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Abstract Cells can position multiple copies of components like carboxysomes, nucleoids,
and nuclei at regular intervals. By controlling positions, cells, for example, ensure equal
partitioning of organelles over daughter cells and, in the case of nuclei, control cell sizes dur-
ing cellularization. Mechanisms that generate regular patterns are as yet poorly understood.
We used fission yeast cell cycle mutants to investigate the dispersion of multiple nuclei by
microtubule-generated forces in single cells. After removing internuclear attractive forces by
microtubule-based molecular motors, we observed the establishment of regular patterns of
nuclei. Based on live-cell imaging, we hypothesized that microtubule growth within inter-
nuclear spaces pushes neighbouring nuclei apart. In the proposed mechanism, which was
validated by stochastic simulations, the repulsive force weakens with increasing separation
because stochastic shortening events limit the extent over which microtubules generate forces.
Our results, therefore, demonstrate how cells can exploit the dynamics of microtubule growth
for the equidistant positioning of organelles.

1 Introduction

Cells are highly compartmentalized and the correct positioning of cellular components is cru-
cial for many aspects of cellular functioning. During specific cellular stages, it is, moreover,
required that multiple copies of components become arranged at regular intervals. Examples
are found in both prokaryotic and eukaryotic cells: the spacing of microcompartments and
chromosomes in prokaryotes ensures that daughter cells inherit an equal number of copies
during cell division [1, 2], ordered arrays of basal bodies and adhered cilia in multiciliated
cells [3] generate efficient transport of extracellular fluid, equidistant nuclei in multinucleated
embryonic cells [4] control cell sizes during cellularization, and nuclear positioning is thought
to be required for the proper functioning of multinucleated muscle cells [5]. In eukaryotic
cells, the cellular cytoskeleton is generally implicated in the positioning of organelles; how-
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ever, the establishment of equidistant patterns by cytoskeletal forces is seldom understood at
a mechanistic level.

To improve our understanding of organelle spacing mechanisms, we studied nuclear pat-
terns in fission yeast (Schizosaccharomyces pombe) cells with multiple nuclei. Normally,
wild-type fission yeast cells have a single nucleus during interphase. From this nucleus,
plus ends of microtubules grow away and generate pushing forces in contact with cell ends.
Collectively these forces push the nucleus towards the centre of the longitudinal cells [6]. Fis-
sion yeast cells harbour two nuclei after cell fusion events. After cell fusion, two nuclei will
congress and fuse in a process called karyogamy. For this, nuclear-associated microtubules
form an internuclear bundle that contracts by minus-end-directed motor proteins dynein and
kinesin-14 [7, 8]. Generation of internuclear attractive forces by minus-end-directed motors
was, furthermore, demonstrated during cell division when duplicated nuclei momentarily
share a single cell before cytokinesis divides the cell in two. These nuclei will unwantedly
congress in cells that fail to downregulate the activity of the minus-end-directed kinesin-14
motor protein klp2p [9].

Fission yeast cells with more than two nuclei can be experimentally obtained using muta-
tions in cell cycle genes that cause cells to undergo multiple rounds of nuclear division with-
out completing cytokinesis. We observed that these mutants can form equidistant nuclear
patterns in the absence of motor-driven internuclear attractive forces. Live-cell imaging sug-
gested that microtubules generated repulsive forces by growing from one nucleus towards
a neighbouring nucleus. The frequency of these interactions is expected to decrease with
internuclear distance because the onset of microtubule shortening, termed a catastrophe,
limits the length over which microtubules can generate force. Stochastic switching between
microtubule growth and shrinkage (dynamic instability) thus ensures that the net repulsion
force between nuclei is distance-dependent, a prerequisite for the formation of equidistant
patterns.

2 Results and discussion

To investigate the positioning of nuclei in multinucleated fission yeast mutants, we grew
cytokinesis defective cdc11 cells expressing a fluorescent marker for the nuclear envelope
[6, 10]. After two rounds of nuclear division without subsequent cytokinesis, cdc11 cells
contained four nuclei that clustered together near the cell centre (Fig. 1a and video 1).
To reduce internuclear attractive forces, we imaged cells that additionally lacked the motor
protein klp2p, which slides antiparallel microtubules apart in interphase cells [11, 12]. Nuclei
in these cells did not cluster anymore but were regularly distributed along the cell length
(Fig. 1a and video 2). Some degree of nuclear patterning is a priori expected in the absence
of attractive forces because nuclei cannot overlap, which in effect generates a repulsive force
between them [13]. The distribution of nuclear positions and consequently the distribution
of internuclear distances were, however, narrower than expected for random positioning in
the presence of overlap constraints alone (Fig. 1b, Fig. S1, A and B). The mean internuclear
distance was proportional to the cell length for cells between 25 and 50 μm long, whereas
its coefficient of variation was approximately constant or potentially decreasing (Fig. S1C).
Removal of internuclear attractive forces thus exposed a hidden positioning mechanism that
was adaptive to cell length.

