DEALING WITH STRESS
Elasticity and fracture
of
soft network materials
JUSTIN TAUBER

Propositions
1. The classical view of crack propagation from defects does not apply in most
biological networks.
(this thesis)
2. The fracture behaviour of polymer double networks is dominated by enthalpic stretching of polymer chains.
(this thesis)
3. The versatile cellular machinery demonstrates that there is also plenty of
room in the middle for technological development.
4. Search engines bias the direction of academic research.
5. Scientific progress slows down if no space is provided, both literally and
figuratively, for unguided discussions.
6. Copy-pasting the complete package of expectations from science to expectations from individual scientists, increases the stress experienced by
researchers.
7. Student satisfaction is being misused as an indicator of educational quality.
8. Investing in new train tracks will hamper the transition to a sustainable
mobility system in Europe.

Propositions belonging to the thesis, entitled

Dealing with stress
Elasticity and fracture of soft network materials
Justin Tauber
Wageningen, 22 October 2021

Dealing with stress
Elasticity and fracture
of soft network materials

Justin Tauber

Thesis committee
Promotor
Prof. Dr J. van der Gucht
Professor of Physical Chemistry and Soft Matter
Wageningen University & Research
Co-promotor
Dr S. Dussi
Harvard John A. Paulson School of Engineering and Applied Sciences
Harvard University, Cambridge, US
Other members
Prof. Dr J.L. van Leeuwen, Wageningen University & Research
Dr E. Zaccarelli, CNR-ISC, Rome, Italy
Prof. Dr C. Storm, Eindhoven University of Technology
Dr B.P. Tighe, TU Delft
This research was conducted under the auspices of Graduate School VLAG
(Advanced studies in Food Technology, Agrobiotechnology, Nutrition and Health Sciences).

Dealing with stress
Elasticity and fracture
of soft network materials
Justin Tauber

Thesis
submitted in fulfilment of the requirements for the degree of doctor
at Wageningen University
by the authority of the Rector Magnificus,
Prof. Dr A.P. J. Mol,
in the presence of the
Thesis Committee appointed by the Academic Board,
to be defended in public
on Friday 22 October 2021
at 4 p.m. in the Aula.

Justin Tauber
Dealing with stress — Elasticity and fracture of soft network materials
244 pages
PhD thesis, Wageningen University, Wageningen, The Netherlands (2021)
With references, with summary in English
ISBN: 978-94-6395-946-9
DOI: https://doi.org/10.18174/552128

Contents
1 General introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

I

1

Elasticity and fracture of elastic networks

2 Fracture of athermal elastic networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3

II

The role of temperature in the rigidity-controlled fracture of elastic networks 55

Elasticity and fracture of composite networks

4 Stress management in composite biopolymer networks . . . . . . . . . . . . . . . . . . . . . . 95
5 Microscopic insights into the fracture of double elastic networks . . . . . . . . . . . 131
6

Sharing the load: stress redistribution governs fracture of polymer double
networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

7 General discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235
List of publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
About the author . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242
Overview of completed training activities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

Chapter 1
General introduction

1 General introduction

1.1

Why should you be interested in the fracture of soft network
materials?

When a material breaks this can be impractical, annoying or right out dangerous.
Great care is taken every day to avoid the accumulation of damage in materials, but
time has shown, again and again, that we can not prevent it. In this thesis, we will
discuss the fracture of soft network materials. In contrast to stiff materials, these
materials can be stretched significantly before any damage starts to accumulate.
Furthermore, all these materials are networks at some level; therefore, the accumulation of damage occurs via the degradation of these network structures. Due
to their high deformability prior to rupture, soft network materials have found a
unique place in technology, especially since the discovery of rubber. Traditionally,
these materials are used to make tires or to seal joints (Figure 1.1(a)), but more and
more high deformability is used as a feature in advanced technologies, such as soft
robotics (Figure 1.1(b)) 1,2 . Soft network materials also play a key role in biology:
in multicellular organisms cells are embedded in an extracellular matrix and even
inside cells several network structures can be found that provide structural support
(Figure 1.1(c) and (d)) 3 .
In the end, the accumulation of damage is an unavoidable process in soft
network materials as well. Based on where we find these materials, we can identify
two methods to mitigate the effects of fracture: the engineering approach and
the biological approach. In the engineering approach one tries to detect the
accumulation of damage at an early stage 4 or delay damage accumulation via
material composition or methods of usage. Here the guiding philosophy is that
the accumulation of damage unavoidably leads to loss of function. By contrast,
from a biological point of view the accumulation of damage does not have to be a
slippery slope towards loss of function. Damage can be repaired 5 or mitigated
by network reorganization 6 , a process that can lead to new functionality, with
cell motility as the prime example 7 . Material scientists have come to cherish this
optimistic perspective on damage accumulation, leading to the development of
(bio-inspired) responsive and self-healing materials 8–10 .
Both approaches require an intimate knowledge of the nature of elasticity
and damage accumulation in soft network materials. Classically, elasticity and
fracture have been studied from a macroscopic point of view. As a result, the
microscopic structure of the material only has a minor role to play in most theories
for elasticity and fracture. Nevertheless, all types of catastrophic failure must start
at the microscopic level. A microscopic explanation of fracture would therefore
deepen our understanding of the mechanical response of soft network materials.
This microscopic explanation is especially desired in the context of soft network
2
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Figure 1.1. Examples of soft network materials in technology and biology. (a) Silicon o-rings,
used to seal joints in the solid rocket booster of the space shuttle Challenger, lose deformability
at sub-zero temperatures, decreasing the quality of the seal. Gas escaping through these seals
likely caused the catastrophic explosion of the space shuttle in 1986 (source: NASA). (b) This soft
robotic gripper is designed to capture fragile marine animals, like jellyfish, without causing damage
to the organism. From Ref. [2]. Reprinted with permission from AAAS. (c) A cell embedded in the
extracellular matrix. Reprinted from Ref. [3]. (d) The cytoskeleton (source: ImageJ).

materials for two reasons. Firstly, the microscopic structure of soft network
materials is highly disordered, a property that has proven to influence the fracture
of stiff materials to a great extent 11 . Secondly, for several soft network materials
it has been shown that upon deformation the network undergoes significant
rearrangements at the microscopic level 12–14 . These two phenomena suggest that
the role of network structure cannot be overlooked.
The aim of this thesis is to explore the relation between network structure and fracture
behaviour of soft network materials. Special attention is paid to composite networks, where
interactions at the network level are expected to dominate both the elastic and fracture
response. The presented work is numerical in nature, but the connection with experimental
results plays a central role. In particular, we perform simulations in relation to fibre
networks and polymer networks. We will show that networks deal with stress via the
redistribution of load through the network, and that network structure dictates their elastic
and fracture response.

1.2

What are soft network materials?

With the term “soft network materials” we describe a whole range of materials
at once. Some of these you encounter every day (e.g. your bicycle tire), others
3
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Figure 1.2. Quantifying the global mechanical response of soft materials. (a) Schematic of a
tensile test on a dog bone shaped sample. (b) Schematic of the resulting stress-strain curve
for brittle (blue) and ductile (red) fracture. The drawings underneath the plot represent the dogbones after failure. Young’s Modulus 𝐸 𝑦 is determined from the initial slope. Adapted from
©Nicoguaro/CC-BY 4.0 (via Wikimedia Commons). (c) Schematic of a notched sample, used
to measure the fracture energy for mode I fracture (crack opening). (d) The three fundamental
modes of fracture: crack opening, sliding and tearing. (e) Schematic of a shear test used for very
soft materials.

you rely on without knowing (in fact, the largest part of your body consists of soft
materials) and some you might have never seen before. Below, we will introduce
the soft network materials that we will discuss in this thesis.
To create a sense of how broad this class of materials really is, we provide a
rough indication of their mechanical properties (summarized in Table 1.1). These
mechanical properties are determined by measuring the force required to deform
a sample of the material. To allow easy comparison between measurements, the
measured force and corresponding deformation are rescaled to stress and strain,
respectively. For example, for a tensile test, where the material is elongated as
shown in Figure 1.2(a), the measured force is divided by the initial cross-sectional
area to obtain the engineering stress 𝜎 = 𝐹/𝐴0 and the deformation is divided by
the initial length of the sample to obtain the engineering strain 𝜖 = (𝐿 − 𝐿0 )/𝐿0 .
From the resulting stress versus strain curve (Figure 1.2(b)) we can extract several
useful properties, such as the initial resistance to deformation, also called Young’s
Modulus 𝐸 𝑦 , which is equal to the initial slope, and the fracture strength, the
maximum load that the material can carry. Furthermore, the toughness of the
sample can be quantified by measuring the energy required to expand a crack
from a notch in the sample (Figure 1.2(c)), this value is called the fracture energy Γ.
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Figure 1.3. Failure response of networks over a range of length scales. (a-d) Schematic representation of (a) an elastomer (1 nm), (b) a hydrogel (10 nm), (c) a fibre network (100 nm-1 µm)
and (d) a macroscopic network (e.g. metamaterials, 1 mm-1 cm). (e-h) Fabricated examples of
the mechanical behaviour. (e) Stress response to a tensile test on an elastomer, e.g. PDMS 15 . (f)
Stress response to a tensile test on a hydrogel, e.g. tetra-PEG 16 . (g) Stress response to a shear
test on a fibre network, e.g. collagen 17 . (h) Stress response to a tensile test on a macroscopic
network, e.g. a laser-cut acrylic sheet 18 .

Elastomers – One of the most prevalent network materials are polymeric
network materials consisting solely of flexible polymer strands interconnected by
crosslinkers (Figure 1.3(a)), such as thermosetting rubbers and plastics. Because
we are studying the role of network structure we are most interested in polymer
networks above their glass temperature 𝑇𝑔 , i.e. elastomers, where enthalpic
interactions between chains are small and the polymers in between the crosslinkers
behave as in a polymer melt. As a consequence, the majority of the interactions
between polymers in the material takes place via the network 19 . Still some other
interactions occur in elastomers as well, such as entanglements and molecular
friction, which are known to influence the mechanical response before and during
fracture 20 . Because in elastomers the entire volume of the material is occupied by
polymer chains, the material can be quite stiff with a Young’s modulus ranging
from 0.01 to 10 GPa 21 (for comparison, steel has a Young’s modulus of ∼ 200 GPa).
Their tensile fracture strength ranges from 1 to 50 MPa 15,21 and their mode I
fracture energy from 50 to 1000 J m−2 (see Ref. [20]). In Figure 1.3(e) an example
of a stress-strain curve is shown, revealing an abrupt fracture response after the
maximum strength is reached. Prior to the peak a strain-softening regime can be
seen, which is present in some elastomers 15 . Because elastomers combine high
deformability prior to damage accumulation with a reasonably high stiffness, these
5
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Type

Weight
fraction

Linear
Modulus

Strength

Fracture
energy

Elastomers
Hydrogels
Fibre networks

100 %
10 %
0.5–5 %

104 –107 Pa
103 –105 Pa
10–100 Pa

106 –107 Pa
104 –105 Pa
10–200 Pa

50–1000 J m−2
0.5–10 J m−2
-

Table 1.1. Elastic and fracture properties of soft network materials.

materials are often used in an engineering context. To improve their mechanical
properties, elastomers can be reinforced, for example by the introduction of filler
particles (this is why rubber tires are black) and, more recently, by crosslinking
additional polymer networks inside an existing elastomer as shown in Fig 1.4(a).
The latter approach can even shift the typically abrupt or brittle fracture response
of elastomer networks to a more gradual or ductile response (see Figure 1.2(b)),
significantly extending the fracture regime and increasing the fracture energy from
50 J m−2 up to 5000 J m−2 . 22
Hydrogels – Another class of polymeric network materials is that of polymer
gels, which are polymer network materials embedded in a solvent, e.g. a polymer
gel dissolved in water is called a hydrogel. Because the weight fraction of polymers
is significantly lower in these materials (around 10 % of the total weight), they
are typically softer and weaker than elastomers. This also means a significant
reduction in interactions between polymers below the network level, making
these materials interesting candidates for the study of how network structure
affects the failure behaviour. However, the presence of solvent also introduces
new physical phenomena such as the swelling of polymer chains and a coupling
between network deformation and fluid flow referred to as poroelasticity. Typically,
their Young’s modulus ranges from 1 to 100 kPa 22 , their tensile fracture strength
ranges from 10 to 100 kPa 23 and their mode I fracture energy is around 10 J m−2
(see Ref. [24]). An example of a stress-strain curve is shown in Figure 1.3(f). Due
to their lower stiffness and high solvent content, these materials are often used in
a biomedical context. However, single network hydrogels can be very sensitive
to defects in the material. To prevent this problem a hydrogel can be reinforced,
similar to elastomers, by crosslinking a second network inside the existing network,
forming a double network with moduli from 0.1 to 1.0 MPa 25 , fracture strengths
of 1 to 10 MPa 25 and fracture energies of 102 -103 J m−2 comparable to unfilled
elastomers 24 . Also hydrogel double networks show a distinct ductile fracture
response, significantly reducing the flaw-sensitivity (Figure 1.4(b)).
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Fibre networks – Besides networks made out of polymers, there are also
networks composed of fibres such as actin and collagen (Figure 1.3(c)). These fibres
are typically formed by the complexation of macromolecules. As a result, these
fibres are thicker and longer than single stranded polymers, making it possible
to observe these networks through a microscope. Also, the resulting networks
are coarser with mesh sizes ranging from 1 µm to 10 µm 12,26,27 . Fibre networks
are typically embedded in a solvent, just like polymeric gels. Again the mass
fraction of the network is very low (ranging from 0.5 % to 5 % 26,28–30 ), so that most
interactions take place via the network. Because these fibre networks are coarser
than polymeric gels, it is easier for the solvent to move around the fibres, reducing
(but not removing) poroelastic effects 3,31 . The nature of the crosslinks in fibre
networks can vary widely, from linkages via flexible proteins to intricate branching
and interweaving of fibre bundles. Interactions within these fibre networks can be
highly dynamic. Due to the low fibre density, the linear stiffness of these materials
is very low, making classical mechanical tests like extension extremely difficult.
Therefore, elasticity and fracture behaviour of these materials is often tested under
shear as shown schematically in Figure 1.2(e). Their linear stiffness, referred to as
the shear modulus 𝐺0, ranges from 10 Pa to 100 Pa 26,30 and their strength varies
from 10 Pa to 200 Pa 28,32 . Fracture energies are not well studied because of the
extension problem. An example of a stress-strain curve is shown in Figure 1.3(g),
which reveals a more gradual decay after the peak stress. Most examples of fibre
networks can be found in a biological context, providing structural support both
inside and outside of cells 3 . In fact, many of these biological structures, such as the
cytoskeleton and the extracellular matrix can be considered as a composite as they
consist of a mixture of several biological networks (Figure 1.1(d)) 3 . In addition,
there are several examples of synthetic fibre networks 33,34 .
Macroscopic networks – So far we have considered materials in which we
cannot see the structure with our naked eye. Even a small volume of those
materials still contains enormous amounts of elements and crosslinkers. However,
many networks exist that we can observe with our own eyes. Examples are
textiles, fishing nets, and several metamaterials. Also for research purposes these
well-defined macroscopic networks have been fabricated in order to study the
fracture response 37 . The properties of these materials can vary widely, depending
on what material the network is made from. But, in general, the macroscopic
network is softer and more stretchable than the material in its bulk form. An
example of a stress-strain curve for a single network is shown in Figure 1.3(h)
and an example of a composite is shown in Figure 1.4(c). Because the number of
elements in macroscopic networks is very low, the fracture of individual bonds is
visible in the global stress-strain response.
7
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Figure 1.4. Examples of composite networks materials. (a) An elastomeric composite can be
created by swelling a sacrifical network (blue) inside a matrix monomer, and later crosslinking
these monomers in to a matrix network. The bottom panel shows the mechanical response (normal
stress 𝜎𝑁 versus stretch 𝜆) upon uniaxial extension. As a function of the swelling ratio 𝜆0 , the
mechanical response can be shifted from a brittle (red) to a ductile response (green). The coloured
numbers in the bottom panel indicate the 𝜆0 value corresponding to each curve. Reprinted from
Ref. [35]. Copyright 2018 National Academy of Sciences. (b) A hydrogel composite network. At
the start of the plateau in the stress-strain curve a neck appears in the material as demonstrated
by the pictures. Reprinted from Ref. [25]. (c) A macroscopic composite. Adapted with permission
from Ref. [36]. Copyright 2019 American Chemical Society.

