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1.1 Xylem cell wall patterning
Plants need water to grow, and even the tallest trees acquire their water via their roots,
which poses a challenge in transporting this water from the roots all the way up to the
leaves. To meet this challenge, plants possess a system of vessels known as the xylem.
Water transport through these xylem vessels is thought to be driven by evaporation of
water at the leaves, creating a negative pressure that pulls the water trapped in the ves-
sels upwards (the ‘cohesion-tension theory’) [1]. The walls of the xylem vessels must be
strong enough to withstand this negative pressure, otherwise they would collapse, block-
ing water transport [2].

Xylem vessels are formed by cells that deposit thick secondary cell wall reinforce-
ments after which they undergo programmed cell death [3, 4]. The secondary cell wall
depositions give the xylem vessels their strength [5] and show a variety of intricate and
highly functional patterns, in particular in primary xylem, the xylem that develops first in
the growing tips of roots and shoots. Primary xylem exists in two types: protoxylem and
metaxylem [6]. Protoxylem develops first, when the surrounding tissue is still elongating
and must be able to expand along with it. Therefore, protoxylem cell walls are reinforced
in rings or spirals. Metaxylem develops when this expansion has stopped, and can there-
fore be more rigid and durable. Consequently, its secondary cell wall only contains some
regularly spaced pits for radial transport [7–9] (Fig 1.1).

Fig. 1.1. Primary xylem patterning. Patterned secondary cell walls follow an underlying pattern of cortical
microtubules, which is specified by the local activity of ROP proteins at places where microtubules are absent.
Early developing protoxylem forms ringed or spiral cell wall reinforcements to allow further stretching, whereas
later developing metaxylem forms a more rigid secondary cell wall with regular gaps for radial transport.

This thesis is about trying to understand these patterning processes. Models are useful
tools to increase our understanding of patterning processes, both to test if a proposed set of
biological interactions can in principle explain the observed patterns, and to explore and
understand the underlying mechanisms through which these interactions form the pattern.
Well-known examples of patterns that have been modelled include coloured patterns on
fur [10, 11], skin [12–14], or shells [15, 16], and patterned growth of vegetation [17–21].
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These patterns have mostly been modelled with so-called reaction-diffusion mechanisms
that will be covered in more detail below. Patterning processes, however, are much more
abundant and diverse than those examples. They also include, for example, the regular
spacing of hairs [22], feathers [23], and trichomes (leaf hairs) [24], and the positioning of
our digits [25], plant vascular bundles [26], lateral roots [27, 28] and root nodules [29].
Models have also been vital in understanding patterning processes within a cell. Examples
include processes that determine cell shape [30, 31] and cell wall structure [32, 33], but
also processes that establish cell polarity, e.g., for directed movement [34], tip growth
[35–37], or cell division [38–42].

At the cellular level, two vital molecular players often play a role in patterning pro-
cesses at the cell membrane: small GTPases and the cytoskeleton. In xylem patterning,
ROP (Rho of Plants) proteins (the small GTPases of plants) and microtubules (part of the
cytoskeleton) interact to generate the final cell wall pattern [43] (Fig 1.1). It is this interac-
tion that makes developing xylem a particularly interesting model system for understand-
ing spatial organisation at the cellular level. Furthermore, their molecular properties allow
ROPs and other small GTPases to spontaneously form patterns through reaction-diffusion
mechanisms [44, 45]. Therefore, I will first discuss the concept and applicability of these
reaction-diffusion systems. Then, I will introduce small GTPases and microtubules and
their models in more detail, before returning to our current understanding of their inter-
action in xylem patterning and the gaps in our knowledge that this thesis aims to fill.

1.2 Pattern formation mechanisms

1.2.1 Reaction-diffusion mechanisms
Reaction-diffusion mechanisms are a well-known way of spontaneous pattern formation.
Reaction-diffusion systems can spontaneously give rise to a heterogeneous pattern from
an initially homogeneous state with a small amount of random noise. They were first pro-
posed as a patterning mechanism for morphogenesis by Alan Turing in 1952 [46], with
major contributions towards biological applications by Gierer and Meinhardt [47]. Clas-
sically, these mechanisms are based on local self-enhancement and long-range inhibition
of a diffusive activator, with many variants that are mathematically equivalent at a deep
level [48, 49]. Interestingly, diffusion is actually essential to this type of patterning, even
though it is usually associated with homogenisation.

The two best known examples are activator-inhibitor and activator-substrate-depletion
models. In the former, a slowly diffusing activator induces the production of a fast dif-
fusing inhibitor, such that self-amplification of the activator can occur locally, while the
resulting production of inhibitor prevents the same in the surrounding area. In substrate-
depletion models, a slowly diffusing activator consumes a fast diffusing substrate, such
that local self-amplification drains the substrate from the surrounding area, preventing
further activator accumulation in this drained area. Both these mechanisms satisfy the
criteria of local self-enhancement and long range inhibition [47]. On two-dimensional
spatial domains, both mechanisms are able to create a wide variety of patterns, including
spots, stripes, and gaps, depending on the precise structure of the model, the parameter
values, and the shape and size of the domain. [50–52].
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1.2.2 Not every pattern is a Turing pattern
Since Turing-style reaction-diffusion systems offer a convenient description of sponta-
neous pattern formation, it is tempting to see Turing patterns everywhere. However, there
are alternative ways of pattern formation, especially when some form of positional infor-
mation is already available. A classical model for these situations is the so-called ‘French
flag model’, in which a gradient of a so-called ‘morphogen’ provides positional infor-
mation that can be used to divide a domain into distinct regions [53]. Such a gradient
may be formed, for example, by local production and subsequent diffusion of a signal
molecule. In multicellular systems, a secondary pattern can then be formed by expression
of genes above or below certain morphogen concentration thresholds [54]. In Drosophila,
a periodic pattern of 14 bands along the length of the embryo, with alternating expression
of so-called pair-rule genes, is affected by multiple morphogen gradients, rather than a
Turing mechanism [55, 56]. Alternatively, a periodic pattern may be generated by a mov-
ing wavefront that triggers a different response depending on the status of an oscillator.
This ‘clock and wavefront’ mechanism is implicated in segmentation in a variety of other
arthropods than Drosophila [57] as well as in vertebrate somitogenesis [58].

In general, we can expect these kind of mechanisms when pre-existing polarity infor-
mation is required (e.g, the orientation of the body axis), whereas Turing patterns excel
in forming periodic patterns in absence of such information, merely specifying distances
between spots or stripes [59]. Sometimes, a Turing pattern must be combined with pre-
existing polarity information to obtain a regular pattern in the right orientation. For exam-
ple, in digit specification, a Turing mechanism specifies which cells become digits, while
a morphogen gradient specifies digit identity [60]. Xylem patterning may also involve a
combination of Turing patterning and pre-existing polarity information, as the large pe-
riodic patterns suggest a Turing mechanism, while the transversely banded protoxylem
pattern requires information from the orientation of the cell to be incorporated. In addi-
tion, small GTPases like ROPs are ideal proteins for reaction-diffusion mechanisms.

1.3 Small GTPases
Small GTPases (henceforth referred to as GTPases) are a type of signalling proteins that
function as molecular switches (Fig 1.2). They include Ras GTPases (absent in plants)
involved in cell proliferation, Ran GTPases involved in nuclear transport, Rab GTPases
involved in membrane trafficking, Arf GTPases involved in vesicle budding, and Rho
GTPases (ROPs in plants) involved in cytoskeletal regulation [61]. They can exist in a
GTP-bound active form and a GDP-bound inactive form. The active form can be inacti-
vated by hydrolysing its own GTP molecule to GDP [62], whereas the inactive form can
be activated by exchanging its GDP for a fresh molecule of GTP [63]. The activity of
the GTPases is regulated by other proteins. GAPs (GTPase activating proteins) deacti-
vate GTPases by promoting their GTP hydrolysing activity [64], while GEFs (Guanine
nucleotide Exchange Factors) activate GTPases by promoting exchange of GDP for GTP
[63]. In addition, active GTPases are largely membrane-bound, while inactive GTPases
are actively removed from the membrane by GDIs (GDP dissociation inhibitors) [65].
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Fig. 1.2. Small GTPases as molecular switches. Active GTPases are bound to GTP and inactive GTPases to
GDP. Active GTPases can be inactivated by hydrolysing their GTP. GAPs can accelerate this process. Inactive
GTPases can be activated by exchanging their GDP for GTP under the influence of GEFs. Active GTPases
are bound to the cell membrane with a hydrophobic tail. Inactive GTPases are selectively removed from the
membrane by GDIs.

1.3.1 Small GTPases in reaction-diffusion systems
A major consequence of this GDI cycling is that active GTPases diffuse much slower
than inactive GTPases [66, 67]. Consequently, small GTPases are ideal molecules for
pattern formation through Turing mechanisms, in particular the substrate depletion vari-
ant. The only remaining requirement of a substrate depletion mechanism is a form of
self-activation, i.e., the active form must promote activation of the inactive form. This
self-activation has been demonstrated experimentally for several systems [68] and has
been shown to be sufficient for spontaneous pattern formation in vitro [69]. For these
reasons, it is not surprising that small GTPases are involved in many instances of cellu-
lar patterning, including numerous tip growing systems [35, 70–73], directed cell move-
ment [74], cell division site selection [39, 75–77], pavement cell morphogenesis [78], and
xylem cell wall patterning [43, 79].

1.3.2 Mass conservation
Two of the GTPase patterning processes most often explored with models are those under-
lying bud formation in yeast and directed movement of animal cells [44, 45, 80]. Both are
examples of cell polarisation, where a single cluster of active GTPases forms to specify
the site of the future bud [81] or the front of the moving cell [82]. These models clas-
sically assume that the total amount of GTPase is conserved, often referred to as ‘mass
conservation’ [45]. Since the GTPase dynamics and interactions are based on activity,
rather than on production and degradation, this is a reasonable assumption in studies with
time scales on which GTPase turnover can be neglected.



1

6 CHAPTER 1

In contrast to the classical Turing models, these mass conserved reaction-diffusion
models have a tendency to ultimately yield only one single cluster of active GTPase.
The reason for this property is that different clusters compete for available GTPase and
the initially largest cluster usually wins [40, 83–86], in a process is similar to surface-
tension-driven coarsening [87]. Therefore, mass conservation is a convenient ingredient
for polarisation models that must ensure that a single spot is designated as the front of the
cell or the site of bud formation [85]. However, this property of mass conserved models
is undesirable in situations where multiple GTPase clusters are required, such as during
the splitting of tip growing hyphae [88], the development of the lobes and indents of
pavement cells [89–91], and the patterning of the xylem cell wall [7]. A central question,
therefore, is how GTPase models can realistically be adjusted to allow the formation of
these patterns with multiple GTPase clusters.

1.4 Microtubules
Another key player in pattern formation at the cell membrane is the cytoskeleton [92–
94]. The cytoskeleton consists of different types of filaments of which actin filaments and
microtubules are the most well-known [95]. For membrane patterning in animals, it is
mostly the actin cytoskeleton that is involved, which interacts with GTPases to establish
cell polarity and influences cell shape and motility [82, 96]. While actin is also involved in
membrane patterning in plants [97], a more central role is played by the so-called cortical
array of microtubules attached to the inside of the cell membrane [98]. The cortical
microtubule array determines the structure and orientation of new cell wall material and
is involved in a variety of patterning processes, including pavement cell morphogenesis
and xylem cell wall patterning [92]. The main focus of this thesis is on xylem patterning
in plants, so we will elaborate a bit more on microtubules in this section.

1.4.1 Microtubule properties
At the molecular level, microtubules are stiff tube-shaped polymers made up of typically
13 protofilaments that in turn consist of a chain of tubulin subunits. The tubulin subunits
are dimers of α- and β -tubulin proteins, which in the microtubule are all oriented in the
same direction, giving the microtubule two distinct ends: a minus end with exposed α-
tubulin, and a plus end with exposed β -tubulin [99].

Microtubules are highly dynamic structures. Their plus ends switch between growing
and shrinking states in a process called dynamic instability. Microtubule stability depends
on the presence of a so-called GTP cap, which stabilises the microtubule, preventing
shrinking [100]. The newly incorporated tubulin dimers at a growing plus end are bound
to two molecules of GTP: one for the α- and one for the β -tubulin. The α-tubulin-
bound GTP is stable, but the other one is hydrolysed to GDP at some point of time after
incorporation. Therefore, the terms GTP-tubulin and GDP-tubulin will refer to subunits
of which the β -tubulin is bound to GTP or GDP, respectively. The conversion of GTP-
tubulin to GDP-tubulin after incorporation gives the growing microtubule a GTP cap,
while the remaining microtubule lattice consists of GDP-tubulin. If the GTP cap shrinks,
the microtubule is eventually destabilised, causing it to start shrinking by releasing its
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GDP-tubulin (a so-called ‘catastrophe’; Fig 1.3A) [101]. In vivo, microtubule plus ends
sometimes switch back from shrinking to growing by recruiting a new GTP-cap (a so-
called ‘rescue’) [99]. These rescues may occur, for example, at sites where a damaged
microtubule lattice was repaired with GTP-tubulin or under influence of rescue-promoting
proteins [102]. Microtubule plus ends may also exist in a paused state, neither growing
nor shrinking. However, the existence of this state does not seem important for the overall
behaviour of the array, as the three state model (growing, shrinking, pausing), can be
mathematically mapped onto the two state model (growing and shrinking only) [103].
The minus-ends are less dynamic and tend to show net retraction, leading to microtubules
that appear to move forward by gaining tubulin at one end and losing it at the other, a
process known as ‘hybrid treadmilling’ [104].

Fig. 1.3. Microtubule dynamics. (A) Microtubules switch between growing and shrinking states. Growing
plus-ends consume GTP-tubulin. When the GTP cap is running out, it becomes increasingly likely that the
microtubule undergoes a catastrophe and starts shrinking. Shrinking releases GDP-tubulin, which must be
turned into GTP-tubulin before it can be used again. When a shrinking microtubule undergoes a rescue, it starts
growing again. (B) Microtubule interactions. Collisions at small angles result in bundling, while collisions
at larger angles give rise to crossovers or induced catastrophes. Katanin severs the overlying microtubule at
crossover intersections.

In plants, new microtubules form at large protein complexes with rings made up of
a γ-tubulin, the so-called ‘γ-tubulin ring complexes’ [105, 106]. These complexes bind
microtubules and tend to nucleate faster when they are microtubule-bound [107, 108]. As
a consequence, the majority of nucleations typically occur from existing microtubules,
oriented either parallel or antiparallel to the parent microtubule or branching at an angle
of around 35° [109].

Since plant cortical microtubules are attached to the inside of the cell membrane,
they effectively exist in a two-dimensional space, making regular collisions of growing
microtubules inevitable. The outcome of such collisions depends strongly on the col-
lision angle. Small collision angles (. 40 °) generally result in microtubule bundling,
where the colliding microtubule continues growing along the microtubule it ran into [110]
(Fig 1.3B). Larger collision angles, in contrast, generally either result in an induced catas-
trophe, where the colliding microtubule starts shrinking, or a crossover, where the collid-
ing microtubule grows over the other one and continues growing in (approximately) its
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original direction [110]. The resulting crossover intersections are a preferred target of the
microtubule severing protein katanin (Fig 1.3B), which predominantly severs the overly-
ing microtubule (i.e., the one that came last) [111, 112]. The severing creates a new minus
end on the front part that starts retracting and a new plus end on the back part that, in gen-
eral, starts shrinking as it doesn’t start with a GTP-cap [112]. However, in some special
cases, like during blue light induced array reorientation, many severed plus-ends undergo
rescues under the influence of CLASP proteins and will start growing instead [113].

1.4.2 Microtubules and cell wall structure
An important function of the cortical array is to guide cell wall deposition [114–116]. The
cortical microtubules determine the position where both cellulose synthase complexes
[117, 118] and secretory vesicles with cell wall components [119] are delivered. They
also guide the cellulose synthase complexes while these create cellulose microfibrils on
the outside of the cell membrane, such that the orientation of these microfibrils follows
the orientation of guiding microtubules [120–122]. The position and orientation of the
cellulose fibres, in turn, affects the shape of the cell by restricting the directions in which
the cell can expand [123]. In this way, microtubules affect the shape and mechanical
properties of the plant cell. The microtubule array also responds to a wide variety of
cues, including cell shape [124–127], mechanical forces [128, 129], environmental signals
[31], and developmental cues [33, 130]. The array integrates these different kinds of
information and adjusts the cell wall accordingly, which in turn affects the mechanical
information the array receives, creating a feedback loop [131].

1.4.3 Microtubule self-organisation
Plant cells come in many shapes and sizes, requiring a wide variety of cell wall struc-
tures, and consequently, cortical array organisations, to adopt a wide range of forms, from
the fairly standard elongated cell to the puzzle-piece-shaped pavement cell and the in-
tricately patterned xylem cell wall [92]. This large variety is possible, not just because
of the various external signals the array responds to, but also due to its remarkable abil-
ity to organise itself in many different ways [132]. Modelling studies have proven to be
instrumental in understanding the mechanisms behind microtubule self-organisation, in
particular regarding the ability to form aligned arrays with most microtubules oriented in
the same direction [133]. These studies have shown that the core mechanism behind this
alignment (often referred to as ‘survival of the aligned’) is that microtubules that don’t
follow the prevalent direction are more likely to suffer an induced catastrophe and sub-
sequently disappear [134–137]. Typically, a crossover followed by katanin severing will
have a similar effect [138], consistent with the finding that katanin promotes alignment
in experiments [139]. Moreover, the system can be tuned such that katanin has an op-
posite effect [140], such as during blue light induced array reorientation, where a large
fraction of severed plus-ends is rescued by CLASP [113]. In that case, katanin severing
can become a way of amplifying discordant microtubules, kickstarting the reorientation
of the microtubule array [31, 141–144]. Models have also provided insight into other as-
pects of microtubule self-organisation, including selection of the cell division plane [42],
formation of the preprophase band [145], and feedback from cell shape [125, 127].
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Models of microtubule self-organisation mostly describe the formation of homoge-
neous arrays. Interaction of microtubules with ROPs allows the formation of various
more elaborate patterns. For example, the pavement cells of the leaf epidermis get their
characteristic puzzle-piece shape from the local activity of three ROPs, with ROP2 and
ROP4 acting redundantly in the lobes and ROP6 active in the indents, combined with mi-
crotubules guiding cellulose deposition in the indents and actin filaments involved in lobe
extension [78, 146]. Developing primary xylem (protoxylem and metaxylem) is another
example, since a combination of ROPs and microtubules is involved in the deposition of
the intricately patterned secondary cell wall [43]. As xylem development involves cells
of a constant and relatively simple cylindrical shape, it makes an ideal model system for
studying membrane patterning by ROPs and microtubules, which is why it forms the main
focus of this thesis.

1.5 ROPs and microtubules in xylem patterning
During primary xylem development, the microtubule array, which guides cell wall depo-
sition, must organise itself into the patterns that are later on observed in the secondary
cell wall depositions of both protoxylem [122] and metaxylem [147] patterns. In meta-
xylem, this microtubule organisation has been shown to depend on the local activity of a
ROP protein (ROP11) at the future pit sites, where it recruits effector proteins (MIDD1,
Kinesin13A) that destabilise microtubules [147–149]. Less is known about protoxylem
development, but there are also indications of ROP involvement [150]. Moreover, it has
been found that the same ROP effectors are expressed as in metaxylem [151, 152], and
that microtubules are locally destabilised in future gap regions [33], further implicating
ROPs in protoxylem development.

If the formation of the xylem microtubule pattern requires a ROP pattern, this raises
the question how this ROP pattern is formed. We have already seen that small GTPases
like ROPs are ideal candidates for spontaneous pattern formation through a reaction-
diffusion mechanism. Such a mechanism has also been proposed for ROP11 in meta-
xylem, where a GEF and a GAP protein have been identified that both accumulate at sites
of high ROP activity, suggesting potential positive and negative feedback loops [148].
A recent modelling study found parameter regimes in which interactions between these
components could generate a spotted ROP pattern, as required for metaxylem [32].

From the above, it may seem that the patterning process of primary xylem is a linear
process: a ROP pattern forms spontaneously and determines the microtubule pattern,
which in turn determines the cell wall pattern. This view already raises the question how
the microtubule array can adjust to the underlying ROP pattern. Microtubules, however,
also influence the ROP patterning. In metaxylem, the ROP pattern can be flattened to an
almost protoxylem-like appearance by adding the microtubule-stabilising drug taxol [148]
or altering the expression of various MAPs (microtubule-associated proteins) [153–155].
These effects appear to be the result of microtubules acting as a kind of diffusion barrier
for membrane-bound active ROP and associated effectors [148]. This barrier function
requires IQD13, a protein that can bind to both microtubules and the plasma membrane
[154, 156], and is counteracted by detachment of microtubules from the membrane by
CORD (cortical microtubule disordering) proteins [155]. How this interplay between
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ROPs and microtubules is capable of generating the variety of protoxylem and metaxylem
patterns is still an open question and will be the main theme of this thesis.

1.6 Aim and thesis outline
In this thesis, I aim to answer several crucial questions about the mechanisms behind
xylem patterning. In particular, I aim to gain insights into how the ROP patterns form,
how microtubules influence ROP patterning, and how microtubules can follow an existing
ROP pattern, uncovering various aspects of the mutual interaction between the two in the
process. Since the mechanisms to be studied are underlying many other patterning pro-
cesses in nature, the answers will be relevant to many other systems than xylem patterning
alone.

First of all, a ROP pattern of multiple stripes (protoxylem) or spots (metaxylem) is
required (Fig 1.1), which is not possible with the commonly used mass-conserved small
GTPase models, as these consistently generate but a single cluster [40, 83–86]. Chapter 2
will, therefore, focus on the question how stable patterns with multiple coexisting clusters
of ROPs (or other small GTPases) can be formed. Clues from existing literature [86, 157]
and comparisons with other models [16, 158] lead to the hypotheses that including either
GTPase turnover or a form of negative feedback can stabilise cluster coexistence. In addi-
tion to a detailed exploration of these hypotheses, chapter 2 also includes an investigation
of the mechanisms behind polarisation and coexistence.

The ringed or spiral protoxylem pattern requires a pattern of coexisting stripes, which,
moreover, must have the correct orientation. How this orientation is achieved, is the cen-
tral question of chapter 3. Classical reaction-diffusion systems tend to generate curved
patterns because of unresolved topological defects [49, 50]. They only produce bands
with a controlled orientation in presence of an oriented prepattern [13] or when the do-
main is narrow relative to the wavelength of the pattern [10, 49]. The latter is the case for
some animal tails, but not for protoxylem. Therefore, there must be another mechanism
that orients the stripes relative to the cell axis. Chapter 3 explores the hypothesis that this
mechanism is based on a longitudinal diffusion restriction of active ROP imposed by an
initially homogeneous microtubule array with a transverse orientation. This hypothesis
is based on the diffusion barrier effect of microtubules [148, 154] and the observation
that band formation starts from a transversely oriented microtubule array [159]. We fur-
ther analyse the effect of diffusion restriction to gain a mechanistic understanding of the
orienting power of the proposed mechanism.

The remaining chapters revolve around the patterning of microtubules. Chapter 4
deals with the question how microtubules can be equally distributed over an array struc-
ture when most nucleations occur from existing microtubules [109]. All efforts to include
this microtubule-bound nucleation in simulations have resulted in highly inhomogeneous
microtubule-arrays [135, 136, 160, 161]. This effect is strong in protoxylem simulations,
in which most microtubules turn out to end up in only one or two bands [33]. However,
this inhomogeneity problem also applies to all situations where an even distribution of
microtubules is required, including in metaxylem patterning and the formation of trans-
verse arrays in elongating cells. The inhomogeneity problem is caused by the density-
dependent implementation of microtubule-based nucleations, in which larger clusters of
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microtubules attract more nucleations and grow even larger at the expense of smaller
clusters (see, e.g., [160]). The result is a global competition for nucleations much like the
GTPase competition observed in mass-conserved reaction-diffusion models. Chapter 4
compares two competing hypotheses for how cells avoid this inhomogeneity problem:
(1) a local limitation of the amount of tubulin available for making microtubules and (2)
a local limitation of the number of nucleation complexes available for nucleating new mi-
crotubules. These hypotheses are tested using a simplified microtubule model in which
all microtubules have a perfectly transverse orientation, allowing for a computationally
efficient implementation of these two very different mechanisms. Additionally, combin-
ing this modelling effort with experiments reveals new aspects of nucleation complex
dynamics.

With these new insights on microtubule nucleation and array homogeneity, we move
back to the full two-dimensional array context in chapter 5. We focus on the case of
protoxylem patterning, for which detailed experimental data on microtubule dynamics
is available [33]. Contrary to the simple model of chapter 4, co-alignment between
microtubules and the ROP pattern is no longer automatic. It turns out that some co-
alignment is, in fact, expected, since the ROP pattern can orient itself to the initial micro-
tubule array (chapter 3). Microtubules also appear curved in microscopic pictures (e.g.,
[33, 90, 122, 144, 162]). Therefore, some microtubule modelling studies include mi-
crotubule flexibility by adding random fluctuations to the microtubule growth direction
[126, 127]. This feature may allow for correction of small deviations in co-alignment. In
chapter 5, we therefore add co-alignment, microtubule flexibility, and a simplified nucle-
ation mode based on the findings from chapter 4 to existing two-dimensional microtubule
simulations of protoxylem [33]. With these improvements, we are much better able to
simulate protoxylem band formation with measured microtubule dynamics than in the
original manuscript [33]. Moreover, the issues that remain point to additional require-
ments for band formation that fall outside the measured data.

Together, these chapters provide new insights into the way microtubules affect ROP
patterning and ROPs affect microtubule patterning and emphasise the importance of the
mutual interaction between the two in xylem patterning.
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Abstract
Many biological processes have to occur at specific locations on the cell membrane. These
locations are often specified by the localised activity of small GTPase proteins. Some
processes require the formation of a single cluster of active GTPase, also called unipo-
lar polarisation (here “polarisation”), whereas others need multiple coexisting clusters.
Moreover, sometimes the pattern of GTPase clusters is dynamically regulated after its
formation. This raises the question how the same interacting protein components can
produce such a rich variety of naturally occurring patterns. Most currently used models
for GTPase-based patterning inherently yield polarisation. Such models may at best yield
transient coexistence of at most a few clusters, and hence fail to explain several impor-
tant biological phenomena. These existing models are all based on mass conservation of
total GTPase and some form of direct or indirect positive feedback. Here, we show that
either of two biologically plausible modifications can yield stable coexistence: including
explicit GTPase turnover, i.e., breaking mass conservation, or negative feedback by ac-
tivation of an inhibitor like a GAP. Since we start from two different polarising models
our findings seem independent of the precise self-activation mechanism. By studying the
net GTPase flows among clusters, we provide insight into how these mechanisms operate.
Our coexistence models also allow for dynamical regulation of the final pattern, which we
illustrate with examples of pollen tube growth and the branching of fungal hyphae. To-
gether, these results provide a better understanding of how cells can tune a single system
to generate a wide variety of biologically relevant patterns.
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2.1 Introduction
Many cellular processes must occur at specific locations on the cell membrane. Examples
range from the formation of a yeast bud [164], to the localised reinforcements of plant cell
walls [165], to coordination of directed cell movement in animals [74]. The localisation
of these processes is determined by the local activity of highly conserved small GTPase
proteins (e.g., Rho, ROP, Rac, Ras, henceforth referred to as GTPases) [166]. In some
cases, such as yeast budding, a single cluster of active GTPase forms, resulting in unipolar
polarisation (henceforth referred to as polarisation). In others, e.g., patterned plant cell
wall reinforcement, the GTPase pattern consists of many coexisting clusters (Fig 2.1A).
This raises the question how the same biological system can generate different types of
patterns. Mathematical models are an important tool in understanding the mechanisms
of de novo pattern formation, but thus far, the commonly used models for GTPase-based
patterning, which were initially developed for explaining polarisation, cannot produce
stable coexistence [44, 45].

Small GTPases function as molecular switches with an active, GTP-bound form and
an inactive, GDP-bound form (Fig 2.1B). They can be switched on by Guanine nucleotide
Exchange Factors (GEFs), which facilitate exchange of GDP for GTP, and off by GTP hy-
drolysis, which can be accelerated by GTPase Activating Proteins (GAPs) [64, 167]. The
active form is membrane-bound, whereas the inactive form is removed from the mem-
brane by Guanine nucleotide Dissociation Inhibitors (GDIs) [65]. Since diffusion in the
cytosol is much faster than at the membrane [66, 67], the inactive form effectively dif-
fuses much faster than the active form. This difference in diffusion is one of the classi-
cal ingredients for pattern formation through a Turing-type reaction-diffusion mechanism
[46, 47], making these GTPases particularly suitable for membrane patterning in biologi-
cal systems.

Many theoretical studies have been performed on the role of GTPases in polarisa-
tion, for cells of organisms as diverse as animals, yeast, and the cellular slime mold Dic-
tyostelium discoideum [44]. Most of these models involve some form of positive feed-
back, either through direct or indirect self-activation or through double negative feedback
between two antagonistic GTPases. In addition, these models generally do not include
protein turnover, so GTPase is only interconverted between active and inactive form, and
not produced or degraded (generally referred to as mass conservation). These two prop-
erties seem to form a robust recipe for polarisation [40, 83, 84, 168, 169].

However, GTPases also play important roles in the formation of other patterns than
simple polarisation. For example, cell wall patterning in at least one common type of
plant vasculature, the metaxylem, relies on a pattern of multiple clusters of a GTPase
[147–149]. The interdigitated pattern of plant leaf epidermal cells (pavement cells) is
under the control of two antagonistic classes of GTPase [89–91]. Furthermore, several
GTPases are implicated in the outgrowth of multiple dendrites from neuron cell bodies
[166].

Particularly interesting in this context is the role of GTPases in tip growing systems,
where the pattern of GTPase clusters may be dynamically regulated, adding an extra layer
of complexity. In these systems, a cluster of active GTPase determines the tip region of
a growing tube. Some of these systems, such as root hairs [70] and pollen tubes [71],
have a single growing tip. In others, such as fungal hyphae, multiple tips can exist si-
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Fig. 2.1. Models for GTPase-based membrane patterning. A: Types of GTPase-based membrane patterns
that occur in living cells. Some situations require the formation of a single cluster of GTPase (polarisation,
left), whereas others require stable coexistence of multiple clusters (right). B: Active GTP-bound GTPases
are inactivated by hydrolysis of GTP to GDP under the influence of GAP proteins. Inactive GTPases can be
activated by GEF proteins that promote the exchange of GDP for GTP. GTPases can bind to the cell membrane
with their hydrophobic tails, but the inactive form is selectively taken out by GDI proteins. C: Interaction
motifs of the reaction diffusion models. Solid lines indicate conversions and dashed lines indicate interactions.
Positive interactions are indicated by arrowheads and negative interactions by perpendicular lines. Stars indicate
the active form of GTPase.

multaneously, each with their own cap of active GTPase. More importantly, new clusters
can appear even after others have already been established, resulting in branching. This
is important for the establishment of a mycelial network [73, 170]. Additionally, in both
pollen tubes and hyphae, growth can proceed in pulses, with the GTPase cap diminishing
or disappearing as growth slows or halts [171, 172].

This more complex growth requires the coexistence of multiple clusters as well as the
de novo generation of new clusters besides existing ones. Studying these processes in one
dimension (1D), as is often done for polarisation, saves computational time, but can pro-
duce misleading results. For example, many mass conserved reaction-diffusion models
for polarisation show phase separating behaviour [84, 173, 174]. Phase separation is char-
acterised by the minimisation of interface length and total curvature in two dimensions
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(2D), causing clusters to compete until only one remains [175]. In 1D, however, only
the (discrete) number of interfaces can be minimised. Consequently, the meta-stable state
with multiple clusters that these polarisation models can produce in 1D [84, 173, 174], is
likely to be much less stable in 2D.

All this implies that in 2D, multiple domains can only (apparently) stably coexist if
supported by an irregular geometry such as the lobe-and-indent shape of leaf epidermal
(pavement) cells [30]. A phase separating system, however, cannot explain the initial
formation of such a geometry, nor the appearance of additional lobes as these cells grow
[176]. These issues of dimensionality and de novo cluster formation also apply to a recent
theoretical study that proposes that saturation of self-activation, resulting in flat concen-
tration profiles, could slow down the competition between clusters to the extent that they
can coexist on biologically relevant time scales [177]. Therefore, a mechanism that allows
for truly stable coexistence would offer a more parsimonious explanation for phenomena
that require multiple GTPase clusters in a single cell.

From literature we have found two potential ways of obtaining stable coexistence.
Firstly, where GTPase-based polarisation models are typically mass conserved, turnover
is present in highly similar classical activator substrate-depletion models, which are able
to produce stable coexistence (e.g., [16]). Mass conservation has been suggested to play
an important role in the winner-takes-all mechanism [83] and an adaptation of a polari-
sation model with production and degradation terms can generate multiple peaks in 1D
[158]. These results indicate that sufficiently large GTPase turnover on relevant time
scales might explain the stable coexistence of multiple GTPase clusters. Whether that is
a reasonable assumption may depend on the system.

Secondly, a parameter regime that allows stable coexistence has been reported without
further investigation in a modelling study on negative feedback in polarisation of budding
yeast [157]. This suggests a negative feedback that limits the growth of larger clusters
may also explain stable coexistence, but this mechanism remains to be fully characterised.
Some experimental evidence for negative feedback through the recruitment of GAPs has
been found in the case of metaxylem patterning [148].

Here, we aim for a unified understanding of all biologically relevant GTPase-based
patterns. Our goal is threefold: (1) to find out which GTPase interaction motifs can make
the difference between polarisation and stable coexistence in de novo GTPase-based pat-
terning of 2D membranes, (2) to understand why these differences in GTPase interactions
lead to different patterns, and (3) to explore the options these mechanisms offer for dy-
namic regulation of membrane patterning.

We consider the interaction motifs from two existing partial differential equation
(PDE) models for polarisation and extensions thereof with GTPase turnover and with neg-
ative feedback (See Fig 2.1C and Table 2.1 for an overview). These polarisation models
are the so-called “Wave Pinning” (WP) model [84] with a single GTPase directly stimu-
lating its own activation, and the “Mutual Inhibition” (MI) model [168] with two GTPases
inhibiting each other’s activation. The use of these two different models allows us to draw
conclusions that do not depend on the positive feedback mechanism. We break the mass
conservation of these models by adding turnover (WPT and MIT, respectively). Nega-
tive feedback is included by having mass conserved GTPases activate their own GAP. We
consider the WP model with a single GAP (WPGAP) and the MI model both with a GAP
for one GTPase (MIGAP1) and GAPs for both GTPases (MIGAP2). To study the entire
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process of de novo cluster formation, we perform simulations starting from a homoge-
neous state with noise on a 2D domain sufficiently large for the formation of complex
patterns. We found that both polarisation models indeed robustly yield a single GTPase
cluster, whereas either breaking mass conservation or adding GAP feedback appears to
be sufficient for stable coexistence. We also provide insight into the way these mech-
anisms operate, by using ordinary differential equation (ODE) models derived from the
PDEs to study fluxes between competing clusters. Finally, we revisit the tip growing sys-
tems to explore the options that the different mechanisms offer for dynamically regulating
established patterns. In particular, our findings reveal conditions that allow for branching.

Table 2.1. Characteristics of the different models. WP = wave pinning, MI = mutual inhibition, WPT = WP
with turnover, MIT = MI with turnover, WPGAP = WP with GAP feedback, MIGAP1 = MI with GAP feedback
on one GTPase, MIGAP2 = MI with GAP feedback on both GTPases.

Model Positive
feedback

Mass
conservation

Number of
GTPases

Number of
GAPs

Number of
variables

WP Direct Yes 1 0 2
MI Double negative Yes 2 0 4
WPT Direct No 1 0 2
MIT Double negative No 2 0 4
WPGAP Direct Yes 1 1 4
MIGAP1 Double negative Yes 2 1 6
MIGAP2 Double negative Yes 2 2 8

2.2 Results

2.2.1 Simple mass conserved models can only result in polarisation
In this section we study the wave pinning (WP) and mutual inhibition (MI) models, which
have in common that the total amount of GTPase is conserved. Both can be written in the
following dimensionless form (see Appendices 2.8.1):

∂ui

∂ t
= f (ui,vi,u j)+∇

2ui

∂vi

∂ t
=− f (ui,vi,u j)+Dv∇

2vi

for i, j ∈ {1,2}, i 6= j,

(2.1)

where ui and vi are the concentrations of the ith active and inactive GTPase respectively,
Dv is the ratio between diffusion coefficients of inactive and active GTPase (� 1), and
f represents the interconversion between active and inactive form. For the WP model
ui = u j = u and vi = v j = v, and function f consists of constant activation and inactivation
terms and a saturating self-activation term. The dimensionless form of f is given by:

f (u,v) = bv+ γ
un

1+un v−u, (2.2)

where b is a constant activation rate, γ the self-activation rate at saturation, and n the
hill coefficient describing saturating self-activation. Due to mass conservation, the av-
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erage total (dimensionless) GTPase concentration T is a constant determined by initial
conditions.

For the MI model, function f has constant activation and inactivation terms and a
saturating inhibition term. The dimensionless form is given by:

f (ui,vi,u j) = bivi + γi
1

1+un
j
vi−ui

for i, j ∈ {1,2}, i 6= j,
(2.3)

where bi is the constant activation rate of GTPase i, γi the activation rate of GTPase i that
can be inhibited by GTPase j, and n the hill coefficient describing inhibition. Again, the
total amount of each GTPase is constant and we use the average total GTPase concentra-
tions T1 and T2 as parameters.

We simulated these models on a 2D rectangular domain with periodic boundary con-
ditions in the horizontal direction and zero-flux boundary conditions in the vertical direc-
tion. In this way, our domain is an open cylinder resembling the membrane of a large,
elongated cell with both cytosolic and membrane-bound components diffusing along the
cell periphery, albeit at different rates. For various cell types the actual 3D diffusion of the
cytosolic components may affect shape and/or location of clusters or the precise parame-
ter regime of their formation (e.g., [178]). It is unlikely, however, that the simplification
to 2D affects appearance of phase separating behaviour. Domain sizes were large com-
pared to those used by the original WP model study on polarisation [84], but the other
parameters had similar values (Table 2.2). We enlarged the domain size to ensure domain
size was not limiting the formation of multiple clusters. All simulations started in the
homogeneous steady state (HSS) with a small amount of noise added (see Methods for
details).

As previously predicted [83, 84], both polarisation models consistently generate a
single cluster of active GTPase in a pattern that changes from a spot to a stripe to a gap as
the amount of GTPase increases (Fig 2.2A–C). Transiently, the spot and gap patterns form
from many small clusters of varying sizes, where the larger clusters grow at the expense of
the smaller ones, a process similar to Ostwald ripening [179], although also a few fusions
events occurred (Fig 2.3, S1 Video). Also the single stripe forms from a finer structure,
an elaborate network of band-like structures. In all three cases investigated, patterning
was initiated simultaneously throughout the domain (Fig S2.2, S2 Video), reminiscent
of spinodal decomposition [180]. Typically, spinodal decomposition occurs if there is
no barrier to nucleation, i.e., the system is released in a state where the mixed state is
unstable and immediately starts demixing everywhere. For the spot and gap patterns,
the typical near percolating network and continual pattern coarsening was only visible
early on (mostly t < 100), followed by the amplification of the near-initial set of transient
clusters.

Because of the varying sizes of these transient clusters (Fig 2.3), most disappear
quickly and only the last few compete for a long time. This shows that the previously
proposed mechanism of slow competition [177] cannot explain de novo formation of pat-
terns of many coexisting clusters.

Linear stability analysis (LSA, see Methods) performed on the WP model, reveals
that the domain size used allows multiple different wave numbers to become unstable
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Fig. 2.2. B-I: Steady state active GTPase concentrations ([GTPase]) obtained by model simulations. T =
total amount of GTPase, σ = GTPase production rate. All simulation domains have periodic boundary conditions
in the x-direction and zero flux boundary conditions in the y-direction. Dimensionless domain heights (H) and
widths (W ) are indicated by arrows. For models with two GTPases, only the concentrations of the first GTPase
are shown. In these cases, the second GTPase always clusters where the first does not. Similarly, concentration
profiles of active (u) and inactive (v) GTPase are opposite, with difference in v being much smaller due to
the much higher diffusion constant (A). Default parameters (Table 2.2) were used with indicated values of T
and σ . For the WPGAP model, two different values were used for the active GAP diffusion coefficient (DG).
Concentration ranges and simulation end times for each simulation are shown in Fig S2.1.
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Table 2.2. Descriptions and default values of parameters used for the dimensionless PDE models. In case
of multiple GTPases or GAPs the same values for b, γ , c, d, ξ , and Tg were used for both variants. N.A. = not
applicable.

Model
Parameter Description WP MI WPT MIT WPGAP MIGAP1 MIGAP2

b Base activation rate 0.1 0.1 0.1 0.1 0.1 0.1 0.1
γ Feedback activation rate 2 2 2 2 2 2 2
n Hill exponent of

feedback saturation
2 2 2 2 2 2 2

c GAP activation rate N.A. N.A. N.A. N.A. 1 1 1
d GAP inactivation rate N.A. N.A. N.A. N.A. 1 1 1
T(1) Average concentration of

total GTPase (1)
Variable

T2 Average concentration of
total GTPase 2

N.A. 5 N.A. N.A. N.A. 5 20

σ(1) Production rate of
GTPase (1)

Variable

σ2 Production rate of
GTPase 2

N.A. N.A. N.A. 0.2 or 0.4 N.A. N.A. N.A.

ξ GTPase degradation rate N.A. N.A. 0.1 0.1 N.A. N.A. N.A.
Tg Average concentration of

total GAP
N.A. N.A. N.A. N.A. 10 10 10

Dv Ratio diffusion
coefficients of inactive to
active GTPase

100 100 100 100 100 100 100

DG Ratio diffusion
coefficients of active
GAP to active GTPase

100 100 100 100 100 or 40 100 100

Dg Ratio diffusion
coefficients of inactive
GAP to active GTPase

100 100 100 100 100 100 100

Fig. 2.3. Transient active GTPase concentrations ([GTPase]) from simulations of the WP model with
T = 1.43. Simulation conditions were as in Fig 2.2.

(Fig S2.3). Therefore, the formation of a single cluster cannot be due to the growth of a
single wavelength the size of the domain. Instead, it must result from dynamics that occur
after the initial symmetry breaking, when linearisation is no longer appropriate. This also
means, as previously noted [181], that LSA cannot be used to determine the length scale
of the final pattern, because it is only valid around the homogeneous state.

To visualise regions of parameter space where the homogeneous state is unstable and
patterns form spontaneously (so-called Turing regimes), we generated two parameter bi-
furcation plots. For models with two variables, we used both LSA and the computa-
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tionally simpler asymptotic approximation called “local perturbation analysis” (LPA, see
methods). In these cases, LSA and LPA yielded highly similar results for the Turing
regimes (Fig 2.4). For these reasons, we only used LPA for the larger models. The result-
ing Turing regimes predict where spontaneous pattern formation occurs, but not which
type of patterns are formed. The latter we investigated using numerical simulations. For
the WP model, a pattern (a single cluster, stripe, or gap in this case) can only form if pos-
itive feedback is sufficiently strong (γ must be large enough) and GTPase concentrations
are within a certain range close to where positive feedback is most sensitive. For the MI
model, LPA predicts that a wide range of total GTPase amounts give rise to spontaneous
pattern formation, as long as the amounts of both GTPases are similar (Fig 2.5A). LPA
of both models also predicts a bistable regime surrounding the Turing regime where pat-
terns do not form spontaneously, but may form and be maintained after a sufficiently large
perturbation.

Fig. 2.4. Two parameter bifurcation plots for models with two variables (WP and WPT). Both LSA (top)
and LPA (bottom) analyses were performed on the WP model for parameters T and γ (left) and on the WPT
model for parameters σ and γ , and σ and ξ (right). Cartoons indicate kind of pattern formed in different regimes
(empty square: no pattern, single spot: polarisation, five spots: coexistence). Solid black lines delimit Turing
regimes in which the homogeneous steady state is unstable. Dashed red lines (LPA only) delimit predictions of
regimes in which heterogeneous states exist that may be reached from the homogeneous state by an arbitrarily
large local perturbation. Cyan lines indicate Hopf regimes. Arrowheads indicate default parameters.

2.2.2 Breaking mass conservation is sufficient to allow stable coexis-
tence of multiple active GTPase clusters

To investigate the effect of breaking mass conservation, we extended the two polarisation
models with production and degradation terms. Since translation is a cytosolic process,
we assume that GTPases are produced in their inactive form. Following a previous study
[158], we here consider degradation of the active form. Later, we will also consider
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Fig. 2.5. Two parameter bifurcation plots for LPA analyses on models with more than two variables.
Default parameters were used. The bifurcation plot for the two ratios σ/ξ in the MIT model (B) appears to be
the same regardless of the value of ξ1 = ξ2 = ξ (tested for ξ ∈ {0.05,0.1,0.2,1}). For the WPGAP (C) model,
the active GAP diffusion coefficient (DG) was considered both in the limit DG → ∞ (Fast active GAP) and in
the limit DG → 0 (slow active GAP). Lines delimiting different regimes are coloured as in Fig 2.4. For the MI
models with GAP feedback (D and E) we only considered fast active GAP.

degradation of the inactive form. These assumptions result in the following dimensionless
model equations:

∂ui

∂ t
= f (ui,vi,u j)−ξiui +∇

2ui

∂vi

∂ t
=− f (ui,vi,u j)+σi +Dv∇

2vi

for i, j ∈ {1,2}, i 6= j,

(2.4)

with constant production σi of the inactive form, degradation of the active form with factor
ξi, and f given by Eq. 2.2 or Eq. 2.3. The equations for the WPT model are equivalent to
those used in a previous study [158].

Consistent with previous results in 1D [158], breaking mass conservation allows mul-
tiple clusters to survive (Fig 2.2D and E, S1 Video). As for classical Turing systems
[49], higher GTPase production shifts the pattern from spots to stripes to gaps, suggest-
ing that the most important difference between these models and polarisation models is
indeed mass conservation. In the limit of no turnover, the WPT model converges to the
WP model. Simulations show a gradual decrease in the number of stably coexisting clus-
ters per unit area with decreasing turnover, until a single one remains and polarisation
behaviour is recovered (Fig S2.4).
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As for the WP model, LSA performed on the WPT model reveals many different un-
stable wave numbers (Fig S2.3), although simulations show a different class of patterns
(coexistence instead of polarisation). Bifurcation analysis reveals that, for patterning to
occur, the WPT model also requires a sufficiently large self-activation parameter γ . In
addition, the GTPase production rate σ must be within certain boundaries determined by
degradation rate ξ (Fig 2.4). As before, these results suggest that for patterns to form the
positive feedback should be strong enough, while the active GTPase concentration (σ/ξ

at the homogeneous steady state) should be in a range where it is sensitive to positive feed-
back (around 1 due to non-dimensionalisation). Bifurcation analysis also reveals a Hopf
regime within the Turing regime for the WPT model. Simulations in the Hopf regime re-
veal no oscillations of the final pattern (S3 Video), likely because this regime only applies
close to the homogeneous state. LPA shows that the Turing regime for the MIT model is
considerably less elongated than that for the MI model (Fig 2.5B). In addition, the Turing
regime appears to scale linearly with the degradation rate.

Both models considered here assume degradation of the active form only. Similar
bifurcation and simulation analyses on a model with degradation of the inactive form
only do not reveal regimes that admit stable patterns (see Appendices 2.8.5). This shows
that turnover can only stabilise multiple coexisting clusters if the active form is (also)
degraded. Such degradation could occur, for example, by recycling of membrane patches.

2.2.3 Adding GAP feedback to the mass conserved models is also suf-
ficient to allow for coexistence

To investigate the effect of negative feedback, we modified both the WP and MI model by
including GAP proteins in such a way that both the total amount of GTPase and the total
amount of GAP are conserved. For the MI model, we considered both cases of a single
GAP acting on one of the GTPases (MIGAP1) and one GAP for each GTPase (MIGAP2).
This results in the following dimensionless equations for the GAP models:

∂ui

∂ t
= f (ui,vi,u j)−Giui +∇

2ui

∂vi

∂ t
=− f (ui,vi,u j)+Giui +Dv∇

2vi

∂Gi

∂ t
= ciuigi−diGi +DG∇

2Gi

∂gi

∂ t
=−ciuigi +diGi +Dg∇

2gi

for i, j ∈ {1,2}, i 6= j,

(2.5)

where Gi and gi are the dimensionless concentrations of active and inactive GAP respec-
tively, DG and Dg are the diffusion coefficients of active and inactive GAP relative to that
of active GTPase respectively, ci is the GTPase-dependent GAP activation rate, and di is a
constant GAP inactivation rate. Function f is again defined by Eq. 2.2 or Eq. 2.3. For the
MIGAP1 model, the second GAP (G2 and g2) is absent. Like the total amount of GTPase,
the total amount of GAP is conserved, resulting in additional parameters for the average
total GAP concentration Tg,i.
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Consistent with previous indications [157], addition of GAP feedback results in sim-
ilar patterns as found for breaking mass conservation: multiple clusters of active GTPase
become stable and the pattern shifts from spots to stripes to gaps for increasing levels of
total GTPase (Fig 2.2F–I, S1 Video). For the MI model, adding GAP feedback to only
one of the two GTPases is sufficient to achieve this effect. The similar response of the
two different polarisation models indicates that the difference between polarisation and
coexistence does not depend on the self-activation mechanism.

Bifurcation analysis of the WPGAP model reveals that, as long as GAPs diffuse fast
compared to active GTPase, the Turing regime widens and shifts to higher amounts of
GTPase as the amount of GAP increases (Fig 2.5C). This is consistent with previous
indications that negative feedback may act as a buffer against fluctuations in GTPase con-
centration [157]. However, when active GAP diffusion is equal to that of active GTPase,
the picture changes completely and GAPs severely hamper pattern formation. Trial sim-
ulations in the narrow Turing regime all resulted in polarisation (Fig S2.5). Therefore, it
seems that for GAP feedback to stabilise coexistence, the effective diffusion constant of
active GAP must be larger than that of active GTPase. However, formation of coexisting
GTPase clusters is still possible if active GAP diffuses more slowly than inactive GTPase
(Fig 2.2H). A Hopf regime can also be found for the WPGAP model. As for the WPT
model, simulations in the Hopf regime do not reveal any oscillations of the final pattern
(S3 Video).

For the MIGAP2 model, there is a wide range of total GTPase amounts for which
patterns form spontaneously, as long as the total amount of both GTPases is similar
(Fig 2.5E). For the MIGAP1 model, a similar range is present, but there must be con-
siderably more of the first GTPase than of the second, because the second is not hindered
by GAP feedback (Fig 2.5D).

