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A B S T R A C T

Since the strict regulations regarding chlorate concentrations in drinking water and in food, there exists a need
to monitor this by-product stemming from electrochlorination. Since, currently, there are no chlorate-specific
sensors, Sensor Data Fusion is proposed as an alternative.

The objective of this paper is to investigate and design Sensor Data Fusion algorithms that are accurate
over a broader set of circumstances.

Two different estimators are explored, both of which combine a first-principles model with a machine
learning algorithm. The first-principles models are based on a nonlinear, reduced-order state-space model.
The data-driven models investigated were multiple linear regression, K nearest neighbors, a gradient-boosting
decision tree and support vector regression, with optimized hyperparameters and a two-stage validation
process.

It was found that the addition of a first-principles model reduced the cross-validation mean squared error
by 58%, and allows accurate scaling with the fluid flow rate, when used in combination with support vector
regression. Furthermore, a relatively simple hybrid approach, with state-space and data-driven models in series,
was sufficient in terms of accuracy, when compared to a more complex series–parallel hybrid version. The latter
does provide information regarding the free chlorine concentration and current efficiencies in real-time, as well
as an estimate of the uncertainties associated with the process states. The 1 𝜎 confidence interval converged
to 14% of the chlorate estimate.

The results indicate that a hybrid approach is viable in the design of a Sensor Data Fusion algorithm for
chlorate monitoring, and preferable over a purely data-driven approach.
1. Introduction

Electrochlorination is a widely used means of disinfecting water,
as in drinking water, food, and medical equipment, among others. Its
primary advantage over the use of chlorine gas is that it is safer. Rather
than chlorine gas canisters, only water and sodium chloride salt are
needed in an electro-chemical system [1,2].

Recently, the European Union strictly regulated the permissible
chlorate concentration in drinking water and food [3] as it was found
to be potentially harmful to human health [4]. Chlorate is a by-
product of chlorine-based disinfection methods. Thus, this calls for
careful, preferably real-time monitoring of the chlorate formation in
electrochlorination. Unfortunately, there are no chlorate sensors com-
mercially available. Sensor Data Fusion (SDF; see Table 1 for a list of
abbreviations used in this work) has been proposed as an alternative
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method of monitoring the process, as it is able to monitor in real-time,
and can work with common, affordable, and robust sensors [5,6].

SDF has been applied extensively to the monitoring of electrochem-
ical processes [7–13]. However, its application to the monitoring of
chlorate formation during electrochlorination is relatively novel [14].
Recently, a first-principles approach has been developed [5], based
on an Extended Kalman Filter (EKF) observer and a reduced-order
model [15–17]. However, the resulting estimator was found to be
sensitive to the current efficiency parameters. This means frequent
calibration is necessary to ensure that the estimates remain accurate
in terms of bias. Consequently, robustness of the EKF is expected to be
limited.
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Table 1
Abbreviations.

CV Cross-Validation
EC Electrical Conductivity
EKF Extended Kalman Filter
GBDT Gradient Boosting Decision Tree
IC Ion Chromatography
KNN K Nearest Neighbors
MLR Multiple Linear Regression
MSE Mean Squared Error
SDF Sensor Data Fusion
SVR Support Vector Regression

Fig. 1. The two hybrid structures investigated in this work, namely series hybrid (top)
and series–parallel hybrid (bottom). In the schemes, 𝑢 are the inputs, 𝑦 the sensor
signals, 𝐹 the engineered features and 𝑦̂ the estimates.

The bias of the estimates may be reduced by utilizing a data-
riven model, in combination with first-principles knowledge of the

electrochlorination process, using a hybrid estimator [18]. In such an
approach, a first-principles submodel captures the aspects of the system
that can be robustly modeled, such as the system’s dynamics, while the
data-driven submodel captures the difficult-to-model relations related
to the current efficiency [19]. The main benefit over a purely data-
driven estimator is that such an approach requires less data, since part
of the knowledge comes from first principles instead. This is critical for
the application in question, as each datapoint requires sampling and
laboratory analysis to obtain. Thus, there will be relatively few dat-
apoints available. There are many means of integrating first-principles
and data-driven knowledge for process monitoring [20,21]. In this work

e explored two approaches to estimate chlorate formation during
lectrochlorination: A so-called series hybrid estimator, as well as a
eries–parallel hybrid estimator (see Fig. 1). In the first approach,
hysics-informed features were provided to an otherwise data-driven

model. These physics-informed features were derived from a first-
principles model, which is the ‘simplified white box’ in Fig. 1. In the
second approach, a series–parallel hybrid estimator used the output of
the series hybrid estimator to correct a more complex first-principles
model (the ‘complex white box’ in Fig. 1), via an Extended Kalman
Filter (EKF). The goal of this paper was to investigate and design more
robust and more accurate SDF algorithms for use in electrochlorination.

In Section 2, we will explain both the first-principles and data-
riven submodels, their integration, the data gathering and the vali-

dation strategy. The results will be shown in Section 3, both for the
first-principles method, the data-driven methods, and the combination
of the two. The results will subsequently be discussed in Section 4.
2 
2. Method

In this section we will describe the models used in the SDF algo-
ithms. First, we will formulate the full first-principles model. Then, the
ata-driven models will be described, followed by a description of the
ataset and validation procedure. Finally, the hybrid algorithms will be
xplained.

2.1. First-principles model

The intention of the first-principles model is to capture the known
hysics of the system, shown in Fig. 2, in particular its dynamics and

the relation between the chemical matrix in the bulk of the cell and the
chemical matrix in the sensor volume.