1.2.1

Fundamentals of network elasticity

With these examples in mind, we can distinguish two main contributions to the
mechanical response of a soft network material: the nature of the building blocks
and the structure of the network.
The elastic response of the building blocks, the piece of polymer or fibre in
between crosslinkers, stems from their resistance to deformation; therefore, the
exact elastic response of these building blocks is highly dependent on the nature
and size of the building block. In particular, the length of the building block 𝑙 𝑐
compared to its persistence length 𝑙 𝑝 plays an important role. The persistence
length is a measure for the ease of undulating a polymer via thermal motions
and is defined as 𝑙 𝑝 = 𝜅/(𝑘B 𝑇) with 𝜅 the bending rigidity and 𝑘B𝑇 the thermal
energy. If the structure in between crosslinks is very flexible or very long, the
thermal fluctuations dominate the elastic response. For example, in polymers
(𝑙 𝑐  𝑙 𝑝 , Figure 1.5(a)) and flexible fibres (𝑙 𝑐 & 𝑙 𝑝 , Figure 1.5(b)) the initial response
is governed by entropy, where the resistance to stretching is caused by a reduction
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Figure 1.5. Building block elasticity. The elastic response of a building block depends on the
nature of the building block and the extent or type of deformation. We distinguish between (a)
flexible polymers, (b) semi-flexible polymers, and (c) stiff fibres. The resistance to deformation
can be due to entropy (blue), enthalpic stretching (red) or enthalpic compression (green).

in accessible conformations (indicated in blue), followed by an enthalpic regime,
where extension results in stretching of molecular bonds (indicated in red). Due
to these different regimes the elastic response is highly non-linear. For stiffer or
shorter fibres (𝑙 𝑐  𝑙 𝑝 , Figure 1.5(c)) the entropic effects are negligible, and the
mechanical response is completely governed by the (non-)covalent interactions
inside the fibre; these are also called athermal fibres. The elastic response of these
fibres is closer to a linear response. What all these elements have in common is that
they will break if they are stretched far enough, most often within an enthalpic
regime. For flexible polymers the extension at rupture will be several times the
initial distance between the crosslinkers, while for stiff fibres the extension at
rupture might only be slightly larger than the initial distance.
Even though the origin of the material response is the elastic response of the
building blocks, there is no one-to-one correspondence between the elasticity of
a single building block and the mechanical response of an entire network. It
is obvious that in a network not all building blocks are perfectly aligned with
the applied deformation field, which is one factor that needs to be considered.
More importantly, networks have the ability to rearrange if they are deformed to
minimize the amount of load on the building blocks. These rearrangements are
called non-affine, because they deviate from the global “affine” deformation that is
applied. The consequences of these non-affine rearrangements at the network level
can be surprising, such as the strain-stiffening response of collagen 13 or the auxetic
response of metamaterials 38 . How the distribution of load takes place is governed
by the network structure, or specifically network rigidity, as we will explain in
9
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Figure 1.6. Bridging length scales. Fracture starts with the scission of a single chain, leading
to accumulation of damage to the local network structure. Damage can occur in the bulk due to
heterogeneity in the network structure or around small defects 39 . Eventually, a microcrack will
nucleate and propagate to form a macroscopic crack.

more detail in Chapter 2. If these non-affine rearrangements occur, the distribution
of tension in the network will be highly dependent on the network structure and
therefore also the failure of building blocks can be expected to depend on the
structure of the network. However, a clear picture of this relation between network
structure and fracture is still lacking.

1.3

Why is material fracture a difficult problem?

The reason that the effect of network structure on material fracture is poorly
understood, is the large separation in length scales between the first fracture event
(breaking of a single chain) and the global failure caused by the evolution of
macroscopic cracks as shown schematically in Figure 1.6. Capturing everything
that happens in between these length scales in experiment, numerical models, or
theory, is a challenge. In addition, there is a large separation in time scales: while
the initial damage might accumulate slowly, the transition towards global failure
often happens in the blink of an eye.
Also the network structure itself poses a problem. Typically, the intrinsic
disorder provides little opportunity for simplification of the network structure, as
is commonly done in studies on crystalline solids. In principle, this means that an
accurate description of elasticity and fracture should involve all the components of
the network.
Due to the disordered structure it is hard to predict when and where fracture
will occur, especially because a full characterization of each and every part of the
network is practically impossible. Nevertheless, we know that on average the
fracture response between different samples of the same material is reproducible.
10
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Figure 1.7. Length scales in continuum elasticity. (a) Around a crack tip two zones can be
identified: the dissipative zone, where energy dissipates prior to expansion of the crack, and
the non-linear zone, where non-linear elasticity dominates. The size of the largest defect in the
material with respect to these lengths determines the fracture response. (b) In particular, if 𝜉  𝑐
stress can easily concentrate at the tips of the defect, and thus the energy required for fracture will
be flaw-sensitive 𝑊𝑏 ∼ Γ/𝑐 . However, if 𝜉  𝑐 the fracture response will be flaw-insensitive and
the fracture energy is dominated by 𝑊 ∗ 15,40,41 , the energy required for fracture if no defects are
present. With this information and assuming that the size of the defect 𝑐 is significantly smaller
than the size of the sample 𝐿, four types of materials can be identified: stiff brittle materials
(ℓ  𝜉  𝑐 ), stiff ductile materials (ℓ  𝜉 ∼ 𝑐 ), soft brittle materials (𝜉  ℓ  𝑐 ), and soft ductile
materials (ℓ  𝜉 ∼ 𝑐 ). (c) 𝜉 and ℓ for a wide range of materials. For all materials considered in
this thesis 𝜉 < ℓ (they lie below the dashed line). Reprinted with permission from Ref. [42].

Fracture can therefore be described as a statistical process. What makes fracture a
tough statistical problem is that the fracture events are not independent: which
bonds fail does not only depend on the initial network structure, but also on the
evolution of damage and structural reorganizations in the network.
Despite these three challenges, there is great interest from science and technology to improve our microscopic understanding of fracture in soft network
materials. In broad lines the (microscopic) fracture response takes place in three
stages:
1. Damage accumulation – In the damage accumulation stage, damage develops homogeneously in the bulk of the material 22 . Whether this damage
is caused by heterogeneity in the network structure or only occurs around
larger heterogeneities arising from sample preparation is still unclear 43,44 .

11
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However, in some materials this type of damage can lead to significant
softening, also called the Mullins effect 22,45,46 .
2. Crack nucleation – Subsequently, microscopic cracks will start to nucleate.
The difference between these cracks and the damage accumulated in the first
regime is that the cracks have a distinguishable crack surface. Alternatively,
microscopic cracks can already be present, for example in the form of gas
bubbles.
3. Crack propagation – Finally, one or several microscopic cracks will propagate
to form macroscopic cracks until a crack spans the entire system, leading to
catastrophic failure.
Little is known about the processes leading up to the propagation of a crack in
soft materials and also the initial stage of crack propagation, where in principle
many cracks can propagate at the same time, remains relatively unexplored. By
contrast, a significant amount of experimental and theoretical research has been
done on the propagation of cracks from defects in polymer networks based on an
extension of linear elastic fracture mechanics (LEFM). We summarize these findings
here, as they provide both a useful perspective on the process of fracture and a
motivation for our research. The aim of these theories is to predict at which global
stress a crack will propagate from a defect. For soft network materials, this requires
detailed knowledge about the effect of large deformation on stress concentration at
the crack tip. In particular, two length scales are introduced: the non-linear length
scale ℓ and the dissipative length scale 𝜉 42 . The first length scale is the distance
from the crack tip over which the stress response is highly non-linear, which can
be written as ℓ ∼ Γ/𝐸 𝑦 . The second length scale is the distance over which stress
concentration is smeared out due to dissipation processes 𝜉 ∼ Γ/𝑊∗ with 𝑊∗ the
critical energy per unit volume for material failure without a pre-existing crack. In
soft materials ℓ and 𝜉 are typically a lot larger than the atomic length scales and the
size of the building blocks 𝑙 𝑐 as shown for several materials in Figure 1.7(c). How
these length scales compare to the size of a typical defect with size 𝑐, determines the
global fracture response. We are interested in two cases: flaw-sensitive soft brittle
materials (𝜉  ℓ  𝑐), such as many hydrogels, and the flaw-insensitive soft ductile
materials (ℓ  𝜉 ∼ 𝑐), such as many double networks, for both of which ℓ  𝜉 and
thus 𝑊∗  𝐸 𝑦 42 . Although these length scales are useful tools in classifying the
fracture response of soft polymer networks, the microscopic damage processes
that control these length scales are poorly understood. Furthermore, it is unclear
if these ideas can be translated to the fibre networks and macroscopic networks
introduced in Section 1.2. Bridging the gap between the current macroscopic
understanding of fracture and the emerging picture of damage accumulation
12
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Figure 1.8. Experimental state-of-the-art. (a) Data of interest and the stages of the fracture
experiment at which local information can be obtained. (b) Direct study of plastic events in fibrin
networks using confocal microscopy. Reprinted from Ref. [28]. (c) Dioxetane mechanophores as
a reporter for chain scission. The dioxetane mechanophore emits a photon upon bond scission,
which can be detected with a camera, as is shown here for a strip of an elastomeric composite
under uniaxial extension. From Ref. [22]. Reprinted with permission from AAAS.

at the microscopic level is one of the important motivations for this thesis. To
start bridging this gap both state-of-the art experimental techniques and powerful
simulation techniques are required that can capture the microscopic response to
fracture.

1.4

Experimental state-of-the-art

A complete description of the microscopic failure process includes: local stress,
local strain and damage accumulation (Figure 1.8(a)). Ideally, these data are
acquired at the same time during the fracture process, so that the spatial and
temporal correlation in the data can be studied. Realistically, this is not always
possible, therefore there are also techniques that either study the structure of the
network prior to deformation or post-mortem. Although temporal information
is lost with these techniques, they do allow a higher spatial resolution as the
acquisition time is no longer dependent on the fracture process. Here, we will
discuss some of these experimental techniques to reflect the state-of-the-art and
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provide insight into the experimental data that is available on the microscopic
damage process.
Which measurement technique works best depends highly on the material and
the problem of interest (deformation mode, length scale and timescale). For fibre
networks it is possible to study the microscopic fracture process using microscopy.
In particular confocal laser scanning microscopy can be very helpful in this regard
because it provides three-dimensional information on the fracture process 12,28 . A
drawback of microscopy is that it allows to only study a small part of the sample;
large rearrangements can cause the area of interest to move out of the field of view
quickly. For hydrogels and elastomers microscopy is not so useful, at least not
during the fracture process, because the network structure can not be resolved. To
at least give some idea about the development of cracks in the nucleation process,
small-angle scattering techniques such as SAXS and SANS can be used. Although
these techniques can resolve features at and below the network level, the ensemble
averaged nature of the data makes interpretation difficult 47–49 . Spatially resolved
scattering techniques such as laser speckle imaging 9,50 , on the other hand, are very
promising in studying fracture problems. Although this technique can not resolve
the network structure, it provides information on dynamics for an impressive
range of length and time scales. In a sense, this technique provides information
on local strain. However, this technique is mostly useful for fracture phenomena
where the global deformation is limited.
LSI already demonstrated that it is not always needed to completely resolve the
network structure in order to study microscopic processes, as long as somehow the
local response can be measured. One completely different trick to measure local
response is to chemically modify the network components, so that they can visualize
strain, stress or damage. Intriguing chemical designs, called mechanophores, do
just that 22,51–55 . In particular, we can distinguish damage reporters 22,55 , like
dioxetane (Fig. 1.8(c)) and merocyanine, from stress/strain reporters 53,54 , like
spiropyran. A major challenge for these reporters is not only to introduce them
into the networks, but also to quantify their output 55 .
Besides these techniques used to study material failure, we want to emphasize
the importance of single molecule experiments 56 (or single fibre experiments 57 ),
which are very helpful to understand the elasticity and fracture at the building
block level.

1.5

Modelling network elasticity and fracture

As described earlier, network fracture is a problem with many facets. For a specific
fracture problem it can be difficult to determine which factors are dominant in
14
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Figure 1.9. Modelling approaches. (a) Schematic of the Arruda-Boyce 8-chain model used to
build constitutive models 58 . (b) Schematic of a fibre bundle model 59 . After bond breaking the
load is redistributed over the remaining fibres according to a pre-defined load sharing rule. (c)
Schematic of a diluted random fuse model. The current 𝐼 and voltage 𝑈 serve as analogues for
stress 𝜎 and strain 𝜖 . (d) Schematic of a spring network model. Springs break if they exceed a
pre-defined threshold. (e) Example of a fibre network model that includes bending interactions
along fibres and a more detailed description of inter-fibre bonds. Reprinted from Ref. [60] with
permission from Elsevier. (f) Example of Kremer-Grest type model for a polymer network. Each
polymer consists out of several particles and each bond between these particles represents a
Kuhn segment. Adapted with permission from Ref. [61]. Copyright 2018 American Chemical
Society.

controlling the fracture response, especially because not all these factors can be
controlled easily in experiment. Computer models can significantly speed up the
process of identifying these dominant factors 62 . It is important to realize that these
simulations are not meant to replace experimental research. The true power of
these models is that they allow one to test the validity of the assumptions that are
made, explicitly or implicitly, in the interpretation of experiments.

1.5.1 Continuum models
The crudest approach to model the mechanical response is to capture the elastic
and the fracture response of a material in a constitutive law that describes the
elastic and fracture response of a representative volume element in the material
upon deformation 44 . Here representative means that a sufficiently large piece
of the material is described, such that increasing its size does not significantly
alter the mechanical response. In the context of soft network materials, this
15
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approach is most developed for polymer networks and especially elastomers. The
description of the mechanical response can either be phenomenological 63,64 or
based on a microscopic description of elasticity (Figure 1.9(a)) 44,58 . Typically, this
micromechanical approach describes the evolution in the end-to-end distance
of a set of polymers within the representative volume element, assuming that
the deformation inside the volume element is completely affine (on average),
i.e. follows the global deformation, and that the behaviour of each polymer is
independent. Based on a description for the entropic elasticity of the individual
chains 65 , a constitutive law for the deformation of the entire volume element can be
constructed. The evolution of damage can also be described with a technique coined
statistical damage mechanics 44 , where it is assumed that the initial configuration
of polymer chains contains some distribution in the end-to-end distances and that
chains break if their extension exceeds a certain threshold. The type of damage
accumulation captured in this model is the diffuse damage that happens in the
bulk prior to crack nucleation. On its own, these models can not capture the
role of defects in material fracture; however, if they are implemented in finite
element models 66 it is possible to look into stress concentration around defects 54
and necking 67 .

1.5.2

Fibre bundle models

The drawback of (most) constitutive models is that they do not describe any
interaction between the building blocks in the network (in this case polymers). A
cheap computational approach to study fracture as a function of this interaction
is to use fibre bundle models. In these models the fracture of fibres that are
arranged in a one-dimensional or two-dimension array is studied (Figure 1.9(b)).
The fracture strength of each fibre is picked from a strength distribution and
subsequently the fibre bundle is put under a load. If a fibre breaks, the load is
redistributed according to a pre-defined load-sharing rule. Within these rules two
limits can be identified, global load sharing, where the load carried by the broken
fibre is redistributed equally over all remaining fibres and local load sharing, where
the load is only distributed over the neighbouring fibres. Although these fibres are
not arranged into a network, which makes the translation to real network materials
challenging, this load sharing rule could act as a proxy for how stress is managed
within a network 59 .

1.5.3

Spring and fibre network models

An alternative to this approach is to explicitly build a network structure, where
the sharing of load emerges from the nature of the elements, e.g. linear springs,
16
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and the associated physics. The stress distribution is found by solving a system of
equations. For simplicity, most of the work in this area has been based on scalar
versions of networks: networks of electrical fuses (Figure 1.9(c)). This approach
relies on the analogy between the stress distribution in spring networks and current
flow in fuse networks 68 . The latter is a simpler problem to solve because the
functions are scalar, i.e. rearrangements in the network do not affect the result.
Checks of this fuse approach show that indeed for networks with a high amount
of disorder in the rupture threshold the scalar problem does provide similar results
to the tensorial variant of a network with mechanical springs (Figure 1.9(d)) 69,70 .
However, in recent years it has become clear that the tensorial approach to elasticity
does actually give rise to a qualitatively different fracture response, especially for
networks that are diluted down to the Maxwell isostatic point 37,71 . This difference
lies in the importance of rigidity in the elastic response of these networks, that has
also been shown to be highly relevant in the (non-)linear elasticity of biological
fiber networks 13,72 . These spring models will play a central role in this thesis,
therefore a detailed discussion will follow in Chapter 2. Several extensions
of these models exist wherein also other elastic contributions are considered,
such as models for fibre networks that include tension, bending and torsion 73 .
Furthermore, additional mechanisms of bond scission can be implemented as
depicted in Figure 1.9(e) 60 .
Note that all the models above (by design) do not take into account time.
Essentially, they describe elasticity and fracture under quasi-static conditions,
where (thermal) fluctuations are not important. To some extent the effect of these
dynamics, i.e. kinetics, can be added by implementing something like a Gillespie
algorithm 74 . However, such an approach would assume that there is no coupling
in the dynamics of two consecutively breaking bonds. Alternatively, the spring
networks can be embedded in any type of dynamics simulation where, for example,
Newton’s equations are solved (see Chapter 3).