2.2.4 Multiple clusters drawing GTPase from a homogeneous pool
compete until only the largest survives

To better understand why some models yield only polarisation, whereas others allow for
multiple stable clusters, we considered a simplified model describing the competition be-
tween multiple clusters, as transiently generated by the polarisation models (Fig 2.3, S1
Video). This approximation treats each cluster as a compartment, with an additional non-
cluster compartment representing a global pool of inactive GTPase. By using compart-
ments, we implicitly assume that the clusters have sharp boundaries and constant active
GTPase concentrations, making the total amount of GTPase in a cluster proportional to
its area. Using these assumptions, we derived a system of ODEs from the PDE models
(for derivation see Appendices 2.8.6), which is comparable to a more phenomenological
two-cluster model presented by Howell et al. [85]. Clusters recruit active GTPase from
the inactive pool at a rate proportional to their area or, equivalently, their total amount of
GTPase (Fig 2.6A). They lose GTPase both at a constant rate, reflecting inactivation, and
at a rate proportional to the circumference of the cluster, reflecting loss at the boundary
(Fig 2.6A).
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Fig. 2.6. Principles of the simplified ODE models. A: The basic mass conserved ODE model starts with an
arbitrary number of differently sized clusters (left, three are shown). Clusters compete for the inactive GTPase
from a shared homogeneous pool. Activation and inactivation of membrane GTPase occur proportional to
cluster size (middle). Additional loss of active GTPase (by diffusion from cluster to pool) occurs proportional
to cluster circumference (right). B: An adaptation of the basic ODE model where each cluster has its own local
pool of inactive GTPase (P1-P3) with fluxes connecting these local compartments (arrows). C: An adaptation of
the basic ODE model with GAP feedback, where each cluster recruits GAP from a shared homogeneous pool at
a rate proportional to the cluster size and GAPs (green) inactivate the GTPase in the cluster. D: Larger clusters
more effectively deplete their local pool (blue), resulting in a concentration gradient and corresponding flux of
GTPase from compartments with small clusters to compartments with large clusters. With mass conservation,
this process continues until the small cluster is depleted. GTPase turnover effectively redistributes GTPases by
removing more from larger clusters and providing new GTPase homogeneously, allowing the smallest cluster to
compete in spite of this flux. At the same time, the larger cluster suffers from a smaller GTPase pool to recruit
from. When GAP feedback is added, larger clusters recruit more GAP enhancing their own depletion, allowing
smaller clusters to compete.
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The resulting basic ODE model is given by:

dhc,n(t)
dt

= αhc,n(t)hp(t)−βhc,n(t)η −δhc,n(t)

dhp(t)
dt

=−αhp(t)
N

∑
j=1

hc, j(t)+β

N

∑
j=1

hc, j(t)η +δ

N

∑
j=1

hc, j(t),
(2.6)

where hc,n is the amount of (active) GTPase in cluster n (which is proportional to the area
of cluster n), hp is the amount of GTPase in the inactive pool, N is the total number of
clusters, exponent η is 1

2 for circular clusters (due to the relation between area and cir-
cumference), α is a positive constant determining self-activation, β is the rate at which
clusters lose GTPase by diffusion across the circumference, and δ is a constant inacti-
vation rate. This system is redundant, because the total amount of GTPase is conserved
(T = hp +∑

N
j=1 hc, j).

We calculated the rate of change of the ratio between the sizes of two arbitrary clusters
i and k:

d
(

hc,i(t)
hc,k(t)

)
dt

=
β

hc,k(t)1−η

((
hc,i(t)
hc,k(t)

)
−
(

hc,i(t)
hc,k(t)

)η)
. (2.7)

Not only for 2D circular clusters (η = 1
2 ), but for any 0 < η < 1, the ratio hc,i/hc,k always

increases when hc,i > hc,k and always decreases when hc,i < hc,k, so that differences in
cluster size will always grow. This suggests that a single winner will emerge, and this
winner will be the cluster that started out as the largest. Numerical simulations confirm
this, even when the initial difference in cluster size is very small (Fig 2.7A). These re-
sults show that polarisation will occur when cluster growth increases with cluster size
faster than shrinkage does and all clusters rely on the same homogeneous pool of inactive
GTPase.

2.2.5 With GTPase turnover, smaller clusters can sustain themselves
from their own local supply

The previous result does not depend on mass conservation, since, if present, the terms de-
scribing production and degradation cancel out in the derivation of Eq. 2.7. To understand
the mechanism by which breaking mass conservation stabilises coexistence, we therefore
have to take into account that the competing clusters actually are spatially separated, pos-
sibly resulting in local differences in inactive GTPase availability. We therefore extended
the basic ODE model in Eq. 2.6 by giving every cluster its own local pool with an amount
hp,n of inactive GTPase (Fig 2.6B, see Appendices 2.8.6 for details). Clusters can only
draw GTPase from their own compartments. Inactive GTPase is passively exchanged be-
tween compartments at a constant rate resembling Fick’s law for diffusion. This results
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Fig. 2.7. Simulations of the ODE models. Cartoons correspond to model variants described in Fig 2.6. All
simulations started with five clusters of different size (hc,n, n ∈ {1,2,3,4,5}). Parameters α , β , and ε can be
scaled out and were set to 1. Other parameter values were: δ = 5, η = 0.5, and γ = ζ = 10. A: Simulations
of the basic mass conserved ODE model. The total amount of GTPase in the system (T ) was set to 21. B:
Simulations of the ODE model with membrane compartments. Clusters had starting levels of GTPase of 1, 2,
3, 4, and 5, while all membrane compartments had a starting level of 6. Exchange rates between compartments
(φ ) were varied for both mass conserved and non-mass conserved cases. For cases without mass conservation,
GTPase production rates in the local pools were set to 1 and degradation rates in either clusters or local pool
were set to 0.1. Insets show details of dynamics in boxed regions, including dynamics of GTPase in local pool
compartments (hp,n, dashed lines). C: For GAP simulations, total GAP (Tg) was varied, always starting with all
GAP in the shared pool.
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in:

dhc,n(t)
dt

= αhc,n(t)hp,n(t)−βhc,n(t)η −δhc,n(t)−ξ hc,n(t)

dhp,n(t)
dt

= σ −αhp,n(t)hc,n(t)+βhc,n(t)η +δhc,n(t)−ξphp,n(t)+φ

N

∑
j=1

(hp, j−hp,n),

(2.8)
where σ is a constant production rate, ξ and ξp are constant degradation rates of active and
inactive GTPase respectively, and φ is the constant exchange rate between compartments
due to diffusion of inactive GTPase.

The counterpart of Eq. 2.7 now reads as:

d
dt

(
hc,i(t)
hc,k(t)

)
=

β

hc,k(t)1−η

((
hc,i(t)
hc,k(t)

)
−
(

hc,i(t)
hc,k(t)

)η)
+α

hc,i(t)
hc,k(t)

(hp,i−hp,k). (2.9)

The extra term depends on the difference between the amounts of GTPase in the two non-
cluster compartments. Since larger clusters are expected to more effectively drain their
local compartment, this term will act to decrease the ratio between sizes of clusters i and
k if cluster i is larger and decrease this ratio if cluster k is larger. However, it is not a priori
clear which of the two terms in Eq. 2.9 is dominant. This dominance may be affected by
turnover.

Simulations suggest that without production and degradation (σ = ξ = ξp = 0, mass
conservation) the compartmentalised model only allows coexistence in the trivial case
where the exchange rate between compartments is zero (Fig 2.7B). When there is ex-
change between compartments, competition proceeds until only a single cluster remains,
even though inactive GTPase levels outside large clusters are smaller than GTPase levels
outside small clusters. These results indicate that in the mass conserved case larger clus-
ters do indeed more effectively deplete their local GTPase pool. Although this hampers
their further growth, it also results in a gradient and corresponding net flux of non-cluster
GTPase from compartments with smaller clusters to those with larger clusters (Fig 2.6D).
Since there is nothing to disrupt this flux or replenish the GTPase pools for smaller clus-
ters, this process continues until only the largest cluster remains.

Simulations with turnover, but without degradation of non-cluster GTPase did yield
coexistence (Fig 2.7B). Therefore, disruption of the flux form smaller to larger clusters
by turnover does not seem to be required for coexistence. Instead, turnover seems to
stabilise coexistence by removing GTPase mostly from larger clusters and redistributing it
homogeneously, thereby compensating the diffusive flux to the domains of larger clusters
(Fig 2.6D). At the same time, the growth of the larger clusters is hampered by their smaller
pool of non-cluster GTPase, allowing the smaller clusters to catch up. The coexistence
was lost at high rates of exchange between compartments, where the system converges to
the basic model with a single homogeneous pool.

Simulations with degradation in non-cluster compartments instead of in clusters all
resulted in unbounded growth of surviving clusters, again suggesting that removal must
target active GTPase to allow stable patterns to form. Note that this unbounded growth is
an artefact of the simplified model. In reality, described by the full spatial (PDE) model,
cluster growth stops when all clusters have merged, forming a new homogeneous state
(see Appendices 2.8.5 and S4 Video). When considering degradation of both active and
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inactive form at the same time, stable coexistence can be found (Appendices 2.8.7 and S5
Video), indicating that degradation of the inactive form does not preclude coexistence.

2.2.6 GAP feedback stabilises coexistence by punishing larger clus-
ters

To study the way in which GAPs stabilise coexistence of multiple GTPase clusters, we
also considered an extension of the basic ODE model from Eq. 2.6 including the effect of
GAPs (Fig 2.6C). In this extension, every cluster has its own amount of active GAP Gc,n
and all clusters share a common pool with an amount Gp of inactive GAP. Active GAPs
inactivate GTPase at a rate proportional to GAP and GTPase concentrations. GAPs are
activated by the active GTPase clusters, and inactivated at a constant rate and by diffusion
across the boundaries of the cluster. Together, these assumptions lead to the following
extended model:

dhc,n(t)
dt

= αhc,n(t)hp(t)−βhc,n(t)η −δhc,n(t)− εGc,n(t)

dhp(t)
dt

=−αhp(t)
N

∑
j=1

hc, j(t)+β

N

∑
j=1

hc, j(t)η +δ

N

∑
j=1

hc, j(t)+ ε

N

∑
j=1

Gc, j(t)

dGc,n(t)
dt

= γhc,n(t)Gp(t)−δgGc,n(t)−ζ hc,n(t)η−1Gc,n

dGp(t)
dt

=−γGp(t)
N

∑
j=1

hc, j(t)+δg

N

∑
j=1

Gc, j(t)+ζ

N

∑
j=1

hc, j(t)η−1Gc, j(t),

(2.10)

where Gc,n is the total amount of active GAP in cluster n, γ is the GTPase-dependent
GAP activation rate, δg is a constant GAP inactivation rate, ζ is the rate at which the
cluster loses GAP by diffusion across the circumference, and ε the rate of GAP-dependent
GTPase inactivation. The form of the GAP-related terms in these equations is a direct
consequence of using amounts instead of concentrations (see Appendices 2.8.6). The
total amount of GAP Tg = Gp +∑

N
j=1 Gc, j is conserved.

In the same way as before, we obtained for each pair (i,k) of clusters:

d
dt

(
hc,i(t)
hc,k(t)

)
=

β

hc,k(t)1−η

((
hc,i(t)
hc,k(t)

)
−
(

hc,i(t)
hc,k(t)

)η)
−ε

Gc,i(t)hc,k(t)−Gc,k(t)hc,i(t)
hc,k(t)2 .

(2.11)
Due to the extra GAP-dependent term, differences in cluster size no longer always in-
crease. As the cluster size increases, the amount of GAP in the cluster will also increase,
changing the rate at which the ratio between the two cluster sizes changes in favour of
the smaller cluster. However, the net effect of the GAP-dependent term depends on the
product of the amount of GAP in one cluster and the size of the other, so the sign of this
term is not a priori clear. If we assume that GAP dynamics is fast compared to changes in
cluster size, we can take a quasi steady state approximation, which allows the amounts of
GAP to be written as a function of cluster size (see Appendices 2.8.8). This way Eq. 2.11
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can be written as:

d
dt

(
hc,i(t)
hc,k(t)

)
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β

hc,k(t)1−η
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hc,i(t)
hc,k(t)

)
−
(

hc,i(t)
hc,k(t)

)η)
−

εTg
hc,i(t)
hc,k(t)

·

1
hc,i(t)η−1 +δg/ζ

− 1
hc,k(t)η−1 +δg/ζ

ζ/γ +∑
N
j=1

hc, j(t)
hc, j(t)η−1 +δg/ζ

.
(2.12)

Here, the first term always acts to increase differences in cluster size, whereas the second
term always acts to decrease differences for the entire range of 0 < η < 1. Which effect
dominates depends on the parameters. The equation suggests that a larger total amount of
GAP will shift the balance in favour of coexistence. Numerical simulations confirmed this
(Fig 2.7C). This result indicates that GAP feedback stabilises the coexistence of multiple
clusters by punishing larger clusters, which tend to activate more GAPs (Fig 2.6D).

Since the GAP dependent term in Eq. 2.12 is proportional to the total amount of GAP,
one might expect that the number of stably coexisting clusters can be increased by simply
increasing the amount of GAP. Numerical simulations of the ODE model seem to confirm
this (Fig 2.7C). However, the ODE model assumes the existence of clusters which in
the full PDE model is not guaranteed. This provides the additional constraint that the
parameters must remain in the Turing regime, which strongly limits the extent to which
the total amount of GAP can be increased (Fig 2.5C).

2.2.7 Dynamic regulation of established patterns: a case study of tip
growing systems

Above, we established two mechanisms that can lead to stable coexistence of multiple
GTPase clusters. As a case study, we now explore tip growing systems, where dynamical
regulation of the GTPase pattern is often important. In pollen tube tip growth, the supply
of GAP increases as the cap of active GTPase at the tip grows, so that the size of the
GTPase cluster oscillates and the tip grows in pulses [171, 182]. In the fungus Ashbya
gossypii, the tip growth complex (polarisome) sometimes disappears, corresponding with
a stop in tip growth, after which it spontaneously re-establishes and growth continues,
suggesting a negative feedback [172]. In addition, two types of branching occur in A.
gossypii: lateral branching, where a new tip appears somewhere along the length of an
existing hypha, and apical branching, where a growing tip splits in two [88]. We use
proof of principle simulations of single GTPase clusters both to explore the options our
mechanisms give for such dynamic regulation of the GTPase pattern and to offer possible
explanations of these phenomena (see Methods for implementation details).

These simulations show that the cases of pulsing and disappearing GTPase caps can
be reproduced by an increase in either the total amount of GAP (Fig 2.8A-E, S6 Video), or
the GTPase degradation rate (Fig S2.6A-E, S6 Video). If these parameters return to their
base levels after the cluster has shrunk or disappeared, it will immediately grow back or
reappear, allowing the cycle to start again. The required change in parameters under the
current settings is at most 50%, which could reasonably be achieved by changes in GAP
production or release, or the recycling of membrane proteins. Alternatively, oscillations
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might also arise from the internal dynamics of the GTPase system. For example, Mein-
hardt showed that oscillations of disappearing and reappearing clusters can be found for
a system with both a fast global inhibitor and a slow local inhibitor [183]. This suggests
that GAP could take the role of slow local inhibitor in our model. Slowing down the time
scale of GAP accumulation (through reducing activation and inactivation rates (c = 0.01
and d = 0.01)) to much larger time scale differences than in Meinhardt [183], however,
did not produce any oscillations in our model. Whether further adaptations of the WP-
GAP model and its parameters would enable such autonomous oscillations, remains an
interesting direction for future investigation.

Note that as long as we start off with an existing cluster, the total amount of GAP
or the GTPase degradation rate may even end up somewhat outside the Turing regime
without the cluster disappearing. However, the cluster disappears long before leaving the
regime where LPA predicts a heterogeneous state to exist (Fig 2.8B and Fig S2.6B). This
indicates that although Turing regimes are accurately predicted by LPA, regimes with a
stable heterogeneous state are not.

It has been suggested that lateral branching in fungi may be the result of apical dom-
inance factors in the tip that suppress branching in the vicinity [184, 185]. However, our
finding that turnover or negative feedback is needed to prevent polarisation (Fig 2.2) sug-
gests that apical dominance may well be the default state and not require any dominance
factor. Inhibitors (e.g. GAPs) may well be involved, but rather than merely creating an
inhibition zone where no new clusters can be formed, their main role could be to keep the
existing cluster from expanding indefinitely, thereby actually enabling the formation of
new clusters. Alternatively, at large distances from the tip, it may no longer be reasonable
to assume mass conservation across the entire hypha, and GTPase turnover will break
competition, allowing a new tip to form.

Apical branching requires the splitting of an existing cluster rather than the appearance
of a new one. Previously, an accumulation of inhibitor in the cluster has been suggested as
potential mechanism [86]. Our results on the ODE model with GAP feedback suggest this
might be possible, if we could significantly increase the amount of GAP without leaving
the Turing regime. We can achieve this by simultaneously raising the total amount of
GTPase (Fig 2.8G). At higher levels of both total GTPase and GAP compared to the single
cluster set-up used before, we indeed find that two stable clusters form (Fig 2.8F-H, S6
Video). Upon increasing the total amounts of GTPase and GAP to this level starting from
a single cluster steady state, the single cluster splits in two (Fig 2.8I, S6 Video). This
suggests that apical branching may occur by accumulation of GTPase and GAP from
fusing vesicles during tip growth.

These results and considerations demonstrate that a mechanism that allows for stable
coexistence can offer elegant explanations for a range of phenomena in tip growing sys-
tems that could not well be explained with a polarisation mechanism. The specifics of
individual systems remain a topic for future investigation.

2.3 Discussion
In this study, we uncovered and investigated several mechanisms through which highly
similar GTPase-based systems can generate different types of patterns. Polarisation is the
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invariable result of a mass conserved GTPase under positive feedback activation, because
the stronger activation in larger GTPase clusters leads to a gradient and corresponding net

Fig. 2.8. Caption on next page.
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Fig. 2.8. Tip growth simulations with the WPGAP model. B and G: Bifurcation plots with symbols showing
parameter settings used in the simulations, corresponding to symbols above simulations and cartoons. For
meaning of lines see Fig 2.5. A: In pollen tubes, growth occurs in pulses as negative feedback during growth
results in an oscillatory GTPase cluster at the growing tip. C: Simulation of a single active GTPase cluster
with increase in Tg upon reaching steady state followed by a return to starting levels. D: In growing hyphae
of A. gossypii, the tip growth complex sometimes disappears corresponding to a halt in growth, suggesting
involvement of negative feedback. E: Simulation with two subsequent increases in Tg, followed by a return
to the starting level. F: In apical branching of growing hyphae, the tip growth complex and the growing tip
itself split in two. H: Simulation at elevated GTPase (T ) and GAP (Tg) levels (+) resulting in two clusters. I:
Simulation starting in the one cluster regime (x) followed by a increase in T and Tg causing the single cluster
to split. Time points (t) of snapshots are indicated inside each plot. All simulations domains have periodic
boundary conditions in both directions. Colour bars indicate active GTPase concentrations ([GTPase]).

flux of inactive GTPase from smaller clusters to larger ones (Fig 2.9A). Stable coexis-
tence of multiple GTPase clusters can be achieved either by breaking mass conservation,
or adding negative feedback through the activation of an inhibitor. In the first case, a
constant supply of fresh GTPase across the membrane allows smaller clusters to grow in
spite of the net flux to larger clusters (Fig 2.9B). In the latter case, larger clusters acti-
vate more inhibitor, limiting their growth (Fig 2.9C). In contrast to a previously proposed
mechanism based on saturation of self-activation, these mechanisms lead to actually sta-
ble coexistence and can also explain the emergence of additional clusters as occurs, e.g.,
during branching in tip growth. Our use of two different minimal models suggests that
these conclusions do not depend on the precise positive feedback mechanism.

2.3.1 Mass conserved polarisation models cannot explain all relevant
membrane patterns

Most existing models for polarisation involve mass conservation and some form of posi-
tive feedback [44]. Our results show that these two properties indeed consistently result
in polarisation for both direct positive feedback and double negative feedback. Analysis
of a simplified ODE approximation of a system of competing clusters suggests that this
happens because larger clusters more effectively deplete their local reserve of inactive
GTPase (Fig 2.9A). In the ODE model, the local pool of inactive GTPase is considered
homogeneous. In reality, the level of inactive GTPase in the cluster will be lower than the
level surrounding the cluster and inactive GTPase will flow towards both clusters from
their direct surroundings. However, even in the worst case scenario the larger circumfer-
ence of the larger cluster will cause more inactive GTPase to diffuse to the larger cluster.
On a 1D domain, this effect would not be apparent. This insight may explain the longer
competition times in 1D as compared to 2D.

A recent theoretical study proposed that severely slowed competition as a result of
saturation could explain the difference between polarisation and coexistence [177]. On
top of its inability to explain the appearance of new clusters after an initial pattern has
been established, our findings show that this mechanism works less well when the for-
mation of many clusters at the same time is considered. Therefore, the mechanisms for
stable coexistence we propose here provide a better explanation for patterns as found in
metaxylem [148], pavement cells [176], neurons [166], and fungal hyphae [170].
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Fig. 2.9. Proposed mechanisms for polarisation and coexistence. A: In polarisation models, larger clusters
of active GTPase more effectively deplete the local supply of inactive GTPase than smaller ones. This results in
a gradient of inactive GTPase that favours diffusion towards the larger cluster allowing the larger cluster to grow
at the expense of the smaller one. B: When mass conservation is broken, production provides a fresh supply of
GTPase to sustain smaller clusters in spite of this flux while degradation prevents larger clusters from growing
uncontrollably, enabling coexistence. C: When active GTPase promotes GAP activation, larger clusters activate
GAPs more effectively, promoting their own inactivation and allowing smaller clusters to survive. However, if
GAPs were to diffuse as slowly as active GTPase, they would not be able to escape the cluster and quench the
ability of the system to give rise to patterns in the first place.

2.3.2 Two types of model extensions can stabilise coexisting clusters
Sufficiently strong GTPase turnover can stabilise coexistence

The main difference between existing polarisation models that generate a single cluster
and classical activator substrate depletion models that generate multiple clusters [47] is
the assumption of mass conservation. We showed in 2D that by simply adding production
and degradation terms to the two polarisation models, stable steady states with multiple
clusters can be obtained as has been shown before for the 1D case [158]. Our ODE
approximation suggests that this coexistence results from a redistribution of GTPase, with
degradation mostly affecting larger clusters while production is homogeneous (Fig 2.9B).
Moreover, we found that stable coexistence requires degradation of the active form. If
only the inactive form is degraded, active GTPase in clusters can escape degradation and
clusters keep growing until they fill the entire domain.

Broken mass conservation can only explain patterns of coexisting clusters if there is
sufficient GTPase turnover for a given domain size. When the turnover rate or domain
size becomes too small, models with turnover will converge to mass conserved models
and polarisation will occur. This explains, for example, how a study on root hair initiation
could obtain a single GTPase cluster with a model containing production and degradation
terms [35]. To obtain stable coexistence, half-lives should most likely be shorter than the
10 to 30 hours reported for GTPases from a macrophage cell line [186]. However, differ-
ent GTPases may have different turnover rates, and even half-lives of the same GTPase
may be altered significantly by regulation [187], so this does not seem unreasonable.

Stable coexistence through GTPase turnover seems especially plausible on large do-
mains, such as plant cells. In contrast, mass conservation is more plausible on smaller
domains, such as neuron cell bodies [188], so that other mechanisms may be required
to explain coexistence there. Since larger domains can hold more stable clusters, broken
mass conservation may also be able to explain the formation of new clusters in between
existing ones on a growing domain. This may explain the appearance of new protrusions
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during lateral branching of hyphae [88] and in growing pavement cells [176]. However,
this behaviour does not provide the cell with much dynamic control, as it links cluster
number to the domain size for any given turnover rate.

GAP feedback is a flexible alternative for stabilising coexistence

Even in cases of (near) mass conservation, coexistence is still possible through further
additions to the interaction motif. Our results show that addition of negative feedback
through activation of a sufficiently fast diffusing inhibitor (GAP) can stabilise coexistence
in the two polarisation motifs studied. This is consistent with previous suggestions [157].
The ODE model indicates that GAP feedback fulfils this role by punishing larger clusters,
which activate more GAP (Fig 2.9C). This mechanism only works when GAPs diffuse
faster than active GTPase, possibly because too slowly diffusing GAPs will too strongly
accumulate locally in clusters and extinguish them. This difference in diffusion rates
could be achieved if active GAPs are not membrane-bound, or at least do not interact as
strongly with the membrane or membrane-bound proteins as active GTPase.

GAP feedback and broken mass conservation are not mutually exclusive and which
interaction motif is used in practice will have to be judged on a case by case basis. Ex-
perimental evidence suggests GAP feedback is involved in the spotted pattern found in
metaxylem [148]. Our modelling results predict that if this feedback is indeed responsible
for the coexistence of multiple GTPase clusters, experiments reducing GAP expression
would result in fewer clusters.

Unlike broken mass conservation, GAPs provide extra options for regulation, making
them more flexible. As shown by our tip splitting simulations, simultaneously providing
extra GTPase and GAP can result in the splitting of a GTPase cluster. Previously, dilution
due to repeated fusion of vesicles during tip growth has been suggested as a source of
negative feedback to achieve tip splitting [86], but it would be hard to combine this with
an increase in GTPase levels. Regulating GAP feedback, however, gives the cell the
ability to control the number of clusters, even independent of the domain size.

Another example can be found in fission yeast (Schizosaccharomyces pombe), where
a bipolar pattern of two active GTPase clusters promotes growth of the rod shaped cells
in both directions. Upon cell division, both daughter cells start with a unipolar pattern
and grow in a single direction until a certain size is reached at which a second GTPase
cluster forms and bipolar growth is resumed (“new end take off”; NETO) [189]. The
appearance of an additional cluster on a larger domain could be explained by both types
of coexistence models. However, to also explain the reported oscillations between both
tips requires a time delayed negative feedback [190, 191], which could not be achieved
through linear GTPase degradation, whereas an extra molecular player (such as GAP)
offers more flexibility to introduce a delay.

2.3.3 Dynamic regulation of GTPase patterns in tip growing systems
Our findings suggest that multiple as yet poorly understood phenomena in mycelial tip
growth could be explained by assuming some form of (GAP-like) negative feedback as
is also implicated in pollen tube growth [171, 192]. Such negative feedback could, for
instance, explain the occasional disappearance and reappearance of the tip growth com-
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plex observed in A. gossypii [172]. In our simulations, the GTPase cluster reappeared at
a random position, whereas in reality it would have to reappear at the same position as
the original cluster (i.e. the tip of the growing cell). In reality, the dome shape of the
tip growing cell could provide the required positional guidance, as cell shape is known
to affect the localisation of clusters [178] as well as their dynamics [34]. Cytoskeletal
and vesicular processes may also play a role in maintaining the cluster of active GTPase
at the actual tip and preventing it from drifting to or reappearing in some other location.
Moreover, interactions between these processes and GTPase patterning could explain the
oscillations we simply imposed here with abrupt parameter changes.

A combination of regulated negative feedback and an increase in total GTPase may
explain apical branching observed in this species [88]. Root hairs in plants do not nor-
mally branch, but overexpression mutants of ROP2, the GTPase controlling tip growth in
root hairs, have root hairs with strong apical branching [193]. This supports the hypothe-
sis that an increase in total GTPase, combined with some form of negative feedback, can
result in apical branching through splitting of the GTPase cluster at the tip. A modelling
study of GTPase controlled keratocyte movement showed that a cell that extends in the
direction of a GTPase cluster could have its growth front split in two after encountering a
suitably sized obstacle [34]. This split may then be (apparently) stabilised by the induced
shape changes, which seems to depend on the relative speed of shape changes and cluster
competition. For cell-autonomous splitting, however, a GTPase model that allows for de
novo cluster formation would be required.

Since our models show that a single cluster is obtained unless sufficient turnover or
GAP feedback is involved, polarisation may well be the default state. In this case, hy-
pothesized apical dominance factors [185] that suppress branching would not be required.
Rather, there would be more need for a branching signal that either stimulates negative
feedback or GTPase turnover. Indeed, for arbuscular mycorrhizal fungi, a branching sig-
nal seems to be present in the form of strigolactones, although the precise molecular
mechanism is still poorly understood [194]. Therefore, studies on hyphal branching fo-
cusing on identifying and characterising such branching factors may prove more fruitful
than studies looking for apical dominance factors.

2.4 Materials and methods

2.4.1 Initial conditions
We initiated PDE simulations at the homogeneous steady state (see Appendices 2.8.2)
with an amount of noise added to each integration pixel for the active form and the same
amount subtracted from the corresponding inactive form. This made it as if a random
small amount was interconverted between active and inactive form, without changing the
total mass at each pixel. Per pixel, the noise was drawn from a normal distribution with a
mean of 0 and a standard deviation of 10−6.

2.4.2 Numerical methods
We performed numerical simulations using the python package Dedalus [195], which im-
plements a spectral solver method, with the recommended dealias factor of 1.5 and the
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Runge-Kutta time-stepper. Fourier and Chebyshev basis functions were used for the x-
and y-direction respectively, except for single cluster simulations, where Fourier basis
functions were used in both directions. To determine appropriate temporal and spatial
step sizes, we first performed several trial simulations for each model with reproducible
perturbations as previously described [196], so that accuracy could be assessed using
mesh refinement and time step reduction. We performed the final simulations with noise
added directly to each integration pixel to ensure all possible wave lengths are repre-
sented. Integration steps used for final simulations are given in Table S2.1. We continued
all simulations until a steady state was reached (no more noticeable changes in the con-
centrations). In some simulations, a stable pattern ended up drifting at a constant speed
in the periodic direction. This can happen because with periodic boundary conditions any
shift of a solution is also a solution. Therefore, such drifting patterns were regarded as
steady states.

We performed simulations of the ODE models in matlab using the function ode45
with default parameters.

2.4.3 Bifurcation and stability analysis
For the models with only two variables (WP and WPT), we performed both a classical
linear stability analysis (LSA) and the asymptotic local perturbation analysis (LPA). With
more variables, LSA becomes exceedingly complicated (although not technically impos-
sible [197, 198]). Therefore, we only used LPA for the remaining models. LSA can be
used to determine under what conditions arbitrarily small spatial perturbations in a ho-
mogeneous state can grow. This way, parameter regimes where spontaneous patterning
occurs can be identified. The wave numbers of the perturbations that become unstable
have often been used to predict the length scales of the pattern, but these are only valid
close to the homogeneous state and therefore not in general a good reflection of the length
scales of the final pattern [181]. We performed LSA as previously described [199] as de-
scribed in Appendices 2.8.3.

LPA is a recently developed asymptotic analysis for reaction-diffusion models [200,
201]. It works by considering the behaviour of a local pulse in the activator concentra-
tion, in the limiting case where the diffusion coefficients of slowly diffusing components
approach zero and those of rapidly diffusing components approach infinity. This reduces
the system of PDEs to a system of ODEs that can be analysed with existing bifurcation
software. It is, therefore, not as exact as LSA, but it can be more easily scaled up to mod-
els with more than two components and it can also be used to chart the areas of parameter
space where the homogeneous state is stable, but coexists with a stable heterogeneous
state. In these regions, patterning will not occur spontaneously, but it may occur in re-
sponse to a sufficiently large perturbation and an existing pattern will not disappear. In
our case, we used strong differences (100 fold) in diffusion rates and, therefore, regimes
predicted by LSA and LPA matched quite closely. We performed LPA on all our models
as described by others [200] (see Appendices 2.8.4 for details) and analysed the resulting
ODEs using the matcont package for matlab [202].
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2.4.4 Single cluster simulations
To study phenomena observed during tip growth, we performed simulations with the same
parameters as before, but on a smaller domain, such that only a single cluster formed.
For these simulations we used a square domain with periodic boundary conditions on all
sides to keep the small domain from being dominated by boundary effects. This domain
represents the tip of the growing tube. The dimensionless domain size was 19.0x19.0
for the WPGAP models, and 31.6x31.6 for the WPT model. To ensure that any unstable
states reached would be disrupted, we added noise not only at the beginning, but also
every 10 time units. This noise was also drawn from a normal distribution with a mean
of 0 and a standard deviation of 10−6. Changes in parameters were applied by starting a
new simulation with the altered parameter using the final state of the first part as an initial
condition. The resulting abrupt changes function as a crude approximation of the likely
more gradual changes in response to factors outside the scope of our models.

Acknowledgements
We thank Marcel Janson for useful comments on the tip growth case study.



22

40 CHAPTER 2

2.5 Supplementary figures

Fig. S2.1. Model simulations with concentrations and time points. Simulations are as in Fig 2.2, but con-
centration ranges and time points at which simulations were stopped are indicated.
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Fig. S2.2. Early transient behaviour of the WP model for three values of parameter T . Active GTPase
concentration profiles at various time points for WP model simulations from Fig 2.2. Figures show that in all
three cases, pattern formation starts with gradual coarsening throughout the simulation domain (reminiscent
of spinodal decomposition). All sharply delineated gaps at t = 1700 arise as continuous amplifications of an
earlier pattern, even though, inside a limited time window, gaps seem to appear one after another (superficially
resembling nucleation and growth).

WP model WPT model

Fig. S2.3. Linear stability analysis for models with two variables. When the real part of at least one eigen-
value (λ ) corresponding to a certain admissible wave number (k) is greater than zero the homogeneous state is
unstable and a pattern forms. Top figures show λ as a function of k2 for various parameter values. Admissible
wave numbers for the geometry of the simulations are indicated on these lines with red dots. Green lines show
the maximum real part of λ as a function of total GTPase (T , WP model) or GTPase production rate (σ , WPT
model), plotted both against these parameters (bottom) and against the squared wave numbers (top). Cyan lines
indicate real parts of complex eigenvalues where present.
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Fig. S2.4. Reduced turnover decreases the number of coexisting clusters generated by the WPT model.
Steady state (t = 200000) active GTPase profiles generated by the WPT model with production (σ ) and degra-
dation (ξ ) rates reduced by a factor 10, 100, and 1000 compared to default parameters.
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Fig. S2.5. Two parameter bifurcation plot for the WPGAP model with low active GAP diffusion from
Fig 2.5C. Crosses indicate parameter settings where trial simulations were performed. All simulations resulted
in polarisation.



22

44 CHAPTER 2

Fig. S2.6. Tip growth simulations with the WPT model. B: Bifurcation plot with symbols showing parameter
settings used in the simulations, corresponding to symbols over simulations and cartoons. For meaning of
lines see Fig 2.5. A: In pollen tubes, growth occurs in pulses as negative feedback during growth results in an
oscillatory GTPase cluster at the growing tip. C: Simulation of a single active GTPase cluster with increase in
ξ upon reaching steady state followed by a return to starting levels. D: In growing hyphae of A. gossypii, the tip
growth complex sometimes disappears corresponding to a halt in growth, suggesting involvement of negative
feedback. E: Simulation with two subsequent increases in ξ , followed by a return to the starting level. Symbols
over simulations correspond to those in the bifurcation plot. Time points (t) of snapshots are indicated inside
each plot. All simulations domains have periodic boundary conditions in both directions. Colour bars indicate
active GTPase concentrations ([GTPase]).
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2.6 Supplementary table

Table S2.1. Spatial and temporal integration step sizes used for numerical integration.

Model dx = dy dt

WP 0.2 0.5
MI 0.25 0.2
WPT 0.2 0.5
MIT 0.2 0.2
WPGAP, DG = 100 0.25 0.2
WPGAP, DG = 40 0.2 0.1
MIGAP1 0.25 0.2
MIGAP2 0.25 0.1
Tip growth simulations 0.05 0.05

2.7 Supplementary movies
Supplementary movies are available for download with the publication of this chapter
[163] on the website of PLoS one. Captions are provided below.

S1 Video. Model simulations. Time lapse movies of model simulations from Fig 2.2,
showing concentrations of active GTPase. For models with two GTPases only concen-
trations of the first are shown. The concentration profile of the second GTPase is always
complementary to that of the first.

S2 Video. Early transient behaviour of WP model simulations. Time lapse movies
of WP model simulations from Fig 2.2, showing concentrations of active GTPase with a
higher temporal resolution for the initial patterning stages.

S3 Video. Model simulations in Hopf regimes. Time lapse movies of model sim-
ulations in Hopf regimes for the WPT and WPGAP models. Concentrations of active
GTPase are shown. The WPT simulation was performed with parameters σ = 0.4 and
ξ = 1, domain height H = 316, and domain width W = 190. The WPGAP simulation
was performed with parameters T = 34.83 and Tg = 100, domain height H = 50 and
domain width W = 30. All other parameters were at default values.

S4 Video. Simulation WPT model with degradation of inactive GTPase. Time lapse
movie of model simulation described in Appendices 2.8.5, showing concentrations of
active GTPase.

S5 Video. Simulation WPT model with degradation of both active and inactive
GTPase. Time lapse movie of model simulation described in Appendices 2.8.7, showing
concentrations of active GTPase.
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S6 Video. Simulations of tip growth scenarios. Time lapse movies of model simula-
tions from Fig 2.8 and Fig S2.6, showing concentrations of active GTPase.

2.8 Appendices

2.8.1 Non-dimensionalisation
Non-dimensionalisation of the WP model

The full dimension-carrying WP model is given by:

∂u
∂ t

= bv+ γ
un

Kn +un v−δu+Du∇
2u

∂v
∂ t

=−bv− γ
un

Kn +un v+δu+Dv∇
2v,

(A2.1)

where u and v are the concentrations of active and inactive GTPase, respectively, t is the
time, b is a constant activation rate, δ is a constant inactivation rate, γ determines the
strength of the feedback activation, K is the concentration of active GTPase at which the
feedback activation is half its maximum, exponent n is a hill coefficient, and Du and Dv
are the diffusion coefficients of active and inactive GTPase, respectively. Due to mass
conservation, the average total GTPase concentration T is constant:

T =
1
A

∫∫
A

(u+ v)dxdy =
Total GTPase

A
, (A2.2)

where A is the domain area and x and y are the spatial coordinates. Non-dimensionalisation
was performed as previously described [168]. GTPase concentrations were scaled with
K, time with δ , and space with Du and δ . The resulting dimensionless variables are:

ũ =
u
K
, ṽ =

v
K
, t̃ = δ t, x̃ =

x
√

δ√
Du

, ỹ =
y
√

δ√
Du

, (A2.3)

and the dimensionless parameters:

T̃ =
T
K
, b̃ =

b
δ
, γ̃ =

γ

δ
, D̃v =

Dv

Du
, Ã = A

δ

Du
. (A2.4)

This makes the dimensionless total amount of GTPase:

˜Total GTPase =
Total GTPase ·δ

DuK
. (A2.5)

Dropping the tildes, we obtain the dimensionless WP model:

∂u
∂ t

= bv+ γ
un

1+un v−u+∇
2u

∂v
∂ t

=−bv− γ
un

1+un v+u+Dv∇
2v,

(A2.6)

with dimensionless average total GTPase concentration:

T =
1
A

∫∫
A

(u+ v)dxdy =
Total GTPase

A
. (A2.7)
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Non-dimensionalisation of the MI model

The full dimension-carrying MI model is given by:

∂u1

∂ t
= b1v1 + γ1

Kn
2

Kn
2 +un

2
v1−δu1 +Du∇

2u1

∂v1

∂ t
=−b1v1− γ1

Kn
2

Kn
2 +un

2
v1 +δu1 +Dv∇

2v1

∂u2

∂ t
= b2v2 + γ2

Kn
1

Kn
1 +un

1
v2−δu2 +Du∇

2u2

∂v2

∂ t
=−b2v2− γ2

Kn
1

Kn
1 +un

1
v2 +δu2 +Dv∇

2v2,

(A2.8)

where ui and vi are the concentrations of active and inactive GTPase i respectively, γi is
the activation rate of GTPase i that can be inhibited by the other GTPase, Ki is the active
GTPase i concentration at which the γ of the other GTPase is halved. Other parameters
are as in the WP model. For convenience, inactivation rate constant δ is assumed equal
for both GTPases. The average concentrations T1 and T2 of GTPase1 and GTPase2 are as
in Eq. A2.2. The dimensionless variables are:

ũ1 =
u1

K1
, ũ2 =

u2

K2
, ṽ1 =

v1

K1
, ṽ2 =

v2

K2
, t̃ = δ t, x̃=

x
√

δ√
Du

, ỹ=
y
√

δ√
Du

, (A2.9)

and the scaled parameters:

T̃1 =
T1

K1
, T̃2 =

T2

K2
, b̃1 =

b1

δ
, b̃2 =

b2

δ
, γ̃1 =

γ1

δ
, γ̃2 =

γ2

δ
,

D̃v =
Dv

Du
, Ã = A

δ

Du
.

(A2.10)

This results in a dimensionless total amount of GTPase as in Eq. A2.5. Dropping the
tildes, we obtain the dimensionless MI model:

∂u1

∂ t
= b1v1 + γ1

1
1+un

2
v1−u1 +∇

2u1

∂v1

∂ t
=−b1v1− γ1

1
1+un

2
v1 +u1 +Dv∇

2v1

∂u2

∂ t
= b2v2 + γ2

1
1+un

1
v2−u2 +∇

2u2

∂v2

∂ t
=−b2v2− γ2

1
1+un

1
v2 +u2 +Dv∇

2v2.

(A2.11)

Non-dimensionalisation of the WPT model

The full dimension-carrying WPT model is given by:

∂u
∂ t

= bv+ γ
un

Kn +un v−δu−ξ u+Du∇
2u

∂v
∂ t

=−bv− γ
un

Kn +un v+δu+σ +Dv∇
2v,

(A2.12)
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where ξ is the degradation rate of active GTPase and σ is a constant production term for
inactive GTPase. Other symbols are as in previous models. The dimensionless variables
are:

ũ =
u
K
, ṽ =

v
K
, t̃ = δ t, x̃ =

x
√

δ√
Du

, ỹ =
y
√

δ√
Du

, (A2.13)

and the scaled parameters:

b̃ =
b
δ
, γ̃ =

γ

δ
, ξ̃ =

ξ

δ
, σ̃ =

σ

δK
, D̃v =

Dv

Du
. (A2.14)

Dropping the tildes, we obtain the dimensionless WPT model:

∂u
∂ t

= bv+ γ
un

1+un v−u−ξ u+∇
2u

∂v
∂ t

=−bv− γ
un

1+un v+u+σ +Dv∇
2v.

(A2.15)

Non-dimensionalisation of the MIT model

The full dimension-carrying system is given by:

∂u1

∂ t
= b1v1 + γ1

Kn
2

Kn
2 +un

2
v1−δu1−ξ1u1 +Du∇

2u1

∂v1

∂ t
=−b1v1− γ1

Kn
2

Kn
2 +un

2
v1 +δu1 +σ1 +Dv∇

2v1

∂u2

∂ t
= b2v2 + γ2

Kn
1

Kn
1 +un

1
v2−δu2−ξ2u2 +Du∇

2u2

∂v2

∂ t
=−b2v2− γ2

Kn
1

Kn
1 +un

1
v2 +δu2 +σ2 +Dv∇

2v2,

(A2.16)

with variables and parameters as in the previous models. The dimensionless variables are:

ũ1 =
u1

K1
, ũ2 =

u2

K2
, ṽ1 =

v1

K1
, ṽ2 =

v2

K2
, t̃ = δ t, x̃ =

x
√

δ√
Du

, ỹ =
y
√

δ√
Du

,

(A2.17)
and the scaled parameters:

b̃1 =
b1

δ
, b̃2 =

b2

δ
, γ̃1 =

γ1

δ
, γ̃2 =

γ2

δ
, ξ̃1 =

ξ1

δ
, ξ̃2 =

ξ2

δ
,

σ̃1 =
σ1

δK1
, σ̃2 =

σ2

δK2
, D̃v =

Dv

Du
.

(A2.18)
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Dropping the tildes, we obtain the dimensionless MIT model:

∂u1

∂ t
= b1v1 + γ1

1
1+un

2
v1−u1−ξ1u1 +∇

2u1

∂v1

∂ t
=−b1v1− γ1

1
1+un

2
v1 +u1 +σ1 +Dv∇

2v1

∂u2

∂ t
= b2v2 + γ2

1
1+un

1
v2−u2−ξ2u2 +∇

2u2

∂v2

∂ t
=−b2v2− γ2

1
1+un

1
v2 +u2 +σ2 +Dv∇

2v2.

(A2.19)

Non-dimensionalisation of the WPGAP model

The full dimension-carrying WPGAP model is given by:

∂u
∂ t

= bv+ γ
un

Kn +un v−δu− eGu+Du∇
2u

∂v
∂ t

=−bv− γ
un

Kn +un v+δu+ eGu+Dv∇
2v

∂G
∂ t

= cug−dG+DG∇
2G

∂g
∂ t

=−cug+dG+Dg∇
2g,

(A2.20)

where G and g are the concentrations of active and inactive GAP respectively, DG and
Dg are the diffusion coefficients of active and inactive GAP respectively, c is a GTPase
dependent GAP activation rate constant, d is the GAP inactivation rate constant, and e is
a GAP dependent GTPase inactivation constant. This model has conservation parameter
T as in Eq. A2.2 and an average total GAP concentration:

Tg =
1
A

∫∫
A

(G+g)dxdy =
Total GAP

A
. (A2.21)

The dimensionless variables are:

ũ =
u
K
, ṽ =

v
K
, G̃ =

e
δ

G, g̃ =
e
δ

g, t̃ = δ t, x̃ =
x
√

δ√
Du

, ỹ =
y
√

δ√
Du

, (A2.22)

and the scaled parameters:

T̃ =
T
K
, T̃g =

eTg

δ
, b̃ =

b
δ
, γ̃ =

γ

δ
, c̃ =

cK
δ

, d̃ =
d
δ
,

D̃v =
Dv

Du
, D̃G =

DG

Du
, D̃g =

Dg

Du
, Ã = A

δ

Du
.

(A2.23)

This makes the dimensionless total amount of GTPase:

˜Total GAP =
Total GAP · e

Du
. (A2.24)
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Dropping the tildes, we obtain the dimensionless WPGAP model:

∂u
∂ t

= bv+ γ
un

1+un v−u−Gu+Du∇
2u

∂v
∂ t

=−bv− γ
un

1+un v+u+Gu+Dv∇
2v

∂G
∂ t

= cug−dG+DG∇
2G

∂g
∂ t

=−cug+dG+Dg∇
2g,

(A2.25)

with a dimensionless total average GAP concentration:

Tg =
1
A

∫∫
A

(G+g)dxdy =
Total GAP

A
. (A2.26)

Non-dimensionalisation of the MIGAP1 model

The full dimension-carrying system is given by:
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∂ t
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(A2.27)

with variables and parameters as in previous models. This system has two average total
GTPase concentrations as in Eq. A2.2 and one average total GAP concentration as in
Eq. A2.21. The dimensionless variables are:

ũ1 =
u1

K1
, ũ2 =

u2

K2
, ṽ1 =

v1

K1
, ṽ2 =

v2

K2
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(A2.28)

and the scaled parameters:
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T1

K1
, T̃2 =

T2
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c̃1 =
c1K1

δ
, d̃1 =

d1

δ
, D̃v =

Dv

Du
, D̃G =

DG

Du
, D̃g =

Dg

Du
, Ã = A

δ

Du
.

(A2.29)
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Dropping the tildes, we obtain the dimensionless MIGAP1 model:

∂u1

∂ t
= b1v1 + γ1

1
1+un

2
v1−u1−G1u1 +∇

2u1

∂v1

∂ t
=−b1v1− γ1

1
1+un

2
v1 +u1 +G1u1 +Dv∇

2v1

∂u2

∂ t
= b2v2 + γ2

1
1+un

1
v2−u2 +∇

2u2

∂v2

∂ t
=−b2v2− γ2

1
1+un

1
v2 +u2 +Dv∇

2v2

∂G1

∂ t
= c1u1g1−d1G1 +DG∇

2G1

∂g1

∂ t
=−c1u1g1 +d1G1 +Dg∇

2g1.

(A2.30)

Non-dimensionalisation of the MIGAP2 model

The full dimension-carrying MIGAP2 system is given by:

∂u1

∂ t
= b1v1 + γ1

Kn
2

Kn
2 +un

2
v1−δu1− e1G1u1 +Du∇

2u1

∂v1

∂ t
=−b1v1− γ1

Kn
2

Kn
2 +un

2
v1 +δu1 + e1G1u1 +Dv∇

2v1

∂u2

∂ t
= b2v2 + γ2

Kn
1

Kn
1 +un

1
v2−δu2− e2G2u2 +Du∇

2u2

∂v2

∂ t
=−b2v2− γ2

Kn
1

Kn
1 +un

1
v2 +δu2 + e2G2u2 +Dv∇

2v2

∂G1

∂ t
= c1u1g1−d1G1 +DG∇

2G1

∂g1

∂ t
=−c1u1g1 +d1G1 +Dg∇

2g1

∂G2

∂ t
= c2u2g2−d2G2 +DG∇

2G2

∂g2

∂ t
=−c2u2g2 +d2G2 +Dg∇

2g2,

(A2.31)

with variables and parameters as in previous models. This model has two average total
GTPase concentrations as in Eq. A2.2 and two average total GAP concentrations as in
Eq. A2.21. The dimensionless variables are:

ũ1 =
u1

K1
, ũ2 =

u2

K2
, ṽ1 =

v1

K1
, ṽ2 =

v2

K2
, G̃1 =

e1

δ
G1, g̃1 =

e1

δ
g1,

G̃2 =
e2

δ
G2, g̃2 =

e2

δ
g2, t̃ = δ t, x̃ =

x
√

δ√
Du

, ỹ =
y
√

δ√
Du

,
(A2.32)
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and the scaled parameters:

T̃1 =
T1

K1
, T̃2 =

T2

K2
, T̃g,1 =

e1Tg,1

δ
, T̃g,2 =

e2Tg,2

δ
, b̃1 =

b1

δ
, b̃2 =

b2

δ
,

γ̃1 =
γ1

δ
, γ̃2 =

γ2

δ
, c̃1 =

c1K1

δ
, d̃1 =

d1

δ
, c̃2 =

c2K2

δ
, d̃2 =

d2

δ
,

D̃v =
Dv

Du
, D̃G =

DG

Du
, D̃g =

Dg

Du
, Ã = A

δ

Du
.

(A2.33)
Dropping the tildes, we obtain the dimensionless MIGAP2 model:

∂u1

∂ t
= b1v1 + γ1

1
1+un

2
v1−u1−G1u1 +∇

2u1

∂v1

∂ t
=−b1v1− γ1

1
1+un

2
v1 +u1 +G1u1 +Dv∇

2v1

∂u2

∂ t
= b2v2 + γ2

1
1+un

1
v2−u2−G2u2 +∇

2u2

∂v2

∂ t
=−b2v2− γ2

1
1+un

1
v2 +u2 +G2u2 +Dv∇

2v2

∂G1

∂ t
= c1u1g1−d1G1 +DG∇

2G1

∂g1

∂ t
=−c1u1g1 +d1G1 +Dg∇

2g1

∂G2

∂ t
= c2u2g2−d2G2 +DG∇

2G2

∂g2

∂ t
=−c2u2g2 +d2G2 +Dg∇

2g2.

(A2.34)

2.8.2 Homogeneous steady states
The WP model has the following homogeneous steady state (HSS):

uHSS = u0

vHSS =
u0(1+un

0)

(b+ γ)un
0 +b

,
(A2.35)

where u0 is the concentration of u at the homogeneous steady state for a specific average
GTPase concentration T = uHSS + vHSS.
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The MI model has the following homogeneous steady state:

u1,HSS = u1,0

v1,HSS = u1,0

1+

(
T2

b2un
1,0 +b2 + γ2

1+b2un
1,0 +un

1,0 +b2 + γ2

)n

b1 + γ1 +b1

(
T2

b2un
1,0 +b2 + γ2

1+b2un
1,0 +un

1,0 +b2 + γ2

)n

u2,HSS = T2
b2un

1,0 +b2 + γ2

b2un
1,0 +un

1,0 +b2 + γ2 +1

v2,HSS = T2−u2,HSS,

(A2.36)

where u1,0 is the concentration of u at the homogeneous steady state for a specific aver-
age GTPase 1 concentration T1 = u1,HSS + v1,HSS. For the second GTPase, the average
concentration T2 = u2,HSS + v2,HSS was used as an extra parameter.