The nonlinear, reduced-order model is based on our earlier work
5], and constitutes the following state equations, with [ClO–]𝑐 a non-

linear function of the states (see Eq. (15)) [22–24].
𝑑 𝑥1
𝑑 𝑡 = 𝐼 𝜃1 − 𝜈 𝐼 𝜃2[ClO–]𝑐 −

𝑄
𝑉𝑐

𝑥1 (1)

𝑑 𝑥2
𝑑 𝑡 = 𝑄

𝑉𝑐
[OH–]𝑖𝑛 −

𝑄
𝑉𝑐

𝑥2 (2)

𝑑 𝑥3
𝑑 𝑡 = 𝐼 𝜃2[ClO–]𝑐 −

𝑄
𝑉𝑐

𝑥3 (3)

𝑑 𝑥4
𝑑 𝑡 = 𝑄

𝑉𝑠
𝑥1 −

𝑄
𝑉𝑠

𝑥4 (4)

𝑑 𝑥5
𝑑 𝑡 = 𝑄

𝑉𝑠
𝑥2 −

𝑄
𝑉𝑠

𝑥5 (5)

𝑑 𝑥6
𝑑 𝑡 = 𝑄

𝑉𝑠
𝑥3 −

𝑄
𝑉𝑠

𝑥6 (6)

With:

𝑥1 ∶= [ClO–]𝑐 + [HClO]𝑐 (7)

𝑥2 ∶= [OH–]𝑐 − [HClO]𝑐 (8)

𝑥3 ∶= [ClO –
3 ]𝑐 (9)

𝑥4 ∶= [ClO–]𝑠 + [HClO]𝑠 (10)

𝑥5 ∶= [OH–]𝑠 − [HClO]𝑠 (11)

𝑥6 ∶= [ClO –
3 ]𝑠 (12)

Here, 𝑄 is the volume flow rate (𝑙∕𝑠), 𝑉 the volume (𝑙), 𝐼 the
urrent over the electrodes (𝐴) and 𝜈 a stoichiometric parameter (−).

The subscript 𝑐 means the variable regards the cell volume, and the
subscript 𝑠 means that it regards the sensor volume. Furthermore, the
parameters are defined as follows:

𝜃1 ∶=
𝜂ClO–

𝐹 𝑉𝑐𝑒ClO–
(13)

𝜃2 ∶=
𝜂ClO –

3

𝐹 𝑉𝑐𝑒ClO –
3

(14)
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Fig. 2. Scheme depicting the laboratory electrochlorination setup.
𝑒ClO– and 𝑒ClO –
3

the stoichiometric number of electrons transferred
in the hypochlorite and chlorate half-reactions, respectively (−). The
hypochlorite concentration in the cell [ClO–]𝑐 (mol∕l), see Eqs. (1) and
(3), can be determined as follows:

[ClO–]𝑐 =
𝑘𝑒𝑞 + 2𝑥1 + 𝑥2 −

√

𝑘2𝑒𝑞 + 4𝑘𝑒𝑞𝑥1 + 2𝑘𝑒𝑞𝑥2 + 𝑥22
2

(15)

In the original work, the parameters 𝜃1 and 𝜃2 were assumed to
be constant [5]. In this work, the current efficiencies 𝜂ClO– and 𝜂ClO –

3
are assumed to vary over time. To accommodate the time-varying
parameters, the state vector 𝑥 ∶= [𝑥1 𝑥2 ⋯ 𝑥6]𝑇 has been augmented
with two states, which are defined as follows:

𝑥7 ∶= 𝜃1 (16)

𝑥8 ∶= 𝜃2 (17)

The derivatives of these states are set to zero. Thus, these states will
only change due to the correction step in the Kalman filter. As will be
explained in Section 2.6, a data-driven submodel will be used to this
effect.

A UV-a absorbance sensor and a pH probe are used to guide the
estimator. Prior to use in this estimator, these signals are corrected for
temperature and converted to the hypochlorite and hydroxide concen-
tration, respectively. Thus, the output vector 𝑦 ∶= [𝑦1 𝑦2]𝑇 is defined as
follows [5]:

𝑦1 = [ClO–]𝑠 =
𝑘𝑒𝑞 + 2𝑥4 + 𝑥5 −

√

𝑘2𝑒𝑞 + 4𝑘𝑒𝑞𝑥4 + 2𝑘𝑒𝑞𝑥5 + 𝑥25
2

(18)

𝑦2 = [OH–]𝑠 =
−𝑘𝑒𝑞 + 𝑥5 +

√

𝑘2𝑒𝑞 + 4𝑘𝑒𝑞𝑥4 + 2𝑘𝑒𝑞𝑥5 + 𝑥25
2

(19)

The system is controlled through the current 𝐼 , flow rate 𝑄 and the
feed hydroxide concentration [OH–]𝑖𝑛 (mol∕l). Hence the control input
vector 𝑢 ∶= [𝑢1 𝑢2 𝑢3]𝑇 is defined with:

𝑢1 ∶= 𝐼 (20)

𝑢2 ∶= 𝑄 (21)

𝑢3 ∶= [OH–]𝑖𝑛 (22)

The disturbances that this process is subject to are mainly condi-
tional changes that affect the electrolysis at the electrodes, such as
changes in temperature and impurities in the feed, which may also
affect the model quality to some extent.

2.2. Data-driven models

For this work, several methods of regression have been imple-
mented, namely multiple linear regression (MLR), K nearest neighbors
(KNN), gradient boosting decision tree (GBDT) and support vector re-
gression (SVR) [25–27]. An important distinction between these models
is that KNN and GBDT are inherently non-linear. MLR and SVR are
linear in principle, but can be extended to nonlinear curves via kernel
functions.
3 
Table 2
Range of conditional parameters used to generate the dataset.

