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ABSTRACT
We present a multiscale simulation model, using a phase field model describing the directional growth of ice
crystals in a sugar solution during freezing. The model is supplemented with realistic, and predictive theories
on the thermodynamics and diffusion kinetics of this food system. Due to separation in length scales we solve
the energy balance and mass balances on the macroscopic scale, while the growth of ice dendrites is simulated
on a fine grid, moving along with the solidification front. With the multiscale model we investigate the ice
crystal morphology as function of freezing rate and initial sugar concentration.

1. Introduction
The phase field method we have used earlier for equiaxed growth
of ice crystals in sugar solutions (van der Sman, 2016), is extended
here to the (transient) directional solidification as is happening during
the actual freezing process (Chevalier, Le Bail, & Ghoul, 2000). The
phase field indicates whether material is solid or liquid, and in the
interfacial region it is a smooth function changing from zero to unity.
This diffusive interface has a finite width, which is several times
larger than the grid spacing. Our phase field model of ice crystals
solidifying in a sugar solution is still unique, as it combines a realistic
thermodynamic description of the materials (van der Sman & Meinders,
2011) with predictive constitutive relations for transport coefficients
like diffusivity (van der Sman & Meinders, 2013).
We investigate the problem for a freezing (stagnant) sucrose solution, which is a crude proxy for vegetable tissue, and a French fry
in particular. There is of course a stark difference between plant tissue
and sugar, but many vegetables are rich is sugars, and French fries are
rich in starch. Both freezing of starch and sucrose can be described by
Flory–Huggins theory, van der Sman and Meinders (2011) and hence
some similarity in physics of freezing between sucrose and vegetables
or potato tissue can be expected.
Due to the separation of the length scales of ice crystal size (about
10–100 μm) and individual food products (5–20 mm) it is beneficial to
use the phase field method within a multiscale simulation framework.
For constructing our multiscale model, we discuss our physical problem
within the formal Multiscale Modeling and Simulation Framework
(MMSF) (Chopard, Borgdorff, & Hoekstra, 2014). This formal design
procedure start with determining all relevant time and length scales
of the different relevant physical processes, each related to a single
scale model, and subsequently display them in a Scale Separation Map.
How the different spatiotemporal domains overlap in the SSM gives

indications how the different single scale models need to be coupled. In
the second step of the design the interaction (scale bridging) between
single scale models is specified.
We start this paper with the presentation of the governing equations, which hold in principle for all scales. Subsequently, we determine
the different time and length scales for the different physical processes,
and we map them in the SSM. Then it follows how to couple the
different single scale models. In the results section we focus on several
phenomena happening during food freezing: (a) recalescence, and (b)
dendrite spacing at different external heat transfer coefficient and
initial sugar concentration.
2. Model description
2.1. Governing equations
The current multiscale model is a further development of our earlier mesoscale model (van der Sman, 2016). The governing equations
describing the physics are identical. Below, we briefly describe them
again, such that this paper is self-contained. The model describes the
state of the system by three variables: temperature 𝑇 , sugar volume
fraction in the unfrozen phase, 𝜓, and the phase field (order parameter)
𝜙 - which is equivalent to the volume fraction of ice. The temporal
evolution of the system state is given by following three equations:
𝜕𝑡 𝑞 = ∇𝑘𝑒𝑓 𝑓 (𝜙, 𝜓) ⋅ ∇𝑇 + 𝐿𝑖𝑐𝑒 (𝑇 )𝜕𝑡 𝜙
𝛿𝑓𝜓
= −∇ ⋅ 𝐣𝜓
𝜕𝑡 𝜓 = ∇𝑀𝜓 ⋅ ∇
𝛿𝜓
𝛿𝑓𝜙
𝜕𝑡 𝜙 = −𝜆𝜙
𝛿𝜙

(1)
(2)
(3)
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Eq. (1) is the energy balance with 𝑞 = 𝜌𝑒𝑓 𝑓 𝑐𝑝,𝑒𝑓 𝑓 (𝑇 − 𝑇0 ) the sensible
heat, 𝜌𝑒𝑓 𝑓 the density, 𝑐𝑝,𝑒𝑓 𝑓 , the specific heat, 𝑘𝑒𝑓 𝑓 the thermal conductivity, and 𝐿𝑖𝑐𝑒 is the specific latent heat (in J/m3 ). Material properties
are composition dependent, cf. Van der Sman (2008a), and they are
discussed in more detail in Section 2.4. Eq. (2) is the mass balance for
sugar, with 𝑀𝜓 the mobility, and 𝑓𝜓 is the free energy of the sucrose
solution. Eq. (3) is the Allen–Cahn equation for the order parameter,
with 𝜆𝜙 a relaxation parameter. 𝑓𝜙 is part of the free energy related to
phase change. The total free energy density is assumed to be composed
of two parts: 𝑓 = 𝑓𝜓 + 𝑓𝜙 , which are a function of 𝜓 and 𝜙.
𝑓𝜓 is the free energy density of the sugar solution, which is described by the Flory–Huggins (FH) theory (van der Sman, 2013; van
der Sman & Meinders, 2011):
𝑓𝜓
𝑅𝑔𝑎𝑠 𝑇

=

1
𝜓 ln(𝜓) + (1 − 𝜓) ln(1 − 𝜓) + 𝜒𝜓(1 − 𝜓)
𝑁

For the phase transition of ice we make use of the following free
energy:
𝑓𝜙 = 2𝐻𝜙2 (1 − 𝜙)2 +

𝑅𝑔𝑎𝑠 𝑇
𝜇𝑠𝐿
𝑁𝑠 𝑅𝑔𝑎𝑠 𝑇

(4)

𝜇𝜙 =

ln(𝜓𝑠 )
− (1 − 1∕𝑁)(1 − 𝜓𝑠 ) + 𝜒𝑠𝑤 (1 − 𝜓𝑠 )2
𝑁

(5)

𝑇
) − 𝛥𝐶𝑝,𝑤 (𝑇 − 𝑇𝑚 ) − 𝛥𝐶𝑝,𝑤 𝑇 log(𝑇𝑚 ∕𝑇 )
𝑇𝑚

(6)

(7)

One should mind that the diffusion is driven by the gradient in the
diffusion potential 𝛺𝑠𝑤 , defined as (Cogswell & Carter, 2011):
𝐿
𝛺𝑠𝑤 = 𝜇𝑠𝐿 − 𝜇𝑤
=

𝜕𝑓𝜓
𝜕𝜓

(8)

However, we can still use the gradient of 𝜇𝑤 as the driving force for
diffusion via making use of the Gibbs–Duhem relation, which holds:
𝐿
𝜓𝑤 ∇𝜇𝑤
+ 𝜓𝑠 ∇𝜇𝑠𝐿 = 0

(9)

Hence, it follows that:
𝐿
−(1 − 𝜓𝑤 )∇𝛺𝑠𝑤 = ∇𝜇𝑤

(10)

which will be substituted in Fick’s law.
The flux law expressed in the diffusion potential is:
𝐣𝜓 = −𝑀𝜓 ∇𝛺𝑠𝑤

(11)

The mobility 𝑀𝜓 is related to the moisture diffusivity, 𝐷𝑚 , via 𝑀𝜓 =
𝐷𝑚 𝜓𝑠 (1 − 𝜓𝑠 )∕𝑅𝑔𝑎𝑠 𝑇 (Vollebregt, Van Der Sman, & Boom, 2010). The
mutual diffusion coefficient can be predicted using a combination of the
free volume theory and the generalized Stokes–Einstein relation, cf. van
der Sman and Meinders (2013). In the interfacial region the diffusion
is unhindered by the ice, as in reality the interface is sharp and not
diffuse. Using Gibbs–Duhem, we can write for the diffusive flux:
𝐣𝜓 = 𝐷𝑚 (1 − 𝜓𝑠 )∇𝜇̃ 𝑤

= −4𝐻𝜙(2𝜙 − 1)(𝜙 − 1) + 𝜅∇2 𝜙 − 𝑋

𝜇𝑤 − 𝜇𝑖𝑐𝑒 (𝑇 ) ′
𝑔 (𝜙)
𝜇𝑖𝑐𝑒 (𝑇𝑟𝑒𝑓 )

(14)

