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ABSTRACT
Measurement errors are ubiquitous in all experimental sciences. Depending on the particular experimental platform used to 
acquire data, different types of errors are introduced, amounting to an admixture of additive and multiplicative error compo-
nents that can be uncorrelated or correlated. In this paper, we investigate the effect of different types of experimental error on 
the recovery of the subspace with principal component analysis (PCA) using numerical simulations. Specifically, we assessed 
how different error characteristics (variance, correlation, and correlation structure), loading structures, and data distributions 
influence the accuracy to estimate an error-free (true) subspace from sampled data with PCA. Quality was assessed in terms of 
the mean squared reconstruction error and the congruence to the error-free loadings, using the pseudorank and adjusting for 
rotational ambiguity. Analysis of variance reveals that the error variance, error correlation structure, and their interaction with 
the loading structure are the factors mostly affecting quality of loading estimation from sampled data. We advocate for the need 
to characterize and assess the nature of measurement error and the need to adapt formulations of PCA that can explicitly take 
into account error structures in the model fitting.

1   |   Introduction

The aim of Principal Component Analysis [1–4] (PCA) is to re-
duce the dimensionality of a data set X (N × J), while retaining 
as much of the variation of the data as possible. The PCA model 
can also provide information on which variables contribute, to 
what extent, to the observed data patterns, and it is therefore 
useful for data exploration [5].

For an N × J mean centered data set (it is assumed in this paper 
that N ≥ J), the PCA model follows the expression 

where F(N × J) is the score matrix and A(J × J) is the loading 
matrix. The loading matrix A can be directly obtained from the 
eigendecomposition of the sample covariance matrix C

(1)X = FAt ,
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which equals the sample correlation matrix if the data are scaled 
to unit variance before analysis.

Correlations among the J observed variables in X have a funda-
mental role in the construction and use of PCA for dimensional-
ity reduction. The loadings, which together with the scores form 
the basis for interpreting the PCA model, are functions of such 
correlations. A meaningful dimensionality reduction with PCA 
is possible only if correlated variables are present in the origi-
nal data.

All experimental data is affected by experimental errors. The 
errors in multivariate measurements (like those obtained from 
comprehensive omics platforms, such as liquid chromatography–
mass spectrometry, gas chromatography–mass spectrometry, 
nuclear magnetic resonance, and RNA sequencing in transcrip-
tomics) arise from different sources, depending on the type of 
instruments and the experimental protocols. Experimental 
errors may originate from sample work-up and preparation, 
from the use of internal standards, from signal deconvolution 
for identification and quantification [6, 7], or from specific ma-
chine characteristics, like carryover effects in mass spectrome-
try or thermal errors in detectors [8]. For instance, errors in the 
amount of internal standard added to a set of samples can affect 
all measured quantities in the same way, hence leading to posi-
tively correlated measurement errors.

Experimental errors play an important role in data analysis be-
cause they are a confounding factor in the study of meaning-
ful chemical and biological variation [9]. They are even more 
relevant for multivariate analysis than for univariate analysis 
because experimental errors affect both the level of variables 
and the correlations among variables. Because correlations are 
the building blocks of virtually all multivariate methods, like 
PCA, partial least squares regression, and canonical correlation 
analysis [7], experimental errors affect their results and analysis 
thereof.

The effect of experimental errors on PCA loadings has been 
previously investigated, mostly in the context of additive er-
rors [10, 11], which are more amenable of analytical investiga-
tion than, for example, multiplicative errors. Here, we present 
an investigation of the effect of diverse types of measurement 
errors, namely, additive correlated and uncorrelated errors 
and multiplicative correlated and uncorrelated errors, on 
the estimation and recovery of population true loadings (i.e., 
without error) using PCA with the true pseudorank (i.e., the 
mathematical rank of the population data in the absence of 
error [12]) and accounting for rotational ambiguity. The lat-
ter implies that we assess the recovery of the PCA subspace, 
rather than the principal components themselves, as we moti-
vate in Section 3.5. We take into account error characteristics 
like variance, correlation magnitude and correlation struc-
ture, and their interplay with different loading structures and 
data distributions. We use simulations to explore a large array 
of different parameter configurations on several quality mea-
sures to quantify recovery and error of the sample loadings 
with respect to the error-free loadings, to which we refer to 

as the “true” loadings (or population loadings using statistical 
terminology).

The factors with the largest effects on the quality measures 
are identified through analysis of variance (ANOVA). Results 
are interpreted and discussed in the context of bias and distor-
tion of the correlation coefficient according to experimental 
error characteristics.

The paper is organized as follows. Section 2 presents an overview 
of the problem of estimating correlation in the presence of ex-
perimental errors, starting from the bivariate case. Multivariate 
additive and multiplicative error models are introduced in 
Section 3, together with a description of the simulation strategy 
and analysis implemented to investigate the effect of error char-
acteristics on PCA loading recovery. Results are presented in 
Section 4 and discussed in Section 5. The paper concludes with 
an overall discussion in Section 6.

2   |   Background Theory

2.1   |   Estimating Correlations

Because correlations are estimated pairwise, we present the es-
timation of correlations in a bivariate setting, building on [7]. 
The generalization to the multivariate case follows effortlessly 
by simple generalization to all pairwise combinations of the J 
variables in X.

We consider two observable variables x1 and x2, which are ran-
domly varying in a population and are correlated. 

with population means 

and population covariance matrix 

The variance components �2x1 and �2x2 quantify the variability of 
x1 and x2, respectively. At the population level, the correlation �12 
between x1 and x2 is given by 

where �x1x2 represents the covariance of x1 and x2.

The correlation coefficient �12 is estimated from the measured 
data. The sample correlation r12 is calculated as 

(2)C =
1

N − 1
XtX,

(3)

(

x1

x2

)

∼ (�,�0),

(4)� =

(

�x1
�x2

)

,

(5)

�0=

(

�2
x1

�x1x2
�x1x2 �2

x2

)

=

(

�x1 0

0 �x2

)(

1 �12

�12 1

)(

�x1 0

0 �x2

)

.

(6)
�12 =

�x1x2
√

�2x1
�2x2

,
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where s2x1 and s2x2 are the sample variances for variables x1 and x2, 
respectively, and sx1x2 is the sample covariance. Assuming that N 
observations (samples) are taken under random sampling, it 
holds that 

It is often assumed that �12 → �012, with �012 being the true cor-
relation between the variables without errors, but this is unfor-
tunately not always true if the variables are measured in the 
presence of experimental errors.

2.2   |   Estimating Correlations in the Presence 
of Experimental Errors

To set the scene, we consider a simple experimental error model 
including additive uncorrelated errors; under this model, two 
measured variables x1 and x2 are described as [13]

where x01 and x02 (true signals) have population means �1 and �2 , 
variances �2

01
 and �2

02
, and correlation �012. The error terms eau1 

and eau1 are assumed to be independently normally distributed 
with zero mean and variances �2au1 and �2au2, respectively, and in-
dependent from the true signals, which is always assumed in 
what follows.

Under this model, the experimental error causes within-sample 
variability, which means that M measurement replicates 
xi,1, xi,2, … , xi,M of observation xi of variable x will have different 

values due to the random fluctuation of the error component eau. 
Uncorrelated errors affect the observed correlation coefficient 
that is biased downwards (attenuated). The expected correlation 
coefficient �12 is given by [7, 14] (see the latter reference for a 
derivation): 

with �012 being the population correlation between x01 and x02 in 
the absence of error. From this, it follows that the correlation 
coefficient �12 is smaller than the true correlation �012, and the 
attenuation is a function of the error variance, as illustrated in 
Figure 1.

In the case of additive uncorrelated errors, there is a clear 
monotonic relationship between error components and 
the correlation coefficients �012 and �12 [7], as shown by 
Equation  (10). If there is also a correlated error component, 
the correlation coefficient �12 becomes (see [7] eqs. 42–48 and 
73–75 for a derivation) 

where �ac is the correlation of the error components and �2ac1 and 
�2ac2

 are the variances of the correlated additive error compo-
nents acting on the variables x1 and x2, respectively.

In the presence of a correlated error component, the correlation 
�12 can be inflated or deflated with respect to �012, depending 
on the error characteristics. This is illustrated in Figure 2A,B, 
where the relationship between the correlation �12 and the 

(7)r12 =
sx1x2

√

s2x1
s2x2

,

(8)lim
N→∞

r12 = �12.