To gain more insight into the forces that drive the formation of equidistant patterns, we
observed the dynamics of nuclei after displacing them by centrifugal forces towards one
cell end [14]. Nuclei in cdc11 cells with klp2p moved as a single cluster back towards the
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Fig. 1 Equidistant positioning of nuclei in the absence of klp2p. A Confocal images, overlaid on DIC images,
of tetranucleated cdc11 and cdc11 klp2Δ cells expressing the nuclear envelope marker nup107-GFP. The
kymographs below are an xt-scan of the fluorescence intensity in which the red lines indicate the midpoints of
nuclei. B Distribution of nuclear midpoints positions in tetranucelated cdc11 (n � 64 cells) and cdc11 klp2Δ
cells (n � 100 cells). The positions are normalized to the length of individual cells. The bottom panel shows
the theoretical distribution for random positioning of non-overlapping nuclei (Eq. 6). C Upper panel: Confocal
images showing nuclear motion after cell centrifugation in tetranucleated cdc11 and cdc11 klp2Δ cells. Dotted
line indicates the cell outline. Cell autofluorescence decreased the visibility of nuclei, particularly at the start
of imaging which commenced approximately 3.5 minutes after centrifugation. Bottom panel: kymograph of
nuclear dynamics. Scale bars: 5 μm

cell centre (Fig. 1c and video 3). In contrast, nuclei in cdc11 cells lacking klp2p dispersed
and regained their steady-state positions within approximately 2.5 h (Fig. 1c and video 4).
The re-establishment of nuclear patterns occurred during interphase, before nuclei divided in
the next mitosis, and could be prevented by the addition of the microtubule-depolymerizing
drug MBC (Fig. S1D). Interphase microtubules thus appeared to be required for equidistant
positioning.

Microtubules in fission yeast cells are arranged into three to five interphase microtubule
assemblies (IMAs) [6, 11, 12, 15, 16]. Each assembly is dynamic and consists out of several
microtubules arranged in a linear manner with microtubule growth primarily directed away
from the nucleus. A central region of microtubule overlap in each IMA is in contact with the
nuclear envelope (NE) and one IMA is, moreover, connected to the NE-embedded spindle
pole body (SPB), the yeast analogue of a centrosome. To characterize the behaviour of
microtubules in multinucleated cells, we imaged microtubule dynamics in cdc11 klp2Δ cells
expressing different fluorescent markers for the NE and SPB. For simplicity, we imaged
microtubules in cells with two instead of four nuclei. Microtubules were oriented primarily
along the cell’s long axis and were both present in between the nuclei and between the nuclei
and cell ends (Fig. 2a and video 5). SPBs moved back and forth over the NEs like in wild-type
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cells, indicating that microtubule pushing forces are transmitted to the nuclei (Fig. 2a; and
video 6) [6]. Microtubules originating from neighbouring nuclei were occasionally observed
to form internuclear bundles that in some cases bridged two SPBs (Fig. 2b). In wild-type
cells, these events caused SPBs and nuclei to move together, very much reminiscent to
cytokinesis in cells with active klp2p [9]. In contrast, in cells lacking klp2p, nuclei stayed apart
upon the formation of internuclear bundles, demonstrating that removal of klp2p eliminated
internuclear forces through bundle formation. This is in agreement with earlier work that
showed that inter-microtubule sliding within IMAs ceases in the absence of klp2p [11,12].
Occasionally, a microtubule originating from one nucleus impinged onto the surface of a
neighbouring nucleus and then grew along it or underwent a catastrophe (Fig. 2c and video
7). We hypothesized that these events generated repulsive forces between nuclei that could
space nuclei apart in the absence of klp2p-dependent clustering forces. We summarized the
observed interactions of microtubules in multinucleated cells in Fig. 2d.

Inspired by our experimental results, we developed a 1-dimensional stochastic simulation
to test if microtubule pushing forces can explain the dispersion of nuclei. In this model, micro-
tubule minus-ends were attached to nuclei that moved when growing plus-ends impinged
onto neighbouring nuclei or cell ends. Forces as well as rates of microtubule nucleation and
dynamic instability were based on experimental data (Table 2). We employed a microtubule
force-production model that takes into account that forces on microtubule ends lower their
growth rate as well as increase their catastrophe probability. Different from previous mod-
els, the rate at which forces build up after microtubules impact upon cell walls or nuclei
was governed by a single effective compressional modulus (Eq. 11). This phenomenological
parameter was chosen such that force-induced catastrophes limited the average microtubule
interaction time with cell ends to the experimentally observed mean residence time of 90 s
previously measured in mononucleated cells [6].