Much of the knowledge of solidification is obtained via the directional Bridgeman method, which is an important academic benchmark
for investigation of alloy solidification. Most of the phase field simulations on solidification have targeted this application of the Bridgeman
method, where a alloy metal plate is pulled with constant velocity
through an oven with a constant, and high temperature gradient (Boettinger, Warren, Beckermann, & Karma, 2002; Echebarria, Folch, Karma,
& Plapp, 2004; Simmons, Wen, Shen, & Wang, 2004; Wang, Li, Wang,
& Zhou, 2012).
For the design of the multiscale model of ice crystal growth in
food freezing, we derive the practical time and length scales from the
practice of French fries freezing. The governing product length scale is
the width of the product, which is 𝑊 ≈ 9 mm. A typical process time
involved in the freezing of fries is 𝑡𝑒 = 20 min. The French fries are
cooled via a cold air flow. The heat transfer resistance of the boundary
layer around the French fry is not negligible, and it will be incorporated
in the boundary condition. To reduce the complexity of the problem
we investigate the ice crystal growth in the center region of the French
fry, along the temperature gradient. 2D mesoscale simulations with the
phase field model captures sufficiently the essential physics of ice crystal growth. The growth kinetics of ice crystals is predominantly in the
𝑐-axis direction, and a lamellar dendrite structure will develop (Deville,
2013). Hence, ice dendritic growth is indeed largely a 2D problem.
The freezing process involves different stages, with each scale differing in time and length scales. The first stage is the supercooling stage.
In the practice of French fries freezing, we have observed significant
supercooling effects: the unfrozen phase needs to be cooled several
degrees below its equilibrium freezing point, before ice nucleation
happens. As the formation of ice crystals produce a significant amount
of latent heat, temperature in the frozen region first increases from
the supercooling temperature back to (almost) the equilibrium freezing
temperature. This is the recalescence stage. After reaching the maximal
recalescence temperature the freezing happens more similar to classical
food freezing processes, but the solidification front will have already
progressed significantly into the product.
The simulation will start with the food product having an uniform
initial temperature equal to the freezing of pure water, 𝑇0 = 273.15 K,
and a uniform sugar solution 𝜓0 . The food product remains unfrozen
until the surface temperature reaches the supercooling condition 𝑇 (𝑥 =

with 𝛥𝐶𝑝,𝑤 = 𝐶𝑝,𝑤 − 𝐶𝑝,𝑖𝑐𝑒 the change in the molar heat capacity during
phase transition, i.e. the different between the specific heats of water
and ice. The numerical values are 𝛥𝐻𝑖𝑐𝑒 = 6 kJ/mol and 𝛥𝐶𝑝,𝑤 = 38.03
J/mol K (Peres & Macedo, 1996).
In the interfacial region we have 0 < 𝜙 < 1 and 𝜓 = 𝜓𝑠 >. 𝜓 is
taken as the phase averaged value within the unfrozen fraction. Here,
the chemical potential of water is computed as follows:
𝐿
𝑆
𝜇𝑤 = (1 − 𝜙)𝜇𝑤
+ 𝜙𝜇𝑤

𝜕𝜙

2.2. Transient directional solidification problem

The chemical potential of water in equilibrium with ice at temperature 𝑇 is given by (Peres & Macedo, 1996):
𝑆
𝜇𝑖𝑐𝑒 = 𝜇𝑤
= −𝛥𝐻𝑖𝑐𝑒 (1 −

𝜕𝑓𝜙

Also in this phase field model we take the non-variational approach (van der Sman, 2016). In 𝜇𝜙 only terms appear from 𝑓𝜙 , and
in 𝛺𝑤𝑠 only terms appear from 𝑓𝜓 . In a thermodynamic consistent
formulation 𝜇𝜙 take also terms from 𝜕𝑓𝜓 ∕𝜕𝜙. But, earlier we have come
to know that this leads to unwanted unphysical effects (van der Sman,
2016).

= ln(𝜓𝑤 ) + (1 − 1∕𝑁)(1 − 𝜓𝑤 ) + 𝜒𝑠𝑤 (1 − 𝜓𝑤 )2
=

(13)

The first term is a double well potential, and the squared gradient
term represents the surface free energy of the solid–liquid interface. The
last term makes the phase transition possible, which is inspired by the
snow model of Plapp and coworkers (Kaempfer & Plapp, 2009). 𝑔(𝜙)
has the property that 𝑔 ′ (𝜙) approximates the Dirac-delta function, and
𝑔(𝜙) approximates thus the Heaviside function. We have chosen that
𝑔 ′ (𝜙) ≈ 𝛿(𝑥) = 4𝜙(1 − 𝜙). The factor 4 makes that the maximum is
𝑔 ′ ( 21 ) = 1, cf. van der Sman and Meinders (2016)
The derivative of the free energy functional 𝑓𝜙 will be inserted into
the Allen–Cahn equation:

𝜒 = 0.52 is the Flory–Huggins interaction parameter, and 𝑁 is the ratio
of molar volume between sucrose and water. 𝑅𝑔𝑎𝑠 is the universal gas
constant.
The chemical potentials for water and sugar in the (unfrozen) liquid
phase (L) are given by:
𝐿
𝜇𝑤

𝜇 − 𝜇𝑖𝑐𝑒 (𝑇 )
𝜅
(∇𝜙)2 − 𝑋 𝑤
𝑔(𝜙)
2
𝜇𝑖𝑐𝑒 (𝑇𝑟𝑒𝑓 )

(12)

with 𝜇̃ 𝑤 = 𝜇𝑤 ∕𝑅𝑔𝑎𝑠 𝑇 .
2
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and thermal diffusivity 𝛼𝑇 = 𝑘𝑒𝑓 𝑓 ∕𝜌𝑒𝑓 𝑓 the thermal length is much
longer than the diffusion length. The required resolution of the thermal
gradient 𝐿𝐺 is given by the boundary condition, which will determine
the Biot number: 𝐵𝑖 = ℎ𝑒𝑥𝑡 𝐿∕𝑘𝑒𝑓 𝑓 = 𝐿∕𝐿𝐺 . The related length is
𝐿𝐺 = 𝐿∕𝐵𝑖. If 𝐵𝑖 > 10 the temperature gradient needs to be resolved
on the computational grid (Van der Sman, 2003). As is shown below,
𝐿𝐺 and 𝐿𝑇 are much larger than the system size 𝐿, and are thus not
relevant. Another length scale not directly following from the governing
equation is due to recalescence. After supercooling, the temperature of
the dendrite tip will rise after the release of latent heat. Consequently,
there will be a discontinuity in the temperature gradient. This needs to
be resolved. The related length scale is the length of the dendrite, that
is not at equilibrium 𝑍, which is computed below.
If the tip radius is small enough the Gibbs–Thomson relation holds
leading to lowering of the local equilibrium temperature:
𝜎
(17)
𝛥𝑇 ∕𝑇𝑚 ∼ 𝑑0 ∕𝜌 ∼ 𝑖𝑐𝑒
𝐿𝑖𝑐𝑒 𝜌

0) = 𝑇𝑓 − 𝛥𝑇 , with 𝑇𝑓 the equilibrium freezing point of the sugar
solution of concentration 𝜓0 , and 𝛥𝑇 ≈ 5 K the required amount of supercooling for nucleation. At this point we will seed some hemi circular
nuclei of ice crystals (randomly) along the surface of the product. We
will not explicitly solve the nucleation process, as subsequent dendritic
ice growth is largely independent on the details of nucleation. Using
the phase field method we simulate the growth of these nuclei into
dendrites, which will interact with each other. Due to limitations on
computing resources the simulation cannot be performed for the total
processing time 𝑡𝑒 , but it captures the larger part of the recalescence
process.
The initial and boundary conditions related to this problems are
mathematically expressed as follows:
𝑇 (𝑥, 𝑦, 𝑡 = 0) = 𝑇0
𝜓(𝑥, 𝑦, 𝑡 = 0) = 𝜓0
𝜙(𝑥, 𝑦, 𝑡 = 0) = 0

(15)

with 𝑑0 the so-called capillary length, which depends on the interfacial
tension of ice, 𝜎𝑖𝑐𝑒 , and the latent heat 𝐿𝑖𝑐𝑒 . The critical nucleus size
is related to the capillary length, and defines the smallest length scale
related to the solid phase. For ice this is in the order of 0.3 nm — which
is too small to resolve with a mesoscale simulation. Typically, size of
the diffusive interface is much larger than the capillary length.
The length scales related to the morphology of the dendrite 𝜌, 𝛬1 , 𝛬2
are emergent properties, and they do not follow directly from the
governing equations. For directional solidification (using the Bridgeman method) several theories are developed, which probably provide
estimates for the length scales in case of transient solidifications. There
is a relation for the dendrite tip radius (Tourret & Karma, 2013):

and
𝑘𝑒𝑓 𝑓 𝜕𝑥 𝑇 (𝑥 = 0) = ℎ𝑒𝑥𝑡 (𝑇 − 𝑇𝑒𝑥𝑡 )
𝜕𝑥 𝜓(𝑥 = 0) = 0
𝜕𝑥 𝑇 (𝑥 = 𝐿) = 0
𝜕𝑥 𝜓(𝑥 = 𝐿) = 0
𝜕𝑥 𝜙(𝑥 = 𝐿) = 0
𝜓(𝑦 = 𝐻) = 𝜓(𝑦 = 0)
𝜙(𝑦 = 𝐻) = 𝜙(𝑦 = 0)

(16)

𝑥 = 𝐿 = 𝑊 ∕2 is the symmetry plane of the french fry, and 𝑦 = 𝐻 is the
upper boundary of mesoscale grid, where we apply periodic boundary
conditions.