Process parameter Range

Salt concentration of the feed 24 – 32 g/l
Flow velocity 4 – 8.1 ml/min
Temperature of the feed 15 – 45 ◦C
Recirculation flow velocity 0 – 5.4 ml/min
pH buffer added to the feed 0 – 3 mmol/l NaHCO3

2.3. Data collection

The data used for the regression models consists of 224 datapoints,
from 16 electrochlorination experiments using a custom electrochlori-
nation cell. Each experiment recorded the response to a step-change in
current, from zero to 1500 A∕m2, under constant flow and constant
feed chemistry. The conditions of the experiments were varied, as
summarized in Table 2. The cell and sensor volumes were 0.105 and
0.288 l, respectively.

The responses were recorded using pH, EC, temperature and UV-a
absorption sensors. The pH and EC readings have been temperature-
corrected, prior to use as features for the machine learning algorithms.

In addition, the differences between the current sensor readings to
that at 𝑡 = 0 were provided as features, as well, in order to simulate
a differential sensor setup. The readings at 𝑡 = 0 can be considered
to correspond to those of the feed, under the assumption that the
properties of the feed remained constant throughout the experiment.
This extension of the features has been done for the EC and temperature
readings, but not for pH, as the pH at 𝑡 = 0 is ill-defined due to the very
low pH buffer capacity of the feed. This extension has not been done
for the UV-a absorption data either, as the absorption at 𝑡 = 0 is almost
zero.

Consequently, the available features are: pH, EC, EC difference to
that at 𝑡 = 0, temperature in Kelvin, temperature difference to that at
𝑡 = 0, UV-a absorption, [e–]s,1 and [e–]s,2. For the fitting of models, the
data has been normalized.

Besides the recording of sensor data, samples were taken every
15 min, and analyzed for free chlorine and chlorate concentrations. Due
to the relatively slow flow rate three minutes were required to take one
sample, while the sensor set provided data every 4.2 s. For each entry
in the dataset, the sample data corresponding to the time span required
to take a physical sample has been averaged.

2.4. Data-driven modeling: validation, hyperparameter tuning and feature
selection

As the data consists of a collection of time series, not all data
points are independent. A simple shuffling of the data, and splitting
into training and validation sets, would overestimate the data driven
model’s performance, as the data in the training and validation sets
will regard the same experiments. Instead, for each validation, data
from one complete and separate experiment is used. In this way in-
dependence of the training and validation sets is guaranteed, as no
information regarding that experiment is used for training. The features
and chlorate concentrations were normalized when training the models.

The overall approach is two-tiered. First, the model’s hyperparam-
eters were tuned and features were selected using cross-validation,
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Fig. 3. Data usage throughout the validation strategy.

where the goal is to make the Mean Squared Error (MSE) of all the
estimated data points across all cross-validation folds is as low as pos-
sible [28]. Data from one experiment is excluded from this. This data
is used as validation data for the final validation, used for visualization
nd to validate the hybrid estimator. The data was excluded from the

cross-validation to prevent specifically tuning the hyperparameters and
feature selection to the final validation case shown in this work. The
ata usage throughout these procedures is shown graphically in Fig. 3.

The methods of tuning the data-driven model hyperparameters can
e found in Appendix A. The features were selected by repeating the

cross-validation procedure and hyperparameter optimization for each
possible combination of features.

The extrapolation performance was also assessed, by repeating the
tuning and validation, with the experiment with the highest chlorate
concentration used exclusively for the final validation step. In that
particular experiment, the chlorate concentration was relatively high
due to the low flow velocity of 4 ml∕min, mainly because there was
simply less fluid to dissolve the reaction products into, per unit of time.
This yielded a maximal chlorate concentration that was 27% higher
than the next-highest in the dataset.

2.5. Simplified first-principles model and series hybrid estimator

To assist the regression models, a simplified first-principles model
has been developed. The aim is to provide the data-driven models
with real-time data that is linear with the hypochlorite and chlorate
concentrations, but is otherwise as simple as possible and depends only
on the input vector 𝑢.

The simplified model output [e–]𝑠,1 describes the quantity of elec-
trons that have participated in a reaction per supplied volume of fluid,
subjected to the same mixing dynamics as the physical concentrations.
This yields a ‘‘virtual electron concentration’’ in the sensor volume,

hich correlates linearly with the physical concentration of hypochlo-
ite in the sensor volume, in case of a fixed current efficiency. The
erivation of the next equations can be found in Appendix B. The
irtual electron balances are given by:
𝑑[e–]𝑐 ,1 = 𝐼 − 𝑄 [e–]𝑐 ,1 (23)
𝑑 𝑡 𝐹 𝑉𝑐 𝑉𝑐

4 
Fig. 4. Scheme of the series hybrid estimator.

𝑑[e–]𝑠,1
𝑑 𝑡 = 𝑄

𝑉𝑐
[e–]𝑐 ,1 − 𝑄

𝑉𝑠
[e–]𝑠,1 (24)

Here, [e–]𝑐 ,1 and [e–]𝑠,1 are the first order virtual electron concentra-
ions in the cell and sensor volumes, respectively (mol∕l).