For the WPT model, the homogeneous steady state is:

uHSS =
σ

ξ

vHSS =

σ

((
σ

ξ

)n

+1
)
(ξ +1)

ξ

(
(b+ γ)

(
σ

ξ

)n

+b
) .

(A2.37)

The MIT model has the following homogeneous steady state:

u1,HSS =
σ1

ξ1

v1,HSS =

σ1

((
σ2

ξ2

)n

+1
)
(ξ1 +1)

ξ1

(
b1

(
σ2

ξ2

)n

+b1 + γ1

)
u2,HSS =

σ2

ξ2

v2,HSS =

σ2

((
σ1

ξ1

)n

+1
)
(ξ2 +1)

ξ2

(
b2

(
σ1

ξ1

)n

+b2 + γ2

) .

(A2.38)
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The homogeneous steady state of the WPGAP model is:

uHSS = u0

vHSS = u0
c(Tg +1)un+1

0 +d ·un
0 + c ·u0(Tg +1)+d(

(b+ γ)un
0 +b

)
(c ·u0 +d)

GHSS =
c ·u0 ·Tg

c ·u0 +d
gHSS = Tg−GHSS,

(A2.39)

where Tg = GHSS +gHSS is the average concentration of GAP.
The homogeneous steady state of the MIGAP1 model is:

u1,HSS = u1,0

v1,HSS = u1,0

(
1+

(
T2

b2un
1,0 +b2 + γ2

1+b2un
1,0 +un

1,0 +b2 + γ2

)n)
(c(Tg +1)u1,0 +d)(

b1 + γ1 +b1

(
T2

b2un
1,0 +b2+ γ2

1+b2un
1,0 +un

1,0 +b2 + γ2

)n)
(c ·u1,0 +d)

u2,HSS = T2
b2un

1,0 +b2 + γ2

b2un
1,0 +un

1,0 +b2 + γ2 +1

v2,HSS = T2−u2,HSS

G1,HSS =
c ·u1,0 ·Tg

c ·u1,0 +d

g1,HSS = Tg−G1,HSS,

(A2.40)

The MIGAP2 model has the following homogeneous steady state:

u1,HSS = u1,0

v1,HSS = u1,0
(1+un

2,HSS)(c1(Tg,1 +1)u1,0 +d1)

(b1un
2,HSS +b1 + γ1)(c1u1,0 +d1)

u2,HSS =
−B±

√
B2−4AC

2A
A = (c2Tg,2 +b2c2 + c2)un

1,0 + c2Tg,2 +b2c2 + c2γ2 + c2

B = (b2d2 +d2− c2b2T2)un
1,0 +b2d2 +d2γ2 +d2− c2b2T2− c2γ2T2

C =−d2T2(un
1,0b2 +b2 + γ2)

v2,HSS = T2−u2,HSS

G1,HSS =
c1 ·u1,0 ·Tg,1

c1 ·u1,0 +d1

g1,HSS = Tg,1−G1,HSS

G2,HSS =
c2 ·u2,0 ·Tg,2

c2 ·u2,0 +d2

g2,HSS = Tg,2−G2,HSS.

(A2.41)
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There are two possibilities for u2,HSS, resulting as solutions from a quadratic equation.
However, since the term −4AC is always positive, there is always exactly one positive
option, which we used for the simulation.

2.8.3 Linear stability analysis for two-component reaction-diffusion
systems in two dimensions

Linearisation and growth modes

Linear stability analysis (LSA) can be used to determine under what conditions arbitrarily
small spatial perturbations in a homogeneous state can grow, leading to a heterogeneous
state. LSA was performed as previously described [199] for reaction-diffusion systems of
the following (dimensionless) structure:

∂u
∂ t

= ∇
2u+ f (u,v)

∂v
∂ t

= Dv∇
2v+g(u,v),

(A2.42)

where u is the concentration of the slow-diffusing activator, v is the concentration of
the fast-diffusing substrate, Dv the diffusion coefficient of v relative to that of u, ∇2 the
two-dimensional Laplace operator, and f and g are (non-linear) functions describing the
interaction between u and v. Linearisation of this system about the homogeneous steady
state gives (in matrix-vector form):

∂w
∂ t

= D∇
2w+ Jw

w =

[
∆u
∆v

]
D =

[
1 0
0 Dv

]
J =

[
fu fv
gu gv

]
∆u = u−uHSS ∆v = v− vHSS,

(A2.43)

where uHSS and vHSS are the concentrations of u and v at the homogeneous steady state
respectively, and J is the Jacobian matrix with partial derivatives of f and g with respect
to u and v evaluated at the homogeneous steady state. This linear system has solutions of
the form:

w(x,y, t) = ∑
k

ckeλktWk(x,y). (A2.44)

Here, ck is a constant (determined by initial conditions) belonging to wave number k, λk
is a the growth mode belonging to wave number k and Wk(x,y) is the time-independent
solution of the following eigenvalue problem:

∇
2W (x,y) =−k2W (x,y). (A2.45)

On finite domains only discrete wave numbers are admissible. Which wave numbers are
allowed is determined by the size of the domain and the boundary conditions.

The growth modes λk as a function of the wave number can be determined by substi-
tuting Eq. A2.44 and Eq. A2.45 into Eq. A2.43:

λw =−k2Dw+ Jw

(J− k2D)w = λw.
(A2.46)



22

56 CHAPTER 2

These growth modes are then given by the roots of the following equation:

det
(
J− k2D−λkI

)
= 0. (A2.47)

This leads to the following solutions for λk:

λk =−
1
2

k2(1+Dv)+
1
2
( fu +gv)±

1
2

√
(1−Dv)2k4−2( fu−gv)(1−Dv)k2 + f 2

u −2 fugv +4 fvgu +g2
v .

(A2.48)

If the real part of any λk belonging to an admissible wave number is greater than zero, the
homogeneous steady state is unstable, small perturbations will drive spontaneous pattern
formation.

Wave numbers

Admissible wave numbers can be determined by solving Eq. A2.45. To this end we split
Wk(x,y) into an x-dependent and a y-dependent part:

Wk(x,y) = v̄X(x)Y (y), (A2.49)

where X(x) is a scalar function of x, Y (y) is a scalar function of y, and v̄ is a constant
vector containing the coefficients for components u and v. Substituting this into Eq. A2.45
results in:

v̄X ′′(x)Y (y)+ v̄X(x)Y ′′(y) =−k2v̄X(x)Y (y). (A2.50)

Division by X(x)Y (y) gives: (
X ′′(x)
X(x)

+
Y ′′(y)
Y (y)

)
v̄ =−k2v̄. (A2.51)

This equation can be separated into an x-dependent and a y-dependent part that both need
to be constant:

X ′′(x)
X(x)

= a

Y ′′(y)
Y (y)

= b

a+b =−k2,

(A2.52)

where a and b are constants to be solved from their respective one-dimensional boundary
value problems. The results depend on the boundary conditions and the domain size. We
will consider a rectangular domain with periodic boundary conditions in the x-direction
and homogeneous Neumann boundary conditions in the y-direction. This results in a
geometry resembling an open cylinder.
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Periodic boundary conditions

The periodic boundary conditions in the x-direction result in the following boundary value
problem:

X ′′(x) = aX(x)

X(0) = X(L)

X ′(0) = X ′(L),
(A2.53)

where L is the length of the domain in the x-direction (or the circumference of the open
cylinder). This problem only has trivial solutions for a > 0. For a = 0, there is a single
solution where X(x) is constant. For a < 0, with a =−µ2, solutions follow:

X(x) = Acos(µx)+Bsin(µx)

X ′(x) =−Aµ sin(µx)+Bµ cos(µx),
(A2.54)

where A and B are constants. Substituting these equations into the boundary conditions
results in:

Asin(µL)+B(1− cos(µL)) = 0
A(1− cos(µL))−Bsin(µL) = 0,

(A2.55)

which can be rewritten in matrix-vector form:[
sin(µL) 1− cos(µL)

1− cos(µL) −sin(µL)

][
A
B

]
=

[
0
0

]
. (A2.56)

For non-trivial solutions, the determinant of the matrix should be zero, so:

− sin2(µL)− (1− cos(µL))2 = 0

sin2(µL)+1−2cos(µL)+ cos2(µL) = 0
2−2cos(µL) = 0
cos(µL) = 1

µn =
2nπ

L
, n ∈ N.

(A2.57)

Therefore, admissible values of a with periodic boundary conditions in the x-direction
are:

an =−µ
2
n =−4n2π2

L2 , n ∈ N. (A2.58)

Zero flux boundary conditions

The zero flux boundary conditions in the y-direction determine the following boundary
value problem:

Y ′′(y) = bY (y)

Y ′(0) = 0
Y ′(H) = 0,

(A2.59)
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where H is the length of the domain in the y-direction (the height of the open cylinder).
For b > 0 only trivial solutions exist. For b = 0, there is again a single solution where
Y (y) is constant. For b < 0, with b =−ν2, solutions follow:

Y (y) = Acos(νy)+Bsin(νy)

Y ′(y) =−Aν sin(νy)+Bν cos(νy),
(A2.60)

where A and B are constants. Substitution into the boundary conditions yields:

Y ′(0) = νB = 0
B = 0

Y ′(H) = −νAsin(νH) = 0
sin(νH) = 0

νm =
mπ

H
, m ∈ N.

(A2.61)

Therefore, with zero flux boundary conditions in the y-direction, the following values of
b are admissible:

bm =−ν
2
m =−m2π2

H2 , m ∈ N. (A2.62)

Admissible wave numbers

Combining a and b, the admissible wave numbers for periodic boundary conditions in the
x-direction and zero flux boundary conditions in the y-direction are given by:

k2
n,m =−(an +bm) = π

2
(

4n2

L2 +
m2

H2

)
. (A2.63)

One parameter bifurcation analysis

Provided at least one admissible wave number exists, the homogeneous steady state be-
comes unstable when max(Re(λk))> 0, with λk as given by Eq. A2.48. To determine how
max(Re(λk)) depends on the parameters, the values of k2 for which Re(λk) is maximal
can be determined as previously described [203]. There are two branches of λk:

λk+ = E +
1
2

√
F

λk− = E− 1
2

√
F

E =−1
2

k2(1+Dv)+
1
2
( fu +gv)

F = (1−Dv)
2k4−2( fu−gv)(1−Dv)k2 + f 2

u −2 fugv +4 fvgu +g2
v .

(A2.64)
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Since Re(λk+) ≥ Re(λk−), only λk+ needs to be considered. To find the maximum we
take the derivative of this branch of λkto k2 and set it equal to zero:

dλk+

dk2 =−1
2
(1+Dv)+

1
2

(1−Dv)
2k2− ( fu−gv)(1−Dv)√

(1−Dv)2k4−2( fu−gv)(1−Dv)k2 + f 2
u −2 fugv +4 fvgu +g2

v

= 0.

(A2.65)

Solving this equation results in the following relation for k2:

k2 =
−( fu−gv)Dv± (1+Dv)

√
−Dv fvgu

Dv(Dv−1)
. (A2.66)

Since Dv > 1 and fu−gv > 0 for substrate depletion models, and only positive values of
k2 are relevant (wave numbers should be real), this relation can be reduced to:

k2 =
−( fu−gv)Dv +(1+Dv)

√
−Dv fvgu

Dv(Dv−1)
. (A2.67)

Using Eq. A2.67 and Eq. A2.48, the maximum value of λk can be determined as a function
of model parameters if the Jacobian matrix of the system at the homogeneous steady state
is known. Homogeneous steady states are given in section 2.8.2. For the WP model the
Jacobian matrix at the homogeneous steady state is given by:

J =


((n−2)γ−3b)u2n

0 +(−b− γ)u3n
0 +((n−1)γ−3b)un

0−b
((b+ γ)un

0 +b)(1+un
0)

2 b+
γun

0
1+un

0
((−n+2)γ +3b)u2n

0 +(b+ γ)u3n
0 +((−n+1)γ +3b)un

0 +b
((b+ γ)un

0 +b)(1+un
0)

2 −b−
γun

0
1+un

0

 .

(A2.68)
The WPT model has the following Jacobian matrix at this steady state:

J =



−

(
((2−n)γ +3b)

(
σ

ξ

)2n

+(b+ γ)

(
σ

ξ

)3n

+((1−n)γ +3b)
(

σ

ξ

)n

+b

)
(ξ +1)((

σ

ξ

)n

+1
)2(

(b+ γ)

(
σ

ξ

)n

+b
) b+

γ

(
σ

ξ

)n

(
σ

ξ

)n

+1

((2− (ξ +1)n)γ +3b)
(

σ

ξ

)2n

+(b+ γ)

(
σ

ξ

)3n

+((1− (ξ +1)n)γ +3b)
(

σ

ξ

)n

+b((
σ

ξ

)n

+1
)2(

(b+ γ)

(
σ

ξ

)n

+b
) −b−

γ

(
σ

ξ

)n

(
σ

ξ

)n

+1


.

(A2.69)

Hopf bifurcations

Hopf bifurcations occur when complex eigenvalues with real parts greater than zero ap-
pear. In this case the real part of the eigenvalues is given by:

Re(λk) =−
1
2

k2(1+Dv)+
1
2
( fu +gv). (A2.70)
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The value of this real part will keep increasing as k2 decreases. Since negative values
for k2 don’t make sense, the real part will be maximal for k2 = 0 as long as the complex
branch exists for this value. Therefore, the maximum real part of λk is given by:

max(Re(λk)) =
1
2
( fu +gv). (A2.71)

This expression can be used to make one parameter Hopf bifurcation plots, with max(Re(λk))
plotted against a parameter.

Two parameter bifurcation analysis

Two parameter bifurcation analysis was performed by repeating a one parameter bifurca-
tion many times for different values of the second parameter and numerically determining
at which value(s) of the first parameter max(Re(λk)) = 0. To have sufficient sampling
points for both parameters, this process was repeated with the two parameters inverted.
This process is the same for both Turing and Hopf regimes.

2.8.4 Local perturbation analysis
LPA is a relatively new technique for investigating the stability of the homogeneous steady
state with respect to an arbitrarily large local perturbation. We will briefly explain it here.
A more detailed overview [204], a practical guide [201], and a rigorous mathematical
analysis [200] are available elsewhere. LPA relies on an asymptotic approximation where
all rapidly diffusing components are assumed to be infinitely fast (D→ ∞) and all slowly
diffusing components are assumed to be immobile (D→ 0). This way, the evolution of
a local pulse in a slowly diffusing activator so narrow that it does not affect global con-
centrations can be modelled separately from the global level of that activator and any fast
components. This reduces the system of PDEs to a system of ODEs, with equations for
the local concentration of slow components, the global concentration of slow components
and the global concentration of fast components. This system of ODEs can then be anal-
ysed using existing bifurcation software to determine the stability of homogeneous (local
concentration same as global) and heterogeneous (different local and global concentra-
tions) steady states. Therefore, this method provides similar information to classical LSA
(stability of homogeneous states), in addition to information on where a stable homoge-
neous state could be disrupted by a sufficiently large perturbation.

LPA of the WP model

The LPA system has ODEs for the local (uL) and global concentration (uG) of active
GTPase and the global concentration of inactive GTPase (vG). Since the local perturbation
is assumed narrow enough that it does not affect background levels, the global average
GTPase concentration T = uG + vG is conserved. Using this conservation, we eliminated
vG, leaving the following system:

duL

dt
= b(T −uG)+ γ

un
L

1+un
L
(T −uG)−uL

duG

dt
= b(T −uG)+ γ

un
G

1+un
G
(T −uG)−uG.

(A2.72)
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Using continuation software from matlab package matcont, we performed a bifurca-
tion analysis on this system with T as bifurcation parameter (Figure A2.1). The results
revealed three parameter regimes (disregarding Hopf regimes): (1) a regime outside the
outermost fold bifurcations of the heterogeneous branch where only a homogeneous state
exists, (2) a regime where stable homogeneous and heterogeneous states coexist and a
sufficiently large perturbation could switch the system from the homogeneous to the het-
erogeneous state, and (3) a regime within the two transcritical bifurcations where the ho-
mogeneous state is linearly unstable (a Turing regime). To generate the two-parameter bi-
furcation plots, we performed further continuations of the transcritical bifurcations (black
crosses) and outermost fold bifurcations (black dots).

Figure A2.1 also shows a pair of Hopf bifurcations. Stability does not change in these
points and they do not seem to have any effect on the outcome of the simulations of the
full PDE system, so we did not consider them any further. For some of the other mod-
els (WPT and WPGAP), Hopf bifurcations were found that changed the stability of the
heterogeneous curve from stable to unstable in the region with an unstable homogeneous
state. These Hopf bifurcations correspond to those found with LSA and we performed
continuations on them to determine the Hopf regimes in the two parameter bifurcation
plots.

Fig. A2.1. Single parameter bifurcation analysis of the WP LPA system with T as bifurcation parameter
and other parameters at default values. The black curve represents the homogeneous (global) steady state
and the grey curve the heterogeneous (local) steady state. In regime I, only a homogeneous state exists. In
regime II, both a stable homogeneous and heterogeneous steady state exist, so that a sufficiently large pertur-
bation can change the system from a homogeneous to a heterogeneous state. In regime III (Turing regime),
the homogeneous state is unstable, so that any small perturbation will result in pattern formation. Solid lines:
stable states. Dashed lines: unstable states. Dots: fold bifurcations delimiting the borders of the regime with
heterogeneous states. Crosses: transcritical bifurcations delimiting the unstable part of the homogeneous branch
(Turing regime). Stars: Hopf bifurcations.

LPA of the MI model

The LPA method was performed on the MI model as previously described [168]. The full
LPA ODE system has local and global concentrations for active GTPase 1 and 2 (u1,L,
u1,G, u2,L, and u2,G) and global concentrations for inactive GTPase 1 and 2 (v1,G, and v2,G).
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The global average concentration of GTPase 1 (T1 = u1,G +v1,G) and 2 (T2 = u2,G +v2,G)
are conserved, allowing us to eliminate v1,G, and v2,G. This leads to the following system
of ODEs:

du1,L

dt
= b1(T1−u1,G)+ γ1

1
1+un

2,L
(T1−u1,G)−u1,L

du1,G

dt
= b1(T1−u1,G)+ γ1

1
1+un

2,G
(T1−u1,G)−u1,G

du2,L

dt
= b2(T2−u2,G)+ γ2

1
1+un

1,L
(T2−u2,G)−u2,L

du2,G

dt
= b2(T2−u2,G)+ γ2

1
1+un

1,G
(T2−u2,G)−u2,G.

(A2.73)

A one parameter bifurcation analysis with T1 as bifurcation parameter and T2 = 5, has
a similar result as for the WP model with the same three regimes as for the WP model
(Figure A2.2). We made two parameter bifurcation plots as before by continuation of the
bifurcation points delimiting these regimes.

Fig. A2.2. Single parameter bifurcation analysis of the MI LPA system with T1 as bifurcation parame-
ter, T2 = 5, and other parameters at default values. The black curve represents the homogeneous (global)
steady state and the grey curve the heterogeneous (local) steady state. Solid lines: stable states. Dashed lines:
unstable states. Dots: fold bifurcations delimiting the borders of the regime with heterogeneous states. Crosses:
transcritical bifurcations delimiting the unstable part of the homogeneous branch (Turing regime).

LPA of the WPT model

The full LPA ODE system of the WPT model has equations for local and global concen-
trations of active GTPase (u1,L and u1,G respectively) and for the global concentration of
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inactive GTPase (v1,G):

duL

dt
= bvG + γ

un
L

1+un
L

vG−uL−ξ uL

duG

dt
= bvG + γ

un
G

1+un
G

vG−uG−ξ uG

dvG

dt
=−bvG− γ

un
G

1+un
G

vG +uG +σ .

(A2.74)

Since this model is not mass conserved, none of these equations can be eliminated. A one
parameter bifurcation analysis with σ as bifurcation parameter again reveals the same
three regimes as for the WP model (Figure A2.3). We made two parameter bifurcation
plots in the same way as before.

Fig. A2.3. Single parameter bifurcation analysis of the WPT LPA system with σ as bifurcation parameter
and other parameters at default values. The black curve represents the homogeneous (global) steady state and
the grey curve the heterogeneous (local) steady state. Solid lines: stable states. Dashed lines: unstable states.
Dots: fold bifurcations delimiting the borders of the regime with heterogeneous states. Crosses: transcritical
bifurcations delimiting the unstable part of the homogeneous branch (Turing regime). Stars: Hopf bifurcations.

LPA of the MIT model

The full LPA ODE system of the MIT has equations for local and global concentrations
of active GTPase 1 and 2 (u1,L, u1,G, u2,L, and u2,G) and global concentrations of inactive
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GTPase 1 and 2 (v1,G, and v2,G):

du1,L

dt
= b1v1,G + γ1

1
1+un

2,L
v1,G−u1,L−ξ1u1,L

du1,G

dt
= b1v1,G + γ1

1
1+un

2,G
v1,G−u1,G−ξ1u1,G

dv1,G

dt
=−b1v1,G− γ1

1
1+un

2,G
v1,G +u1,G +σ1

du2,L

dt
= b2v2,G + γ2

1
1+un

1,L
v2,G−u2,L−ξ2u2,L

du2,G

dt
= b2v2,G + γ2

1
1+un

1,G
v2,G−u2,G−ξ2u2,G

dv2,G

dt
=−b2v2,G− γ2

1
1+un

1,G
v2,G +u2,G +σ2.

(A2.75)

Since this model is not mass conserved, none of these equations can be eliminated. A one
parameter bifurcation analysis with σ1 as bifurcation parameter and σ2 = 0.2 again reveals
the same three regimes as for the WP model (Figure A2.4). We made two parameter
bifurcation plots in the same way as before.

Fig. A2.4. Single parameter bifurcation analysis of the MIT LPA system with σ1 as bifurcation parameter,
σ2 = 0.2, and other parameters at default values. The black curve represents the homogeneous (global)
steady state and the grey curve the heterogeneous (local) steady state. Solid lines: stable states. Dashed lines:
unstable states. Dots: fold bifurcations delimiting the borders of the regime with heterogeneous states. Crosses:
transcritical bifurcations delimiting the unstable part of the homogeneous branch (Turing regime). Stars: Hopf
bifurcations.

LPA of the WPGAP model

We performed LPA both with fast diffusing and slowly diffusing active GAP. For fast
diffusing active GAP, the LPA system has ODEs for the local and global concentration of
active GTPase (uL and uG respectively) and the global concentration of inactive GTPase,
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active GAP, and inactive GAP (vG, GG, and gG respectively). The global average GTPase
concentration T = uG + vG and GAP concentration Tg = GG + gG are conserved. Using
these conservations, we eliminated vG and gG, leaving the following system:

duL

dt
= b(T −uG)+ γ

un
L

1+un
L
(T −uG)−uL−GG ·uL

duG

dt
= b(T −uG)+ γ

un
G

1+un
G
(T −uG)−uG−GG ·uG

dGG

dt
= cuG(Tg−GG)−dGG.

(A2.76)

For slowly diffusing active GAP, an additional local concentration of active GAP (GL) has
to be added to the LPA system:

duL

dt
= b(T −uG)+ γ

un
L

1+un
L
(T −uG)−uL−GL ·uL

duG

dt
= b(T −uG)+ γ

un
G

1+un
G
(T −uG)−uG−GG ·uG

dGL

dt
= cuL(Tg−GG)−dGL

dGG

dt
= cuG(Tg−GG)−dGG.

(A2.77)

A one parameter bifurcation analysis with T as bifurcation parameter again reveals the
same three regimes for the system with fast active GAP as for the WP model (Fig-
ure A2.5). For the system with slow active GAP there is no heterogeneous state at de-
fault Tg. For lower values of Tg, the three regimes can still be found for this system
(Figure A2.5). We made two parameter bifurcation plots in the same way as before.

LPA of the MIGAP1 model

Based on our results for the WPGAP model, we performed LPA on the MI models with
GAPs only for fast diffusing GAPs. The full LPA ODE system has local and global con-
centrations for active GTPase 1 and 2 (u1,L, u1,G, u2,L, and u2,G) and global concentrations
for inactive GTPase 1 and 2 (v1,G, and v2,G) and active and inactive GAP (G1,G and g1,G).
The global average concentration of GTPase 1 (T1 = u1,G +v1,G) and 2 (T2 = u2,G +v2,G)
and GAP (Tg,1 = G1,G +g1,G) are conserved, allowing us to eliminate v1,G, v2,G, and g1,G.
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Fig. A2.5. Single parameter bifurcation analysis of the WPGAP LPA system with T as bifurcation pa-
rameter and other parameters at default values. Left: LPA system for fast active GAP. Right: LPA system
for slow active GAP (with Tg = 0.5). The black curve represents the homogeneous (global) steady state and
the grey curve the heterogeneous (local) steady state. Solid lines: stable states. Dashed lines: unstable states.
Dots: fold bifurcations delimiting the borders of the regime with heterogeneous states. Crosses: transcritical
bifurcations delimiting the unstable part of the homogeneous branch (Turing regime).

This leads to the following system of ODEs:

du1,L

dt
= b1(T1−u1,G)+ γ1

1
1+un

2,L
(T1−u1,G)−u1,L−G1,G ·u1,L

du1,G

dt
= b1(T1−u1,G)+ γ1

1
1+un

2,G
(T1−u1,G)−u1,G−G1,G ·u1,G

du2,L

dt
= b2(T2−u2,G)+ γ2

1
1+un

1,L
(T2−u2,G)−u2,L

du2,G

dt
= b2(T2−u2,G)+ γ2

1
1+un

1,G
(T2−u2,G)−u2,G

dG1,G

dt
= c1u1,G(Tg,1−g1,G)−d1G1,G.

(A2.78)

A one parameter bifurcation analysis with T1 as bifurcation parameter and T2 = 5 again re-
veals the same three regimes as for the WP model (Figure A2.6). We made two parameter
bifurcation plots in the same way as before.

LPA of the MIGAP2 model

The full LPA ODE system has local and global concentrations for active GTPase 1 and
2 (u1,L, u1,G, u2,L, and u2,G) and global concentrations for inactive GTPase 1 and 2 (v1,G,
and v2,G) and acitve and inactive GAP 1 and 2 (G1,G, g1,G, G2,G, and g2,G). The global
average concentration of GTPase 1 (T1 = u1,G + v1,G) and 2 (T2 = u2,G + v2,G) and GAP
1 (Tg,1 = G1,G +g1,G) and 2 (Tg,2 = G2,G +g2,G) are conserved, allowing us to eliminate
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Fig. A2.6. Single parameter bifurcation analysis of the MIGAP1 LPA system with T1 as bifurcation pa-
rameter, T2 = 5, and other parameters at default values. The black curve represents the homogeneous
(global) steady state and the grey curve the heterogeneous (local) steady state. Solid lines: stable states. Dashed
lines: unstable states. Dots: fold bifurcations delimiting the borders of the regime with heterogeneous states.
Crosses: transcritical bifurcations delimiting the unstable part of the homogeneous branch (Turing regime).
Stars: Hopf bifurcations.

v1,G, v2,G, g1,G, and g2,G. This leads to the following system of ODEs:

du1,L

dt
= b1(T1−u1,G)+ γ1

1
1+un

2,L
(T1−u1,G)−u1,L−G1,G ·u1,L

du1,G

dt
= b1(T1−u1,G)+ γ1

1
1+un

2,G
(T1−u1,G)−u1,G−G1,G ·u1,G

du2,L

dt
= b2(T2−u2,G)+ γ2

1
1+un

1,L
(T2−u2,G)−u2,L−G2,G ·u2,L

du2,G

dt
= b2(T2−u2,G)+ γ2

1
1+un

1,G
(T2−u2,G)−u2,G−G2,G ·u2,G

dG1,G

dt
= c1u1,G(Tg,1−G1,G)−d1G1,G

dG2,G

dt
= c2u2,G(Tg,2−G2,G)−d2G2,G.

(A2.79)

A one parameter bifurcation analysis with T1 as bifurcation parameter and T2 = 20 again
reveals the same three regimes as for the WP model (Figure A2.7). We made two param-
eter bifurcation plots in the same way as before.
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Fig. A2.7. Single parameter bifurcation analysis of the MIGAP2 LPA system with T1 as bifurcation pa-
rameter, T2 = 20, and other parameters at default values. The black curve represents the homogeneous
(global) steady state and the grey curve the heterogeneous (local) steady state. Solid lines: stable states. Dashed
lines: unstable states. Dots: fold bifurcations delimiting the borders of the regime with heterogeneous states.
Crosses: transcritical bifurcations delimiting the unstable part of the homogeneous branch (Turing regime).

2.8.5 WPT model with degradation of inactive GTPase
If the degradation term from the WPT model is changed from degradation of active GTP-
ase to degradation of inactive GTPase, the full dimension-carrying system is given by:

∂ ũ
∂ t̃

= b̃ṽ+ γ̃
ũn

Kn + ũn ṽ−δ ũ+Du∇
2ũ

∂ ṽ
∂ t̃

=−b̃ṽ− γ̃
ũn

Kn + ũn ṽ+δ ũ+ σ̃ − ξ̃ ṽ+ D̃v∇
2ṽ.

(A2.80)

After non-dimensionalisation, the following system is obtained:

∂u
∂ t

= bv+ γ
un

1+un v−u+∇
2u

∂v
∂ t

=−bv− γ
un

1+un v+u+σ −ξ v+Dv∇
2v,

(A2.81)

with dimensionless variables:

u =
ũ
K
, v =

ṽ
K
, t = δ t̃, x =

x̃
√

δ√
Du

, y =
ỹ
√

δ√
Du

, (A2.82)

and scaled parameters:

b =
b̃
δ
, γ =

γ̃

δ
, ξ =

ξ̃

δ
, σ =

σ̃

δK
, Dv =

D̃v

Du
. (A2.83)
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The corresponding LPA system is:

duL

dt
= bvG + γ

un
L

1+un
L

vG−uL

duG

dt
= bvG + γ

un
G

1+un
G

vG−uG

dvG

dt
=−bvG− γ

un
G

1+un
G

vG +uG +σ −ξ vG.

(A2.84)

A one parameter bifurcation analysis with σ as bifurcation parameter reveals a bistable
regime with an unstable homogeneous state surrounded by two stable homogeneous steady
states (Fig A2.8). The heterogeneous steady states follow the homogeneous ones so
closely that the order of the curves could not be resolved numerically. Therefore, we
further studied the behaviour of this system with a numerical simulation starting some-
where in the middle of the unstable part of the homogeneous branch. In this simulation,
many clusters of active GTPase initially appear and start growing. However, they keep
growing until they fill the domain and a new homogeneous state is reached (Fig A2.9),
indicating that the unusual heterogeneous branch in the LPA plot does not represent a
reachable heterogeneous state.

Fig. A2.8. Single parameter bifurcation analysis of the WPT LPA system with degradation of inactive
GTPase with σ as bifurcation parameter and other parameters at default values. The black curve rep-
resents the homogeneous (global) steady state and the grey curve the heterogeneous (local) steady state. Inset
shows details around uL = 0.5. Solid lines: stable states. Dashed lines: unstable states. Dots: fold bifurcations
delimiting the borders of the regime with heterogeneous states. Crosses: transcritical bifurcations delimiting the
unstable part of the homogeneous branch (Turing regime). Stars: Hopf bifurcations.

Attempts with different parameters in the LPA system did not yield any bifurcation
plots with clearly reachable heterogeneous states, indicating that it is at the vary least eas-
ier to obtain spontaneous pattern formation when degradation of the active form occurs.
This suggests some removal of active GTPase (e.g. by membrane recycling) is important
for pattern formation mechanisms with broken mass conservation.
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Fig. A2.9. Transient active GTPase concentrations ([GTPase]) from simulations of the WPT model with
degradation of the inactive form of GTPase. Simulation conditions were as described in the main text for the
WPT model, with σ = 0.1.

2.8.6 Derivation of ODE models
Basic ODE model

The homogeneous WP system is bistable, with points within the cluster being in the high
steady state and points outside the cluster in the low steady sate [84]. Similarly, for the MI
model, the area outside a cluster of GTPase 1 is dominated by GTPase 2 which promotes
inactivation of GTPase 1. This property results in a relatively flat concentration profile
inside clusters. We approximate this by a single, constant (high) concentration inside
clusters and a single, constant (low) concentration outside clusters (Fig A2.10).

Fig. A2.10. Cartoon of cluster representation used in the ODE model. The solid black line represents a
profile of the active GTPase concentration (u) as obtained with the PDE model along a 1D cross-section in
direction x. The dashed grey line indicates a discrete cluster approximation based on this profile.

Under this approximation, cluster area is proportional to the amount of (active) GTP-
ase hc,n in cluster n and cluster circumference is proportional to hη

c,n with 0 < η < 1,
depending on cluster shape (and system dimensionality). For circular clusters, η = 1

2 be-
cause the area is directly proportional to the square root of the circumference. In addition,
we assume diffusion of the inactive form is sufficiently fast that all clusters effectively
draw from a single pool of inactive GTPase. Due to the constant area of the membrane,
the constant inactive GTPase concentration v is directly proportional to the total amount of
inactive GTPase hp. Since the concentration of active GTPase in the clusters is assumed
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constant (u = uc), the interaction function f of the WP model can be simplified:

f (u,v) = bv+ γ
un

1+un v−u =

(
b+ γ

un
c

1+un
c

)
v−uc = c1hp− c2, (A2.85)

where c1 and c2 are constants. Similarly, interaction function f of the MI model can be
simplified to obtain the same expression if we assume levels of active GTPase outside
clusters to also be approximately constant:

f (ui,vi,u j) = bivi + γi
1

1+un
j
vi−ui =

(
bi + γi

1
1+un

j,c

)
vi−ui,c = c1hp,i− c2. (A2.86)

Since these functions describe the change of concentrations and we are interested in clus-
ter size, we have to integrate this expression across the area Ac,n of the cluster, which
is proportional to hc,n. Because inactive GTPase concentration v is homogeneous, this
integral is easily solved:∫∫

Ac,n

(c1hp− c2)dAc,n = (c1hp− c2)
∫∫

Ac,n

dAc,n = c1Ac,nhp− c2Ac,n = αhc,nhp−δhc,n,

(A2.87)
where α and δ are constants. These terms describe changes in cluster sizes due to the
interaction functions.

In addition to these terms, we consider loss of active GTPase through diffusion across
the boundary of the cluster, where we assume it is immediately converted into the inactive
form because of the low steady state of the active form outside the cluster. This results in
an extra inactivation term proportional to the circumference of the cluster hη

c,n. Combining
this term (using proportionality constant β ) with the terms derived from the interaction
function results in the basic ODE model:

dhc,n(t)
dt

= αhc,n(t)hp(t)−βhc,n(t)η −δhc,n(t)

dhp(t)
dt

=−αhp(t)
N

∑
j=1

hc, j(t)+β

N

∑
j=1

hc, j(t)η +δ

N

∑
j=1

hc, j(t).
(A2.88)

Compartmentalised ODE model

We account for the fact that a cluster can only incorporate inactive GTPase from its vicin-
ity by giving each cluster its own local compartment containing an amount of inactive
GTPase hp,n. We can greatly simplify computations by assuming that all compartments
have equal size and are connected to all other compartments with equally large inter-
faces. This is a reasonable approximation for the question we are most interested in: do
small differences in cluster size increase (polarisation) or decrease (stable coexistence)?
Under this approximation, diffusive fluxes of inactive GTPase become constant rates of
exchange between compartments.

Upon adding a production term to the inactive form and degradation terms to both the
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active and inactive forms, the system of PDEs reads:

∂u
∂ t

= f (u,v)−ξ u

∂v
∂ t

=− f (u,v)+σ −ξpv.
(A2.89)

To obtain the terms of the ODE approximation, the extra terms can be treated as done
before for function f . Since compartments have a constant size, concentration v in each
compartment is proportional to hp,n. In clusters, concentration u is still constant. Drop-
ping function f for the moment, we get:

∂u
∂ t

=−ξ uc =−c3

∂v
∂ t

= σ − c4hp,n,
(A2.90)

where c3 and c4 are constants. To obtain expressions for hc,n and hp,n, we integrate across
the cluster area Ac,n (for degradation of active form), or the compartment area Ap,n (for
production and degradation of inactive form):

dhc,n

dt
=
∫∫

Ac,n

−c3dAc,n =−c3Ac,n =−ξ̃ hc,n

dhp,n

dt
=
∫∫

Ap,n

(σ − c4hp,n)dAp,n = σAp,n− c4Ap,nhp,n = σ̃ − ξ̃php,n,
(A2.91)

where ξ̃ , σ̃ , and ξ̃p are constants. Adding these terms and a constant exchange rate φ

to the expression we already found in the previous section (and dropping the tildes) we
obtain the compartmentalised ODE system:

dhc,n(t)
dt

= αhc,n(t)hp,n(t)−βhc,n(t)η −δhc,n(t)−ξ hc,n(t)

dhp,n(t)
dt

= σ −αhp,n(t)hc,n(t)+βhc,n(t)η +δhc,n(t)−ξphp,n(t)+φ

N

∑
j=1

(hp, j−hp,n).

(A2.92)

ODE model with GAP feedback

If we write Gc,n for the total amount of active GAP in cluster n, then the concentration
of active GAP in that cluster is proportional to Gc,n/hc,n. Since hc,n is proportional to
both the area of and the total amount of GTPase in cluster n, the GTPase concentra-
tion in that cluster is proportional to hc,n/hc,n (constant). Since we modelled GAP-based
GTPase inactivation proportional to the product of GAP and GTPase concentrations, the
rate at which GAPs reduce the total amount of GTPase in cluster n is proportional to
Gc,n/hc,n · hc,n/hc,n · hc,n = Gc,n. Loss of GAPs from the cluster by diffusion is propor-
tional to the GAP concentration and the circumference of the cluster and therefore to
Gc,n/hc,n ·hη

c,n = hη−1
c,n Gc,n. GAPs lost by diffusion are assumed to be inactivated outside
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the cluster. In addition, GAPs are inactivated inside the cluster at a constant rate, so pro-
portional to the GAP concentration Gc,n/hc,n. This makes the change in the amount of
active GAP due to constant inactivation proportional to Gc,n/hc,n · hc,n = Gc,n. GTPase-
dependent GAP activation was modelled proportional to the active GTPase and inactive
GAP concentrations in the PDE model. Therefore, the rate at which GTPase inactivates
GAP in a cluster is proportional to the (constant) GTPase concentration and the non-
cluster inactive GAP concentration Gp (in a constant area). This results in a total GAP
activation proportional to hc,n/hc,n ·Gp ·hc,n = hc,nGp. Combining these relations with the
relevant rate constants results in the system of the ODE model with GAP feedback:

dhc,n(t)
dt

= αhc,n(t)hp(t)−βhc,n(t)η −δhc,n(t)− εGc,n(t)

dhp(t)
dt

=−αhp(t)
N

∑
j=1

hc, j(t)+β

N

∑
j=1

hc, j(t)η +δ

N

∑
j=1

hc, j(t)+ ε

N

∑
j=1

Gc, j(t)

dGc,n(t)
dt

= γhc,n(t)Gp(t)−δgGc,n(t)−ζ hc,n(t)η−1Gc,n

dGp(t)
dt

=−γGp(t)
N

∑
j=1

hc, j(t)+δg

N

∑
j=1

Gc, j(t)+ζ

N

∑
j=1

hc, j(t)η−1Gc, j(t).

(A2.93)

2.8.7 WPT model with degradation of both active and inactive GTP-
ase

Since degradation of inactive GTPase only does not seem to yield any stable patterns, we
ask if some degree of degradation of inactive GTPase can be tolerated as long as there is
also degradation of active GTPase. Simulations with the compartmentalised ODE model
with degradation of both active and inactive forms suggests that patterns of stably coex-
isting GTPase clusters are indeed possible (Fig A2.11A). To confirm this, we consider the
WPT model is with degradation of both active and inactive GTPase. The full dimension-
carrying system is given by:

∂ ũ
∂ t̃

= b̃ṽ+ γ̃
ũn

Kn + ũn ṽ−δ ũ− ξ̃ ũ+Du∇
2ũ

∂ ṽ
∂ t̃

=−b̃ṽ− γ̃
ũn

Kn + ũn ṽ+δ ũ+ σ̃ − ξ̃pṽ+ D̃v∇
2ṽ.

(A2.94)

After non-dimensionalisation, the following system is obtained:

∂u
∂ t

= bv+ γ
un

1+un v−u−ξ u+∇
2u

∂v
∂ t

=−bv− γ
un

1+un v+u+σ −ξpv+Dv∇
2v,

(A2.95)

with dimensionless variables:

u =
ũ
K
, v =

ṽ
K
, t = δ t̃, x =

x̃
√

δ√
Du

, y =
ỹ
√

δ√
Du

, (A2.96)
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and scaled parameters:

b =
b̃
δ
, γ =

γ̃

δ
, ξ =

ξ̃

δ
, ξp =

ξ̃p

δ
, σ =

σ̃

δK
, Dv =

D̃v

Du
. (A2.97)

The corresponding LPA system is:

duL

dt
= bvG + γ

un
L

1+un
L

vG−uL−ξ uL

duG

dt
= bvG + γ

un
G

1+un
G

vG−uG−ξ uG

dvG

dt
=−bvG− γ

un
G

1+un
G

vG +uG +σ −ξpvG.

(A2.98)

A one parameter bifurcation analysis with σ as bifurcation parameter reveals three pa-
rameter regimes: a homogeneous regime, a Turing regime, and a regime where patterning
may be induced by a sufficiently strong perturbation (Fig A2.11B). A simulation in the
Turing regime reveals that this model can indeed yield a pattern of multiple stably coex-
isting clusters (Fig A2.11C).

0 100 200 300
t

0

5

10

h
c,
n

A B C

Fig. A2.11. Coexistence can be found even with degradation of both active and inactive forms. A: Simula-
tion of compartmentalised ODE model with production and degradation. Parameters were as in main text, with
φ = 1 and ξ = ξp = 0.1. B: Single parameter bifurcation analysis of the WPT model with an additional degra-
dation of inactive form at the same rate as the active form. The blue curve represents the homogeneous (global)
steady state and the red curve the heterogeneous (local) steady state. Solid lines: stable states. Dashed lines:
unstable states. Dots: fold bifurcations delimiting the borders of the regime with heterogeneous states. Crosses:
transcritical bifurcations delimiting the unstable part of the homogeneous branch (Turing regime). Stars: Hopf
bifurcations. C: Profile of steady active GTPase concentrations ([GTPase]) from simulations of the WPT model
with degradation of both the active and inactive form of GTPase. Simulation conditions were as described in the
main text for the WPT model, with σ = 0.155 and a degradation rate of 0.1 for both active and inactive forms.

2.8.8 Quasi steady state approximation for GAPs in ODE model
Due to mass conservation, the equation for the amount of (inactive) GAP Gp outside the
cluster is redundant. Using the conservation relation Tg = Gp +∑

N
j=1 Gc, j, this equation

can be removed from the ODE system, leaving for GAP dynamics only the equations for
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Gc,n:

dGc,n(t)
dt

= γhc,n(t)

(
Tg−

N

∑
j=1

Gc, j(t)

)
−ζ Gc,n(t)hc,n(t)η−1−δgGc,n(t). (A2.99)

In the case where GAP dynamics is fast compared to GTPase dynamics, we can take a
quasi steady state approximation for the amounts of GAP. This results in:

Gc,n =
γhc,n(t)

ζ hc,n(t)η−1 +δg

(
Tg−

N

∑
j=1

Gc, j

)
. (A2.100)

To obtain an expression for ∑
N
j=1 Gc, j, we sum Gc,n over all clusters:

N

∑
j=1

Gc, j =
N

∑
n=1

Gc,n =
N

∑
n=1

γhc,n(t)
ζ hc,n(t)η−1 +δg

(
Tg−

N

∑
j=1

Gc, j

)

=

(
Tg−

N

∑
j=1

Gc, j

)
N

∑
n=1

γhc,n(t)
ζ hc,n(t)η−1 +δg

.

(A2.101)

Solving for ∑
N
j=1 Gc, j and (trivially) changing summation indices gives:

N

∑
j=1

Gc, j = Tg

∑
N
j=1

hc, j(t)
hc, j(t)η−1 +δg/ζ

ζ/γ +∑
N
j=1

hc, j(t)
hc, j(t)η−1 +δg/ζ

(A2.102)

Substituting this expression into Eq. A2.100 gives:

Gc,n =
γhc,n(t)

ζ hc,n(t)η−1 +δg

Tg−Tg

∑
N
j=1

hc, j(t)
hc, j(t)η−1 +δg/ζ

ζ/γ +∑
N
j=1

hc, j(t)
hc, j(t)η−1 +δg/ζ


= Tg

γhc,n(t)
ζ hc,n(t)η−1 +δg

· ζ/γ

ζ/γ +∑
N
j=1

hc, j(t)
hc, j(t)η−1 +δg/ζ

= Tg

hc,n(t)
hc,n(t)η−1 +δg/ζ

ζ/γ +∑
N
j=1

hc, j(t)
hc, j(t)η−1 +δg/ζ

.

(A2.103)

We now have an expression for Gc,n that only depends on hc,n and other hc,i. With this we
can close the equations for hc,n in terms of hc.
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Abstract
In plant vascular tissue development, different cell wall patterns are formed, offering dif-
ferent mechanical properties optimised for different growth stages. Critical in these pat-
terning processes are Rho of Plants (ROP) proteins, a class of evolutionarily conserved
small GTPase proteins responsible for local membrane domain formation in many or-
ganisms. While the spotted metaxylem pattern can easily be understood as a result of a
Turing-style reaction-diffusion mechanism, it remains an open question how the consis-
tent orientation of evenly spaced bands and spirals as found in protoxylem is achieved.
We hypothesise that this orientation results from an interaction between ROPs and an
array of transversely oriented cortical microtubules that acts as a directional diffusion
barrier. Here, we explore this hypothesis using partial differential equation models with
anisotropic ROP diffusion and show that a horizontal microtubule array acting as a ver-
tical diffusion barrier to active ROP can yield a horizontally banded ROP pattern. We
then study the underlying mechanism in more detail, finding that it can only orient curved
pattern features but not straight lines. This implies that, once formed, banded and spiral
patterns cannot be reoriented by this mechanism. Finally, we observe that ROPs and mi-
crotubules together only form ultimately static patterns if the interaction is implemented
with sufficient biological realism.
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3.1 Introduction
Plants are able to transport water and nutrients from the ground all the way up to the
leaves, potentially more than a hundred meters high, thanks to a highly specialised system
of vessels known as the xylem [1]. These xylem vessels are formed by cells that deposit a
thick secondary cell wall followed by programmed cell death, leaving a hollow tube [3].
The cell wall reinforcements function to withstand the pressures generated during water
transport and may be deposited in intricate patterns depending on the type of xylem. In
protoxylem, the secondary wall forms bands or spirals, allowing the vessels to stretch
with the surrounding tissue, while metaxylem, formed when longitudinal tissue growth
has ceased, tends to be more rigid, with only some well-separated pits for radial transport
[7–9] (Fig. 3.1A).

Fig. 3.1. The role of ROP in xylem patterning. (A) General hypothesis of cell wall patterning in metaxylem
and protoxylem. Local ROP activity destabilises the microtubules that function as a template for secondary
cell wall deposition. (B) Mechanism of ROP activation and inactivation. GEFs promote ROP activation by
exchanging GDP for GTP, GAPs promote inactivation by GTP hydrolysis and GDIs selectively remove inactive
ROP from the membrane. (C) Cortical microtubules can self-organise into a transverse array and may act
as a molecular fence, directionally restricting the diffusion of membrane-bound active ROP. (D) Interactions
of active (ROP*) and inactive ROP (ROP) for two simple reaction-diffusion models for ROP-based pattern
formation. Blue arrows indicate diffusion, solid black arrows indicate conversions, and dashed arrows indicate
positive interactions. Panels (B) and (D) are adapted from chapter 2.

The deposition of this secondary cell wall is determined by the position of cortical
microtubules on the inside of the membrane that direct cell wall depositing cellulose
synthase complexes [117, 118, 120, 122] and secretory vesicles [119]. The microtubule
pattern, in turn, depends on the localised activity of ROP (Rho of Plants) proteins that re-
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cruit effectors capable of influencing microtubule dynamics, which is best demonstrated
for metaxylem development. Through these effectors, ROP activity reduces the local
microtubule density, creating the mirotubule pattern [147–149] (Fig. 3.1A). Since ROP
involvement has also been indicated in protoxylem differentiation [150] and the same ef-
fectors (MIDD1, Kinesin13A) are expressed during protoxylem development [151, 152],
patterning of protoxylem is expected to have a similar mechanism to that of metaxylem.

ROPs are a type of small GTPase, an evolutionarily conserved class of proteins of-
ten involved in membrane domain formation. Small GTPases are signalling proteins that
function like a molecular switch. They have an active GTP-bound form and an inactive
GDP-bound form (Fig. 3.1B). Guanine nucleotide Exchange Factors (GEFs) promote ac-
tivation by exchanging GDP for GTP, while GTPase Activating Proteins (GAPs) promote
inactivation by stimulating the intrinsic GTPase activity of the ROP [64, 167]. The active
form is tethered to the cell membrane, while the inactive form is selectively taken out
of the membrane by Guanine nucleotide Dissociation Inhibitors (GDIs) [65]. Because
diffusion at the membrane is much slower than in the cytosol [66, 67], the active form
diffuses only slowly compared to the inactive form. If this difference in diffusion rates is
complemented by a positive feedback mechanism, all ingredients for Turing-style pattern
formation are present [46, 47]. Such positive feedback loops have been demonstrated for
a variety of small GTPase systems [68]. Therefore, ROPs and other small GTPases are
extremely suitable for de novo membrane patterning. Consequently, reaction-diffusion
models involving small GTPases have been proposed for a wide variety of membrane
patterning processes [32, 35, 44, 178].

Generating a spotted metaxylem-like pattern using a ROP-like reaction-diffusion sys-
tem is straightforward [32, 49, 163]. These same systems can also generate stripes, but
these tend to be curved, without any specific orientation (e.g., patterns in first column
of Fig 3.2), making the horizontally banded protoxylem pattern harder to obtain with a
reaction-diffusion mechanism. A banded pattern can be obtained on a sufficiently narrow
periodic domain, when the circumference of the domain (i.e., the width of the periodic
axis) is smaller than the wave length of the pattern as suggested for, e.g., animal tails [10].
However, in microscopic pictures of protoxylem patterns, even the widest band and gap
lengths combined are rarely larger than the visible width of the cell, let alone the entire
circumference [122, 149]. Therefore, some other mechanism must impose the orientation
of the protoxylem ROP pattern.

The protoxylem pattern has to be properly oriented relative to the cell’s growth axis,
suggesting that information from the orientation of the cell is transmitted to the ROP pat-
tern. An obvious candidate for the agent of this transmission is the microtubule array
itself, since it is well-known for its ability to self-organise into a wide variety of struc-
tures, including aligned cortical arrays with a transverse orientation [98, 124, 134]. This
idea is consistent with the observation that, during protoxylem development, microtubules
reorient to a transverse array before apparent band formation [159]. In addition, IQD13,
a protein interacting with both microtubules and the plasma membrane, can cause mi-
crotubules to act as a “molecular fence" that physically restricts the movement of active
ROP and increased expression of this protein results in more flattened spots in metaxylem
[154]. Increasing microtubule stability with taxol treatment or overexpression of MAP70
(a Microtubule-Associated Protein) has a similar effect [148, 153]. These observations
suggest that, during protoxylem patterning, a transverse microtubule array will pose a bar-
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rier to any ROPs moving perpendicular to the array orientation, resulting in anisotropic
ROP diffusion (Fig. 3.1C).