2𝐷𝑑0
𝜌2 𝑈

= 𝜎∗

(18)

There are theories relating the tip radius to the dendrite spacings 𝛬𝑖 ,
but which is also dependent on process parameters as temperature
gradient and front velocity, i.e. cooling rate. This has lead to the various
scaling relations as in van der Sman, Voda, van Dalen, and Duijster
(2013), showing that typical ice crystal interspacing 𝛬1 is in the order
of 10–100 μm. The secondary spacing is assumed directly related to the
dendrite radius 𝛬2 ≈ 2𝜌 (Trivedi & Somboonsuk, 1984), which makes
it depend only on the velocity 𝑈 , but independent of the temperature
gradient. Tip radius is dependent on the amount of supercooling, which
is measured to be in order of 10 μm (Teraoka, Saito, & Okawa, 2002).
An estimate of the velocity can be obtained via the Stefan condition,
which describes the advance of solidification in case of a planar front:

2.3. Scale separation map
Eqs. (1)–(3) indicate there are three different interacting physical
phenomena related to ice crystal growth: (a) heat conduction, (b) solute
diffusion, and (c) growth of the crystalline domains. To construct the
SSM we need to determine the extremes of the governing time and
length scales of each of these physical phenomena.
The characteristic length scales, are either given by the macroscopic
dimensions of the computational domain, boundary conditions or by
the physical characteristics of the single scale phenomena. Given a
characteristic length scale, the characteristic time scales can be determined via formal scale analysis (Van der Sman, 2008b; Van der Sman
& Broeze, 2014; Van der Sman et al., 2014).
The macroscopic length scale of the computational domain of the
problem investigated in this paper is the half width of the food product
𝐿 = 𝑊 ∕2. Characteristic physical length scales related to the solidification are: (1) the diffusion length 𝐿𝐷 = 𝐷∕𝑈 , which is the ratio between
the diffusion coefficient 𝐷, and the velocity of the solidification front
𝑈 , (2) curvature of the dendrite tip 𝜌, (3) the (primary) dendrite
interspacing 𝛬1 , and (4) the spacing between side branches 𝛬2 . The
smallest length scale will be 𝜌, and the width of the diffuse interface of
the phase field method needs to be an order of magnitude smaller than
that: 𝜁 ≈ 𝜌∕10.
It is assumed that the solid (ice) phase excludes the solute, and
consequently the solute will accumulate in front of the moving solidification front: it will form a boundary layer. The solute concentration
profile in the boundary layer can be described by a convection diffusion equation. The (dimensionless) solute concentration scales as 𝜓̃ =
exp(−𝑧∕𝐿𝐷 ), with 𝑧 the distance from the moving solidification front.
The concentration at the tip is approximately equal to the equilibrium
value, corresponding with the temperature at the tip position.
In a similar way, a thermal length can be defined: 𝐿𝑇 = 𝑘𝑒𝑓 𝑓 ∕
(𝜌𝑒𝑓 𝑓 𝑐𝑝,𝑒𝑓 𝑓 𝑈 ). Due to large difference between solute diffusivity 𝐷

̄ 𝑖𝑐𝑒 𝑈
𝑘𝑒𝑓 𝑓 ,𝑖𝑐𝑒 𝜕𝑥 𝑇 (𝑧 < 0) − 𝑘𝑒𝑓 𝑓 ,𝑙𝑖𝑞 𝜕𝑥 𝑇 (𝑧 > 0) = 𝜙𝐿

(19)

This describes that the advance of the solidification front is limited
by the rate how the released latent heat is conducted away. 𝜙̄ is the
volume-average volume fraction of ice (related to the equilibrium value
at the tip temperature). This latter factor modifies the Stefan condition
in case of a non-planar interface like a cellular or dendritic tip. In
sucrose solutions typical velocities measure 𝑈 ≈ 10 μm∕s (Butler, 2001).
Having defined various physical length scales, related time scales
can be obtained via formal scale analysis (Van der Sman & Broeze,
2014). First the governing equation need to be made dimensionless
using the characteristic length scales. For the heat conduction the
relevant thermal diffusion time scales are 𝜏𝑇 ,𝐺 = 𝐿2𝐺 ∕𝛼𝑇 , or 𝜏𝑇 ,𝑇 =
𝐿2𝑇 ∕𝛼𝑇 . The processing time can be estimated from the time required
to remove the latent heat via the external heat transfer:
𝑊 𝐿𝑖𝑐𝑒
(20)
𝑡𝑒 =
ℎ𝑒𝑥𝑡 [𝑇𝑒𝑞 (𝜓0 ) − 𝑇0 ]
The total latent heat is linear with 𝑊 𝐿𝑖𝑐𝑒 , while the heat flux to the
environment is estimated as 𝐽𝑒𝑥𝑡 = 2ℎ𝑒𝑥𝑡 [𝑇𝑒𝑞 (𝜓0 ) − 𝑇0 ] with 𝑇0 the
external temperature, and 𝑇𝑒𝑞 the freezing point corresponding to the
3
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Fig. 1. Scale separation map, indicating the time and length scales related to heat transfer, mass transfer and solidification during directional ice crystal growth in sugar solutions.
Table 1
Time and length scales of governing physical phenomena.
Phenomenon

Length scale

Value

Time scale

Value

Heat transfer

𝐿
𝑊
𝑍 = 10𝛬1

5 mm
10 mm
100 μm

𝑡𝐿 = 𝐿2 ∕𝛼𝑇
𝑡𝑒 = 𝑊 𝐿𝑖𝑐𝑒 ∕2ℎ𝑒𝑥𝑡 [𝑇0 − 𝑇𝑒𝑞 (𝜓0 )]
𝑡𝑍 = 𝑍 2 ∕𝛼𝑇

250 s
1400 s
0.1 s

Mass transfer

𝐿𝐷 = 𝐷∕𝑈
𝐿𝐷 = 𝐷∕𝑈
𝜌
𝑧 = 0.1𝐿

100 μm
100 μm
10 μm
0.5 mm

𝜏𝑈 = 𝐿𝐷 ∕𝑈
𝜏𝐷 = 𝐿2𝐷 ∕𝐷
𝜏𝜌 = 𝜌2 ∕𝐷
𝜏𝑧 = 𝑧∕𝑈

10 s
10 s
0.1 s
50 s

Solidification

𝜁 = 𝜌∕10
𝑍 = 10𝛬1

1 μm
100 μm

𝜏𝜙 = 0.1𝜌2 ∕𝐷
𝜏𝑍 = 𝑍∕𝑈

0.01 s
10 s

largest (relevant) time and length scales. How the ranges of time and
length scales overlap determines the multiscale coupling of the single
scale solvers. From the SSM we observe that all physical phenomena,
heat/mass transfer and solidification, have overlapping time scales.
Hence, the single scale models have to be solved on the same time
scale. Regarding length scales, we observe a clear separation between
heat transfer and solidification. But the length scales mass transfer
overlap with both domains. However, the mass transfer can be split
in macroscale and mesoscale phenomena. The largest length scale
corresponding with mass transfer, 𝑧, is related to the enrichment of 𝜓0 ,
the background sugar concentration. This process is clearly in the same
macroscales of the heat transfer.
We will design a mesoscale model, solving the solidification and
mass transfer at the mesoscale using the phase field method, and a
macroscale model, solving the heat transfer, and the large scale mass
transfer. The mesoscale must resolve the morphological evolution of
the solidification front, the diffusion in the tip region, and the diffusion boundary layer of length 𝐿𝐷 . The mesoscale grid should move
along with the solidification front, and thus it must be coupled to
the mass transfer at the macroscale via the boundary conditions. The
temperature is resolved at the macroscale, and it is interpolated onto
the mesoscale grid. A sketch of the domain decomposition, and the
information transfer is shown in Fig. 2. The growth of the solid phase
releases of latent heat, which has to be coupled back to the macroscale
solver. Also, the average sugar concentration and ice volume fraction are coupled back, for the computation of thermal properties like
thermal conductivity and specific heat.

initial sugar concentration 𝜓0 . The factor 2 is due to two-sided heat
transfer.
The time scales related to the solute transport is the convective time
scale 𝜏𝑈 = 𝐿𝐷 ∕𝑈 . The diffusive time scale is 𝜏𝐷 = 𝐿2𝐷 ∕𝐷 is of similar
order, meaning that the Peclet number is 𝑃 𝑒 ≈ 1. Another length scale,
also not directly following from the governing equations, is related to
the critical wave length related to the instability of a planar interface,
as developed by Mullins and Sekerka. This is in the order of the typical
tip radius 𝜌. This is a diffusional instability, and the related time scale
is 𝜏𝜌 = 𝜌2 ∕𝐷. The advancement of the solid interface will increase the
background sugar concentration. This happens if 𝑍 > 𝑧 = 0.1𝐿. The
related time scale is 𝜏𝑧 = 𝑧∕𝑈 .
The time scale related to the Allen–Cahn equation is 𝜏𝜙 ≈ 𝜆𝜙 ∕𝜖.
(With 𝜖 = 𝑋∕𝐻). This time scale needs to be faster than the thermal
and diffusive length scale, such that there is local equilibrium in the
interfacial region. Hence, we assume 𝜏𝜙 ≈ 0.1𝜏𝜌 . The largest time scale
of the interfacial region is the length of the dendrite. We assume that
at length scales larger than 10 𝛬1 the interdendrite freeze-concentrated
liquid region is in equilibrium with the solid phase, and a phase field
description is not required. The related time scale to grow this size of
the dendrite is 𝜏𝑧 = 𝑍∕𝑈 . An estimate of the processing time is to grow
a dendrite at the product length scale 𝑡𝑒 ≈ 𝐿∕𝑈 = 500 s, which is of
similar order as computed via the heat transfer.
We assume 𝐷 ≈ 10−9 m2 /s, 𝛼𝑇 = 10−7 m2 /s (for unfrozen region).
We have estimated all length and time scales, as shown in Table 1.
As one can observe several length and time scales are larger than the
system size, 𝐿, and the processing time 𝑡𝑒 . These will not be important
in the problem considered. Only the system size is remaining for the
heat transfer.
The remaining relevant time and length scales are depicted in
the Scale Separation Map (SSM), as shown Fig. 1. For each physical
phenomenon we depict the bounding box, from the smallest and the