In support of our proposed mechanism, the simulated nuclei in tetranucleated cells attained
equidistant patterns within the confining space (Fig. 3a). Both the distribution of nuclear
midpoints and the timescale of pattern re-establishment after perturbation were in good
agreement with experimental data (Fig. 3b, c for passing probability � 0). The outer nuclei
were, however, positioned closer to the cell ends than observed in cells, suggesting that
force generation in between nuclei was overestimated relative to force generation in between
outer nuclei and cell ends (Fig. 3b for passing probability � 0). To resolve this discrepancy,
we introduced a nuclear passing probability based on the possibility that microtubules can
grow past a neighbouring nucleus but cannot pass a cell end. A probability of 72.5% for a
microtubule to pass nuclei corrected the positions of outer nuclei while maintaining good
agreement for repositioning timescales (Fig. 3b, c). The introduction of nuclear passing
also recapitulated a small observed variation in internuclear spacing, whereby the distance
between the two inner nuclei was on average the shortest (Fig. S1B; and Fig. 4a). Without
nuclear passing, the available space between the two outer nuclei was divided in three equal
parts by the two inner nuclei, as expected since interactions between all neighbouring nuclei
are equal (data not shown). However, with the introduction of nuclear passing, microtubules
from the inner nuclei occasionally pushed against cell ends, generating an additional inward-
directed force, explaining the slightly shorter distance between inner nuclei. In conclusion,
the dynamics and magnitude of microtubule polymerization forces can quantitatively explain
the near equidistant patterning of nuclei in yeast cells if the differential efficiency of force
generation against cell walls and nuclei is taken into account.

The observed variance of the internuclear distances in our simulations can be attributed to
temporal fluctuations in pushing forces due to a finite number of contributing microtubules.
To further investigate conditions for efficient positioning, we changed the average num-

123



Eur. Phys. J. Plus         (2021) 136:858 Page 5 of 17   858 

Fig. 2 Force generation by bidirectional microtubule growth in internuclear spaces. A Left: Confocal images
of a binucleated cdc11 klp2Δ cell expressing GFP-tubulin, the spindle pole body (SPB) marker sid4-RFP, and
the nuclear envelope (NE) marker cut11-3mRFP. Displayed images are taken 6 minutes apart and show the
full dept of the cell. Right: same cells but only showing the SPB and NE signals. The kymograph depicts SPB
movement over the NE. B Confocal images of binucleated cdc11 and cdc11 klp2Δ cells expressing GFP-atb2,
nup107-GFP (NE) and Sid4-RFP (SPB). Images were captured directly after the disassembly of the mitotic
spindles that pushed the two nuclei apart in the preceding mitosis, so before nuclear clustering occurred in cdc11
cells. Displayed timepoints were selected to show the formation and dynamics of internuclear microtubule
bundles that connect SPBs; events are indicated by arrowheads. C Impingement of growing microtubule ends
on nuclear envelopes visualized in cdc11 klp2Δ cells expressing GFP-atb2, sid4-RFP (SPB) and cut11-3mRFP
(NE). Images are confocal projections of 3 confocal planes and are taken 25 s apart. The first microtubule
(white arrowhead) grows leftwards towards a neighbouring nucleus and has a catastrophe after contacting it.
The second microtubule (red arrowhead) moves over the neighbouring nuclei and then continues to grow past it.
d Graphical representation of proposed microtubule interactions in tetranucleated cells. Multiple microtubules
with opposite polarity, two are shown for simplicity, are arranged into microtubule assemblies (IMAs). The
central region of each IMA is connected to a nucleus. One IMA per nucleus is also connected to a SPB
(red sphere). Growing microtubule plus-ends (yellow cones) generate pushing forces against cell walls and
nuclei. Occasionally, internuclear bundles are established by microtubules growing from two neighbouring
nuclei (highlighted elliptical area). These bundles contract in the presence of klp2p. Note that the temporal
establishment of an internuclear bundle in a 3-dimensional cell does not necessarily impede the relative
movement of nuclei because microtubules can pivot at their nuclear attachment sites. Scale bars: 5 μm
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Fig. 3 1D stochastic simulation supports nuclear positioning by microtubule pushing forces. A Upper panel:
Graphic representation of the simulation. Microtubules, represented by arrows, grow away from nuclei and
push (red arrows) against cell ends and neighbouring nuclei. Microtubules can pass neighbouring nuclei without
interaction with a probability p. Bottom panel: Time evolution of simulated nuclear positions visualized as a
kymograph. B Distribution of nuclear midpoint positions in simulations with four nuclei for nuclear passing
probabilities of 0% (upper panel) and 72.5% (middle panel) (n �200 simulations for each condition). The
lower panel repeats the experimental data of cdc11 klp2� cells from Fig. 1b for comparison. C Simulated
time evolution of the mean internuclear distance, measured between midpoints and scaled with cell length
(averaged over n �200 simulations). Nuclei were close packed at one side of the simulated cell at t � 0. Red
points show experimental data for cdc11 klp2� cells after cell centrifugation (n � 109 cells)