In contrast to the hypochlorite formation, the chlorate formation is
xpected to not only be linearly dependent on the current, but on the
ypochlorite concentration as well, as is expressed in Eq. (3) [23]. Thus,

the chlorate formation is linear with both the current and [e–]𝑠,1, and
is expected to follow a second order response to input 𝑢. Assuming the
ynamics do still depend solely on (perfect) mixing, this second order

[e–] responses for the fixed cell and sensor volumes may be calculated
using the following differential equations:
𝑑[e–]𝑐 ,2

𝑑 𝑡 = 𝐼
𝐹 𝑉𝑐

[e–]𝑐 ,1 − 𝑄
𝑉𝑐

[e–]𝑐 ,2 (25)

𝑑[e–]𝑠,2
𝑑 𝑡 = 𝑄

𝑉𝑐
[e–]𝑐 ,2 − 𝑄

𝑉𝑠
[e–]𝑠,2 (26)

With [e–]𝑐 ,2 and [e–]𝑠,2 the second order virtual electron concentra-
ions in the cell and sensor volumes, respectively (mol2∕l2), which are
xpected to be approximately linear with the chlorate concentrations
n the cell and sensor volume. The derivation of these equations can be
ound in Appendix B, as well. Notice that in case 𝐼 and 𝑄 are constant,

an analytical solution can be found.
The calculated trajectories of [e–]𝑠,1 and [e–]𝑠,2 are used to fit the

ata-driven models, as those pertain to the volume where the sensors
are located, and for which the chlorate concentration is estimated. The
esulting series hybrid estimator is depicted in Fig. 4. There, [𝑒−] ∶=
[[e–]𝑠,1 [e–]𝑠,2]𝑇 , and the vector function ℎ contains the right-hand side
functions of the set of differential equations used to generate [e–]𝑠,1 and
[e–]𝑠,2. Input 𝑢3 ∶= [OH–]𝑖𝑛 is not used for this estimator.

2.6. Series–parallel hybrid estimator

To combine the full first-principles state-space model as described
in Eqs. (1)–(19) with the series hybrid model described in Section 2.5,
a series–parallel hybrid estimation scheme has been developed. The
stimator is based on an Extended Kalman Filter (EKF). The output
1 ∶= [ClO–]𝑠 is compared to real-time data from on the UV-a absorption
ensor, which was related to [ClO–]𝑠 using a linear calibration curve.
he output 𝑦2 is compared to [OH–]𝑠 data as determined in real-time
y the pH probe.

To connect the first-principles model to the series hybrid model, the
utput vector 𝑦 has been augmented with the chlorate concentration in

the sensor volume as determined by the data-driven model:

𝑦3 = [ClO –
3 ]𝑠 = 𝑥6 (27)

For 𝑢̄1, ̄𝑢2 > 0 and non-zero parameters, the linearized version of
the augmented model is observable in any point on the state trajectory
(see the Supplementary Material). The covariance matrices 𝑃0, 𝑄 and
𝑅 used in the EKF are given in Appendix A.

The hybrid estimation process is as depicted in Fig. 5. In that figure,
𝑓 is the set of differential equations of the state space model, 𝑔 is
he set of algebraic equations of the state space model and ℎ is the
et of differential equations used to determine the virtual electron
oncentrations (Eqs.(23)–(26)). The block 𝐾 represents the algorithm

that determines the Kalman gain. For this estimation process all three
inputs in vector 𝑢 are used.
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Table 3
Feature selection, optimization results and model MSE scores.

Model Features Hyperparameters CV MSE Final MSE Extrap. MSE
(mmol2) (mmol2) (mmol2)

MLR pH, EC, EC difference, T, [e–]s,2 0.1273 0.0129 0.0395
KNN T difference, [e–]s,2 Uniform weights

𝐾 = 4
0.1642 0.1438 1.0882

GBDT T, T difference, [e–]s,1, [e–]s,2 depth = 4
𝑛𝑒 = 40
𝜂 = 0.10
Row subsample = 0.89
Column subsample = 0.64

0.1225 0.0192 0.9250

SVR pH, EC, EC difference, T, [e–]s,2 Linear kernel
𝐶 = 76
𝜖 = 1.5 × 10−5

0.0895 0.0055 0.0085
t

a
K
b
c
l
t

b
t

c
b
t

w

t

Fig. 5. Scheme of the series–parallel hybrid estimator.

3. Results

In this section, we will first present the results of the series hybrid
models, and then of the series–parallel hybrid models.

3.1. Series hybrid chlorate estimation

The feature selection, hyperparameter tuning and model scores are
summarized in Table 3, and the final validation estimation results are
shown in Fig. 6. As can be seen in Fig. 6, the chlorate concentra-
ion does not rise sharply from the start, as initially the hypochlorite
oncentration is too low. This corresponds with Eq. (3).

Especially the algorithms that use the MLR and SVR data-driven
submodels are able to estimate the chlorate concentration well in the
validation test. As can be seen in Table 3, the cross-validation (CV)
cores are worse than the validation score, which is as expected, as

the validation test regards average process conditions. This indicates
that the accuracy of the estimators in each case depends on the process
conditions. Thus, it is not uniform.

The [e–]s,2 was part of the optimal feature set regardless of ML
model, indicating that the series hybrid approach leads to an improved
CV accuracy. It is also notable that the UV-a absorption feature was not
optimal for any ML model in the series hybrid case.

For the GBDT a rather large number of estimators 𝑛𝑒 was found,
in combination with a low learning rate (𝜂), which suggests an ex-
tended, but conservative, boosting process is best. An optimal depth
of 4 suggests a moderate model complexity. Note that for the SVR
algorithm, the linear kernel provided better results than the radial
basis function kernel. This is because the algorithm relies heavily on
the second order virtual electron concentration [e–]s,2 feature, which
is designed to be linear with the chlorate concentration in the sensor
volume. The optimal feature set is the same as for MLR.

As shown in Fig. 6, the estimators based on MLR and SVR provide
good estimates especially at high concentrations. In practice, negative
estimates would be set to zero.
5 
Fig. 6. Estimates of the chlorate concentration in the final validation experiment, using
he series hybrid models.