(9)

{

x1= x01 +eau1
x2= x02 +eau2

,

(10)
�12 =

�012
√

(

1 +
�2au1

�2
01

)

×

√

(

1 +
�2au2

�2
02

)

,

(11)�12 =

�012 + �ac
�ac1

�x01

�ac2

�x02
√

1 +
�2au1

�2x01

+
�2ac1

�2x01

×

√

1 +
�2au2

�2x02

+
�2ac2

�2x02

,

FIGURE 1    |    (A) Scatter plot of two variables, x1 and x2 (�2x1 = �2x2
= 1), generated without (�2au1 = �2au2

= 0) and with uncorrelated additive errors 
(�2au1 = �2au2

= 0.75) with true correlation �012 = 0.8 (model in Equation 9). (B) Distribution of the sample correlation coefficient r12 for different levels 
of measurement errors (�2au = �2au1

= �2au2
) for the true correlation �012 = 0.8. This example is adapted from Figure 1 of [7]; for more details on the 

simulations, see the Material and Methods section of [7].
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population true correlation �012 is explored using Monte Carlo 
realizations of the error parameters. This shows how a positive 
true population correlation �012 can result in a negative (sample) 
correlation �12. Relationships have been established in [7] (see 
eqs. 35, 36, 71, and 72 therein) in the case of perfectly correlated 
error (�ac = 1), describing inflation and deflation of the correla-
tion coefficient �12 between x1 and x2 with respect to �012, depend-
ing on error characteristics (variance and correlation). This is 
illustrated in Figure 2C,D.

If the error is multiplicative 

(see Equation 29 for extended definitions) with both correlated 
and uncorrelated components, the expected correlation coeffi-
cient �12 is (see [7], eqs. 42–48 and 76–78 for a derivation) 

where �mc is the correlation of the error components and �2mc1 
and �2mc2 are the variance of the correlated multiplicative error 
components in the variables x1 and x2, respectively.

Generalizing x1 and x2 to xi and xj, Equations (11) and (13) give 
the asymptotic expression of the ijth element of the sample cor-
relation matrix C when the data X contain experimental error 
(for an in-depth discussion, see Sections 5.1.1 and 5.1.2). Because 
the PCA loadings are a function of the sample correlation ma-
trix elements, it follows that they are also a function of the error 
characteristics, on which they depend in a complicated, nonlin-
ear fashion.

3   |   Material and Methods

3.1   |   Measurement Error Models

3.1.1   |   Additive Error

Consider the 1 × J-dimensional vector x0 of the error-free 
variables (true signals) x01 , x02, … , x0j , … , x0J collected on a 
sample i (in the following, the index i is omitted for simplicity, 

(12)

{

x1= x01 (1+emu1 +emc1 )

x2= x02 (1+emu2 +emc2 )

(13)�12 =

�012 (1+�mc�mc1�mc2 )+
�2x01

�2x01

�2x02

�2x02

�mc�mc1�mc2

√

√

√

√1+

(

1+
�2x01

�2x01

)

(

�2
mu1

+�2
mc1

)

×

√

√

√

√1+

(

1+
�2x02

�2x02

)

(

�2
mu2

+�2
mc2

)

,

FIGURE 2    |    (A, B) Correlation coefficient �12 between x1 and x2 as a function of the different realizations of error parameters for different values of 
the true correlation �012. The shadowed area encloses the maximum and the minimum of the values of � calculated in the simulation using the different 
error parameters (100 of 105 Monte Carlo realizations are shown; sample size was 104). The dots represent the realized values of �12, solid lines the fifth 
and the 95th percentiles of the observed values. (A) Additive measurement error with positive correlated error (11). (B) Multiplicative measurement 
error with positive correlated error (13). (C, D) Relationship between the population true correlation �012 and the error model parameters expressed 
as the measurement error ratio (m.e.r.) �2 = �2au∕�

2
x (uncorrelated error) and �2 = �2ac∕�

2
x (correlated error), taking for simplicity �2x01

= �2x02
= �2x, 

�2au1
= �2au2

= �2au, and �2ac1 = �2ac2
= �2ac. The correlation �12 will be deflated or inflated depending on the relationship among �012, �

2, and �2. (C) Positively 
correlated error (�ac = 1). (D) Negatively correlated error (�mc = 1). Analytical expression for the surfaces is given in eqs. (35) and (36) of [7]. (A–D) 
Adapted from [7]: For more details, see eqs. (35) to (38) therein. See the associated Material and Methods (in particular, the Section: Simulations in 
Figure 6) for the details on the Monte Carlo simulations used to generate the examples.
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and we will use the subscript “0” to indicate error-free 
variable[s]): 

We assume data to be sampled from a J-variate distribution 
(whose nature will be introduced in Section 3.3.3) with popula-
tions means �0 (1 × J), 

and population covariance–correlation matrix �0, 

where �0 is a J × J diagonal matrix with the population standard 
deviation �0j of variable jth on its diagonal, 

and R0 is the population correlation matrix 

The additive experimental error model (which is a generaliza-
tion to the multivariate case of the bivariate model presented in 
Equation  9) consists of both uncorrelated (eau) and correlated 
(eac) errors and is formulated as 

where x is the 1 × J vector of measured variables. The 1 × J 
vectors 

are realizations of the additive error components. We will con-
sider only Gaussian distributed errors with zero population 
mean 0J = (0,0, … , 0)J: 

In  (22), �au is the covariance matrix of the uncorrelated error 
component: 

where �2auj is the variance of the additive uncorrelated error on 

the jth variable.

In (23), �ac is the covariance matrix of the correlated error com-
ponent, with 

and 

and �ac is the correlation matrix of the additive error components 

Different shapes of correlation matrices �ac (error correlation 
structures [ECSs]) are given in Section 3.2.

Note that Equations  (24)–(27) give a general case, where error 
components may differ between variables, and the correlation be-
tween errors may differ between pairs of variables. In the simu-
lations that will be realized and analyzed in the remainder of the 
paper, we will simplify the models by setting variance components 
to be the uniform across the variables. In particular, we set 

that is, we consider the case of homogeneous additive errors. For 
simplicity, we will also set �2au = �2ac.

3.1.2   |   Multiplicative Error

The multiplicative error model consists of uncorrelated (emu) 
and correlated (emc) errors: 

where x is the vector of observed variables, ⊙ is the Hadamard 
element-wise matrix product, and the 1 × J vectors emu and emc, 

(14)x0 =
(

x01 , x02 , … , x0j , … , x0J

)

.

(15)�0 =
(

�01 ,�02 , … ,�0J
)

,

(16)�0 = �0R0�0,

(17)�0 =

⎛

⎜

⎜

⎜

⎜

⎝

�01 0 … 0

0 �02 … 0

⋮ ⋮ ⋱ ⋮

0 … … �0J

⎞

⎟

⎟

⎟

⎟

⎠

,

(18)R0 =

⎛

⎜

⎜

⎜

⎜

⎝

1 �012 … �01J
�012 1 … �02J
⋮ ⋮ ⋱ ⋮

�01J … … 1

⎞

⎟

⎟

⎟

⎟

⎠

.

(19)x = x0 + eau + eac,

(20)eau =
(

eau1 , eau2 , … , eauJ
)

,

(21)eac =
(

eac1 , eac2 , … , eacJ
)

(22)eau ∼ (0J ,�au),

(23)eac ∼ (0J ,�ac).

(24)�au =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

�2
au1

0 … 0

0 �2
au2

… 0

⋮ ⋮ ⋱ ⋮

0 … … �2
auJ

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

(25)�ac = �ac�ac�ac

(26)�ac =

⎛

⎜

⎜

⎜

⎜

⎝

�ac1 0 … 0

0 �ac2 … 0

⋮ ⋮ ⋱ ⋮

0 … … �acJ

⎞

⎟

⎟

⎟

⎟

⎠

,

(27)�ac =

⎛

⎜

⎜

⎜

⎜

⎝

1 �ac12 … �ac1J
�ac12 1 … �ac2J
⋮ ⋮ ⋱ ⋮

�ac1J … … 1

⎞

⎟

⎟

⎟

⎟

⎠

.