ber of microtubules per nucleus (Fig. 4a). As expected, the fluctuations in internuclear dis-
tances decreased monotonically as the contributions of single microtubules averaged out with
increasing numbers of interactors [17]. Largest relative fluctuations were observed between
the two inner nuclei in both the simulations and the experiments (Fig. S1B and Fig. 4a). This
can be understood, because when a nucleus is ranked further away from the cell wall, it loses
its relation to the cell wall, which acts like a fixed reference point. A previous 1-dimensional
model on microtubule-based positioning in confining geometries suggested that position-
ing may slow down in cells if simultaneous pushing interactions on both sides of an object
block motion [18]. Such a geometry frequently occurs in our simulations at increased micro-
tubule densities. However, the compliances in our model allowed for nuclear motion even
if microtubules simultaneously generated forces on both sides. The elastic restoring force,
therefore, scaled with the number of microtubules and repositioning sped up consequently
in the simulations (Fig. 4a).

Earlier, it was proposed that equidistant spacing of nuclei in multinucleated muscle
cells requires repulsive forces that decay with increasing internuclear distance [5, 19–21].
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A B

Fig. 4 Parameter sweeps 1D stochastic simulations. A Simulation outcomes for different values of the micro-
tubule nucleation rate, rn. The resulting average number of microtubules adhered per nucleus, 5.5 for the
default value of rn in Table 2 (arrow), is plotted along the horizontal axis. All other parameters are as listed in
Table 2, except the passing probability, which is set to the best-fit value of ppass �0.725. Upper panel shows
the mean internuclear distance, discriminating between inner and outer internuclear distances, and normalized
to the cell length. Middle panel shows the corresponding coefficient of variation (σ /μ). See caption of Fig.
S1B for experimental values. Lower panel shows the average timescale for nuclear redistribution, τ75%. This
timescale was calculated for each simulated cell as the time in which the average of the three internuclear
distances first rose from its closed-packed value (0%) to 75% of the steady-state value (100 %). B Same as
in (B) but for variation of the unconstrained catastrophe rate rc

(0). The horizontal axis indicates the charac-
teristic length scale, vg

(0)/rc
(0), which would be the mean of the microtubule length distribution in case of

unconstrained growth; 6.6 μm for the default values in Table 2 (arrow). Note that the catastrophe rate in the
simulation was only changed for microtubules growing freely in the cytoplasm. The catastrophe rate for mod-
elling catastrophes of force-generating microtubules was left unchanged with the goal of keeping the duration
and leverage of individual microtubule impacts similar while changing the length distribution of microtubules.
In all cases, averages are shown over n � 40 independent simulations, while for τ75%, the full scatter over
these replicates is also shown

Microtubule-generated forces in our 1-dimensional simulations of yeast cells fulfil this
requirement for two reasons: Firstly, unconstrained catastrophes in the cytoplasm limit
the extend by which microtubules can grow away from nuclei. And, secondly, as distance
increases, microtubules spend relatively more time in non-force generating states that include
the growth time towards a site of force generation and subsequently the shrinkage time after
a barrier-induced catastrophe [17]. To investigate how unconstrained catastrophes contribute
to the positioning of nuclei, we varied the catastrophe rate for unconstrained microtubules
in our simulations while leaving the dynamics of barrier-induced catastrophes unaltered
(Fig. 4b). Fastest positioning was achieved when the characteristic length of microtubules,
L*, equal to the ratio of growth velocity and unconstrained catastrophe rate was similar to
the internuclear distance. In fission yeast, L* is 6.6 μm and is close to this optimal value
(Table 2). Positioning in our simulations slowed down significantly for L*-values larger
than the internuclear distance, a parameter regime in which unconstrained catastrophes are
rare. Slower positioning was also observed for L*-values smaller than the internuclear dis-
tance because frequent unconstrained catastrophes prevented the majority of microtubules
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from reaching their targets. On the other hand, fluctuations in internuclear distances were
minimalized for these small L*-values, similarly to what was previously described for the
microtubule-based centring of a single object in a confining geometry [18]. In essence, the
latter can be explained by looking at a nucleus that is slightly displaced from its equilibrium
position. The probability that a microtubule generates a pushing event towards the equi-
librium position without undergoing a premature unconstrained catastrophe is larger than
the probability of pushing in the opposite direction for which a longer distance needs to be
spanned. This asymmetry in probabilities increases with decreasing L*, in effect prevent-
ing large fluctuations away from the equilibrium position. Lastly, for large L*-values, the
internuclear distances increased at the expense of the space between outer nuclei and cell
ends. This indicated that in the absence of unconstrained catastrophes, the force that pushes
nuclei inwards towards the cell centre decreases in strength relative to the force that pushes
nuclei apart. In conclusion, our simulations demonstrate that barrier-induced catastrophes
are sufficient for achieving equidistant positioning of nuclei, but unconstrained catastrophes,
especially at the rate observed in yeast, are required to reduce fluctuations in internuclear
distances and to speed up nuclear repositioning to the levels observed in tetranucleated cells
(Fig. S1B and Fig. 3c).