2.4. Multiscale approach
The mesoscale model will be 2-D, while the macroscale grid will
be 1-D. For both grids we will assume periodic boundary conditions
perpendicular to the temperature gradient. The width of both grids in
this perpendicular direction are taken equal. The mesoscale grid and
macroscale grid are overlapping, but the macroscale grid covers a larger
length scale than the mesoscale grid. The length of the computational
domain of the mesoscale model is taken an integer value of the control
volume of the macroscale grid.
We will allow for the stepwise movement of the finer mesoscale
grid over the macroscale grid if the diffusion boundary layer ahead the
ice front has propagated close to the right boundary of the mesoscale
grid, and at the left side of the mesoscale grid the unfrozen phase
is approximately in thermodynamic equilibrium with the ice crystal
phase. The mesoscale grid will be displaced in the direction of the
growing ice front, with an amount equal to the size of the control
volume of the macroscale grid. Of course, the ice front remains at the
4

Food Structure 30 (2021) 100214

R.G.M. van der Sman

The thermal conductivity of ice depends on temperature in a linear
way, as can be found in data handbooks:
𝑘𝑖𝑐𝑒 = 2.22 − 10.8 × 10−3 (𝑇 − 𝑇𝑚 )

(26)

Earlier applications of the above series model to sucrose solutions (Muramatsu, Tagawa, & Kasai, 2005; Werner, Baars, Werner,
Eder, & Delgado, 2007) shows that the sucrose conductivity 𝑘𝑠 is
independent of temperature. Via fitting we have estimated the value
of 𝑘𝑠 = 0.29 W/m K, which is in agreement with Miyawaki and
Pongsawatmanit (1994).
Program execution loop. The second stage in the MMSF in the definition
of the coupling between single scale solvers in terms of the Multiscale
Model Language (MML), which defines the coupling between hierarchical execution loops, defined in a number of standard operators.
Because we do not have proper time scale separation, the macroscale
and mesoscale solvers will be executed in the same loop, instead of
hierarchical loops as used in the many examples of MMSF. Hence, we
will describe the coupling in terms of a single execution loop, in terms
of abstract operators, inspired by MML — but not exactly equal.

Fig. 2. A sketch of our multiscale simulation approach, where temperature is calculated
at the macroscopic scale, and the ice crystal growth and sugar diffusion are calculated at
the mesoscale. The mesoscale renders the volume fraction of ice, and the amount of heat
released by crystallization, while the macroscale model renders the local temperature
(and gradient) for the mesoscale model.

same position. Hence, effectively on the mesoscale grid the ice front is
displaced in the direction opposite to its growth.
There will be information transfer between the two models. The
temperature field will be upscaled from the macroscale to the
mesoscale, where we will assume that the temperature varies in a
piecewise linear fashion. In the middle of the macroscale control
volume, the temperature will be equal to the average temperature,
as computed via the energy balance, Eq. (1). The macroscale energy
balance takes a source term for the heat generated by the ice formation,
which is linear with 𝐿𝑖𝑐𝑒 𝜕𝑡 𝜙. 𝜕𝑡 𝜙 will be averaged over the regions
of the mesoscale grid, which overlap with the control volume of
the macroscale grid. Furthermore, the macroscale solver requires the
volume-averaged values ⟨𝜙⟩ = 𝜙̄ and ⟨𝜓⟩ = 𝜓̄ for computing the
thermal conductivity.
Macroscale energy balance. The sensible heat 𝑞 is given by:
[
]
̄ 𝑖𝑐𝑒 𝑐𝑝,𝑖𝑐𝑒 + (1 − 𝜙)(
̄ 𝜓𝜌
𝑞 = 𝜙𝜌
̄ 𝑠 𝑐𝑝,𝑠 + (1 − 𝜓)𝜌
̄ 𝑤 𝑐𝑝,𝑤 ) (𝑇 − 𝑇𝑚 )

𝑇̄ = InitMacroscale(t∶= 0)
while (𝑇̄ (𝑧 = 0) < 𝑇𝑁 ):
𝑇̄ = SolveMacroscale(t∶= t+dt)
𝜓, 𝜙 = InitMesoscale(NumOfNucleii∶= N)
while (𝑡 < 𝑡𝑒 ):
𝑇 = UpscaleToMesoscale(𝑇̄ )
𝐵𝜓 = BoundaryCoupling(𝜓)
̄
𝜓, 𝜙 = SolveMesoscale(𝐵𝜓 ,t)
𝜓,
̄ 𝜕𝑡 𝜙̄ = Average2Macroscale(𝜓, 𝜙)
̄
𝑇̄ , 𝜓̄ = SolveMacroscale(t∶= t+dt, 𝜓,
̄ 𝜕𝑡 𝜙)
if (𝑍 > 2∕3𝐿𝑥 ):
MoveMesoscaleGrid(𝑍0 ∶= 𝑍0 + 𝑑𝑍)
𝜓(𝑍 = 𝐿𝑥 ) ∶= InitMesoscale(𝜓)
̄
On both grids the equations will be solved using standard Finite
Volume discretization with central differencing. Time will be integrated
via a simple Euler forward scheme. The grid spacing on the coarse grid
𝛥𝑋 will be of the order of 100 times the grid spacing on the fine grid
𝛥𝑥. The number of grid points on the fine grid is 𝑛𝑥 and on the coarse
grid 𝑁𝑋 . As discussed above, the fine grid and the coarse grid should
match with each other, meaning that 𝑛𝑥 𝛥𝑥 = 𝑁𝐶 𝛥𝑋, with 𝑁𝐶 ≪ 𝑁𝑋 an
integer number. A typical value chosen in our simulations is 𝑁𝐶 = 6.
In this paper, we will mainly study the growth of dendrites in the
direction of the temperature gradient. For these simulations we start
with a uniform temperature 𝑇 = 273 K and sugar concentration 𝜓 = 𝜓0 .
First, only the energy balance is solved on the macroscale grid, until
the temperature at the left boundary has reached the nucleation temperature, which is assumed to be several degrees below initial freezing
point of the sugar solution. Subsequently, one or more ice nuclei will
be seeded on the left boundary of the mesoscale computational domain.
Sugar will be excluded from the grid nodes covered by the ice nuclei,
which will be distributed in the direct neighborhood of the nucleus.
From now on, both the mesoscale and macroscale model will be solved
concurrently.
Initially, the left boundary of both grids coincide with each other.
Later, if ice front has advanced towards the right boundary of the
mesoscale grid, one can assume that the base of the dendrite in the
range 𝑥 < 𝛥𝑋 has attained a steady morphology, and it is nearly in
equilibrium with the unfrozen sugar solution. Then the fine mesoscale
grid will be displaced one position with respect to the coarse grid.
for the movement of the mesoscale grid we use the condition that a
predefined number of cells 𝑁𝐸 (equal to the control volume of the
macroscale grid) are near equilibrium: |𝜓̄ − 𝜓 𝑒𝑞 | < 0.01. If 𝑁𝐶 = 6,
we typically take 𝑁𝐸 = 3.

(21)

𝑇𝑚 is the freezing point of pure water. The specific latent heat is
temperature dependent via the Kirchhoff relation:
𝐿𝑖𝑐𝑒 (𝑇 ) = 𝜌𝑖𝑐𝑒 𝛥ℎ𝑖𝑐𝑒 (𝑇𝑚 ) + (𝜌𝑤 𝑐𝑝𝑤 − 𝜌𝑖𝑐𝑒 𝑐𝑝,𝑖𝑐𝑒 )(𝑇 − 𝑇𝑚 )

(22)

Relative to the magnitude of 𝛥ℎ𝑖𝑐𝑒 (𝑇𝑚 ) one can neglect the temperature
dependency of 𝜌𝑖 𝑐𝑝,𝑖 . This approximation also simplifies the calculation
of temperature from the sensible heat 𝑞.
Ice crystals will grow as fingers in the direction of the temperature gradient. Hence, a parallel model for the thermal conductivity
will apply for the frozen food (Van der Sman, 2008a). The thermal
conductivity is given by:
̄ 𝜓)
̄ 𝑖𝑐𝑒 + (1 − 𝜙)𝑘
̄ 𝑚𝑖𝑥 (𝜓)
𝑘(𝜙,
̄ = 𝜙𝑘
̄

(23)

with 𝑘𝑚𝑖𝑥 the thermal conductivity of the sugar solution. The solution
is well mixed, and the series model will apply for the unfrozen sugar
solution (Van der Sman, 2008a):
𝜓̄
1 − 𝜓̄
1
=
+
𝑘𝑚𝑖𝑥
𝑘𝑠
𝑘𝑤

(24)

𝑘𝑠 is the thermal conductivity of carbohydrates like sugar, and 𝑘𝑤 is
the thermal conductivity of water.
Thermal conductivities of ice and water depend strongly on temperature. The relation for 𝑘𝑤 is (Huber et al., 2012; Ramires et al., 1995):
𝑘𝑤
𝑇
𝑇 2
= −1.48 + 4.12
− 1.64(
)
𝑘𝑤,𝑟𝑒𝑓
𝑇𝑟𝑒𝑓
𝑇𝑟𝑒𝑓