1.5.4 Coarse-grained polymer network models
The models described thus far do capture the network structure, but below the
network structure they do not describe any details. Not even excluded volume
interactions are considered, so that elements pass through each other without any
consequence. As we discussed previously, temperature plays an important role in
the (linear) elasticity of soft polymer network materials. To capture this effect, a
more detailed description of the elements is needed, as is done in the widely-used
Kremer-Grest model 75 . Networks are created using various protocols and instead
of single springs, the polymers are represented by a string of bonded beads, each
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Figure 1.10. Graphical abstract for this thesis. We investigate the microscopic processes that
are involved in the elasticity and fracture of soft network materials, such as fibre networks and
elastomers. In particular, we want to know how the network controls the elastic and fracture
response. Therefore, we study several coarse-grained models that focus on network structure. In
part I we study single networks while we shift our focus to composites in part II.

representing a Kuhn segment of the polymer. Because of this design, entropic
effects are included explicitly in the model and also topological constraint between
different polymers are captured (see Chapter 6). Although more accurate, these
models are computationally expensive so that the networks simulated necessarily
are small, making the study of defect effects difficult.

1.6

Scope and outline

The aim of this thesis is to explore the relation between network structure and
fracture behaviour of soft network materials. As outlined in this introduction,
the microscopic fracture mechanism both prior and during the propagation of
macroscopic cracks remains unclear. Therefore, we investigate how networks
deal with stress in both soft brittle and soft ductile materials, such as double
network materials. To this end, we study the mechanical response of several
minimal network models summarized in Figure 1.10. As all damage in soft
network materials is preceded by large deformation, we also pay attention to the
relation between (non-)linear elasticity and network structure. Furthermore, we
make comparisons with experimental work where possible. We have divided the
following research chapters into two parts.
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Part I: elasticity and fracture of elastic networks – We start with a minimal
central-force elastic model for network elasticity and fracture in the athermal
regime in Chapter 2. We show that the mechanical response of subisostatic
networks, the class most soft network materials fall in due to their low connectivity,
is qualitatively different from hyperstatic networks, which are typically used to
study fracture of stiff materials. We demonstrate that the fracture response of these
networks is highly dependent on the connectivity of the network, which is reflected
both in the global and microscopic response. Finally, we also demonstrate that this
minimal model can be used to study the fracture response of collagen networks.
Then, in Chapter 3, we take the same networks, but instead of minimizing the
energy we now add thermal fluctuations via a dynamics model. We show that
temperature acts as a stabilizing field, in agreement with literature results based
on Monte Carlo simulations. From there we show that this stabilizing effect is also
present in the non-linear regime and that there is a coupling between rigidity and
temperature, which determines how fracture occurs.
Part II: elasticity and fracture of composite networks – In Chapter 4 we
first look into the elasticity of collagen networks embedded in the polysaccharide
hyaluronan, essentially a double network of biopolymers. We show that hyaluronan
works as a stabilizing field in the linear regime, providing additional stiffness. In
the non-linear regime, the presence of hyaluronan shifts the non-linear response
of the collagen network due to pre-stress at the network level. Moving to fracture,
we dive into the transition from brittle to ductile fracture in composite networks.
This brittle-to-ductile transition has been demonstrated in networks at several
length scales. In Chapter 5 we study a random spring network model as a minimal
model for double network fracture. We show that in this minimal model the brittleto-ductile transition is controlled by a force balance between the two networks.
Furthermore, we demonstrate that network structure and disorder do affect the
fracture mechanisms during the transition, but that in this model the location of
the transition is unaffected. This chapter is followed by Chapter 6 where we make
a more detailed study of fracture in swollen polymer double networks using a
Kremer-Grest type model. While in Chapter 5 the interaction between the two
networks was pre-defined, the interaction between the two networks in Chapter 6
only takes place via topological constraints. As a result, we find that the fracture
response shows two distinct regimes: one controlled by stress redistribution within
the first network and one controlled by stress redistribution between the two
networks. Our investigation of the stress distribution process reveals that also in
more realistic polymer networks the microscopic fracture response is controlled by
network structure.
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These chapters answer some questions about the relation between network
structure and the fracture response. However, more question arose during this
project. In the general discussion we will look back at the research to distil common
trends, discuss implications and present exciting future research directions.

List of symbols
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Symbol

Description

𝐴0

Initial cross-sectional area perpendicular to axis of deformation

𝑐

Crack length

𝐸𝑦

Young’s modulus

𝐹

Force applied along the axis of deformation

𝐺0

Elastic shear modulus or storage modulus

𝑘B

Boltzmann constant

𝑙𝑐

Length of the building block (e.g. polymer) between crosslinks

𝑙𝑝

Persistence length

ℓ

Non-linear length scale (fracture mechanics)

𝐿

Length of sample along axis of deformation

𝐿0

Initial length of sample along axis of deformation

𝑇

Temperature

𝑇𝑔

Glass temperature

𝑊

Work of extension or energy required for fracture (area under the
stress-strain curve)

𝑊∗

Critical energy per unit volume for material failure without a
pre-existing crack

𝛾

Shear strain

Γ

Fracture energy

𝜖

Uniaxial or normal strain defined as (𝐿 − 𝐿0 )/𝐿0

𝜅

Bending rigidity

𝜆

Stretch ratio defined as 𝐿/𝐿0

𝜉

Dissipative length scale (fracture mechanics)

𝜎

Stress

𝜎𝑁

Normal stress (stress measured upon uniaxial deformation)
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Part I
Elasticity and fracture
of elastic networks

Chapter 2
Fracture of athermal elastic
networks
Although the term “soft network materials” describes a wide range of material types, they all share a
disordered network structure at some level. In this chapter we introduce a minimal network model,
based on a randomly diluted triangular lattice of Hookean springs, that allows us to study the
role of network structure in the elastic and fracture response of soft network materials. We find
that the rigidity dependence of the elastic response is reflected in the fracture response and can be
tuned via the fraction of bonds 𝑝 remaining after dilution and the rupture threshold 𝜆 of individual
bonds. Furthermore, we find a system size dependency in the fracture response, as is expected for
fracture phenomena. Finally, we demonstrate, based on experimental shear measurements on collagen
networks, that this athermal central-force elastic model can be used to interpret the fracture response
of real soft network materials.
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2 Fracture of athermal elastic networks

2.1

Introduction

Soft network materials exist in numerous forms, ranging from polymer networks,
such as PDMS elastomers, to fibre networks, such as collagen. Also in colloidal
gels an underlying network structure can be identified, and several metamaterials
and textiles can be considered network materials as well. Many of these materials
share a highly disordered microstructure and can undergo large deformations
before damage becomes visible at the macroscopic level. From theory 1,2 and
experimental work 3 we know that the combination of this disordered network
structure and large deformations leads to heterogeneity in stress at the microscopic
level, i.e. the load is not shared equally over all parts of the network.
We want to understand how these characteristic properties of soft network
materials control their fracture behaviour. However, due to the wide range of length
and time scales associated with the process of network fracture, it is challenging to
conduct a systematic study both in experiments and in system specific simulation
studies. To mitigate this challenge, we propose to make strong assumptions on the
elastic and fracture response of building blocks, leading to a highly coarse-grained
model of soft network materials that operates at the mesoscale.
In particular, we investigate the structure dependent fracture response of an
athermal central-force elastic model inspired by a model for the (non-)linear
elasticity of athermal fibre networks 4–6 . We highlight the role of network size on
the fracture response and show how size scaling can give a deeper insight in the
role of stress concentration in the fracture of networks. Finally, we demonstrate
how this framework can be used to interpret experimental results on the fracture
of collagen networks.

2.2

Network structure

To investigate the effect of network structure on fracture we should first learn
how to describe the structure of a network such as the collagen network shown in
Figure 2.1(a). We can characterize the structure of any network, regardless of its
molecular structure, by converting it into a graph with elements or edges, representing the building blocks, and nodes, representing the crosslinks or branching points,
as shown in Figure 2.1(c) 8,9 . Via this framework we can systematically study the
influence of network structure on elasticity and fracture.
Two features stand out from the graphs of different network materials: i)
the highly disordered network structure and ii) the low connectivity (number of
connected elements) at all nodes. Almost every soft network material is highly
disordered. This can either be through a distribution in the length and thickness
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Figure 2.1. Abstraction of the microscopic structure of soft network materials. (a) Microscopy
image (confocal reflectance) of a reconstituted bovine type I telocollagen network obtained from
Ref. [7]. (b) Abstract representation of a collagen fibril network with crosslinks and branches. (c)
Graph representation of the collagen network with nodes and connecting elements (i.e. bonds).

of the elements or through a distribution in the connectivity at the crosslinking
sites. The low connectivity at all nodes distinguishes material networks from
other networks such as neural networks, social networks and the internet, which
typically have several nodes with a very high connectivity.
A disordered network contains many complex structures such as higher order
loops and dangling ends. As a result, it is impossible to describe the structure
of a network exactly using just a few parameters. This is in contrast to ordered
materials, such as crystalline solids, which are built from a repeating unit cell.
However, we can approximately describe the structure of the network with a
set of three parameters: the average distance between crosslinks 𝑙 𝑐 , the average
connectivity h𝑧i and the density. For the density we either take the line density 𝜌,
which is the total length of fibre per volume, the strand density 𝜙strand , which is
the number of strands per volume sometimes written as 𝜈, or the crosslink density
𝜙cross . Note that many fibre networks consist of fibres that are longer than the
distance between crosslinks 𝑙fibre > 𝑙 𝑐 , i.e. there are multiple crosslinking sites
along a fibre. By making assumptions on the process of network formation this
allows the description of the network structure with just the values 𝑙fibre and 𝜌, the
other parameters will follow from theory 4 .

2.3

A minimal model for network elasticity and fracture

To systematically study the effect of these structural parameters on the fracture
behaviour of networks, we use a minimal model that can simulate the fracture
response of the graphs introduced in the previous paragraph. This model is
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inspired by studies described in literature on the relation between non-linear
elasticity and network structure 5,10 .
To construct the model, a network structure is generated from a two-dimensional
triangular lattice of size 𝐿 with a maximum connectivity 𝑧 max = 6. Disorder is
introduced by randomly removing bonds with probability 1 − 𝑝. After setting the
element length 𝑙 𝑐 to unity, 𝑝 controls both the average connectivity h𝑧i = 𝑧 max 𝑝
√
and the line density 𝜌 = 2 3 ∗ 𝑝. Starting with a lattice seems counter-intuitive,
considering that we have been discussing the importance of disorder previously.
However, it will become clear later on that the random dilution of bonds introduces
enough disorder at the connectivity level to give a good description of real
disordered networks.
For simplicity, we describe the elastic response of the elements using a linearly
elastic spring with stretching constant 𝜇 and rest length 𝑙0 = 𝑙 𝑐 , such that the
force upon extension 𝐹 = 𝜇(𝑙 − 𝑙0 )/𝑙0 . In Chapter 4 we will also consider bending
interactions, but for now we assume that the nodes are freely hinged, i.e. there is
no energy penalty for changing the angles between the bonds that connect to the
node. We obtain the elastic response of these networks by deforming them under
athermal and quasistatic conditions. Under these particular conditions we can
neglect thermal fluctuations and other dynamical processes. It also means that the
network will always travel through equilibrium states, meaning that we can find
the network configuration by minimizing the energy of the system (we use the
FIRE algorithm 11 ).

2.3.1

Elastic response: Two classes of rigidity

This approach gives us the tools to look deeper into the origin of network elasticity,
and thus how stress is dealt with in a network before bonds start to break. In
all cases the elastic response is governed by structural rigidity. Here we can
distinguish two cases of rigidity: first-order rigidity and second-order rigidity 13 .
First-order rigidity
In the linear elastic regime, i.e. at small deformations, the stress-strain response
of these networks is highly dependent on the average connectivity. The reason is
the relation between connectivity and network rigidity as described by Maxwell 14 .
This type of rigidity is also called first-order rigidity and is purely based on
topology. A network is first-order rigid if the number of degrees of freedom in
the network is at least balanced by the number of constraints (Figure 2.2(a)). In
our networks the nodes can move in the 𝑥- and 𝑦-direction, so that the number of
degrees of freedom 𝑁d.o.f. = 𝑑𝑁nodes with 𝑑 = 2 the dimensionality of the system.
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Figure 2.2. Maxwell rigidity is determined by network topology. (a) In two dimensions a node has
two degrees of freedom, because it can move along the 𝑥 -axis and along the 𝑦 -axis. A network
is rigid according to the Maxwell criterion if the degrees of freedom are matched by at least the
same number of constraints. For example, in the triangle shown here the white node can move
freely and the grey nodes are fixed. In this system the number of degrees of freedom, matches
the number of constraints (black bonds), and thus the triangle is rigid. On the other hand, in the
square there are two nodes with four degrees of freedom and three bonds (three constraints —
the two bottom nodes are fixed, therefore, the grey bond does not count as a constraint). Now the
constraints do not match the degrees of freedom and thus the network is not rigid: the upper part
can move freely without stretching any of the bonds. (b) Identification of rigid clusters in diluted
triangular networks. Rigid cluster (black lines) identified with a pebble game algorithm 12 . The red
lines belong to non-rigid parts of the network. For a diluted triangular lattice, a percolating rigid
cluster is obtained for 𝑝 = 2/3. Note that the rigid clusters identified with the pebble game are not
unique, slightly different clusters could be identified depending on the exact implementation.

In an undiluted network there are 6 bonds connected to each node and each bond is
connected to two nodes such that the number of constraints 𝑁constraints = 3𝑝𝑁nodes .
For two-dimensional triangular networks in the thermodynamic limit (𝐿 → ∞) that
means that 𝑝 should be bigger than 2/3, this value is also called the isostatic point
𝑝 𝑐 (Figure 2.2(b)). Also for smaller networks with periodic boundary conditions
𝑝 𝑐 ≈ 2/3. Rigid networks, those above the isostatic point, have a finite stiffness,
implying that a tiny deformation of the network always costs energy, i.e. elements
have to be deformed. For these hyperstatic networks (𝑝 > 𝑝 𝑐 ) the linear stiffness
or modulus (second order-derivative of the energy with respect to the strain)
follows a critical scaling with respect to the isostatic point 15,16 . In contrast, a
tiny deformation of a subisostatic network (𝑝 < 𝑝 𝑐 ) does not cost any energy, i.e.
none of the elements is stretched. To explain this difference, we identify rigid
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clusters within networks around 𝑝 𝑐 using a procedure called the pebble game
(Figure 2.2(b)). At high 𝑝, e.g. at 𝑝 = 0.750, there is one system spanning cluster,
thus deformation of the network requires deformation of this rigid cluster, which
requires elements to deform. In contrast, the low 𝑝 networks contain many small
clusters (black) connected by under-constrained nodes/bonds (red). Because these
nodes are not completely constrained, the network can rearrange in such a way
that the global deformation does not cause any of the bonds to stretch. These
rearrangements are called non-affine rearrangements because the displacements
of these nodes deviate from the global or affine deformation. Just like the linear
modulus, we find a critical scaling in the size of these non-affine deformations
approaching the isostatic point from above and from below 10,15 . In summary, a
network requires a system spanning cluster in order to be rigid, this is also why it
is sometimes referred to as rigidity percolation. This term should not be confused
with the term geometrical percolation, which indicates that the top and bottom
of the network are connected to each other, for triangular networks this occurs at
𝑝 𝑔 = 0.347, which is significantly lower than 𝑝 𝑐 17 .
Second-order rigidity
That networks with 𝑝 < 𝑝 𝑐 are not rigid in the linear regime does not mean that
networks with a lower connectivity parameter can never become rigid. These
networks can be rigidified (provided 𝑝 > 𝑝 𝑔 ) by applying an external deformation,
which aligns the bonds (Figure 2.3(a)) 19 . This strain induced rigidity transition can
not be predicted based on Maxwell’s rigidity criterion, which is purely topological
and, therefore, insensitive to external deformation. The rigidity transition is
driven by a different class of rigidity which is geometrical in nature, also called
second-order rigidity 13,20 . A simple way of understanding this geometrical rigidity
transition is to imagine pulling on a slacked (guitar) string. If we represent the
string as a chain of elements (Figure 2.3), we find that at low extension the end
points can be moved apart without deforming any of the elements in the string.
Only when the extension is exactly equal to the total length of the string, the string
is pulled taut. This is when the geometrical rigidity transition occurs. The same
principle holds for diluted networks as illustrated in Figure 2.3. We also note
that this principle is not only relevant for uniaxial extension, but also for biaxial
expansion or shear. The non-linear stiffness, the derivative of the stress-strain
curve, and the size of the non-affine deformations again show a critical scaling, but
now with respect to the strain at which the network becomes rigid; therefore, this
strain is called the critical strain 𝜖 𝑐 for extension or 𝛾𝑐 for shear 5,18 . This critical
strain is a function of |𝑝 − 𝑝 𝑐 | (Figure 2.3(b)).
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Figure 2.3. Geometrical rigidity is determined by network geometry. (a) Structures that are not
first-order rigid, like this chain of elements, can be rigidified under tension. When the elements in
the chain are fully aligned, none of the nodes can move without stretching a bond. Similarly, a
subisostatic network (bottom left) can be rigidified under tension (bottom right). (b) At what strain
𝜖 a network is rigid depends on the connectivity (or in this case the connectivity parameter 𝑝 ). At
and above 𝑝 𝑐 the network is first-order rigid, thus 𝜖 𝑐 = 0.00 (blue region). Below 𝑝 𝑐 the critical
strain 𝜖 𝑐 grows with the distance from the isostatic point |𝑝 − 𝑝 𝑐 | (green region). Initially this growth
follows a power law 15 and depends on the deformation mode 𝜖 𝑐 ∼ |𝑝 − 𝑝 𝑐 | 1.3 for extension 6 and
𝛾𝑐 ∼ |𝑝 − 𝑝 𝑐 | 1.0 for shear 18 , but the scaling deviates when 𝑝 approaches the point of geometrical
percolation 𝑝 𝑔 17,18 . Below this point geometrical percolation can not be achieved, i.e. the top
and bottom of the network are no longer connected; therefore, these networks are never rigid.