From our experiments and simulations, we concluded that microtubule pushing forces
can explain the dynamics and accuracy of equidistant nuclear positioning in multinucle-
ated fission yeast. Since microtubules generally radiate away from cellular nuclei, it is rea-
sonable to assume that pushing forces contribute to nuclear repulsion in a diverse range
of cell types that harbour multiple nuclei. These include filamentous fungi, myotubes,
plant cells, algae, and embryos [5, 22–25]. Numerous studies demonstrated, however, that
microtubule-based motor proteins generate additional forces on nuclei in these cells. In
cells of the filamentous fungi Ashbya gossypii, interactions between long microtubules
and cortical dynein power long-ranged nuclear motility [26, 27]. Shorter microtubules,
which are also present [28], could, however, generate short-ranged nuclear repulsion like
the microtubules in fission yeast. In myotubes, motors are thought to move nuclei in
two ways: by sliding microtubules from two neighbouring nuclei apart [5], and, when
attached to nuclear envelopes, by pulling nuclei directly along microtubules from neigh-
bouring nuclei [29]. Microtubules-based pushing forces may, therefore, generate a basal
level of control, but cells in which equidistant positioning of nuclei serves an important
biological function have evolved additional motor-based mechanisms to control internuclear
forces.

In summary, aided by the simple architecture and amenability of the fission yeast cell,
we uncovered a mechanism by which microtubules can position cellular objects at equidis-
tant intervals. The mechanism was verified on an extensive dataset of tetranucleated cells
but can be further tested on cells with two or eight nuclei which can be obtained by
changing growth times of cdc11 cells under restrictive conditions. Moreover, the force-
production relationships can be adapted to investigate which aspects of microtubule dynam-
ics under load are most important to achieve efficient nuclear positioning in our model.
Interestingly, the proposed mechanism does not involve the classical elements of reaction-
diffusion models that set length scales in diverse biological processes, including the equidis-
tant distribution of plasmids in prokaryotes [30,31]. There are, however, strong mecha-
nistic similarities in the sense that a signal (microtubule) is activated locally (nucleation
near the nucleus), while it is deactivated elsewhere on a certain time scale (catastrophe
rate) in which it has bridged a characteristic length scale. It will be interesting to learn
how similar scenarios are played out to control organelle spacing in other cellular sys-
tems.
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3 Materials and methods

3.1 Generation of yeast strains

Standard media and genetic methods were used as described in the Nurse Lab Handbook.
Strains used are listed in Table 1. All strains were confirmed by PCR.

3.2 Cell culture

Before imaging, temperature-sensitive cdc11 cells were grown in liquid YE5S media at a
permissive temperature of 25 °C overnight. The temperature was shifted to a restrictive
temperature of 36 °C for two hours to generate binucleated cells and for five hours to generate
tetranucleated cells.

3.3 Centrifugation assay

Displacement of nuclei by centrifugal forces was done as described [14]. Briefly, cellular
microtubules were depolymerized using 25 μg ml−1 methyl-2-benzimidazole-carbamate
(MBC). Directly afterwards, cells were centrifuged for 10 min at 14,000 g using an Eppendorf
tabletop centrifuge. Next, the cell pellet was washed twice with growth media lacking MBC
to allow for regrowth of microtubules.

3.4 Microscopy and image analysis

Fission yeast cells were imaged on thin EMM agar pads as described [34]. 25 μg ml−1 MBC
was added to the pads for nuclear repositioning assays in the absence of microtubules (Fig.
S1D). Imaging was done at 25 °C. To increase the length of tetranucleated cells, 12 mM
hudroxy urea (HU), which blocks DNA synthesis and consequently mitosis, was added to
the agar pads (Fig. S1C). HU was also added after cell centrifugation to observe nuclear
redistribution without intervening mitosis (Fig. 1c).

Table 1 Fission yeast cell lines used in the experiments

Nr Strain Figure Note

JT.44 h+ cdc11-123, nup107-GFP::kanMx, ade6-M210 ts
1

This study

JT.69 h- cdc11-123, nup107-GFP::kanMx, klp2Δ::ura4 ts
1; S1

This study

JT.140 cdc11-123, nup107-GFP::kanMx, sid4-RFP::kanMx, ade6-M216,
ura4-d18, leu1::pSV40-GFP-atb2

ts
2b

This study

JT.141 cdc11-123, klp2Δ::ura4, nup107-GFP::kanMx,
sid4-RFP::kanMx, ade6-M216, ura4-d18,
leu1::pSV40-GFP-atb2

ts
2b

This study

JT.162 cdc11-123, klp2Δ::ura4, cut11-3mRFP::hph,
leu1::pSV40-GFP-atb2, ade6-, sid4-RFP::kanMx

ts
2a and c

This study

PT.54 h- nup107-GFP::kanMx Table S2 Tran et al. [6]