Anisotropic diffusion in reaction-diffusion systems has long been known to influence
the shapes of patterns in experimental chemical systems [206] and in models used for
texture synthesis [207]. A study on pattern formation in fish skin also reported pattern
orientations shaped by anisotropic diffusion [208]. There, however, anisotropic diffu-
sion was considered to be diffusion dependent on the angle of the concentration gradient,
rather than a directional reduction in the diffusion coefficient. Nevertheless, since the con-
centration gradient determines the main direction of diffusion, their approach indirectly
also results in a diffusive flow that is stronger in a certain direction. More recently, aniso-
tropic diffusion has been proposed as a general mechanism for orienting stripes formed
by Turing-like mechanisms, with horizontal diffusion restriction of a fast-diffusing com-
ponent (comparable to the inactive form of ROP) resulting in horizontally oriented stripes
[209]. Interestingly, in the case of protoxylem patterning we need the opposite: vertical
restriction of the active form resulting in horizontally oriented stripes.

Here, we use partial differential equation (PDE) models of ROP-based reaction-dif-
fusion systems with anisotropic diffusion to study active ROP diffusion restriction as a
mechanism of ROP pattern orientation in protoxylem development. We also employ a
functional decomposition of the diffusion tensor to gain additional mechanistic insight
into the orienting power of this mechanism.

3.2 Methods

3.2.1 Modelling approach
We start with two simple reaction-diffusion models for small GTPase-based membrane
patterning that can generate coexisting spots, stripes, and gaps (chapter 2). Both models
are adaptations of the wave pinning model from Mori et al. [84], with the addition of
either protein turnover (WPT model; see Fig. 3.1D) or negative feedback through GAP
activation (WPGAP model) to prevent accumulation of all active ROP into a single cluster
(see chapter 2 for a mechanistic explanation). The models assume that active ROP is
exclusively membrane bound and inactive ROP is exclusively cytosolic. Consequently,
we assume only the diffusion of active ROP will be affected by the microtubule diffusion
barriers. Therefore, we will focus our investigation on the diffusion tensor Du of active
ROP (of concentration u), assuming the diffusion of inactive ROP (of concentration v),
active GAP (G), and inactive GAP (g) to be constant and isotropic.

The dimensionless WPT model is given by:

∂u
∂ t

= bv+ γ
un

1+un v−u−ξ u+∇ ·Du∇u

∂v
∂ t

=−bv− γ
un

1+un v+u+σ +Dv∇
2v,

(3.1)

where b is the constant activation rate, γ the maximum self-activation rate, n the hill
function exponent of self-activation, ξ the active ROP degradation rate, σ the inactive
ROP production rate, Dv the inactive ROP diffusion coefficient, and Du the dimension-
less diffusion tensor for u. To arrive at the dimensionless forms, all diffusion coefficients



333

82 CHAPTER 3

and tensors were normalised with the (dimension carrying) diffusion coefficient of unre-
stricted active ROP (Du,max).

The dimensionless WPGAP model is given by:

∂u
∂ t

= bv+ γ
un

1+un v−u−Gu+∇ ·Du∇u

∂v
∂ t

=−bv− γ
un

1+un v+u+Gu+Dv∇
2v

∂G
∂ t

= cug−dG+DG∇
2G

∂g
∂ t

=−cug+dG+Dg∇
2g,

(3.2)

where active ROP promotes GAP activation at rate c, GAPs are inactivated at constant rate
d, and DG and Dg are the diffusion coefficients of active and inactive GAP, respectively.
In the WPGAP model, the total amounts of ROP and GAP are conserved, so that the
average total ROP concentration T and average total GAP concentration Tg are constants
determined by initial conditions.

We used identical values for the parameters for the reaction parts and the unrestricted
diffusion coefficients as in chapter 2. We have previously performed extensive bifurca-
tion analyses of these models (chapter 2) to locate parameter regimes where spontaneous
patterning can occur from a homogeneous state (so-called Turing regimes). This analy-
sis directed us to relevant parameter sets that remained useful in the case of anisotropic
diffusion.

3.2.2 Numerical simulations
We used an Alternating Direction Implicit (ADI) algorithm [210] to solve the reaction-
diffusion equations on a two dimensional domain (see Appendix 3.7.1 for details on dis-
cretisation schemes). We chose a rectangular domain (190x316 or 60x100 dimensionless
length units) with periodic boundary conditions in the horizontal direction and zero-flux
boundary conditions in the vertical direction, representing the membrane of an elongated
cylindrical cell, resembling those found in plant vascular tissue. Smaller square domains
(95x95 or 63x63) with fully periodic boundary conditions were used for investigating the
orientation mechanism. Unless stated otherwise, simulations were initiated at the homo-
geneous steady state (see chapter 2) with a small amount of noise added to each integration
pixel. To ensure numerical accuracy, small scale tests were performed using reproducible
perturbations as described by Cleary [196] to determine the optimal time step and pixel
size.

3.2.3 Pattern angle analysis
To characterise the orientation of the simulated patterns, we determined the angle of the
patterns ϑ with respect to the horizontal axis at each point on the domain. Since the
direction of the pattern essentially runs perpendicular to the concentration gradient, we
determined ϑ by taking the angle of the direction perpendicular to the gradient, such that
ϑ ∈

[
− 1

2 π, 1
2 π
)
. This way, ϑ = 0 corresponds to a transverse pattern, while ϑ = − 1

2 π
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and ϑ = 1
2 π correspond to a longitudinal pattern. An average pattern angle ϑ̄ over N

angles was calculated as follows:

ϑ̄ =
1
2

arg

(
1
N

N

∑
n=1

ei2ϑn

)
, (3.3)

where arg is the argument or phase of a complex number and ϑn is the local angle at each
integration pixel.

3.3 Results

3.3.1 Homogeneous reduction of active ROP diffusion in vertical di-
rection

In the early stages of protoxylem patterning, before ROP activity starts to affect micro-
tubule density, the density of the microtubule array will be more or less homogeneous.
Assuming a transverse array orientation, this homogeneous vertical diffusion barrier can
be represented by a spatially homogeneous reduction of active ROP diffusion in the ver-
tical direction, yielding the following dimensionless diffusion tensor:

Du =

[
1 0
0 ψ

]
, (3.4)

where ψ ∈ (0,1] is the ratio between diffusion coefficients for restricted and unrestricted
diffusion. For isotropic diffusion ψ = 1. Because all off-diagonal elements of Du are
zero, the diffusion term simplifies to:

∇ ·Du∇u =
∂ 2u
∂x2 +ψ

∂ 2u
∂y2 . (3.5)

Simulation results for various values of ψ are shown in Fig. 3.2. Increasing the ROP
production rate (for the WPT model) or the total amount of ROP (for the WPGAP model)
changes the native pattern (i.e., the pattern formed with isotropic diffusion) from spots
to stripes to gaps (chapter 2), a sequence of patterns often observed in similar models
[49]. Vertical diffusion restriction of active ROP flattens spots and gaps and imposes a
horizontal orientation on stripes. The stronger the restriction (the smaller ψ), the more the
pattern is flattened. Ultimately, this turns the stripes into horizontal bands or, occasionally,
spirals and forces spots and gaps to merge, resulting in banded patterns. These results
show that vertical diffusion restriction of active ROP can impose a pattern of horizontal
bands. Furthermore, to obtain such bands, the native pattern type does not need to be
striped.

We note that the observed changes of pattern type require that the diffusion restric-
tion only, or at least predominantly, applies to active ROP. This can be understood from a
simple scaling argument: an equal diffusion reduction for both active and inactive forms
is equivalent to independently scaling the x- and y-axis, which will only affect the aspect
ratio of the pattern (see Appendix 3.7.2 for details). Similar reasoning (Appendix 3.7.3)
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Fig. 3.2. Caption on next page.
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Fig. 3.2. Vertical diffusion restriction of active ROP imposes a horizontal orientation on the pattern.
Left: Steady state active ROP concentrations in regimes for spots, stripes, and gaps of the WPT model (top,
σ = 0.03,0.06, and 0.08 respectively) and the WPGAP model (bottom, T = 4.04,5.13, and 5.75 respectively)
for different levels of vertical diffusion restriction (ψ). WPT snapshots taken at t = 200000 and WPGAP
snapshots at t = 40000. Right: Distributions of the pattern angles ϑPattern (defined as orientation perpendicular
to the local gradient) in the snapshots shown. Red circles indicate the average orientation. Time-lapse videos of
the corresponding simulations are available online.

suggests that a horizontal pattern can also be obtained by horizontal diffusion restric-
tion of the fast-diffusing component only, which has previously been demonstrated in a
study comparing several other reaction-diffusion systems [209]. However, in the case
of protoxylem patterning, the latter scenario is not supported by the available biological
evidence and, therefore, not further investigated here.

Since both WPT and WPGAP models behave very similarly, we will continue our
analyses with the WPT model only.

3.3.2 Oblique diffusion restriction promotes spiral formation
In reality, the initial microtubule array, and therefore the direction in which active ROP
diffusion is restricted, does not have to be completely transverse, but may be somewhat
oblique. We define φ ∈ [0,π) as the angle of minimal diffusion restriction with the hori-
zontal axis. This rotates the diffusion tensor resulting in the following diffusion term for
active ROP (see Appendix 3.7.4 for derivation):

∇ ·Du∇u = Dxx
u

∂ 2u
∂x2 +Dyy

u
∂ 2u
∂y2 +2Dxy

u
∂ 2u

∂x∂y

Dxx
u = cos2(φ)+ψ sin2(φ)

Dyy
u = sin2(φ)+ψ cos2(φ)

Dxy
u = sin(φ)cos(φ)−ψ sin(φ)cos(φ),

(3.6)

where ψ is again the ratio between the diffusion coefficients of active ROP in the restricted
and unrestricted direction.

Such oblique diffusion restriction promotes formation of spirals (Fig. 3.3, Fig. S3.1,
where sloping lines are connected by the periodic boundary conditions in the horizontal
direction). With increasing φ , double, triple, etc. spirals may form. The resulting angle of
the spiral pattern ϑ depends on several factors. While the pattern angle depends strongly
on the angle φ of diffusion restriction, particularly in early stages, it is also influenced
by the boundary conditions. The periodic boundaries dictate a discrete set of preferred
angles that allow connecting spirals without changing the distance between bands (Ap-
pendix 3.7.5). In addition, the zero flux boundaries at the top and bottom of the domain
demand that the local gradient there is perpendicular to the boundary. Consequently,
spiral angles become slightly steeper than expected based on diffusion angle φ and the
periodic boundaries alone.
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Fig. 3.3. Oblique diffusion restriction of active ROP results in spirals with angles ϑ depending on the
diffusion angle φ . (A) Active ROP concentrations at t = 80000 (close to steady state) in the stripe regime of the
unrestricted WPT model (σ = 0.06) for ψ = 0.25. (B) Distributions of the pattern angles (defined as orientation
perpendicular to the gradient) are shown for various time points. Circles indicate the average orientation, crosses
indicate average orientations for replicate runs with different initial conditions (for most time points crosses are
invisible due to overlap with circles), solid green lines indicate the angle of maximum diffusion φ , dashed lines
indicate estimated angles for spiral patterns with band-band distances as in the banded patterns of Fig. 3.2,
and shaded regions indicate uncertainty on those estimates due to boundary effects. Time-lapse videos of the
corresponding simulations are available online.

3.3.3 Orientation mechanism and reorientability
We have seen that the restriction of active ROP diffusion in one direction promotes the
formation of bands oriented perpendicular to that direction. Here, we propose a mech-
anism for this orientation process and investigate the implications of this mechanism on
the reorientability of the pattern. Expansion of existing clusters of high ROP activity
can occur when diffusion of active ROP results in ROP activation in neighbouring re-
gions through positive feedback. Conversely, clusters of low ROP activity may expand if
diffusion of active ROP from neighbouring regions lowers their activity levels such that
they escape positive feedback. This suggests that the speed of expansion is related to the
active ROP diffusion coefficient, so that faster diffusion in a certain direction results in
faster expansion in that direction. One may hypothesise that this could lead to a change in
the orientation of the pattern. From a geometrical consideration (sketched in Fig. 3.4A),
however, it is to be expected that faster expansion in one direction can only change the
orientation of curves, but not of straight lines.

A decomposition of the diffusion tensor in components along and orthogonal to the
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Fig. 3.4. Comparison of vertical diffusion restriction effects on pattern expansion for a straight band (left)
and a circular spot or gap (right). (A) Cartoon showing intuitive effect of fast horizontal expansion and slow
vertical expansion. (B) Magnitude of geometry-dependent diffusion term components. Black lines indicate the
local pattern geometry. Positive magnitudes are indicated by outward pointing arrows. Blue lines trace the ends
of all red lines that can be drawn on the black curves. The length of the red lines reflects the magnitude of the
indicated component. Since ∂u/∂ z is always negative and g(ϑ) is always positive, ∂ϑ/∂w determines the sign
of the second term from Eq. 3.7. To emphasise the equal magnitude but opposite effect g(ϑ) · ∂ϑ/∂w has for
spots and gaps, opposite signs of this term have been plotted for these two cases. (C) Magnitudes of diffusion
components for stereotypical concentration profiles. Shown are: the concentration profile (u) with examples
of axes z and w, the diffusion term corresponding to that profile (∇ ·Du∇u), and the two separate terms of the
decomposed diffusion term (Dzz

u (ϑ) ·∂ 2u/∂ z2 and g(ϑ) ·∂ϑ/∂w ·∂u/∂ z).

pattern gradient shows that indeed only spots and richly curved patterns can be reoriented
by this mechanism, but not straight lines or bands. For this decomposition, we define
directions z and w, such that z is oriented along the concentration gradient in descending
direction and w is perpendicular to z (Fig. 3.4C). Then we can rewrite the diffusion term
from Eq. 3.5 in terms of z, w, and the local pattern angle ϑ , defined as the angle between
the positive x-axis and the w-direction (see Appendix 3.7.6):

∇ ·Du∇u = Dzz
u (ϑ)

∂ 2u
∂ z2 +g(ϑ)

∂ϑ

∂w
∂u
∂ z

Dzz
u (ϑ) = sin2(ϑ)+ψ cos2(ϑ)

g(ϑ) = cos2(ϑ)+ψ sin2(ϑ).

(3.7)

In this case, ϑ ∈ [−π,π). The first term resembles a standard diffusion term in the z-
direction. Its diffusion coefficient Dzz

u depends on ϑ and is therefore constant along
straight lines, but larger in the unrestricted than in the restricted direction for circular
patterns (Fig. 3.4B). The second term depends on the pattern curvature ∂ϑ/∂w, which
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is positive for convex clusters, such as spots, and negative for concave clusters, such as
gaps and zero for straight lines (Fig. 3.4B). Because function g(ϑ) is always positive, and
∂u/∂ z is always negative, the second term always represents a removal of active ROP for
spots and an addition for gaps. Since g(ϑ) is largest in the restricted direction, the second
term tends to promote the flattening of circular patterns.

As an illustration, we calculated the magnitude of the complete diffusion terms for
some stereotypical patterns generated by the hill function:

u =
1

1+(r/5)10 , (3.8)

where we used r = 2x+ y for a line and r =
√

x2 + y2 for a circle. To turn the circle from
a spot into a gap we used ugap = 1−uspot . The results show that expansion of straight line
patterns is dependent solely on diffusion down the gradient, which is the same everywhere
along the line (Fig. 3.4C). Only curved patterns can expand in other ways, allowing their
net orientation to change.

These results imply that completely non-curved patterns cannot be reoriented even
if the orientation of the diffusion restriction changes, while patterns that contain curves
remain open to reorientation. Simulations in which the direction of diffusion restriction
is altered after straight bands have been formed confirm this (Fig. 3.5). Even when the
native pattern consists of gaps rather than stripes, a banded pattern was maintained upon
returning to isotropic diffusion (Fig. S3.2).

Fig. 3.5. Effect of altering diffusion restriction for established patterns of the WPT model in the stripe
regime (σ = 0.06). (A) Oblique diffusion restriction on horizontal bands. (B) Horizontal diffusion restriction
on oblique bands. (C) Isotropic diffusion with horizontal bands. (D) Horizontal diffusion restriction on a pattern
resulting from isotropic diffusion. Time-lapse videos of the corresponding simulations are available online.
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We next investigated which kind of perturbations at the pattern level could reorient
a banded pattern to better match the orientation imposed by diffusion restriction. Fully
formed horizontal bands were locally stable to small amounts of spatial noise after ro-
tating the diffusion restriction angle (Fig. 3.6A). Furthermore, they were also stable to
moderate local vertical shifts (Fig. 3.6B-C), but larger shifts could trigger reorientation in
the direction imposed by diffusion restriction (Fig. 3.6D). This reorientation is not simply
an artefact of the severe deformation, since the pattern returned to the horizontal band
state after applying the same deformation under vertical diffusion restriction (Fig. 3.6E).

Fig. 3.6. Effect of random noise and local vertical shifts on the reorientation of a horizontal band pattern
with oblique diffusion restriction. A. Small random noise added every 10 time units starting from t = 2000.
B. Small vertical shift of the central part of the pattern after t = 2000. C. Like B, but with a larger shift. D. Like
C, but with a larger shift. E. Like D, but with vertical diffusion restriction throughout the simulation. Time-lapse
videos of the corresponding simulations are available online.
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These findings all suggest that diffusion restriction can impose an orientation only on
patterns with curves. Since patterns start out fairly rugged from a noisy initial condition,
the early stages of pattern formation are expected to be particularly susceptible to reori-
entation. Indeed, the preferred orientation can already be seen very early during de novo
pattern formation (Fig. S3.3). However, fully formed patterns with sufficient curvature
can also still be reoriented (Fig. 3.5D).

3.3.4 ROP-dependent ROP diffusion
Initially, the microtubule array may form an approximately homogeneous barrier to the
vertical diffusion of active ROP. Ultimately, however, ROP activity is presumed to result
in gaps in the microtubule array (see Fig. 3.1A), which, in turn, determines the final
cell wall pattern (through recruitment of downstream targets). This also means that the
diffusion restriction will decrease in these gaps. To study this effect, we made the ratio ψ

between unrestricted and restricted active ROP diffusion coefficients a function of active
ROP concentration u, such that:

∇ ·Du∇u =
∂ 2u
∂x2 +

∂

∂y
ψ(u)

∂u
∂y

. (3.9)

To start, we assumed a linear relation between ψ and the dimensionless microtubule den-
sity ρ (Fig. 3.7A):

ψ(u) = ψ(ρ(u)) = 1− (1−ψmin)ρ(u) ρ(u) ∈ [0,1], (3.10)

where ψmin is the ratio between the maximally restricted and unrestricted active ROP
diffusion components and the maximum of ρ is reached in absence of ROP activity. We
take active ROP to reduce microtubule density instantaneously via a hill function:

ρ(u) =
Knρ

ρ

Knρ

ρ +unρ

, (3.11)

where Kρ is the active ROP concentration at which microtubule density is halved and
nρ is the hill exponent (see Appendix 3.7.7 for parameter choices). Combining Eq. 3.10
and 3.11 yields a hill function for the relation between active ROP diffusion and active
ROP concentration:

ψ(u) = 1− (1−ψmin)
Knρ

ρ

Knρ

ρ +unρ

. (3.12)

Our simulations using these relations for an instantaneous effect of ROP on its own dif-
fusion generally resulted in poorer horizontal band formation (Fig. 3.7B, Fig. S3.4B).
Some simulations got closer to horizontal bands than others, but we could no longer find
a broad parameter regime that consistently yielded proper band formation, suggesting that
the robustness of the orientation mechanism was greatly reduced.

3.3.5 Delayed microtubule density reduction
We saw earlier that developing patterns are particularly susceptible to reorientation, while
fully formed banded patterns can be quite resistant to it. These results suggest that a more
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or less homogeneous diffusion restriction may only be necessary during the development
of the ROP pattern, allowing patterning of the microtubule array afterwards, without in-

Fig. 3.7. Caption on next page.
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Fig. 3.7. Effect of ROP-dependent microtubule density reductions on the formation of banded patterns in
the stripe regime (σ = 0.06). (A) Relations between vertical diffusion component, (steady state) microtubule
density, and active ROP concentration. (B) An instantaneous effect of ROP activity on microtubule density
greatly hampers the robustness of the orientation mechanism. Snapshots at t = 60000. (C) Greater delays in
the negative effect of active ROP on its own vertical diffusion restriction (smaller α) result in straighter band
formation. Snapshots at t = 60000. (D) Time evolution of concentrations from simulations shown in (C) at
the horizontal position indicated by the arrowhead. Travelling waves (recognisable by diagonal lines) occur for
larger delays (smaller α), with wave speeds reducing as the delay becomes larger. (E) Travelling waves occur
even when a static banded pattern is created first with a constant ψ and delayed density reduction (delayed
variable ψ) is initiated afterwards (at t = 7000, using α = 0.001). Time evolution graph shows concentrations
at the horizontal position of the arrowhead. Time-lapse videos of the corresponding simulations are available
online.

fluencing the ROP pattern. Therefore, we investigated the effect of a delayed response of
the microtubule density to ROP activity. Taking a first order approximation for the rate of
change towards steady state density ρ∗, we get:

dρ

dt
= α(ρ∗−ρ)

ρ
∗ =

Knρ

ρ

Knρ

ρ +unρ

,
(3.13)

where α is a rate constant. This means that the diffusion ratio ψ will approach its steady
state ψ∗ according to:

dψ

dt
= α(ψ∗−ψ)

ψ
∗ = 1− (1−ψmin)

Knρ

ρ

Knρ

ρ +unρ

.
(3.14)

Simulations with a homogeneous starting density of ρ = 1 (the maximum, so ψ = ψmin)
and small delays (α = 0.1) yielded patterns comparable to those of the no delay sce-
nario (Fig. 3.7C, Fig. S3.4C). Larger delays did result in straighter bands, but these bands
were constantly moving, either up and down, or in one direction like a travelling wave
(Fig. 3.7D, Fig. S3.4D). These waves occurred even when starting from a fully formed
static banded pattern (Fig. 3.7E, Fig. S3.4E). Such non-static patterns are unrealistic as a
basis of cell wall pattern formation.

3.3.6 Positive feedback in microtubule density can prevent travelling
waves, stabilising a banded pattern

Thus far, we assumed microtubule density to be merely a reflection of ROP activity, possi-
bly with a delay. However, microtubules have their own complex dynamics that may well
have a stabilising influence on the patterning process. Therefore, we will consider a poten-
tial positive feedback loop acting on the microtubule density. Microtubule growth occurs
only at the tips of existing microtubules. In addition, nucleation of new microtubules
occurs predominantly from existing microtubules, with predominantly congruent orienta-
tion [107, 109, 160]. Therefore, we can expect stronger increases in microtubule density
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at places with higher existing density. The resulting positive feedback loop between mi-
crotubule density and microtubule nucleation might serve to stabilise local regions of high
microtubule density, thereby preventing travelling wave patterns.

To test this idea, we model this positive feedback with a hill function and let ROP
activity promote microtubule degradation, so that dimensionless microtubule density ρ

obeys the equation:

∂ρ

∂ t
= α

(
γρ

ρnρ

1+ρnρ
+σρ −ξρ ρ−ζ uρ +Dρ ∇

2
ρ

)
, (3.15)

where γρ is the maximum microtubule-dependent growth rate, nρ is the hill exponent, σρ

is a constant background increase in microtubule density by nucleation and growth, ξρ is
a constant linear degradation rate, and ζ is a ROP-dependent degradation rate. Here, ρ

is scaled with the density at which positive feedback is half its maximum. In addition,
we include a diffusion term with coefficient Dρ to maintain a connection between neigh-
bouring integration pixels and prevent artefacts. We take Dρ � 1 to keep microtubule
“diffusion" well below unrestricted active ROP diffusion. Although microtubules don’t
really diffuse in their entirety, they tend to spread through growth and nucleation. These
processes also favour the existing orientation [109], which could further promote stable
bands. Here, we assume isotropic diffusion as a worst case scenario. Finally, we use α

as a tuning parameter for the time scale of the microtubule dynamics relative to the ROP
dynamics.

The steady state of the homogeneous system is determined by:

h(ρ) = q(ρ,u), with

h(ρ) = γρ

ρnρ

1+ρnρ
+σρ

q(ρ,u) = ξρ ρ +ζ uρ ,

(3.16)

which allows for bistability as long as nρ > 1 (Fig. 3.8A). In that case, the steady state
microtubule density may switch from low to high or the other way around as ROP activity
changes.

We use a hill function for ψ to ensure that vertical diffusion is close to its maxi-
mum (ψ = 1) for low densities, and close to its minimum (ψ = ψmin) for high densities
(Fig. 3.8A):

ψ = (1−ψmin)
KnD

D
ρnD +KnD

D
+ψmin, (3.17)

where KD is the density at which vertical diffusion is halfway between its minimum and
its maximum and nD is a hill exponent.

Even when starting from a banded pattern, the positive feedback model without bista-
bility (nρ = 1) at moderate delay (α = 0.001) yielded travelling waves (Fig. 3.8B), just
like we observed for a direct ROP-dependency with a simple delay. However, when we
included bistability (nρ = 2), the banded pattern remained static.

However, when simulating de novo patterning of a large domain we still observed non-
static patterns at α = 0.001, even with bistability (Fig. 3.8C–D). For large delays (α =
0.00001), a banded ROP pattern had sufficient time to develop before significant changes
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in microtubule density occurred and the banded pattern remained stable. Interestingly,
a stable banded pattern seems to form more readily in the gap regime (σ = 0.08) than
in the stripe regime (σ = 0.06). We also found some static banded patterns, particularly

Fig. 3.8. Caption on next page.



333

PROTOXYLEM ROP PATTERN ORIENTATION 95

Fig. 3.8. Positive feedback in microtubule density can prevent bands from moving vertically. All simu-
lations were performed in both the stripe (σ = 0.06) and the gap (σ = 0.08) regime of the WPT model. (A)
Left: Relation between microtubule density (ρ) and vertical diffusion of active ROP. Right: Values of hill func-
tion and linear components of the microtubule density equation for various values of u. Intersections indicate
steady states. Bistability can occur only for nρ > 1. (B) Stability of a banded pattern established with a constant
microtubule density until t = 7000 for unistable (nρ = 1) and bistable (nρ = 2) microtubule dynamics. In all
cases, α = 0.001 and fully periodic boundary conditions were used. Graphs to the right show time evolution of
concentrations at the horizontal position of the arrowhead. (C) Full de novo patterning with positive feedback of
microtubule density starting from the homogeneous state for ROP concentrations and ρ0 = 2. Snapshots were
taken at the final time points indicated in (D). Inset in bottom right snapshot shows microtubule densities (ρ) for
comparison. (D) Time evolution of simulations from (C) at the horizontal position indicated by the arrowhead.
Time-lapse videos of the corresponding simulations are available online. Corresponding microtubule densities
(ρ) for the entire figure are shown in Fig. S3.5.

in the gap regime, for small delays (α = 0.1) that were apparently insufficient to trigger
travelling waves.

For the static patterns, microtubule density is essentially a readout of ROP activity
(Fig. 3.8C, inset). For the moving patterns, especially in the bistable case, the delay
causes the microtubule density to lag behind the ROP pattern and never fully reach its
high steady state (Fig. S3.5), as the pattern has already moved on before it got the chance.
This may also explain the stuttering of the moving patterns in the bistable case for ROPs
and microtubules.

These results show that the precise implementation of microtubule dynamics and the
interactions between ROPs and microtubules matters and inclusion of more realistic bio-
logical details seems to result in more stable banded patterns.

3.4 Discussion

3.4.1 Directional diffusion restriction can orient ROP patterns into
bands and spirals

We have shown that restricting active ROP diffusion in a specific direction is sufficient
to change the output from a ROP-based Turing-style pattern formation mechanism from
patterns without specific orientation into banded or spiral patterns with controlled orien-
tation. Given sufficiently large diffusion restriction, bands and spirals can be generated,
regardless of whether the native pattern would consist of spots, stripes, or gaps. The pa-
rameters that normally distinguish between these regimes then control only the thickness
of the bands. This means that the relatively thick active ROP bands that would be needed
to generate the relatively thin microtubule bands observed in protoxylem patterning [122]
may actually originate from a Turing mechanism that would generate gaps without dif-
fusion restriction. Additionally, the finding that diffusion restriction can essentially turn
spot, stripe, and gap regimes into one large band regime may imply an increased robust-
ness of the protoxylem pattern to changes in ROP activity. By comparison, the spotted
metaxylem pattern would more easily be disrupted.

At intermediate levels of diffusion restriction, spots, stripes, and gaps can still be dis-
tinguished, but they are flattened horizontally. This finding is in line with the experimen-
tal observation that higher expression of a protein responsible for a stronger microtubule
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barrier effect results in more flattened pits in metaxylem [154]. Therefore, protoxylem
patterning may be very similar to metaxylem patterning, with a stronger diffusion bar-
rier effect to obtain a banded pattern and a higher ROP expression to obtain thicker ROP
bands. In addition, our finding that the angle of diffusion restriction largely determines
the angle of de novo banded pattern formation, predicts that the initial orientation of the
microtubule array before apparent band formation determines the final orientation of the
banded array.

While the precise molecular players and interactions involved in protoxylem pattern-
ing remain largely unknown, ROP involvement has been implicated [150]. In addition, we
show that different ROP-based Turing mechanisms have a very similar response to a di-
rectional reduction in activator diffusion. Therefore, the proposed orientation mechanism
seems sufficiently general to apply to different reaction-diffusion systems able to generate
coexisting spots, stripes, and gaps, of which many variants exist [32, 49, 163]. However,
it is important that diffusion restriction applies predominantly to the active form, because
diffusion restriction of all components in the same way will not yield banded patterns with
controlled orientation (Appendix 3.7.2). The inactive form must therefore be able to by-
pass the microtubule barriers. This requirement is naturally fulfilled by the predominantly
cytosolic localisation of the inactive form.

3.4.2 Fully formed banded patterns are relatively robust structures
compared to more curved patterns

While anisotropic diffusion has long been known to affect the shape of patterns gener-
ated by reaction-diffusion systems [206, 207], we not only demonstrated its potential for
generating bands and spirals, but also investigated the underlying orientation mechanism.
Our decomposition analysis of the diffusion term suggests that if ROP cluster expansion
is related to diffusion of the active form, any curved structures tend to expand more in
the direction in which diffusion is unrestricted. However, straight patterns cannot be re-
oriented in this way, making fully formed bands and spirals insensitive to any subsequent
changes in the direction of diffusion restriction, even in the presence of moderate spatial
perturbations.

This robustness of straight patterns has several benefits for the biological system.
Firstly, in order to create the actual cell wall pattern, the underlying ROP and microtubule
patterns will need to remain approximately stationary for the duration of secondary cell
wall synthesis, which may take many hours [122], so the ROP pattern should be robust
to any perturbations that may occur in this time frame. Secondly, due to the difficulty
of reorienting a pattern of oblique bands, it seems important that the reorientation of the
microtubule array to a transverse state occurs before the start of ROP patterning. Ex-
perimental observations suggest that this reorientation at least occurs before visible band
formation in the microtubule array [159]. In addition, aberrant protoxylem patterns have
been observed in the Katanin mutant, where proper microtubule alignment prior to band
formation is hindered [211]. Finally, once a transverse microtubule array has contributed
to the generation of a banded ROP pattern, the robustness of the banded pattern allows
microtubules to disappear in areas of high ROP activity without disrupting the ROP pat-
tern.
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3.4.3 Static band formation depends on the precise implementation
of microtubule dynamics.

Our findings show that an instantaneous or very fast response of microtubule density to
ROP activity can be disruptive to proper band formation. A sufficiently slow microtubule
response, however, gives a robust banded pattern time to form before the diffusion re-
striction is undone. However, this dynamic also results in a kind of delayed negative
feedback, which is known for its potential to generate oscillations [191] and travelling
waves [183, 212] in models. With more realistic microtubule dynamics, we were able to
stabilise the banded pattern again. The required difference in time scales of ROP protein
and microtubule density dynamics (approximately a factor α) does, however, seem quite
large, particularly where the native pattern would consist of stripes. Partly, a large differ-
ence may actually be realistic, since changes in microtubule density during protoxylem
patterning can take hours [122], whereas GTPase inactivation and removal from the mem-
brane occurs in the order of seconds [213, 214]. Also, since the microtubule bands formed
in protoxylem patterning are relatively thin [122], the underlying ROP pattern must have
relatively thick bands, like those from the gap regime, in which generation of static bands
occurred already with smaller delays.

Other biological factors not included here may also help stabilise a banded pattern,
potentially reducing the required difference in time scales. Firstly, ROP pattern formation
may already start before the ROP effectors that interact with microtubules become active,
allowing the ROP pattern time to establish without ROP activity having any impact on
microtubule density. Transcriptomic data seem to suggest that, in metaxylem, expres-
sion of effectors like MIDD1 and Kinesin-13A peaks later than that of ROP11, although
the temporal resolution is not very good [215]. Secondly, microtubules are not simply
slowly diffusing molecules, but discrete linear structures with complex dynamics and
membrane attachment preventing translational movement. Their rigid and linear nature
may well contribute to the formation of robust linear bands. Furthermore, microtubule-
dependent microtubule nucleation tends to favour the direction of the parent microtubule
[109], so that any partial microtubule bands will tend to expand in the direction they al-
ready have. Finally, microtubule dynamics are governed largely by processes occurring
at their growing or shrinking tips [99]. This suggests ROP activity cannot destabilise ex-
isting microtubules except at their ends. Such details of microtubule dynamics have no
straightforward implementation in the present modelling paradigm, but detailed stochas-
tic simulation models of the cortical microtubule array with explicit dynamic instability
exist [103, 126, 133, 135, 136]. Building upon those, a hybrid model combining PDE
integration for ROP dynamics with stochastic microtubule dynamics offers an exciting
direction for future research on protoxylem patterning.

Acknowledgements
We thank Tijs Ketelaar for insightful discussions on the topic.



333

98 CHAPTER 3

3.5 Supplementary figures

Fig. S3.1. Oblique diffusion restriction of active ROP results in spirals with angles ϑ depending on the
diffusion angle φ . (A) Active ROP concentrations at t = 120000 (close to steady state) in the gap regime of the
unrestricted WPT model (σ = 0.08) for ψ = 0.25. (B) Distributions of the pattern angles (defined as orientation
perpendicular to the gradient) are shown for various time points. Circles indicate the average orientation, crosses
indicate average orientations for replicate runs with different initial conditions (for most time points crosses are
invisible due to overlap with circles), solid green lines indicate the angle of maximum diffusion φ , dashed
lines indicate estimated angles for spiral patterns with band-band distances as in the banded patterns of Fig. 2,
and shaded regions indicate uncertainty on those estimates due to boundary effects. Time-lapse videos of the
corresponding simulations are available online.
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Fig. S3.2. Effect of altering diffusion restriction for established patterns of the WPT model in the gap
regime (σ = 0.08). (A) Oblique diffusion restriction on horizontal bands. (B) Horizontal diffusion restriction
on oblique bands. (C) Isotropic diffusion with horizontal bands. (D) Horizontal diffusion restriction on a pattern
resulting from isotropic diffusion. Time-lapse videos of the corresponding simulations are available online.
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Fig. S3.4. Effect of ROP-dependent microtubule density reductions on the formation of banded patterns
in the gap regime (σ = 0.08). (A) Relations between vertical diffusion component, (steady state) microtubule
density, and active ROP concentration. (B) An instantaneous effect of ROP activity on microtubule density
greatly hampers the robustness of the orientation mechanism. Snapshots at t = 30000. (C) Greater delays in
the negative effect of active ROP on its own vertical diffusion restriction (smaller α) result in straighter band
formation. Snapshots at t = 60000. (D) Time evolution of concentrations from simulations shown in (C) at
the horizontal position indicated by the arrowhead. Travelling waves (recognisable by diagonal lines) occur for
larger delays (smaller α), with wave speeds reducing as the delay becomes larger. (E) Travelling waves occur
even when a static banded pattern is created first with a constant ψ and delayed density reduction (delayed
variable ψ) is initiated afterwards (at t = 7000, using α = 0.001). Time evolution graph shows concentrations
at the horizontal position of the arrowhead. Time-lapse videos of the corresponding simulations are available
online.
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Fig. S3.5. Caption on next page.



333

PROTOXYLEM ROP PATTERN ORIENTATION 103

Fig. S3.5. Positive feedback in microtubule density can prevent bands from moving vertically. All simu-
lations were performed in both the stripe (σ = 0.06) and the gap (σ = 0.08) regime of the WPT model. (A)
Left: Relation between microtubule density (ρ) and vertical diffusion of active ROP. Right: Values of hill func-
tion and linear components of the microtubule density equation for various values of u. Intersections indicate
steady states. Bistability can occur only for nρ > 1. (B) Stability of a banded pattern established with a constant
microtubule density until t = 7000 for unistable (nρ = 1) and bistable (nρ = 2) microtubule dynamics. In all
cases, α = 0.001 and fully periodic boundary conditions were used. Graphs to the right show time evolution of
microtubule densities at the horizontal position of the arrowhead. (C) Full de novo patterning with positive feed-
back of microtubule density starting from the homogeneous state for ROP concentrations and ρ0 = 2. Snapshots
were taken at the final time points indicated in (D). Inset in bottom right snapshot shows active ROP concentra-
tions (u) for comparison. (D) Time evolution of simulations from (C) at the horizontal position indicated by the
arrowhead. Corresponding active ROP concentrations for the entire figure are shown in Fig. 8 in the main text.

3.6 Supplementary movies
Time-lapse videos of the simulations are available for download with the publication of
this chapter [205] on the website of the Journal of Theoretical Biology.

3.7 Appendices

3.7.1 Discretisation of the diffusion equation for numerical integra-
tion

In general, a diffusion term has the following form:

∇ ·D∇u =
∂

∂x
Dxx ∂u

∂x
+

∂

∂y
Dyy ∂u

∂y
+

∂u
∂x

Dxy ∂u
∂y

+
∂u
∂y

Dyx ∂u
∂x

, (A3.1)

where u is the concentration of the diffusing component, D is the diffusion tensor, and
Dxy = Dyx. When the diffusion coefficient is homogeneous (i.e. independent of space),
this simplifies to:

∇ ·D∇u = Dxx ∂ 2u
∂x2 +Dyy ∂ 2u

∂y2 +2Dxy ∂ 2u
∂x∂y

. (A3.2)

In this case, the diffusion coefficients do not need to be discretised and discretising the
concentrations is straightforward, with uxx at position (xi,y j) given by:

ui, j
xx =

ui−1, j +ui+1, j−2ui, j

(∆x)2 , (A3.3)

where ∆x is the spatial step size in the x-direction. The discretisation of uyy is done in the
same way. For cases with oblique diffusion restriction, uxy can be discretised as follows:

ui, j
xy =

ui−1, j−1 +ui+1, j+1−ui+1, j−1−ui−1, j+1

∆x∆y
. (A3.4)

For periodic boundary conditions, the last grid point in the periodic direction is simply
treated as if it were attached to the first grid point in that direction. For zero-flux boundary
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conditions, an extra virtual grid point is added at the ends with the same concentration as
the grid point before, such that:

∂u
∂x

N, j

≈ uN+1, j−uN, j

∆x
= 0, (A3.5)

or the equivalent in the y-direction, where N is the number of the last grid point. As
long as at least one of the directions has periodic boundary conditions, this scheme will
guarantee mass conservation.

For inhomogeneous diffusion, the diffusion coefficients from Eq. A3.1 also need to
be discretised, because they depend on x and y. For the diffusion term in the x-direction,
this was done as follows:

[Dux]
i, j
x =

[Dux]
i+ 1

2 , j− [Dux]
i− 1

2 , j

∆x

=
Di+ 1

2 , j ui+1, j−ui, j

∆x −Di− 1
2 , j ui, j−ui−1, j

∆x
∆x

=
Di+ 1

2 , j
(
ui+1, j−ui, j

)
−Di− 1

2 , j
(
ui, j−ui−1, j

)
(∆x)2 ,

(A3.6)

where D represents Dxx. The diffusion term in the y-direction can be discretised in the
same way. This scheme requires the concentrations to be known at the grid points and the
diffusion coefficients between grid points (Fig. A3.1). To determine the diffusion coeffi-
cients between grid points, the average of the two nearest neighbouring grid points was
used. For periodic boundary conditions, an extra diffusion node can be added, connecting
the last and the first grid points. Zero-flux boundary conditions can be imposed in the
same way as before, or by setting the diffusion coefficient between the last grid point and
the virtual grid point equal to zero.

Fig. A3.1. Discretisation scheme and boundary conditions for models with inhomogeneous diffusion co-
efficients. Squares indicate grid points at which concentrations (u) are known. Open circles indicate points at
which diffusion coefficients are imputed. Closed circles indicate diffusion coefficients set to zero for zero-flux
boundary conditions.

If oblique diffusion restriction were to be used as well, the xy-terms would also need
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to be discretised. This can be done as follows:

[Duy]
i, j
x =

[Duy]
i+ 1

2 , j− [Duy]
i− 1

2 , j

∆x

=
Di+ 1

2 , j ui+ 1
2 , j+ 1

2−ui+ 1
2 , j− 1

2
∆y −Di− 1

2 , j ui− 1
2 , j+ 1

2−ui− 1
2 , j− 1

2
∆y

∆x

=
Di+ 1

2 , j
(

ui+ 1
2 , j+

1
2 −ui+ 1

2 , j−
1
2

)
−Di− 1

2 , j
(

ui− 1
2 , j+

1
2 −ui− 1

2 , j−
1
2

)
∆x∆y

,

(A3.7)

where D represents Dxy. The other xy-term can be discretised in the same way. This
scheme also requires concentrations at half steps in both directions (Fig. A3.2). These can
be calculated by taking the average of the four nearest neighbours. For periodic boundary
conditions these averages also have to be determined between the last and first grid points.
For zero-flux boundary conditions, additional virtual concentration points are required
that have the same value as their neighbours. Again, these schemes will guarantee mass
conservation as long as at least one of the directions has periodic boundary conditions.

Fig. A3.2. Discretisation scheme and boundary conditions for the xy-terms of models with inhomogeneous
diffusion coefficients and oblique diffusion restriction. Large squares indicate grid points at which concentra-
tions (u) are known. Smaller squares indicate grid points at which the concentrations need to be imputed. Open
circles indicate points at which diffusion coefficients are imputed. Closed circles indicate diffusion coefficients
set to zero for zero-flux boundary conditions.

3.7.2 Effect of vertical diffusion reduction for all variables
In this study, we have focused on vertical diffusion restriction of active ROP only, which
is the scenario that seems most congruent with the biological evidence. Here, we will
elaborate a simple scaling argument for why vertical diffusion restriction of all compo-
nents, in fact, cannot similarly function as a mechanism for obtaining horizontally banded
patterns.

For every variable w in both the WPT and WPGAP model, we have:

∂w
∂ t

= fR,w +Dw,max
∂ 2w
∂x2 +Dw,min

∂ 2w
∂y2 , (A3.8)
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where fR,w is the reaction function of w and other variables. If the vertical diffusion
coefficient is reduced by a factor q, so that:

Dw,min =
Dw,max

q
, (A3.9)

then we get:

∂w
∂ t

= fR,w +Dw,max
∂ 2w
∂x2 +

Dw,max

q
∂ 2w
∂y2

= fR,w +Dw,max
∂ 2w
∂x2 +Dw,max

∂ 2w

∂
(
y
√

q
)2

= fR,w +Dw,max

(
∂ 2w
∂x2 +

∂ 2w
∂ ỹ2

)
= fR,w +Dw,max∇

2w,

(A3.10)

where ỹ= y
√

q. This shows that reducing the vertical diffusion coefficients of all variables
by a factor q yields the same results as compressing vertical space by a factor

√
q.

3.7.3 Effect of alternative anisotropic diffusion scenarios
This is a purely mathematical consideration of a alternative scenarios for obtaining banded
patterns using anisotropic diffusion. There are no biological indications supporting these
scenarios in the case of xylogenesis.

In our main scenario of vertical restriction of active ROP diffusion, only the equation
for u can be scaled as in Appendix 3.7.2:

∂u
∂ t

= fR,u +Du,max

(
∂ 2u
∂x2 +

∂ 2u
∂ ỹ2

)
. (A3.11)

If we enforce the same scaling to ỹ on all other equations, we get for every component w
except u:

∂w
∂ t

= fR,w +Dw,max

(
∂ 2w
∂x2 +

∂ 2w
∂y2

)
= fR,w +Dw,max

(
∂ 2w
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∂
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ỹ/
√

q
)2

)

= fR,w +Dw,max

(
∂ 2w
∂x2 +q

∂ 2w
∂ ỹ2

)
= fR,w +Dw,max

∂ 2w
∂x2 +Dw,ỹ

∂ 2w
∂ ỹ2 ,

(A3.12)

where Dw,ỹ = q ·Dw,max. This means that reducing vertical active ROP diffusion by a factor
q is equivalent to compressing vertical space by a factor

√
q, while raising the vertical

diffusion of all other components by a factor q. This would suggest that a horizontal
orientation can also be imposed on the final pattern by increasing the vertical diffusion of
all components other than active ROP.



333

PROTOXYLEM ROP PATTERN ORIENTATION 107

Selectively increasing the vertical diffusion of components may be difficult to achieve
biologically. However, selectively reducing their horizontal diffusion seems intuitively
equivalent and more realistically achievable in biology. We can demonstrate this as fol-
lows. Dividing Eq. A3.12 by q yields:

∂w
∂ t̃

=
fR,w

q
+

Dw,max

q
∂ 2w
∂x2 +Dw,max

∂ 2w
∂ ỹ2 , (A3.13)

where t̃ = qt. Transforming time in the same way for the equation of u, we obtain:

∂u
∂ t̃

=
fR,u

q
+

Du,max

q

(
∂ 2u
∂x2 +

∂ 2u
∂ ỹ2

)
. (A3.14)

This means that vertical active ROP diffusion restriction is equivalent to horizontal dif-
fusion restriction of all other components plus a scaling of y and t, a change in the pa-
rameters of the reaction function, and a reduction of the (isotropic) active ROP diffusion
coefficient. Assuming the transformed parameters are chosen such that we remain in the
Turing regime, we can therefore expect to obtain the same qualitative patterns, i.e., bands
and spirals, for this alternative scenario.

Simulations show that horizontally restricting inactive ROP diffusion for the WPT
model indeed leads to a horizontal orientation (Fig. A3.3), consistent with results from
others [209]. While there are no biological indications for such a mechanism of imposing
a horizontal orientation is involved in xylogenesis, it could be involved in other processes
requiring banded patterns.

Fig. A3.3. Horizontal diffusion restriction of inactive ROP can also impose a horizontal orientation on the
pattern. Horizontal diffusion of inactive ROP was reduced by a factor 4. Snapshots were taken at t = 120000.
Other parameters were as in Fig. 3.2.

3.7.4 Diffusion tensor rotation
For anisotropic diffusion in two dimensions, the diffusion term has the following form:

∇ ·Du∇u =

 ∂

∂x
∂

∂y

 ·[Dxx
u Dxy

u
Dyx

u Dyy
u

]∂u
∂x
∂u
∂y

 , (A3.15)
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where Dxx
u , Dxy

u , Dyx
u , and Dyy

u are the components of diffusion tensor Du, with Dxy
u = Dyx

u .
If diffusion is homogeneous, this simplifies to:

∇ ·Du∇u = Dxx
u

∂ 2u
∂x2 +Dyy

u
∂ 2u
∂y2 +2Dxy

u
∂ 2u

∂x∂y
. (A3.16)

The components of the diffusion tensor can be derived from the diffusion rates in the
unrestricted and restricted directions (1 and ψ , respectively) and the angle φ of the unre-
stricted direction with respect to the horizontal direction. For unrestricted diffusion along
the x-axis and restricted diffusion along the y-axis, we have:

D′u =
[

1 0
0 ψ

]
. (A3.17)

To obtain the diffusion tensor for the case where the unrestricted direction is rotated at an
angle φ with respect to the x-axis, we need to rotate D′u using rotation tensor R(φ):

R(φ) =
[

cos(φ) −sin(φ)
sin(φ) cos(φ)

]
. (A3.18)

This way, we can obtain the diffusion tensor Du:

Du = R(φ)D′uRT (φ) =

[
Dxx

u Dxy
u

Dyx
u Dyy

u

]
Dxx

u = cos2(φ)+ψ sin2(φ)

Dxy
u = Dyx

u = sin(φ)cos(φ)−ψ sin(φ)cos(φ)

Dyy
u = sin2(φ)+ψ cos2(φ).

(A3.19)

3.7.5 Preferred spiral angles
With a strictly vertical reduction in the diffusion of active ROP, a fully horizontal banded
pattern may form (Fig. 3.2). The distance between these bands is determined by the dy-
namics of the system and the zero flux boundaries at the top and bottom, which demand
that the pattern starts and ends with either a peak or a valley. This would mean that the
preferred number of bands based on the dynamics alone (nbands) should fall within a quar-
ter of a band from the observed number of bands. However, the final steady state is also
constrained by the initial emergence of the pattern, which depends on the random noise of
the initial condition. Therefore, the final pattern may also contain a suboptimal number of
bands, which increases the uncertainty on estimates of nbands. The only real ways around
this flaw would be to solve the system on an infinitely large domain, which is not feasible,
or to average over many simulations with different random seeds for the initial conditions,
which is computationally expensive. Therefore, we make a basic estimate of nbands and
its uncertainty using the average, minimum and maximum numbers of bands observed in
a limited number of repetitions.

Assuming for the moment that we know the preferred number of bands, we can cal-
culate the preferred distance d between the bands as:

d =
H

nbands
, (A3.20)
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where H is the height of the domain. Assuming this distance is maintained in a spiral
pattern, the angle ϑ of the spiral pattern depends on distance d and the vertical distance
between spiral bands dy:

cos(ϑ) =
d
dy

. (A3.21)

Vertical distance dy is constrained by the periodicity of the spiral. The spiral covers a
vertical distance Dy as it wraps around a domain of width W . This vertical distance Dy
must be divisible by the vertical band-band distance dy, such that:

Dy =W tan(ϑ) = n dy n ∈ N, (A3.22)

where n = 1 corresponds to a single spiral, n = 2 to a double spiral, etc. From equa-
tions A3.20, A3.21 and A3.22, we can calculate the admissible angles of the spiral pat-
tern if the distance between bands is determined solely by the system dynamics and not
by boundary effects:

ϑ = arcsin
(

H n
W nbands

)
. (A3.23)

Taking into account the fact that our estimate of nbands may be off by a quarter and the
possibility of a suboptimal number of bands, we can determine an expected range for
each admissible angle, using the minimum and maximum number of bands observed in
simulations with vertical diffusion restriction:

ϑ ∈

[
arcsin

(
H n

W
(
nbands,max +

1
4

)) ,arcsin

(
H n

W
(
nbands,min− 1

4

))] . (A3.24)

3.7.6 Diffusion term decomposition
To study the influence of a pattern’s geometry on the effect of vertical diffusion restriction,
we decompose the diffusion term in directions z and w. For any point on the domain,
direction z runs in opposite direction of the gradient of u, so that derivative uz = −|∇u|.
Direction w runs perpendicular to z, so that uw = 0. To decompose the diffusion term, we
ultimately need to express the second order spatial derivatives uxx and uyy in terms of z
and w. The vectors~z and ~w associated with these directions depend on the pattern angle
ϑ , which we define as the angle between positive x-axis and the w-direction:

~z =
[

sin(ϑ)
−cos(ϑ)

]
~w =

[
cos(ϑ)
sin(ϑ)

]
. (A3.25)

Using these vectors, we can express derivatives uz and uw in terms of ux and uy:

uz = sin(ϑ)ux− cos(ϑ)uy

uw = cos(ϑ)ux + sin(ϑ)uy.
(A3.26)

Solving for ux and uy gives:

ux = sin(ϑ)uz + cos(ϑ)uw

uy =−cos(ϑ)uz + sin(ϑ)uw.
(A3.27)
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Repeating this process with ux and uy substituted for u, gives us uxx and uyy:

uxx = sin(ϑ)uxz + cos(ϑ)uxw

uyy =−cos(ϑ)uyz + sin(ϑ)uyw.
(A3.28)

Substituting Eq. A3.27 into Eq. A3.28 gives:

uxx =sin(ϑ)[sin(ϑ)uz + cos(ϑ)uw]z

+ cos(ϑ)[sin(ϑ)uz + cos(ϑ)uw]w

uyy =− cos(ϑ)[−cos(ϑ)uz + sin(ϑ)uw]z

+ sin(ϑ)[−cos(ϑ)uz + sin(ϑ)uw]w.