As both MLR and SVR use linear relations, a compromise in accuracy
t different chlorate concentrations has to be made. In contrast, in
NN and GBDT no linear relationship is assumed. These models are
oth very accurate at low chlorate concentrations but less so at higher
oncentrations. This may be due to a skewed distribution of chlorate
evels in the dataset, as discussed in more detail in the discussion and
he Supplementary Material.

MLR and, to a lesser extent, SVR show a slightly jagged result; this
is likely due to the low resolution of the temperature sensor. It should
e noted that this temperature data was used to temperature-correct
he EC and pH data, as well.

3.2. Extrapolation performance

The series hybrid estimators based on MLR and SVR are able to
estimate high chlorate concentrations due to a low flow rate with
good accuracy, as is shown in Fig. 7 and Table 3. When the process
onditions exceed any entry in the dataset, and such conditions can
e modeled accurately through the implemented first-principles model,
hese data-driven models are still able to provide an accurate estimate.

In contrast, the estimators based on KNN and GBDT perform poorly
hen extrapolating, even when the process conditions can be modeled

accurately through first principles. The KNN and GBDT submodels
cannot estimate chlorate concentrations that are not covered by the
raining data. Thus, the robustness that a first-principles model offers

cannot be utilized with these models.
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Table 4
Feature selection, optimization results and model MSE scores without [e–]s,1 and [e–]s,2 features.

Model Features Hyperparameters CV MSE Final MSE Extrap. MSE
(mmol2) (mmol2) (mmol2)

MLR pH, EC, T, UV-a absorption 0.3832 0.1105 1.4666
KNN EC, UV-a absorption Uniform weights

𝐾 = 15
0.3824 0.0409 1.0372

GBDT EC, T, T difference, UV-a absorption depth = 6
𝑛𝑒 = 44
𝜂 = 0.07
Row subsample = 0.85
Column subsample = 0.74

0.3135 0.0742 1.4034

SVR pH, EC, UV-a absorption Radial basis
function kernel
𝐶 = 8.5
𝜖 = 4.7 × 10−5

0.2123 0.1410 0.8331
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Fig. 7. Estimates of chlorate concentrations for an experiment with higher chlorate
concentrations than those in the dataset used for training.

3.3. Influence of physics-informed features

To assess the impact of providing the data-driven models with
physics-informed features, the models have been fit without such in-
formation, as well. The results are shown in Table 4. The lowest MSE
core among the results that do use physics-informed features (shown
n Table 3) was 87% lower than the lowest MSE score among the

results that do not use physics-informed features. Thus, the series-
hybrid approach offers a large improvement over one that only uses
a data-driven model. The difference in extrapolation performance is
much larger still.

In the absence of [e–]s,1 and [e–]s,2, the radial basis function ker-
el performed best for SVR. This means that, in the cross-validation
rocedure, the relationships between the features and the chlorate
oncentration were not as close to linear as before. The MSE score of
he final validation of the SVR-based estimator is worse than that of the
stimator based on MLR, but it still performed relatively well.

A notable difference between the purely data-driven estimators and
he series hybrid estimators is that, without [e–]s,1 and [e–]s,2, the UV-a
bsorption data was used instead.

3.4. Series–parallel hybrid estimator results

The results of the series–parallel hybrid estimator are shown in
Table 5. The settings for the data-driven models are as in Table 3, and
he settings for the EKF can be found in Appendix A. The initial current
fficiencies were set at the final values from a previous run.
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Table 5
MSE scores for the series–parallel hybrid estimators.

Model Final MSE Extrapolation MSE
(mmol2) (mmol2)

MLR 0.0170 0.0373
KNN 0.0565 0.3101
GBDT 0.0336 0.6696
SVR 0.0076 0.0076

The series–parallel hybrid approach worsens the result for the
GBDT-based series estimator, and improves that of the estimator using
the KNN submodel. This is mainly because the dynamics of the current
efficiency variables are fairly slow. As can be seen in Fig. 8 for the
series–parallel hybrid estimator using the GBDT submodel, the chlorate
concentration estimation follows the series hybrid estimation well
initially, but is slow to correct after the series hybrid estimator jumps
towards a more accurate prediction at around 190 min. For the KNN-
based estimators the opposite holds: The series–parallel estimation is
slow to correct towards the series hybrid overestimation of the chlorate
concentration, which improves the MSE score. The extent to which this
holds depends on the covariance matrix of the measurement noise 𝑅:
A lower value for the covariance of the measurement noise associated
with 𝑦3 would mean that the estimator follows the estimations made
by the series-hybrid more closely. This effect is smaller when using the

LR and SVR submodels, as these are already rather accurate.
The EKF’s state covariance matrix gives an estimate of the uncer-

tainties of the algorithm’s estimates. For the estimator with the SVR
lgorithm, with the 𝑃0, 𝑄 and 𝑅 matrices given in Appendix A, the 1 𝜎

confidence interval converges to 14% of the estimate.
To demonstrate the functionality of the series–parallel hybrid struc-

ture, 𝑥7 and 𝑥8 have been given a value that is 25% higher than it would
be when correctly calibrated. The results with SVR is shown in Fig. 9.
The results of a first-principles estimator using the full model described
n Section 2.1, but without data-driven correction, is also shown. These
esults are labeled ‘‘First-principles’’.

In spite of the erroneous initial current efficiency estimates, the
eries–parallel estimator produces accurate results, especially at the end
f the experiment. Both hybrid approaches are a clear improvement
ver the estimator that does not apply a machine learning submodel,
s the latter is unable to correct the current efficiency parameters. In
erms of accuracy, the series–parallel estimator does not improve upon
he series hybrid, as the latter does not use the incorrect parameters.