Nup107-GFP, �klp2, sid4-RFP, GFP-atb2, and cut11-3mRFP were derived from strains constructed in, respec-
tively [6, 8, 32, 33], and [43]. Cdc11-123 was obtained from YGRC/NBRP, Japan
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Imaging was performed using a Spinning Disc Confocal Microscope (Nikon Ti, Yokogawa
CSUX1 scanner, Photometrics Evolve camera, Metamorph software, 491 nm and 561 nm
laser lines, 100× 1.45NA objective). Z-stacks were acquired with a spacing of 0.5 μm and
maximum intensity projections are shown. For fast simultaneous acquisition of green and red
spectral bands (503–552 nm and 584–900 nm), a DV2 Dual View was used (Fig. 2). Nuclear
positions and cell lengths (Figs. 1b, 3c and Fig. S1) were measured manually using ImageJ
software.

3.5 Random positioning of nuclei

We consider random positioning of nuclei with diameter D into a cell of length l. This is
equivalent to a well-known statistical mechanical model of 1D liquids called the Tonks gas.
Following [35], the density of a gas of N particles interacting through a pairwise potential
V (r), between “walls” represented by two particles fixed at r � 0 and r � l, is given by

ρ(r) �
∑N

k�1 L
−1

[
�N−k+1

]
(l − r)L−1

[
�k

]
(r)

L−1
[
�N+1

]
(l)

(1)

where L−1 is the inverse Laplace transform, and

�(s) � L
[
e−βV

]
(s) (2)

For hard non-overlapping particles, the Boltzmann factor is simply

e−βV (r) � θ(r − D) (3)

with θ(x) the Heaviside function. In this case, we find

�(s) �
∫ ∞

D
dre−sr � e−sD

s
(4)

whence

L−1[�n](x) � (x − nD)n−1


(n)
θ(x − nD) (5)

For our case, we placed a fixed particle at the left boundary at r � − 1
2 D and another fixed

particle at the right boundary at r � l + 1
2 D. In this way, the edges of the flanking particles

act as cell ends at r � 0 and r � l, leaving the intended interval [0, l] as the interior space.
For N � 4 nuclei, we thus find

ρ(r) �
∑4

k�1 L
−1

[
�4−k+1

]
(l − r)L−1

[
�k

](
r + 1

2 D
)

L−1
[
�5

](
l + 1

2 D
)

� 4

(
l − 7

2 D − r
)3

(l − 4D)4

(

θ

(

r − 1

2
D

)

− θ

(

r − l − 7

2
D

))

+ 12

(
r − 3

2 D
)(
l − 5

2 D − r
)2

(l − 4D)4

(

θ

(

r − 3

2
D

)

− θ

(

r − l − 5

2
D

))

+ 12

(
r − 5

2 D
)2(

l − 3
2 D − r

)

(l − 4D)4

(

θ

(

r − 5

2
D

)

− θ

(

r − l − 3

2
D

))
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Table 2 Parameter values used in the simulation

Parameter Value References

Growth velocity v
(0)
g 0.033 μm s−1 Tran et al. [6], Foethke et al. [36]

Shrinkage velocity νs 0.150 μm s−1 Tran et al. [6], Foethke et al. [36]

Unconstrained catastrophe rate r (0)
c 0.005 s−1 Tran et al. [6], Foethke et al. [36]

Nucleation rate rn 0.0275 s−1 nucleus−1 Adjusted to obtain 1.5
microtubules in contact with the
cell wall in mononucleated cells
[37]

Cytoplasmic viscosity η 0.9 pNs μm−2 Foethke et al. [36]

Cell radius rcell 1.75 μm Measured

Compressibility factor κ 0.560069 μm−1sss Calculated based on the
microtubule residence time with
cell ends [6]

Passing probability ppass Variable (0–1)

Nuclear radius rnucleus

Mononucleated cells 1.5 μm Measured in wild-type
nup107-GFP (PT54)

Tetranucleated cells 1.3 μm Measured in cdc11 klp2�

nup107-GFP (JT69)

Cell length lcell

Mononucleated cells 12 μm Measured in wild-type
nup107-GFP (PT54)

Tetranucleated cells 32 μm Measured in cdc11 klp2�

nup107-GFP (JT69)

+ 4

(
r − 7

2 D
)3

(L − 4D)4

(

θ

(

r − 7

2
D

)

− θ

(

r − l − 1

2
D

))

� ρ1(r) + ρ2(r) + ρ3(r) + ρ4(r) (6)

This is the total density, plotted in Fig. S1A, which when integrated over the interval
[0, l], equals the number of nuclei (� 4). The individual densities for the first, second, third
and fourth nucleus, ρ1(r).. ρ4(r), are plotted in Fig. 1b for parameters listed in Table 2. The
nearest neighbour distance distribution (Fig. S1B) is given by