(A3.29)

Since uw = 0, we can simplify this to:

uxx = sin(ϑ)[sin(ϑ)uz]z + cos(ϑ)[sin(ϑ)uz]w

uyy =−cos(ϑ)[−cos(ϑ)uz]z + sin(ϑ)[−cos(ϑ)uz]w.
(A3.30)

Applying the product and chain rules gives:

uxx =sin2(ϑ)uzz + sin(ϑ)cos(ϑ)ϑzuz

+ cos(ϑ)sin(ϑ)uzw + cos2(ϑ)ϑwuz

uyy =cos2(ϑ)uzz− cos(ϑ)sin(ϑ)ϑzuz

− cos(ϑ)sin(ϑ)uzw + sin2(ϑ)ϑwuz.

(A3.31)

Since z is the direction of the gradient, the pattern angle does not change in this direction,
so ϑz = 0. Also, uzw = uwz = [uw]z = 0z = 0. Therefore, the second and third terms of
both equations vanish, leaving:

uxx = sin2(ϑ)uzz + cos2(ϑ)ϑwuz

uyy = cos2(ϑ)uzz + sin2(ϑ)ϑwuz.
(A3.32)

Substituting these derivatives into Eq. 3.5 gives:

∇ ·Du∇u = Dzz
u (ϑ)

∂ 2u
∂ z2 +g(ϑ)

∂ϑ

∂w
∂u
∂ z

Dzz
u (ϑ) = sin2(ϑ)+ψ cos2(ϑ)

g(ϑ) = cos2(ϑ)+ψ sin2(ϑ).

(A3.33)

3.7.7 Parameters of models with ROP-dependent ROP diffusion
Parameters used for the functions linking ROP activity and ROP diffusion are given in
Table A3.1. For the instantaneous ROP effect (Fig. 3.7B), the maximally restricted dif-
fusion coefficient (ψmin) was set to 0.25 and other parameters were chosen such that the
final value of ψ would be close to its minimum for low ROP activity and close to its max-
imum for high ROP activity. For the simple delayed variant (Fig. 3.7C–E), the same value
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of ψmin was taken and the initial (homogeneous) microtubule density ρ0 was set such that
vertical ROP diffusion would start at its minimum (ψ = ψmin). For the model with pos-
itive feedback in microtubule density (Fig. 3.8), we tuned the parameters of the density
equation to get a bistability in microtuble density that could be switched at low or high
ROP levels. We used the same initial microtubule density (ρ0 = 2) for all simulations. To
keep the starting conditions of the vertical active ROP diffusion coefficient close to that
of used for the simple delay, ψmin was lowered to 0.1, with KD = 1. To keep vertical ROP
diffusion close to its maximum at low microtubule densities, hill exponent nD was set to
2, creating a sigmoidal curve.

Table A3.1. Parameter values used for ROP-dependent ROP diffusion. ROP can depend on the active ROP
concentration either instantaneously (Instant), or with a simple delay (Delayed), or with a microtubule density
relation including positive feedback (MT positive feedback). For empty fields that version of the model does
not include a parameter with that name.

ROP-dependent ROP diffusion relation
Parameter Instant Delayed MT positive feedback

ψmin 0.25 0.25 0.1
nρ Variable 2 1 or 2
Kρ Variable 0.5
α Variable Variable
ρ0 1 2
γρ 20
σρ 0.3
ξρ 1
ζ 10
nD 2
KD 1
Dρ 0.01
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Abstract
Plant cell walls are versatile materials that can adopt a wide range of mechanical proper-
ties through controlled deposition of cellulose fibrils. Wall integrity requires a sufficiently
homogeneous fibril distribution to cope effectively with wall stresses. Additionally, spe-
cific conditions, such as the negative pressure in water transporting xylem vessels, may
require more complex wall patterns, e.g., bands in protoxylem. The orientation and pat-
terning of cellulose fibrils is guided by dynamic cortical microtubules. New microtubules
are predominantly nucleated from parent microtubules causing positive feedback on local
microtubule density with the potential to yield highly inhomogeneous patterns. Inhomo-
geneity indeed appears in all current cortical array simulations that include microtubule-
based nucleation, suggesting that plant cells must possess an as-yet unknown balancing
mechanism to prevent it. Here, in a combined simulation and experimental approach, we
show that the naturally limited local recruitment of nucleation complexes to microtubules
can counter the positive feedback, whereas local tubulin depletion cannot. We observe
that nucleation complexes are preferentially inserted at microtubules. By incorporating
our experimental findings in stochastic simulations, we find that the spatial behaviour
of nucleation complexes delicately balances the positive feedback, such that differences
in local microtubule dynamics – as in developing protoxylem – can quickly turn a ho-
mogeneous array into a patterned one. Our results provide insight into how the plant
cytoskeleton is wired to meet diverse mechanical requirements and greatly increase the
predictive power of computational cell biology studies.
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4.1 Introduction
The plant cell wall is a highly versatile structure that has to adopt to diverse mechanical
requirements [123, 216, 217]. Wall mechanical properties are tuned through chemical
composition and, critically, through anisotropic deposition of wall material [218–220]. A
key structure in this process is the cortical microtubule array, which determines where
cell wall materials are inserted [117–119, 122] and guides the deposition, and hence,
orientation of cellulose microfibrils, the main load-bearing component of cell walls and
determinant of their anisotropic mechanical properties [115, 117, 120, 121]. The cortical
array responds to various mechanical [128, 129], geometrical [124, 125, 127], develop-
mental [31, 33, 130], and environmental [31] cues, integrating this information for future
plant growth and function. This ability to respond to local wall stresses and other cues
introduces a morpho-mechanical feedback loop that is considered the central ingredient
of current plant growth models [131].

To make cell walls meet diverse mechanical requirements, the dynamic cortical mi-
crotubules can self-organise into various ordered structures [132], as illustrated by our
focal examples: the arrays can be fully homogeneous, like the highly aligned trans-
verse arrays of elongating interphase cells (Fig. 4.1A) [98], or locally patterned like the
bands observed in developing protoxylem elements (Fig. 4.1B) [7]. Both cases require
an even distribution of wall material and, therefore, of microtubules, either over the en-
tire membrane, or among the bands. It has surfaced from multiple modelling studies
[33, 135, 136, 160, 161], however, that achieving the required degree of homogeneity is
far from trivial. It remains an open question how plants meet this recurring homogeneity
requirement.

The cortical microtubule array is a model system for self-organisation. A rich tradi-
tion of biophysical models [103, 134–138, 160, 221] heavily founded upon quantitative
experiments [104, 108–110, 222] has resulted in the current consensus model for sponta-
neous alignment dubbed “survival-of-the-aligned” [133]. Simulation models continue to
play a crucial role in understanding array behaviour, for example in the ongoing effort of
unravelling how cells weigh the various and possibly conflicting cues for array orientation
[31, 42, 126, 127, 142–144].

Currently, however, there are critical limitations to the application of these models
as realistic simulators of the microtubule cytoskeleton, thus hampering progress on the
above and other questions. The most striking shortcoming of this model is that, whenever
the important aspect of microtubule bound nucleation of new microtubules is incorpo-
rated, which is experimentally observed [109], this results in highly inhomogeneous ar-
rays (Fig. 4.1A,B) [33, 135, 136, 160, 161]. This, what we call, “inhomogeneity problem”
arises because microtubule-based nucleation introduces a positive feedback that amplifies
fluctuations in local microtubule density.

The existence of this positive feedback is supported by multiple experimental observa-
tions: In an established array, almost all microtubules are nucleated by γ-tubulin ring com-
plexes [105, 161]. These nucleation complexes are enriched in microtubule dense regions
[108], and occur almost exclusively in the microtubule bands of developing protoxylem
once these are established [33]. Microtubule bound nucleation complexes, moreover, nu-
cleate at a higher rate than unbound complexes [108]. Therefore, some mechanism must
balance this positive feedback. Two likely scenarios are: 1) a local limitation of micro-
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Fig. 4.1. The inhomogeneity problem is reproduced by our simplified model. (A,B) Elongating interphase
cells (A, left) have homogeneous arrays of transversely oriented microtubules, while simulations with density-
dependent nucleation (A, right) yield highly inhomogeneous arrays. In developing protoxylem (B), microtubules
are evenly distributed over a number of bands (B, left), but in simulations with density-dependent nucleation,
microtubules accumulate in a small number of bands (B, right). Scale bars are 10 µm. (C) Hypotheses for
breaking the global competition caused by density-dependent nucleation. (D–G) Implementation of the sim-
plified model with all microtubules perfectly transversely oriented (D). Under standard microtubule dynamics
(E), microtubules grow or shrink at their plus ends with rates v+ and v− respectively, retract at their minus ends
with rate vtm, and undergo spontaneous catastrophes and rescues at rates rc and rr respectively. Under isotropic
nucleation (F), microtubules nucleate at a fixed rate rn at random (y-)positions. With density-dependent nucle-
ation (G), nucleations still occur at a constant global rate rn, but a portion of these nucleations is now distributed
across existing microtubules proportional to their length. (H–K) Microtubule lengths and positions and time-
averaged microtubule density of representative simulations using the simplified model for interphase arrays (H,I)
and developing protoxylem (J,K). Protoxylem simulations were run for two hours without increased catastrophe
rate in gaps followed by five hours with an increase of a factor three. Other simulations were run for seven
hours. Time-averaging was done over the last 3 hours. (L) Measure of persistent heterogeneity over time for
simulations of the interphase arrays of elongating cells. Lines indicate the average and shaded areas the standard
deviation. (M) Number of empty bands (bands with less than 25% of average microtubule density in bands) and
ratio of microtubule density between gaps and bands for the protoxylem simulations. Boxplots are based on
quantities averaged over the last two hours of the simulations. Quantities in (L) and (M) were calculated from
100 independent simulations per nucleation mode.
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tubule growth through the depletion of available tubulin subunits and 2) a local saturation
of the amount of nucleation complexes that a microtubule-dense region can attract.

Microtubules grow through the incorporation of GTP-tubulin, mostly at their plus
end. When shrinking, however, these subunits are typically released as GDP-tubulin [99,
104]. Consequently, a high local density of dynamic microtubules implies both a high
consumption and release of tubulin. The two different tubulin states, however, make
that tubulin is released in an inactive form, which in the very different context of small
GTPase patterning provides a mechanism for the stable coexistence of multiple clusters
[223]. Therefore, our first hypothesis is that local tubulin depletion could only serve as a
homogenising factor when considering both tubulin states.

The second option for limiting the local increase of microtubule density may come
naturally with a sufficiently detailed description of nucleation complexes, which so far
have been considered only implicitly. From pioneering work [134–137] to current stud-
ies [125–127, 138], great progress has been made using isotropic nucleation, i.e., with
uniform random location and orientation. In reality, however, most nucleations occur
from nucleation complexes bound to existing microtubules, with new microtubules ei-
ther parallel to their parent microtubules or branching at angles around 35° [107–109].
So far, this microtubule bound nucleation has been modelled as density-dependent nucle-
ation: distributing the relevant nucleations over the existing microtubules proportional to
their lengths [135, 136, 160, 161]. Density-dependent nucleation has several effects in
simulations: it expands the range of biological parameters for which microtubules will
spontaneously align, accelerates the alignment process in interphase arrays [160, 221],
and speeds up protoxylem patterning [33]. However, this density-dependent nucleation
also leads to a global competition for nucleations, in which the microtubule densest region
attracts the most nucleations (Fig. 4.1C). This positive feedback loop creates the inhomo-
geneity problem, characterised by a strong local clustering of microtubules in simulated
interphase arrays [135, 136, 160] and many missing bands in simulated protoxylem [33]
(Fig. 4.1B).

The core of the inhomogeneity problem is that with density-dependent nucleation, nu-
cleation sites are distributed as if the system is well-mixed, so doubling the local density
somewhere will double the probability that it will attract a specific nucleation at the ex-
pense of the rest of the array. In reality, however, the docking of a nucleation complex is
primarily a local process. Although increasing the local microtubule density may speed
up this process, it will affect only nearby but not distant nucleation complexes, so the
local increase of nucleation must saturate. By liberally extending the analogy with small
GTPase patterning —where decreasing benefits of increased local density favour cluster
coexistence (chapter 2)— we arrive at our second hypothesis that the locally saturating
nucleation rates would suppress the global competition for nucleations and support array
homogeneity.

Here, we explore the potential of our two hypotheses for solving the inhomogene-
ity problem using a simplified stochastic simulation model of transversely oriented dy-
namic microtubules. Because of their different homogeneity requirements, we use both
the basic homogeneous interphase array and the banded transverse array from developing
protoxylem as model systems. Both systems depend on the well-studied process of mi-
crotubule alignment into a transverse array, which we here take for granted. This simplifi-
cation provides a computationally attractive environment for exploring two very different
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mechanisms. As nucleation complex dynamics is not sufficiently studied yet to model it
properly, we perform detailed observations of nucleation complex behaviour, both under
normal conditions and in sparse oryzalin-treated arrays.

This way, we discover that nucleation complexes are predominantly inserted near mi-
crotubules. Although this finding, at first glance, appears to aggravate the inhomogeneity
problem, it turns out that the more realistic nucleation complex dynamics allows for ho-
mogeneity, while at the same time improving the ability to form patterned arrays. Our
findings pave the way for a new generation of microtubule simulation models with broad
biological applications.

4.2 Results

4.2.1 A simplified model of transversely oriented microtubules re-
produces the inhomogeneity problem

For solving the inhomogeneity problem, we simplified existing “full array models” (ex-
ample snapshots in Fig. 4.1A,B) [103, 160] by taking alignment and orientation for granted.
This means that all microtubules in our simulations are transversely oriented, i.e., they
grow in the x-direction, and their positions are defined along the y-axis (Fig. 4.1D). The
microtubules stochastically switch between growth and shrinkage (usually referred to
as “catastrophe” and “rescue”), with parameters introduced in Fig. 4.1E and following
the existing full array models. Example snapshots of the simplified arrays are shown in
Fig. 4.1H–K. The “interphase array” has uniform parameters, whereas in “protoxylem”,
the catastrophe rate rc is increased in predefined gap regions after a 2-hour uniform
initiation period, resulting in local destabilisation of microtubules in an existing trans-
verse array as experimentally observed and modelled by Schneider et al. [33]. To vali-
date our model, we use two types of microtubule nucleation from the full array models
as a reference: isotropic nucleation, with uniformly distributed y-positions (Fig. 4.1F),
and density-dependent nucleation, in which a density-dependent fraction of nucleation
is “microtubule-bound”, with positions evenly distributed over all existing microtubule
lengths [160] (Fig. 4.1G). For implementation details see Methods.

With isotropic nucleation, we obtained homogeneous arrays and bands of similar den-
sity, whereas with density-dependent nucleation, arrays became inhomogeneous and band
density varied substantially, often leaving bands largely empty (Figures 4.1H–M). This
validates the use of our model for studying the inhomogeneity problem.

Similar to full array simulations [33], the positive feedback inherent in density-depen-
dent nucleation greatly enhanced the clearance of the gap regions. In the process, average
microtubule density in the bands increased up to 6-fold relative to isotropic nucleation,
reflecting the surface covered by band regions (Fig. 4.1J,K, Fig. S4.1).

We did observe two quantitative differences with full array protoxylem simulations.
First, we observed fewer empty bands with density-dependent nucleation than in the full
array simulations (Fig. 4.1B,K). Second, for both nucleation modes we observed much
larger differences in band vs. gap density, so that the experimentally observed ∼ 10-
fold difference between bands and gaps [33] was easily reproduced even with isotropic
nucleation, matching theoretical predictions of steady state densities for non-interacting
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microtubules (see Appendix 4.7.1). Two differences from the full array simulations could
underlie these quantitative effects: first, microtubules cannot leave the band or gap re-
gion they were nucleated in and second, microtubule bundles –which can live longer than
individual microtubules– do not occur in the simplified model.

4.2.2 Tubulin diffusion is too fast for sufficient local variation in mi-
crotubule growth velocities

To test if local tubulin depletion could solve the inhomogeneity problem, we made the
microtubule growth speed dependent on the local (GTP-)tubulin concentration. Grow-
ing microtubules consumed (GTP-)tubulin, while shrinking microtubules released (GDP-
)tubulin (Fig. 4.2A, see Methods for details). GDP-tubulin was recharged into GTP-
tubulin at a constant rate β .

With a realistic recharge rate of β = 0.01 s−1 [224], our simulations only produced
nearly homogeneous arrays for extremely low tubulin diffusion coefficients (Fig. 4.2B,E),
but not for realistic values of 1 to 10 µm2/s based on a measured cytoplasmic tubulin
diffusion coefficient of 6 µm2/s [225] (Fig. 4.2C,D,F,G, Fig. S4.2).

As expected from theoretical considerations (chapter 2, [223]), arrays were more ho-
mogeneous with the distinction between GTP- and GDP-tubulin than without (Fig. S4.3).
For the lowest diffusion coefficients, tubulin essentially was a local resource over the time
of the simulation, and any observed array homogeneity simply reflected the homogeneous
initial tubulin distribution (Fig. S4.4).

These results suggest that, although the tubulin-depletion mechanism could improve
homogeneity in principle, it does not ensure homogeneity in practice.

4.2.3 Nucleation complexes are preferentially inserted at microtubules
Since we found that local tubulin depletion does not solve the inhomogeneity problem,
we next focused on nucleation. Little is known, however, about the mobility of nucleation
complexes in the membrane itself, because normally most complexes are bound to micro-
tubules. We, therefore, treated cells with the microtubule-depolymerising drug oryzalin
[226] to reduce the density of the cortical microtubules and observed GFP-labelled γ-
tubulin complex protein (GCP)3, a component of the nucleation complex, using spinning
disc confocal microscopy. We found that microtubule-bound complexes were indeed im-
mobile, while complexes that appeared independent of microtubules in the plasma mem-
brane showed diffusive behaviour with a diffusion coefficient of approximately 0.013
µm2/s (Fig. 4.3A,B). Lifetimes of bound and unbound nucleation complexes were simi-
lar to those found by others [108], validating the use of these cells.

By comparing new insertions in oryzalin-treated cells to those in mock-treated con-
trols, we discovered that nucleation complex insertion occurred preferentially near mi-
crotubules. For the control cells, we found an average insertion rate of 0.0037 µm−2s−1

(Table S4.1), which is similar to the 0.0045 µm−2s−1 we estimated to keep the overall
nucleation rate consistent with previous simulations (see Appendix 4.7.3). To maintain
consistency, we used the latter number in our simulations. Even in the microtubule-sparse
oryzalin-treated cells we found an overrepresentation of nucleation complexes on the few
remaining microtubules. Nucleation complexes appeared at an average rate of 0.00026
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Fig. 4.2. Local tubulin limitation requires unrealistically low tubulin diffusion to enhance homogeneity.
(A) In our tubulin implementation, the v+ of the growing microtubules depends on the local GTP-tubulin pool,
which is depleted as a result. Conversely, microtubule shrinkage increases the local GDP-tubulin concentration.
GDP-tubulin is recharged at a constant rate β into the GTP-tubulin needed for growth. (B,C,E,F) Microtubule
lengths and positions and time-averaged microtubule density of representative simulations using the simplified
model with GTP- and GDP-tubulin with a tubulin recharge rate β = 0.01 s−1 and two different tubulin diffusion
coefficients (Dtub). Protoxylem simulations were run for two hours without increased catastrophe rate in gaps
followed by five hours with this increase. Other simulations were run for seven hours. Time-averaging was
done over the last 3 hours. (D) Measure of persistent heterogeneity over time for simulations with five different
values of Dtub. Lines indicate the average and shaded areas the standard deviation. (G) Number of empty bands
(bands with less than 25% of average microtubule density in bands) for simulations with five different values of
Dtub. Boxplots are based on quantities averaged over the last two hours of the simulations. Quantities in (D)
and (G) were calculated from 100 independent simulations using density-dependent nucleation.

µm−2s−1, which could be separated in a rate of 0.013 µm−2s−1 for complexes appear-
ing near/at microtubules and 0.000085 µm−2s−1 excluding these complexes (Table S4.1).
Because nucleation complexes co-localising with microtubules may have been inserted
nearby and diffused towards them between frames, the first of these three values repre-
sents an upper bound and the last a lower bound. Still, as a conservative estimate, insertion
of new complexes was at least an order of magnitude smaller in absence of microtubules.
Notably, the rate of 0.013 µm−2s−1 is only 3-3.5 times higher than in a normal density
array, suggesting a strong local saturation of nucleation complex insertion.
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Fig. 4.3. Microtubule nucleation complexes are statically bound to microtubules and diffusively anchored
to plasma membranes. (A) Example trajectories of tracked GCP3 foci located on microtubules (green, top) and
off microtubules (magenta, bottom). Scale bar = 1 µm. (B) Mean-squared displacement (MSD) calculated for
115 microtubule-bound and 55 diffusing GCP3 foci. Squares and line extensions represent means ± standard
deviations for the given time intervals and the solid line represents a weighted linear fit yielding the diffusion
constant and fit error. The data was recorded from nine cells and five seedlings. (C) Cumulative lifetime distri-
butions show that the median lifetime of the tracked GCP3 foci on microtubules (green) and off microtubules
(magenta) are similar. Solid and dashed lines represent the empirical cumulative distribution function and the
95% lower and upper confidence bounds for the evaluated function values, respectively. The horizontal dashed
line represents the median value.

4.2.4 Local limitation of nucleation complexes can solve the inhomo-
geneity problem

Based on these experiments, we explicitly incorporated nucleation complexes into our
simulations as particles that can associate with the membrane, move around diffusively in
(effectively) two dimensions, attach to a microtubule upon encounter, and eventually ei-
ther disassociate or nucleate (See Fig. 4.4A and Methods for details). With this model, we
investigated the impact of differential insertion rate (rb within attraction radius R of any
microtubule, rb,min otherwise) and differential nucleation rates for complexes on (rn,bound)
or off (rn,unbound) microtubules [108] on array homogeneity and patterning (Fig. 4.4).

We expected that our discovery of microtubule-dependent insertion, as yet another
factor that favours microtubule-dense regions, would aggravate the inhomogeneity prob-
lem. We found, however, that with a realistic attraction radius of R = 50 nm, twice the
width of a microtubule, fully homogeneous arrays were formed over time (Fig. 4.4H).
This was, however, a slow process, increasing the importance of a previously reported al-
ternative source of nucleation early during de novo array establishment [161], here called
“seeding” (Fig. 4.4G,H). By halving R, small gaps started to appear in the array, in which
nucleation complex insertion was not enhanced by microtubules, lowering the total mi-
crotubule density (Fig. S4.5). The diffusion coefficient DNC of unbound nucleation com-
plexes would have had to be reduced by two orders of magnitude from our experimentally
observed value to achieve a similar reduction of microtubule density. With further reduc-
tions, it would become impossible to sustain a normal density array (Fig. S4.6).

For protoxylem patterning, we found that the differential insertion rate resulted in a
more effective clearing of the gap regions than the differential nucleation rate, both for
data-based rate differences (Fig. 4.4B,D) as well as smaller rb differences (Fig. S4.7A)
and artificially matched differences in rb and rn (Fig. S4.8). Notably, the density in band
regions increased only slightly during the separation process (Fig. 4.4F), in stark contrast
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to the large increase under density-dependent nucleation (Fig. S4.1B,D).
Homogeneity was well maintained, as bands were never lost (Fig. 4.4B,C) except for

Fig. 4.4. Caption on next page.
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Fig. 4.4. Local limitation of nucleation complex availability can ensure array homogeneity and enhance
protoxylem band formation. (A) In our nucleation complex implementation, each complex moves within the
two-dimensional plane of the membrane with diffusion coefficient DNC and binds the first microtubule it encoun-
ters. A nucleation rate applies to each separate complex and, by default, this rate is higher for microtubule-bound
complexes (rn,bound ) than for freely diffusing (rn,unbound ) ones. Complexes also disappear at rate rd . Microtubule
insertion into the membrane occurs at a constant rate rb. For areas outside a distance R of a microtubule this
rate is reduced to rb,min in case of microtubule-dependent nucleation complex insertion. (B) Final array snap-
shots of representative protoxylem simulations for four different nucleation complex scenarios: I,II: Random
insertion. III,IV: Microtubule-dependent insertion. I,III: No difference between bound and unbound nucleation
rates. II,IV: Reduced nucleation rate for unbound complexes. (C) Number of empty bands (bands with less than
25% of average microtubule density in bands) (D) Ratio of microtubule density between gaps and bands for the
protoxylem simulations. (E) Average global nucleation rates. (F) Average microtubule density in band regions.
(G) Average microtubule density for simulations without bands and gaps with and without seeded nucleations.
(H) Snapshots at various time points of a simulated array with microtubule-dependent insertion and a reduced rn
for unbound complexes with and without seeding. All summary statistics were calculated from 100 simulations.
Lines indicate the average and shaded areas the standard deviation. Boxplots are based on quantities averaged
over the last two hours of the simulations. Protoxylem simulations were run for two hours without increased
catastrophe rate in gaps followed by five hours with this increase. Other simulations were run for seven hours.

very low diffusion coefficients (Fig. S4.7B). Increasing DNC reduced separation at most
3-fold. This observation strongly suggests that the measured value is roughly optimal for
enhancing local array patterning and at the same time avoiding inhomogeneity and den-
sity loss problems (Fig. S4.7C,D). For a uniform insertion rate and reduced (but not equal)
nucleation rate for unbound complexes, we also noted that there was a window of opti-
mal DNC for separation (Fig. S4.9). For decreasing DNC, the enhanced separation started
where the overall nucleation rate started to decrease after the initiation phase. This de-
crease reflects a reduction in the number of complexes encountering a microtubule, which
down to DNC = 10−4µm2/s predominantly affected the gaps and enhanced the difference
between bands and gaps several fold (Fig. S4.9E,F). Notably, the default DNC fell within
this optimal window for the default (large) difference in catastrophe rate between bands
and gaps, but not for the smallest difference tested.

4.3 Discussion
We have developed a simplified model of transversely oriented microtubules and per-
formed quantitative experimental observations of nucleation complex dynamics to investi-
gate how plants ensure homogeneity of their cortical microtubule array and, consequently,
cell wall. With our model and experiments, we identified the natural saturation of nucle-
ation complex recruitment to microtubule dense regions as the essential realistic mecha-
nism for countering the positive feedbacks inherent in microtubule-based nucleation that
would otherwise cause severe array inhomogeneity. The key element of this mechanism is
that the competition for nucleation complexes becomes local instead of global. This effect
is achieved, because the local probability of attracting a specific nucleation now saturates
with local microtubule density as opposed to the linear scaling under density-dependent
nucleation.

Besides the two factors already known, i.e., predominant nucleation from existing
microtubules [107, 109] and reduced nucleation rate for unbound complexes [108, 161],
we found that the insertion of nucleation complexes in the membrane is strongly biased
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towards microtubules. Together, these factors enable both completely homogeneous and
complexly patterned arrays, as shown with our model systems of elongating interphase
cells and developing protoxylem. Moreover, this insertion bias increases the importance
of “seeding” the array with alternative (“GCP-independent”) nucleations [161] to ensure
its timely establishment.

Although local tubulin depletion could not ensure homogeneity, tubulin depletion can
be an important factor in limiting microtubule density at the whole cell level through
changes in microtubule dynamics [103, 133]. Markedly, using parameters measured in
early interphase wild type cells can result in unbound microtubule growth [133, 227],
whereas with all parameter sets measured in established wild type arrays, a finite steady
state microtubule density exist [33, 103, 222].

Our results demonstrate the value of our simplified model as a powerful tool for solv-
ing complex problems that can be interpreted as approximately one-dimensional. The
simplification of abandoning microtubule-microtubule interactions, of course, introduces
some quantitative differences with the full model, which can even increase our under-
standing of the real system. The largest difference is that, contrary to simulations with in-
teracting microtubules [33], we observed strong band formation with isotropic nucleation
while using the same parameters for microtubule dynamics. Two factors may underlie
this difference: 1) Microtubule bundling, also without microtubule-based nucleation, in-
creases the persistence of microtubule bundles, including those in the gap regions. Indeed,
in Schneider et al. [33] it is shown that microtubule turnover is an important determinant
of the band/gap-separation rate. 2) The effective nucleation rate in bands is higher in
the simplified model, because all nucleations inside a band give rise to microtubules that
remain inside the band. In the full array model, a substantial part of these nucleations
is “lost” because the microtubules quickly grow into the gap regions. Indeed, the au-
thors also found a much stronger degree of separation with isotropic nucleation when
the nucleation rate in bands was increased. Taken together, this suggests that the aspect
of co-alignment between parent and new microtubule [109] plays an important role in in-
creasing the relevant nucleation rate inside bands and, hence, band stability. Band stability
could additionally be enhanced by microtubule bundling itself.

Additional speedup of the separation process occurs if the band locations match well
with density fluctuations in the (initial) microtubule array [33]. This match is likely better
in reality than in current models, as gap regions are defined by small GTPase patterning
proteins, like Rho of plants 11 (AtROP11) in metaxylem, and their downstream effectors
MIDD1 and Kinesin-13A [148, 149]. Various ROPs and the aforementioned effectors are
also expressed during protoxylem formation [151, 152] and striated AtROP7 patterns are
observed in protoxylem [150]. Results so far indicate that the corresponding microtubule
patterns are not simply a readout of a ROP pattern, as changes in microtubule dynamics
affect both the dynamics and outcome of the patterning process [33, 148, 205].

Notably, ROPs and other polarity factors are also indicated in the specification of
the preprophase band [76], the single microtubule band that forms around the nucleus
prior to cell division [77, 228], and altered microtubule dynamics are observed during
its formation [222]. Together, these phenomena suggest that integrating ROP patterning
and microtubule dynamics into a single simulation environment will provide mechanistic
insight into many processes.

How could ROPs and microtubules sometimes produce a homogeneous pattern, like in
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proto- and metaxylem, and sometimes a highly inhomogeneous one, like the preprophase
band? Coincidentally, the literature on small GTPase patterning offers deeper insights.
In the most common case, when GTPases are only interconverted between active and
inactive states, the system can “phase separate” into a single cluster of active GTPases
(chapter 2, [84, 173, 177]). In contrast, multiple clusters can stably coexist by (1) the
addition of GTPase turnover, i.e., production and degradation (chapter 2, [158]), (2) an in-
active intermediate form that cannot be reincorporated into an (active) patch immediately
[223] — much like the GDP-tubulin as intermediate modelled here — or (3) an additional
factor that increasingly limits the growth of active patches as they get larger, like ROP
GTPase activating proteins (GAPs) that increase ROP inactivation (chapter 2). All these
options have in common that the growth of larger patches is specifically limited, and a
baseline supply of raw material (inactive GTPases or nucleation of new microtubules) is
guaranteed for smaller patches.

This comparison immediately stresses the significance of the uniform base insertion
rate of nucleation complexes into the membrane of our model as a local supply. Our exper-
iments on oryzalin treated cells show that nucleation complexes are indeed inserted into
empty regions in the plasma membrane. We expect that rapid diffusion of cytosolic nucle-
ation complexes, likely enhanced by cytoplasmic streaming, can ensure a relatively uni-
form base insertion rate. Additionally, our data suggest nucleation complexes are actively
released from the membrane, because despite very different insertion rates, residence
times near/at and away from microtubules are very similar (Fig. 4.3C), particularly for
non-nucleating complexes [108]. If, however, release were governed by thermodynamic
equilibrium, complexes would have remained much longer when on microtubules. Active
release would contribute to the sustenance of the cytosolic pool of nucleation complexes,
and hence, the base insertion rate. As multiple nucleation complex subunits contain regu-
latory phosphorylation sites [229], the release could be in an inactive state, which would
further support homogeneity [223]. One form of density-dependent growth limitation (the
conceptual equivalent of GAP proteins in chapter 2) that is present in our model is the fact
that a set of n isolated microtubules are more effective in capturing diffusing nucleation
complexes from the membrane than a single bundle of n microtubules of the same length*.
Additionally, a similar but potentially stronger effect would occur if bundling of micro-
tubules leads to shielding of part of the binding sites for nucleation complexes, thereby
specifically reducing the per length insertion rate of bundled microtubules.

The above mechanisms are not mutually exclusive and can enhance each other. More-
over, plant cells may operate close to the inhomogeneous regime of global competition as
occurs with density-dependent nucleation, given the existence of inhomogeneous struc-
tures like the preprophase band. If cells are indeed close to this alternative regime, a
substantial local increase in the factors that recruit nucleation complexes could over time
trap a large fraction of these complexes to a specific region. The “group A” TPX2/TPXL
proteins are ideal, though currently speculative, candidates for supporting preprophase
band formation this way, as they are indicated in the recruitment of nucleation complexes

*E.g., assuming a membrane residence time of 10 s, a nucleation complex would have an average diffusion
length of 361 nm. For aligned same length microtubules, this reduces to a 1D problem, with a 2*361 + 10*25 nm
cross section covered by a bundle of 10 microtubules and a 10*(2*361 + 25) nm cross section for the isolated
microtubules. So, as a lower bound, the bundle would be only 13% as effective in capturing free nucleation
complexes.
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to microtubules [230] and contain a nuclear importin domain [231], which could provide
the correct perinuclear positioning of a high nucleation zone upon release. Simulations
show that concentrating microtubule nucleation to the future band region can indeed re-
produce a preprophase band-like structure [145].

Our novel observations of nucleation complex behaviour and the solution they provide to
the inhomogeneity problem pave the way for the next generation of microtubule simula-
tion models. Some pressing biological questions that require detailed simulations includ-
ing realistic nucleation are: 1) How do cells integrate all the different cues affecting array
orientation [31, 33, 124, 125, 127–130] and resolve conflicts between them? 2) How does
the reduction of branched (and increased parallel) nucleation in the tonneau2/fass (ton2)
mutant lead to dramatic changes in the morphology of leaf pavement cells and trichome
morphology [232]? 3) How can a continuous interaction between ROPs and their down-
stream effectors on the one hand [148, 149] and the microtubule array on the other hand
lead to various complex wall patterns like in proto- and metaxylem? In summary, our
work enables various new lines of quantitative, mechanistic research that will improve
our understanding of how cell wall properties are dynamically controlled.
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4.4 Methods

4.4.1 Simulation setup
Cortical microtubules exist effectively on a two-dimensional surface on the inside of the
membrane. Therefore, we chose our simulation domain to represent the cortex of a cylin-
drical cell, with a height of 60 µm and a radius of 7.5 µm as in Schneider et al. [33].
This domain was represented by a rectangle with a horizontal periodic x-axis and a verti-
cal y-axis representing the circumference and length of the cylinder, respectively. Except
for the variant with nucleation complexes, horizontal positions were irrelevant and not
tracked in the simulations.

4.4.2 Core microtubule dynamics
Microtubule growth, shrinkage, and minus end retraction (treadmilling) occur at speeds
v+, v−, and vtm, respectively, with catastrophes and rescues occurring at rates rc and rr,
respectively (Fig. 4.1E). These are the same dynamics as described by Tindemans et al.
[103] and parameters were based on [33] (see Table S4.2 for parameter values).

4.4.3 Protoxylem band and gap regions
Protoxylem simulations used ten band regions of 1 µm separated by gap regions of 5 µm
(with 2.5 µm gap regions on either end of the domain). Following [33], microtubule sta-
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bility was reduced in the gap regions by increasing the catastrophe rate by a factor fcat
(default: fcat = 3) compared to the band regions. Before this increase in gap catastro-
phe rate, simulations were run for two hours with homogeneous parameters ( fcat = 1),
allowing a microtubule array to form.

4.4.4 Basic nucleation modes
Isotropic nucleations were drawn at a constant global rate of rn ·A, where rn is the nucle-
ation rate in µm−2s−1 and A is the domain area in µm2 and given uniformly distributed
y-positions (Fig. 4.1F).

Density-dependent nucleation was implemented as in Deinum et al. [160]. Nucleation
events were scheduled with a total rate rn, of which a density-dependent fraction was
assigned to microtubules, resulting in a bound rate rn,bound following:

rn,bound = rn
ρ

ρ +ρ 1
2

, (4.1)

where ρ is the global microtubule density in µm microtubule per µm2 and ρ 1
2

is the
microtubule density at which half of all nucleations are bound. We then assigned y-
positions to the unbound nucleations, as described for isotropic nucleation. The bound
nucleations were distributed randomly across the total microtubule length and then got
the y-position of their parent microtubule with a small normally distributed displacement
(σ = 0.1µm), which was redrawn for positions falling outside the simulation domain
(Fig. 4.1G).

4.4.5 Tubulin dynamics
In one dimension, tubulin dynamics for a single tubulin follows the diffusion equation:

∂cT

∂ t
= Dtub

∂ 2cT

∂y2 + f (MT ), (4.2)

where cT is the tubulin concentration, t is the time, y is the position along the longitudinal
axis, Dtub is the tubulin diffusion coefficient, and f (MT ) the function of microtubule
dynamics that specifies the net release of tubulin from microtubules. This last term can
be calculated directly from local changes in microtubule lengths at each integration time
step. Similarly, when distinguishing GTP- and GDP-tubulin, we have:

∂cT1

∂ t
= Dtub

∂ 2cT1

∂y2 +βcT2 − f (MTGrowing)

∂cT2

∂ t
= Dtub

∂ 2cT2

∂y2 −βcT2 +g(MTShrinking),

(4.3)

where cT1 and cT2 are the concentrations of GTP- and GDP-tubulin, respectively, β is the
recharge rate at which GDP-tubulin is converted back into GTP-tubulin, and f (MTGrowing)
and g(MTShrinking) are the functions of microtubule dynamics that determine the tubulin
consumption by growing microtubules and the tubulin release by shrinking microtubules,
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respectively. For convenience, we express tubulin concentrations in µm of microtubule
length equivalent per µm2.

Arrays were initiated without microtubules and with a uniform (GTP-)tubulin concen-
tration of Lmax/A, where A is the domain area and Lmax is the maximum total microtubule
length when all tubulin is in microtubule form. Growth speed v+ was made linearly de-
pendent on the local (GTP-)tubulin concentration, according to:

v+(y) = v+0
cT (y)
cT,0

= v+0
A

Lmax
cT (y), (4.4)

where v+0 is the initial growth speed and parameter cT,0 is the initial homogeneous (GTP-)
tubulin concentration.

The diffusion equations were integrated using a Crank-Nicolson algorithm [233] with
integration steps of 0.01 s in time and 0.2 µm in space. Microtubule growth speeds were
adjusted to the new tubulin concentration every time step and kept constant inbetween.

4.4.6 Nucleation complexes
In our nucleation complex implementation, membrane-associated complexes diffuse with
diffusion coefficient DNC. If a complex runs into a microtubule, it binds the microtubule
and remains stationary. Therefore, to allow complexes to pass around the ends of micro-
tubules, the x-positions and microtubule directions are tracked for this model variant.

Nucleation complexes are inserted at a constant rate rb, which can be reduced to rb,min
for regions without a microtubule within a distance R in case of microtubule-dependent
nucleation complex insertion.

Each individual complex can disassociate from the membrane at a rate rd and nucleate
at a rate rn (Fig. 4.4A). Based on experimental data from Nakamura et al. [108] this nucle-
ation rate is set a factor fifteen larger for microtubule-bound complexes than for unbound
complexes (Appendix 4.7.3). Upon nucleation, the complex involved is removed from the
simulation, since experimental observations indicate that complexes that nucleated hardly
ever nucleate a second time before disappearing [108]. Positions of new microtubules are
adopted from the parent nucleation complex, with the same small vertical displacement
that is also used for density-dependent nucleation. The growing plus-end of each new
microtubule is oriented either to the left or to the right with an equal probability.

Seeded nucleations are implemented by starting simulations with nucleation com-
plexes with uniformly distributed complex-independent nucleations at a density of 1 nu-
cleation per µm2. This value has been chosen to be close to the steady state microtubule
density.

Nucleation complex diffusion has been implemented using two-dimensional Brown-
ian motion simulations. Complexes move independently in both horizontal and vertical
directions every time step by a distance of

√
2dtDNCN(0,1), where dt is the time step

(0.01 s in our simulations), and N(0,1) is a standard normally distributed random num-
ber.
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4.4.7 Model parameters
All simulation parameters are given in Table S4.2. Basic model parameters were chosen
to be consistent with previous simulations of microtubule dynamics in protoxylem devel-
opment [33]. In the tubulin simulations, Dtub and β were varied to study their effect. Lmax
and v+0 were tuned such that the average microtubule growth speed at steady state would
be approximately equal to that used in simulations without tubulin (see Appendix 4.7.2).
Parameters rb, rd , rn,bound , and rn,unbound were estimated from data by Nakamura et al.
[108] (see Appendix 4.7.3). For simulations with microtubule-dependent nucleation com-
plex insertion, we tried several values of rb,min based on our experimental measurements
and chose a distance R of 0.05 µm, which is about twice the width of a microtubule.

4.4.8 Measures of heterogeneity
For protoxylem simulations, we counted the number of largely empty bands, defined as
bands with less than 25% of the average microtubule density in bands. The persistent
heterogeneity measure for transverse interphase arrays was calculated as the standard
deviation of the values from a time-averaged microtubule density histogram divided by
the average density. We used a histogram bin size of 1 µm and a time average over the
last three hours, with one measurement every 200 s.

4.4.9 Experimental measurements
Plant material and growth conditions

Arabidopsis (Arabidopsis thaliana, Columbia Col-0 ecotype) expressing the 35S promoter-
driven VND7-VP16-GR (VND7) construct, the 35S promoter-driven mCHERRY-TUA5
microtubule marker as well as the GCP3-GFP microtubule nucleation marker were used
[33]. Seeds were surface-sterilised and grown similar to [33]. To depolymerize MTs in
epidermal cells, we applied 40µM oryzalin for 4 hours and subsequently focussed on cells
that showed remaining MT polymers in their cortex.

Induction of protoxylem formation

Three-day old dark-grown seedlings were transferred to half-strength MS, 1% sucrose
plates supplemented with 10µM dexamethasone (DEX). The unwrapped plates were then
kept in the same phytotron for 24 hours. Subsequently, seedlings were transferred to a
microscope slide for imaging.

Spinning disk microscopy

Imaging was performed similar to [33]. Briefly, we used a spinning disc microscope
consisting of a CSU-X1 spinning disk head (Yokogawa), an Eclipse TI (Nikon) inverted
microscope body equipped with a perfect focus system, an Evolve CCD camera (Photo-
metrics), and a CFI Apo TIRF 100x oil-immersion objective.
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Image analysis

Confocal z-stack recordings of microtubules in non-induced and VND7-induced condi-
tions were acquired (0.3µm z-steps, 6µm z-depth, 300ms integration time) and surface-
projected using a custom-made Matlab code. Confocal single-plane time-lapse record-
ings of microtubules and GCP3 foci were acquired (1 second intervals, 2 minute duration,
300ms and 500ms integration for microtubules and GCP3, respectively) and analysed
using the open-source tracking software FIESTA [234]. The in-built mean-squared dis-
placement function was used to measure the diffusion constant of GCP3 foci. Cumulative
lifetime distributions were made using the in-built Matlab function ecdf.m.
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4.5 Supplementary figures

Fig. S4.1. Summary quantities for protoxylem simulations with isotropic and density-dependent nucle-
ation for various factors of difference in the catastrophe rate between bands and gaps ( fcat ). (A) Number
of “empty” bands (defined as bands with less than 25% of average microtubule density in bands). Note that for
isotropic nucleation this quantity immediately drops to zero. (B) Same as (A) but with shaded areas representing
standard error instead of standard deviation to improve readability. (C) Ratio of microtubule density between
gaps and bands. (D) Average microtubule density in bands. All statistics were based on 100 simulations. Lines
indicate the average and shaded areas the standard deviation (A,C,D) or standard error (B). Enhanced catastro-
phe rates in gap regions start at t = 0 h for all simulations.
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Fig. S4.2. Including the extra step of GDP-tubulin to GTP-tubulin conversion facilitates formation of
homogeneously populated bands, but only for biologically unrealistic parameter values. (A) Results of
representative simulations with various tubulin diffusion coefficients (Dtub) for tubulin recharge rate β = 0.01.
(B) Numbers of empty bands for simulations with various tubulin diffusion coefficients and recharge rates.
(C) Same as (B) but with shaded areas representing standard error instead of standard deviation to improve
readability. All statistics were based on 100 simulations. Lines indicate the average and shaded areas the
standard deviation (B) or standard error (C).



4444

NUCLEATION COMPLEXES AND MICROTUBULE ARRAY HOMOGENEITY 133

Fig. S4.3. When no distinction is made between GTP- and GDP-tubulin, homogeneously populated bands
are hard to achieve. (A) In our tubulin implementation, the v+ of the growing microtubules depends on the
local tubulin concentration, which is depleted as a result. Conversely, microtubule shrinkage increases the local
tubulin concentration. (B) Results of a representative simulation with a tubulin diffusion coefficient of 1 µm2/s.
(C) Number of empty bands (bands with less than 25% of average microtubule density in bands) for simulations
with various tubulin diffusion coefficients. (D) Same as (C) but with shaded areas representing standard error
instead of standard deviation to improve readability. All statistics were based on 100 simulations. Lines indicate
the average and shaded areas the standard deviation (C) or standard error (D).
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Fig. S4.4. Tubulin barely diffuses from one side of the cell to the other for the lowest diffusion coefficients
used in our simulations. Analytic diffusion equation solutions show the tubulin concentration (cT ) at one hour
intervals for various tubulin diffusion coefficients (Dtub) in absence of microtubules. The left boundary had zero
flux boundary conditions and the right boundary was fixed at zero to provide a maximally effective tubulin sink.
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Fig. S4.5. With microtubule-dependent nucleation complex insertion, homogeneous arrays can be estab-
lished as long as the radius R at which microtubules attract complexes is sufficiently large. (A) Results
of representative simulations with different values of R. (B) Time-averaged microtubule densities over the last
three hours of the corresponding simulations from (A). (C) Measure of persistent homogeneity. (D) Average
microtubule density of the entire array over time. (E) Average global nucleation rate (nucleations/µm2/s). All
statistics were based on 100 simulations with DNC = 0.013 µm2/s and rb,min = rb/40 µm−2s−1. Lines indicate
the average and shaded areas the standard deviation.
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Fig. S4.6. The nucleation complex implementation with microtubule-dependent insertion and a reduced
nucleation rate for unbound complex yields homogeneous arrays as long as diffusion coefficients are
high enough for complexes to find and bind microtubules. (A) Results of representative simulations with
different nucleation complex diffusion coefficients (DNC). (B) Time-averaged microtubule densities over the
last three hours of the corresponding simulations from (A). (C) Measure of persistent homogeneity. (D) Average
microtubule density of the entire array over time. (E) Average global nucleation rate (nucleations/µm2/s). All
statistics were based on 100 simulations with R = 0.05 µm and rb,min = rb/40 µm−2s−1. Lines indicate the
average and shaded areas the standard deviation.
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Fig. S4.7. Caption on next page.
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Fig. S4.7. Microtubule-dependent nucleation complex insertions greatly improves band formation with-
out resulting in empty bands for reasonable parameter values. (A) Overview of microtubule coverage of
the cell membrane for representative simulations with a factor 3 difference in catastrophe rates between bands
and gaps, using various values of rb,min, and a DNC of 0.013 µm2/s. (B) Average numbers of empty bands
(bands with less than 25% of average microtubule density in bands) during the last two hours of the simulation.
(C) Average ratios between microtubule density in gaps and bands during the last two hours of the simulations.
The lowest two diffusion coefficients were disregarded here, because a lack of array density resulted in zero
divisions. (D) Microtubule density in bands over time. All statistics were based on 100 simulations for vari-
ous values of DNC and rb,min. Lines indicate the average and shaded areas the standard deviation. Enhanced
catastrophe rates in gap regions start at t = 0 h for all simulations.

Fig. S4.8. Microtubule-dependent nucleation complex insertion is more effective at improving protoxylem
band formation than increased nucleation for microtubule-bound complexes. (A) Representative simula-
tions using a factor 3 difference in catastrophe rates between bands and gaps and DNC = 0.013µm2/s for various
nucleation and insertion scenarios: I: No reduction in insertion rate in absence of microtubules and a hundred
fold reduction in nucleation rate for unbound complexes. II: A ten fold reduction in the insertion rate without
nearby microtubules and a ten fold reduction in nucleation rate for unbound complexes. III: A hundred fold
reduction in the insertion rate without nearby microtubules and no difference in nucleation rate for unbound
complexes. (B) Time-averaged microtubule densities over the last three hours of the corresponding simulations
from (A). (C) Average ratios between microtubule density in gaps and bands during the last two hours of the
simulations. (D) Average global nucleation rate during the last two hours of the simulations. All statistics were
based on 100 simulations for the three scenarios described in (A). Enhanced catastrophe rates in gap regions
start at t = 0 h after two hours without difference in catastrophe rates and end at t = 5 h for all simulations.
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Fig. S4.9. Caption on next page.
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Fig. S4.9. In absence of microtubule-dependent nucleation complex insertion, a reduced nucleation rate
for unbound complexes results in an optimum in the ratio between gap and band density for intermedi-
ate values of the nucleation complex diffusion coefficient (DNC). (A) Representative simulations with and
without a different nucleation rate for microtubule-bound and unbound nucleation complexes using a factor 3
difference in catastrophe rates between bands and gaps and various values of DNC . (B,C) Average ratios be-
tween microtubule density in gaps and bands during the last two hours of the simulations. (D,E) Average global
nucleation rates over time. All statistics were based on 100 simulations with (C,E) and without (B,D) a reduced
nucleation rate for unbound complexes, for various factors of difference in band and gap catastrophe rates ( fcat )
and various nucleation complex diffusion coefficients (DNC). Lines indicate the average and shaded areas the
standard deviation. Enhanced catastrophe rates in gap regions start at t = 0 h for all simulations. (F) Proposed
mechanism of separation enhancement. Nucleation complexes in the bands are likely to encounter a microtubule
in their lifetime and will therefore benefit from the higher bound nucleation rate, while complexes in the gaps
are more likely to disappear before they encounter a microtubule and therefore largely follow the lower unbound
nucleation rate.