(28)

�2
0j
=1

�2
auj

=�2
au

�2
acj

=�2
ac

⎫

⎪

⎬

⎪

⎭

for each variable j=1,2, … , J ;

(29)x = x0 ⊙
(

1 + emu + emc
)

,

(30)emu =
(

emu1 , emu2 , … , emuJ
)

,
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are the multiplicative error components. As in the additive case, 
we will consider only Gaussian distributed errors with zero pop-
ulation mean 0J = (0,0, … , 0)J: 

In (32), �mu is the covariance matrix of the uncorrelated error 
component: 

where �2muj is the variance of the additive uncorrelated error on 

the jth variable.

In  (34), �mc is the covariance matrix of the correlated error 
component 

with 

and �mc is the additive error correlation matrix 

As in the case of additive error, we set, for the sake of simplicity, 

that is, we consider the case of homogeneous multiplicative er-
rors. For simplicity, we will also set �2mu = �2mc.

3.2   |   Error Correlation Structures in 
the Simulations

In our simulation for experimental errors, we used four differ-
ent types of error correlation structures (ECS). The additive and 

multiplicative error correlation matrices, �ac (27) and �mc (37), 
respectively, will take the form of one of the following correla-
tion types.

3.2.1   |   Average Correlation Structure

The average correlation matrix �average has elements �ij satisfy-
ing the condition 

The average correlation in � is � (with the average taken over 
all possible correlation pairs, excluding the diagonal), where all 
variables may have a different degree of correlation. We gen-
erated five random correlation matrices, satisfying the prop-
erty (39) with � = 0.2, 0.4, 0.6, 0.8, and 1, using the algorithmic 
procedure proposed by [15], which is based on the linear trans-
formation of normal random variables satisfying a given set of 
constraints that are determined algorithmically. We refer the 
reader to the original publication for more details.

3.2.2   |   Hub Correlation Structure

The hub correlation structure �Hub describes a general cor-
relation structure using k groups of variables: The observed 
variables (which are also termed, a bit confusingly, observa-
tions, hence the name hub-observation correlation model) 
within each group are correlated with a single observation 
(the so-called hub) in the group with decreasing strength 
[16]. The k groups are independent, implying zero correlation 
among variables belonging to different groups. We set the first 
variable in each group to be the hub variable, and the correla-
tion �1,i (with i > 1) between variable i = 1,2, … , g and the hub 
variable is defined as 

We simulated a random hub correlation structure with two 
groups of equal size J∕2 using a quadratic attenuation (� = 2). 
The �min is the minimum correlation in the hub, and it is deter-
mined algorithmically; given �, correlation matrices were gener-
ated using the generative algorithm by Hardin et al. [16].

3.2.3   |   Toeplitz Correlation Structure

A Toeplitz correlation structure (also called autoregressive 
model) [17] has the matricial form �Toeplitz: 

(31)emc =
(

emc1 , emc2 , … , emcJ
)

,

(32)emu ∼ (0J ,�mu),

(33)emc ∼ (0J ,�mc).

(34)�mu =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

�2
mu1

0 … 0

0 �2
mu2

… 0

⋮ ⋮ ⋱ ⋮

0 … … �2
muJ

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

(35)�mc = �mc�mc�mc,

(36)�mc =

⎛

⎜

⎜

⎜

⎜

⎝

σmc1 0 … 0

0 σmc2 … 0

⋮ ⋮ ⋱ ⋮

0 … … σmcJ

⎞

⎟

⎟

⎟

⎟

⎠

,

(37)�mc =

⎛

⎜

⎜

⎜

⎜

⎝

1 πmc12 … πmc1J
πmc12 1 … πmc2J
⋮ ⋮ ⋱ ⋮

πmc1J … … 1

⎞

⎟

⎟

⎟

⎟

⎠

.

(38)

�2
0j
=1

�2
muj

=�2
mu

�2
mcj

=�2
mc

⎫

⎪

⎬

⎪

⎭

for each variable j=1,2,

(39)
2

J2 − J

∑

i> j

𝜋ij = 𝜋.

(40)�1,i = � −

(

i−2

g−2

)�

(� − �min).

(41)�Toeplitz =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 π π2 π3 … πJ−1

π 1 π π2 … πJ−2

π2 π 1 π … πJ−3

π3 π2 π 1 … πJ−4

⋮ ⋮ ⋮ ⋮ ⋱ ⋮

πJ−1 πJ−2 πJ−3 πJ−4 … 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

 1099128x, 0, D
ow

nloaded from
 https://analyticalsciencejournals.onlinelibrary.w

iley.com
/doi/10.1002/cem

.3595 by W
ageningen U

niversity A
nd R

esearch Facilitair B
edrijf, W

iley O
nline L

ibrary on [14/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



7 of 21

Under this correlation structure, the error realizations eacj (addi-
tive error, see 21) and emcj (multiplicative error, see 31) corre-
sponding to adjacent variables are highly correlated at the 
population level, while those further away are less correlated. 
The magnitude of the correlation decays exponentially with re-
spect to |i − j|.

3.2.4   |   Uniform Error Correlation

The uniform correlation matrix �uniform is defined as 

Under this correlation model, the error realizations eacj (additive 
error, see 21) and emcj (multiplicative error, see 31) are all identi-
cally pairwisely correlated with population correlation �; that is, 
�[corr(eacj , eaci )] = � (same for emcj).

In the absence of established ECSs for omics data, these correla-
tion structures were chosen to be representative of different sce-
narios, ranging from the well-established Toeplitz model, with 
clear relationships between adjacent variables, to the limiting 
case of uniform correlations. They can be considered to be ex-
tensions of the model proposed in Figure 1 of [18], which also 
provides a multivariate framework for the modeling of ECSs. A 

graphical depiction of the four types of correlation structures is 
shown in Figure 3.

Given that actual error realizations eaci and emci are drawn at ran-
dom using models (33) and (21), it holds that �[corr(eaci , eacj )] = �ij 
and �[corr(emcj , emci )] = �ij, where �ij is the i, j element of any of 
the four error population correlation matrices.

A description of the modeling of the ECS through experimental 
characterization of several sources of error to the total variance 
NMR measurements is given in [8], but these results are not di-
rectly applicable to our simulation scheme.

3.3   |   Data Simulation

The error-free data Xsim
0  was simulated according to the PCA 

model: 

where Fsim0  is an N × J matrix of simulated components (scores) 
and Asim

0  is the J × J loading matrix, where the first K = 3 
nonzero loadings are the structural loadings to be defined in 
Equations (50)–(54). In the next sections, we will explain how 
the loadings and scores were constructed. When N indepen-
dent observations of x are collected, they can be combined in an 
N × J data matrix X so that for additive error, it holds that 

(42)�uniform =

⎛

⎜

⎜

⎜

⎜

⎝

1 π … π

π 1 … π

⋮ ⋮ ⋱ ⋮

π … … 1

⎞

⎟

⎟

⎟

⎟

⎠

.

(43)Xsim
0

= Fsim
0
Asimt

0
,

(44)X = Xsim
0 + Eau + Eac,

FIGURE 3    |    Graphical illustration of the four error correlation structures described in Section 3.2. (A) Average correlation, Equation (39). (B) Hub 
correlation, Equation (40). (C) Toeplitz correlation, Equation (41). (D) Uniform correlation, Equation (42). Correlation matrices are shown for the 
case � = 0.6.
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where Eau and Eac are N × J data matrices collected from N re-
alizations of the uncorrelated and correlated errors eau and eac, 
respectively. For multiplicative error, it holds that 

where Emu and Emc are N × J data matrices collected from N re-
alizations of the uncorrelated and correlated errors emu and emc 
and 1 is an N × J matrix of 1s (1ij = 1).

Note that Equations  (44) and  (45) give the most general case 
where uncorrelated and correlated error components coexist. In 
the simulation and analysis that will follow, we will treat the 
correlated and uncorrelated cases independently. In particular, 
we will consider the four models:

1.	 Additive uncorrelated error: 

2.	 Multiplicative uncorrelated error: 

3.	 Additive correlated error: 

4.	 Multiplicative correlated error: 

3.3.1   |   Loading Structures

We considered four population loading matrix structures J × J, 
where the first K loadings are structural (i.e., describe data struc-
ture) and the last J − K are set to 0.

Three population loading structures are inspired by the simula-
tion scheme devised in [19], where it was observed that the qual-
ity of estimated loadings depends on the degree of simplicity of 
the loading structure and on the rotation criterion applied. In 
our study, we expect these three loading structures to have lim-
ited effect on the recovery because we assess the recovery of the 
subspace and thus account for rotational ambiguity. The simple 
and complex structures are defined as (only the first K = 3 load-
ings shown, with the remaining being equal to 0) 

For the simple case, we set c = 1, while for the complex case, we 
set c =

√

1∕K , to keep the proportion of structural variance per 
variable the same across conditions (as the error variance was 
manipulated in the same way across conditions).