(25)

with 𝑘𝑤,𝑟𝑒𝑓 = 0.61 W/m K and 𝑇𝑟𝑒𝑓 = 298.15 K.
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• if (cell = FACE) and 𝜙 > 0.99 then cell ∶= SOLID
• if (cell = = FACE) and 𝜓 > 1 − 𝜙 then cell ∶= SOLID
• if (cell = = FACE) and 𝜓 < 0 then cell ∶= SOLID

The profiles of the order parameters 𝜙 and 𝜓 will be displaced
accordingly:
𝜓(𝑥 + 𝛥𝑋) ∶= 𝜓(𝑥)
𝜙(𝑥 + 𝛥𝑋) ∶= 𝜙(𝑥)

After assigning new SOLID cells any cell within a distance of 8 grid
spacing with a state of FLUID will be changed to the state of FACE.
Hence, the ice dendrites are always surrounded with a boundary layer
of cells with state FACE with a thickness of 4𝜁 ∗ grid spacings.
As initial conditions hemi-circular crystal seeds can be placed at the
boundary of the computational domain. The order profile of the seeds
will follow a 𝜙(𝑟) ∼ tanh(𝑟 − 𝑅0 ∕𝜁) profile in the interfacial region (with
𝑅0 the size of the crystal seed, and 𝑟 the radial distance from its center).
Cells in the seeds are initialized as SOLID if 𝜙 > 0.99.

(27)

We will re-initialize the grid points for 𝑥 > 𝑁𝑋 − 𝛥𝑋, with 𝜙(𝑥) = 0
and the sugar concentrations obtained via linear interpolation using
the values of 𝜓̄ on the coarse grid. The evolution of ice and sugar
concentrations for 𝑥 < 𝛥𝑋 will only be solved on the coarse grid,
assuming local equilibrium between ice and sugar solution. Now, both
the left and right boundary of the fine grid will be coupled to the coarse
grid via mass fluxes across the boundary.
These mass fluxes are computed as follows. First, we compute the
mass flux on the coarse grid at the left boundary at 𝑥 = 𝑋1 :

3. Results

𝜇̄ 𝑤 (𝑋1 + 21 𝛥𝑋) − 𝜇̄ 𝑤 (𝑋1 − 21 𝛥𝑋)

In the Appendix (Supplementary Material) we show the results for
calibration and validation of our multiscale approach. In this section
we present results on simulations of transient directional solidification.
We will investigate the interspacing between dendrites as function of
heat transfer coefficient ℎ𝑒𝑥𝑡 and initial sugar concentration 𝜓0 . The
assumption is that the primary interspacing is independent of the initial
number of nuclei. Hence, we will test this hypothesis first.
We perform a series of simulations, with a different number of
nuclei 𝑁𝑁 , but with all other parameters the same. Simulations are
performed with a mesoscale grid of size 𝐿𝑥 = 700𝛥𝑥, and 𝐿𝑦 = 480𝛥𝑥,
initial sugar concentration of 𝜓0 = 0.09, 𝜏𝜙 = 0.04𝜏𝐷 , 𝜖 = 20, 𝜁 = 3,
𝐹 𝑜∗ = 𝐷(𝑇𝑓 )𝛥𝑡∕𝛥𝑥2 = 0.3, ℎ𝑒𝑥𝑡 = 30 W/m2 K, 𝛥𝑇𝑁 = 5 K, and 𝑇0 = 248 K
(−25 ◦ C). The ratio of grid spacing between macroscale and mesoscale
is: 𝛥𝑋∕𝛥𝑥 = 40.
The number of nuclei are taken from the range 𝑁𝑁 = {2, 4, 6, 8}. The
evolution of the resulting dendrite morphology is shown in Fig. 3. Here,
for equidistant times we have plotted the liquid/solid interface on the
mesoscale grid (with accounting for the movement of the mesoscale
grid with respect to the macroscale grid). For N = 6 and N = 8 we
observe a fast decline in the number of columnar dendrites due to
overgrowth. For N = 2 the spacing between dendrite is too large, and
they undergo a tip splitting instability. Observe that after an initial
period, all configurations (for 2 ≤ 𝑁 ≤ 8) the dendrites converge to
a similar morphology, resembling a seaweed morphology. This result
confirms the hypothesis from literature that the dendritic morphology
is a self-organizing process, which is independent of initial conditions,
i.e. the initial number of nuclei (Hunt & Lu, 1996).
This fact we have also quantified using the Fast Fourier Transform
(FFT), using the SciPy toolbox of Python. In Fig. 4 we have plotted
the number of dendrites 𝑁𝐷 (derived from the wavenumber with the
maximal amplitude) as a function of the tip position 𝑥𝑡𝑖𝑝 .
We note that during the simulation we also solve the temperature
field evolution, which clearly shows the advent of recalescence. We
illustrate that with the evolution of the temperature field with time
in Fig. 5. The temperature profiles are shown from the moment of
nucleation, which happens if the temperature at the boundary (𝑥 =
0) has reached 𝑇𝑁 = 𝑇𝑓 − 5. After nucleation the temperature at
the boundary is increasing due to the release of latent heat via the
solidification of ice. The discontinuity of the temperature gradient is
indicating the location and temperature of the solidification front. The
temporal evolution of the temperature at the solidification front is
also shown, which is increasing with time during the simulation: the
maximum in recalescence temperature is still not reached after 𝑡 = 30 s.
We note there is slight fluctuation in the maximal temperature due to
the projection of ice formation to the macroscale grid. We limited the
simulations because of the long computation times. A single calculation
takes two weeks on a single core.
From Figs. 4 and 5 follows that the average tip velocity is about 6
μm∕s, which is in agreement with values reported in literature (Butler,
2002).

(28)
𝛥𝑋
𝜇̄ 𝑤 is the chemical potential of water based on the volume average
sugar concentration 𝜓.
̄ The mass flux will be integrated along the 𝑦-axis
of the left boundary. Subsequently, we will count on the mesoscale grid
the number of cells adjacent to the left boundary, which do not have
the state SOLID. The above mass flux will be evenly distributed over
the left boundary of these cells.
On the right boundary of the mesoscale grid, at 𝑥 = 𝑋2 , we compute
the mass flux for all grid points along the 𝑦-axis using:
𝐽𝑑𝑖𝑓 𝑓 (𝑋1 ) = −𝑀𝜓

𝑗𝑑𝑖𝑓 𝑓 (𝑥2 , 𝑦) = −𝑀𝜓

𝜇𝑤 (𝑋2 + 𝛥𝑋∕2) − 𝜇𝑤 (𝑋2 )
𝛥𝑋∕2

(29)

𝜇𝑤 (𝑋2 + 𝛥𝑋∕2) is obtained from the coarse grid, while 𝜇𝑤 (𝑋2 ) is
obtained from the mesoscale grid. These mass fluxes will be integrated
along the 𝑦-axis, and it will be equated to mass flux on the coarse grid
at 𝑥 = 𝑋2 .
Periodic boundary conditions are applied for all field variables in
the direction perpendicular to the temperature gradient. On the left
boundary of the macroscale grid we will apply a Robin boundary
condition for the temperature, with an external heat transfer coefficient
ℎ𝑒𝑥𝑡 and external temperature 𝑇𝑒𝑥𝑡 .
2.5. Cellular automaton rules for anti-solute trapping
To further prevent solute trapping in the ice phase, we have implemented several Cellular Automaton (CA) rules in the mesoscale model.
We have taken care of that the CA rules do not influence the physics
in the interfacial region. The CA rules distinguish three states of each
control volume (i.e. cell) of the mesoscale model, namely: SOLID, FACE,
and FLUID.
SOLID cells are occupied by ice, and they are relatively far away
from the interfacial region. It is assumed that cells turn SOLID if 𝜙 >
0.99. FLUID cells are occupied by the unfrozen phase, and are also
relatively far away from in the interfacial region. Cells in the interfacial
region are assigned the state FACE.
At the SOLID/FACE boundary we will employ no flux boundary
conditions for the solute, e.g. 𝜕𝑛 𝜓 = 0. This implies that 𝜓 = 0 inside
the SOLID region. If a cell changes from FACE to SOLID, the remaining
solute in the cell will be excluded and distributed evenly over all its
neighbors with the state FACE.
In the FLUID region we assume that 𝜕𝑡 𝜙 = 0, e.g. the Allen–Cahn
equation, Eq. (3) is only invoked in the FACE and SOLID region. The
diffusion equation for sucrose, Eq. (2), is invoked in both FLUID and
𝑆 , and in the
FACE regions. In the SOLID region holds that 𝜇𝑤 = 𝜇𝑤
𝐿 . In the FACE region we employ
FLUID region it holds that 𝜇𝑤 = 𝜇𝑤
the volume averaged value of 𝜇𝑤 , Eq. (7).
We employ the following rules for the state transitions of the cells.
• if (cell = SOLID) and 𝜙 < 0.7 then cell ∶= FACE (to allow melting
of solid)
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Fig. 3. Evolution of the dendrites in time, starting with a different number of seeded nuclei 𝑁𝑁 . The curves represent the advancing ice/sugar solution interface. The temporal
order of curves is following cyclically the colors of the rainbow (rygcbmk in Matlab color coding). (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Fig. 4. The number of dendrites, 𝑁𝐷 , as obtained from the FFT, as a function of the tip position 𝑥𝑡𝑖𝑝 for the simulations shown in Fig. 3, where the initial number of nuclei is
varied.