Stabilizing fields
For a three-dimensional network to be first-order rigid, the average connectivity
should be at least 6. However, for most networks it is lower than 4, thus most
soft network materials are subisostatic. Therefore, geometrical rigidity is the most
relevant form of rigidity for most soft network materials. This does not mean that
soft network materials can be deformed without any effort in the linear regime.
Although these networks are not rigid in terms of stretching, they are stabilized by
other types of interactions, such as bending interactions or thermal fluctuations,
also called stabilizing fields 21 . We already discussed that without a stabilizing
field, the network rearranges in a non-affine way to avoid stretching of bonds. This
causes changes in the angles between neighbouring bonds. Now, if we include
bending interactions, these interactions will resist the non-affine rearrangements,
causing an increase in the energy of the system, resulting in a finite stiffness below
𝜖 𝑐 . The scaling of the modulus is now still critical with respect to the critical
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Figure 2.4. Balancing forces leads to an inhomogeneous stress distribution. Affine deformation
of an initial network structure (Δ𝜖 = 0.20) leads to an imbalance in the forces at the nodes. After
balancing the forces through an energy minimization procedure, we find a highly inhomogeneous
distribution in stress both below 𝑝 𝑐 (top row, 𝑝 = 0.55 and 𝐿 = 30) and above 𝑝 𝑐 (bottom row,
𝑝 = 0.75 and 𝐿 = 30). Here we show the distribution in the contribution of each bond to the global
stress along the axis of extension. The vertical lines indicate the stress on a diagonal bond (red)
and a horizontal bond (grey) under affine deformation. The horizontal bonds are not stretched,
because their orientation is perpendicular to the applied strain.

strain; however, the stabilizing field does alter the transition 5 . To what extent the
transition is altered depends on the stiffness of the stabilizing field with respect to
the stiffness of the elements (see Chapter 3, Chapter 4 and the general discussion
for more details). For now we assume that the stabilizing field is weak compared to
the stretching interactions, which implies that the stabilizing field can be neglected
when looking at the fracture response, because this happens in the stretching
dominated regime.
Beyond the rigidity transition
Predicting when a network becomes structurally rigid is already a difficult problem,
but the problem can be well-defined in mathematical terms for a network of
inextensible elements (in its most general form this problem has been proven to be
NP-hard 22 ). What governs the behaviour above these rigidity transitions is less
well explored, because now the shape of the stretching potential starts to play a
role as well.
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We already mentioned that before and after the strain-induced rigidity transition
the local deformation is highly non-affine. Extension beyond 𝜖 𝑐 requires the
stretching of bonds. Because of the large non-affine rearrangements the resulting
stress distribution is highly inhomogeneous (Figure 2.4). This is in contrast
to the expected stress distribution for networks under affine deformation (a
common assumption in many constitutive theories) where the stress distribution is
homogeneous, especially for our networks. One way to understand this emerging
inhomogeneity in stress is that in purely affine deformation the forces are not
balanced at the nodes. After balancing the forces by minimizing the energy of
the system, we find that large rearrangements have occurred to redistribute the
load, leading to a larger heterogeneity in stress. Furthermore, the stress seems to
concentrate along paths within the network, that become more apparent at higher
strains. These paths are called force chains (or force networks), reminiscent of
the force chains observed in granular packings 23 ; however, it should be noted
that the nature of the forces is quite different (compression versus extension). In
terms of stress distributions we see that the distribution is exponential below 𝑝 𝑐 1 .
We note that even though networks with a connectivity 𝑝 > 𝑝 𝑐 are first-order
rigid, also in these networks the stress distribution is heterogeneous. However,
now we observe that a bimodal distribution starts to appear, related to the bonds
oriented perpendicular and parallel to the applied strain. In this case it seems
more like the actual distribution is the affine stress distribution that is perturbed
by disorder. This difference with respect to subisostatic networks suggests that the
nature of rigidity influences the stress distribution within a network and, therefore,
potentially also network fracture.

2.3.2 Introducing bond rupture
Considering the large heterogeneities in stress that emerge in disordered networks
beyond the rigidity transition, it seems likely that rigidity should also play a role in
the fracture response of these networks. This is also suggested by earlier studies 6,24 .
To study fracture in the central-force elastic model, we allow breaking of bonds
that have exceeded their rest length by a factor 𝜆 = (𝑙break − 𝑙0 )/𝑙0 . After every
global deformation step we list the bonds that exceed their deformation threshold
and remove the most extended bond after which the network is re-equilibrated.
This process is repeated until no bond exceeds their deformation threshold. To
stay as close as possible to the condition of quasistatic deformation, we adapt the
step-size so that (in most cases) only a single bond exceeds its rupture threshold
after the deformation step.
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Figure 2.5. Stress-strain response of diluted triangular networks with rupture threshold 𝜆 = 0.05
upon uniaxial extension under athermal and quasistatic conditions (a) network below the isostatic
point (𝐿 = 512, 𝑝 = 0.56, 𝜆 = 0.05) and (b) network above the isostatic point (𝐿 = 512, 𝑝 = 0.80,
𝜆 = 0.05).

Mechanical response
With this model in hand we can investigate the stress-strain response during
fracture. In Figure 2.5(a) we show the stress-strain response of a subisostatic
network (𝑝 < 𝑝 𝑐 ) with a rupture threshold 𝜆 = 0.05. The response starts off in the
non-rigid regime (Regime I), where the stress is zero because of the absence of
stabilizing fields. Followed by a non-linear elastic response starting at 𝜖 𝑐 , during
which the force chains develop (regime II). In regime III, bonds start to break,
resulting in softening of the stress-strain response. Nevertheless, the carried stress
keeps increasing up to a maximum stress 𝜎𝑝 , which indicates that the damaged
network can still carry a considerable amount of stress. It is only in the final regime
that the stress drops significantly (regime IV), often due to the propagation of a
crack. The network is considered broken when percolation from the top to the
bottom is lost.
The stress-strain response of a network above 𝑝 𝑐 differs significantly from the
stress-strain response of a subisostatic network as shown in Figure 2.5(b). Because
these networks are first-order rigid, the stress response immediately starts in the
elastic regime (regime II). Furthermore, the strain-softening regime (regime III)
is very small, suggesting that damage accumulation prior to the peak stress is
negligible. Finally, the response in the final regime (regime IV) is significantly more
brittle if we compare it to the response of an equally sized subisostatic network.
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Figure 2.6. Comparison of the response of the model (black) with a prediction for the stress-strain
response assuming affine deformation (red). For networks (a) 𝑝 < 𝑝 𝑐 (𝐿 = 512, 𝑝 = 0.56,
𝜆 = 0.05) and (b) 𝑝 > 𝑝 𝑐 (𝐿 = 512, 𝑝 = 0.80, 𝜆 = 0.05).

The role of inhomogeneous stress
For both networks the inhomogeneous stress distribution resulting from the
balancing of forces has a significant impact on the stress-strain response. We
illustrate this by comparing the response of the subisostatic network with an affine
prediction for the stress in Figure 2.6(a). We clearly see that the actual network
response is more stretchable and less strong than the affine prediction. The first
distinguishing feature is the absence of the first regime in the affine prediction,
which can be ascribed to geometric rigidity as discussed above. Subsequently,
we find that in the elastic regime the stiffness (slope of the stress-strain curve)
never reaches the stiffness from the affine prediction. This is because of the
inhomogeneous distribution in stress. Also, we find significant strain-stiffening
in the simulation, which the affine prediction does not show, besides a negligible
strain stiffening effect due to the alignment of bonds with the direction of applied
strain. Entering the fracture regime, we again see a very different response. While
the strain-softening regime is significant in our simulations, this regime is absent in
the affine prediction. Because in our model all elements have the same length and
all diagonal springs make the same angle with respect to the axis of deformation,
all bonds break at the exact same moment in the affine prediction. Furthermore, we
see a much more gradual decay in the stress after the peak stress in our simulations.
For a network above 𝑝 𝑐 the simulation response matches qualitatively with the
affine prediction, but both the peak stress 𝜎𝑝 and peak strain 𝜖 𝑝 are significantly
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Figure 2.7. Sensitivity to network structure (connectivity parameter) and threshold. (a) Peak
stress or strength 𝜎𝑝 as a function of 𝑝 . (b) Fraction of broken bonds 𝜙broken with respect to initial
amount of bonds in the diluted network as a function of 𝑝 . For all networks 𝐿 = 128.

lower. The lower slope (i.e. stiffness) suggests that small reorganizations are
allowed within the networks prior to damage accumulation. The lower 𝜎𝑝 indicates
that stress concentration triggers early fracture. From this comparison it is
clear that rigidity qualitatively alters the stress-strain response of subisostatic
networks, which we attribute to major non-affine deformations in the network
upon deformation and bond rupture. Rigidity does have an effect on the stressstrain response of hyperstatic networks as well, but at least for this example it
looks like a (small) perturbation with respect to the affine response.
A rigidity controlled fracture response
By performing simulations for a range of 𝑝 and 𝜆 we can investigate the role of
rigidity in a more systematic way 25 . In Figure 2.7(a) we show the dependence of
the peak strength on 𝑝 and 𝜆. By first approximation, we expect that more bonds
and a higher element strength leads to a stronger network. In particular for the
affine prediction in the thermodynamic limit we expect that the network breaks
catastrophically if one of the diagonal
p elements is stretched a factor 𝜆 with respect
to its rest length such that 𝜎𝑝 = 𝑝𝜇𝜆 4 − 1/(1 + 𝜆)2 , i.e. we expect a linear increase
in 𝜎𝑝 with 𝑝. In our simulations there is no linear dependence on 𝑝 for any 𝜆. In
particular, for low 𝜆 we find a clear non-linearity in the response around 𝑝 𝑐 .
If we extract the fraction of broken bonds 𝜙broken as shown in Figure 2.7(b) we
see a very clear peak in the fraction of broken bonds around the isostatic point,
especially for low element strength (or stretchability). This effect can definitely
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not be expected based on affine deformation. Apparently, the force network can
optimally share the load around the isostatic point and potentially recruit inactive
bonds in the fracture process, leading to a higher fraction of broken bonds. In
other words, these simulations show that in the athermal regime rigidity controls
the fracture response. This is in agreement with observations in earlier works by
Driscoll et al., Zhang et al. and Berthier et al. 6,24,26 .
The results show that indeed the fracture response is very sensitive to rigidity
both below and above 𝑝 𝑐 . What immediately becomes clear as well is that the
rupture threshold 𝜆 provides enormous control over the fracture response. Also
this phenomenon can be understood in terms of rigidity: for higher 𝜆-values, bonds
will start to break at larger distance Δ𝜖 from 𝜖 𝑐 . The proposed microscopic picture 6
is that at 0 % strain every network contains a set of potential force chains, folded
to different extents, that can be activated if they are stretched out as portrayed
in Figure 2.3(a). For low 𝜆, force chains will break quickly after their activation,
i.e. close to their rigidity transition, so that any load is always carried by a small
fraction of continuously exchanging force chains. By contrast, at high 𝜆 many force
chains have already been activated when the first bond breaks. As a result, the
breaking of bonds will be less dominated by geometrical rigidity at high 𝜆.
We note that we are currently only discussing the effect of network structure
based on a single parameter. We expect that the average connectivity is the
most important determinant of the fracture response and indeed we find a
qualitatively similar response for other network structures (2D or 3D) 25 . However,
the quantitative differences show that other network characteristics, such as
topology and dimensionality, also affect the precise fracture response.

2.3.3 Role of stress concentration in network fracture
In Figure 2.7 we observed different trends for 𝜎𝑝 and 𝜙broken as a function of 𝑝
above and below the isostatic point. This observation introduces the question
whether the fracture mechanism for subisostatic networks is different from that for
hyperstatic networks. In fact, a mechanistic difference has recently been proposed
in literature 6 , which is related to the role of stress concentration in the fracture
response. It was suggested that above the isostatic point, fracture of networks of
sufficient size is dominated by stress concentration around defects in the network,
similar to the classical approach to fracture mechanics described by Griffith 27 .
In this description a crack will nucleate and propagate from the largest defect
once a particular stress is reached, resulting in global failure once the crack (linear
in 2D and planar in 3D) spans the entire system perpendicular to the direction
of applied strain. In contrast, Ref. [6] suggests that below the isostatic point

41

2 Fracture of athermal elastic networks

Figure 2.8. Size scaling of the fracture response. (a) Stress-strain responses of subisostatic
networks ( 𝑝 = 0.65 and 𝜆 = 0.03) for different networks sizes 𝐿 (see legend). (b) Δ𝜎max for
the curves in (a) as a function of system size 𝐿. The shaded area indicates the standard error
of the mean. (c) Master curve obtained by rescaling Δ𝜎max curves for 𝑝 = 0.65 for different 𝜆
values (see legend). The characteristic size 𝐿∗ used to rescale the 𝐿 curves is shown in the inset.
The proposed fracture regimes are indicated in the plot. (d) Peak stress 𝜎𝑝 and Δ𝜎max for a
hyperstatic network as a function of system size 𝐿 ( 𝑝 = 0.90 and 𝜆 = 0.30). The shaded area
indicates the standard error of the mean.

stress-concentration does not occur, irrespective of the size of the network and
that network failure will not result from a system spanning crack, but from a
system-spanning percolating damage cluster, providing an alternative for the
standard process of crack nucleation followed by crack propagation. To investigate
this hypothesis we look into the size scaling of the fracture response of subisostatic
networks in Figure 2.8(a). We find that the global mechanical response of our
networks is strongly affected by the size of the network 𝐿, as will be discussed in
detail below.
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Size effects at the peak stress (from diffusive damage to damage nucleation)
We find that 𝜎𝑝 and 𝜖 𝑝 decrease monotonically with network size, according to
a power-law decay (h𝜎𝑝 i = 𝛼𝐿−𝛽 + 𝜎𝑝∞ ) with connectivity-dependent exponents
both for subisostatic (𝑝 = 0.65) and hyperstatic networks (𝑝 = 0.70) 25 . A decay in
the fracture strength has been observed in experiments on strings or wires dating
back to Leonardo da Vinci, and has been explained according to the weakest-link
argument: the largest defect determines the maximal load and the probability
of a large defect increases with system size 28,29 . A decay in the average fracture
strength with system size has also been demonstrated for diluted electrical fuse
networks, where rigidity does not play a role, and has been shown to depend on
the largest defect size 30,31 . However, both the functional form of the decay
for
p
wires 29 (h𝜎𝑝 i = −𝛼 ln (𝐿) + 𝛽) and for diluted fuse networks 30,31 (h𝜎𝑝 i = 𝛼/ ln (𝐿2 ))
are not found in our simulations, implying that a simple weakest-link argument
might not suffice for diluted spring networks. At this moment it is not clear if this
deviation results from rigidity effects or long range interactions between different
defects in the network, similar to those found in fibre bundle models with a tunable
load-sharing range 32,33 .
Size effects after the peak stress (damage propagation)
For the fracture behaviour after 𝜎𝑝 the behaviour is more surprising. By eye we can
see that the fracture response becomes more abrupt with increasing network size in
Figure 2.8(a). We can characterize this abruptness by plotting the maximum drop
in stress Δ𝜎max versus the system size 𝐿. Surprisingly, we find a non-monotonic
trend in the abruptness (Figure 2.8(b)), in contrast to the monotonic trend in 𝜎𝑝
and 𝜖 𝑝 . Changing the fracture threshold 𝜆 has a significant impact on the relation
between Δ𝜎max and 𝐿 (see Ref. [25]). However, at a fixed connectivity all curves for
different 𝜆 can be collapsed onto a single master curve as shown in Figure 2.8(c),
based on a characteristic length 𝐿∗ and characteristic stress 𝜎 ∗ that both depend
on 𝜆. This master curve has a distinct shape, that can be found for hyperstatic
networks as well. In Figure 2.8(d) (𝑝 = 0.90) we can even retrieve the whole curve
for a single rupture threshold (𝜆 = 0.30).
All these observations suggest that there is a universal trend in the scaling of
the maximum stress drop with network size. At large 𝐿, Δ𝜎max coincides with 𝜎𝑝 ,
suggesting that any network, subisostatic or hyperstatic, will fail in an abrupt or
brittle way if the network is large enough, in contrast to the hypothesis in Ref. [6].
However, for networks of intermediate size Δ𝜎max can be very low, implying a
more ductile fracture process. Finally, the maximum stress drop increases again
for even smaller networks.
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Figure 2.9. Fracture regimes of the minimal central-force elastic model. (a) Fracture regimes
as a function of 𝑝 , 𝜆 and 𝐿. (b) Damage patterns for simulations of networks at a range of 𝑝 ,
𝜆 = 0.05 and 𝐿 = 256. Broken bonds are plotted with respect to the initial network configuration.
Red bonds represent damage accumulated prior to the peak stress, while black bonds represent
damage accumulated at and after the peak stress.