The simple loading structure AS
simple

 is sparse, and it is well 
aligned with the varimax criterion [20]. It is stable after varimax 
rotation over different samples [19]. We have slightly modified 
this structure to have four, three, and one nonzero loadings in 
components in the first, second, and third components, rather 
than three, three, and two, respectively, as in [19].

The complex loading structure AS
complex

 has a circumplex struc-
ture, implying that it has a nonunique axis position in terms of 
the varimax criterion. Therefore, its varimax rotated loadings 
are highly unstable over samples [19].

The intermediate loading structure AS
inter is defined as 

where A is a weighted sum of the two extreme cases: 

where c1 =
√

0.4 and c2 =
√

(1 − 0.4) × 1∕q) and D is a J × J 
diagonal matrix with the diagonal elements being equal to the 
square root of the diagonal elements of the matrix AAt.

The fourth loading structure AS
real

 that we termed “experimen-
tal” is taken equal to the loadings of the first three principal 
components of a 60 × 8 experimental metabolomic data set (see 
Section 3.8 for more details). 

(45)X = Xsim
0 ⊙ (1 + Emu + Emc),

(46)X = Xsim
0 + Eau.

(47)X = Xsim
0 ⊙ (1 + Emu).

(48)X = Xsim
0 + Eac.

(49)X = Xsim
0 ⊙ (1 + Emc).

(50)AS
simple

(c) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

c 0 0

c 0 0

c 0 0

c 0 0

0 c 0

0 c 0

0 c 0

0 0 c

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

(51)AS
complex

(c) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

c c c

−c c c

c −c c

c c −c

−c −c c

−c c −c

c −c −c

−c −c −c

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

(52)AS
inter = D−1A,

(53)A = AS
simple

(c1) +AS
complex

(c2),

(54)AS
real

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0.04 0.01 −1.00

−0.13 0.95 −0.05

−0.77 0.41 0.08

−0.91 −0.35 −0.05

−0.96 0.17 0.00

−0.89 −0.30 −0.04

0.87 −0.48 0.02

−0.50 −0.86 0.00

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.
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3.3.2   |   Construction of the Scores

The elements f0jl of the score matrix Fsim0  were generated fol-
lowing different data distributions, which will be described in 
the next section. We take the element of Fsim0  to be 
uncorrelated.

3.3.3   |   Distributions of Error-Free Scores

We considered two different data distributions to generate the 
uncorrelated elements f0jl of the N × J score matrix Fsim0 .

Normal distribution: 

Log-normal distribution:

with 

where �0 = − 0.3466 and �0 = 0.8326 so that the generated 
scores have expected mean and variance equal to 1.

These score distributions were chosen to represent the statistical 
idealized case (Gaussian distribution) and more realistic situa-
tions like distribution of biological entities (log-normal distribu-
tion); they are shown in Figure 4.

3.3.4   |   Correlation Structure of the Error-Free Data

Equation  (43) and the population loading structures Asim
0  

(see Equations  50–52 and 54) implicitly define the population 

covariance–correlation structure (18) underlying the error-free 
data generation. If the data are mean centered, it holds that 

with On =
(

In −
1

N
Jn

)

 being the centering matrix and Jn an n-by--

n matrix of all 1s; the third step follows from the score Fsim0  being 
uncorrelated after mean centering and having variances of 1 at 
the population level.

3.4   |   Experimental Design for the Simulated Data

In the analysis of the effect of uncorrelated error (for both addi-
tive and multiplicative components), the factors that were ma-
nipulated are the loading matrix type, the data distribution, and 
the error variance. In the case of correlated error (for both addi-
tive and multiplicative error components), additional factors are 
the error correlation � and the ECS. The factor levels are given 
in Table 1.

The simulation design was full factorial. For the uncor-
related error, there are 4(loading matrix types)  ×  2(data 
distribution)  ×  6(error variance) = 48 conditions. For the 
correlated error, there are 4(loading matrix types)  ×  2(data 
distributions)  ×  7(error variances)  ×  5(error correlations)  
×  4(ECSs) = 1120 conditions.

The same X0 and error realizations were used to generate sim-
ulated data matrices X with additive and multiplicative errors, 
namely, Eau = Emu in models (46) and (47) and Eac = Emc in mod-
els (48) and (49).

In all cases, N = 216 observations were used. Such a high num-
ber of observations was chosen to reduce finite sample size 

(55)
f0jl ∼ (0,1).

(56)f0jl = e
y0jl ,

(57)y0jl ∼
(

�0, �
2
0

)

,

(58)

�0=�

[

1

N−1

(

Xsim
0
On

)t
OnX

sim
0

]

=Asim
0

�

[

1

N−1
(Fsim

0
)tOnF

sim
0

]

(

Asim
0

)t

=Asim
0

�[I]
(

Asim
0

)t

=Asim
0

(

Asim
0

)t
,

FIGURE 4    |    Data distributions used to generate the uncorrelated elements f0jl of the N × J score matrix Fsim
0

. (A) Normal distribution, Equation (55). 
(B) Log-normal distribution, Equations (56)–(57).
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effects on loading estimations. For each condition, 250 differ-
ent realizations of Xsim

0  and error matrices E were (randomly) 
generated.

3.5   |   Rotation of the PCA Solutions

When considering the recovery of a PCA solution, we need to 
distinguish whether we are interested in the principal compo-
nents and associated loadings themselves or in the principal 
subspaces they define. These characteristics of PCA are well 
known and have been discussed and addressed elsewhere: See, 
for instance, [19, 21, 22].

For the principal components, there is a sign indeterminacy, 
meaning that per principal component, the loadings and its 
accompanying scores can be multiplied by −1 without chang-
ing the principal components. Further, if any components have 
exactly the same variance, then the order of these components 
(or of any linear combination of them) is arbitrary. The closer 
the variance of the components, the more sensitive to noise the 
model is in terms of rotation or reordering. However, if we con-
sider the whole low-dimensional space rather than each compo-
nent on an individual basis, this problem can be avoided.

The choice of working with the subspace is based on the fact that 
subspaces are meaningful, regardless of whether PCA is used to 
find an abstract representation of the data (i.e., for data compres-
sion or exploration as done in chemometrics and data science 
[23]) or to identify interpretable dimensions (as done in areas 
like psychometrics and econometrics [24]).

If the interest is in the projection of the data onto a low-
dimensional space, then there is an indeterminacy in the orien-
tation of the axes. This implies that one can rotate the loadings 
and counter-rotate the principal component scores without 
changing the projected data. Herewith, one could retain the 
orthogonality of the axes, if one would use an orthogonal rota-
tion, or also allow for oblique axes, if one would use an oblique 
rotation.

In the current case, we are interested in the recovery of the pro-
jection of the data in low-dimensional space rather than princi-
pal components themselves. For this reason, it is necessary to 
adjust for the rotational ambiguities. This can be achieved by 

rotating the loadings of one model towards the loadings of the 
other model or towards a common target set of loadings. A com-
mon approach is to apply a so-called Procrustes rotation, which 
rotates a given matrix to attain maximum similarity with a tar-
get matrix by minimizing a given criterion [25].

When we set B to be a matrix of rotated loadings and T as the 
target matrix, the criterion h to be minimized is 

where tr(*) is the trace operator. Here, we applied the oblique 
Procrustes rotation: Each sample loading matrix calculated 
from the simulated data X under the different error models 
(Equations 4 and 45) was rotated towards the known error-free 
loadings (which in the present case is one of the structural load-
ing matrices defined in Equations 50–52 and 54) used to gener-
ate the error-free data (Equation  43), before calculation of the 
quality metrics defined in Section 3.6. The choice of an oblique 
rotation (instead of an orthogonal) is motivated by the fact that 
oblique rotation maximizes the recovery, in this way taking into 
account that sample components can be oblique, also when the 
error-free components are orthogonal.

3.6   |   Quality Criteria for Loading Recovery

The agreement between the known structural population load-
ings AS and the sample loadings Asamp, as estimated with PCA 
retaining K components, from the generated data X, was evalu-
ated using two quality criteria, indicative of the estimation error 
of and the proportionality to the population loadings. That is, 
for all conditions, we used the mean squared error (MSE) and 
Tucker's � congruence index. For the multiplicative noise con-
ditions, we also considered the fold change ratio FC of the MSE.