Fig. 5. Left and middle panes: Evolution of the temperature field at equidistant time intervals during the simulation from Fig. 3 with 𝑁𝑁 = 4. The order of curves is following
the colors of the rainbow (rygcbmk in Matlab color coding). Right pane: Evolution of the maximal temperature with time from the same simulation. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

We investigate the variation of the primary spacing as a function
of heat transfer coefficient in the range 10 ≤ ℎ𝑒𝑥𝑡 ≤ 140 W/m2 /K.
Exemplary evolution of the dendritic structures are shown in Fig. 6.
The other parameters are chosen the same as the previous series of
simulations, but with 𝑁𝑁 = 8. The simulations are performed for the
same end time (𝑡𝑒 = 40 s) The higher the heat transfer, the further the
advancement of the solidification front. For a range simulation holds
that the maximal recalescence temperature has not been reached yet
within 𝑡𝑒 = 40 s, where ℎ𝑒𝑥𝑡 ≤ 40 W/m2 /K.

From Fig. 6 one can observe different evolutions of the dendrite
morphology. Shortly after nucleation a cellular morphology develop,
which exhibit competitive growth — as also shown in Fig. 3. The
number of cellular dendrites quickly drops to a values in the range
4 < 𝑁𝐷 < 5. Subsequently, the structure develops into either a seaweed
morphology (Chen et al., 2014), or a true dendritic morphology, with
dendrites having side branches. The latter happens for ℎ𝑒𝑥𝑡 ≥ 100
W/m2 /K. The seaweed structure is formed via continuous overgrowth
and tip splitting instabilities. Furthermore, we note that for ℎ𝑒𝑥𝑡 = 140
7
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Fig. 6. Evolution of the dendrites in time for a range of heat transfer coefficients ℎ𝑒𝑥𝑡 = {40, 60, 100, 140} W/m2 /K, from top to bottom. The curves represent the advancing ice/sugar
solution interface. The temporal order of curves is following cyclically the colors of the rainbow (rygcbmk in Matlab color coding). (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Number of dendrites 𝑁𝐷 for various external heat transfer coefficients: 10 ≤ ℎ𝑒𝑥𝑡 ≤ 140 W/m2 /K. In the left pane 𝑁𝐷 is shown as function of tip position 𝑥𝑡𝑖𝑝 , and in the
right pane the average ⟨𝑁𝐷 ⟩ in the latter part of the simulation as function of ℎ𝑒𝑥𝑡 . The colors of symbols in the left and right panes correspond to the same simulation, i.e. heat
transfer coefficient. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

W/m2 /K the dendrite spacing becomes of similar order as 𝐿𝑦 , and the
periodic boundary conditions will be of influence. Future simulations
will require higher resolution (i.e. larger 𝐿𝑦 ).
Via Fast Fourier Transform we observe how the primary spacing (in
terms of 𝑁𝐷 ) depend on the heat transfer coefficient ℎ𝑒𝑥𝑡 . The results
are shown in Fig. 7. After an initial fast decline, the number of dendrites
fluctuates in the range 4 ≤ 𝑁𝐷 ≤ 6 for values of ℎ𝑒𝑥𝑡 ≤ 100 W/m2 /K.
If we average 𝑁𝐷 over the latter half of the simulation and plot that
against ℎ𝑒𝑥𝑡 (in the right pane of Fig. 7), we do not observe a clear trend.
There is a clear discontinuity if the morphology exhibits a transition
from seaweed to true dendritic structures. For seaweed structures 𝑁𝐷
does not increase monotonically with ℎ𝑒𝑥𝑡 , as we expected.
Typically, seaweed structures are observed in simulations of alloys
where the surface energy is isotropic or weakly anisotropic (Ankit
& Glicksman, 2020). Seaweed morphology only occurs at sufficient
cooling rates (Amoorezaei, Gurevich, & Provatas, 2010). It is stated that
there is little competition between dendrites in the seaweed structure,
and this will not lead to a regular (primary) spacing as normally found
in alloys with anisotropic surface energy (Xing et al., 2016). Seaweed
morphology occurs via the tip splitting instability, side branches grow
alternatingly from the main branch, which then tend to be overgrown
again. This pattern is clearly observed in Fig. 6.

We have also varied the initial sugar concentration 𝜓0 , while keeping the heat transfer coefficient at ℎ𝑒𝑥𝑡 = 20 W/m2 /K. The sugar
concentration is varied in the range: 0.05 ≤ 𝜓0 ≤ 0.20. How the dendrite
morphology develops in time is shown in Fig. 8. The analysis of the
simulation results with the Fast Fourier Transform is shown in Fig. 9.
From Fig. 8 we observe that the average tip velocity strongly
depends on the initial sugar concentration, which influences both initial freezing point 𝑇𝑓 and the diffusion coefficients. Likewise for the
previous simulations we observe a fast decline of 𝑁𝐷 towards the
range 3.8 < 𝑁𝐷 < 5.2, where it is fluctuating in time. For the whole
concentration range we observe a seaweed dendritic structure. From
Fig. 9 there appears a slight trend of the average ⟨𝑁𝐷 ⟩ with 𝜓0 (when
excluding the outlier at 𝜓0 = 0.08) - which is also obvious in Fig. 8.
Hence, for a wide range of investigated ℎ𝑒𝑥𝑡 and 𝜓0 the resulting
structures are quite reminiscent to a seaweed structure (Chen et al.,
2014). However, seaweed structures are not found in literature for
solidification of ice in aqueous solutions. Due to the strong faceting,
and the huge difference in growth kinetics of the basal plane compared
to the 𝑐-axis - the morphology of ice does not resemble much the
structures of alloys. Results of freeze-casting shows that ice structure
is often lamellar, which can be explained by the slow growth in the
c-axis (Deville, 2013).
8
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Fig. 8. Evolution of the dendrites in time for a range of initial sugar concentration 𝜓0 = {0.05, 0.10, 0.15, 0.20} from top to bottom. The temporal order of curves is following
cyclically the colors of the rainbow (rygcbmk in Matlab color coding). (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 9. Number of dendrites 𝑁𝐷 for various initial sugar concentration 0.05 ≤ 𝜓0 ≤ 0.20 In the left pane 𝑁𝐷 is shown as function of tip position 𝑥𝑡𝑖𝑝 , and in the right pane
the average ⟨𝑁𝐷 ⟩ in the latter part of the simulation as function of 𝜓0 . The colors of symbols in the left and right panes correspond to the same simulation, i.e. initial sugar
concentration. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Prelimenary simulations of dendritic growth with strong anisotropy in surface tension (𝑚 = 2) and crystal growth kinetics.

We conclude that for more realistic simulation of this lamellar
structure, phase field simulations have to be performed with a strong
anisotropy in surface tension and crystal growth kinetics (i.e. 𝜏𝜙 ).
Furthermore, the anisotropy should have a two-fold symmetry, for
which currently no phase field simulations have been performed. The
surface tension should follow 𝜎 = 𝜎0 (1 + 𝛿𝜎 cos(𝑚𝜃)) with 𝜃 the angle of

the normal of the interface with the crystal main axis. 𝑚 = 2 for twofold symmetry. The anisotropy of crystal growth kinetics is obtained
via 𝜏𝜙 = 𝜏𝜙,0 (1 + 𝛿𝜙 cos(𝑚𝜃))
We have started this model development, which results shown in
Fig. 10. 𝛿𝜎 = 0.003, 𝛿𝜙 = 0.3, and the angle of the main crystal axis
with the temperature gradient is 𝜃 ∗ = 0. We started with 3 nuclei,
9
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which exhibit competitive growth. The applied anisotropy in surface
tension and crystal growth kinetics strongly dampens the tip splitting
instabilities and side branching instabilities — leading to a cellular
dendritic morphology and a sharp dendritic tip.

for ice crystals with curvature of 𝑅 = 5 μm it will be 20 m K, which is
negligible compared to temperature gradients.
The relative undercooling can be linked to model parameters (van
der Sman, 2016):

4. Conclusions

𝛼𝜁
𝛼𝐶ℎ∗ 𝛥𝑥
𝛥𝑇
=
=
𝑇𝑚
𝜖𝑅
𝜖𝑅

𝜖 = 𝑋∕𝐻, 𝜁 = 𝐶ℎ∗ 𝛥𝑥 is the interface width, which scales with the grid
spacing 𝛥𝑥. 𝐶ℎ∗ is the grid Cahn number, which is often in the order
of 2. 𝛼 is the proportionality constant we like to determine.
Hence, we have performed simulations of the growth of a circular
nucleus under isothermal conditions until it has reached equilibrium.
For these simulations we apply noflux boundary conditions for all
boundaries. At steady state, we determine the average sugar concentration in the bulk region, 𝜓 𝑒𝑞 , for which we have determined
the corresponding equilibrium temperature 𝑇 𝑒𝑞 . For various values of
initial sugar concentration 𝑇 , 𝜓0 , 𝜁, and 𝜖 we have determined the
relative supercooling: (𝑇𝑇𝑒𝑞 )∕𝑇𝑚 . The relative supercooling is plotted
against 𝜁∕𝜖𝑅 in Fig. A.11. Via linear regression we have determined
that 𝛼 = 2.0 × 10−2 .
The time scaling is investigated via the problem of the growth of
a single cellular dendrite. For the simulation we have to set two time
scales, namely the relaxation time for the order parameter, 𝜏𝜙 , and the
diffusion time 𝜏𝐷 = 𝜁 2 ∕𝐷(𝑇𝑁 ) (with 𝑇𝑁 the nucleation temperature).
These time scales define two dimensionless numbers, namely the grid
Fourier number: 𝐹 𝑜∗ = 𝛥𝑡∕𝜏𝐷 , and the dimensionless relaxation time
𝜏̃𝜙 = 𝜏𝜙 ∕𝜏𝐷 . We investigate numerical stability as function of 𝐹 𝑜∗ , and
at which ratio of 𝜏𝜙 ∕𝜏𝐷 the dendrite growth rate becomes independent
of 𝜏𝜙 , such that the growth is diffusion controlled, and not kinetically.