From the scaling we can extract the characteristic size that corresponds to the
transition from a brittle to a more ductile fracture response. Here we will define
the minimum of the curve as the characteristic size 𝐿∗ (the same value used in
the rescaling of Figure 2.8(c)). From the current data it is clear that 𝐿∗ depends
on both 𝑝 and 𝜆. In particular, 𝐿∗ is significantly larger for subisostatic networks
(Figure 2.8(b)) compared to hyperstatic networks (Figure 2.8(d)). A quantitative
comparison of 𝐿∗ for different 𝑝 and 𝜆 will require additional simulations. However,
damage analysis suggests that 𝐿∗ is largest around the isostatic point for low 𝜆 (not
shown) 25 .

2.3.4

Size-dependent fracture regimes

The non-monotonic nature of the rescaled abruptness with 𝐿 and the dependence
of 𝐿∗ on 𝜆 and 𝑝 suggests that there might be different regimes in the microscopic
fracture response of our networks. We hypothesize that at large sizes (𝐿  𝐿∗ ) the
fracture response after the peak stress is dominated by stress concentration: stress
will concentrate around defects of some sort in the network and macroscopic cracks
will emerge from these defects. On the other hand, for small networks (𝐿 ≤ 𝐿∗ ) we
expect a force chain controlled regime after the peak stress, where the networks are
so small that upon deformation or bond rupture stress redistribution takes place
through the entire network, making concentration of stress around defects difficult.
As a result, the post-peak fracture process will be more diffuse and look more
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like damage percolation. Between these regimes we expect a cross-over region as
indicated in Figure 2.8(c). The transition from a damage percolation regime to a
stress concentration regime is a common observation in the study of statistical
fracture mechanics 28 , not only for spring networks 24 , but also for networks of
fuses 34 , where rigidity does not play a role, and fibre bundle models 33 , which do
not have a network structure. In the general discussion, we will dive deeper into
the parallel between our observations and results from literature. The monotonic
decrease in 𝜎𝑝 and 𝜖 𝑝 suggest that prior to the peak stress this transition does
not play a major role. Our interpretation is that prior to the peak stress damage
accumulation is dominated by diffuse damage and potentially crack nucleation. In
other words, we expect that the propagation of (micro)cracks is negligible before
the peak stress.
Combining all these ideas and considering all the possible networks we can
create within our model we can now propose a phase diagram for the fracture
response in Figure 2.9(a) as a function of 𝜆, 𝐿, and |𝑝 − 𝑝 𝑐 |, the distance from the
isostatic point. Here the green and the blue surface represent the characteristic
parameters where the fracture response changes from brittle to more ductile (or
from fracture by stress concentration to fracture by damage percolation) upon
approaching the critical point. The orange region marks the cross-over regime.
The different fracture regimes should be reflected in different damage patterns. In
Figure 2.9(b) we present a few of these damage patterns for networks around the
isostatic point at 𝐿 = 256 and 𝜆 = 0.05. Looking at all the broken bonds, we indeed
observe the most spread-out damage pattern around the isostatic point (𝑝 = 0.65),
which seems to be in line with our proposed diagram, that predicts that stress
concentration after the peak stress becomes less prominent close to the isostatic
point. However, by separating the bonds that break prior to the peak stress (red)
from bonds that break at or after the peak stress (black), we find that the majority
of diffuse damage around the isostatic point can be attributed to pre-peak damage.
For this network size (𝐿 = 256) the damage pattern after the peak is localized to a
meandering crack for all 𝑝 and the post-peak damage seems to be most diffuse
and ductile (damage develops over a wider range of strain) at 𝑝 = 0.560, which
is not in line with our proposed phase diagram. We note that in these examples
diffuse damage is observed both for subisostatic and hyperstatic networks, but
that only in subisostatic networks the diffuse damage is spread homogeneously
throughout the network. Also for larger subisostatic networks system spanning
diffuse damage is observed 25 . A detailed analysis of the microscopic pre-peak and
post-peak damage patterns as a function of 𝑝, 𝜆 and 𝐿 is required to confirm or
amend the proposed diagram.
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Figure 2.10. Elasticity and fracture of collagen networks. (a) Hierarchical structure of collagen
networks. Reprinted from Ref. [7]. (b) Mechanical response of a reconstituted human atelocollagen
network. (c) Peak strain 𝛾𝑝 versus peak stress 𝜎𝑝 of collagen networks reconstituted from a
range of sources and under a range of conditions (see Ref. [7] for details).

2.4

Putting the theory to the test with experiments: collagen
networks

Collagen networks are the main component of the extracellular matrix of many
multicellular organisms, where it provides structure for the tissues and protects
them from large mechanical stresses.
Collagen networks are formed from collagen fibrils, which are highly hierarchical structures (Figure 2.10(a)) that self-assemble from tropocollagen strands, itself
a macromolecular complex consisting out of three peptides. A network emerges
due to the branching and crosslinking of the collagen fibrils. In a biological setting
these crosslinks arise from covalent or non-covalent bonds between the fibrils 35 .
Using appropriate conditions, the collagen can be extracted from tissues in such a
way that the network can be reconstituted under lab conditions, making it possible
to perform systematic experiments, such as shear rheology (Figure 2.10(b)).
Networks of collagen are a great candidate for testing the effect of network
structure on fracture, as the networks are reasonably well-defined, and it is accepted
that these networks behave as athermal systems, in line with our minimal model.
In fact, extensive experimental and theoretical work has been done to study the
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Figure 2.11. The effect of network structure on collagen fracture. (a) Peak strain as a function of
connectivity h𝑧i . The scatter plot represents the experimental response. The grey area indicates
the peak strain in simulations on phantom networks with a fracture threshold ranging from 𝜆 = 0.1
to 𝜆 = 0.2. The inset describes modes of plasticity. (b) Snapshots of a simulation on a phantom
network with h𝑧i = 3.2 and 𝜆 = 0.1. (c) Stress response of simulations as a function of shear strain
𝛾, corresponding h𝑧i and 𝜆 are indicated in the legend. The black dots indicate the snapshots
shown in (b).

elastic behaviour of these networks, revealing a strong dependence on network
structure and rigidity 5,10 . These studies uncovered that the linear elastic response
is governed by bending of collagen fibrils, while at higher strains the collagen
networks can strain-stiffen over orders of magnitude due to a transition from fibril
bending to fibril stretching. The reason for the strain-stiffening is the geometrical
rigidity transition discussed in Section 2.3.1 5 .
Here this exploration is taken one step further by studying the fracture behaviour
of a range of collagen networks that vary in either source or formation conditions
(Figure 2.10(c)). In particular, we look at the peak strain 𝛾𝑝 , the shear strain at the
maximum strength, a value that has proven to be very sensitive to rearrangements
at the network level in our minimal central-force elastic model (Figure 2.5(a)). A
rule of thumb in material science is that stronger materials are less extensible.
Figure 2.10(c) reveals that for collagen networks this trend does not appear. We
investigate if we can instead rationalize the fracture response based on structure of
the collagen networks in terms of their average network connectivity h𝑧i.
In Figure 2.11 we plot the peak strain 𝛾𝑝 as a function of h𝑧i for the same
collagen networks in Figure 2.10. A clear trend emerges, showing higher peak
strains for lower average connectivities. Based on the literature on non-linear
elasticity of collagen, such a trend can be expected. The onset of strain-stiffening
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(the transition from bending to stretching) decreases with increasing connectivity 36 .
Thus, if we assume that the fibrils only break under tension, we indeed expect that
the peak strain decreases with increasing connectivity.
However, we can go one step further in understanding the fracture behaviour
of these networks, by comparing the experimental data with simulations on the
central-force elastic network model. We use phantom networks 7 , that have been
shown to allow a quantitative mapping on experimental results in the elastic
regime 5,36 . These phantom networks are again created on a triangular lattice, but
now the maximum connectivity 𝑧max in the undiluted network is 4. This is done
by dividing the straight lines, i.e. the fibrils, that cross at every node over two new
nodes. The network is brought to the desired h𝑧i by randomly removing bonds.
Note that we are interested in the fracture response, which only occurs after the
rigidity transition, and that we are, therefore, not taking into account bending.
Snapshots of these simulations are shown in Figure 2.11(b) with the corresponding
stress-strain response in Figure 2.11(c) (blue line). At intermediate strains (regime
II in Figure 2.5(c)) we see that force chains emerge, indicated in pink (here the
network is still intact). Around the peak stress a crack appears in the network;
however, throughout the material we find force chains, which explains why we
still measure a significant stress at this strain. Only at higher strains we observe a
significant drop in stress, which is related to the expansion of the crack. Now only
some force chains are visible around the edges of the crack.
Using these simulations we can investigate the effect of the parameter 𝜆 on
the peak strain. In Figure 2.11(c) we see that a change in 𝜆 can have a significant
impact on 𝜎𝑝 . From experiments on single collagen fibrils, we know that the 𝜆
values of collagen are roughly between 0.1 and 0.2 37,38 . By running simulations
within this range for different connectivities, we can make a prediction for 𝛾𝑝 . The
expected range for 𝛾𝑝 is indicated in Figure 2.11(a) with the shaded area. We find
that most experimental values lie within or around this area, demonstrating that
the phantom model can also be used to map the fracture response and that network
structure indeed has a significant influence on the fracture response. However,
there are a few outliers which we attribute to plasticity effects either at the network
level or at the fibre level. These effects will be discussed in more detail in the
general discussion of this thesis.

2.5

Concluding remarks

Overall, we can conclude from the studies on a minimal athermal central-force
elastic network model that the network structure is mechanically important: it is
clear that network rigidity controls the redistribution of load before and during
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the fracture regime. This is apparent from large non-affine rearrangements and
the development of force chains, especially around the isostatic point. As a
consequence, the strength or stretchability of the element sets the sensitivity to
network rigidity. We observe a clear difference in the global mechanical response of
subisostatic and hyperstatic networks, as well as some differences in the microscopic
(fracture) response.
We find that we can construct a microscopic picture of fracture behaviour for
this minimal network model and can even extrapolate towards the thermodynamic
limit by varying the size of the network. In particular, this size scaling shows that
the mechanical response after the peak stress is highly dependent on network size,
with a more ductile response at small 𝐿 and a brittle response if the network is
significantly larger than a characteristic size 𝐿∗ . We find that also 𝐿∗ is sensitive to
rigidity and is largest at low 𝜆.
A comparison with an experimental study on collagen reveals that the minimal
model can be used to rationalize the fracture behaviour of soft network materials,
such as collagen. It should be noted that the mechanical response of collagen is
well known to depend on network structure. A comparison with other types of
network materials will be essential in order to explore the uses and limits of the
framework presented herein.
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List of symbols
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Symbol

Description

𝑑

Dimensionality of the system

𝐹

Force

𝑙𝑐

Length of the building block (e.g. polymer) between crosslinks

𝑙fibre

Length of a fibre

𝑙

Length of an element or spring

𝑙0

Rest length of an element or spring

𝐿

Lattice size, with 𝐿 × 𝐿 the number of nodes

𝐿∗

Characteristic size, corresponding to the cross-over in the sizesensitivity of Δ𝜎max

𝑁d.o.f.

Number of degrees of freedom in the system

𝑁nodes

Number of nodes in the system

𝑁constraints

Number of constraints in the system

𝑝

Connectivity parameter, representing the fraction of bonds remaining after dilution

𝑝𝑐

Isostatic point defined in terms of 𝑝

𝑝𝑔

Geometric percolation point defined in terms of 𝑝

𝑧

Connectivity, number of bonds connected to a node

𝑧max

Maximum connectivity

h𝑧i

Average connectivity over all nodes

𝛾

Shear strain

𝛾𝑐

Critical shear strain

𝛾𝑝

Peak strain, strain corresponding to 𝜎𝑝

Δ𝜎max

Abruptness or maximum drop in stress after 𝜎𝑝

𝜖

Uniaxial strain

𝜖𝑐

Critical extensional strain

𝜖𝑝

Peak strain, strain corresponding to 𝜎𝑝

𝜆

Breaking threshold of a spring defined as 𝜆 = (𝑙break − 𝑙0 )/𝑙0

𝜇

Stretching constant, related to the spring constant as 𝑘 = 𝜇/𝑙0

𝜈

Number of (polymer) strands per volume

𝜌

Line density, total length of fibre per unit volume

𝜎

Stress

𝜎𝑖𝑗

Component of the virial stress tensor, e.g. 𝜎 𝑦𝑦

References

𝜎𝑝

Peak stress or strength, maximum stress that can be carried by the
network

𝜙cross

Number of crosslinks per volume

𝜙strand

Number of (polymer) strands per volume

𝜙broken

Fraction of broken bonds relative to the initial amount of bonds in
the diluted network
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Chapter 3
The role of temperature in
the rigidity-controlled fracture of
elastic networks
We study the influence of thermal fluctuations on the fracture of elastic networks, via simulations of
the uniaxial extension of central-force spring networks with varying rigidity. Studying their failure
response, both at the macroscopic and microscopic level, we find that an increase in temperature
corresponds to a more homogeneous stress distribution and induces thermally activated failure
of springs. As a consequence, the material strength decreases upon increasing temperature, the
microscopic damage spreads over a larger area and a more ductile fracture process is observed. These
effects are modulated by network rigidity and can therefore be tuned via the network connectivity and
the rupture threshold of the springs. Knowledge of the interplay between temperature and rigidity
improves our understanding of the fracture of elastic network materials, such as (biological) polymer
networks, and can help to refine design principles for tough soft materials.

Justin Tauber, Aimée R. Kok, Jasper van der Gucht & Simone Dussi
“The role of temperature in the rigidity-controlled fracture of elastic networks”

Soft Matter 16, 9975–9985 (2020)

3 The role of temperature in the rigidity-controlled fracture of networks

3.1

Introduction

Many soft materials have a microstructure that consists of a disordered network.
The building blocks that constitute this network range from stiff fibres 1 in paper
or textiles, to semiflexible filaments in biological cells and tissues 2–4 , to flexible
polymer chains in elastomers 5 . The network architecture is known to be important
for the mechanical response and failure of these materials 1,2,6,7 ; yet, most theoretical
studies describe the failure response via continuum mechanics 8 or using a meanfield approach 9 , which ignore details of the network topology and neglect the
role of structural disorder. Such models thus cannot provide a microscopic
understanding of the failure process. Therefore, coarse-grained network models
have been developed, which treat the material as a disordered network of elastic
springs, and which explicitly take connectivity and disorder into account 10–13 .
Recent computational studies, complemented with experiments on architectured
elastic networks, have shown that under athermal and quasistatic conditions the
elastic response and failure behaviour of an elastic network is controlled by both
the connectivity of the network and the strength of the individual elements 12–15 .
The network architecture, in particular its connectivity, determines the network
rigidity. Commonly, the average connectivity of a random network is described
using the average number of bonds per crosslink. Central-force spring networks,
where the elements only resist stretching, are rigid above a connectivity 2𝑑, with 𝑑
the dimensionality of the network; this is called the isostatic point 16 . Below the
isostatic point, central-force spring networks are mechanically floppy. However,
simulations have shown that even floppy or subisostatic networks can be rigidified
by an external deformation 13,17,18 or by the presence of additional interactions
such as a bending rigidity 6,10,11,19–23 . These recent studies suggest that if the static
network structure and the element strength of a soft athermal material are known,
the material response can be predicted based on the physical concept of rigidity.
However, these athermal network models completely ignore thermal fluctuations. While this may be justified for networks composed of very stiff fibres, it is
highly questionable for softer networks. For example, the mechanics of flexible
polymer networks, such as elastomers and hydrogels, are known to be governed by
thermal fluctuations and entropy, while network connectivity is usually not taken
into consideration 24,25 . This raises the question of how connectivity and thermal
fluctuations interplay for networks consisting of fibres of intermediate stiffness, as
found, for example, in many biological materials. Recent Monte Carlo simulations
for such networks suggest that in the presence of thermal fluctuations the linear
modulus is dependent on both rigidity and temperature. In particular, it is shown
that thermal fluctuations can stabilize (subisostatic) central-force spring networks
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at the network level in a similar way to bending interactions 26,27 . Also, when
looking at failure, it is predicted that the average external force required to break a
single element or bond is typically reduced in presence of thermal fluctuations 28,29 .
However, experiments on polymer networks 30 that demonstrate the presence of
this thermally activated failure process in network materials also imply that in
networks the thermally activated failure is enhanced. These results suggest that,
when thermal fluctuations are present, the elastic and failure response can be
controlled by temperature, but also by the structure of the network. However, it
remains unclear how these two parameters together govern the failure process.
In this chapter, we explore to what extent network rigidity controls the influence
of thermal fluctuations on the failure behaviour of an elastic material. To this end,
we study the response of diluted central-force spring networks (Figure 3.1), similar
to previous studies 12–14,26,27 . To introduce thermal fluctuations into these systems
we perform Langevin dynamics simulations, which means that the networks
are effectively embedded in an implicit solvent. We find that the strength of the
networks is dependent on temperature and that the effect of the thermal fluctuations
is coupled to the rigidity of the network. The simple structure of the model allows
us to highlight the interplay between rigidity and temperature, and to provide
insight in the underlying microscopic mechanisms of stress homogenization and
diffuse failure.