3.6.1   |   MSE of the Reconstruction

The MSE of the estimated loadings of component k is defined as 

(59)h (B ) =
1

2
tr
(

(B−T)T (B − T )
)

,

(60)MSEk =
1

J

∑

j

(

a
samp

jk
−aS

jk

)2

,

TABLE 1    |    Overview of experimental factors and associated levels that were varied in the simulations.

Design factor Levels Number of levels

Loading type simple, intermediate, complex, experimental 4

Distribution Normal, Log-normal 2

Error variance 0.5, 1, 2, 4, 8, 16 6

Error correlation 0.2, 0.4, 0.6, 0.8, 1 5

Error correlation structure average, hub, Toeplitz, uniform 4

Note: Loading type indicates the different population structural loading matrices AS
simple

 simple (50), complex (51), intermediate (52), and experimental (54). Distribution 
refers to the distribution of the error-free scores Fsim

0
 used to generate error-free data X0 (see Section 3.3.3). Error variance refers to �2error = �2au = �2ac = �2mu = �2mc. 

Error correlation structures Π are Toeplitz (41), hub (40), and average (39); the error correlation is � in the error correlation structures Π.

 1099128x, 0, D
ow

nloaded from
 https://analyticalsciencejournals.onlinelibrary.w

iley.com
/doi/10.1002/cem

.3595 by W
ageningen U

niversity A
nd R

esearch Facilitair B
edrijf, W

iley O
nline L

ibrary on [14/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



11 of 21

where asamp
jk

 and aS
jk

 are the loadings for variable j in compo-
nent k in the sample loading matrix Asamp and error-free load-
ing matrix AS, respectively. The MSE is a measure for the 
recovery in an absolute sense. For each loading matrix, we 
calculated the MSE as the mean of MSEk over the three 
components: 

3.6.2   |   Tucker's �

The congruence of the sample loadings to population structural 
loadings was quantified per component k as using Tucker's � 
congruence index [26, 27]: 

For each loading matrix, we calculated the � as the mean �k 
across the three components: 

Tucker's �k takes values from −1 to 1, with 1 (and −1) indicat-
ing perfect proportionality of columns (though opposite in sign). 
Perfect proportionality of loadings implies an identical interpre-
tation of the loading structure. � values larger than 0.95 indicate 
practically equivalent loading vectors, and fair equivalence is 
established for 0.85 < 𝜙k < 0.95 [28].

3.6.3   |   Fold Change Ratio of MSE

We defined the fold change ratio FC of the mean squared recon-
struction error MSE as 

The FC is taken over MSE values (61) computed on data gen-
erated under the same conditions, namely, the same error-free 
data X0 on which an error of a different nature (additive and 
multiplicative) with the same characteristics (variance, cor-
relation structure, and correlation) is added (see Equations 44 
and 45).

3.7   |   Simulation Analysis

N-way ANOVA was used to explore the simulation results 
and to identify which data and error characteristics have 
a large(r) effect on the quality of loading recovery, as ex-
pressed by MSE  (61) and Tucker's congruence coefficient 
� (63), which were used as the response in the ANOVA mod-
els. Because in most analysis residuals deviated from the 

normality assumption, we used the rank transformation on 
the responses [29]. This transformation was recently observed 
to improve the statistical power of ANOVA [30] using simu-
lated power curves [31].

In the case of uncorrelated error, the ANOVA factors were the 
loading type, the data distribution, the error variance, and 
all pairwise interactions. In the case of correlated error, the 
factors were the loading type, the data distribution, the error 
variance, the ECS, the error correlation magnitude, and all 
pairwise interactions. The levels of each factor are given in 
Table 1. The results for the fold change FC (64) were visually 
investigated. Note that because the two distributions used to 
generate error-free scores have different population means (0 
for the normal and 1 for the log-normal), the two distributions 
factor levels can also be read, implicitly, as factor “population 
means” with two levels, 0 and 1.

To quantify the amount of variance of the response explained by 
the different factors and combinations thereof, we used the par-
tial eta squared �2part as a measure of the effect size. Partial eta 
squared can be used, at the ordinal level, to compare the effects 
of different factors in the same design [32].

3.8   |   Experimental Data

The experimental loading structure given in Equation (54) was 
obtained by considering the first three principal components 
of a (standardized to unit variance) data set containing abun-
dances of 465 metabolites measured with mass spectrometry 
in the liver biopsy of 315 mice fed two different diets. Of the 465 
variables, eight were selected (variables 4, 9, 49, 99, 149, 199, 
249, and 299, corresponding to 14-hydroxy-E4-neuroprostane, 
24,25-dihydrolanosterol, 5-L-glutamyl-L-alanine, anserine, 
coutaric acid, glucosylceramide [d18:1/16:0], 1-stearoyl-2-hyd
roxy-sn-glycero-3-phosphate, and Ne,Ne dimethyllysine). For 
more details about the experimental designs, experimental 
protocols, and technical details, we refer to the original pub-
lication [33].

3.9   |   Software

Calculations were performed using Matlab R2023a 9.14 (Natick, 
Massachusetts, The MathWorks Inc.) for Windows and using R 
[34] version 4.3.3 and RStudio version 2023.06.1. Multivariate 
data were generated with the in-built Matlab function mvnrnd; 
singular-value decomposition was performed using the Matlab 
function mvnrnd; N-way ANOVA was performed using the 
anovan function. All other operations were performed using 
in-house scripting routines. Hub correlation matrices  (40) 
were generated using the R function simcor.H provided by 
Hardin et  al. [16]. The parameters used were k = 2, � = 0.01, 
� = 2, size = (5,2), and edim = 2. R code to generate random cor-
relation matrices with given average correlation was obtained 
from the authors of the original publication [15]. Correlation 
plots were made using the corrplot function from the R corrplot 
package [35]. Code for analysis is freely available at github.com/
esaccenti/PCAnoiseLoadings.

(61)MSE =
1

3
(MSE1 +MSE2 +MSE3).

(62)
�k =

∑

ja
samp

jk
aS
jk

�

�

∑

j

�

a
samp

jk

�2
��

∑

j

�

aS
jk

�2
�

.

(63)� =
1

3
(�1 + �2 + �3).

(64)FC = log2

(

MSEadditive
MSEmultiplicative

)

.
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4   |   Results

In analyzing our simulation results, we focus on identifying 
which factors and interactions, and levels in them, affect the 
quality of the loading estimates the most, as indicated by our 
quality measures. Therefore, we do not focus on the actual val-
ues, that is, we do not attempt to establish numerical relation-
ships between the error model parameters and the values of the 
quality measures. We also do not consider the statistical signif-
icance of the factors explicitly. Because the sample size is very 
large (we used 250 replicates per simulation condition) and each 
manipulated factor is expected to have an effect, every statistical 
test (ANOVA and post hoc) is expected to show significance.

4.1   |   Effect on Experimental Error on the Loading 
Reconstruction Error (MSE)

In this section, we study the loading MSE in the presence of dif-
ferent types of error.

4.1.1   |   MSE for Additive Uncorrelated Error

Results of the ANOVA of the MSE (61) in the case of uncorrelated 
error (model 46) are given in Table 2, together with loading con-
gruence results (discussed later) to facilitate comparison. For the 
MSE for the additive error, the factor with the largest �2part is the 
loading type (i.e., complexity of the loading patterns) and its inter-
action with the error variance (�2au in error models 24) followed by 
the main effect of the latter. The average MSEs for the levels of 
these factors and their interactions are depicted in Figure 5. These 
plots provide a more detailed interpretation of the results and 
given a similar information, but without statistical inference, as 
the traditional visualizations associated to post hoc tests.

Given the large MSS of the interaction shown in Table  2, we 
base our interpretation of the results only on Figure 5C and do 
not attempt to interpret the main factors [29]. We see a differ-
ential behavior of the MSE for simple (50) and intermediate (52) 
loading structures, which increases substantially with the error 
variance (�2au), in comparison to the MSE for complex (51) and 
experimental (54) loading structures, which decrease first and 
then increase with increasing error variance. The latter is an 
unexpected behavior, which interestingly illustrates that a low 
quality of estimation in the loadings can indeed happen for very 
low levels of error.