The corrections to the chlorate current efficiency is shown in
Fig. 10, based on the estimator with SVR. Note that the chlorate
current efficiency depends on the hypochlorite concentration as well
see Eq. (14)) [23].

4. Discussion

The results of this work show that a limited inclusion of the process’
physics, in the form of the series hybrid architecture, strongly improves
the estimator’s performance, in terms of Mean Squared Error.
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Fig. 8. Estimates of the chlorate concentration in the final validation experiment, using
the GBDT-based series–parallel hybrid model.

Fig. 9. Estimates of the chlorate concentration in the final validation experiment, with
 25% error in the initial current efficiencies, using the SVR model.

Fig. 10. Estimates of the chlorate current efficiency, with 1 𝜎 confidence interval.
 e
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The extensive inclusion of process physics in the form of the series–
arallel hybrid estimator yielded no benefit in accuracy over the series
ybrid estimator, though it was able to bring the dynamics of the KNN
nd GBDT-based estimators more in line with the expected process. It
s expected that a low-pass filter achieves a similar result. However, the
eries–parallel structure does bring several advantages: It estimates the
ypochlorite and hypochlorous acid concentrations, both in the cell and
t the sensor location, as well as the current efficiencies. Crucially, it
lso provides estimates of the uncertainty associated with the estimates
f the species concentrations and current efficiencies.

In addition, this approach may be expanded upon. For instance,
an adaptive algorithm might decide between the two parallel paths
(simplified model-based and data-driven estimators in series, and a
complex model-based estimator, as shown in the bottom part of Fig. 1).

raditionally, when using an EKF, model and measurement covariance
atrices have to be defined. These are constant, and irrespective of

he current situation. In reality, the uncertainty of a machine learning
odel depends strongly on whether the dataset used for training is

elevant to the current situation, and even relates to the amount of data
n the dataset regarding the current situation, as well as the accuracy of
hat data. In the present case, the uncertainty associated with 𝑦3 may be
nderestimated in situations not covered well by the dataset, or over-
stimated in case it is covered well by the dataset. Ideally, a machine
earning algorithm should provide uncertainties with its estimates. This
ould then be used in the EKF of the series–parallel hybrid estimator,
o optimally weigh the state-space and data-driven model estimates in
ll cases. Research regarding the uncertainty quantification of machine
earning algorithms is ongoing [29–31]. In all likelihood, this will mean
t is necessary to gather more data, as part of the data will be used to
uantify the uncertainty.

In the hybrid architectures of this work the dynamics are described
in the first principles models that are embedded in the algorithms. This
approach forms an alternative to fully data driven algorithms. In such
a case the dynamics are described by a machine learning model that
explicitly considers a sequence of time steps, such as with one based
on LSTM NN or TCN. Such timeseries ML models typically contain a
large number of parameters to fit. Thus, more data is required, relative
to the methods proposed in this work. In a heavily data-constrained
problem such as electrochemical process monitoring, the more data-
efficient methods are expected to be superior. Additional research is
required to prove this theory.

Another avenue of research could be modeling the electrochemi-
al process in greater detail, through the Butler–Volmer equation, or
elations derived from it, or through an equivalent circuit model. An
dvantage in the SDF context is that this allows the usage of voltage
otentials as supplementary data. Such data closely relates to the
ormation of species during electrochlorination, and as such is expected

to be valuable in further improving the estimator’s accuracy.
While some experiments resulted in a higher chlorate concentration

than others, all experiments went through a phase with little chlorate.
As such, while the full range of chlorate concentrations is in the
ataset, the dataset is skewed towards low chlorate concentrations. In

practice, this is unfavorable. In an electrochlorination system, there
typically exists a buffer tank that temporarily stores the product. The
relative accuracy of the high concentrations of chlorate will impact the
ccuracy of an estimate of the chlorate concentration more than the
elative accuracy of the low chlorate concentrations would. In addition,
lectrochlorinators will spend most of their time producing a solution
ith a high chlorate concentration, which compounds the problem.
o, in case the goal is to estimate high chlorate concentrations, the
urrent dataset is more limited than the number of samples suggests.
he skewed composition of the dataset may contribute to the difference

n performance between MLR and linear SVR on the one hand, and
NN and GBDT on the other, since with MLR and SVR the lower
oncentration data is used to fit model parameters that are used to
stimate high concentrations as well. In the KNN and GBDT methods,
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the higher concentration estimates are independent from lower concen-
tration data. A histogram of the chlorate concentrations is provided in
the Supplementary Material.

Interestingly, the UV-a absorption data was mainly used in the
absence of physics-informed features. This means that, by providing
first-principles-based information, the use of a hardware sensor can be
avoided. Of course, the data streams required to calculate the physics-
based features need to be available, instead (being the current 𝐼 and
fluid flow rate 𝑄, see Fig. 4 and Eqs. (23)–(26)). The series–parallel
hybrid still requires the UV-a absorption sensor for the EKF algorithm.

5. Conclusion

The concentration of chlorate, a by-product formed during elec-
trochlorination, was estimated through two different hybrid
approaches, namely a series and a series–parallel approach. It was
found that the series approach was sufficient in terms of accuracy.
The series–parallel approach does provide more information regarding
the process, and is able to provide estimates of the uncertainties, as
well. Of the four machine learning methods, Support Vector Regression
performed best. The use of first-principles models contributed signifi-
cantly to the accuracy of the estimators, reducing the MSE of the cross
validation by 58%, and the MSE of the final validation by 87%. It
allowed accurate scaling beyond the dataset in case of a lower flow
rate, when used with SVR.