Figure 3.1. Fracture of thermal spring networks. (a) Portion of a spring network under 1.5 %
extensional strain. Several snapshots (corresponding to different shades of gray) are overlaid
to indicate the effect of thermal motion. (b) Example of the stress-strain response of a diluted
spring network ( 𝑝 = 0.65, 𝜆 = 0.03, 𝑇 ∗ = 10−4 , 𝐿 = 128). We highlight the peak stress 𝜎𝑝 , the
corresponding peak strain 𝜀𝑝 , and the maximum drop in stress Δ𝜎max .
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3.2

Model and methods

We consider diluted spring networks with a 2D triangular topology consisting
of 𝐿 × 𝐿 nodes separated by a distance ℓ0 . Nearest neighbours are connected by
bonds, which gives a maximum network connectivity 𝑧max = 6. The network is
subsequently randomly diluted by removing a fraction 1 − 𝑝 of the bonds, such
that the average connectivity becomes h𝑧i = 𝑝 𝑧max . Periodic boundary conditions
are employed in all directions. The bonds are harmonic (linear) springs with
spring constant 𝜇 and rest length ℓ0 . Excluded volume interactions are not present
in the system. During fracture simulations, bonds break irreversibly when their
relative extension Δℓ /ℓ0 exceeds a rupture threshold 𝜆, which is the same for all
the springs. We will focus on networks with 𝜆 = 0.03.
Simulations are performed using LAMMPS 31 and nodes follow Langevin
dynamics:
𝑑2 r
𝑑r p
𝑚 2 =F −𝜁
+ 2𝑚𝜁𝑘 𝐵 𝑇𝑅(𝑡) ,
(3.1)
𝑑𝑡
𝑑𝑡
where F = 𝜇Δ`, 𝑚 is the mass, 𝜁 is a friction coefficient, 𝑘 𝐵 the Boltzmann’s
constant, 𝑇 the temperature and 𝑅(𝑡) white noise with zero-mean. The terms on
the right-hand side of Equation 3.1 describe all the contributions to the movement
of the nodes: the elastic interaction with the network via the springs (first term),
a velocity dependent friction term with the implicit solvent (second term), and a
stochastic term which represents random kicks from the molecules in the implicit
solvent (third term). The simulation is performed in reduced units with ℓ0 = 1 as the
unit for distance, 𝑚 = 1 the unit for mass, ℰ = 1 the unit for energy and 𝑘 B = 1 the
Boltzmann constant. By replacing these reduced units with values corresponding
to an experimental system, the results of this model can be expressed in terms
relevant for that system (see Section 3.A.5
q for some examples). The integration time
step is set to 𝛿𝑡 = 0.001 𝜏, where 𝜏 =

𝑚ℓ02 /ℰ is the unit time of our simulations.

The spring stiffness is set to 𝜇 = 2000 ℰ/ℓ02 . In our analysis, we will use the
reduced temperature 𝑇 ∗ = 𝑘B 𝑇/(𝜇ℓ02 ), indicating the ratio between thermal and
elastic energies. We set the friction with the implicit solvent to 𝜁 = 10 ℰ𝜏/ℓ 02 . The
friction coefficient controls how quickly fluctuations in the system are damped
by the implicit solvent. A high friction coefficient, e.g. a high solvent viscosity,
results in fast damping of fluctuations, while a low friction coefficient results in
slow damping of fluctuations so that inertia plays a dominant role in the system
dynamics. The friction coefficient chosen here corresponds to the intermediate
(underdamped) regime. In addition, we can define a timescale 𝜏0 = 𝜁/𝜇, the time
that a node requires to travel a distance ℓ0 if it is subjected to a force 𝜇ℓ0 . For our
set of simulations 𝜏0 = 5 × 10−3 𝜏.
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3.2.1 Measuring linear modulus and non-affinity
We calculate the linear Young modulus 𝐸 from the difference in average stress at
0 % strain and 1.5 % strain. At both strain values the system is equilibrated for
100 𝜏 and averaged over 1900 𝜏. The stress 𝜎 is defined as the 𝑦 𝑦-component (along
the deformation axis) of the virial stress tensor normalized by 𝜇. In the following
we only show the virial stress based on mechanical interactions. Inclusion of
the kinetic component of the virial stress does not change the conclusions of this
chapter (Figure 3.A.4). Due to the thermal fluctuations a hydrostatic component
is present, even at 0 % strain (Figure 3.A.5). Analysis using the deviatoric stress
shows that subtracting the hydrostatic component does not alter our conclusions
(Figure 3.A.6). We also calculate the non-affinity parameter defined as
Γmech =

h(r − r aff )2 i
𝜀2ℓ02

,

(3.2)

where r is the time averaged position of the individual nodes after an applied
deformation and r aff the position assuming an affine displacement with respect
to the time averaged position of individual nodes at rest. 𝜀 is the strain and h.i
indicates the average over all nodes. For these simulations, both non-percolating
clusters and primary dangling ends (i.e. nodes that are only connected to one
bond after dilution) are iteratively removed from the network.

3.2.2 Non-linear elasticity and fracture
The network is uniaxially deformed in the 𝑦-direction up to 100 % strain with a
fixed strain rate of 𝜀¤ = 0.001 𝜏−1 (i.e. 0.0001 % deformation per unit time) while
the lateral size is kept constant. We remap the node positions between time
steps, temporarily enforcing affine deformation. The deformation is relatively
slow compared to the 𝜏0 , 𝜀¤ = 5 × 10−6 𝜏0−1 , which indicates the system has time
to respond to the affine deformation via structural rearrangements. Results for
varying 𝜀¤ are reported in the Appendix (Figure 3.A.3). A quick equilibration run
of 50 𝜏 precedes the deformation. The network response is quantified by looking
at the stress 𝜎 as a function of strain 𝜀. In addition, we follow the instantaneous
non-affine response
Γ=

h(r − r aff )2 i
𝜀2ℓ02

,

(3.3)

where the affine response is calculated with respect to the equilibrium position of
the nodes at 0.0 % strain (averaged over 1900𝜏). Please note that Γ is only based on
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the instantaneous positions and the non-affine response is therefore a combination
of both rigidity controlled non-affine network rearrangements and instantaneous
thermal fluctuations (see Appendix for details on the relation between Γ and
Γmech ).
In fracture simulations bonds are broken every 100 steps (i.e. 0.1𝜏) when the
connected nodes are separated by a distance more than ℓ0 + 𝜆ℓ0 . While the interval
chosen for the evaluation of rupture events influences the stress-strain curves
somewhat, it does not affect the conclusions of this chapter (Figure 3.A.8 and
Figure 3.A.9). From the measured stress-strain curves we extract several quantities
(Figure 3.1). All quantities are averaged over several configurations and expressed
in reduced units. The peak stress 𝜎𝑝 is defined as the highest measured stress,
and the peak strain 𝜀𝑝 is its corresponding strain value. The maximum stress
drop Δ𝜎max is calculated according to a procedure 13,32 where we i) calculate the
derivative of the stress-strain curve, ii) make a list of consecutive data points which
have a negative derivative and note the initial and final strain of each interval,
iii) calculate the stress drops by subtracting the stress at the final strain from the
stress at the initial strain, iv) identify the largest stress interval, which corresponds
to maximum stress drop Δ𝜎max . For the stress distribution analysis, we make
instantaneous histograms of the bond lengths ℓ 𝑖 during the simulation at every
percent strain. Based on these histograms, we calculate the excess kurtosis
𝜅𝑒 =

Í

− hℓ i)4
−3 ,
𝑁𝑏 𝑠 4

𝑖 (ℓ 𝑖

(3.4)

where 𝑠 is the standard deviation of the histogram, 𝑁𝑏 the total number of
bonds, and hℓ i the average bond length. For all these parameters the standard
error is calculated as the standard deviation divided by the number of sampled
configurations (standard error of the mean). The errors are shown when they are
larger than the symbols displayed in the graphs.

3.3

Results and discussion

Using Langevin dynamics simulations, we uniaxially deform diluted triangular
central-force spring networks to study both linear and non-linear network mechanics. By analysing the network response on both a macroscopic and microscopic
level, we gain insight into the effects of thermal fluctuations on the fracture process
of spring networks, as well as how the rigidity controlled failure of networks is
affected by thermal fluctuations. Throughout the manuscript we use the reduced
temperature 𝑇 ∗ = 𝑘 B𝑇/(𝜇ℓ02 ) which is a measure for the energy of the thermal
fluctuations relative to the energy required to extend the springs in the network.
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3.3.1 The effect of thermal fluctuations on linear elasticity
First, we study the effects of thermal fluctuations on the linear elasticity of centralforce spring networks to check if the rigidity-dependent elasticity observed via
Monte Carlo simulations 26,27 , an equilibrium method, can also be observed in our
dynamical model based on the Langevin equation (Equation 3.1).
In Figure 3.2(a) we plot the linear modulus 𝐸 of the network as a function of
the network connectivity factor 𝑝 for several reduced temperatures 𝑇 ∗ . The linear
modulus 𝐸 describes the resistance of a network to deformation, and we observe
that networks below the isostatic point of mechanical stability 16 (i.e. networks
below 𝑝iso ≈ 0.66) display a finite linear modulus 𝐸, which would be absent for
athermal systems (in the limit of 𝑇 = 0). This finite 𝐸 is an effect of entropic stiffness,
a temperature-dependent phenomenon. Please note that this entropic stiffness is a

Figure 3.2. Characterization of the linear elastic response for diluted triangular networks of fixed
system size 𝐿 = 128. (a) Young’s modulus 𝐸 as a function of the connectivity parameter 𝑝
for different temperatures 𝑇 ∗ . (b) Temperature dependence of 𝐸 for networks below, around,
and above the isostatic point (value of 𝑝 indicated in the legend). The dashed lines indicate
the power-law fit 𝑇 𝛼 . (c) Rescaling of Young’s modulus according to Ref. [26] with 𝑎 = 1.4,
𝑏 = 2.8, and 𝑧 𝑐 = 3.78. (d) The non-affinity parameter Γmech at 1.5 % strain as a function of 𝑝 for
different temperatures, same legend as (a). Every data point is based on simulations of at least
10 independent configurations.
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network effect and is not the same as the entropic elasticity arising from individual
polymer chains. As reported in literature 26,27 , the scaling of the linear modulus
with temperature 𝐸 ∝ 𝑇 𝛼 depends on both connectivity and temperature itself. By
plotting 𝐸 as a function of 𝑇 ∗ we extract the scaling exponent 𝛼 from a power-law fit
for three different values of 𝑝, as shown in Figure 3.2(b). For a subisostatic network
with a connectivity parameter 𝑝 = 0.55 the linear modulus scales with 𝛼 = 0.84,
which roughly corresponds to the dependence found in the anomalous regime as
defined in Ref. [26], where a shear deformation was instead considered. It was
argued that the disordered network structure causes this sub-linear dependence.
Whilst there is a clear dependence of the linear modulus on the temperature below
the isostatic point, the curves for the different temperatures start to converge
when approaching a structurally rigid network (Figure 3.2(a)). Accordingly, stiff
networks display temperature insensitivity (𝛼 ≈ 0), as can be seen for a network
with 𝑝 = 0.70 in Figure 3.2(b). As 𝑇 ∗ increases, however, the network connectivity
becomes less important as the energetic contribution arising from the structural
rigidity becomes negligible compared to the entropic elasticity. This is noticeable
in Figure 3.2(a) where the curve for 𝑇 ∗ = 10−2 is roughly flat for the entire 𝑝-range,
and also in Figure 3.2(b) where for 𝑝 = 0.70, 𝐸 increases for 𝑇 ∗ > 10−3 . As predicted
in Ref. [26], we also find a different scaling for networks close to the isostatic point,
see, e.g., the curve for 𝑝 = 0.62 in Figure 3.2(b). Although the exponent 𝛼 is slightly
different from the findings of Ref. [26] (where shear deformation and different
simulation methods were employed), we were also able to obtain critical rescaling
as shown in Figure 3.2(c). We can conclude that there are different regimes of
dependence for the linear modulus on the temperature based on both rigidity and
temperature.
Furthermore, we find similar rigidity-dependent behaviour of the thermal
fluctuations in the non-affinity parameter Γmech (Equation 3.2), reported in Figure 3.2(d) as a function of 𝑝 for different 𝑇 ∗ . The non-affinity of the network
describes how much the time-averaged local deformation differs from the global
(externally imposed) deformation. At low 𝑇 ∗ we find a peak in non-affine deformation around the isostatic point (𝑝 ≈ 0.66). This peak arises from the tendency of
the spring network to minimize internal stress upon deformation. If the spring
network is far below the isostatic point, the stress can be reduced significantly by
a small amount of non-affine rearrangements, while at the isostatic point many
non-affine rearrangements are required. At the isostatic point, an increase in 𝑇 ∗
decreases Γmech , which suggests that thermal fluctuations act as a stabilizing field,
similar to the bending rigidity in fibre networks. 10 However, we note that the effect
of thermal fluctuations is always present, even without external deformations,
leading to structural rearrangements in the rest state (Figure 3.A.1). Above the
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isostatic point, we observe that the non-affinity converges for most values of 𝑇 ∗ (see
Figure 3.A.1 for details), which indicates that above the isostatic point the network
rigidity dominates the non-affine response. Only if 𝑇 ∗ > 10−4 , we see that thermal
fluctuations affect the non-affine response, increasing Γmech . This is in contrast
to fibre networks, where the non-affinity decreases with an increase in bending
rigidity. We hypothesize that this difference occurs because in the case of fibre
networks the fibres have a preference to remain straight to minimize stress caused
by fibre bending, while in the case of thermal fluctuations an affine displacement
of the nodes will not minimize the stress caused by the randomly oriented thermal
fluctuations. Below the isostatic point, the effect of thermal fluctuations on the
non-affine response is significant. We observe that at 𝑇 ∗ = 10−8 the non-affine
response is the smallest and that a moderate increase in 𝑇 ∗ up to 𝑇 ∗ = 10−6 leads
to an increase in the non-affine response, corresponding to what is observed for
fibre networks. However, we also observe a decrease in Γmech if the temperature is
increased beyond 𝑇 ∗ = 10−6 , which is not observed in fibre networks. It is unclear if
this deviation is caused by a fundamental difference between thermal fluctuations
and bending rigidity as a stabilizing field or that longer equilibration times are
required to gain quantitative information on the non-affine response in this regime
(see Figure 3.A.1 and Figure 3.A.2 for details).
In general, we find that at a global level thermal fluctuations act as a stabilizing
field in central-force spring networks, dampening rigidity-dependent behaviour
around the isostatic point. However, our results suggest that the random nature of
the thermal fluctuations causes significant differences in the local response with
respect to stabilizing fields in athermal systems such as bending.