4.1.2   |   MSE for Multiplicative Uncorrelated Error

Table  2 shows the �2part for multiplicative uncorrelated error 
(model 47). The most important effects are those due to the load-
ing type and its interaction with the error variance �2mu. Similar 
considerations to the case of additive error hold (the figure with 
average MSE for the levels not shown): For simple (50) and inter-
mediate (52) loading structures, the MSE increases with the error 
variance, (�2mu), while for complex  (51) and experimental  (54) 
loading structures, the MSE decreases and then remains stable.

4.1.3   |   MSE for Additive Correlated Error

Results for the MSE for the case of correlated error (model 48) 
are given in Table 3. In the case of additive error, the most rele-
vant effects are, with practically equivalent �2part, the loading 
type, the error variance (�2ac in error models 26), the ECS, and 
the interaction between the loading type and the ECS. The aver-
age MSE for the levels of the previous factors and the interaction 
is shown in Figure 6.

The effect of the error variance on the MSE, in Figure 6A, shows 
that the MSE increases with the increasing error variance. This 
result, although intuitive, contrasts with what we found for un-
correlated noise. To interpret the effect of the loading type and 
the ECS in the MSE, we inspect the interaction in Figure 6D, 
given its high �2part in the ANOVA. We observe that the interac-
tion shows a different behavior, with high MSE in the case of 
uniform (ECS = 1) error correlation, similar for all loading types, 
and lower MSE in the case of Toeplitz (ECS = 2), hub (ECS = 3), 
and average (ECS = 4) error correlations, with exception for the 
complex loading type (LT = 3).

The uniform structure has stronger correlation with respect to the 
other structures (for instance, in the hub structure, only subsets 
of error components are correlated; in the average structure, both 
positive and negative correlations can coexist, especially for low 
average correlation; see Equation 39). This could explain why the 
effect on MSE is stronger because a stronger error correlation is 
imposed on top of that defined by the population loadings.

4.1.4   |   MSE for Multiplicative Correlated Error

The �2part values for the MSE for multiplicative correlated error 
(model 49), Table  3, indicate that the main effects are for the 

TABLE 2    |    ANOVA results for the reconstruction MSE  (61) and 
Tucker's � congruence  (63) simulations for sample loadings estimated 
from data generated with uncorrelated additive (Equations 19, 20, and 24) 
and multiplicative (Equations 29, 30, and 34) uncorrelated experimental 
errors.

Uncorrelated error

Additive Multiplicative

�
2
part

�
2
part

�
2
part

�
2
part

MSE � MSE �

Loading type 0.98 0.95 0.91 0.92

Distribution 0.00 0.00 0.20 0.81

Error variance 0.74 0.91 0.26 0.90

Loading 
type × distribution

0.00 0.01 0.33 0.40

Loading type × error 
variance

0.98 0.63 0.93 0.64

Distribution × error 
variance

0.00 0.00 0.16 0.11

Note: See caption of Table 1 for an explanation of factor names. The effects with 
effect size > 0.55 are in bold.
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interaction of the error variance �2mc and the loading type and for 
the main effects of the ECS. The levels of these factors are shown 
in Figure 7A,C. Like in the case of additive correlated error, the 
MSE grows with the error variance, and we see higher MSE in 
the case of uniform (ECS = 1) ECSs.

4.1.5   |   MSE Ratio Between Additive 
and Multiplicative Error

A legitimate question is whether, overall, the reconstruction 
error on loadings (as expressed by the MSE 61) is larger in the 

FIGURE 5    |    Additive uncorrelated error: averaged (per factor level/interaction) mean square error (MSE,  61) for the loading reconstruction 
for different factors/interactions of the ANOVA model. (A) Loading type (LT): 1 (simple), 2 (intermediate), 3 (complex), 4 (experimental); 
see Equations  (50)–(52) and  (54). (B) Uncorrelated error variance (EV) �2au. (C) MSE for the interaction (LT × EV) between EV  and LT. For the 
multiplicative uncorrelated error, similar patterns are observed.

TABLE 3    |    ANOVA results for the reconstruction MSE (61) and Tucker's � congruence (63) simulations for sample loadings estimated from data 
generated with correlated additive (Equations 19, 21, and 26) and multiplicative (Equations 29, 31, and 35) experimental errors.

Correlated error

Additive Multiplicative

�
2
part

�
2
part

�
2
part

�
2
part

Factor MSE � MSE �

Loading type 0.68 0.71 0.11 0.56

Distribution 0.00 0.00 0.19 0.59

Error variance 0.70 0.79 0.36 0.72

Error corr struct 0.60 0.83 0.69 0.85

Error corr level 0.22 0.25 0.01 0.03

Loading type × distribution 0.00 0.00 0.07 0.08

Loading type × error variance 0.35 0.29 0.62 0.17

Loading type × error corr struct 0.49 0.44 0.21 0.49

Loading type × error corr level 0.14 0.08 0.22 0.02

Distribution × error variance 0.00 0.00 0.01 0.01

Distribution × error corr struct 0.00 0.00 0.03 0.05

Distribution × error corr level 0.00 0.00 0.00 0.00

Error variance × error corr struct 0.19 0.35 0.23 0.37

Error variance × error corr level 0.06 0.06 0.00 0.02

Error corr struct × error corr level 0.04 0.09 0.01 0.07

Note: See caption of Table 1 for an explanation of factor names. The effects with effect size > 0.55 are in bold.
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FIGURE 6    |    Additive correlated error: averaged (per factor/interaction level) mean square error (MSE,  61) for the loading reconstruction for 
different factors/interactions of the ANOVA model. (A) Additive correlated error variance (EV) (�2ac). (B) Error correlation structure (ECS): 1 
(average), 2 (hub), 3 (Toeplitz), 4 (uniform); see Equations (39)–(42) for definitions. (C) Loading type (LT): 1 (simple), 2 (intermediate), 3 (complex), 4 
(experimental); see Equations (50)–(52) and (54). (D) MSE for the interaction (LT × ECS) between LT and ECS.

FIGURE 7    |    Multiplicative correlated error: averaged (per factor/interaction level) mean square error (MSE,  61) for the loading reconstruction 
for different factors/interactions of the ANOVA model. (A) Error correlation structure (ECS): 1 (average), 2 (hub), 3 (Toeplitz), 4 (uniform); see 
Equations (39)–(42) for definitions. (B) Multiplicative correlated error variance (EV) (�2mc). (C) MSE for the interaction (LT × EV) between LT and EV . 
(D) MSE for the interaction (EV × ECS) between EV  and ECS.
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case of additive or multiplicative error. To answer this ques-
tion, we considered the ratio between the reconstruction error 
in the two cases (see Equation  64): Figure  8 shows the distri-
bution of the log2 ratio of the MSE error calculated in the case 
of additive error to the MSE calculated for multiplicative case. 
For uncorrelated error (Figure 8A), the reconstruction error is 
almost always smaller when the error is additive (83.2% over all 
simulation realized for all factors and factor combinations). For 
correlated error, the reconstruction error is often larger when 
the error is additive (70.8%).

Because of the complex interaction between the factors, it is 
complicated to define situations where the two conditions 
(FC > 0 or FC < 0) apply, but for zero or (very) low error vari-
ance, the data realized under the additive and multiplicative 
error models are similar (see Equations  19 and 29, respec-
tively) and so are the reconstruction errors. Note that the 
error-free data X0 are the same for both additive and multipli-
cative simulations (so that simulations are paired for optimal 
comparability).

4.2   |   Effect of Experimental Error on Loading 
Congruence

In this section, we study the congruence between sample and 
population loadings in the presence of error. Overall, patterns of 
variation for the congruence are similar to those of MSE.

We do observe a major difference in Figure 9 between the dis-
tribution of congruence values for correlated error and for un-
correlated error. Congruence values are lower for the former, in 
some cases much lower, indicating serious distortion of loading 
patterns. Correlated error distorts correlation in a complicated 
fashion, with correlation being attenuated or enhanced depend-
ing on the interplay between the error correlation level and the 
variance (see Figures 6 and 7 in [7] and associated text). That 

is, given the structure of the error correlation matrix used in 
our simulations where in the average  (39), Toeplitz  (41), and 
hub (40) correlation matrices, different pairs of variables have 
different correlations, we expect the loading patterns also to be 
affected in a somehow unpredictable fashion, resulting in the 
observed degradation of congruence values in the case of cor-
related error.