In practice, the hybrid approach constitutes a more data-efficient
method, compared to an approach that is only data-driven. This means
that more accurate results may be obtained with the same amount of
data, as is shown here, or that less data is required for the same perfor-
mance. The extrapolation results demonstrate that a hybrid approach
is more robust, depending on the chosen data-driven submodel, though
only for a change in a condition that is described by the simplified
first-principles submodel. Finally, the results show that the hybrid
estimators work best with a different set of sensors compared to the
purely data-driven approach.
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Appendix A. Detailed model parameters

The methods by which the hyperparameters of the machine learn-
ing algorithms are found are shown in Table A.6. The optimization
based on the tree-structured Parzen estimator was performed using the

ptuna framework [28], with 400 trials per optimization study.
The initial covariance matrix 𝑃0 of the EKF used for the series–

parallel hybrid estimator was a diagonal matrix with 105 on the di-
agonal, except for the elements relating to the current efficiency states.
These were set to 10−1. The covariance matrix of the system noise 𝑄
was also diagonal, with the diagonal elements set to 5 × 10−5 times the
ormalized steady state values of the states. The covariance matrix of
he measurement noise 𝑅 was diagonal with 102, 103 and 5 × 104 on

the diagonal. With these values, the estimates did not strongly follow
the measurements while still being corrected by the measurements over
time.

Appendix B. Derivation of the simplified model

The premise of the simplified model is to provide features to a
egression model that are based on the current and flow rate, and are
inear with the chlorate concentration in the sensor set. This is expected

to be possible, as the amount of product and by-product formed is
ighly dependent on the amount of current per volume flow, which

may be described as the concentration of available virtual electrons per
liter.

The quantity of electrons transferred from the electrode into the
ulk solution of the cell in moles per second is simply:
𝑑e–

𝑑 𝑡 = 𝐼
𝐹

(B.1)

These are assumed to be equally distributed over the electrolysis cell
olume, 𝑉𝑐 , leading to what can be considered a virtual concentration
n the absence of flow.
𝑑[e–]𝑐 ,1

𝑑 𝑡 = 𝐼
𝐹 𝑉𝑐

(B.2)

To account for the flow through the cell volume, the virtual electron
concentration can be subjected to the same mixing dynamics as the
physical species as described in Section 2.1.
𝑑[e–]𝑐 ,1

𝑑 𝑡 = 𝐼
𝐹 𝑉𝑐

− 𝑄
𝑉𝑐

[e–]𝑐 ,1 (B.3)

The concentration in the cell is equal to the concentration of the
eed to the sensor volume. When accounting for flow through the sensor
olume in a similar fashion as the cell, the differential equation for the

virtual electron concentration in the sensor volume becomes as follows.

𝑑[e–]𝑠,1
𝑑 𝑡 = 𝑄

𝑉𝑐
[e–]𝑐 ,1 − 𝑄

𝑉𝑠
[e–]𝑠,1 (B.4)

These virtual electron concentrations are expected to be approxi-
mately linear with the hypochlorite concentrations, as is shown in what
ollows.

The free chlorine concentration in the cell volume is modeled as
follows (see Section 2.1 Eq. (1) of the main text):

𝑑([ClO–]𝑐 + [HClO]𝑐 )
𝑑 𝑡 =

𝐼 𝜂ClO–

𝐹 𝑉𝑐𝑒ClO–
− 𝜈

𝐼 𝜂ClO –
3

𝐹 𝑉𝑐𝑒ClO –
3

[ClO–]𝑐

− 𝑄
𝑉𝑐

([ClO–]𝑐 + [HClO]𝑐 ) (B.5)

At a pH of 10, we can assume all free chlorine will be in the form
of hypochlorite [24]. Additionally, we may assume the amount of free
chlorine lost to chlorate formation is small. This simplifies Eq. (B.5) to:

𝑑[ClO–]𝑐
𝑑 𝑡 =

𝐼 𝜂ClO–

𝐹 𝑉 𝑒 –
− 𝑄

𝑉
[ClO–]𝑐 (B.6)
𝑐 ClO 𝑐

https://www.wetsus.eu
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Table A.6
Hyperparameter values and optimization methods.

Model Hyperparameter Method of optimization

MLR Feature subset Exhaustive search

KNN
Feature subset Exhaustive search
Number of neighbors Iterative grid search
Weights Exhaustive search

GBDT

Feature subset Exhaustive search
Number of estimators Tree-structured Parzen estimator
Learning rate Tree-structured Parzen estimator
Tree depth Tree-structured Parzen estimator
Subsampling of rows Tree-structured Parzen estimator
Subsampling of columns Tree-structured Parzen estimator

SVR

Feature subset Exhaustive search
Kernel Exhaustive search
C Tree-structured Parzen estimator
𝜖 Tree-structured Parzen estimator
a

In the following it is shown that [ClO–]𝑐 is proportional to [e–]𝑐 ,1,
that is:
[ClO–]𝑐 = 𝐶1[e–]𝑐 ,1 (B.7)

With 𝐶1 assumed to be a constant. Substituting Eq. (B.7) into
q. (B.6) gives:

𝑑
(

𝐶1[e–]𝑐 ,1
)

𝑑 𝑡 =
𝐼 𝜂ClO–

𝐹 𝑉𝑐𝑒ClO–
− 𝑄

𝑉𝑐
𝐶1[e–]𝑐 ,1 (B.8)

Since 𝐶1 was assumed to be a constant, we find:
𝑑[e–]𝑐 ,1

𝑑 𝑡 =
𝐼 𝜂ClO–

𝐶1𝐹 𝑉𝑐𝑒ClO–
− 𝑄

𝑉𝑐
[e–]𝑐 ,1 (B.9)

Thus, through Eq. (B.3), Eq. (B.7) holds if:
𝐶1 =

𝜂ClO–

𝑒ClO–
(B.10)

Assuming 𝐶1 is constant. Given that 𝑒ClO– is a stoichiometric num-
ber, this implies 𝜂ClO– is assumed to be constant. In this case, and under
the other mentioned assumptions, [ClO–]𝑐 is linear with [e–]𝑐 ,1.