3.3.2 The effect of thermal fluctuations on non-linear elasticity
In the previous section, we have shown that thermal fluctuations rigidify subisostatic networks. Here, we analyze the non-linear elasticity of unbreakable networks
to quantify the effect of temperature when networks become more and more
strained. The strain-stiffening observed for subisostatic networks in the athermal
limit has been extensively studied 6,11,18,19,33,34,34–36 . In Figure 3.3(a), we report the
stress-strain curves for a network with 𝑝 = 0.56 at different temperatures. It is
evident that the network strain-stiffens for all the 𝑇 ∗ investigated. We observe that
the onset of strain-stiffening is barely dependent on temperature. Furthermore,
the stress response becomes independent of 𝑇 ∗ at high strains, similarly to what
has been observed for other stabilizing fields, e.g. bending 11,19 .
Signatures of strain-stiffening can also be observed in the non-affine response of
the network. In Figure 3.3(b), we report the instantaneous non-affinity parameter
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Γ, that intrinsically includes both the non-affine contributions from instantaneous
thermal fluctuations and structural rearrangements. As a result, high non-affinity
values can be observed at low strains, where the size of the non-affine thermal

Figure 3.3. The role of temperature on the non-linear elasticity of unbreakable spring networks
with fixed system size 𝐿 = 128. (a) Stress-strain curves for 𝑝 = 0.56 and several 𝑇 ∗ (indicated in
the legend). (b) Instantaneous non-affinity as a function of strain. (c) The stress ratio 𝜎/𝜎ath as
a function of strain for different reduced temperatures 𝑇 ∗ with 𝜎ath the stress measured in the
athermal limit (practically, for 𝑇 ∗ = 10−8 ). (d) Schematic mechanical phase diagram based on
the stress ratio with two regimes: a temperature dominated regime (orange) and a mechanically
dominated regime (blue). The gradual transition between the regimes depends on deformation 𝜀,
network connectivity 𝑝 , and temperature 𝑇 ∗ . (e-f) Two cross-sections of the diagram based on
the simulations: (e) 𝜀 − 𝑝 plane for 𝑇 ∗ = 10−3 and (f) 𝜀 − 1/𝑇 ∗ plane for 𝑝 = 0.56. Every data
point is based on simulations of at least 10 independent configurations.

64

3.3 Results and discussion
fluctuations is large compared to the applied strain. At low temperatures, a peak
can be observed in the non-affine response around the onset strain. At high
temperatures, this peak is overshadowed by the non-affine thermal fluctuations.
At high strain, the network elasticity is controlled by stretching of the bonds, and
the network response becomes increasingly affine for most temperatures. Only at
𝑇 ∗ = 10−2 , the non-affine fluctuations are still visible.
To disentangle the effects of temperature and network connectivity, we normalize the stress-strain curve with the ones obtained in the athermal energy-dominated
limit. In particular, we plot the stress ratio 𝜎/𝜎ath in Figure 3.3(c), where we used
the data obtained at 𝑇 ∗ = 10−8 for 𝜎ath . At this temperature the network behaves
according to a network in the athermal limit, but still a small amount of stress
is observed, i.e. the stress is not zero at small strains even below the isostatic
point. A ratio of 𝜎/𝜎ath ≈ 1 implies that the mechanical behaviour is basically
insensitive to variations in temperature. As can be seen in Figure 3.3(c) for a
network with 𝑝 = 0.56, there is a regime of strain in which the stress ratio depends
on 𝑇 ∗ that decreases upon stretching the network more and more. At increasing
temperature, this stress ratio is both higher at the start and approaches temperature insensitivity at a higher strain. The start of decrease in stress ratio for all
temperatures occurs at approximately the same strain value, corresponding to
the onset of strain-stiffening. This transition could therefore be interpreted as
a transition between a regime dominated by thermal fluctuations to a regime
dominated by bond stretching. This is analogous to the bending-to-stretching
transition observed in fibre networks 11,33,37 . We summarize these observations in
a mechanical phase diagram sketched in Figure 3.3(d), where we can distinguish
two regimes: a mechanically-dominated regime (blue) where structural rigidity
overpowers the effect of thermal fluctuations and a temperature-controlled regime
(orange) where thermal fluctuations play a more important role in the elastic
behaviour. The transition between these regimes depends on the reduced temperature 𝑇 ∗ (and therefore both on the actual temperature 𝑇 and the bond stiffness 𝜇),
the connectivity parameter 𝑝 and the strain 𝜀. This transition is in general very
gradual as can be seen in the two cross-sections of the mechanical phase diagram
reported in Figure 3.3(e-f) where we show the stress ratio obtained by some of our
simulations. When 𝑇 ∗ is fixed (Figure 3.3(e)) and we increase 𝑝, we observe a steep
decrease in the strain associated to the thermal-stretching transition. Above the
isostatic point, the mechanics of the rigid networks is barely affected by thermal
fluctuations at this temperature. In Figure 3.3(f), we observe that with increasing
temperature the stress ratio increases but the strain characterizing the transition
seems to reach a limiting value. This limiting value is a result of the onset of
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strain-stiffening, which is independent of temperature and corresponds to the
transition to the elastic regime.
In summary, we identified a rigidity-dependent transition between two regimes
where thermal fluctuations are or are not important. In the following sections, we
will investigate whether this underlying transition also influences the fracture of
these elastic networks.

3.3.3

The effect of thermal fluctuations on macroscopic fracture

Under athermal conditions, bonds break only after the onset strain, as only at
this stage the bonds are under tension. Furthermore, Figure 3.3 indicates that the
contribution of the thermal fluctuations to the stress in the system is significantly

Figure 3.4. Stress-strain curves from fracture simulations for networks with 𝜆 = 0.03, 𝐿 = 128
at different 𝑇 ∗ (see legend) and (a) 𝑝 = 0.65, (b) 𝑝 = 0.90. Average over 10 independent configurations, standard error falls within the width of the line. (c) Temperature dependence of the
peak stress 𝜎𝑝 for networks with different connectivity 𝑝 (values indicated in the legend). Every
data point is based on simulations of at least 60 independent configurations. (d) Connectivity
dependence of 𝜎𝑝 normalized by the peak stress in the athermal limit 𝜎𝑝,ath for several temperatures, same colour code as panel (a). Every data point is based on simulations of at least 10
independent configurations.
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reduced beyond the onset strain. Does this mean that there is only a minor
influence of temperature on the failure response?
We first focus on macroscopic descriptors and characterize the stress-strain
curves obtained from fracture simulations. In Figure 3.4(a-b), we show the
response of two representative networks with a small rupture threshold 𝜆 = 0.03
and different connectivities at several temperatures 𝑇 ∗ . For the network with
𝑝 = 0.65 ' 𝑝iso (panel a), a clear decrease in peak stress 𝜎𝑝 for increasing 𝑇 ∗ is
observed, while a variation in the peak strain 𝜀𝑝 is less evident as the fracture
becomes more ductile and the decrease in stress after the peak is less pronounced.
For the very rigid network (𝑝 = 0.90, panel b), the decrease in both 𝜎𝑝 and 𝜀𝑝 is
clearly observed. Similarly, the fracture becomes more ductile for higher 𝑇 ∗ , even
though a clear stress drop is still recognizable at the highest temperature simulated.
In both cases, the networks become weaker with increasing 𝑇 ∗ . Furthermore,
when approaching the athermal limit (𝑇 ∗ → 0) the peak stress becomes less
sensitive to variation in temperature. In Figure 3.4(c), we show the temperature
dependence of 𝜎𝑝 for several connectivities with 𝜆 = 0.03. The common trend
is little variation at low temperatures, almost a plateau that is indicative of
approaching the athermal limit, followed by a decrease when temperature is
increased, with 𝜎𝑝 eventually dropping to zero when a temperature of 𝑇 ∗ ' 10−4
is reached. On the one hand, for low 𝑇 ∗ the peak stress is evidently controlled
by the network rigidity, as previously investigated in the athermal limit 12,13 . On
the other hand, when the thermal energy is of the order of 𝐸frac = 12 𝜇(𝜆ℓ0 )2 the
network structure is irrelevant, as springs spontaneously break and the system
shows melting behaviour. We will later describe the melting point using the
reduced quantity 𝐸therm /𝐸frac = 𝑘 B𝑇/[ 12 𝜇(𝜆ℓ 0 )2 ] = 𝑇 ∗ /( 12 𝜆2 ). In between these
limits, there is a broad cross-over regime. To better assess the role of rigidity
in this intermediate regime, we normalize 𝜎𝑝 by its value in the athermal limit
𝜎𝑝,ath and plot this ratio in Figure 3.4(d). The transition between the athermal
limit, where 𝜎𝑝 /𝜎𝑝,ath = 1, and the melting limit, where such a ratio goes to zero,
depends on a subtle coupling between connectivity and temperature itself. Far
below (𝑝 < 0.60) and far above the isostatic point (𝑝 > 0.80) the connectivity plays
a small role since at every temperature the curve exhibits two plateaus (at small
and large 𝑝). However, around the isostatic point rigidity and thermal fluctuations
are coupled, since at all the intermediate temperatures we can observe a sharp
increase in 𝜎𝑝 /𝜎𝑝,ath upon increasing 𝑝, connecting the two limiting plateaus. On
passing, we note that the plateau for small 𝑝 is lower, suggesting that temperature
starts to affect failure of very diluted networks earlier than for networks with large
𝑝. Furthermore, we speculate that the complex temperature-dependence around
the isostatic point arises from locally floppy regions that are rigidified by thermal
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fluctuations (whose magnitude depends on temperature itself) and are therefore
able to sustain and concentrate stress, and break. Since the isostatic point marks
the onset of mechanical stability, such effect is largest for networks close to it.

3.3.4

The effect of thermal fluctuations on microscopic fracture

Clearly, the failure response is temperature dependent across the entire connectivity
range, but the influence of temperature indeed seems to depend on the distance
with respect to the isostatic point i.e. on the network rigidity. Are these differences
also apparent at the microscopic level? To investigate this, we monitor the number
of broken bonds during the simulations. As shown in Figure 3.5(a-b), the fraction
of broken bonds 𝜙 as a function of deformation indicates that higher temperature

Figure 3.5. Effect of temperature on the development of microscopic damage. (a-b) Fraction of
broken bonds 𝜙 as a function of strain for networks with 𝐿 = 128, 𝜆 = 0.03 and (a) 𝑝 = 0.65, (b)
𝑝 = 0.90. Average over 10 independent configurations, standard error falls within the width of the
line. (c) Fraction of broken bonds at the peak strain 𝜙 𝑝 (including the peak event) as a function
of 𝑇 ∗ for a range of dilution factors 𝑝 = 0.50 − 0.90. Every data point is based on simulations of
at least 60 independent configurations. (d) Fraction of broken bonds after the peak strain up to
failure of the entire system as a function of 𝑇 ∗ for a range of dilution factors 𝑝 = 0.50 − 0.90. Data
are only shown for systems that lose percolation during the simulations (before 100 % strain). All
fractions are calculated with respect to the initial number of bonds in the diluted network.
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leads to earlier and overall increased damage. However, the effect of temperature is
more significant close to the melting temperature 𝑇 ∗ ' 12 𝜆2 = 4.5 × 10−4 , whereas
at lower temperatures the system response is still highly influenced by rigidity.
By focusing on the fraction of bonds broken at the peak strain 𝜙 𝑝 , counting
also the bonds broken during the peak event, as shown in Figure 3.5(c), the
diverging behaviour when approaching melting is evident. This increase in broken
bonds could explain the decrease in material strength 𝜎𝑝 . The fraction of broken
bonds observed here is of the same order of magnitude as the fraction of broken
bonds observed in literature for athermal systems where all elements have equal
strength 12,13,21 . Also the fraction of bonds that break above 𝜀𝑝 (Figure 3.5(d)), the
post-peak response, increases close to the melting point, which points towards a
prolonged post-peak response, i.e. higher ductility.
A direct inspection of the simulation snapshots (Figure 3.6) suggests that bonds
that break up to the peak strain 𝜀𝑝 (red bonds) are dispersed more homogeneously
throughout the sample at a higher temperature. The snapshots also reveal a big
difference in the response to temperature between networks around (𝑝 = 0.65) and
far above the isostatic point (𝑝 = 0.90). Around the isostatic point, the damage up
to 𝜀𝑝 is already diffusive in the athermal limit, and its delocalization is enhanced
when the temperature is increased. In contrast, the failure response far above
the isostatic point shows a clear transition from crack nucleation in the athermal
regime to a more diffuse failure response close to the melting point. However,
the post peak response at 𝑝 = 0.90 is clearly still dominated by the propagation

Figure 3.6. Failure patterns are presented as snapshots of the networks (𝐿 = 128) in their rest
state, only showing broken bonds. The bond colour indicates whether the bond was broken before
(red) or after (grey) 𝜀𝑝 .
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of cracks. Nevertheless, at high temperatures we observe the development of
multiple cracks, sometimes even not perpendicular to the deformation direction,
and evidence of crack merging.
In summary, we show that an increase in temperature leads to an increase
in diffuse failure, implying suppression of stress concentration before the peak
stress. These observations suggest that thermal fluctuations are responsible for two
apparently contrasting effects: on the one hand, they create "instantaneous defects"
resulting in more regions with broken bonds, that reduce material strength; on the
other hand, the fluctuations allow the material to delocalize stress away from such
defects, delaying the propagation of large cracks. As a result, the damage pattern
is diffuse throughout the system.

3.3.5

Thermal fluctuations increase the length scale of stress redistribution

In the last section we have interpreted the effect of thermal fluctuations on the
microscopic failure mechanisms in terms of defects and stress concentration.
However, it should be realized that the use of these terms in (spring) networks
comes with more challenges than the use of these terms in a continuum description
of a material. In a disordered network, it proves challenging to identify defects,
because the edges of a large void do not necessarily coincide with locations of stress
concentration. Moreover, we observe that in networks stress can be redistributed
over a large part of the network via non-affine rearrangements of the network.
As a result, both the concentration of stress and the failure response in spring
networks are dependent on the size of the network. It might therefore be possible to
identify a characteristic length scale associated to stress concentration (or to stress
delocalization) in these spring networks. For example, we have recently 13 shown
that in athermal systems, brittle (abrupt) fracture always occurs for networks above
a certain system size 𝐿∗ . This critical size can be tuned by the network rigidity, i.e.
by varying 𝑝 and 𝜆. The onset of the size-induced brittleness can be determined
by looking at the non-monotonic size-dependence of Δ𝜎max . Here, we investigate
whether temperature affects this critical system size, which can be interpreted as
a characteristic length scale at which the concentration of stress can be observed.
This analysis is therefore another way to further assess the role of temperature on
stress concentration.
Therefore, we examine how thermal fluctuations affect the macroscopic fracture
descriptors for different system sizes, focusing on the maximum stress drop Δ𝜎max
that quantifies fracture abruptness. In Figure 3.7(a-d), we plot the size-scaling of
the maximum stress drop Δ𝜎max (closed symbols) together with the peak stress
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𝜎𝑝 (open symbols) for four combinations of 𝑝 and 𝜆 at different temperatures.
In all cases, we observe a monotonic decrease of 𝜎𝑝 as a function of the system
size. These trends can be fitted by a power law 𝜎𝑝 = (𝐿/𝛼)−𝛽 + 𝜎𝑝∞ , where 𝜎𝑝∞
is the failure stress in the thermodynamic limit (infinite system size), 𝛽 the size
scaling exponent and 𝛼 a fitting constant. Values for 𝛽 are comparable to values
found in literature 13,22 . It is interesting to note that we find a finite value for
𝜎𝑝∞ , which is different from many other studies on network failure 38 . This is
because in our work all elements have the same strength and therefore a finite
amount of stress is required at all network sizes to start the failure process. In
contrast, some studies reported a vanishing 𝜎𝑝∞ since they employed a distribution
in element strength extending to zero 38 . In Figure 3.7(e), we plot 𝜎𝑝∞ normalized

Figure 3.7. Size-scaling and temperature. (a-d) Maximum stress drop Δ𝜎max (closed symbols,
solid lines) and peak stress 𝜎𝑝 (open symbols, dotted lines) as a function of system size 𝐿
for systems with (a) 𝑝 = 0.56 and 𝜆 = 0.10 (square), (b) 𝑝 = 0.65 and 𝜆 = 0.03 (triangle), (c)
𝑝 = 0.80 and 𝜆 = 0.15 (circle), and (d) 𝑝 = 0.90 and 𝜆 = 0.30 (downward triangle). Depending on
system size the minimum number of independent simulations per data point is 60 (𝐿 = 8 . . . 128),
30 (𝐿 = 192 . . . 256), 10 (𝐿 = 512) or 5 (𝐿 = 1024). (e) Peak stress in the thermodynamic limit
∞
𝜎𝑝∞ normalized by the corresponding value in the athermal limit 𝜎𝑝,
as a function of reduced
ath
temperature 𝑇 ∗ normalized by its melting value 12 𝜆2 . Error bars represent the standard error in
the fit for 𝜎𝑝∞ . (f) Estimate of the system size where Δ𝜎max is minimal as a function of 𝑇 ∗ . In both
(e) and (f) the marker shape corresponds to the value of 𝑝 as introduced in panels (a-d).
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∞
by its athermal value 𝜎𝑝,ath
as a function of 𝑇 ∗ normalized by 12 𝜆2 (see Figure 3.A.7
for the other fitting parameters). The observed trend underlying a transition from
low 𝑇 ∗ to melting is consistent with the data at fixed system size and fixed rupture
threshold 𝜆 presented earlier in Figure 3.4. Here, we can also appreciate the effect
of varying 𝜆 in the intermediate temperature regime. For example, the largest
𝜆 = 0.30 (downward triangles, networks with 𝑝 = 0.90) shows a steeper decrease
in the normalized fracture stress, suggesting that thermal effects kick in at higher
temperatures for these very rigid networks.
Finally, we focus on the maximum stress drop Δ𝜎max . From Figure 3.7(a-d), we
observe that a non-monotonic trend is observed in basically all cases, consistent with
our previous results in the athermal limit 13 . We speculated that the initial decrease,
implying a more ductile fracture upon increasing system size, is associated to the
rupture and reformation of locally stressed regions (often consisting of aligned
springs, and sometimes called force chains 12,39–41 ). However, upon increasing the
system size Δ𝜎max starts to increase, suggesting that stress concentration around
defects is present in the system, since it fractures in a more abrupt way. At even
larger 𝐿, Δ𝜎max decreases again, now following the same trend for the peak stress
𝜎𝑝 that sets the upper bound to the possible stress drop. In Figure 3.7(c) the entire
trend is visible for the system sizes explored in this work, whereas in the other
panels only parts of it are captured. Importantly, for all systems, the trend depends
on temperature. In particular, in Figure 3.7(f) we quantify the effect of temperature
by plotting the system size 𝐿min corresponding to the minimum Δ𝜎max as a function
of 𝑇 ∗ . We observe that thermal fluctuations increase the value of 𝐿min , which can
be interpreted as a length scale for stress concentration. The role of temperature
seems particularly relevant at low connectivity, where the stress is already very
delocalized in the athermal limit.
In summary, we find that also in the thermodynamic limit there is a crossover
from an athermal regime to a melting regime where the failure behaviour is
determined by both rigidity and thermal fluctuations. Moreover, thanks to the
analysis of Δ𝜎max , we find evidence that temperature increases the region over
which stress is delocalized.

