rescaled with respect to the
sole hospitalisation cost parameter c3. We define the ratio

(=c2/c3 (6)

that is the ratio of marginal cost ce of using mitigation mea-
sures, with respect to the marginal costs for hospitalisations,
diagnosis and fatalities cs.

Costs of the form in (5) apply for example to influenza
like epidemics [16] or more broadly to regimes where the
efforts to control the epidemics through isolation measures of
infected individuals are applicable. It excludes non-selective
policies where the entire population is subjected to restric-
tions such as lock down.

IV. RESULTS

In Section IV-A we develop computational tools for
characterising the optimal policies that are applicable to
a broad class of MJP epidemic models with an arbitrary
number of states. In Section IV-B these tools are then used
to characterise the optimal policies for the SI epidemic in
Problem 1 and for the considered costs.

A. Formulation as an equivalent discrete time Markov De-
cision Process (MDP)

In order to characterise the optimal policies of Problem 1
we derive first an equivalent discrete time optimal control
problem, stated below as Problem 2, via the method of
uniformisation [22]. We consider a discrete time Markov
Chain [}, that takes values in S where k is the time step.
The transition probabilities p;; are given by

1
—Bsli,u) ifj=i+1
14
. . r
pij =PUkpi =jlly=i) = —ni ifj=i-1
1_ﬁf(i,u)+’yi i
14
(7)

where 4,7 € S and the transmission rate 87 (i, u), is defined
in (2). The constant v € Ry is

v 2 max(ufi(i,u) + il (8)

An equivalent discrete time Problem to Problem 1 is defined
below.

Problem 2: Consider the discrete time Markov Chain
specified by the transition probabilities in (7). We seek to
solve the following problem

J(io) = mip Ju(io) 9)

where F is the set of time invariant state feedback policies
u(@), v = S — U. Jy(ip), defined in (10), is the cost
associated with the evolution of the discrete time Markov
Chain with transition probabilities as in (7) from the initial
condition ¢y under the time invariant state feedback policy

Ng—1

Z E [g({x,w)|Io = io]

k=0
The control input wu(i) associated with Problem 1 only

changes at the times in which the state changes. In order to
solve Problem 1 it is thus sufficient to consider the values of
the policies when state transitions take place. This allows to
reduce Problem 1 to Problem 2, which is based on a discrete
time formulation, as stated in Proposition 1 below.
Proposition 1: Consider Problem 1 and consider v € R+
as in (8) then the optimal policy for Problem 2 with cost

(10)

1
gli,u) = ;gc(i,u) (11)

is also the optimal policy for Problem 1 where the cost is
9ge(i,u).

The proposition above follows from a procedure known as
uniformisation described in e.g. [22, Vol. II, Ch. 5, p. 288]
and [23, Ch. 9, p. 503].

Remark 1: 1t should be noted that analogous versions
of Proposition 1 discussed above, hold more broadly for
other MJP models for epidemics with any number of states
whereby these can be converted to an equivalent discrete
time optimal control problem.

Remark 2 (Computation of optimal policies): The trans-
formation to a discrete time MDP with finite state and
input values and an absorbing state allows to make use of
appropriate iterations, such as the value iteration or policy
iteration, to compute the optimal policy with arbitrarily high
precision [22]. The former was used for the computation of
the optimal policies presented in Section IV.

In order to compute the optimal policies we make use of
the Bellman equation for optimality and the value iteration
algorithm, which is an iteration that is guaranteed to converge
to the minimum cost [24], [22].

The value iteration algorithm for Problem 2 is

T (6) = minlge (5, u) + 6y i, w) L)

= yiLg(i — 1) + vJi(i)]
where we have introduced the quantity Ly (i) defined! as

Li(i) = Je(i 4+ 1) — Ji(d) (13)

12)

"We set yiLy (i — 1) = 0 for i = 0 and B¢ (i, u)Ls (i) = 0 for i = N.
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and for simplicity in the notation we remove the subscript
from 4¢ in the rest of the manuscript.

We denote with Jj (i, u) the function to be minimised with
respect to u at each time step in the right hand side of (12),
ie.

T (i, u) = ge(i,u) + pBr(i,u) Ly (4) — yiLy (i — 1) + v Jy ()

(14
and with uj (i) we denote the optimal policy for state i at
step k of the value iteration algorithm.

It should be noted that Problem 2 is an infinite horizon op-
timal control problem with an absorbing state, positive costs,
and with finite cardinality N,, of the mitigation measures /.
As stated in the following Lemma [22] (12) is known to
converge to the minimum cost .J(z), which is the solution of
the Bellman equation (15).

Lemma 1: Consider Problem 2. Then for any initial con-
dition Jy(¢) the value iteration algorithm in (12) converges
to the optimal cost J(¢) which is the unique solution to the
Bellman equation

1
(@) = — minge (i, u) +pBy (i, u) L(E) —viL(i=1)+vJ (0))]
15)
where L(%) denotes the quantity.
L(i) = J(i+1) — J() (16)

Furthermore, a policy w* () is optimal if and only if it solves
(15).

B. Properties of the optimal solution of Problem 1

We make use of the computational tools developed in Sec-
tion IV-A and in Fig.1 we provide two numerical examples
of the optimal policies for the SI epidemic in Problem 1 with
costs as in (5). We observe that the optimal policy u*(7) is
predominantly constant and non-increasing in the variable
i (or equivalently with prevalence i/N). It follows that the
controlled transmission rate [;(i,u*()) is non-decreasing
with the number of infected. It should be noted that these
properties appear to hold for a large range of system and
cost parameters such as for different values of (, different
functions z(u) : Y — R> and h(u) : U — [0,1] and for
different values of the recovery rate v € R~. Furthermore,
the set U/ of control inputs and its cardinality NV,, can also
be chosen arbitrarily. Analytical results associated with the
form of these policies, and the presence of these features in
more broad classes of epidemic models and optimal control
problems will be included in an upcoming more extended
version of this work.

V. CONCLUSIONS

We have considered the problem of finding optimal miti-
gation policies in stochastic epidemic models, with a focus
on epidemics where the mitigation measures are associated
with the infected population. We have developed tools for
computing such policies for a broad class of epidemic models
and have investigated the optimal policies for the SI model.
In particular, we have observed that when the mitigation

€ i/

g

0% 16.679%33.33% 50% 66.67%83.33% 100%
€ v (i/N)

o

o

0% 16.67%33.33% 50% 66.67%83.33% 100%
i/N

—~
S

=

*
S

0 0.2 0.4 0.6 0.8

Fig. 1: Diagram la and 1b display the optimal policies u* (). High values
of w* are associated with restrictive interventions and low values are
associated with less restrictive interventions. The policies are non-increasing
for increasing levels of prevalence and are predominantly constant. We
select h = (1 — qey fu)2, which has been found to work well in practice
[25]. Diagram 1la shows the policies for g.yy = 1 and diagram 1b
shows the policies for g.yy = 0.65. The parameters are N = 300,
v =0.32,Ro = p/v=3.5, U ={0,0.05,...0.8}

measures are associated with the infected individuals optimal
policies are predominantly constant.
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