In this paper we have presented a multiscale simulation model for
the dendritic growth of ice crystals in sugar solutions. The multiscale
model is designed following the Multiscale Modeling and Simulation
Framework (MMSF). With help of the Scale Separation model, we
have solved the phase field model on a mesoscale grid, moving along
with the solidification front, coupled to a macroscale grid, where the
temperature and far-field diffusion fields are solved. The objective was
to investigate how the primary spacing between dendrites is dependent
on freezing rates and initial sugar concentrations.
After having calibrated and validated the multiscale approach, we
have investigated how the dendritic growth depends on the external
heat transfer coefficient, and initial sugar concentration. Initial simulations were performed with isotropic surface tension and crystal growth
kinetics for sake of simplicity. In the highly dynamic initial phase of
solidification, we observed that under most of the conditions tested a
seaweed dendrite structure is observed, similar to various studies of
alloy solidification. However, this structure has not been observed for
ice crystals. Ice crystals have a strong anisotropy in surface tension
and crystal growth kinetics, which has not been modeled yet with
phase field simulations. With a first trial simulation we have shown
that such two-fold anisotropy can be achieved with the phase field. In
future investigations this model will be used to address the original
research question of whether the primary spacing between dendrites is
dependent on both freezing rates and initial sugar concentrations.

A.2. Isothermal equiaxed dendrite growth
We compare our scheme with a common benchmark of the phase
field method, namely the equiaxed dendrite growth of a crystal with
four-fold symmetry. We have introduced anisotropy in the surface
tension: 𝜎 = 𝜎0 (1 + 𝛿𝜎 cos(𝑚𝜃)) with 𝜃 the angle of the normal of the
interface with the crystal main axis. 𝑚 = 4 for four-fold symmetry.
Exemplary results are shown in Fig. A.12.
The crystal is grown at isothermal conditions, after quenching to a
temperature 𝑇𝑓 below equilibrium temperature 𝑇 𝑒𝑞 . The liquid phase
has an initial concentration of 𝜓0 , corresponding with equilibrium
temperature 𝑇 𝑒𝑞 . It is expected that after an initial fast transient,
the solidifying dendrite will grow under a steady state with constant
growth velocity as a function of the supercooling 𝛥𝑇 = 𝑇 𝑒𝑞 − 𝑇𝑓 , which
can be described by the LGK model (Choudhury et al., 2012; Lipton,
Glicksman, & Kurz, 1984). Anisotropy parameter is set at 𝛿𝜎 = 0.01.
In steady state the shape of the parabolic dendrite is self-similar. Tip
radius 𝑅 and tip velocity 𝑈 depend on the supercooling 𝛥𝑇 . More
specifically it relates to the Peclet number 𝑃 𝑒 = 𝑈 𝑅∕𝐷 = 𝑃 𝑒(𝛥𝑇 ).
We have indeed observed that after an initial transient period, the
tip growth velocity attains a steady value (which will decrease again
if the dendrite impinges the boundaries of the computational domain).
The steady state velocity is shown to be a function of the supercooling
𝛥𝑇 . In this regime, the dendrite tip has a parabolic profile, with the tip
radius only slightly dependent on the supercooling 𝛥𝑇 .
We have explored the range of numerical parameters, where we
have obtained correct physical behavior, as sketched above. The ranges
are: 0.95 ≤ 𝑃 𝐻𝐼_𝑆𝑂𝐿𝐼𝐷 ≤ 0.98, 4.1 ≤ 𝐵𝐿𝑆𝐼𝑍𝐸 ≤ 4.9, and 𝜏𝜙 ∕𝜏𝐷 ≤
0.02 Simulations are performed with 𝜖 = 5.0, and anisotropy 𝛿𝜎 = 0.03.
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Appendix A. Calibration and validation of multiscale approach
A.1. Scaling
Previously, the length scales are determined via undercooling of
curved nucleus via Gibbs-Thomson relation. The relative undercooling
is dependent on the ratio of capillary length, 𝑟𝑠𝑢𝑏 and the nucleus radius
𝑅 (Libbrecht, 2017; van der Sman, 2016):
𝑟
2𝜈 𝜎
𝛥𝑇
= 𝑠𝑢𝑏 = 𝑤 𝑖𝑐𝑒
𝑇𝑚
𝑅
𝛥𝐻𝑖𝑐𝑒 𝑅

(A.2)

(A.1)
A.3. Isothermal columnar dendritic growth

𝑇𝑚 is the melting point of pure ice in water, 𝜈𝑤 is the molar volume,
𝜎𝑖𝑐𝑒 = 0.047 J/m2 is the interfacial tension of ice crystals in water (Pan,
Liu, Slater, Michaelides, & Wang, 2011), and 𝛥𝐻𝑖𝑐𝑒 = 6 kJ/mol is the
molar heat of fusion for ice. Hence, it follows that 𝑟𝑠𝑢𝑏 ≈ 0.3 nm. Nano
crystals with radius 𝑅 = 5 nm will have a supercooling of 20 K, but

We investigate the influence of the scaling of 𝜏𝜙 via the problem
of isothermal growth of columnar dendrites. The ice crystal start as a
semi-circular nucleus attached to the left boundary. Periodic boundary
conditions are applied perpendicular to the growth direction. The
10
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Fig. A.11. Supercooling of isotropic crystals following the Gibbs-Thomson relation, stating that the lowering of freezing point 𝛥𝑇 ∕𝑇𝑚 due to curvature is linear with 𝜁∕𝜖𝑅. Solid
line is fitted to the numerical data, with 𝛥𝑇 ∕𝑇𝑚 = 2.0 × 10−2 𝜁 ∕(𝜖𝑅).

Fig. A.12. Example of equiaxed growth of crystal with four-fold symmetry. In the left pane we show the contour lines of the crystal interface at equidistant times. Colors indicate
sugar concentration 𝜓 at last time step. The right pane we show a contour plot of the state of the grid cells (FLUID/FACE/SOLID in light to dark blue) at the last time step,
together with the contour line of the crystal interface. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

mesoscale mesh is allowed to move if the left part of the computation
domain is at thermal equilibrium. At the right boundary we couple
the mesoscale grid to the macroscale grid, via imposing equal diffusion
fluxes, as described above.
First, we investigate the shape of the growing dendrite, and whether
it fits to the theoretical Saffman profile (Billia, Jamgotchian, & Capella,
1987):
𝑦 − 𝑦𝑡𝑖𝑝 ]
[1
𝑊
𝑥 − 𝑥𝑡𝑖𝑝 =
log (1 + cos(2𝜋
))
(A.3)
2𝜋
2
𝑊
𝑊 is the width of the base of the dendrite. The coordinate pairs (𝑥, 𝑦)
give the predicted profile. Results from the end of the simulation are
shown in Fig. A.14. Fitting shows that the simulated dendrite tip indeed
agrees well with the Saffman profile (see Fig. A.13). The Saffman profile
is expected only in the regime of low velocities, at higher 𝑃 𝑒 numbers
a parabolic profile is assumed (Georgelin & Pocheau, 2004). But, this
regime does not occur during normal food freezing.
Secondly, we analyze the sugar concentration profile in the liquid phase at different times. The sugar concentration is normalized
following:
𝜓̃ =

𝜓(𝑥) − 𝜓0
𝜓 𝑒𝑞 − 𝜓0

𝜓𝑒𝑞 is the sugar concentration in equilibrium with the solid phase at
the base of the dendrite, which depends at the local temperature at
the base of the dendrite. 𝜓0 is the initial sugar concentration, which
will still hold in the pure liquid phase far away from dendrite tip. The
profiles are shifted towards the position of the tip.
We have investigate two concentration profiles: (1) the sugar concentration, which is volume averaged over the liquid phase only ⟨𝜓⟩,
and (2) the sugar concentration along the horizontal center line, crossing the dendrite tip 𝜓𝑐 . Furthermore, we have fitted the expected
theoretical profile to the sugar concentration at the right side of the
dendrite dit 𝜓𝑓 𝑖𝑡 , which scales as:
𝜓̃ 𝑓 𝑖𝑡 ∼ exp(−𝑢𝑡𝑖𝑝 (𝑥 − 𝑥𝑡𝑖𝑝 )∕𝐷)

(A.5)

with 𝑢𝑡𝑖𝑝 the tip velocity, and 𝐷 the local diffusion coefficient. The
profiles are investigated for several time stamps, (𝑡𝑠 = {20, 30, 40}),
when the dendrite tip velocity is nearly constant.
From the ⟨𝜓⟩ profiles we observe that the sugar concentration
behind the advancing tip becomes quickly in local equilibrium with
the solid phase. Near the tip the sugar concentration starts to deviate
from 𝜓 𝑒𝑞 , but follows a self-similar profile for all time stamps. Along

(A.4)
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Fig. A.13. Tip growth properties under steady state growth conditions, showing (a) tip velocity as function of undercooling, (b) the self-similar parabolic profile of the tip, and
(c) the tip radius as function of undercooling.