The rate of formation of chlorate in the cell was found to be
inear with both the current and hypochlorite concentration [23]. In

Section 2.1, the chlorate mass balance reads as:

𝑑[ClO –
3 ]𝑐

𝑑 𝑡 =
𝐼 𝜂ClO –

3

𝐹 𝑉𝑐𝑒ClO –
3

[ClO–]𝑐 −
𝑄
𝑉𝑐

[ClO –
3 ]𝑐 (B.11)

A corresponding, ‘‘second-order virtual electron concentration’’ is
formulated, as follows.
𝑑[e–]𝑐 ,2

𝑑 𝑡 = 𝐼
𝐹 𝑉𝑐

[e–]𝑐 ,1 − 𝑄
𝑉𝑐

[e–]𝑐 ,2 (B.12)

The premise is that [e–]𝑐 ,2 is linear with [ClO –
3 ]𝑐 , under the assump-

tion of a constant 𝜂ClO –
3

. So, in a similar vain as before, we aim to show:

[ClO –
3 ]𝑐 = 𝐶2[e–]𝑐 ,2 (B.13)

With 𝐶2 again assumed to be a constant. We can use Eq. (B.13)
o substitute [ClO –

3 ]𝑐 in Eqs. (B.11), and (B.7) to substitute [ClO–]𝑐 .
Consequently,

𝑑
(

𝐶2[e–]𝑐 ,2
)

𝑑 𝑡 =
𝐼 𝜂ClO –

3

𝐹 𝑉𝑐𝑒ClO –
3

𝐶1[e–]𝑐 ,1 − 𝑄
𝑉𝑐

𝐶2[e–]𝑐 ,2 (B.14)

Given that 𝐶2 is a constant and using Eq. (B.10), we find:

𝑑[e–]𝑐 ,2
𝑑 𝑡 =

𝐼 𝜂ClO –
3
𝜂ClO–

𝐶2𝐹 𝑉𝑐𝑒ClO –
3
𝑒ClO–

[e–]𝑐 ,1 − 𝑄
𝑉𝑐

[e–]𝑐 ,2 (B.15)

Eq. (B.15) corresponds with Eq. (B.12) under the following condi-
tion:

𝐶2 =
𝜂ClO –

3
𝜂ClO–

𝑒ClO –
3
𝑒ClO–

(B.16)

Thus, both 𝜂 – and 𝜂 – are assumed to be constant.
ClO3 ClO

9 
We will show that under the same assumptions, [ClO–]𝑠 is linear
with [e–]𝑠,1. At a pH of roughly 10, the free chlorine can be assumed to
be only hypochlorite, as assumed before. This means Eq. (4) simplifies
to:
𝑑[ClO–]𝑠

𝑑 𝑡 = 𝑄
𝑉𝑐

[ClO–]𝑐 −
𝑄
𝑉𝑠

[ClO–]𝑠 (B.17)

Again, a linear relation between [ClO–]𝑠 and [e–]𝑠,1 implies:

[ClO–]𝑠 = 𝐶3[e–]𝑠,1 (B.18)

Using Eq. (B.18) to substitute [ClO–]𝑠 in Eq. (B.17), and Eq. (B.7) to
substitute [ClO–]𝑐 , we find:

𝑑
(

𝐶3[e–]𝑠,1
)

𝑑 𝑡 =
𝐶1𝑄
𝑉𝑐

[e–]𝑐 ,1 − 𝑄
𝑉𝑠

𝐶3[e–]𝑠,1 (B.19)

Given that 𝐶3 is assumed to be constant, this gives:
𝑑[e–]𝑠,1

𝑑 𝑡 =
𝐶1𝑄
𝐶3𝑉𝑐

[e–]𝑐 ,1 − 𝑄
𝑉𝑠

[e–]𝑠,1 (B.20)

This is equivalent to Eq. (B.4), in case 𝐶1 is equal to 𝐶3.
Finally, we can define a differential equation for the ‘‘second order

virtual electron concentration’’ in the volume of the sensor set, [e–]𝑠,2.

𝑑[e–]𝑠,2
𝑑 𝑡 = 𝑄

𝑉𝑐
[e–]𝑐 ,2 − 𝑄

𝑉𝑠
[e–]𝑠,2 (B.21)

Using the same procedure as before, we find that [e–]𝑠,2 is propor-
tional to the chlorate concentration in the volume of the sensor set
([ClO –

3 ]𝑠), through the following relation:

[ClO –
3 ]𝑠 =

𝜂ClO –
3
𝜂ClO–

𝑒ClO –
3
𝑒ClO–

[e–]𝑠,2 (B.22)

This again assumes both 𝜂ClO –
3

and 𝜂ClO– are constant.

Appendix C. Supplementary data

Supplementary material related to this article can be found online
t https://doi.org/10.1016/j.jprocont.2025.103404.

Data availability

The data presented in this study are available in the files Sam-
ple_data.csv, Sensor_data_validation.csv and Sensor_data_extrapolat-
ion.csv, submitted as supplementary material for this article.
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