4.6 Supplementary tables

Table S4.1. Nucleation complexes insert more readily near existing microtubules. Comparison of nucleation
complex insertions in oryzalin-treated cells and controls. The literature estimate for the insertion rate that we
used in the simulations to keep the overall nucleation rate comparable was 0.0045 µm−2s−1.

Treatment: Mock Oryzalin Oryzalin Oryzalin
Area: Total Total Non-microtubule Microtubule Unit

Number of nucleation
complexes inserted

338 170 55 115 -

Membrane area 873 5445 5372 73 µm2

Measurement time 120 120 120 120 s
Estimated insertion rate 0.0037 0.00026 0.000085 0.013 µm−2s−1

Factor lower than literature
estimate

1.4 17.3 52.7 0.35 -
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Table S4.2. Default parameter values used in the simulations.

Parameter Value Unit Description Source

Simulation domain
H 60 µm Domain height [33]
W 7.5 ·2π µm Domain circumference [33]

Standard parameters
v+ 0.05 µm/s Growth speed [33]
v− 0.08 µm/s Shrinkage speed [33]
vtm 0.01 µm/s Treadmilling speed [33]
rc 0.0016 s−1 Catastrophe rate (bands) [33]
rr 0.001 s−1 Rescue rate [33]
rn 0.001 µm−2s−1 Nucleation rate [33]
fcat 3 Factor increased catastrophe rate in

gaps

Density-dependent nucleation
ρ 1

2
0.1 µm/µm2 Microtubule density at which half of

all nucleations are microtubule-bound
[160]

Tubulin limited growth
Dtub Variable µm2/s Tubulin diffusion coefficient
β 0.01 s−1 Tubulin recharge rate
v+0 0.1 µm/s Initial growth speed Appendix 4.7.2
Lmax 2.4 ·104 µm Maximum total microtubule length Appendix 4.7.2

Nucleation complexes
rb 0.0045 µm−2s−1 Insertion rate Appendix 4.7.3
rd 0.1 s−1 Dissociation rate Appendix 4.7.3
DNC 0.013 µm2/s Nucleation complex diffusion

coefficient
This chapter

rn,bound 0.03 s−1 Bound nucleation rate Appendix 4.7.3
rn,unbound 0.002 s−1 Unbound nucleation rate Appendix 4.7.3

Microtubule-dependent nucleation complex insertion
rb,min rb/40 µm−2s−1 Insertion rate in absence of

microtubules
R 0.05 µm Radius in which nucleation complex

insertion is enhanced by microtubules
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4.7 Appendices

4.7.1 Steady state densities for non-interacting microtubules
The average microtubule density at steady state ρ? can be calculated from the theoretically
derived microtubule length distribution:

ρ
? =

∫ l=∞

l=0
l ·m(l)dl (A4.1)

where m(l) is the density of microtubules with length l. Following the procedure de-
scribed by Dogterom and Leibler [235] with the addition of the treadmilling speed, we
obtain the following expression for the steady state length distributions for non-interacting
growing and shrinking microtubules:

m(l) = m+(l)+m−(l) =
rn

v+− vtm e−λ l +
rn

v−+ vtm e−λ l

= rn
v++ v−

(v+− vtm)(v−+ vtm)
e−λ l ,

(A4.2)

where rn is the nucleation rate, v+, v−, and vtm are the microtubule growth, shrinkage,
and treadmilling speeds, respectively, and exponent λ is given by:

λ =
rc

v+− vtm −
rr

v−+ vtm , (A4.3)

where rc is the catastrophe rate and rr is the rescue rate.
Using this expression for m(l), Eq. A4.1 can be solved using integration by parts:

ρ
? =

∫ l=∞

l=0
l · rn

v++ v−

(v+− vtm)(v−+ vtm)
e−λ ldl

= rn
(v++ v−)(v+− vtm)(v−+ vtm)

(rc(v−+ vtm)− rr(v+− vtm))2 .

(A4.4)

Using this formula, we can now calculate the steady state ratio between microtubule den-
sities in gap and band regions (ρ?

gaps/ρ?
bands) using the catastrophe rates for gap and band

regions respectively and default values for the other parameters. This way, we obtain
ratios of 0.18, 0.070, 0.038, 0.023, and 0.016 for a factor difference in catastrophe rates
of 2, 3, 4, 5, and 6, respectively. These values are consistent with the ones found in our
simulations with isotropic nucleation (Fig. S4.1C).

4.7.2 Calculating maximal total microtubule length and initial growth
speed

For comparison purposes, we want to set the average effective growth speed to be com-
parable to that used in previous simulations by choosing appropriate values for v+0 and
Lmax. The average local growth speed v̄+ can be obtained from Eq. 4.4 in the main text as
follows:

v̄+ = v+0
c̄T

Lmax/A
, (A4.5)
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where c̄T is the average (GTP-)tubulin concentration. This concentration can be calcu-
lated from the total tubulin length in microtubules LMT as follows, assuming the GDP-
tubulin concentration is low compared to the GTP-tubulin concentration for models with
two tubulins:

c̄T =
Lmax−LMT

A
=

Lmax−∑
NMT
j=1 l j

A
, (A4.6)

where NMT is the total number of microtubules and l j is the length of the jth microtubule.
This means the average growth speed will be given by:

v̄+ = v+0
Lmax−LMT

Lmax
. (A4.7)

Therefore, the average growth speed depends on the initial growth speed and the fraction
of the total amount of tubulin that is part of microtubules. Assuming that we choose an
Lmax that is larger than the required microtubule length, we can calculate a value for v+0
that will end up giving us the desired growth speed:

v+0 = v̄+
Lmax

Lmax−LMT
. (A4.8)

However, we still need an expression for LMT . The total microtubule length at steady
state can be calculated from the theoretically derived microtubule length distribution:

LMT =
NMT

∑
j=1

l j =
∫

A

∫ l=∞

l=0
l ·m(l)dldA = A

∫ l=∞

l=0
l ·m(l)dl (A4.9)

where m(l) is the density of microtubules with length l, as given by Eq. A4.2 from the
previous section.

Using this expression for m(l), Eq. A4.9 can be solved using integration by parts:

LMT = A
∫ l=∞

l=0
l · rn

v++ v−

(v+− vtm)(v−+ vtm)
e−λ ldl

= rnA
(v++ v−)(v+− vtm)(v−+ vtm)

(rc(v−+ vtm)− rr(v+− vtm))2 .

(A4.10)

With this expression we can now write down an equation for the expected growth speed
at steady state (using v+ = v̄+):

v̄+ = v+0
Lmax− rnA (v̄++v−)(v̄+−vtm)(v−+vtm)

(rc(v−+vtm)−rr(v̄+−vtm))2

Lmax
. (A4.11)

Assuming we choose an Lmax > LMT , the v+0 we need is given by:

v+0 = v̄+
Lmax

Lmax− rnA (v̄++v−)(v̄+−vtm)(v−+vtm)
(rc(v−+vtm)−rr(v̄+−vtm))2

. (A4.12)

Using averages in this way is probably not entirely accurate, because most microtubules
are likely to end up in band regions where the tubulin concentration is expected to be
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lower and, correspondingly, the growth speed will be below average. However, since
differences in (GTP-)tubulin concentration are not expected to be very large, this estimate
should result in reasonably comparable growth speeds.

The length distribution equations were derived for a homogeneous system, while our
system uses bands and gaps with different catastrophe rates. However, under the density-
dependent nucleation mechanism, most microtubules and nucleations end up in the band
regions, making the band catastrophe rate a reasonable approximation. Also, because
the density-dependent nucleation mechanism maintains the same global nucleation rate,
while only changing the location of the nucleations, we can use the same value for rnA,
even though rn is locally higher in microtubule dense regions and lower in regions with
few microtubules.

Using our default values for the parameters we find an LMT of 1.22 · 105 µm. The
value we choose for Lmax should be larger than this value. We set it to 240000 µm, about
double the total microtubule length we expect. Using this value we can calculate that we
need to set our v+0 to about 0.1 µm/s to end up with more or less the same growth speed.

4.7.3 Estimation of nucleation complex parameters
There are two types of events that can occur to a nucleation complex at the membrane:
dissociation and nucleation. Average times until these events occur have been measured
by Nakamura et al. [108] both for complexes on microtubules and complexes not on
microtubules, using labelled versions of two different nucleation complex proteins (GCP2
and GCP3). From these measurements we can make rough estimates the dissociation and
nucleation rates for our simulations.

For complexes not on microtubules, the average time until an event occurs, averaged
over both types of events and both GCP2 and GCP3 labels (383 observations of which 9
nucleations), is:

t̄event = 10s. (A4.13)

The rate λ at which events occur is therefore:

λ =
1

t̄event
= 0.099s−1. (A4.14)

The fraction fn of events that turn out to be nucleations is:

fn = 0.023. (A4.15)

Since this number is based on only nine observations, it is very uncertain, but it should at
least give us a rough estimate of the order of magnitude. From this estimate, the individual
rates for nucleation and dissociation can be calculated:

rn,unbound = λ · fn = 0.0023s−1

rd,unbound = λ · (1− fn) = 0.097s−1,
(A4.16)

where rn,unbound and rd,unbound are the estimated nucleation and dissociation rates for un-
bound complexes, respectively.

In the same way, we can calculate these parameters for microtubule-bound complexes,
which have an average event time of 7.2s and nucleations make up a fraction of 0.24
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(based on 624 nucleations out of 2555 events). These numbers yield the following values
for the bound nucleation and dissociation rates:

rn,bound = 0.034s−1

rd,bound = 0.10s−1,
(A4.17)

where rn,bound and rd,bound are the estimated nucleation and dissociation rates for bound
complexes, respectively.

The estimated dissociation rates for bound and unbound complexes are very similar.
Therefore, we used a single dissociation rate of rd = 0.1s−1 for all our simulations. For
the nucleation rates, however, there is approximately a factor fifteen difference between
estimated rates of nucleation for bound and unbound complexes. Therefore, we used a
bound nucleation rate of rn,bound = 0.03s−1 and an unbound nucleation rate of rn,unbound =
0.002s−1.

Finally, we estimated a membrane association rate (rb) for nucleation complexes such
that the final overall nucleation rate would be close to that of rn = 0.001µm−2s−1 used
in the other simulations. To achieve this, we first need to estimate a total number of
nucleation complexes. A nucleation complex density of 0.037 particles per µm2 was
reported by Nakamura et al. [108]. Using our total domain area, we find that on average
the total number of particles NNC on our domain should be approximately:

NNC = 0.037 ·H ·W = 105. (A4.18)

This is includes particles that have already had a nucleation but were not yet released.
Those particles are not considered in our simulations, so this number represents an upper
bound.

For a lower bound on this number, we can work backwards from the overall nucleation
rate used in the previous simulations. If we turn this value into a rate per cell, we get:

rn,cell = rn ·A = 0.001 ·2826 = 2.826 nucleations/cell/s, (A4.19)

where A is the area of the simulation domain. This number includes both nucleations
of microtubule-bound complex and free complex. In our model context, rn,cell can be
calculated from the total number of complexes available for nucleation, the fraction of
complexes that is microtubule-bound ( fbound) and the bound and unbound nucleation rates
calculated above:

rn,cell = fbound ·NNC · rn,bound +(1− fbound) ·NNC · rn,unbound . (A4.20)

We can rewrite this to estimate the number of nucleation complexes for a given nucleation
rate:

NNC =
rn,cell

fbound · rn,bound +(1− fbound) · rn,unbound
. (A4.21)

The fraction of bound complex can be estimated from the total number of events that
were observed on microtubules (2555 for both GCP labels and event types out of 2938
total events) by Nakamura et al. [108], resulting in:

fbound = 0.87. (A4.22)
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This is not entirely accurate since we need the bound fraction at any given time and this is
the fraction of observed events where the nucleation complexes were microtubule-bound.
Since bound complexes have slightly faster event rates (due to their higher chance of
nucleation) there will be fewer of them in our simulations at any given time than this esti-
mate would suggest. Because the bound nucleation rate is much higher than the unbound
rate, the number of complexes estimated for a given overall nucleation rate would be an
underestimate. This suggests the following lower bound on the number of nucleation
complexes:

NNC =
2.826

0.87 ·0.0337+0.13 ·0.00233
= 95.4. (A4.23)

The number of complexes available for nucleation can be used to estimate the association
rate of new nucleation complexes with the membrane. At some point the association rate
must be balanced by the removal and nucleation rates to reach a steady state. Taking 100
complexes, and the overall nucleation rate from Eq. A4.19, we get:

rb =NNC · rd + rn,cell = 100 ·0.1+2.826 =

12.826 associations/s = 0.0045 associations/µm2/s.
(A4.24)

Based on this estimate, we chose an association rate of 0.0045 µm−2s−1.
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Abstract
Water transport in plants relies on a specialised system of vessels known as the xylem.
Xylem development involves the deposition of secondary cell wall reinforcements in
intricate and highly functional patterns, such as the ringed or spiral patterns in early-
developing protoxylem, which provide rigidity while still allowing the vessels to elongate
with the surrounding tissue. The pattern of cell wall deposition follows the underlying pat-
tern of cortical microtubules which, in turn, follows an underlying pattern of ROP proteins
that determines where microtubules are destabilised. Simulation models have been crucial
in understanding the self-organisation of the highly dynamic cortical microtubule array.
So far, however, no one has been able to reproduce a banded pattern for realistic micro-
tubule behaviour. Here, we extend current models with three biologically realistic aspects
that improve the formation of a banded microtubule pattern: (1) co-alignment between the
initial microtubule array and the underlying ROP pattern, (2) microtubule flexibility, and
(3) locally saturating microtubule nucleation. We further test our simulations with mea-
sured microtubule dynamics data from individual cells. The results suggest a need for a
dynamic compensation of other parameters or some alternative mechanism to improve the
robustness of the patterning process. In addition, the ability of cells to start forming bands
when differences in measured parameters are still too small to explain their appearance
suggests the existence of additional separation factors beyond existing measurements, for
which we explore several options in our simulations. Our improved simulations helped
identify requirements for complex patterning in the cortical microtubule array.
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5.1 Introduction
Plants, like all other forms of life, need water to grow. Even the tallest trees acquire this
water through their roots and therefore need to transport this water to their leafs across
sometimes more than a hundred meters. To achieve this task, vascular plants possess
an extensive vascular system known as the xylem [1]. Xylem vessels develop from spe-
cialised cells which deposit thick secondary cell walls before undergoing programmed
cell death, leaving a hollow tube [3]. These secondary cell wall reinforcements are re-
quired to withstand the pressures generated during water transport and can be deposited
in intricate patterns. At the growing tips of roots and shoots, two types of early devel-
oping xylem (‘primary xylem’) can be distinguished: protoxylem and metaxylem [6].
Protoxylem matures when the surrounding tissue is still elongating, and therefore has
ringed or spiral cell wall reinforcements that can be stretched themselves. Metaxylem
develops later, when tissue elongation has finished, allowing for sturdier reinforcements
that cannot be stretched, with regularly spaced gaps for radial transport [7–9].

The deposition of these patterned secondary cell walls follows the pattern of the cor-
tical microtubule array, which guides both the deposition of cell wall material [119] and
the orientation of the cellulose microfibrils, the main load-bearing component of the cell
wall [117, 118, 120, 122]. The pattern of the microtubule array, in turn, depends on the
local activity of ROP proteins that recruit microtubule-destabilising effectors [147–149].
Microtubules also feed back on the shape of the ROP pattern by anisotropically restricting
active ROP diffusion [148, 154]. This diffusion restriction can flatten the ROP pattern,
even change it from gaps to bands, and orient it in the direction of the microtubules (chap-
ter 3).

Microtubules are highly dynamic tube-shaped polymers that switch between growing
and shrinking states in a process called dynamic instability [99]. Since cortical micro-
tubules are attached to the inside of the cell membrane, growing microtubules inevitably
collide with other microtubules. The outcome of these collisions depends strongly on the
collision angle. For collisions at small relative angles (. 40°), the colliding microtubule
tends to bend and grow along the obstructing microtubule (‘bundling’). For collisions at
larger angles, the colliding microtubule either starts shrinking (a so-called ‘induced catas-
trophe’) or skips over the obstructing microtubule and continues growing (a ‘crossover’)
[110]. Extensive modelling studies have demonstrated that these basic rules are suffi-
cient to achieve spontaneous alignment of the microtubule array through a mechanism
dubbed ‘survival of the aligned’ [134–137]. This alignment mechanism can be further
aided by microtubule-severing protein katanin. Katanin selectively severs overlying mi-
crotubules at crossover intersections [111, 112], usually leaving the the newly formed
plus end in a shrinking state, which contributes to alignment by pruning discordant mi-
crotubules [138, 140].

Protoxylem patterning starts with such an aligned array, which then progressively sep-
arates into many regularly spaced bands [122]. This microtubule band formation is caused
by a difference in microtubule dynamics between future band and gap regions [33], most
likely following band and gap regions specified by a ROP pattern. However, it turns out
that the question how microtubules populate the bands of such a prepattern is far from
trivial. A modelling study using fixed band and gap regions with different microtubule
dynamics found that it was not possible to obtain a pronounced distinction in microtubule
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density between band and gap regions at a realistic time scale when using isotropic nucle-
ation of new microtubules (i.e., new microtubules are uniformly distributed with a random
orientation) [33]. Adding their implementation of microtubule-based nucleation did yield
a rapid differentiation of band and gap densities, but with all density in just one or two
band regions, leaving the others mostly empty [33].

This accumulation of microtubules into a single band is part of a larger problem:
most implementations of microtubule-based nucleation result in strongly inhomogeneous
microtubule arrays [135, 136, 160, 161]. Solving this so-called inhomogeneity problem
(chapter 4) is important for our understanding of plant microtubule organisation, because,
in plants, the vast majority of nucleations in established arrays occur from nucleation com-
plexes (so-called ‘γ-tubulin ring complexes’) bound to existing microtubules [105, 107].
The newly formed microtubule is then oriented either along the parent microtubule or
‘branched’ at an average angle of about 35° [109]. The cause of the inhomogeneity prob-
lem is that in the simplest implementation of microtubule-based nucleation, a globally
limited amount of nucleations is distributed over all microtubules proportional to their
length (density-dependent nucleation), resulting in a global competition for nucleations.
We recently showed that a more detailed implementation with explicitly modelled nu-
cleation complexes based on experimental observations, could restore homogeneity by
ensuring a local limitation to the nucleation supply rather than a global one (chapter 4).

This new nucleation implementation also solved the homogeneity problem for pro-
toxylem band formation, allowing a regular pattern of microtubule bands to form in the
simplified one-dimensional microtubule model we used. However, in this simplified mod-
elling context, regular band formation could also be achieved in a reasonable time frame
with the equivalent of isotropic nucleation, i.e., uniformly distributed nucleations in the
same direction (chapter 4). These results suggest that there are crucial differences with
the two-dimensional context, where microtubules can cross the band-gap boundary and
bundling interactions may increase the life time of local microtubule structures. There-
fore, while it solves the inhomogeneity problem, the more realistic nucleation mode may
not be sufficient to explain how the microtubule array can organise itself into a banded
protoxylem pattern given an underlying prepattern. This raises two questions: 1) What is
the impact of exact co-alignment between microtubules and ROP pattern and how well is
a mismatch tolerated between ROP pattern and microtubule orientation? 2) What is the
impact of biologically realistic microtubule-based nucleation on protoxylem band forma-
tion in a two-dimensional context?

Here, we explore the mechanistic requirements for microtubule band formation in de-
veloping protoxylem in a two-dimensional microtubule modelling context. We will first
examine the effect of co-alignment between the initial microtubule array and the prepat-
tern of band and gap regions. A lack of co-alignment accounts for one of the main differ-
ences between the one- and two-dimensional microtubule simulation context. However, a
degree of co-alignment is biologically realistic as a result of microtubule-based ROP diffu-
sion restriction (chapter 3), and should therefore be taken into account in two-dimensional
simulations. We also investigate the potential of microtubule flexibility to compensate for
small mis-alignments. Having examined the general effects of co-alignment and micro-
tubule flexibility under isotropic nucleation, we then develop a computationally efficient
nucleation mode inspired by our previous measurements and simulations of nucleation
complexes (chapter 4). We use this nucleation mode to study how realistic microtubule-
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based nucleations influence protoxylem patterning. Finally, we test how well our simu-
lations perform with the microtubule-dynamics parameters obtained from experimental
measurements on four different individual cells [33], which differ substantially from each
other.

5.2 Results

5.2.1 Model outline
We performed simulations using an extended version of the cortical microtubule simu-
lation software ‘corticalSim’, an implementation of an event-driven algorithm for sim-
ulating microtubule dynamics and interactions on a two-dimensional surface [33, 103,
134, 138, 160]. Unless stated otherwise, we used a cylindrical geometry with dimensions
representative of a developing protoxylem cell. The edges of the cylinder induced catas-
trophes to favour a transverse array orientation [124]. Simulated microtubules showed
dynamic instability by switching between growing and shrinking states (Fig. 5.1A). Mi-
crotubule collisions could result in bundling, crossovers, and induced catastrophes de-
pending on relative collision angles (Fig. 5.1B). A constant rate of severing the overlay-
ing microtubules at intersections represented katanin activity (Fig. 5.1C). Experimental
observations of protoxylem development show that microtubule patterning starts from a
well-established transversely oriented array [33, 122]. We, therefore, started our simula-
tions with a two hour initiation phase without band-gap differences, with a biased orien-
tation of microtubule nucleations during the first half an hour. In this biased phase, all
microtubules were nucleated at a variable angle αinit , drawn from a normal distribution
with a mean of αbias and a variance of αnoise (Fig. 5.1D). After this first half an hour,
the nucleation mode was switched to the one that would be used in the rest of the simu-
lation. After the two hour initiation phase, we simulated protoxylem band formation by
imposing predefined gap regions, where the catastrophe rate was reduced by a factor fcat ,
and band regions where it was not (Fig. 5.1E), similar to simulations by Schneider et al.
[33]. These predefined gap regions represented the local activity of proteins specifying
the banded pattern, most likely ROPs and their downstream effectors [148, 150]. For
further details and all parameter values see Methods.

5.2.2 Strong co-alignment of the microtubule array with a pre-existing
band pattern facilitates rapid microtubule band formation

The simplest mode of nucleating new microtubules is isotropic nucleation, in which both
the locations and the angles of microtubules are uniformly distributed. Previous simula-
tion work has suggested that proper separation of the microtubule array in band and gap
regions cannot be achieved with isotropic nucleation in a biologically realistic time frame
of about five hours [33]. However, when we used the aforementioned initiation phase to
obtain starting arrays that were sufficiently co-aligned with the predefined band regions,
bands could form rapidly (Fig. 5.1F–I). Presumably, co-alignment speeds up band forma-
tion because the density already present in the band regions can be maintained. Without
co-alignment, obstructing microtubules would have to be replaced by new microtubules
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Fig. 5.1. Isotropic nucleation allows fast band formation for sufficiently co-aligned arrays. (A–E) Model
outline and implementation. (A) Microtubule plus ends grow or shrink at constant rates v+ or v−, respectively,
and minus ends retract at constant rate vtm. Spontaneous catastrophes (switch from growing to shrinking) occur
at a rate rc and rescues (switch from shrinking to growing) at a rate rr . (B) Microtubule-microtubule collision
outcomes depend on the collision angle. At angles below θ ∗ the impinging microtubule bundles with, i.e.,
continues growing along, the obstructing one. At greater collision angles, the incoming microtubule undergoes
an induced catastrophe with a probability Pcat and crosses over the other microtubule otherwise [103, 134].
(C) Katanin severs the overlying microtubule at crossovers at a constant rate rx per crossover. (D) An initial
transverse array is artificially enforced by drawing nucleation angles in the first half hour (αinit ) from a normal
distribution with an average of αbias and a variance of αnoise. (E) Protoxylem band formation is simulated with
predefined band and gap regions, where the catastrophe rate in the gap regions is increased by a factor fcat
after a 2h initiation phase, following [33], except that fcat is reduced to 3. (F) Snapshots from protoxylem
simulations with isotropic nucleation using starting arrays obtained with different values for αnoise. Histograms
below snapshots showing local microtubule density ρ share the same axis within a time series, but not between
time series. (G) Average microtubule density in the band regions. (H) Number of populated bands, defined as
bands with a microtubule density greater than three times the average density in the gaps. (I) Ratio of density in
gaps and bands. Quantities in (G–I) were calculated from 100 simulations. The band formation phase starts at
the end of the grey area. Lines indicate the average and shaded areas the standard deviation.

with the correct orientation, which takes time and involves first losing most of the micro-
tubule density that was already in the bands (Fig. 5.1G). The banded state was also the
ultimately stable state that even simulations with less aligned starting arrays (high αnoise)
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ended up in after a (biologically unrealistic) 33 hours of band formation not explored
previously [33]. These results suggest that timely microtubule band formation requires
co-alignment between the initial microtubule array and the underlying pattern proposed
to be formed by ROPs.

In the current simulations, however, the co-alignment requirement was really strict. A
perfectly aligned microtubule array could not tolerate much more than a 0.01π rad (1.8°)
mismatch with the band regions before bands could only form by breaking down most
microtubules in the band regions and then repopulating them with properly oriented ones
(Fig. 5.2A–D). Some degree of co-alignment between the initial microtubule array and
this underlying ROP pattern is biologically realistic, since the orientation of the micro-
tubule array helps shape the orientation of the ROP pattern ([148], chapter 3). However,
the orientation of a ROP pattern is also influenced by geometrical constraints, as it has
to form either rings or spirals that wrap around the circumference (chapter 3). This re-
quirement on the ROP pattern creates a minimal expected mismatch with the initial array,
which, unlike the ROP pattern, is not limited to a discrete set of possible orientations.
From this consideration, we calculated a minimal expected mismatch that can be as high
as 0.02π rad (Fig. 5.2E, see Methods for computation). Our simulations suggested that
this mismatch was too large for band formation in a realistic amount of time (Fig. 5.2A–
D). The point at which band formation began to suffer from the mismatch was similar to
the point at which a single microtubule (bundle) could no longer stay in a band region
along the entire circumference of the cell (Fig. 5.2F). For greater mismatch angles the
largest length of microtubule (bundle) that could fit within a band without bending rapidly
decreased (Fig. 5.2G). These effects depended on the cell circumference and band width.
However, varying these geometrical parameters within a biologically relevant range did
not show much potential for improving the mismatch tolerance to the levels required
(Fig. 5.2F,G).

5.2.3 Microtubule flexibility can lead to density loss from bands
Thus far we have considered microtubule segments in between collision points to be
perfectly straight, following most previous cortical microtubule array modelling studies
[33, 134, 136, 138, 161]. In reality, however, microtubules are somewhat more flexible
and often give a curved appearance in microscopic images, e.g. [33, 90, 122, 144, 162].
We hypothesised that introducing this flexibility by modelling the microtubules as (zero
thickness) semiflexible rods could reduce the strictness of the co-alignment requirement
by allowing microtubules at ‘wrong’ angles to curve back into a band or to shrink back to
a point where they had a better matching orientation.

Some recent studies have modelled such semiflexible microtubules by adding micro-
tubule subunits at small relative angles calculated to give the microtubule a predetermined
persistence length [126, 127]. We extended our model with semiflexible microtubules in
a similar way, but with larger intervals between deflections to keep the implementation
feasible in our event-based modelling framework and correspondingly larger deflection
angles per event. Deflection step sizes were drawn from an exponential distribution with
mean l̄ and deflection angles were drawn uniformly from [−m,m], where m is the maxi-
mum deflection angle. Deflection angles with absolute values lower than a minimal de-
flection angle q were set to zero to avoid numerical problems. With these parameters we
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Fig. 5.2. Fast protoxylem patterning is sensitively dependent on co-alignment between microtubules and
the underlying pattern. (A) Snapshots from protoxylem simulations with isotropic nucleation using starting
arrays with different bias angles αbias in the first half hour with only minor deviations (αnoise = 0.01 rad2).
Histograms below showing local microtubule density ρ share the same axis within a time series, but not between
time series. (B) Average microtubule density in the band regions. (C) Number of populated bands, defined
as bands with a microtubule density greater than three times the average density in the gaps. (D) Ratio of
density in gaps and bands. Quantities in (B–D) were calculated from 100 simulations. The band formation
phase starts at the end of the grey area. Lines indicate the average and shaded areas the standard deviation.
(E) Minimal expected mismatch angle of a spiral (or banded) ROP pattern following a microtubule array of
different orientations based on geometrical constraints for a distance of 6 µm between the centres of bands and
a cylindrical domain with a radius of 7.5 µm. (F) Largest mismatch angle α∗ at which a microtubule (bundle)
can fit within a band along the entire circumference of the cell. Black dot indicates default simulation values.
(G) Largest length that a microtubule (bundle) can have while still fitting entirely within a band region at varying
mismatch angles. Band width in simulations is 1 µm (orange line). Dashed line indicates cell circumference for
comparison.

could control persistence length p in a computationally tractable way within the simula-
tion environment. To prevent microtubules from leaving bundles at every deflection point,
we made microtubules follow their bundle along bends smaller than 10° (Fig. 5.3A). For
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further implementation details, see Methods.

Fig. 5.3. Problems arising from semiflexible microtubules with traditional nucleation modes (A) Semi-
flexible microtubules of finite persistence length were simulated by performing deflections in the microtubule
growth direction. In addition, microtubules in bundles follow their bundle around bends below an angle θb
(‘bundle tracking’). See Methods for details. Deflection angles in cartoons are exaggerated for visibility. (B)
Snapshots from protoxylem simulations with isotropic nucleation for different microtubule persistence lengths.
Histograms below showing local microtubule density ρ are plotted on the same scale within a time series, but
not between time series. (F) Snapshots from protoxylem simulations with density-dependent nucleation and a
persistence length of 200 µm. (B,F) Starting arrays were obtained with transverse nucleations in the first half
hour (αbias = 0.5π , αnoise = 0.01 rad2). (C) Average microtubule density in the band regions. (D,G) Number
of populated bands, defined as bands with a microtubule density greater than three times the average density in
the gaps. (E,H) Ratio of density in gaps and bands. Quantities in (C–E), and (G–H) were calculated from 100
simulations. The band formation phase starts at the end of the grey area. Lines indicate the average and shaded
areas the standard deviation.

Previous models with microtubule flexibility [126, 127] used persistence lengths of
20-30 µm measured in vivo in animal cells [236, 237]. For microtubule dynamics param-
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eters based largely on measurements in developing protoxylem [33], these persistence
length values caused so many extra collisions that it resulted in a loss of density and
alignment even in simulations without band formation (Fig. S5.1A–C). Possibly, micro-
tubule persistence lengths may have lower values in (often smaller) animal cells. We,
therefore, investigated multiple larger persistence lengths, up to the millimetre range con-
sistently measured in in vitro experiments [238]. For persistence lengths of hundreds of
micrometers, aligned arrays did form (Fig. S5.1A–C). Curiously, for these intermediate
persistence lengths, the edge-induced catastrophes were not always sufficient to give the
array a transverse orientation (Fig. S5.1D). For our study of protoxylem band formation
we therefore continued using the biased initiation phase.

With isotropic nucleation, band formation was actually hindered by semiflexible mi-
crotubules. For persistence lengths of 100 or 200 µm, stable starting arrays could be
formed, but density was lost when band formation started (Fig. 5.3B–E). It would seem,
therefore, that the extra flexibility, rather than helping microtubules find bands, actually
makes microtubules already in bands bend out and suffer from the increased catastro-
phe rate in the gap regions. Proper bands only formed for more rigid microtubules with
persistence lengths of 500 or 1000 µm.

The loss of density in the band regions at the lower persistence lengths could at least
partially be counteracted when a significant portion of isotropic nucleations was moved to
the gap regions (Fig. S5.2). Such a shift could be expected to occur dynamically in cells as
gap regions start to empty, since most nucleations in plants are microtubule-bound, with a
large fraction parallel to their parent microtubule [107–109]. The latter type of nucleation
not only allows nucleations to shift to band regions as band formation progresses, but also
increases the proportion of nucleations that follow the band direction and thus reduces
microtubule loss from induced catastrophes within bands and spontaneous catastrophes
on microtubules that grow out of bands.

So far, microtubule-bound nucleation has predominantly been implemented in a density-
dependent way, i.e., by having the portion of microtubule-bound nucleation increase with
the overall microtubule density in a saturating way and distributing all bound nucleations
over the microtubules proportional to their length [160]. The positive feedback inher-
ent in this density-dependent nucleation mode greatly enhances separation of bands and
gaps [33]. In our simulations it was also able to maintain band density for a persistence
length of 200 µm (Fig. 5.3F,H). However, we have previously shown that such density-
dependent nucleation leads to a global competition for nucleations, eventually leaving
most bands largely empty in favour of one or two large bands (chapter 4). This problem
also appeared in our simulations with semiflexible microtubules (Fig. 5.3F,G). Therefore,
a more realistic nucleation mode is needed.

5.2.4 Locally saturating nucleation helps to keep bands populated
with semiflexible microtubules, even for misaligned starting ar-
rays

We have previously shown that we could obtain realistic nucleation behaviour that en-
hances local structures without resulting in global competition by explicitly modelling
nucleation complexes in a simplified microtubule context (chapter 4). The essence of
this nucleation implementation was that the local nucleation rate saturates with the local
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microtubule density, such that microtubule density cannot increase locally at the expense
of other parts of the array. Experimental data suggests that this local saturation indeed
occurs (chapter 4).

A drawback of explicitly modelling nucleation complexes is that implementing the
diffusion of individual nucleation complexes is computationally expensive. Therefore, we
needed to develop a more efficient algorithm while maintaining the essential behaviour.
For this nucleation mode, we subdivided the domain into a number of grid cells repre-
senting local effect areas. Grid cells were kept as close to squares as the domain sizes
allowed (e.g., 1 µm× 1.0026 µm for 60 grid cells in the longitudinal direction with the
default length of 60 µm and radius of 7.5 µm). Each of these grid cells had the same low
rate of microtubule-independent nucleations (rn,base), and a microtubule-based nucleation
rate that saturated with the local density, such that the nucleation rate rn,i of grid cell i
followed:

rn,i = rn,base +(rn,sat − rn,base)
ρi

ρi +ρ 1
2

, (5.1)

where ρi is the local microtubule density of the grid cell, ρ 1
2

is the local density at which
the microtubule-based nucleation rate is half its maximum, and rn,sat is the local nucle-
ation rate at saturation (Fig. 5.4B). This equation is similar to the one used for density-
dependent nucleation [160], except that ours applies to the local region rather than the
entire domain and has a base nucleation rate for unbound nucleations that does not de-
pend on microtubule density.

In chapter 4, we assumed a constant supply of nucleation complexes. In our simpli-
fied model, we relaxed that assumption by including a global availability of nucleation
complexes, which influenced the rate at which microtubules could attract them. The ex-
istence of such a global limitation is supported by the experimental observation that mi-
crotubule fragments in oryzalin-treated cells attract more nucleation complexes per unit
area than microtubules in populated arrays (chapter 4). It also explains why protoxylem
bands attract more nucleation complexes after microtubules disappear from the gaps as
observed by Schneider et al. [33]. We modelled this global limitation by making both
rn,base and rn,sat proportional to the number of globally available nucleation complexes
(Fig. 5.4C). Since nucleated complexes remain occupied for some time until they are re-
leased by katanin (about one minute on average [108]), we reduced the number of avail-
able nucleation complexes by one for every nucleation for a fixed amount of time toccupied
(Fig. 5.4A). This way, microtubules in empty arrays, where most nucleation complexes
are free, could attract more nucleations than microtubules in populated arrays, where a
substantial fraction of nucleation complexes is occupied. For further details and parame-
ter derivations see Methods and Appendix 5.6.1.

Microtubule-bound nucleations were distributed randomly over the total microtubule
length in the relevant region, with the same relative angle distribution as in Deinum et al.
[160].

We first tested our new locally saturating nucleation mode in simulations of homoge-
neous microtubule arrays. There, we found that more small gaps were left in the array
(e.g., Fig. S5.1A,D, Fig. S5.3A) than in simulations in the simplified one-dimensional
context from chapter 4, presumably due to all the branching and bundling events in the
two-dimensional context. Consequently, when grid cells were small, many would not or
barely contain any microtubules and so they did not contribute much to the overall nucle-



55555

158 CHAPTER 5

Fig. 5.4. With locally saturating nucleation, stable bands can be maintained at lower persistence lengths.
(A–C) Implementation of locally saturating nucleation. (B) The nucleation rate in a local grid cell saturates
with the local density in that cell. (C) The limit of rn,sat at full saturation and the rate of unbound nucleations
linearly depend on the global availability of nucleation complexes (NCs). (A) An additional nucleation complex
becomes occupied after every nucleation for a fixed duration of toccupied , to model the time it takes for complexes
to be released by katanin after nucleation. (B,C) Parameters not drawn to scale for visibility. (D) Snapshots
from protoxylem simulations with locally saturating nucleation for different microtubule persistence lengths.
Starting arrays were obtained with transverse nucleations in the first half hour (αbias = 0.5π , αnoise = 0.01
rad2). Histograms below showing local microtubule density ρ are plotted on the same scale within a time series,
but not between time series. (E) Average microtubule density in the band regions. (F) Number of populated
bands, defined as bands with a microtubule density greater than three times the average density in the gaps.
(G) Ratio of density in gaps and bands. Quantities in (E–G) were calculated from 100 simulations. The band
formation phase starts at the end of the grey area. Lines indicate the average and shaded areas the standard
deviation.

ation rate. The result was a much lower nucleation rate than calculated for homogeneous
microtubule arrays and, consequently, lower densities (Fig. S5.3B,C). Therefore, we here
use grid cell lengths of 1 µm, which gave homogeneous arrays with effective nucleation
rates close to the target value set for a fully homogeneous array (Fig. S5.3C).

The use of square grid cells in the simplification of the local saturation of the nucle-
ation rate with microtubule density has the potential to introduce artefacts. To test for
such artefacts, we ran array simulations without bands for different grid cell aspect ratios
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on both the default cylindrical geometry and a periodic 80 µm×80 µm square grid, while
keeping the surface of individual grid cells approximately constant (Fig. S5.4A,D). Since
microtubules that crossed more grid cells had a larger impact on the overall nucleation
rate, rectangular cells yielded a larger microtubule density when their long axis was per-
pendicular to the array than when it was parallel (Fig. S5.4B,E). For square grid cells,
this impact was minimised, but there we can expect the diagonal direction to be more
favourable, as it is a factor

√
2 longer than either of the sides. However, we estimated the

resulting difference in density from a grid cell with an aspect ratio of
√

2 to be less than
10% (Fig. S5.4B). The difference in the number of grid cells covered by microtubules
with different angles also had an impact on the orientation of the array. For extreme as-
pect ratios, the array would actually follow the direction perpendicular to the long axis of
the grid cells on a periodic grid (Fig. S5.4F). This effect was much less pronounced on the
cylindrical geometry with edge-induced catastrophes that favour a transverse orientation
with respect to the longitudinal axis of the entire domain (Fig. S5.4C). Again, the effect
was minimised for square grid cells, though some diagonal bias that was not present for
isotropic nucleation, could still be found on a periodic domain (Fig. S5.4F,G). Therefore,
this way of simplifying locally saturating nucleation rates is not suitable for quantitative
studies of subtle effects on array orientation and density. However, for our purpose of
studying protoxylem band formation, where we consider transverse arrays and bands, we
expect the impact of square grid cells to be negligible. If anything, it would pose a small
handicap to the formation of transversely oriented bands, making it a worst case scenario.

With rigid microtubules, protoxylem band formation with locally saturating nucle-
ation was comparable to band formation with isotropic nucleation: As with isotropic
nucleation, a banded pattern was ultimately stable, but took a long time to form, unless
the mismatch between the orientation of the starting array and the predefined band re-
gions was not much more than 0.01π rad (Fig. S5.5A–D). Therefore, the strictness of the
co-alignment requirement was largely unaffected by the nucleation mode, but it may well
be affected by the rigidity of the microtubules.

With semiflexible microtubules, locally saturating nucleation improved band forma-
tion for a persistence length of 100 µm, but most microtubule density was still initially
lost, and took a long time to recover. However, band formation was now possible at a per-
sistence length of 200 µm, lower than for isotropic nucleation, as nucleations were moved
to the denser band regions (Fig. 5.4D–G). Furthermore, the combination of semiflexible
microtubules and locally saturating nucleation also greatly improved timely band forma-
tion for a significant mismatch between the orientations of the starting array and the band
pattern. A mismatch as high as 0.1π rad in the angle of the nucleations in the initiation
phase still yielded a partially banded pattern after five hours of band formation (Fig. 5.5A–
D). The actual mismatch of the starting array was, in practice, somewhat reduced, as we
used boundary conditions promoting transversely oriented arrays. Consequently, the ini-
tial mismatch of αbias = 0.1π rad in the initiation phase nucleation angle yielded a mea-
sured mismatch of about 0.06π rad in the orientation of the starting array (Fig. 5.5F),
substantially more than the worst mismatches we expected theoretically (Fig. 5.2E). A
reason for the increased tolerance for mismatches might be that the semiflexible micro-
tubules inherently cover more different angles, of which a substantial portion aligns with
the band regions, even though the average orientation does not (Fig. 5.5E). This gives
the array more opportunities to correct its course, by microtubules bending back into the
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array, or by ‘wrong’ orientations getting catastrophes in gap regions and rescues at a point
where the orientation better matches the underlying ROP pattern.

Fig. 5.5. With locally saturating nucleation (Fig. 5.4A–C), greater mismatches in the initial orientation still
allow fast band formation. (A) Snapshots from protoxylem simulations with locally saturating nucleation using
starting arrays with different bias angles αbias in the first half hour with only minor deviations (αnoise = 0.01
rad2). The persistence length used was 200 µm. Histograms below showing local microtubule density ρ are
plotted on the same scale within a time series, but not between time series. (B) Average microtubule density in
the band regions. (C) Number of populated bands, defined as bands with a microtubule density greater than three
times the average density in the gaps. (D) Ratio of density in gaps and bands. (E) Distribution of microtubule
segment angles, weighted by segment length, at t = 2h from the individual example simulations shown in (A).
Dashed lines indicate the the overall array orientation. (F) Average array orientation at t = 2h as a function of
the bias angle in the initiation phase. Quantities in (B–D), and (J) were calculated from 100 simulations. The
band formation phase starts at the end of the grey area. Lines indicate the average and shaded areas the standard
deviation.
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5.2.5 Array patterning must be robust against large variations in ob-
served microtubule dynamics

Having improved our simulations and obtained a better understanding of the band for-
mation process, we next tested our model on the original cell data, measured in four
individual cells [33]. The microtubule dynamics parameters measured in these four dif-
ferent cells varied strongly both from cell to cell and between different time points [33].
For technical reasons, as in previous simulations [33], we calculated a difference in the
spontaneous catastrophe rate between bands and gaps ( fcat ), such that the factor differ-
ence in control parameter G (see Methods) remained the same when keeping all other
parameters as in bands. This approach yielded the large variation in both the strength and
duration of the differences between band and gap regions (Fig. 5.6B) also used in previous
simulations [33]. Similarly, there are large differences in the calculated steady state densi-
ties that these different parameter sets would yield in absence of microtubule-microtubule
interactions (Fig. S5.6).

In line with the differences between the parameter sets, the simulated arrays also be-
haved differently from cell to cell in our simulations with semiflexible microtubules and
locally saturating nucleation (Fig. 5.6). The parameters from cells 1 and 2 produced low
band densities relative to other cells, while still having a relatively strong increase in the
gap region catastrophe rate towards the end of the simulations, resulting in a loss of most
density, including in band regions. Cells 3 and 4, in contrast, have parameters that yielded
much higher densities, leaving many microtubules in the gap regions. To some degree,
these differences can be explained by differences in fcat , since with idealised parameters,
high values of fcat resulted in density loss in bands during the first hours of band for-
mation, while with low values of fcat , more density remained in gap regions (Fig. S5.7).
However, cell 3 also has a high fcat during early band formation (Fig. 5.6B), but it also
has parameters supporting a very high density in that phase (Fig. S5.6) to compensate the
density loss in both band and gap regions.

Assuming that the differences in measured parameters are reflective of biological dif-
ferences rather than technical differences (the first and last two cells were measured by
different people in different labs), the banding process must be robust against the wide
variety of measured parameter values. This tolerance may be achieved, for example, by
tuning other parameters to compensate. An important parameter that was not measured
in these cells, is the nucleation rate. For cells 1 and 2, the loss of density towards the
end of the simulation could be prevented by increasing the target nucleation rate for pop-
ulated arrays (Fig. 5.7). A three-fold increase yielded a strong separation in bands and
gaps towards the end of the simulations, although it also gave an unrealistic increase in
microtubule density in earlier stages.

Next, we considered different microtubule persistence lengths. For a higher persis-
tence length of 1000 µm, most bands would form for all four cells, but with very unreal-
istic densities for cells 3 and 4 (Fig. S5.8). Placing these microtubules side to side, this
would amount to two layers of microtubules. Lowering the nucleation rate could lower
these densities, but reducing it to less than one layer of microtubules placed side to side
interfered with the ability to form bands (Fig. S5.9). Since real cells are clearly capable
of consistently forming the protoxylem microtubule pattern, our simulations are at this
point not yet able to reproduce band formation in all data sets using constant values for
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Fig. 5.6. High variation between parameter measurements in different cells complicate consistent band
formation in simulations. (A) Simulation setup: Simulations based on data from individual cell measurements
started with a 2h phase with the first set of band parameters applied everywhere, followed by half hour intervals
with consecutive measured parameter sets from Schneider et al. [33] with the differences between band and
gap regions converted to equivalent differences in catastrophe rates only. (B) Differences in catastrophe rates
between bands and gaps used in simulations. Based on data from Schneider et al. [33]. For values of control
parameter G and microtubule turnover rate τ in band and gap regions see Fig. S5.6. (C) Snapshots from pro-
toxylem simulations for data from four different cells, with locally saturating nucleation, a persistence length
of 200 µm, and an initiation phase with αbias = 0.5π rad and αnoise = 0.01 rad2. Histograms below showing
local microtubule density ρ are plotted on the same scale within a time series, but not between time series.
(D) Average microtubule density in the band regions. (E) Number of populated bands, defined as bands with a
microtubule density greater than three times the average density in the gaps. (F) Ratio of density in gaps and
bands. Quantities in (D–F) were calculated from 100 simulations. The band formation phase starts at the end of
the grey area. Lines indicate the average and shaded areas the standard deviation.

parameters that were not measured.
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Fig. 5.7. Increased nucleation rate improved band formation with data from cells 1 and 2. (A) Snapshots
from protoxylem simulations for data from cell 1 and 2, with locally saturating nucleation, a persistence length
of 200 µm, and an initiation phase with αbias = 0.5π rad and αnoise = 0.01 rad2. The target nucleation rate was
increased from the default of 0.001 µm−2s−1 to 0.003 µm−2s−1. Histograms below showing local microtubule
density ρ are plotted on the same scale within a time series, but not between time series. (B–G) Measurements
from simulations of cell 1 and 2 for different target nucleation rates. (B,E) Average microtubule density in the
band regions. (C,F) Number of populated bands, defined as bands with a microtubule density greater than three
times the average density in the gaps. (D,G) Ratio of density in gaps and bands. Quantities in (B–G) were
calculated from 100 simulations. The band formation phase starts at the end of the grey area. Lines indicate the
average and shaded areas the standard deviation.

5.2.6 Band-gap separation factors outside the measured parameter
differences

Perhaps the clearest example of a situation that cannot be explained in the current frame-
work is found in the early stages of band separation from cell 1. In the microscopic
pictures, a rudimentary banded pattern is already mostly formed in the first hour, only
growing steadily sharper afterwards [33]. However, in this first hour, fcat ≈ 1 (Fig. 5.6B),
so there is virtually no difference between band and gap regions in simulations of cell
1 (Fig. 5.6E,F). Assuming accurate parameter measurements, the separation observed in
this stage may be caused by a difference in parameters that were not measured. This raises
the question how large such differences would need to be to produce banding, given the
measured microtubule dynamics parameters.

The two main parameters that were not measured in the four cells are the minus-end
retraction speed vtm, and the nucleation rate, so one of these might differ between band
and gap regions to yield this early separation. We first considered a difference in vtm.
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However, the compensated fcat only increased modestly, to about 1.5 even for a factor
4 increase of vtm (Fig. S5.10A), an effect comparable to a loss of function of minus-
end protection protein SPIRAL2 [144]. Changes in control parameter G were similarly
modest (Fig. S5.10B). Microtubule lifetime τ was almost halved by a factor 4 increase in
vtm (Fig. S5.10C). Since fcat did not increase further when calculated to keep τ constant
(Fig. S5.10A), an increase in vtm could have a larger impact when not modelled indirectly
through a compensated fcat . Unfortunately, the latter option is currently impossible to test
using corticalSim.

Next, we investigated a possible difference in nucleation rate between band and gap
regions. Mechanistically, some factor in the band region would have to increase nucle-
ation complex recruitment independent of local microtubule density. A difference caused
by microtubules in bands attracting microtubule-based nucleations is insufficient, as this
can only reinforce existing bands, not initiate the formation of new ones. A factor 10 shift
of the target nucleation rate from gap regions to band regions was required to achieve a
band-gap separation up to a factor 2 in the early stage for a persistence length of 200 µm
(Fig. 5.8). For a persistence length of 1000 µm, a similar band-gap separation could be
achieved for a nucleation shift of only a factor 3 to 6 (Fig. S5.11).

Fig. 5.8. Partially shifting the nucleation rate to the band regions minimally improved band formation
in the first 1.5 hours for cell 1. (A) Snapshots from protoxylem simulations for data from cell 1, with locally
saturating nucleation, a persistence length of 200 µm, and an initiation phase with αbias = 0.5π rad and αnoise =
0.01 rad2. During band formation, the target nucleation rate in the band regions was increased by different
factors compared to the band regions, such that the average, weighted for the difference in band and gap size,
remained constant. Histograms below showing local microtubule density ρ are plotted on the same scale within
a time series, but not between time series. (B) Average microtubule density in the band regions. (C) Number of
populated bands, defined as bands with a microtubule density greater than three times the average density in the
gaps. (D) Ratio of density in gaps and bands. Quantities in (B–D) were calculated from 100 simulations. The
band formation phase starts at the end of the grey area. Lines indicate the average and shaded areas the standard
deviation.
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Therefore, the two main options for achieving an early difference between band and
gap regions each seem to require implausibly large parameter differences. Future experi-
ments may shed more light on these interesting early stages of band formation, focusing
on possible differences between bands and gaps that have not yet been measured. Ad-
ditionally, further theoretical work may focus on improving the simulation framework to
allow all parameters to differ between band and gap regions directly, rather than through
a compensated fcat .

5.3 Discussion
We have identified three important requirements for microtubule patterning in develop-
ing protoxylem by doing detailed simulations: (1) co-alignment between the microtubule
array and the underlying ROP pattern, (2) microtubule flexibility, and (3) realistic lo-
cally saturating nucleation. Together, these aspects allow microtubule bands to form on a
realistic time scale in two-dimensional microtubule array simulations with idealised mi-
crotubule dynamics parameter values based on measured data [33]. We further tested our
simulations on the parameter time series from individual cells measured by Schneider et
al. [33]. However, given the large variation in and among these parameter sets, the sim-
ulations lacked the robustness to consistently form bands of similar, realistic densities in
all cells, even when trying different (but constant) values for the parameters outside the
measured set. Furthermore, one or more separating forces appear to exist beyond those
currently quantified. These findings indicate that, in spite of the progress made here,
further key aspects of protoxylem microtubule patterning remain to be discovered.