ρnn(r) � 4
(l − 3D − r)3

(l − 4D)4 (θ(r − D) − θ(r − l − 3D)) (7)

3.6 1D-stochastic simulation

We simulated nuclear dispersion by microtubule pushing forces using a programme written
in C++. The simulation is one-dimensional for simplicity and speed, allowing us to focus on
the core mechanism of nuclear positioning. This geometry is consistent with the elongated
cylindrical geometry of the cell in which the nuclei by virtue of their size are effectively con-
strained to move only along the long axis of the cell. The average orientation of microtubules
is along the same direction. Therefore, each nucleus has a position on an interval running
from 0 to the length of the cell, and each microtubule occupies a length on this same interval.
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Since the goal of the simulation was to find the minimal conditions that are sufficient to dis-
perse the nuclei along the cell axis, we neglected lateral interactions between microtubules.
The simulation evolves the positions of the nuclei and the length of the microtubules with a
fixed time step stochastic algorithm (�t � 1 s). Where possible, we validated submodules
of the simulation by comparing simulation results to available and newly derived analytical
predictions (see below).

3.7 Nuclear mobility

In fission yeast, the size of the nucleus takes up most of the cell diameter and its movement
will bring about flow of viscous cytoplasm through the small remaining space between the
nuclear envelope and the plasma membrane. Therefore, the viscous drag is the dominating
force that counters forces generated by microtubules. We determined the nuclear mobility
using the approach from Foethke et al. [36]:

μt � 4ε
5
2

9π
2
√

2ηcellrnucleus
(8)

with η the viscosity of the cytosol and

ε � rcell − rnucleus

rnucleus
(9)

The mobility is very sensitive to the ratio of the cell radius to the nuclear radius. Since
the nuclear radius in fission yeast depends on the surrounding volume of cytoplasm [38], we
estimated radii in mononucleated and tetranucleated cells for use in simulations with 1 or 4
nuclei (Table 2). With the mobility determined, we used the low Reynolds number equation
of motion

vnucleus � μt × Fdrag (10)

to solve for the nuclear velocity as a function of the forces applied, which balance the drag
force Fdrag.

3.8 Dynamic instability, target selection and force production model

In our model, all microtubules are nucleated at the nucleus. After nucleation, the minus end
of microtubules remains attached to the nucleus, whereas the plus end grows outwards. At
random, a fraction, ppass, of microtubules is chosen not to interact with any of the neighbour-
ing nuclei, but only with the cell ends if they encounter them. Because microtubule rescues,
i.e. a switch from shrinkage to growth, have not been observed away from the nucleus [6],
microtubules grow until they experience a catastrophe, after which they shrink back to dis-
appear upon reaching zero length. When not in contact with an obstacle, a microtubule has a
growth speed v

(0)
g , spontaneous catastrophe frequency r (0)

c and shrinkage speed vs. When a
growing microtubule contacts an obstacle, be it a nucleus or a cell wall, it can generate a force
whose magnitude will depend on the “compression” it experiences as it continues to grow.
In cells, compliances at the site of impact and the point of nucleation, as well as bending
of the microtubule and sliding of the microtubule tip over membranes, will affect the rate at
which force increases upon impact. We phenomenologically model this compression force
as a single Hookean spring

F � km(l − L) (11)
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where l is the “stored length” of the microtubule and L is the “compressed length”, i.e. the
space between the microtubule minus-end and the obstacle. We assume throughout that the
compression force that microtubules bear remains smaller than the critical buckling force of
microtubules. Following the experimentally observed decrease in growth velocity with force
[39,40], we use

vg(F) � v(0)
g e−F/Fs (12)

with Fs � 1.67 pN characterizing the sensitivity to force [36]. Upon compression, the
instantaneous rate of undergoing a catastrophe rc(F) increases, which decreases the mean
waiting time until a catastrophe defined by

τc � 1

rc(F)
(13)

The mean waiting time until a catastrophe was shown to decrease approximately linearly
with vg down to 24 s when growth is fully stalled [41]. To aid our model, we neglected
the small waiting time under stalled conditions relative to the 200 second waiting time for
unconstrained growth, i.e. treat it as zero. This provides a proportional relationship between
the waiting time and growth rate with a constant of proportionality equal to 1/r (0)

c × v
(0)
g :

1

rc(F)
� 1

r (0)
c × v

(0)
g

× vg(F) (14)

Given the force-velocity relation of Eq. 12, this yields

rc(F) � r (0)
c eF/Fs (15)

which is a simplified version of the one employed in [36].