4.2.1   |   Congruence in the Presence 
of Uncorrelated Error

The ANOVA results for Tucker's � congruence (63) in the case of 
uncorrelated error are given in Table 2. For additive error (model 
46), these results are consistent with those for the MSE (also in 
Table 2). For multiplicative error (model 47), we see a clear ef-
fect of the data distribution in the congruence, whose effect was 
much smaller for the MSE. We also see that error variance has a 
much larger effect than on MSE.

Note that Tucker's � values > 0.95 indicate equivalent loadings 
and 0.85 < 𝜙 < 0.95 fair equivalence. The distribution of con-
gruence values is given in Figure 9. We observe that full or fair 
equivalence could be establish in almost all conditions of un-
correlated error, indicating that the shape of loading patterns is 
maintained.

4.2.2   |   Congruence in the Presence of Correlated Error

The ANOVA results of Tucker's � congruence  (63) in the case 
of correlated error (models 48 and 49) are given in Table 3. Like 
in the previous case, generally speaking, these results are con-
sistent with what was observed for the MSE for the case of ad-
ditive errors. In the case of multiplicative errors, we observe a 
stronger effect for the distribution, as expected, and for the error 
variance.

FIGURE 8    |    Distribution of the fold change FC (Equation 64) of the mean squared reconstruction error (MSE) for loading reconstructed in the 
presence of additive and multiplicative error. (A) FC calculated in the presence of uncorrelated error. (B) FC calculated in the presence of correlated 
error.
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5   |   Discussion

5.1   |   Making Sense of the Results Considering 
the Sample Correlations

The simulations results previously discussed can be interpreted 
by considering the relationships between the correlation coeffi-
cient �ij, the error-free correlation �0ij, and the error characteris-
tics defined by Equations (10), (11), and (13).

In particular, we will consider the limiting behavior of the sam-
ple correlation coefficient, the sample correlation matrix C, 
and the PCA loadings. The loadings, being the eigenvectors of 
the sample correlation matrix, are a function of the correlation 
matrix.

5.1.1   |   Effects of Additive Error

We begin by considering the case of purely uncorrelated error: 
Its multivariate formulation can be obtained from Equation (19) 
by dropping the correlated term eac and considering only the 
relevant covariance–correlation matrices, namely, �0 and �au 
given by Equations (16) and (17). Under this model, the expected 
correlation �ij between any two variables xi and xj is (this and 
other following formulas are intended to be �ij = 1 when i = j) 

which is a generalization of (10). The correlation �ij is element 
i, j of the correlation matrix estimated from the data X, which 
will be, as previously discussed, different from the population 
correlation R0 (18).

Equation  (65) establishes that in the asymptotic regime of in-
finite error variance or signal variance tending to zero, the ex-
pected correlation is zero: 

From this (and from Equation 8 for a sufficiently large sample 
size), it follows that the sample correlation matrix C  (2) will 
tend to the J × J  identity matrix I (which is also the limit of 
the population correlation matrix R), where J  is the number 
of variables: 

(65)
�ij =

�0ij
√

(

1 +
�2aui

�2
0i

)

×

√

(

1 +
�2auj

�2
0j

)

,

(66)
lim

(

�2
aui
,�2
auj

)

→ (∞,∞)

�ij = 0,

(67)lim
(

�2
0i
,�2
0j

)

→ (0,0)

�ij = 0.

FIGURE 9    |    Distribution of Tucker's � congruence index values (Equation 63) between sample loadings estimated in the presence of error and the 
population loadings. (A) Congruence in the presence of additive uncorrelated error. (B) Congruence in the presence of multiplicative uncorrelated 
error. (C) Congruence in the presence of additive correlated error. (D) Congruence in the presence of multiplicative correlated error.
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The I matrix has J unit eigenvalues (�1 = �2 = … = �J = 1) and 
J × 1 eigenvectors with 1 on the jth position (for the eigenvec-
tor associated to the jth eigenvalue) and zero otherwise. Thus, 
in the limiting situation of high error variance (or low signal 
variance), the loadings become identical (in absolute value) for 
all variables. Overall, by deflating the true correlation existing 
between the variables to zero, the presence of additive uncor-
related error renders the use of PCA suboptimal because PCA 
is an efficient dimensionality and exploratory tool only when 
variables are correlated.

Concerning the congruence to population loadings, we note that 
in our simulation, we used the same variance for all error com-
ponents (�2auj = �2au in model 24 and �2muj = �2mu in model 34). 

Therefore, we expect all variables to be affected equally, thus 
preserving the overall loading patterns and resulting in large 
congruence values.

The analysis of simulations presented in Table 2 shows that the 
most important factors affecting loading quality in the presence 
of error are the error variance and the population loading type 
AS
simple

 (see Equations 50–52). The magnitude of attenuation of 
the observed correlations �ij  (65) also depends on �0ij (for the 
same error variance, the larger the �0ij, the smaller the attenua-
tion). This can explain why the loading structure and its interac-
tion with error variance are important factors contributing to 
the variability observed in the quality measures for the loading 
reconstruction.

If the error is additive and correlated, the �ij element of the ex-
pected sample correlation matrix will be (this is obtained by 
dropping the uncorrelated terms in (11) and generalizing the 
formula to xi and xj and suppressing x to simplify the notation) 

In the limit of infinite error variance, the behavior of �ij is totally 
determined by the variance of the correlated error: 

from which it follows that the sample correlation matrix tends 
to the error correlation matrix (which in the multivariate 
error model specifications, we have indicated with �ac; see 
Equation 27): 

In this extreme case, the PCA will just describe the error struc-
ture, rather than the underlying relationships between the ob-
served variables that are of interest, and this is consistent with 
the ECS (which is defined by �ac) being an important factor in 
the ANOVA model results given in Table 3.

The loading structure depends on the correlation structure �ac 
of the correlated error: As this is in general not known, it is not 
possible to derive a general rule. If the error is perfectly cor-
related, with �acij = 1 in �ac (27) for every variable, it is �ac = 11t, 
which leads to a degenerate PCA model with unity loadings for 
the first (and only) component. Also in this case, the results of 
simulation given in Table 3 indicate that the most important fac-
tors are the error variance and the loading structure: Similar 
considerations hold for the results obtained for the case of purely 
additive uncorrelated error.

The loading structure and its interactions with error variance 
and ECS appear as important factors contributing to the error re-
construction MSE and congruence � (Tables 2 and 3). Although 
the loading structure appears explicitly in the data generation 
procedure, these interactions may not be immediately evident 
from the explanation offered in terms of the (asymptotic) behav-
ior of the sample correlation matrix.

In the case of additive error, the interaction between the loading 
structure and the error variance and ECS can be made more ex-
plicit by calculating the (expected) error (bias) on the loadings. 
This has been derived by Hellton and Thoresen [10] using per-
turbation theory. For error variance �2 → 0 conditionally on the 
noise-free data X0 as (Theorem 2 in [10]: Note that index nota-
tion has been changed to be consistent with our notation) 

where vk is the kth eigenvector (loading vector) of the covari-
ance–correlation matrix of the error-free data X0 associated with 
the �k eigenvalue and �au is the error correlation matrix; k runs 
from 1 to J when J ≤ N and to N when J > N.

Equation (75) shows how the error in the loadings depends on 
the loadings themselves and thus depends on the loading struc-
ture, the error variance, and the ECS. In particular, the interac-
tion between the loading structure and ECS is expressed by the 
term vT

l
�auvk: for k = l, which is the projection of the error co-

variance–correlation matrix onto the space spanned by the bvk 
eigenvector (loading).

In the case of uncorrelated and homogeneous error (the case 
addressed in our study, see 28), the expected bias Δvk on the 

(68)
lim

�2aui
→∞

∀ i

C = I,

(69)
lim
�2
0i

→ 0

∀ i

C = I.

(70)
�ij =

�0ij + �ac
�aci

�0i

�acj

�0j

√

1 +
�2aci

�2
0i

×

√

1 +
�2acj

�2
0j

.

(71)
lim

(

�2
aci
,�2
acj

)

→ (∞,∞)

�ij = �acij ,

(72)
lim

(

�2
0i
,�2
0j

)

→ (0,0)

�ij = �acij ,

(73)
lim

σ2aci
→∞

∀ i

C = �ac,

(74)
lim
�2
0i

→ 0

∀ i

C = �ac .