One important aspect that we did not model explicitly is the interplay between mi-
crotubule patterning and ROP patterning. Here, we modelled the ROP pattern as a static,
regularly banded prepattern, whereas in reality, it is most likely shaped by a reaction diffu-
sion process similar to that in metaxylem [32], with microtubules acting as ROP diffusion
barriers that orient the pattern (chapter 3). Here, we partly modelled this orienting ef-
fect by generating starting arrays with various degrees of co-alignment. However, while
real microtubule arrays generally align in a transverse orientation before the start of pro-
toxylem patterning, they rarely have exactly the same orientation along the entire length
[33, 122]. The resulting bands also tend to have a variation in their orientation and they
are not all perfectly straight or equally spaced in ways that reflect initial densities and ori-
entations in the starting arrays [33, 122]. These observations suggest that the underlying
ROP pattern also provides co-alignment at a local level, which may help microtubule band
formation. At the same time, the possibility of curved bands provides more options for
straight-growing microtubules to leave band regions, which we found could be detrimen-
tal to band formation. To help growing microtubules follow these curved bands, micro-
tubule associated proteins (MAPs) involved in microtubule bundling may be important,
e.g., MAP65-8, which is expressed in developing xylem [239]. In addition, microtubules
must be sufficiently flexible to follow these curves.

In our simulations, we showed the importance of microtubule flexibility even when
assuming straight band and gap regions. Flexibility improved the ability of microtubules
to follow predefined band regions in spite of small mismatches in the orientation of the
microtubules and the band regions. However, our simulations also pointed at a trade-off,
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where increased flexibility means more microtubules curve into gap regions where they
are more likely to suffer catastrophes. Here too, microtubule bundling proteins may be
important to help prevent this problem.

The need for microtubule flexibility becomes even more obvious when we consider
metaxylem patterning, where arrays need to form roughly circular gaps. In microscopic
pictures, microtubules appear to curve around these gaps [155]. The gapped structure
also means that microtubule patterning cannot rely on co-alignment with the ROP pattern
as in protoxylem patterning. Therefore, metaxylem patterning may require additional
proteins to help the microtubules form this structure that are absent or less important in
protoxylem patterning. These may include CORD proteins, which disorder microtubules
by partially detaching them from the membrane [155], possibly facilitating corrections
in the microtubule orientation. In addition, CORD proteins help enlarge the gap regions
by reducing the ability of microtubules to act as ROP diffusion barriers [155]. Another
protein that may help metaxylem patterning is the ROP effector BDR1, which may recruit
Wallin, a protein that promotes actin assembly, to the borders of the gap regions, a pro-
cess that may help shape the borders of bordered pits [240]. In addition, actin networks
can provide physical barriers to microtubules or cross-link with microtubules to redirect
them [241, 242], suggesting that the actin recruitment in metaxylem may also help create
microtubule gaps.

In addition to the importance of microtubule flexibility, our simulations also showed
the importance of realistic nucleation. We have already shown the importance of locally
saturating microtubule-based nucleation for array homogeneity in chapter 4. There, we
assumed a constant, uniform supply of nucleation complexes as an important source of
local saturation. Here, we relaxed this assumption by allowing microtubules to draw from
a global pool of nucleation complexes, while maintaining the saturation of the nucleation
rate with the local density. Consequently, the reduction of microtubule density in the
gap regions would free up nucleation complexes that could then be used to boost the
nucleation rate in the bands. This effect helped compensate for microtubule loss from
catastrophes suffered by microtubules leaving the band region. This partial shift in the
location of nucleation complexes is in line with microscopic observations of nucleation
complexes during protoxylem development [33] and upon oryzalin treatment (chapter 4).

Now that the nucleation supply is no longer constant, however, each local region is
no longer guaranteed to have exclusive access to its own source of nucleations. If not
for the assumption of local saturation, a global competition for nucleation complexes
would be the result, just like for density-dependent nucleation. This local saturation may
still result from a locally limited availability of nucleation complexes, assuming cytosolic
diffusion is sufficiently limited to prevent rapid mixing. In that case, a redistribution of
cytosolic complex through turnover or an inactive intermediate is required to counteract
a diffusive flux towards dense areas (chapter 4). Therefore, if the local saturation of
the nucleation rate with microtubule density that we assumed Alternatively, there may
be a local saturation of the number of available binding places on microtubules from
which a nucleation complex could form a new microtubule. In denser patches, nearby
microtubules might shield such binding places, or at least make it more difficult for a new
microtubule to be inserted where there is no space for it. Electron microscopy studies
suggest that microtubules can, at least locally, create a very crowded membrane [243–
245], suggesting that such a shielding effect may be substantial. Testing this hypothesis



55555

PROTOXYLEM MICROTUBULE PATTERNING 167

would require a model that includes microtubule width, so that steric hindrance would
limit microtubule density. An interesting option would be to implement basic density-
dependent nucleation in a model that already meets this criterion, such as the one by
Mirabet et al. [126].

While the extensions we made to the simulations improved their ability to generate
a banded microtubule pattern, they still lacked robustness when tested with the large va-
riety of microtubule dynamics parameters that have been measured in living cells [33].
Part of the reason for this variation may be that microtubule dynamics are difficult to
measure, especially in dense regions like the bands, where individual microtubules may
not be resolved by light microscopy. Also, for the gap regions, there are strong differ-
ences between the first two cells and the last two cells (e.g., Fig. S5.6), which have been
measured in different places by different people, so the measured differences may have
resulted from subtle differences in the approach or experimental conditions.

However, some degree of biological variability can be expected and the system should
be robust enough to form bands across the full range of biologically plausible parameters.
Such robustness might be achieved by further factors that stabilise bands, such as the ac-
tivity of microtubule associated proteins (MAPs) not included in our model. Proteins from
the MAP65 family, of which MAP65-8 is preferentially expressed during xylem develop-
ment [239], promote microtubule bundling [246–248]. MAP65-1 has also been reported
to increase rescues of bundled microtubules [249], though others found no difference in
the dynamics of bundled microtubules in vivo [250]. In addition, MAP70-5 is suggested
localise to the edges of microtubule bands, increasing their stability [153, 251]. Another
possibility may be that cells compensate for parameter variations through some of the
parameters that have not been measured, most notably the nucleation rate. Here, we only
tested different nucleation rates that remained constant throughout the simulation. How-
ever, it is possible that the nucleation rate varies in time, like the other parameters. In
particular, the nucleation rate depends on the amount of free tubulin [252, 253], as tubulin
is required for both elongation and nucleation of microtubules. Therefore, the nucleation
rate may start high, to build a dense array as a starting point for band formation, and
subsequently decline as the available tubulin is depleted.

The lack of such a tubulin-dependent nucleation rate in our model may also be the
reason for the large variation in microtubule densities we obtained, often far exceeding
reasonable values to the point where there would be more microtubules than could fit on
the membrane side to side. Tubulin depletion provides a natural limitation to the micro-
tubule density. Tubulin depletion also limits the microtubule growth speed [252, 253],
a limitation that has been implemented in past models [103] (chapter 4). However, the
growth speed was one of the measured parameters and so a tubulin-limited growth speed
is clearly insufficient to prevent unrealistic densities on its own. For dense arrays, micro-
tubule density may be further limited by an increase in physical microtubule-microtubule
interactions in the crowded environment. However, for sparse arrays, where microtubule
density is much lower than 40 µm/µm2 (100% microtubule coverage for a width of 25
nm), this effect is likely to be limited.

In addition to the large variation between measured cells, one of the four measured
cells already had clearly formed bands before any differences in measured parameters
appeared [33]. Therefore, there are likely other factors that contribute to band formation.
We showed that a band-gap difference between the two most important unmeasured pa-
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rameters, the nucleation rate and the treadmilling speed, only had limited potential for fa-
cilitating early band formation. Possibly, other factors, such as the aforementioned MAPs,
may also show differential activity in band and gap regions to help facilitate band forma-
tion. This would require that MAPs end up in band regions not just because they bind
microtubules, as they would need to move there before microtubule bands have started
to form. These MAPs would also need to act on something other than the measured pa-
rameters, for example, by locally binding together microtubules in a bundle to keep them
from leaving the bands. Alternatively, the lack of early separation in simulations may be
an inadvertent consequence of trying to map all differences between parameters to a dif-
ference in catastrophe rates. This option seems less likely, as microtubule turnover rate τ

has similar values for measured and simulation parameters in gaps (Fig. S5.6F). However,
a possible difference in treadmilling speed between bands and gaps may have more effect
when modelled directly, as the reduction in τ in the gaps with increased gap treadmilling
is more pronounced than the increase in compensated fcat (Fig. S5.10). In that case, ob-
taining realistic simulations of protoxylem band formation would require adapting the
computational framework to allow differences in microtubule growth and shrink speeds
between band and gap regions.

Another interesting finding was that the introduction of a finite persistence length
made it harder to obtain global alignment from edge-induced catastrophes alone. Since
alignment was not the focus of this chapter, we did not investigate this issue further and
used pre-aligned starting arrays instead. With rigid microtubules, edge-induced catas-
trophes can ensure a global transverse orientation for cell sizes and other parameters as
realistic for relatively small plant cells [124, 254]. However, for larger domain sizes or
rescaled parameters, multiple separate patches of locally aligned microtubules may occur
even with rigid microtubules [254]. Reducing the persistence length with the introduction
of semiflexible microtubules reduced the domain size at which this patch formation oc-
cured. These observations suggest that an additional global alignment factor is required to
obtain globally aligned arrays de novo. A good candidate is the tendency of microtubules
to align themselves in the direction of maximal tensile stress [128, 255, 256]. While
the precise way in which this type of alignment occurs remains poorly understood, there
are some indications that the microtubules themselves may act as stress sensors directly
[257]. If all individual microtubules then perceive a similar tensile stress, as seems likely
on a simple cylindrical domain, a tendency to align in the direction of maximum stress
will promote global alignment. Indeed, a bias in the orientation of each additional tubulin
subunit can improve alignment and alter the orientation of the array in simulations with
microtubule flexibility [126].

There is a large gap between the microtubule persistence lengths of 20-30 µm mea-
sured in animal cells [236, 237] and those in the millimetre range measured in vitro [238].
This difference suggests a large uncertainty in the value of the microtubule persistence
length in plant cells, as well as a possibility for cells to modulate it. In absence of suffi-
cient membrane attachment, strong microtubule bending can be induced by forces gener-
ated by active cellulose synthase complexes [258] and cytoplasmic streaming [104, 259].
Therefore, good candidates for persistence length modulation are proteins involved in
microtubule-membrane linkage, such as CMU (cellulose-microtubule uncoupling) pro-
teins [258], and certain IQD proteins [260], of which IQD13 functions in metaxylem
development [154]. IQD proteins can also be regulated dynamically, in particular through



55555

PROTOXYLEM MICROTUBULE PATTERNING 169

calcium signalling, as they have calmodulin-binding domains [261, 262]. This kind of
regulation may dynamically influence microtubule persistence length. Therefore, persis-
tence lengths measured in one situation may not necessarily apply to the next, making it
necessary to obtain in vivo persistence length measurements for plant cells of different
types.

In conclusion, we have shown that co-alignment, microtubule flexibility, and realistic
nucleation are important aspects of protoxylem patterning. We have also shown that ad-
ditional differences between band and gap regions are required for band formation given
the measured microtubule dynamics parameters in band and gap regions. Our findings
lay the groundwork for future studies on patterns generated by microtubule-ROP inter-
actions. These studies may include simulations of other systems, such as metaxylem, as
well as simulations that combine existing ROP models (e.g., chapter 3) with microtubule
simulations.

5.4 Methods

5.4.1 Simulation setup
Simulations were performed with an extended version of ‘corticalSim’, a well established
and fast two-dimensional microtubule simulation platform [33, 103, 134, 138, 160]. To
account for the katanin severings at crossover intersections that may have been interpreted
as induced catastrophes [138] in the original experiments by Dixit and Cyr [110], the
probability Pcat that collisions at large angles result in catastrophes was lowered compared
to previous studies [134, 160]. Contrary to those studies, we included katanin severing
by default, with a rate of 0.023 s−1 per crossover, similar to values found in experiments
[112, 113, 144].

Protoxylem simulations were performed with 1 µm wide band regions separated by 5
µm wide gap regions as in Schneider et al. [33]. Simulations started with a 2h initiation
phase without bands followed by a 5h or 33h band formation phase in which the catas-
trophe rate in the gap regions was increased by a factor fcat = 3, which in experimental
observations tends to be achieved or exceeded during a substantial part of the patterning
process [33]. In the first 0.5h of the initiation phase, nucleations were distributed uni-
formly and given an angle αbias, with a small amount of normally distributed noise. For
simulations with rigid microtubules, this biased phase has almost no collisions that could
lead to induced catastrophes or crossovers. To compensate the nucleation rate for this
phase was reduced by a factor 4 for simulations with rigid microtubules. The remain-
der of the initiation phase used the same nucleation mode as the band formation phase.
Simulations without bands were run for 7h starting from an empty array with additional
isotropic nucleations added at the beginning speed up the population of the array. These
‘seeded’ nucleations were added at a density of 0.1 µm−2s−1 and a rate of 0.003 s−1 as
in Lindeboom et al. [161]. See Table 5.1 for default parameter values.
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Table 5.1. Default parameter values used in the simulations.

Parameter Value Unit Description Source

Simulation domain
H 60 µm Domain length [33]
W 7.5 ·2π µm Domain circumference [33]

Dynamic instability
v+ 0.05 µm/s Growth speed [33]
v− 0.08 µm/s Shrinkage speed [33]
vtm 0.01 µm/s Treadmilling speed [33]
rc 0.0016 s−1 Catastrophe rate (bands) [33]
rr 0.001 s−1 Rescue rate [33]

Microtubule interaction
θc 40° Collision angle where outcome switches from bundling

to crossover or induced catastrophe
[110]

Pcat 0.09 Fraction of induced catastrophes [138]
rx 0.023 s−1 Crossover severing rate

Nucleation
rn 0.001 µm−2s−1 Nucleation rate for isotropic and density-dependent

nucleation
[33]

rn,target 0.001 µm−2s−1 Nucleation rate for a populated homogeneous array with
locally saturating nucleation

[33]

ρ 1
2

0.1 µm/µm2 Microtubule density at which the (local) bound
nucleation rate is half its maximum

[160]

hregion 1 µm Region size
rn,sat,max 0.0035 µm−2s−1 Theoretical maximum nucleation rate when all

nucleation complexes are free.
funbound 0.0005 Fraction of the nucleation rate reserved for unbound

nucleations
toccupied 60 s Time a nucleation complex stays occupied after a

nucleation
[108]

Band formation
fcat 3 Factor increased catastrophe rate in gaps
Band width 1 µm Width of band regions [33]
Gap width 5 µm Width of gap regions [33]

Semiflexible microtubules
p 200 µm Persistence length
l̄ 0.01p µm Average deflection step size
q 0.1° Minimum deflection angle
θb 10° Maximum bundle tracking angle

5.4.2 Nucleation modes
Isotropic and density-dependent nucleation

Isotropic nucleations were implemented as in Tindemans et al. [103]. They were drawn at
a constant global nucleation rate rn, with uniformly distributed position and orientation.

Density-dependent nucleation follows [160]. Nucleations were again drawn at a total
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rate rn. This rate was divided into an isotropic rate and a microtubule-bound rate rn,bound ,
with the latter following:

rn,bound = rn
ρ

ρ +ρ 1
2

, (5.2)

with ρ being the global microtubule density, and ρ 1
2

the microtubule density at which half
of all nucleations are microtubule-bound. Bound nucleations were distributed uniformly
over the total length of all microtubules. Of all bound nucleations, 31% was oriented
parallel to the parent microtubule, 7% anti-parallel, and the remainder branching left or
right at 31% each. Branched nucleations were given an average angle relative to the parent
microtubule of 35°, drawn from the elliptic distribution described in Deinum et al. [160]
with ε = 0.89.

Locally saturating nucleation

With locally saturating nucleation, the nucleation rate in each local grid cell follows
Eq. 5.1. The effect of a global limitation of nucleation complexes was modelled through
a linear reduction in the saturated nucleation rate rn,sat with the number of occupied nu-
cleation complexes Nocc:

rn,sat = rn,sat,max
Ntot −Nocc

Ntot
, (5.3)

where Ntot is the total number of nucleation complexes and rn,sat,max is the theoretical
maximum nucleation rate when all complexes are free and the local microtubule density
is saturated.

The base nucleation rate rn,base, which corresponds to the nucleations that occur inde-
pendently of microtubules, depends on the number of occupied nucleation complexes in
the same way, and thus is always a fraction funbound of the saturated rate:

rn,base = funbound · rn,sat , (5.4)

where rn,base,max is the microtubule-independent nucleation rate when all nucleation com-
plexes are free.

Microtubule-bound nucleations were executed as for density-dependent nucleations,
only with the nucleations distributed uniformly over the length of the microtubules within
each grid cell, rather than globally. Unbound nucleations were executed as for isotropic
nucleation.

For estimation of parameter values, see Appendix 5.6.1.

5.4.3 Expected mismatch angles
Although a ROP pattern is expected to follow the general orientation of the initial micro-
tubule array, this match may not be exact, as the ROP pattern needs to wrap smoothly
around the geometry, while maintaining an intrinsic band spacing (chapter 3). We have
previously shown (chapter 3) that the orientation of a spiral ROP pattern that that allows
the distance between bands to be maintained follows:

ϑ = arcsin
(

H ·n
W ·nbands

)
, (5.5)
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where H is the domain length, W the domain circumference, n the spiral number (1 for
a single spiral, 2 for a double spiral, etc.), and nbands is the number of bands in a banded
array. For our 10 bands, this equation gives a set of discreet angles that a ROP pattern is
likely to follow. Assuming that the ROP pattern will always adopt the orientation closest
to that of the microtubule array (reasonable at least for low spiral numbers; see chapter 3),
microtubule arrays with orientations in between these discreet spiral angles will have the
mismatch shown in Fig. 5.2E.

5.4.4 Semiflexible microtubules
To implement semiflexible microtubules, we adapted an approach from Mirabet et al.
[126]. We gave microtubules deflections in their growth direction every step of variable
size l that they grow, with l drawn from an exponential distribution with mean l̄. Deflec-
tion angles were drawn from a uniform interval [−m,m]. Angles of which the absolute
value was smaller than the minimum deflection angle q = 0.1° were set to zero to avoid
numerical problems. For l̄ we chose a value of 1% of the desired persistence length by de-
fault. This value prevents large numbers of very small deflections from resulting in many
very similar trajectories that give technical difficulties with the simulation software, while
still keeping the step size small relative to the persistence length. For details on how the
maximum deflection angle m was chosen to give microtubules a given persistence length
p, see Appendix 5.6.2.

In our current simulations, microtubule bundles consist of multiple microtubules on
the same trajectory, without any space in between. Therefore, there is no distinction
between microtubules on the sides, which could still deflect outwards, and microtubules
on the inside, that don’t have any room to deflect at all. To partially compensate for
the lack of deflection restriction of microtubules in bundles, we rejected a portion of
deflections in bundles, keeping only 1/(n+1) deflections, where n is the number of other
microtubules in the bundle at the point of the deflection.

Another bundling-related issue is that microtubules in bundles now regularly en-
counter bend points (deflection points or bundling points) from the microtubules to which
they are bundled. Without any adjustment, bundles would regularly separate at these
points. Therefore, we made microtubules track their bundles along bend points. Since
bundling events also create bend points and these may have considerably larger angles
(up to 40°), we implemented a maximum bundle tracking angle of θb = 10°. If a bundle
splits with an angle below this value, an incoming microtubule randomly follows one of
the bundles, proportional to their occupancy.

For individual microtubules averaged over sufficient length, the length of the average
deflection step size l̄ does not matter for the persistence length of the total microtubule
as long as the appropriate deflection angle is used. However, microtubules in a popu-
lated array interact with each other, and so there may well be a difference between many
small deflections and fewer larger deflections. Therefore, we tested the effect of different
step sizes for the same persistence length, in the range of step sizes feasible in the cur-
rent simulation setup (Fig. S5.12). For the same persistence length, the deflection step
size seemed to have little effect on the alignment and orientation of arrays without bands
(Fig. S5.12D,E). For lower persistence lengths in particular, there seems to be a small ef-
fect on the overall density, likely resulting from differences in the rates of encounters that
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could lead to crossover-severing [138] or induced catastrophes (Fig. S5.12A–C). There-
fore, the precise way in which microtubules are flexible, may also have some impact on
the array as a whole, but the magnitude of this impact on array alignment, orientation, and
density is limited.

5.4.5 Cell data simulations
Simulations based on measured parameters from individual cells were performed similar
to the study in which they were measured [33]. We used a similar two hour initiation phase
as in our other simulations, but with the measured band parameters from the first measured
time point of each cell. Measured parameters were: rc, rr, v+, and v−. Other parameters
were kept at their default values. During the band formation phase, parameters were
switched every half hour to the next measured set, for the duration of the measurements
(not the same for each cell). Band parameters were set to the values measured, while
gap parameters were set equal to the band values except for rc, which was adjusted to
accommodate band-gap differences in all parameters while maintaining the same value
of control parameter G in the gap regions as in the measured set. Control parameter G is
a quantity that derived from theoretical studies on microtubule alignment that combines
the microtubule dynamic parameters into a single determinant of microtubule alignment
[137, 160]:

G =

(
2(v+− vtm)2 · (v−+ vtm)

rnv+(v++ v−)

) 1
3

·
(

rr

v−+ vtm −
rc

v+− vtm

)
. (5.6)

It can be interpreted as a ratio between the average microtubule length in absence of
microtubule interactions and the average length between microtubule interactions. As
an alternative strategy, we also calculated gap catastrophe rates by keeping the ratio of
average microtubule lifetime τ in bands and gaps constant:

τ =
v++ v−

rc(v−+ vtm)− rr(v+− vtm)
(5.7)

This approach gave very similar values for the factor difference in rc between band and
gap regions ( fcat ), though, so for all simulations we only used the values based on param-
eter G.

For calculating steady state densities ρ∗ in absence of microtubule-microtubule in-
teractions, we followed the procedure from Dogterom and Leibler [235], as described in
chapter 4:

ρ
? = rn

(v++ v−)(v+− vtm)(v−+ vtm)

(rc(v−+ vtm)− rr(v+− vtm))2 . (5.8)

5.4.6 Summary statistics
Array alignment was quantified using the two-dimensional nematic order parameter S2 as
commonly used in polymer physics and often used for quantifying cortical microtubule
alignment [103, 134, 160]:

S2 =

√
〈〈cos(2θ)〉〉2 + 〈〈sin(2θ)〉〉2, (5.9)
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where θ is the angle of individual microtubule segments with the x-axis of the simulation
domain, and double angular brackets indicate a length-weighted average over all micro-
tubule segments. Alignment parameter S2 is zero for a completely isotropic array and one
for a perfectly aligned array (ignoring microtubule polarity).

Overall array orientation Θ was also computed as commonly used in simulation stud-
ies [103, 160]:

Θ = arctan
(
〈〈sin(2θ)〉〉

〈〈cos(2θ)〉〉+S2

)
. (5.10)

Band counts were calculated as the number of bands with a microtubule density at
least three times higher than the average density in the gaps. This measure was selected
after testing multiple options for best representing visual inspections of array snapshots
and histograms.

Averages and standard deviations of orientations from multiple simulation runs were
calculated using the average and standard deviation for angular quantities. The average
orientation φ̄ over N simulations is:

φ̄ =
1
2

arg

(
1
N

N

∑
n=1

ei2φn

)
(5.11)

where arg is the argument of a complex number, and φn is the orientation of the nth

simulation. The factor 2 in the exponent and factor 1/2 before the argument correct the
fact that we consider orientations without direction (so in [0,π) rather than [0,2π)). The
circular standard deviation sdφ is:

sdφ =−2ln

(∣∣∣∣∣ 1
N

N

∑
n=1

ei2φn

∣∣∣∣∣
)
, (5.12)

where ln is the natural logarithm and the vertical bars indicate the absolute value of a
complex number.
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5.5 Supplementary figures

Fig. S5.1. Caption on next page.
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Fig. S5.1. Semiflexible microtubules result in low densities and failure to align at low persistence lengths
and global alignment difficulties at intermediate persistence length. (A) Snapshots at t = 7h from array
simulations without bands with isotropic nucleation for different microtubule persistence lengths. (B) Average
microtubule density. (C) S2 order parameter, showing degree of alignment. Quantities in (B–C) were calcu-
lated from 100 simulations. Lines indicate the average and shaded areas the standard deviation. (D) Snapshots
at t = 7h from 25 independent array simulations with isotropic nucleation without bands for different persis-
tence lengths, and rigid microtubules (infinite persistence length). Microtubule segments are coloured by their
orientation.

Fig. S5.2. With isotropic nucleation, maintenance of microtubule density in bands at a persistence length
of 200 µm is improved by shifting nucleations to bands. (A) Snapshots from protoxylem simulations with a
fraction of isotropic nucleations moved from gaps to bands, keeping the overall nucleation rate the same. The
persistence length used was 200 µm. Starting arrays were obtained with transverse nucleations in the first half
hour (αbias = 0.5π , αnoise = 0.01 rad2). Histograms below showing local microtubule density ρ are plotted on
the same scale within a time series, but not between time series. (B) Average microtubule density in the band
regions. (C) Number of populated bands, defined as bands with a microtubule density greater than three times
the average density in the gaps. (D) Ratio of density in gaps and bands. Quantities in (B–D) were calculated
from 100 simulations. The band formation phase starts at the end of the grey area. Lines indicate the average
and shaded areas the standard deviation.
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Fig. S5.3. With locally saturating nucleation, obtaining a dense array and achieving the maximal nucle-
ation rate requires relatively large grid cells. (A) Snapshots at t = 7h from array simulations without bands
with locally saturating nucleation for different grid cell sizes. (B) Average microtubule density for different
grid cell sizes and spontaneous catastrophe rates. (C) Realised nucleation rate, calculated over a 200 s measure-
ment interval, as a percentage of the expected rate for a dense array with homogeneous microtubule coverage
(rn,target ). Quantities in (B–C) were calculated from 100 simulations. Lines indicate the average and shaded
areas the standard deviation. (D) Grid cells were as close to squares as possible for a given longitudinal size
hregion.
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Fig. S5.4. The use of discreet grid cells with locally saturating nucleation results in a minor orienting bias
for square grid cells. (A–C) Different grid cell aspect ratios on a cylindrical geometry with a length of 60
µm and a radius of 7.5 µm. (D–F) Different grid cell aspect ratios on an 80x80 µm periodic square geometry.
(A,D) Grid cell aspect ratios and total number of grid cells that fit on the geometry. Selected aspect ratios
(orange) were chosen to keep the total number of grid cells as similar as possible. (B,E) Average density at
t = 7h for simulations with locally saturating nucleation, different grid cell aspect ratios, no bands, and rigid
microtubules. Blue lines indicate the average, and the shaded areas the standard deviation. The orange line
in (B) is a linear regression fit through the centre five log-transformed aspect ratios, with equation: Average
density = 13.59− 5.6log10(aspect ratio). From this regression line we estimate a density difference of 6.2%
for an aspect ratio of

√
2 (the ratio between the length of the side and the diagonal of a square grid cell). (C,F)

Histograms of average array orientations at t = 7h for different grid cell aspect ratios. Quantities in (B,C,E,F)
were calculated over 100 simulations for each aspect ratio. (G) Histograms for average array orientations at
t = 7h for different nucleation modes on an 80x80 µm square grid geometry. Histograms were computed using
1000 simulations for each nucleation mode. (H) Cylindrical grid versus periodic square grid. Grid cell aspect
ratios were calculated as the ratio of wregion and hregion.
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Fig. S5.5. With locally saturating nucleation, fast band formation still requires strong co-alignment for
rigid microtubules. (A) Snapshots from protoxylem simulations with locally saturating nucleation using start-
ing arrays with different bias angles αbias in the first half hour with only minor deviations (αnoise = 0.01 rad2).
Histograms below showing local microtubule density ρ are plotted on the same scale within a time series, but
not between time series. (B) Average microtubule density in the band regions. (C) Number of populated bands,
defined as bands with a microtubule density greater than three times the average density in the gaps. (D) Ratio
of density in gaps and bands. Quantities in (B–D) were calculated from 100 simulations. The band formation
phase starts at the end of the grey area. Lines indicate the average and shaded areas the standard deviation.
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Fig. S5.6. Large differences between different cells in theoretical quantities relevant for array behaviour
computed from experimentally measured microtubule dynamics parameters. (A,B) Steady state micro-
tubule density in bands (A) and gaps (B) for simulation parameters from different cells assuming no microtubule-
microtubule interactions and constant nucleation rate. (C,D) Control parameter G in bands (C) and gaps (D). For
gaps, G is shown both as used in simulations (same as in data, solid line) and what it would be if rc,gap had been
calculated to keep the value of τ in the bands the same as in the data (dashed lines). (E,F) Microtubule lifetime
τ in bands (E) and gaps (F). For gaps τ is shown both as in simulations (solid line) and as in data (dashed line).
Note that the y-axes of left and right panels differ. In the first two hours, all parameters are are the same for
bands and gaps. Measured time series start after the first two hours. Graphs of G and τ quantities from data also
appear in Schneider et al. [33].
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Fig. S5.7. With default parameters, fcat has a strong influence on band formation and maintenance of
microtubule density in bands. (A) Snapshots from protoxylem simulations for different values of fcat using
locally saturating nucleation. The persistence length used was 200 µm. Starting arrays were obtained with
transverse nucleations in the first half hour (αbias = 0.5π , αnoise = 0.01 rad2). Histograms below showing local
microtubule density ρ are plotted on the same scale within a time series, but not between time series. (B)
Average microtubule density in the band regions. (C) Number of populated bands, defined as bands with a
microtubule density greater than three times the average density in the gaps. (D) Ratio of density in gaps and
bands. Quantities in (B–D) were calculated from 100 simulations. The band formation phase starts at the end of
the grey area. Lines indicate the average and shaded areas the standard deviation. The default value of fcat is 3.
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Fig. S5.8. At a higher persistence length, band formation with measured parameters improves, but with
unrealistic densities for some cells. (A) Snapshots from protoxylem simulations for data from the four different
measured cells, with locally saturating nucleation, a persistence length of 1000 µm, and an initiation phase with
αbias = 0.5π rad and αnoise = 0.01 rad2. Histograms below showing local microtubule density ρ are plotted on
the same scale within a time series, but not between time series. (B) Average microtubule density in the band
regions. (C) Number of populated bands, defined as bands with a microtubule density greater than three times
the average density in the gaps. (D) Ratio of density in gaps and bands. Quantities in (B–D) were calculated
from 100 simulations. The band formation phase starts at the end of the grey area. Lines indicate the average
and shaded areas the standard deviation.
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Fig. S5.9. Band formation with data from cell 3 and 4 tolerates a reduction in the nucleation rate, but
not large enough to obtain reasonable densities. (A) Snapshots from protoxylem simulations for data from
cell 3 and 4, with locally saturating nucleation, a persistence length of 1000 µm, and an initiation phase with
αbias = 0.5π rad and αnoise = 0.01 rad2). The nucleation rate was 75% of the default value. Histograms below
showing local microtubule density ρ are plotted on the same scale within a time series, but not between time
series. (B–G) Measurements from simulations of cell 3 and 4 for different target nucleation rates. (B,E) Average
microtubule density in the band regions. (C,F) Number of populated bands, defined as bands with a microtubule
density greater than three times the average density in the gaps. (D,G) Ratio of density in gaps and bands.
Quantities in (B–G) were calculated from 100 simulations. The band formation phase starts at the end of the
grey area. Lines indicate the average and shaded areas the standard deviation. The default value of rn is 0.001
µm−2s−1.

Fig. S5.10. A difference in treadmilling speeds between band and gap regions has little potential for
improving initial band formation in cell 1. Difference in catastrophe rates between band and gap regions fcat
(A), control parameter G (B), and microtubule lifetime τ (C), calculated to conserve G (solid lines) or τ (dashed
lines) in gaps, for different treadmilling speeds (vtm) in gaps. In bands, vtm was kept at its default value of 0.01
µm/s.
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Fig. S5.11. With a persistence length of 1000 µm, a large nucleation rate shift to the band regions would
allow band formation in the first 1.5 hours for cell 1. (A) Snapshots from protoxylem simulations for data
from cell 1, with locally saturating nucleation, a persistence length of 1000 µm, and an initiation phase with
αbias = 0.5π rad and αnoise = 0.01 rad2. During band formation, the target nucleation rate in the band regions
was increased by different factors compared to the band regions, keeping the weighted average constant. His-
tograms below showing local microtubule density ρ are plotted on the same scale within a time series, but not
between time series. (B) Average microtubule density in the band regions. (C) Number of populated bands,
defined as bands with a microtubule density greater than three times the average density in the gaps. (D) Ratio
of density in gaps and bands. Differences are more substantial than for a persistence length of 200 µm (Fig. 5.8).
Quantities in (B–D) were calculated from 100 simulations. The band formation phase starts at the end of the
grey area. Lines indicate the average and shaded areas the standard deviation. Values of rn,sat,max in bands and
gaps respectively were (in µm−2s−1): 0.0035 and 0.0035 for shift factor 1, 0.006 and 0.003 for shift factor 2,
0.0079 and 0.0026 for shift factor 3, 0.011 and 0.0019 for shift factor 6, and 0.014 and 0.0014 for shift factor
10.
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Fig. S5.12. Influence on array behaviour of different step sizes for the same persistence length. (A–E)
Quantification of array state and simulation processes at t = 7h from simulations without bands using isotropic
nucleation for various difference persistence lengths and deflection step sizes. Simulations used the default
cylindrical geometry and were initiated with seeded nucleations as described in Methods. (A) Average mi-
crotubule density. (B) Overall number of induced catastrophes per area per second. (C) Overall number of
intersection severing events per area per second. (D) Average array orientation. (E) S2 order parameter, show-
ing degree of alignment. (A,D,E) Quantities measured at t = 7h intervals. (B,C) Quantities averaged over the
last 200 s measurement interval. Quantities in (A–E) were calculated from 100 simulations. Lines indicate the
average and shaded areas the standard deviation. Step sizes are expressed as a percentage of the persistence
length p.
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5.6 Appendices

5.6.1 Parameters for locally saturating nucleation
For calculating parameter values associated with the locally saturating nucleation mode,
we aimed at an overall target nucleation rate rn,target for homogeneous arrays of 0.001
nucleations per µm2 per s, consistent with previous work [33, 160] (Chapter 4). For the
fairly low value of ρ 1

2
= 0.1µm/µm2 (as in Deinum et al. [160]), this means a homoge-

neous array will achieve a nucleation rate close to the saturated value of rn,sat . We will
therefore set the target value of rn,sat to rn,target = 0.001µm−2s−1.

To calculate rn,sat,max (the value of rn,sat when all nucleation complexes are free), we
use the factor difference frn between the nucleation rate when all complexes are available
and the target nucleation rate. We estimate this rate from the ratio between microtubule-
associated insertions in nearly empty oryzalin-treated arrays (0.013 insertions per µm2

per s) and total, mostly microtubule-associated, insertions in established arrays (0.0037
insertions per µm2 per s) that we measured in Chapter 4. This approach gives us the
following value for rn,sat,max:

rn,sat,max = frn · rn,target =
0.013

0.0037
·0.001 = 0.0035µm−2s−1. (A5.1)

The unbound nucleation rate rn,base is always a fixed factor funbound below rn,sat . In
absence of microtubules, the nucleation complex insertion rate is about a factor 40 lower
than in a populated array (Chapter 4) and the rate at which complexes nucleate is about
a factor 15 lower [108], making the total nucleation rate in absence of microtubules
rn,base,max about a factor 600 less than rn,target . Therefore, our estimate for funbound be-
comes:

funbound =
rn,base,max

rn,sat,max
=

0.001/600
0.0035

= 0.0005. (A5.2)

We further use a fixed duration toccupied of 60s during which a nucleation complex
remains occupied upon nucleation, based on an average of 58.9s observed in experimental
work [108].

Using our estimates for parameters rn,target , rn,sat,max, funbound , and toccupied , we can
now calculate the remaining parameter Ntot . At nucleation rate rn,target , a number of
Nocc,target nucleation complexes are expected to be occupied, following:

rn,target = rn,sat,max
Ntot −Nocc,target

Ntot
, (A5.3)

where Ntot is the total number of nucleation complexes. Using this expression and the fact
that the number of occupied complexes depends on the duration of occupancy toccupied
and the rate at which they become occupied (i.e., the global nucleation rate), we find the
following expression for Ntot :

Ntot =
rn,sat,max ·Nocc,target

rn,sat,max− rn,target
=

rn,sat,max · rn,target · toccupied ·A
rn,sat,max− rn,target

, (A5.4)

where A is the total domain area.
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5.6.2 Persistence length calculations
Persistence length p measures how fast the correlation between the orientation of two
different points on a microtubule decays with the microtubule length between these points.
We use the following definition of persistence length p:

〈rn · rn+k〉= e−
L

2p , (A5.5)

where 〈rn · rn+k〉 is the average inner product of unit vectors ri in the direction of the
microtubule at points n and n+k and L is the length along the microtubule between these
two points.

Since Eq. A5.5 holds for any two points n and n+ k, and we are using independent
deflections, it is sufficient to look at a single deflection after length l between points n and
n+1:

〈rn · rn+1〉= e−
l

2p . (A5.6)

For a given deflection angle ϑ (Fig. A5.1A), setting the arbitrary initial angle to 0, rn+1 is
given by:

rn+1 =

[
cos(ϑ)
sin(ϑ)

]
. (A5.7)

Fig. A5.1. Semiflexible microtubule implementation details. (A) Simulated microtubules get deflections of
angle ϑ every deflection step size l. Angles in cartoon have been exaggerated for visibility. (B) Deflection
angles are drawn from a uniform interval [−m,m], with all angles in [−q,q] set to zero. Value of q in graph is
exaggerated for visibility. (C) Deflection step sizes are drawn from an exponential distribution with average l̄.

For the inner product in Eq. A5.6, we then get:

〈rn · rn+1〉=
〈[

1
0

]
·
[

cos(ϑ)
sin(ϑ)

]〉
= 〈cos(ϑ)〉 . (A5.8)

We take deflection angles ϑ , drawn from a uniform interval [−m,m], with the smallest
angles (|ϑ |< q) set to zero for numerical reasons (Fig. A5.1B). In that case, we get:

〈cos(ϑ)〉= q
m

cos(0)+
m−q

m
1

m−q

∫ m

q
cos(ϑ)dϑ =

sin(m)− sin(q)+q
m

. (A5.9)
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Taking deflection step lengths l drawn from an exponential distribution with mean l̄
(Fig. A5.1C), we can now determine the persistence length p for a given value of m:

p = 〈p〉=
〈
− l

2ln(〈rn · rn+1〉)

〉
=

〈
− l

2ln
(

sin(m)−sin(q)+q
m

)〉=− l̄

2ln
(

sin(m)−sin(q)+q
m

) .
(A5.10)

Therefore, if we draw our deflection step sizes from a distribution with average l̄, we
can solve the boundary value m of the interval from which we draw the deflection angles
from the above equation for the desired persistence length p. This means that we can
control the microtubule persistence length in our simulations using l̄, m, and q as input
parameters, with one of m and l̄ calculated to obtain the desired p.



6

General discussion
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6.1 Insights into mechanisms of xylem patterning
In this thesis, we aimed to gain insights into the mechanisms underlying xylem pattern-
ing by ROPs and microtubules, using dynamic models. We first focused on patterning
of ROPs, starting from generic small GTPase models, using partial differential equation
models to describe the behaviour of the proteins involved. Starting from existing GTPase
models, which exclusively produce a single stable cluster of active GTPase [84, 168], we
showed that addition of turnover or negative feedback to these models allows patterns of
coexisting clusters to form (chapter 2). This way, we could generate a spotted meta-
xylem ROP pattern, as well as patterns of gaps and curved stripes. We next showed that
these patterns could be flattened longitudinally and oriented transversely by a longitudinal
ROP diffusion restriction, to obtain a banded protoxylem pattern (chapter 3). Then, we
switched to the patterning of the microtubule array, using stochastic simulation models to
describe microtubule dynamics and interactions. Xylem patterns require an even distri-
bution of microtubules along the non-gap regions, as do many other cortical array struc-
tures. In chapter 4, we used a simplified one-dimensional microtubule model to show
that an even distribution of microtubules could be achieved with a realistic implementa-
tion of microtubule-bound nucleations. The critical ingredient of this implementation was
a local saturation of the nucleation rate with the microtubule density. In chapter 5, we
investigated the requirements for microtubules to follow a predefined banded protoxylem
pattern in a two-dimensional context. We identified crucial roles for co-alignment of the
initial microtubule array with the underlying ROP pattern, microtubule flexibility, and re-
alistic nucleation. Here, I will first discuss the insights we obtained into the mechanisms
of xylem patterning by ROPs and microtubules, followed by insights into other patterning
processes and the strategies we used to obtain these mechanistic insights.

6.1.1 A ROP-based Turing pattern as the basis of xylem patterning
For metaxylem, there is strong evidence that local ROP activity is at the basis of secondary
cell wall patterning. ROP11 accumulates at future gap sites and recruits effector proteins
like MIDD1 and Kinesin13A to these sites, which destabilise microtubules [147–149]. In
addition, ROPGEF4 and ROPGAP3 also accumulate at these sites, providing a potential
for positive and negative feedback [148]. Under the right conditions, ROPs and other
small GTPases can spontaneously form patterns through a Turing-style reaction diffusion
mechanism [44, 45] and positive feedback activation is an essential ingredient of such a
mechanism [46, 47]. A potential mechanism for this positive feedback may be a dimeri-
sation of GEF4, allowing recruitment of new ROP proteins [32]. Such GEF-effector cou-
pling is common in many small GTPase systems [68] and has been shown to be sufficient
for spontaneous patterning in vitro [69]. Assuming the presence of a positive feedback,
we could obtain metaxylem-like spotted patterns with a simple reaction-diffusion model
(chapter 2). Others have obtained similar results with a more elaborate model [32]. All
these lines of evidence strongly point to a Turing-style reaction diffusion system as the
basis of the spotted metaxylem pattern.

For protoxylem patterning, however, it is less well-established whether and how ROPs
are involved. One paper did report accumulation of ROP7 in a banded pattern in develop-
ing protoxylem [150], but no further experimental verification of this observation has ap-
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peared since. However, various ROPs, as well as ROP effectors MIDD1 and Kinesin13A
are expressed in developing protoxylem [151, 152]. In addition, the areas where the gaps
fall in the cortical array have different microtubule dynamics parameters [33], suggesting
local activity of microtubule-modulating proteins, which could be controlled by ROPs and
their downstream effectors. Furthermore, the metaxylem gaps can be stretched into spiral
or net-like patterns resembling protoxylem by treatment with the microtubule-stabilising
drug taxol [148, 263], as well as by overexpression of microtubule-associated proteins
MAP70-5 and MAP70-1 [153], indicated to stabilise microtubules [251]. A similar effect
can be achieved by overexpressing IQD13, which is involved in microtubule-membrane
linkage [154], or knocking out CORD proteins, which partially detach microtubules from
the membrane [155]. For these reasons, it seems likely that the closely related proto- and
metaxylem employ similar patterning mechanisms.

6.1.2 Protoxylem ROP pattern orientation
Assuming ROP involvement in protoxylem is similar to that in metaxylem, we further
investigated how a protoxylem ROP pattern could be formed and oriented in chapter 3.
One way in which a Turing pattern might be oriented is through anisotropic diffusion
[209], which has been used to model oriented stripe formation in fish skin [208]. In
protoxylem, anisotropic ROP diffusion may occur since microtubules can act as ROP
diffusion barriers [148], a property that depends on IQD13 [154] and is diminished by
microtubule-detaching CORD proteins [155]. In addition, protoxylem patterning starts
with the microtubule array adopting a transverse orientation [33, 122]. We therefore ex-
plored the effect of a longitudinal diffusion restriction of active ROPs on each of the
classical reaction-diffusion patterns of spots, curved stripes, and gaps [49, 50]. We found
that diffusion restriction could impose a transverse orientation on a striped pattern and
flatten spots and gaps (chapter 3). A sufficiently strong diffusion restriction could even
flatten spots and gaps into a transverse banded pattern. By using oblique starting arrays,
we could also obtain spiral ROP patterns that would correspond to the spiral cell wall
reinforcements that are also commonly observed in protoxylem [7].

We also looked into the mechanism behind the orientation process and found that
diffusion restriction allows patterns with curved features to expand predominantly in the
unrestricted direction. Straight patterns, however, are not affected by this mechanism and
required a significant spatial perturbation to make reorientation possible. This observation
further emphasises the importance of a well-aligned and properly oriented starting array.

6.1.3 Coexistence in ROP and microtubule patterns
While classical reaction-diffusion systems are well-known for their ability to generate
regular patterns of spots and stripes [49, 50] as required in xylem patterning, most models
for small GTPase patterning generate competing clusters that ultimately yield a single
surviving cluster [40, 83–86]. Similarly, most implementations of microtubule-dependent
microtubule nucleation result in competition for nucleations. In protoxylem simulations,
competition between microtubule bands leaves most bands largely empty [33], while in
classical array simulations, competition between local microtubule clusters yields highly
inhomogeneous arrays [135, 136, 160, 161]. These two major hurdles to modelling xylem
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patterning both arise from an unrestricted global competition for a limited resource, in
which larger clusters attract a larger share of that resource and therefore grow even larger.
Indeed, such global competition for the GTPase Cdc42 and its GEF Cdc24 has been
proposed to drive the consistent formation of a single yeast bud [40, 264]. We explored
ways to obtain coexisting ROP clusters in chapter 2 and coexisting protoxylem bands in
chapter 4.

In chapter 2, we showed two types of modifications to classical GTPase models that
would allow for coexisting clusters: adding turnover, and adding negative feedback. Clas-
sical GTPase models for polarisation commonly assume mass conservation, i.e., a conser-
vation of the total amount of GTPase. These mass-conserved reaction-diffusion models
generate a number of clusters that compete with each other until only one survives in
a process similar to surface-tension-driven coarsening [87]. Adding GTPase turnover
breaks mass conservation and allows smaller clusters access to a constant supply of GTP-
ase, independent of their size, stabilising cluster coexistence (chapter 2). Mathemati-
cally, this stabilisation can be described as an interrupted coarsening process [265]. Al-
ternatively, in the mass conserved model, the active GTPase may activate GAPs. This
way, clusters with more GTPase will activate more GAPs and therefore hinder their own
growth, allowing smaller clusters to compete (chapter 2). Some variant of this mecha-
nism is plausible for xylem patterning, since ROPGAP3 has been observed to accumulate
around ROP clusters [148].

A different modelling study later added a third mechanism, in which the inactive form
requires an additional conversion step before it can be activated again [223]. In this in-
direct substrate mechanism, the inactivated form that appears from inactivation at large
clusters has some time to diffuse away from the cluster before it can be activated again,
allowing for GTPase redistribution. While there are no obvious indications that this last
mechanism would apply to ROP patterning in xylem development, it does, in theory, have
potential for stabilising coexisting microtubule bands, through tubulin redistribution. In
chapter 4, we examined the possibility that a local tubulin limitation might counteract the
competition for nucleations. Such a tubulin limitation would be a natural implementation
of the indirect substrate coexistence mechanism, since growing microtubules consume
GTP-tubulin, while shrinking microtubules release GDP-tubulin, which cannot be incor-
porated again until it has been converted back into GTP-tubulin. However, while this
could work in principle, we found that in practice this mechanism would require an unre-
alistically low tubulin diffusion coefficient.

Instead, we found that a locally limited supply of nucleation complexes was sufficient
to prevent global competition and congruent with experimental data. With a constant, ho-
mogeneous supply of nucleation complexes, the nucleation rate saturates locally with mi-
crotubule density. Therefore, dense local regions cannot take complexes from less dense
regions, just like adding turnover to a GTPase model prevents large clusters from using
the inactive GTPase supply from smaller clusters. With this local saturation, microtubule-
dependent nucleation could enhance formation of local structures like protoxylem bands,
without the majority of the bands losing their microtubules to a global competition. This
conclusion applied both to detailed nucleation complex simulations in a simplified mi-
crotubule model (chapter 4), and to a simplified nucleation complex representation in a
detailed microtubule model (chapter 5).
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6.1.4 ROP-microtubule interplay
One of the reasons that developing xylem is such an interesting model system for pattern
formation at the cell membrane is that it relies on mutual interactions between ROPs and
microtubules. ROP activity destabilises microtubules in gap regions, shaping the micro-
tubule pattern [33, 148, 149], while microtubules restrict ROP diffusion [148, 154, 155],
orienting the ROP pattern (chapter 3). We have learned much about xylem patterning
by studying the behaviour of ROPs and microtubules separately. Some aspects, however,
can only be understood by looking at the behaviour of ROPs and microtubules together.
We have studied two of these aspects: the effect of the microtubule diffusion barrier dis-
appearing in response to ROP activity on ROP patterning (chapter 3) and the effect of
co-alignment of the ROP pattern with the microtubule array on microtubule patterning
(chapter 5).

During protoxylem ROP patterning, the microtubule diffusion barriers that orient the
ROP pattern are themselves broken down at places where active ROP accumulates. In
chapter 3, we showed that the orienting mechanism breaks down if this response is instan-
taneous. With a delayed response, the orienting effect of the diffusion restriction could
linger long enough to create a banded protoxylem pattern. However, this variant made the
bands move like travelling waves, with microtubule density getting broken down on one
side of a ROP band and created on the other. These waves resulted from the delayed nega-
tive feedback of this model variant, which, in general, is known to give rise to oscillations
and travelling waves [191, 266]. We could obtain a static banded pattern, however, by
assuming a positive feedback that maintains local microtubule density. A good biological
candidate for this positive feedback is the microtubule-dependent microtubule nucleation
that we examined in chapters 4 and 5. Alternatively, waves may be prevented by other as-
pects of microtubule behaviour not included in the differential equation description used
in chapter 3. For example, microtubules are long polymers and most of their dynamics
occur at their tips [99]. Testing this hypothesis would require combining the ROP model
with a more realistic microtubule model, like the one from chapter 5.

The interplay between ROPs and microtubules does not just create additional hur-
dles to overcome. In chapter 5, we showed that protoxylem microtubule band formation
strongly depends on a co-alignment with the underlying ROP pattern. A ROP pattern
that closely follows the initial orientation of the microtubule array as we propose in chap-
ter 3 is, therefore, very helpful to subsequent microtubule patterning. This shows that
the ROP-microtubule interplay provides some tolerance to local and global differences in
the initial array orientation. However, proper alignment of the microtubule array is still
required, both to orient the ROP pattern consistently and to end up with microtubules
that largely follow the pattern set by ROP activity. Indeed, poor alignment of the starting
array as observed in the katanin mutant correlates with aberrant protoxylem patterns in
experiments, with poor separation of microtubule bands [33]. Furthermore, the degree
of co-alignment that can reasonably be expected based on our simulations in chapter 3
is not sufficient by itself. Some degree of microtubule flexibility, beyond the ability to
from bundles upon collision, is also required to reduce the detrimental effect of small
mismatches (chapter 5).
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6.2 Insights into non-xylem membrane patterning
Small GTPases and microtubules are involved in many different patterning processes even
in plants alone [92, 267]. Therefore, many of the insights from previous chapters can be
generalised to other membrane patterning processes.