Fig. A.14. Profile of the dendrite tip at the start of the steady growth stage, following the Saffman profile, which is fitted to the contour line of 𝜙 = 0.5 (red dots). The circle
indicates the curvature of the tip corresponding with the Saffman profile, which fits the tip of the simulated dendrite. The filled contours indicate the sugar concentration profile.

the center line the sugar concentration is zero at the left size of the
tip, as this constitutes the solid phase. The concentration rises in
the interfacial region. Beyond that it follows the theoretical profile
of Eq. (A.5). The maximum appears to be independent of time. The
exponential profile does depend on time, but approaches a similar
profile, as the tip is approaching steady state growth with a constant
velocity 𝑢𝑡𝑖𝑝 (see Fig. A.15).
For establishing the appropriate values of 𝜏𝜙 , we vary the grid
Fourier number, 𝐹 𝑜∗ = 𝐷𝑤,0 𝛥𝑡∕𝛥𝑥2 , and 𝜏𝜙 ∕𝜏𝐷 , with 𝜏𝐷 = (10𝜁)2 ∕𝐷𝑤,0 .
𝐷𝑤,0 is the diffusion coefficient at initial temperature 𝑇0 . A first series
of simulation is performed at 𝐹 𝑜∗ = 0.2, while we have varied 𝜏𝜙 ∕𝜏𝐷 .
Other parameter values are 𝜖 = 5.0, 𝑁𝑋 = 210, 𝑁𝑌 = 61, 𝐶ℎ∗ = 2.5,
𝑇0 = −5 ◦ C, 𝜓0 = 0.195. We imposed only a little anisotropy in
surface tension 𝛿 = 0.001. Quickly the dendrite grows with a constant
velocity. We have measured the tip velocity as function of 𝜏𝜙 ∕𝜏𝐷 . For
𝜏𝜙 ∕𝜏𝐷 < 0.02 the tip velocity is independent of 𝜏𝜙 , but is determined
by diffusion. For larger 𝐹 𝑜∗ ≥ 0.4 this regime 𝜏𝜙 ∕𝜏𝐷 ≤ 0.02 leads to
instabilities. For 𝜏𝜙 ∕𝜏𝐷 = 0.015 and 𝐹 𝑜∗ = 0.3 we have investigated the
tip velocity as function of undercooling 𝛥𝑇 (as determined from the
initial sugar concentration 𝜓0 ). This relation is shown in Fig. A.17. The
curve has a similar shape as for the equiaxed dendrite. The velocity is

now much smaller, due to the 1-dimensional diffusion field, and smaller
surface tension anisotropy (see Fig. A.16).
A.4. Validation multiscale approach
First, we will check our multiscale approach for consistency of
solute concentrations on both grids. We investigate growth of single
dendrite, and whether the solute concentration profile on mesoscale
and macroscale grid are in agreement with each other. Simulations
are performed first on a static mesoscale grid, measuring 𝑁𝑋 = 630
and 𝑁𝑌 = 65 and 𝑁𝐶 = 1. Initial sugar concentration is 𝜓0 = 0.18.
Nucleation occurs at 𝑇𝑁 = −3.2 ◦ C, and environmental temperature
is 𝑇0 = −12 ◦ C. Heat transfer coefficient is assumed to be very high
ℎ𝑒𝑥𝑡 = 1000 W/m2 K, such that recalescence is negligible and results
are more comparable to directional solidification of alloys. Interface
thickness is 𝜁 = 2.5, and 𝑋∕𝐻 = 𝜖 = 4.0. 𝐹 𝑜∗ = 0.01, and 𝜏𝜙 ∕𝜏𝐷 =
0.03. Simulation time is 𝑡𝑒 ∕𝛥𝑡 = 3.2 × 106 . Subsequently, simulations
with same parameters is performed on a moving mesoscale grid, with
𝑁𝐶 = 6, measuring 𝑁𝑋 = 210 and 𝑁𝑌 = 65. Results of the sugar
concentration profiles 𝜓(𝑥) at equidistant times are shown in Fig. A.18.
The profiles are taken along the central horizontal line, crossing the
12
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Fig. A.15. Profiles of normalized sugar concentration during single dendrite growth, approaching steady state growth. ⟨𝜓⟩ is volume averaged over the liquid phase, 𝜓𝑐 is the
profile along the center line, crossing the tip of the dendrite. 𝜓𝑓 𝑖𝑡 is the fitted profile, assuming 𝜓̃ ∼ exp(−𝑘(𝑥 − 𝑥𝑡𝑖𝑝 )).

Fig. A.16. Tip velocity as function of 𝜏𝜙 ∕𝜏𝐷 . Tip velocity decreases by increasing 𝜏𝜙 due to reduced interface mobility, i.e. enhanced attachment kinetics. Right pane shows tip
position as function of time, indicating that steady velocity is attained within 1 s.

Fig. A.17. Tip velocity of columnar dendrite as function of supercooling 𝛥𝑇 at isothermal conditions 𝑇0 = −5 ◦ C.

tip of the dendrite, and for the coarse grid the profile is the volume
averaged profile 𝛹̄ . The positions of the ice crystal interface at the same
time stamps are shown in Fig. A.19, together with the contour plot of
the sugar concentration at the last time step.
In Fig. A.18 one can observe the concentration profiles are good
in agreement with each other for all times at the static mesoscale
grid, static coarse grid, and moving mesoscale grid. The peak in the
concentration profiles indicate the position of the dendrite tip. These
positions are also quite in agreement with each other for the static
and moving grid. The final tip position is at 𝑥 ≈ 400. Hence, the
moving grid is displaced quite a number of times. The small differences
between profiles can be explained that on the moving grid with 𝑁𝐶 =
6, the temperature field is better resolved, leading to some difference

in temperature gradients and tip velocity. The temperature field for
the simulations with static and moving mesoscale grid is shown in
Fig. A.20, which are is good agreement with each other. For the
simulations with the moving grid we have chosen for 𝑁𝐶 = 6, and
consequently the temperature field has a better resolution, and the
discontinuity of the temperature gradient at the position of the dendrite
tip (dividing the unfrozen liquid region and frozen regions with ice)
is better visible. The discontinuity is due to the strong difference in
thermal conductivity of the liquid unfrozen region and frozen region.
The thermal conductivity of ice is much higher than that of a liquid
sugar solution.
A final check on the validity of the multiscale approach is whether
the tip position of the growing dendrite on the moving and static
13
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Fig. A.18. Example of a multiscale simulation result of the growth of a single dendrite, showing the sugar concentration profile 𝜓(𝑥) at equidistant times simulated on (a) static
mesoscale grid (solid line), (b) the coarse grid coupled to grid (a) (dashed lines), and (c) a moving mesoscale grid with 𝑁𝐶 = 6. Profiles at same timestamp at indicated with
identical colors. Simulation details are explained in the main text. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. A.19. Dendrite shape at equidistant times on the static (solid lines) and moving mesoscale grid (dashed lines). Color contours indicate the sugar concentration at final timestep.
Red dots indicate the fitting of the theoretical finger profile to the dendrite tip, and the yellow circle indicating the radius of the tip. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

Fig. A.20. Temperature profile on coarse grid for simulations with static mesoscale grid (solid lines), and moving mesoscale grid (dashed lines) at equidistant times, from same
simulations shown in Figs. A.18 and A.19. Colors correspond with same timestamps as indicated in these figures.

mesoscale grid are in agreement with each other for different freezing
conditions. Hence, we have varied the ambient temperature in the
range −8 < 𝑇𝑒 < −12 ◦ C, while keeping other simulation parameters
identical as previous calculations. For both grids we have extracted the
tip position at various time stamps, which are compared in Fig. A.21.
We observe that after initial differences in the unsteady growth regime
the tip positions are well in agreement with each other. The initial
differences can be explained by differences in resolution of the temperature gradient, but after establishment of steady growth conditions with
less steep temperature gradients the tip positions converge. Furthermore, we can conclude that after 20 time stamps the dendrite growth

has approached steady state growth, with a constant tip velocity — as
the tip positions can be fitted to a linear curve.
Overviewing the results presented in Figs. A.18–A.21 we conclude
that our multiscale approach is validated. We will use the moving grid
simulations for parameter studies of directional ice growth in sugar
solutions.
Appendix B. Supplementary data
Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.foostr.2021.100214.
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Fig. A.21. Tip position, 𝑥𝑡𝑖𝑝 at various time stamps for different freezing temperatures, 𝑇𝑒 = {−8, −9, −10, −11, −12} ◦ C. Results are shown for a static mesoscale grid (circles) and
moving grid (diamonds). Simulations from previous figures coincide with 𝑇𝑒 = −12 ◦ C. Results for both grid types show good agreement.
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