3.9 Estimation of the compression modulus

The value of the compression modulus km used in the simulation is based on the experi-
mentally determined average contact time of microtubules with the cell poles before they
undergo a catastrophe, 90 s measured in wild-type fission yeast cells [6]. Based on the force
production model described above, the instantaneous catastrophe rate as a function of the
compression, l − L , equals:

rc(l − L) � r (0)
c ekm(l−L)/Fs � r (0)

c eκ(l−L) (16)

where we defined κ � km/Fs as a compressibility factor that has a dimension of reciprocal
length. Now consider the survival probability, S(t|L), of a growing microtubule, which first
contacts the barrier at t � 0 with length L and then increases its compression, while the
distance between nucleation point and barrier remains constant. This quantity obeys the
equation

d

dt
S(t |L) � −rc(t)S(t |L), S(0|L) � 1 (17)

where rc(t) is the instantaneous catastrophe rate, which increases as the load increases. To
determine the latter, we first solve for the stored length at time t , assuming no catastrophe
has yet occurred

d

dt
l(t) � vg(F(l(t) − L) � v(0)

g e−κ(l(t)−L) (18)
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which is readily solved to yield

l(t) � L +
1

κ
ln

(
1 + κv(0)

g t
)

(19)

Inserting into Eq. 16 yields

rc(t) � r (0)
c

(
1 + κv(0)

g t
)

(20)

i.e. the catastrophe rate increases linearly in time. This allows us to integrate Eq. 14 to obtain

S(t |L) � e
−r (0)

c t
(

1+κv
(0)
g t/2

)

(21)

The waiting time distribution can be calculated from Eq. 17 and is defined as:

w(t) � −dS

dt
(t) � rc(t)S(t) (22)

From the survival probability, we can determine the mean time to catastrophe τc as

〈τc〉 �
∫ ∞

0
dt tw(t) �

∫ ∞

0
dt S(t |L) (23)

where the second identity follows from integration by parts. By insertion of Eq. 21, we now
obtain:

〈τc〉 � 1

r (0)
c

√
παeαErfc

(√
α
)

(24)

where α � r (0)
c /2κv

(0)
g and Erfc is the complementary error function

Erfc(z) � 2√
π

∫ ∞

z
e−t2 (25)

Equation 24 allows κ to be extracted by numerical inversion from the mean experimental
waiting time of 90 s. The so obtained value of ∼ 0.5 μm−1 (see Table 2) indicates that the
typical forces involved are around 1 pN. At 1 pN compression force, a microtubule with a
persistence length of 5 mm that is unconstrained on both sides, will buckle only if it is 14
μm or longer [42]. This a posteriori validates that we can neglect microtubule buckling in
our model, certainly at the length scale of the internuclear distance. To further validate our
approach, we implemented confined growth, stored length and compression into a simulation
of a mononucleated cell and analysed the waiting time of microtubules before undergoing a
catastrophe. The mean waiting time for the simulation (88.9 ± 0.1 s (SE)) was essentially
equal to the experimental waiting time, demonstrating that the force production model was
correctly implemented in the simulation.

3.10 Nucleation rate

The remaining parameter to be determined is the rate of microtubule nucleation per nucleus.
Microtubule nucleation in fission yeast not only occurs at spindle pole bodies (SPBs), but
also along existing microtubules and on the nuclear envelope [16]. Together these processes
generate microtubule growth that is directed away from nuclei. The total rate of microtubule
nucleation in cells is difficult to estimate experimentally because of the multiple nucleation
processes involved. To capture the essence of the mechanism in our simulation, we nucleated
individual microtubules from nucleation sites on the nuclei. With equal probability, micro-
tubules were nucleated either on the left- or the right edge of nuclei and then grew away
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from them in that direction. It has been shown that on average 1.5 microtubules are in contact
with the cell tips in wild-type fission yeast cells with a single nucleus [37]. Therefore, we
varied the nucleation rate in a simulation of a mononucleated cells to achieve the observed
number of microtubule-wall interactions. This rate, rn � 0.0275 s−1 nucleus−1 (Table 2),
was then used in simulations of tetranucleated cells. The average number of microtubules
per nucleus for this nucleation rate, including those that do not generate forces, was between
5 and 6 (Fig. 4). This compares well to the situation in wild-type cells, where each nucleus
has between three to five IMAs, each consisting out of about three microtubules [16]. In our
1-dimensional simulation, we neglect the assembly of microtubules into IMAs; instead, we
have individual microtubules, representing approximately the same number of microtubules
that are mechanically coupled by their individual attachments to the nucleus.

3.11 Validation of the simulation

To test whether the modelled forces and microtubule dynamics yield nuclear motion that is
comparable to previous work, we determined the distribution of nuclear midpoint positions
in simulated mononucleated cells. The standard deviation of the distribution (0.88 μm) was
larger but nevertheless similar to values obtained in more complex 3D simulations with equal
parameter values for microtubule dynamics and cytoplasmic viscosity (values up to 0.5 μm)
[36]. Note that by the increasing nuclear drag in the simulation, we could further narrow
the distribution, but we chose to keep the values as they are since they are based on the
experimentally determined diameter of cells and nuclei.
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