6.2.1 Coexistence in non-xylem small GTPase patterns
Patterns of coexisting GTPase clusters do not only occur in xylem patterning. Another
interesting example is found in leaf epidermal cells (pavement cells). In isotropically
growing leaf epidermis, species with larger cells form pavement cells with a puzzle piece
shape, proposed to limit mechanical stress in the tissue [217]. Three ROPs are involved in
producing this morphology of regular lobes and indents: ROP2 and ROP4, which act re-
dundantly to specify the lobes, and ROP6, which specifies the indents [89–91]. Therefore,
complementary regular patterns of coexisting ROP clusters have to form. The ROPs in
the lobes and the indents act antagonistically, providing a double negative feedback loop
[78], which behaves as net positive feedback in a reaction diffusion mechanism [168].
However, a minimal model with mutual inhibition of two GTPases still yields competing
clusters with, ultimately, one remaining (chapter 2). A more elaborate model developed
specifically for the ROPs in pavement cells suffers from the same problem [30, 268, 269].
As for models with direct positive feedback, stable coexistence can be obtained in mutual
inhibition models by including ROP turnover or adding a kind of negative feedback to
ROP activity (chapter 2).

Mechanisms supporting stable coexistence also allow for the appearance of additional
clusters in an existing pattern (chapter 2). In xylem development, this feature is not neces-
sary, as the pattern is only required to exist more or less statically for several hours while
the secondary cell wall is formed [122]. Pavement cells, however, maintain their inter-
digitated structure for their lifetime, with additional lobes and indents appearing as they
grow [176], requiring an increase in the number of ROP clusters. Branching tip growing
systems also require an increase in the number of GTPase clusters specifying the growing
tips. Fungal hyphae, for example, may branch either apically (i.e., by tip splitting) or
laterally [88]. In chapter 2, we showed that the negative feedback coexistence mechanism
could give a cell control over the splitting of a GTPase cluster by adjusting the amount
of available GTPase and GAP. This ability to dynamically control the number of clusters
makes the negative feedback mechanism particularly suitable for branching tip growing
systems. In pavement cells, on the other hand, ROP turnover might be sufficient, since
the domain will be able to accommodate more stable clusters as it grows larger, although
involvement of negative feedback cannot be ruled out.

6.2.2 Patterns of a single GTPase cluster
The efforts to find possibilities of coexistence in small GTPase models, both by us (chap-
ter 2) and others [177, 223], might suggest that it is trivial to obtain patterns of a single
GTPase cluster, as required in many biological systems. One could argue that the coars-
ening behaviour that generates a single cluster is the default state, since a two-variable
mass-conserved model with positive feedback activation is a minimal model that allows
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spontaneous patterning [168]. However, it turns out that this coarsening behaviour is eas-
ily perturbed by including additional structural elements in the model, including turnover,
negative feedback (chapter 2), and a temporarily unusable inactive form [223]. These
elements are common in biological systems and there may be many other kinds of inter-
actions that allow for coexistence in reaction-diffusion systems. This raises the question
if biological systems that require one cluster really use a coarsening mechanism to gen-
erate such a single cluster under all circumstances. In models that allow coexistence, the
number of clusters on a given domain could be reduced by reducing the production and
degradation rates in models with turnover and reducing the amount of GTPase and GAP
in models with negative feedback (chapter 2). This way, cells can control the number of
clusters formed and even produce just a single cluster when required. Therefore, many
biological systems that form a single GTPase cluster may just be special cases of systems
that form coexisting clusters.

An example can be found in the case of root hair initiation, which requires formation
of a single cluster of ROP2 at the basal end of the cell [193]. This process has been
modelled with a reaction-diffusion model with ROP turnover, with an auxin-dependent
self-activation term that ties ROP patterning to the auxin gradient and ensures that the
ROP cluster forms at the basal side of the cell [35]. Simulations of various auxin mutants
resulted in formation of a second ROP cluster, in line with experimental observations of
the formation of a second root hair [35]. In addition, growing root hairs do not normally
branch but strong branching can be observed in root hairs overexpressing ROP2 [193].
Furthermore, in yeast budding, competition for the relevant GTPase (Cdc42) and its GEF
(Cdc24) has been proposed as an explanation for the consistent formation of a single bud
[40, 264]. However, this process also contains a negative feedback loop, which accelerates
the polarisation process and makes it less sensitive to the GTPase concentration, but also
makes coexistence possible, allowing formation of multiple buds in certain mutants [157].
These examples illustrate how mass-conserved reaction-diffusion models may not provide
a correct understanding of how single GTPase clusters form in biological reality.

6.2.3 Cortical array homogeneity and nucleation
Realistic microtubule nucleation is not just important for coexistence of protoxylem bands,
but also for microtubule array homogeneity in general. Elongating interphase cells for ex-
ample, have more or less homogeneous microtubule arrays with a transverse orientation
[98]. This ensures a similar pattern of cellulose fibrils in the cell wall, which is required to
make the cell expand only in the longitudinal direction [123]. In chapter 4, we showed that
homogeneous microtubule arrays could be formed with the same locally limited supply
of nucleation complexes that allows for coexisting protoxylem bands.

However, with a microtubule-dependent insertion of nucleation complexes in the mem-
brane, it takes a long time to populate a new array from scratch. This problem could be
solved by assuming that an additional source of nucleations independent of the standard
nucleation complexes helps to get array formation started (chapter 4). These additional
nucleations are in line with experimental work, which has shown that formation of a new
array after cytokinesis or oryzalin treatment involves a large number of nucleations not
associated with γ-tubulin ring complexes containing GCP2 (γ-tubulin complex protein 2)
[161]. Combined with these extra nucleations, the more realistic nucleation mechanism
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solves the inhomogeneity problem that has been plaguing all previous simulations that
have tried to incorporate microtubule-based nucleation thus far [135, 136, 160, 161]. This
solution applies not only to fully homogeneous arrays and coexisting protoxylem bands,
but to any array structure that requires an even distribution of microtubules rather than
a single large band, including developing metaxylem [155], and growing pavement cells
[90].

There is, however, at least one situation where a single band of microtubules is re-
quired: the formation of the preprophase band. This single microtubule band forms
around the nucleus before cell division [77]. This specific localisation suggests involve-
ment of factors from the nucleus in the positioning of the preprophase band. In simula-
tions, a single microtubule band in the right location could be formed by increasing the
local nucleation rate at the future band site [145]. Such an increase could be achieved,
for example, by a sudden release of nucleation factors from the nucleus. TPX2/TPXL
proteins of ‘group A’ are good candidates, because they recruit nucleation complexes to
microtubules via augmin complexes [230] and contain a nuclear importin domain [231].
Therefore, a possibility is that these proteins are first sequestered in the nucleus and then
suddenly released, temporarily creating a band around the nucleus in which microtubules
are more effective at recruiting nucleation complexes. If this effect is sufficiently strong,
the microtubules in this band may end up winning a global competition for nucleation
complexes with the rest of the array, resulting in the formation of a single local band
at the correct position. This way, cells may tune the microtubule array to produce both
homogeneous and highly inhomogeneous structures. However, many other factors are in-
volved in determining the location of the preprophase band as well. These include various
polarity factors, such as ROPs, which accumulate in the membrane on opposing sides of
the cell, with the preprophase band in between [76]. These factors might, therefore, also
help a single microtubule band to form, for example by creating unfavourable microtubule
dynamics in their respective halves of the cell.

6.2.4 Microtubule flexibility and alignment
In chapter 5, we introduced microtubule flexibility to mitigate the effect of small mis-
alignments of the microtubule array with the ROP pattern. As a side effect, we observed
that microtubule flexibility in simulations reduced the ability of the array to align con-
sistently in a transverse orientation along the entire length of the cell (chapter 5). Con-
sequently, semiflexible microtubules were more likely to produce arrays with swirls or
longitudinal stretches. Since the mechanism of ‘survival of the aligned’ only promotes
local alignment [134, 137], this outcome may be obtained even with rigid microtubules
on sufficiently large domains [254]. Similar results have been reported at a tissue level for
cells influencing the polarity of their neighbours, which could only achieve global align-
ment with polarity organising cells on either end of the domain [270]. The edge-induced
catastrophes we used in chapter 5 could probably be considered as a kind of polarity
organisers for making a transverse microtubule array [124]. However, their effect does
not appear to carry all the way through to the centre of the array very well, especially
for microtubules of finite persistence length (chapter 5). This observation suggests that
a globally active orientating force is required. In many cases, a good candidate for this
force may be the tendency of microtubules to align with the direction of maximal tensile
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stress through some as yet unknown mechanism [128, 255, 256, 271]. However, this can-
didate may be less suitable when the array suddenly changes its orientation in response
to a non-mechanical cue, such as the sudden reorientation of the array in hypocotyl cells
exposed to blue light [31, 113, 143].

6.3 Modelling choices
Modelling involves making many choices, including the aim of the model, which bio-
logical elements will be included, and how the model will be analysed. Throughout this
thesis, the aim has been to develop a mechanistic understanding of the processes involved
in xylem patterning, i.e., to understand not just which interactions yield the right patterns,
but also how. Here, I will discuss some of the choices we made in our modelling approach
to try to achieve this goal, and why we made them.

6.3.1 Model comparisons
We have generally built our models incrementally. In the process, we encountered mul-
tiple examples where models that did not reproduce the desired behaviour were more
helpful to our understanding than models that did. Our approach allowed us to com-
pare models that failed to produce the right pattern with models that performed better to
help us understand what makes certain models work, while others do not. For example,
our understanding of cluster coexistence in small GTPase models was informed in part by
comparisons with models that failed to generate coexisting clusters (chapter 2). Similarly,
in chapters 3 and 5, we added additional biological elements one at a time, to study the
effect of each element separately. Such incremental model building, while not necessarily
giving the desired outcome immediately, has provided more mechanistic understanding
than we could have obtained by combining all potentially relevant biological interactions
at the same time, which would also have been unlikely to succeed on the first attempt. For
example, patterns of coexisting spots have been found in a highly detailed model for ROP
patterning in metaxylem, in which ROPs cycled through six different states, with several
different feedback loops [32]. Due to its complexity, it would have been hard to discover
coexistence mechanisms taking this model as a starting point. The total amount of ROPs,
GEFs, and GAPs in that model are conserved, but coexistence could be obtained through
negative feedback, redistribution of some intermediate, a completely new mechanism, or
any combination thereof.

Where our models were yet to complex to understand the mechanism at work, we
examined simplified abstract versions that retain essential characteristics. In chapter 2,
we derived an abstract model for the GTPase content of a fixed number of interacting
clusters under different conditions. This approach allowed us to compare the effects of
mass conservation, turnover, and negative feedback in an ordinary differential equation
framework, which is easier to study than the full spatial model. In chapter 3, some simpli-
fying assumptions about how ROP clusters deform allowed us to compare the orienting
power of diffusion restriction on differently shaped ROP patterns by decomposing the
diffusion term. This way, we found that diffusion restriction could only reorient patterns
with curved features. We then confirmed this mechanistic insight with simulations we
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would probably not have considered without this theoretical analysis.

6.3.2 Parameters
Biological systems often contain many complex interactions that translate into large mod-
els with many parameters. It is often challenging, if at all possible, to determine these
parameters experimentally. Consequently, we only had measured values for some of the
parameters in our models (mostly for the microtubule models) and the ones we did have
were often uncertain or highly variable. Dimensional analysis helped reduce the number
of parameters in our small GTPase models, but still left many unknowns. For the re-
maining parameters, we could only explore their influence on model behaviour by trying
different values. Since our large spatial models were slow to simulate and the output was
hard to capture in a single number, full scale global sensitivity analysis was not feasible,
so we mostly varied parameter values one at a time, much like in a one-factor-at-a-time
sensitivity analysis [272]. Even though this approach ignores potential interaction effects
between parameters, it still proved useful in improving our understanding of the mech-
anisms at play throughout this thesis. It revealed, for example, that increasing the total
amount of GTPase or its production rate could change a pattern from spots to stripes to
gaps (chapter 2), that increasing the diffusion restriction in one direction would progres-
sively flatten the pattern in the other direction (chapter 3), that unrealistically low diffusion
rates were required for a tubulin limitation to keep the microtubule array homogeneous
(chapter 4), and that a strong co-alignment of the microtubule array with predefined band
regions can help microtubule band formation (chapter 5).

Another reason for exploring a range of parameter values was to test for model ro-
bustness, i.e., the ability of the model to yield the desired behaviour over a large range
of parameter values. However, it was often difficult to determine what this range of pa-
rameter values should be. Furthermore, it was often not just the parameter values that
were uncertain. In many cases, there were large uncertainties in the structure of the model
as well. For this reason, we used multiple different reaction-diffusion model formula-
tions to test the effects of diffusion restriction (chapter 3) and the different coexistence
mechanisms (chapter 2). This way, we could show that the effects of the orientation and
coexistence mechanisms do not specifically depend on a single type of model formulation.

6.4 Future directions

6.4.1 Active ROP immobilisation by GDI cycling
A sufficiently large difference in diffusion coefficients between active and inactive forms
is a general requirement of Turing patterning [46, 47, 49]. In our models for GTPase
patterning (chapters 2 and 3), we assumed that this difference was provided by GDIs that
selectively remove the inactive form from the membrane allowing for faster diffusion in
the cytosol, as is common among GTPase models [44, 45]. This GDI cycling is required
for patterning in many systems including yeast budding [273] and animal cell wound
healing [274]. In plants, GDI cycling appears to be important in root hair initiation [275]
and pollen tube tip growth [276] as well. However, there may be a difference in active
ROP immobilisation between type-II ROPs (ROP9, ROP10, and ROP11 in Arabidopsis)
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and type-I ROPs (the others) [277, 278], as these rely on different types of lipid modifica-
tions for membrane targeting [279, 280]. A recent study found that type-II ROPs do not
undergo GDI cycling and that GDI cycling is not required for pattern formation with any
ROP, at least when ROPGAP1 and ROPGEF3 are used [281].

Given the GDI-dependency of type-I ROP patterning in root hairs and pollen tubes
[275, 276], GDI-cycling may contribute to achieving a difference in type-I ROP mobility
for patterning with their native GAPs and GEFs. Metaxylem patterning, however, cannot
rely on GDI-cycling, as it uses a type-II ROP (ROP11). Still, models used here (chapters 2
and 3) and elsewhere [32] all depend on a difference in diffusion rate between active
and inactive forms. Furthermore, experiments have shown the existence of an immobile
subpopulation of ROP11 [281] and a reduced diffusion of one of the activated ROP11
stages [32]. Therefore, a different way of obtaining a faster diffusion of the inactive form
than the active form must exist for type-II ROP patterning.

6.4.2 Nanodomain formation
An alternative to GDI membrane cycling to create a difference in active and inactive ROP
diffusion may relate to the formation of ROP nanodomains. Nanodomains are nanometer-
sized clusters that together can constitute the micrometer-sized clusters (sometimes called
microdomains) that have been the focus of chapters 2 and 3. They are emerging as a
recurring feature in GTPase patterning, as GTPase nanodomains appear not only in pollen
tube tip growth [282], root hair initiation [283], and a variety of other type-I and type-II
ROP patterns [281] in plants, but also in mammalian cell motility [284] and yeast budding
[285]. At least for ROP6, a combination of lipid modifications and interactions between
a polybasic region of amino acids and anionic phospholipids is required for the formation
of ROP nanodomains [286–288]. The type-II ROP11 also interacts with anionic lipids
through its polybasic region and this interaction is required for ROP11 patterning [281].

While more research is needed to determine the purpose of these nanodomains, many
potential functions have been suggested [278]. One possibility is that they help restrict
diffusion of the (active) GTPases involved, either through their interactions with anionic
lipids, or the confinement to local compartments through liquid-liquid phase separation
[289]. In that case, nanodomains may contribute to the immobilisation of active GTPase
and provide an alternative to GDI-cycling for creating a difference in diffusion between
active and inactive forms.

6.4.3 Selectivity of microtubule-based diffusion barriers
A form of active ROP immobilisation without membrane cycling may, however, under-
mine the orientation mechanism for protoxylem ROP patterning that we proposed in chap-
ter 3. This mechanism relies on an inactive form that is less affected by microtubule-based
diffusion restriction than the active form, and GDI-based membrane cycling provides a
natural way to achieve this distinction. Since we do not actually know which ROP is
involved in protoxylem patterning, one possibility is that protoxylem patterning uses a
type-I ROP that does rely on GDI-cycling. ROP7, a type-I ROP, has been observed mi-
croscopically in developing protoxylem [150], but more research is needed to determine
its precise role in the process. However, the ROP11-based metaxylem pattern is also af-
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fected by the presence of proposed microtubule-membrane linker IQD13 [154] as well as
the microtubule-stabilising drug taxol [148]. To explain these effects on the metaxylem
ROP pattern, a microtubule diffusion barrier function specific to active ROP is also re-
quired for ROP11. To test for such a difference in diffusion restriction between active and
inactive ROP11, a way to distinguish between active and inactive ROP is required. Active
GTPase sensors have been developed for other GTPases [290–292], and a similar design
may be employed to measure ROP activity in metaxylem.

If there is a difference in microtubule-based diffusion restriction between active and
inactive ROP11, it must have some other cause than GDI cycling. An alternative may be
that microtubules with IQD13 membrane linkers do not restrict diffusion of all membrane-
bound proteins equally. Possibly, bulky ROP-effector complexes in active ROP nan-
odomains are not just less mobile, but also more easily obstructed by obstacles. Alter-
natively, rather than physically blocking all membrane-bound proteins, IQD13 might in-
fluence the ROP pattern by selectively interacting with active ROP or associated proteins
or lipids in ROP nanodomains. IQD13 is part of a large family of IQD proteins, which
are emerging as important players in microtubule organisation with an ability to respond
to calcium signalling through a calmodulin-binding domain [261, 262, 293, 294]. These
ongoing efforts to characterise the functions of IQDs are likely to yield new insights into
their regulation and interactions with active and inactive ROPs.

6.4.4 Microtubule density
Models of the plant cortical microtubule array have thus far focused on a variety of prop-
erties, including alignment [134–138, 160], orientation [42, 124, 126, 127], re-orientation
[142, 143], homogeneity (chapter 4), and the formation of specific structures like the pat-
terned protoxylem array ([33] and chapters 4 and 5), and the preprophase band [145].
The microtubule densities that are achieved in the process, however, are often disregarded
and not explicitly reported. In the simulations from chapter 4, density values regularly ex-
ceeded a value of 40 µm microtubule per µm2, which would imply more microtubules that
could fit side-to-side in a single layer. As these simulations did not include microtubule-
microtubule interactions, this high density was mostly due to a lack of induced catas-
trophes and crossover severing, which even with largely parallel microtubule-dependent
nucleations strongly impact array density (chapter 5). However, in chapter 5 we saw that
densities produced in a more realistic model simulations can vary wildly and may still
exceed realistic values, even when using measured values for most microtubule dynamics
parameters (though not the nucleation rate). Early simulation studies by Allard et al. [135]
and Eren et al. [136] even used sets of parameters, measured early in array development,
that would allow unlimited density increase if they were maintained indefinitely.

In reality, microtubule density must stop increasing at some point, as the cell contains
a finite amount of tubulin. As such, the tubulin concentration affects the microtubule
growth speed, the nucleation rate [252, 253], and the spontaneous catastrophe rate [295].
There are two ways in which this effect may be included: explicitly modelling tubulin
limitation (e.g., [103] and chapter 4 for growth speed), or using microtubule dynamics
parameters measured at regular time intervals. While we used measured parameter time
series in chapter 5, these did not include the nucleation rate, which may explain the high
densities in those simulations. Alternatively, at densities where microtubules occupy a
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substantial part of the membrane, microtubule density may also be limited by steric hin-
drance and it becomes important to include a finite microtubule width in the model, as
some studies have done [126, 127, 135].

Having reliable estimates of the microtubule density for the system under study can
help validate microtubule simulation models. While resolution limits may make bun-
dled microtubules difficult to count directly in living cells [245], densities can be esti-
mated from fluorescent intensities [296]. Novel microscopy and image processing tech-
niques may contribute to obtaining accurate local microtubule densities in this way [297,
298]. Alternatively, polymeric and monomeric tubulin fractions may be isolated [299,
300], though this method is destructive and therefore not suitable for measuring dynamic
changes in a single cell.

6.4.5 Microtubule persistence length
Another aspect that has not yet received much attention in cortical array models is micro-
tubule flexibility. Recent modelling efforts tried to incorporate the effect of such flexibil-
ity by adding random fluctuations to the microtubule growth direction, using microtubule
persistence length values measured in vivo in animal cells [126, 127]. These persistence
lengths of about 20-30 µm [236, 237] are much smaller than the values in the millimetre
range that have been measured in vitro [238]. However, in our simulations with realistic
microtubule dynamics parameters for developing protoxylem, 25 µm persistence lengths
lead to so many extra collisions that not enough density could be maintained to form
aligned arrays (chapter 5). Due to the large difference between in vitro measurements and
measurements from animal cells, there is a large uncertainty on what would be realistic
values for plant cells as well as a large scope for potential tuning of the persistence length
to different values in different situations. In vivo persistence length measurements in plant
cells, using the same methods as for animal cells [236, 237], may help narrow down the
potential range of realistic values. In addition, in vivo persistence length measurements
will include the results of microtubule bundling events, which in the simulations occur
on top of the random fluctuations in growth direction. Therefore, the persistence length
values used to inform these fluctuations may be too low.

Good candidates for proteins that may be involved in tuning the persistence length
would be microtubule-membrane linkers, like IQD13 in metaxylem [154], and CMU
(cellulose-microtubule uncoupling) proteins [258], which also interact with members of
the IQD family [301]. Microtubules that are detached from the membrane show strong
bending, both as a result of cytoplasmic streaming [104, 259] and pushing and pulling
forces from cellulose synthase complexes [258], suggesting that the presence of microtubule-
membrane linkers greatly increases the in vivo microtubule persistence length. Similarly,
proteins like CORDs that detach microtubules from the membrane [155], may decrease
the persistence length. Cells may tune the microtubule persistence length both by control-
ling the relative number of these proteins, and by regulating their affinities. IQD proteins
have calmodulin-binding domains and can therefore be regulated by calcium signalling
[261, 262], which is in turn influenced by auxin signalling [302]. As there are many IQDs
with the ability to bind microtubules and the membrane [260], it is possible that more
of them function in a similar way in other cell types. The ongoing efforts to unravel the
functions of IQD proteins [294, 303], may well yield further insights into their effect on
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microtubule flexibility and regulation by calcium and other factors in the future.

6.4.6 The effect of mechanical stress on microtubule orienation
A final important but poorly understood microtubule-related aspect is their ability to ori-
ent themselves in the direction of maximal tensile stress [128, 255, 256]. As mentioned
before, this might provide the orienting force that microtubules with a finite persistence
length seem to require in order to align globally. There are indications that individual
microtubules may be able to act as tensile sensors directly, by being more stable under
tension, though the precise mechanism remains unclear [257]. Alternatively, microtubule
stress sensing may involve stress-induced damage to the microtubule lattice [304], possi-
bly involving katanin [305] or microtubule motors [306], followed by repair with GTP-
tubulin [307]. The resulting GTP-tubulin islands can then function as starting points for
rescues when the microtubule depolymerises [308, 309]. The potency of this mechanism
in explaining the microtubule stress response may be explored using microtubule simula-
tions with an orientation-dependent rescue rate, coupled with measurements of the rescue
rate for different microtubule orientations.

6.4.7 Microtubule nucleation
The nucleation mechanism that we modelled in chapter 4 relies on a constant, uniform
supply of nucleation complexes to achieve a local saturation of the nucleation rate with
microtubule density. The simplified mechanism we used in chapter 5 relaxes this as-
sumption by allowing local microtubule patches to draw from a global pool of nucle-
ation complexes that become temporarily occupied upon nucleation. However, we still
assumed a local saturation of the nucleation rate with microtubule density. This local
saturation might be achieved at the microtubule level, if, for example, the binding sites
for nucleation complexes on the microtubule get shielded in microtubule bundles. An
interesting way to test this option would be to study the effect of the globally saturat-
ing density-dependent nucleation mode in a model where microtubules have finite widths
(e.g., [126, 127]). This way, microtubules in bundles can be subdivided into receptive
microtubules along the edges of the bundle and shielded microtubule on the inside. If
this shielding effect can sufficiently ensure local saturation of the nucleation rate with
microtubule density, it should allow homogeneous arrays to form even with otherwise
density-dependent nucleation. Super resolution microscopy techniques have been used
to resolve individual microtubules in bundles [310, 311] and could, therefore, be used to
determine precisely where nucleations occur in bundles.

Alternatively, local saturation may result from a locally limited influx of cytosolic nu-
cleation complexes. This kind of limitation requires that a local patch of microtubules
that attracts many nucleation complexes cannot drain the global cytosolic supply, as this
would introduce global competition. As mentioned in the context of GTPase coexistence,
this problem may be circumvented by introducing a turnover (chapter 2) or releasing
used nucleation complexes in an inactive form, allowing redistribution before reactiva-
tion [223]. Since nucleation complex subunits can be regulated by phosphorylation [229],
their release in an altered inactive state is at least plausible. Since coexistence mecha-
nisms can also produce a single cluster given the right parameter values (chapter 2), this
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mechanism has potential to explain formation of homogeneous arrays and coexisting pro-
toxylem bands as well as a single preprophase band. The ability of such a mechanism
to ensure array homogeneity for biologically realistic parameter values may be tested
by modelling cytosolic nucleation complexes explicitly. This approach would, however,
require quantitative knowledge of the availability of cytosolic complexes and their dy-
namics, which may be hard to measure experimentally, to make a conclusive judgement.
In chapter 5 we estimated the total nucleation complex availability from data on nucle-
ation complex insertions in oryzalin treated cells and controls from chapter 4, which may
serve as a starting point.

6.4.8 Metaxylem patterning
Our microtubule models in chapter 5 have focused on protoxylem rather than metaxylem
patterning, as we had quantitative information on microtubule dynamics for this system
[33]. It would, however, be interesting to see how well the current microtubule model
performs in forming arrays with round gaps, since such a pattern cannot simply rely on
microtubules that all have the same orientation. Presumably, microtubule flexibility would
therefore be even more important in metaxylem patterning. This flexibility may be en-
hanced by the activity of CORD proteins, which disorganise microtubules by partially
detaching them from the plasma membrane [155]. These CORD proteins also reduce the
microtubule barrier activity on active ROP domains, thereby preventing a strong flattening
of the spotted pattern [155], which can result from a strong directional diffusion restric-
tion (chapter 3). An interesting aspect of metaxylem pits is that they form distinct borders,
in a process that involves the actin cytoskeleton and border-marking ROP effector BDR1
[240]. Possibly, the resulting recruitment of filamentous actin to the pit borders may also
help to keep microtubules out of the gap regions. Studying protoxylem and metaxylem
patterning in parallel could help us understand how cells can use these different com-
ponents to control the shape of the xylem pattern. Moreover, modelling the additional
interactions that may be required for metaxylem microtubule patterning may well prove
to be an interesting challenge in its own right.

6.4.9 Challenges in designing an integrated microtubule-ROP model
The aforementioned examples also highlight the importance of ROP-microtubule inter-
play in metaxylem patterning. In chapters 3 and 5, we already saw some ways in which
this interplay mattered in protoxylem patterning. Exploring this interplay fully requires an
integrated model that combines the reaction-diffusion model for ROP patterning with the
stochastic microtubule simulation model. The insights developed throughout this work
should provide a good starting point for the construction of such a model.

When planning such an integrated microtubule-ROP model for xylem patterning, sev-
eral aspects must be considered. Firstly, a nucleation mechanism must be chosen that is
both sufficiently accurate and reasonably efficient. The mechanism from chapter 5 will
provide a good starting point. However, if the model is to be used in cases where its
orientation bias is a larger problem than for transverse arrays and bands, the mechanism
may need to be adapted with a better way to determine local density than with a regular
square grid. One option would be to consider the local density within a circle at a ran-
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domly chosen location for each nucleation. This way, the local saturation effect could be
maintained, without any orientation bias, though it would be computationally expensive.
Alternatively, simulations could use global density-dependent nucleation with the afore-
mentioned shielding of nucleation sites on microtubules inside bundles. This option, if
sufficient to ensure homogeneity, may be both more biologically realistic and computa-
tionally efficient, making it a good candidate to investigate first.

Another consideration is whether the model also has to be applied to systems with a
more complicated geometry than developing xylem. A ROP-microtubule interplay is also
prominent, for example, in pavement cells [89–91]. A microtubule simulation framework
that allows for arbitrary cell geometries, including puzzle-shaped pavement cells, exists
[125] and could be extended with ROPs and a realistic nucleation mode. The use of these
more complicated geometries would also provide a technical challenge for the implemen-
tation of ROP simulations, for which finite volume or element methods that can deal with
arbitrary domain shapes would be required (e.g., [312–314]). A successful integration of
ROP simulations into this more advanced framework would provide great versatility for
studying many different systems with ROP-microtubule interplay.

Finally, the microtubule implementation may have to be reconsidered. As mentioned
before, it might be important to model microtubules with a finite width to allow for bun-
dles where microtubules can be either along the edges or on the inside. Also, the current
simulation implementation struggles with flexible microtubules, as with every deflection,
a new microtubule trajectory is created to determine possible intersections. This leads to
a much larger density of trajectories than in the original case, many of which, moreover,
contain large sections that will never be occupied. Therefore, it may pay to revise this ap-
proach to make it more efficient. One alternative may be to use stepwise additions to mi-
crotubule length, as is done by some other labs [126, 127, 135, 136], though this approach
still requires a way to test for collisions, which may also be slow. This type of simulation
has its own computational drawbacks, though. Discreet changes mean that conflicting
events may occur in the same time step (e.g., a collision with a shrinking microtubule end
that just disappeared) and, consequently, small time steps may be required to keep the
simulations realistic [315]. However, if the aim is a combined ROP-microtubule model,
these small time steps may be less problematic, as the ROP simulations may well be the
computational bottleneck.

6.4.10 Priorities in microtubule modelling
Combining all these suggestions into a single model is a very large step. However, it
may be broken down in smaller steps that each have the potential to reveal interesting
insights into microtubule patterning. A good starting point may be to test if the shielding
of nucleation sites in microtubule bundles is sufficient to ensure array homogeneity, as this
would both provide interesting insights into microtubule array formation and add a new
nucleation mode that may also improve computational efficiency. A good next step would
be to look into microtubule density control and flexibility, as these affect all microtubule
systems. This may also be a good stage for a comprehensive comparison of different
hypotheses on the way microtubules respond to mechanical stress, which is a big question
in its own right [131, 257]. The next big step is then to choose an appropriate modelling
framework and use it to implement a combined ROP-microtubule model. The information
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from the previous steps and the steps already taken in this thesis may help in setting up
and studying this model in a meaningful way, thus providing a better understanding of
the interplay between ROPs and microtubules in developing xylem and potentially other
systems as well.
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Summary

Vascular plants employ an extensive vascular system, known as the xylem, to transport
water from their roots to their leaves. Xylem vessels possess thick secondary cell walls
that help them withstand the pressures generated during water transport. The cell wall
reinforcements are deposited in a variety of intricate patterns, depending on the type of
xylem. There are two types of primary xylem, the xylem that develops first in growing
roots and shoots: protoxylem and metaxylem. Each type has a characteristic kind of wall
pattern. Protoxylem has a ringed or spiral pattern, to allow further elongation, together
with the surrounding tissue. Metaxylem has a pattern of regularly spaced gaps for radial
transport. This pattern appears after the elongation phase and is more rigid than the pro-
toxylem pattern. The xylem cell wall patterns are determined by underlying patterns of
cortical microtubules, which guide the deposition of cell wall material. Establishing the
microtubule pattern, in turn, requires localised activity so-called Rho of Plant (ROP) pro-
teins. ROPs are a type of small GTPase, molecular switches with an active and an inactive
form. Microtubules and small GTPases often act together in pattern formation at the cell
membrane. Examples include tip growth of root hairs and pollen tubes, and development
of the complex puzzle-pieced shape of the pavement cells in the leaf epidermis. In view
of its fixed cylindrical cell shape, developing xylem is a good model system for under-
standing this type of process. In this thesis, I aim to improve our understanding of the
way in which ROPs and microtubules generate the xylem patterns using dynamic models.
Chapters 2 and 3 focus on ROP patterning, while chapters 4 and 5 deal with microtubule
dynamics.

Xylem patterning requires the formation of spotted (metaxylem) or banded (pro-
toxylem) ROP patterns. The molecular properties of ROPs and other small GTPases
make them particularly suited to spontaneously form patterns through so-called reaction-
diffusion mechanisms. Many models for this process exist, but most of them only yield
a pattern with just one single stable cluster. Initially, these models may give rise to mul-
tiple clusters, but in the long run these clusters compete with each other until only one
remains. This process resembles surface-tension-driven coarsening. Beyond the standard
reaction-diffusion ingredients of self-activation and an inactive form that diffuses faster
than the active form, these polarisation models have one more ingredient in common:
conservation of the total amount of GTPase. In chapter 2, we show that a pattern of sta-
ble, coexisting clusters can be obtained when this so-called mass conservation is broken
by adding GTPase turnover. We also show that adding negative feedback through GAPs
(GTPase activating proteins) — proteins which inactivate GTPases by activating their
GTP hydrolysis activity — allows for coexistence, even in mass conserved models. To
study the mechanism driving coexistence, we construct an ordinary differential equation
model, as a simplified version of the full partial differential equation model. With this
simplified model, we show that turnover stabilises coexistence by providing a constant
local source of GTPase to smaller clusters, effectively providing a GTPase redistribution,
while GAP feedback makes larger clusters lose relatively more GTPase. These findings
are relevant not only to xylem patterning, but to any GTPase-based patterning process
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that requires multiple coexisting GTPase clusters. In particular, we show that models that
allow coexistence also allow cluster splitting, which is vital for branching in tip growing
fungal hyphae, where the tip is determined by a GTPase cluster.

While reaction-diffusion systems that allow coexistence reproduce the spotted meta-
xylem pattern well, they do not reproduce ringed or spiral protoxylem patterns, since they
miss an intrinsic orienting force. In chapter 3, we investigate the possibility that this ori-
enting force might be provided by a microtubule-based diffusion restriction of active ROP.
Experimental studies have found that in metaxylem microtubules form a diffusion barrier
to ROP proteins. It has also been observed that enhancing this barrier effect transforms
the circular metaxylem gaps into more elongated stripes. Since protoxylem patterning
starts with a transversely oriented microtubule array, we model the barrier effect as a lon-
gitudinal ROP diffusion restriction. That way, we show that this diffusion restriction is
able to orient the ROP pattern into protoxylem-like bands, as long as inactive ROPs can
bypass the barriers more easily than active ROP. Similarly, spiral ROP patterns can be
obtained by making the direction of the diffusion restriction oblique. Furthermore, by
analysing the diffusion term, we show that the orienting mechanism only affects patterns
with curved features. This implies that existing banded or spiral patterns cannot be reori-
ented by a change in the direction of diffusion restriction. Finally, we study the effect of
a ROP-driven reduction of microtubule density and, consequently, ROP diffusion restric-
tion. We show that an instantaneous reduction of diffusion restriction with ROP activity
is detrimental to the pattern orientation, while a delayed reduction allows formation of
oriented bands. In its simplest form, this delay results in travelling waves of the ROP and
microtubule densities. However, occurrence of these waves can be prevented by adding
a positive feedback loop acting on the microtubule density. This demonstrates that the
details of the microtubule implementation matter for the formation of the ROP pattern in
protoxylem.

With these new insights into ROP patterning, we change our focus to questions related
to microtubule patterning. Many structures formed by the plant cortical microtubule array
require a uniform distribution of microtubules. The homogeneous, transversely oriented
arrays of elongating interphase cells form a clear example of this requirement. How-
ever, the patterned arrays of developing xylem vessels also require a uniform distribution
of microtubules over the regions where future cell wall formation will take place. This
homogeneity requirement appears to be at odds with the experimental finding that most
microtubules nucleate from existing microtubules, which introduces a positive feedback
loop on local microtubule density: more nucleations are expected in denser microtubule
patches, which may then grow even denser at the expense of the rest of the array. In-
deed, modelling efforts that have tried to include these microtubule-based nucleations
have generated highly inhomogeneous arrays, with, in the case of protoxylem patterning,
all microtubules ending up in one or two bands. This process is strongly related to the
competition between GTPase clusters from chapter 2. In chapter 4, we use a combina-
tion of experiments and a simplified one-dimensional microtubule model to study how
this inhomogeneity problem could be avoided. To that end, we investigate two hypothe-
ses: (1) a local limitation of the amount of tubulin available for microtubule growth, and
(2) a locally limited availability of nucleation complexes for making new microtubules.
Our simulations reveal that the first option requires an unrealistically low tubulin diffu-
sion coefficient. For testing the second option, we experimentally determine the diffusion
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coefficient of nucleation complexes at the membrane and characterise the rates at which
nucleation complexes are inserted at the membrane, both in presence and in absence of
microtubules. This way, we find that nucleation complexes are preferentially inserted near
microtubules, and that these insertions appear to saturate locally with microtubule den-
sity. Using detailed simulations of nucleation complex behaviour at the cell membrane we
show that the local saturation of nucleation complex insertion with microtubule density
allows for the formation of homogeneous arrays as well as structured protoxylem arrays.

In the protoxylem simulations with the simplified one-dimensional model, all micro-
tubules are perfectly aligned with the predefined band regions that we use to represent the
underlying ROP pattern. In a two-dimensional context, microtubule orientations can be
more variable, potentially complicating microtubule band formation. In chapter 5, we
therefore use two-dimensional microtubule simulations to study protoxylem band forma-
tion. With these simulations, we show that protoxylem band formation in a biologically
realistic time frame requires three important ingredients: (1) sufficient co-alignment of the
initial microtubule array with the underlying ROP pattern, (2) sufficiently flexible micro-
tubules with random fluctuations in their growth direction, and (3) a sufficiently realistic
nucleation implementation in line with our findings from chapter 4. The first requirement
may be biologically satisfied by the orienting effect of the microtubule array on the ROP
pattern (as discussed in chapter 3). However, the co-alignment that could reasonably be
expected from this orienting effect is only sufficient in our simulations if both microtubule
flexibility and realistic nucleation are taken into account. Microtubule flexibility allows
small mismatches in the initial co-alignment. However, the flexible microtubules can also
bend in the direction of the microtubule destabilising gap regions, which is detrimental to
maintaining microtubule density in the bands. A simplified version of the nucleation me-
chanics presented in chapter 4, moves some of the nucleations from the gaps to the bands,
compensating for the negative effect of flexibility. Our improved simulations explain
band formation with microtubule dynamics parameters measured in real cells undergoing
the protoxylem differentiation program better than previous efforts. The discrepancies
that remain, reveal the involvement of additional band formation forces in protoxylem
patterning that are not captured by the currently measured parameters.

In conclusion, our efforts to study ROP and microtubule patterning separately not
only improve our understanding of their individual contributions to xylem patterning, but
also reveal the points where their interplay is vital. Our findings pave the way for future
research integrating ROP and microtubule models to better study the interplay between
the two, both in xylem patterning and in other cases of patterning involving ROPs and
microtubules.



Samenvatting

Om water van wortels naar bladeren te transporteren hebben vaatplanten een uitgebreid
stelsel van zogeheten houtvaten: het xyleem. Deze houtvaten hebben een stevige se-
cundaire celwand, die nodig is om bestand te zijn tegen drukverschillen die ontstaan
tijdens het watertransport. De eerste houtvaten die in groeiende wortels en scheuten
gevormd worden behoren tot het zogeheten primaire xyleem, waarvan er twee soorten
bestaan: protoxyleem en metaxyleem. De celwandverdikkingen van protoxyleem worden
in ringen of spiralen aangelegd, zodat dit type houtvaten nog mee kan rekken met het om-
ringende weefsel. Metaxyleem ontstaat pas als dit strekken gestopt is en krijgt daarom ste-
vigere celwandverdikkingen, met gaten voor radiaal transport op regelmatige afstanden.
Deze celwandpatronen worden bepaald door een onderliggend patroon van corticale mi-
crotubuli aan de binnenkant van het celmembraan. Deze microtubuli bepalen waar en in
welke richting de celwand wordt verstevigd. Het patroon van microtubuli vereist op zijn
beurt weer een lokale activiteit van zogeheten ROP (Rho of Plant) eiwitten op de plekken
waar de gaten in het celwandpatroon moeten vallen. ROP eiwitten zijn kleine GTPases,
moleculaire schakelaars met een actieve en een inactieve vorm. Patroonvorming aan het
celmembraan vereist vaker samenwerking van microtubuli en kleine GTPases, bijvoor-
beeld bij het vaststellen van de groeiende punt in wortelharen en pollenbuizen, en bij het
ontstaan van de puzzelstukjes-vorm van de epidermiscellen in bladeren. De ontwikkel-
ing van xyleempatronen vormt een goed modelsysteem om dit proces te leren begrijpen,
vanwege de constante, cilindrische vorm van de cellen. Mijn doel in dit proefschrift is
daarom om ons inzicht in de vorming van deze patronen door ROPs en microtubuli te ver-
groten met behulp van dynamische modellen. Daarbij ligt de focus in hoofdstuk 2 en 3 op
patroonvorming door ROPs, en in hoofdstuk 4 en 5 op patroonvorming door microtubuli.

Voor het vormen van de verschillende xyleempatronen moeten ROPs zowel een regel-
matig patroon van stippen (metaxyleem) als van bandjes (protoxyleem) kunnen vormen.
ROPs en andere kleine GTPases zijn door hun moleculaire eigenschappen zeer geschikt
voor het vormen van dit soort regelmatige patronen via zogeheten reactie-diffusie-mecha-
nismes. Er zijn veel modellen gemaakt om patroonvorming door GTPases via dit type
mechanisme te beschrijven. De meeste daarvan kunnen echter alleen de vorming van één
enkel stabiel GTPase-cluster reproduceren. In die modellen verschijnen er in eerste in-
stantie weliswaar meerdere clusters, maar die concurreren vervolgens met elkaar tot er
maar één overblijft. De modellen die dit gedrag vertonen, hebben, naast de standaard ele-
menten van reactie-diffusie-modellen, ook met elkaar gemeen dat de totale hoeveelheid
GTPase constant is. In hoofdstuk 2 laten we zien dat het toevoegen van productie en af-
braak van GTPase aan deze modellen voldoende is om een patroon van meerdere stabiele
GTPase-clusters te krijgen. Daarnaast tonen we aan dat het toevoegen van negatieve feed-
back via GAPs (GTPase activating proteins) aan de modellen met massabehoud ook tot
meerdere stabiele clusters leidt. Verder bestuderen we het co-existentie-mechanisme met
een versimpeld model gebaseerd op gewone differentiaalvergelijkingen in plaats van par-
tiële. Zo ontdekken we dat het verbreken van massabehoud kleinere clusters voorziet
van een constante lokale bron van nieuw GTPase, terwijl negatieve feedback grotere
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clusters zwaarder treft dan kleinere. Deze conclusies zijn relevant voor alle patronen
waarin meerdere GTPase-clusters naast elkaar moeten bestaan en niet alleen voor proto-
en metaxyleem. Dit geldt ook voor systemen waarin clusters moeten kunnen splitsen,
zoals cellen van schimmelhyfen die aan de punt groeien en vertakken door splitsing van
deze groeiende punt.

Hoewel reactie-diffusie-mechanismes het stippenpatroon van metaxyleem goed kun-
nen reproduceren, hebben ze geen inherente voorkeur voor een bepaalde oriëntatie. Hier-
door kunnen ze niet zomaar een protoxyleempatroon van ringen of spiralen vormen.
In hoofdstuk 3 onderzoeken we of de oriëntatie van het ROP-patroon in protoxyleem
opgelegd kan worden door microtubuli die een diffusie-barrière vormen voor actieve
ROP-eiwitten. Experimentele studies gericht op metaxyleem hebben aangetoond dat mi-
crotubuli de diffusie van ROPs kunnen beperken en dat verhoogde diffusie-restrictie leidt
tot een sterk afgeplat stippenpatroon dat meer op het protoxyleempatroon gaat lijken. We
modelleren dit barrière-effect van microtubuli met een verlaagde diffusie van actieve ROP
in de lengterichting, aangezien protoxyleemvorming begint met overdwars opgelijnde
corticale microtubuli. In onze simulaties geeft deze diffusie-restrictie het ROP patroon
de juiste oriëntatie, waardoor een bandenpatroon vergelijkbaar met dat in protoxyleem
kan ontstaan. Dit effect werkt alleen zolang inactieve ROPs minder diffusie-restrictie on-
dervinden dan actieve ROPs. Op een vergelijkbare manier kunnen spiraalvormige patro-
nen gevormd worden met een schuine diffusie-restrictie. Een analyse van de diffusieterm
laat zien dat dit oriëntatie-mechanisme alleen werkt op patronen waar nog kromme lijnen
in zitten. Eenmaal gevormd kunnen patronen van bandjes of spiralen dus geen andere
oriëntatie meer krijgen via dit mechanisme. Tot slot bootsen we het effect van ROPs op
de dichtheid van microtubuli na, door de diffusie-restrictie te verlagen bij hogere ROP-
concentraties. Als dit effect direct ingaat, dan werkt het oriëntatie-mechanisme niet meer,
maar als er een vertraging op zit, dan kunnen bandjes met de juiste oriëntatie wel vor-
men. De meest eenvoudige implementatie van deze vertraging veroorzaakt golven in de
dichtheid van ROPs en microtubuli. Deze golven verdwijnen echter onder de aanname
van een positieve feedback op de dichtheid van de microtubuli. De precieze implemen-
tatie van de microtubuli maakt dus sterk uit voor het ROP patroon dat gevormd wordt
en een realistischer implementatie lijkt beter te werken voor het vormen van een pro-
toxyleempatroon.

Na het bestuderen van de ROP-patronen richten we onze aandacht op de organisatie
van de corticale microtubuli. Veel structuren die door microtubuli gevormd worden,
vereisen een evenwichtige verdeling van de microtubuli. Een goed voorbeeld hiervan
is te vinden in strekkende interfase-cellen, die een homogene verdeling van microtubuli
hebben met een oriëntatie dwars op de lengterichting van de cel. De complexere pa-
tronen die zich vormen in ontwikkelende houtvaten vereisen echter ook een gelijkmatige
verdeling van microtubuli over de plekken waar de celwand verstevigd moet worden. Veel
microtubuli-modellen genereren echter sterk inhomogene structuren als ze nucleatie van
nieuwe microtubuli laten plaatsvinden zoals dit in plantencellen voornamelijk gebeurt,
namelijk vanaf bestaande microtubuli. Dit type nucleatie leidt al snel tot een positieve
feedback waarbij meer nucleatie van nieuwe microtubuli plaatsvindt op plekken waar de
dichtheid van microtubuli groter is, zodat de lokale dichtheid alleen maar verder toe-
neemt ten koste van plekken met een lagere dichtheid. Dit proces is sterk gerelateerd aan
de concurrentie tussen GTPase-clusters uit hoofdstuk 2. In simulaties van protoxyleem
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eindigen vrijwel alle microtubuli hierdoor in slechts één of twee bandjes. In hoofdstuk 4
zoeken we oplossing voor dit inhomogeniteitsprobleem met een combinatie van exper-
imenten en een vereenvoudigd eendimensionaal microtubuli-model. We bekijken twee
verschillende hypotheses: (1) een lokale beperking in the hoeveelheid beschikbare tubu-
line voor de groei van microtubuli en (2) een lokaal beperkte beschikbaarheid van de
nucleatiecomplexen die nodig zijn voor het maken van nieuwe microtubuli. In onze sim-
ulaties vereist de eerste hypothese een onrealistisch lage diffusiecoëfficiënt voor tubuline.
Voor het testen van de tweede hypothese bepalen we experimenteel de diffusiecoëfficiënt
van membraangebonden nucleatiecomplexen en de snelheid waarmee deze complexen in
het membraan geplaatst worden in aan- en afwezigheid van microtubuli. Zo komen we
erachter dat nucleatiecomplexen overwegend in het membraan verschijnen in de buurt
van microtubuli en dat de snelheid waarmee dit gebeurt lijkt te verzadigen met de lokale
dichtheid van de microtubuli. Aan de hand van deze bevindingen breiden we onze simu-
laties uit met een gedetailleerde implementatie van nucleatiecomplexen. Deze simulaties
laten zien dat corticale microtubuli zowel homogene structuren als regelmatige patronen
kunnen vormen wanneer de associatie van nieuwe complexen met het membraan lokaal
verzadigt met de dichtheid van de microtubuli.

In de protoxyleemsimulaties met het eendimensionale model hebben alle microtubuli
precies dezelfde oriëntatie als de vooraf opgelegde bandregio’s die het onderliggende
ROP-patroon vertegenwoordigen. Corticale microtubuli bevinden zich echter in een ef-
fectief tweedimensionale ruimte, waarin ze ook andere oriëntaties aan kunnen nemen.
In hoofdstuk 5 gebruiken we daarom tweedimensionale simulaties om bandvorming in
protoxyleem te bestuderen. Deze simulaties laten zien dat voor bandvorming op een biol-
ogisch realistische tijdschaal drie dingen nodig zijn: (1) de initiële corticale microtubuli
moeten grotendeels dezelfde oriëntatie hebben als het onderliggende ROP patroon, (2)
de microtubuli moeten voldoende flexibiliteit hebben, in de vorm van willekeurige fluc-
tuaties in hun groeirichting, en (3) de implementatie van de nucleaties moet voldoende
realistisch zijn, in lijn met de resultaten van hoofdstuk 4. De eerste eis zou biologisch
vervuld kunnen worden door doordat microtubuli de oriëntatie van het ROP-patroon kun-
nen bepalen, zoals we zagen in hoofdstuk 3. Dit mechanisme kan echter niet precies
genoeg dezelfde oriëntatie garanderen als nodig is voor bandvorming door microtubuli in
simulaties, tenzij er ook aan de laatste twee eisen wordt voldaan. De flexibele microtubuli
zijn nodig om kleine discrepanties in de oriëntatie op te vangen. De flexibiliteit betekent
echter ook dat microtubuli in de bandjes naar buiten kunnen buigen en in de gaten terecht
kunnen komen, waar ze minder stabiel zijn. De realistische nucleatie is vervolgens nodig
om hiervoor te compenseren en de dichtheid in de bandjes te behouden door nucleaties
van de gaten naar de bandjes te verplaatsen. Met onze vernieuwde simulaties kunnen we
bandvorming met parameters gemeten in echte cellen die differentiatie naar protoxyleem
ondergaan beter verklaren dan eerdere simulatiestudies. Wel zijn er nog verschillen met
de experimentele observaties. Deze verschillen duiden op vooralsnog onbekende bijdra-
gen aan bandvorming die buiten de al gemeten parameters vallen.

In conclusie dragen de bevindingen die we hebben verkregen door ROPs en micro-
tubuli apart te bestuderen niet alleen bij aan ons begrip van hun losse contributies, maar
laten ze ook zien waar hun samenspel essentieel is. Hiermee leggen we de basis voor on-
derzoek waarin de modellen van ROPs en microtubuli samengevoegd worden, om zo dit
samenspel beter te kunnen bestuderen, zowel bij de vorming van houtvaten als bij andere
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patroonvormingsprocessen.
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