(75)

�(Δvk|X0)=�2
∑

l≠k

vT
l
�auvk

�k−�l
vl−2

�2

N

∑

l≠k

vT
l
�auvk

�k−�l
vl+

+
�2

N

∑

l≠k

∑

m≠k

�l
vT
k
�auvk

(�k−�l)(�k−�m)
vl+O(�

3),
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loadings is zero, because vl
T
�auvk = 0 for k ≠ l. However, note 

that in our simulation strategy, the error variance �2 is not neg-
ligible with respect to the signal variance and, as such, we ob-
served MSE > 0, as shown in Figure 3B. From Equation (75), it 
follows that errors in the estimation are introduced if the errors 
are not homogeneous, a case that we have not addressed in our 
simulations.

Nonhomogeneous additive error increases loading variability 
(given by eq. 9 in [10]), and this results in variables with a larger 
error being given higher importance in the PCA model. The ex-
tent of the bias on the loadings depends on whether the error 
variance on a particular variable is larger or smaller than the 
average error on all other variables (Section 3.1 in [10]).

5.1.2   |   Effects of Multiplicative Error

Using the same arguments used in the case of additive error, we 
can derive the limiting behavior of the (sample) correlation ma-
trix in the presence of multiplicative error. If the errors are un-
correlated, the �ij element of the correlation matrix is obtained 
by setting with �mcij = 0 (and taking �mci = �mci = 0 for conve-
nience) and generalizing to the multivariate case, which yields 

Similar considerations apply for what concerns the limiting be-
havior of C with respect to error variance and, in addition, sig-
nal mean, which can help to explain results of simulations in 
Table 3.

If the errors are correlated, the matter is even more intricate, 
because the effect of the error depends on the interplay between 
error characteristics (correlation and variance) and the data it-
self, as per the nature of multiplicative error: 

For very large error variance or for very small signal variance, 
the correlated part of the error will dominate, and we again have 
the limiting conditions 

Again with reference to the ANOVA model results in both 
Tables 2 and 3, it should be noted that for multiplicative errors, 
the distribution played a larger role than in the case of the 

additive error. For the additive error case, the distribution had 
little to no effect, while it had some effect for the multiplicative 
error. The latter is explained by the explicit appearance of term 
�2
0i

 in (77), which can be directly related to the data distribution. 
In fact for the normal distribution (55), the population mean is 0 
(�0j = 0 for all variables j), while for the log-normally distributed 
scores (56), the population mean is 1 (�0j = 1 for all variables). 
This difference in means has its repercussions for the expected 
correlations and thus for the estimated loadings. The case of 
multiplicative error is by far more complicated to address ana-
lytically: Vaswani and Guo [36] addressed a related error model, 
but their theoretical framework and results are not easily trans-
ferable to our setting.

5.2   |   Extending to a Generalized Error Model

In this study, we have considered the two error models inde-
pendently: This was dictated by the necessity of keeping the sim-
ulations within reasonable complexity and to be able to compare 
directly the effect of additive and multiplicative errors. Moreover, 
when considering high-throughput measurement technologies, 
it is not unreasonable to assume that the multiplicative error 
will dominate for high signal intensity (this corresponds in our 
data models to have large �x0i in the error-free data), while the 
additive error will contribute mostly at low signal intensity 
(�x0i

→ 0). However, there are situations when neither of the two 
limiting conditions is realized, or it is realized only for a subset 
of variables, and both additive and multiplicative errors coexist, 
producing data and error models that are rather complicated, 
given by the combination of models (19) and (29): 

Under this model, the (expected) variance var(xj) of the xj vari-
able is (see [7], eqs. 61–69 for a derivation) 

This is fundamentally a two-component error model (visualized 
in Figure 10). It can be seen as a generalization to the Rocke–
Lorenzato model [37], which assumes constant measurement 
error at low signal intensity and constant coefficient of varia-
tion at high intensity (i.e., multiplicative error component). Also, 
the correlation coefficient and hence the i, jth element of the 
expected sample correlation matrix can be generalized under 
the complete model  (80) (for a derivation, see [7], eqs.  61–69). 
Namely, it holds 

(76)
�ij =

�0ij
√

1 +

(

1 +
�2
01

�2
0i

)

�2mui
×

√

1 +

(

1 +
�2
0j

�2
0j

)

�2muj

.

(77)
�ij =

�0ij (1 + �mc�mci�mcj ) +
�0i

�x0i

�0j

�0j
�mc�mci�mcj

√

1 +

(

1 +
�0i

�2
0i

)

�2mci
×

√

1 +

(

1 +
�2
0i

�2
0i

)

�2mcj

.

(78)
lim

σ2mci
→∞

∀ i

C = �mc,

(79)lim
�x0i

→∞

∀ i

C = �mc.

(80)x = x0 ⊙
(

1 + emu + emc
)

+ eau + eac .

(81)var(xj) = �2j +
(

�2j + �20j

)(

�2muj
+ �2mcj

)

+ �2auj
+ �2acj

.

(82)
�ij =

�0ij (1 + �mc�mci�mcj ) + �ac
�aci

�0i
+

�0i

�0i

�0j

�0j
�mc�mci�mcj

√

√

√

√1+

(

1+
�2
0i

�2
0

)

(

�2mui
+�2mci

)

+
�2aui

�2
i0

+
�2aci

�2
i0

×

×

√

√

√

√1+

(

1+
�2
0j

�2
j0

)

(

�2muj
+�2mcj

)

+
�2auj

�2
j0

+
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�2
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The relationship between the correlation �ij  (82) and the true 
(population) correlation �0 is explored using Monte Carlo reali-
zations of the error parameters underlying model (80) (viz., �2

j
, 

�2auj
, �2acj, �

2
muj

, and �2mcj plus population means �0j). The behavior 

of �ij under the general model is markedly similar to that ob-
served under the multiplicative error model shown in Figure 2D, 
which suggests that the multiplicative error component may be 
dominant in this regime. This is also consistent with Figure 8, 
showing that, in most of the simulations, the MSE error on the 
loading population is larger in the presence of multiplicative er-
rors than in the presence of additive errors.

6   |   Conclusions

Our simulation study goes beyond classical results like those 
discussed by [10], by extending our analysis to additive cor-
related error and to multiplicative error, both correlated and un-
correlated. Our investigation highlights the important role and 
some particular characteristics of all error types.

Several approaches have been proposed to incorporate informa-
tion about the measurement errors in the PCA model, ranging 
from a modified version of PCA [38, 39] to a framework for max-
imum likelihood PCA that includes an assumed known covari-
ance matrix for the errors [39–42], which relates to exploratory 
common factor analysis [43, 44].

Another possible approach could be to exploit the fact that the 
correlation can be corrected if the error parameters are known, 
in all three cases (additive, multiplicative, and general models), 
as shown by Saccenti et al. [7] (see eqs. 79–81). This correction of 
course requires the (full) knowledge of the variance–covariance 
matrix of the errors. Approaches have been proposed for system-
atically characterizing the measurement error covariance ma-
trix for a given experimental platform [8, 18, 45], together with 
methods based on fitting the Wishart distribution [9].

In the absence of knowledge of the error structure and relative 
error size, the interpretation of a PCA model is on an uncer-
tain ground. Therefore, we advocate, when possible, to assess 
explicitly the nature and size of measurement error involved 
in the variables that are to be subjected to PCA. Ideally, the 
resulting knowledge can be incorporated in an adapted PCA 
version. We believe it would be of interest in future research 
to develop methods to express the uncertainty in the model es-
timates that is due to the estimated (rather than known) error 
properties.
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FIGURE 10    |    (A) Expected variance (red curve) of xj  (81) generated in the presence of multiplicative and additive errors  (80) as a 
function of the population mean �0j. The realized variance over 100 replicates of xj is represented by the blue dots. Simulation realized with 
�2xj

= �2auj
= �2acj

= �2muj
= �2mcj

= 1. For small �0j (→ 0), additive measurement can be considered to be present; for large values �0j → ∞, the 
multiplicative error dominates. (B) Expected correlation coefficient �12 between x1 and x2 as a function of the different realizations of error parameters 
for different values of the true correlation �012. The shadowed area encloses the maximum and the minimum of the values of �12 calculated in the 
simulation using the different error parameters. The dots represent the realized values of �, solid lines the fifth and the 95th percentiles of the 
observed values. (B) is adapted from Figure 6 in [7].
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