3.3.6

Thermal fluctuations homogenize stress

The delocalization of stress is mediated by structural rearrangements in the
network. Therefore, if temperature helps to delocalize stress as suggested by
Figure 3.6 and Figure 3.7(f), this must be evident in the distribution of stress
within the network. In Figure 3.8(a-b) we show two snapshots of the same
deformed network (𝑝 = 0.65) at two different temperatures, together with the

72

3.3 Results and discussion
associated histogram of the bond deformation 3.8(c-d), which is equivalent to the
probability distribution of the microscopic stresses since the springs are linear.
Both networks are deformed up to 10 % strain, which is close to 𝜀𝑝 and well above
the onset strain discussed in Section 3.3.2. At the lower temperature, the stress
is distributed very heterogeneously, as indicated by an asymmetric distribution
with an exponential tail containing few bonds carrying a high load. The regions
of high stress, typically composed of aligned highly-stressed bonds, that we call
force chains, can be readily identified in the simulation snapshot. On the contrary,
for the higher temperature, the distribution is symmetric, resembling a Gaussian
distribution, and the force chains can not be identified. This indicates that even
above the onset strain thermal fluctuations act as a stabilizing field as discussed in
Section 3.3.1 and do affect the distribution of stress in the network. To quantify

Figure 3.8. Influence of temperature on the stress distribution in networks with 𝑝 = 0.65, 𝜆 =
0.03 and 𝐿 = 128. (a-b) Snapshots of the local bond extension at 10 % strain and (c-d) the
corresponding histograms. The colour scale indicates the amount of bond extension (i.e. local
stress) on the network bonds, purple corresponds to high stress and orange to low stress. (a)
For 𝑇 ∗ = 10−7 , aligned highly-stressed bonds ("force chains") are visible. (b) For 𝑇 ∗ = 5 × 10−5 ,
the stress distribution is highly homogeneous. (e) Stress and excess kurtosis 𝜅 𝑒 of the stress
histogram, a measure of heterogeneity, as a function of the strain for a single simulation. The
dashed black line indicates the strain at which the first bond breaks, also corresponding to
the maximum of 𝜅 𝑒 ; whereas the minimum of 𝜅 𝑒 occurs at the peak stress. (f) Maximum and
minimum of 𝜅 𝑒 as a function of 𝑇 ∗ . Every data point is based on simulations of 10 independent
configurations.
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this heterogeneity, we calculate the excess kurtosis 𝜅 𝑒 of the stress distribution,
an indicator of the tail heaviness of a distribution (being zero for a Gaussian).
This measure has been recently used to quantify stress heterogeneities in porous
materials 42 . To illustrate how the heterogeneity of the stress distributions is linked
to the macroscopic stress evolution, in Figure 3.8(c) we plot both 𝜅 𝑒 and 𝜎 as a
function of strain for an example simulation run. As observed in most cases, the
strain-stiffening of the network is accompanied by a similar increase in kurtosis.
The stress distribution becomes more heterogeneous until (approximately) the first
bond breaks (the dashed black line in Figure 3.8(c)), after which strain softening
occurs and the stress distribution becomes more homogeneous. This decrease in
heterogeneity is presumably caused by redistribution of the stress after bonds are
broken. Strikingly, in correspondence with the peak stress, a local minimum for the
kurtosis is observed. The subsequent stress drops are instead accompanied by an
increase in 𝜅 𝑒 , and therefore in the microscopic stress heterogeneity. This increase
indicates stress concentration somewhere in the network leading to significant
bond breakage that does not allow for a larger stress response. To show how the
stress heterogeneity changes with temperature, we plot the maximum and the
minimum of 𝜅 𝑒 as a function of 𝑇 ∗ in Figure 3.8(d). To determine the minimum
kurtosis, we take the smallest value of 𝜅 𝑒 in a strain interval close to the peak strain
𝜀𝑝 , to avoid lower values that might be found before strain-stiffening. Analogously,
for the maximum kurtosis, we only look at the maximum up to and including
the peak strain, to avoid post-peak values. Both quantities clearly decrease
when the temperature is raised, but follow different curves. In particular, the
maximum of 𝜅 𝑒 , that is associated to the network strain-stiffening, is immediately
sensitive to temperature changes, in line with our previous observations on the
non-linear elasticity (Section 3.3.2), while the minimum of 𝜅 𝑒 , associated to the
fracture peak, exhibits an initial temperature insensitive interval, similarly to the
other fracture descriptors investigated above. Furthermore, as the temperature
increases, the difference between the maximum and minimum becomes smaller,
and eventually both quantities reach zero (homogeneous stress distribution) at the
melting temperature. Note that, while we have shown here results only for a given
connectivity, the fact that a higher temperature allows for better redistribution of
the stress during fracture was a consistent observation in our simulation study.

3.4

Concluding remarks

In this work, we explored the relation between rigidity and the failure of centralforce spring networks under the influence of thermal fluctuations. Our results
demonstrate that thermal fluctuations couple with network rigidity and affect the
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non-linear mechanics of elastic networks. In general, thermal fluctuations lead
to a lower failure strength (Figure 3.4), an increased ductility, and an increased
fraction of broken bonds (Figure 3.5). We have shown that at the microscopic
level the failure response is altered with respect to the athermal case in two ways:
i) bond failure can be activated by instantaneous thermal fluctuations, creating
additional weak spots, and ii) stress is delocalized, suppressing the expansion of
existing defects (Figure 3.6). We reveal that temperature acts as a stabilizing field
that resists large structural non-affine deformation within the network (Figure 3.2
and Figure 3.3). Specifically, the thermal fluctuations increase the length scale
over which stress is redistributed, which can be quantified via the maximum stress
drop (Figure 3.7) and the excess kurtosis (Figure 3.8). Although these trends can
be observed for all connectivities, there are distinct damage mechanisms above
and below the isostatic point. Above the isostatic point, the failure up to the
peak stress shifts from crack nucleation at a single site to a more diffuse failure
pattern, while around the isostatic point the failure response is already delocalized
in the athermal limit and the fraction of broken bonds is enhanced approaching
the melting point (Figure 3.6). These distinct failure processes might explain the
difference in how the peak strain depends on temperature with respect to rigidity
(Figure 3.4).
We note that at a first glance central-force spring networks subjected to thermal
fluctuations behave like athermal networks in a stabilizing field. However, the
instantaneous nature of the thermal fluctuations introduces important differences.
It is striking that, without any applied deformation, the thermal fluctuations
induce structural rearrangements of the average network structure (Figure 3.A.1).
Furthermore, providing enough time, the thermal fluctuations allow the failure of
bonds even if they are not intrinsically under tension (activated failure), leading
to diffuse damage. A final consequence of introducing thermal fluctuations is
that time becomes an important parameter. In our simulations the system was
deformed at a constant strain rate, i.e. it was driven at a given speed. If the driving
speed is too low, the system will melt due to the process of activated failure. If
the driving speed is too high, the system has no time for stress relaxation as it
is held back by the viscous surroundings. Therefore, the failure response of an
elastic network is generally determined by the coupling between the driving speed,
viscosity, rigidity and thermal fluctuations. Our study was focused on a regime in
which driving and viscosity effects were small (see Appendix for discussion).
This work provides new insight into the relation between the static network
structure, thermal fluctuations and the failure response of central-force spring
networks. Above all, it shows that rigidity remains a controlling parameter in the
failure response of spring networks in the presence of thermal fluctuations, even
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close to the melting temperature. This suggests that the failure response of thermal
networks in experiment, such as semiflexible polymer networks, could be rigiditydependent as well. The ratio between the energy of the thermal fluctuations,
𝐸therm = 𝑘 B𝑇, and the energy required to break an elastic element, 𝐸break , emerges
as a relevant parameter to classify the failure regime of a particular network
(either the athermal regime, the cross-over regime, or the melting regime) and
could thus be a relevant parameter to classify the failure response of experimental
systems. For example, a rough estimate of this ratio for experimental systems
𝐸therm /𝐸break = 𝑇 ∗ /( 12 𝜆2 ) shows us that for a collagen network 𝐸therm /𝐸break ≈
1 · 10−6 , which corresponds to the athermal limit, while the values for a semiflexible
network like actin (𝐸therm /𝐸break ≈ 8 · 10−3 ) and a flexible polymer network
(𝐸therm /𝐸break ≈ 7 · 10−3 ) are significantly higher (see Appendix for details). These
examples show that it is not just the temperature, but also the type of building
block that determines the relevant failure regime. Furthermore, the ratio also
makes clear that the temperature sensitivity is not only dependent on the element
stiffness 𝜇, but also on extensibility 𝜆. Therefore, it is a possibility that a network
with a temperature dependent elastic response at the network level (determined by
𝑇 ∗ ), might not be sensitive to thermal fluctuations in the failure regime (determined
by 𝑇 ∗ /( 12 𝜆2 )). Our model predicts that networks with weak crosslinkers, i.e. small
𝜆, are most likely to have a failure response as observed in the cross-over regime.
We hope that our simulation results will stimulate further experimental work
aimed at mapping out the roles that rigidity and thermal fluctuations play in
governing mechanical failure of elastic networks.
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3.A
3.A.1

Appendix
Dependence of non-affinity on the reference coordinates

We calculate the non-affine deformation with respect to the time averaged position
at 0 % strain (Figure 3.A.1(a)) r 0 . Alternatively, the non-affinity can be calculated
with respect to the initial positions of the nodes (located on a regular triangular
lattice) rinit (Figure 3.A.1(b)). The difference between Figure 3.A.1(a) and Figure 3.A.1(b) indicates that temperature has an effect on the equilibrium node
positions at 0 % strain. This is in contrast with athermal networks and bending
stabilized networks, where the equilibrium node positions are equal to the initial
position of the nodes. Figure 3.A.1(c) shows that the average displacement of the
nodes from their initial position to their equilibrium position 𝑑𝑟 = h|r 0 − rinit |i
depends on both temperature and connectivity. Especially below the isostatic
point there are significant reorganizations within the network. However, at high
temperatures also the network structure well above the isostatic point is affected.
Clearly, the thermal fluctuations do affect the equilibrium structure at 0 % strain.

Figure 3.A.1. Non-affine response in the linear regime versus 𝑝 for a range of 𝑇 ∗ (colours are
indicated in the legend). (a) The time-averaged (over 1900𝜏) non-affine response at 1.5 % strain
with respect to the time-averaged position of the nodes at 0 % strain r 0 . (b) The time-averaged
non-affine response at 1.5 % strain with respect to the coordinates 𝑟init of the initial configuration
(a regular triangular lattice). (c) The ensemble averaged displacement 𝑑𝑟 = h|r 0 − rinit |i at 1.5 %
strain. Every data point is based on simulations of at least 10 independent configurations.

3.A.2

Size of the thermal fluctuations

To quantify the size of the thermal fluctuations, we monitor the root mean
q squared
displacement of the nodes with respect to their equilibrium position

hu2therm i

q

and define the size of the fluctuations as 𝑑𝑟fluc = hu2therm i with · representing
a time-average. From Figure 3.A.2(a) it is clear that the size of the fluctuations
of the nodes depends on both temperature and connectivity. In general, the size
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of the fluctuations decreases with an increase in connectivity, indicating there is
feedback between the number of constraints imposedqon a node in the network
and how far the nodes can move. Before measuring hu2therm i, all systems are
subjected to the same calibration run of 100𝜏 (e Figure 3.A.2(b)/(c)). Weqnote that

for 𝑝 = 0.65 (Figure 3.A.2(b)) the required time to reach a stable value of hu2therm i
is longer for lower temperatures, indicating that the rate of equilibration depends
on temperature. Furthermore, we see that at the higher connectivity value 𝑝 = 0.90
(Figure 3.A.2(c)) the fluctuations are smaller and reach their equilibrium value
faster.

Figure 3.A.2. The size of the thermal fluctuations of the node
q positions. (a) the time-averaged

(over 1900𝜏) root mean squared fluctuation size 𝑑𝑟fluc =

hu2therm i versus 𝑝 for a range of

𝑇 ∗ (colours are indicated in the legend). (b-c) The development of

q

hu2therm i as a function of

q

time (2000𝜏 in total). The black line is placed at 100𝜏, time-averages for Γmech and hu2therm i
are based on data past this line. (b) 𝑝 = 0.65 and (c) 𝑝 = 0.90. Every data point is based on
simulations of at least 10 independent configurations.

3.A.3 Relation between time-averaged non-affinity and instantaneous
non-affinity
In an athermal elastic network the position of the crosslinks is determined by the
applied deformation and the non-affine response of the nodes. In a thermal elastic
network, the positions of the nodes are also influenced by thermal fluctuations of
the nodes. The position of a node r under uniaxial extension 𝜀 can therefore be
described as
r(𝜀, 𝑇, 𝑝) = r 0 + uaff (𝜀) + unaff (𝜀, 𝑇, 𝑝) + utherm (𝜀, 𝑇, 𝑝) ,

(3.5)

where 𝑝 is the network connectivity parameter, and 𝑇 temperature. u stands for a
displacement vector and r 0 is the time averaged position at 0% strain. If a system
is fixed at a certain strain 𝜀 the average position of the particle over time will be,
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r = r 0 + uaff (𝜀) + unaff (𝜀, 𝑇, 𝑝) ,

(3.6)

assuming |utherm | = 0. If we instead monitor the average size of the fluctuations of
the nodes we find that
(r − r)2 = u2therm (𝜀, 𝑇, 𝑝) .

(3.7)

Note that in case of drift in the system center of mass, this needs to be taken into
account. In our case, we assume hri = rcom . Below, we will detail how these
contributions are related to the measure for non-affinity Γ.
Non-affine response of time averaged positions
We will start with the non-affinity based on time-averaged positions (Equation 3.6),
as this parameter is directly related to the non-affinity parameter discussed for
athermal systems that describes the size of non-affine rearrangements of the
network.
Γmech =

h(r − r aff )2 i
𝜀2ℓ 02

=

h(unaff )2 i
𝜀2ℓ02

.

(3.8)

To simplify the equation our definition for r is used (Equation 3.6) and the definition
r aff = r 0 + uaff .
Non-affine response of instantaneous positions
In a system with thermal fluctuations, the instantaneous positions of the node will
also be determined by (non-affine) thermal fluctuations (see Equation 3.5). While
monitoring the non-affinity during a continuous deformation, the non-affinity
parameter Γ will therefore include both the effects of non-affine rearrangements
and thermal fluctuations.
Γ=

h(r − r aff )2 i
𝜀2ℓ02

=

h(unaff + utherm )2 i
𝜀2ℓ02

.

(3.9)

The relation between Γ and Γmech
An essential difference with respect to athermal networks is that Γ is a result of
both non-affine structural rearrangements and thermal fluctuations. Here we show
the relation between Γmech and Γ. We can rewrite the non-affinity such that we
only have sums over all particles on the right hand side.
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[Γ−Γmech ]𝑁 𝜀2ℓ02 =

Õ

Õ

Õ

(u2therm +2unaff ·utherm ) .
(3.10)
Returning to the averages over all particles we can now distinguish a term related
to thermal fluctuations and a cross-term related to both the non-affine deformation
and the thermal fluctuations,
((unaff +utherm )2 )−

Γ = Γmech +

hu2therm i
𝜀2ℓ02

((unaff )2 ) =

+

2hunaff · utherm i
𝜀2ℓ02

.

(3.11)

Hence, the contributions of structural rearrangements and thermal fluctuations to
Γ can not be decoupled.

3.A.4 The influence of driving and viscosity
The mechanical and failure response can depend on both the driving speed and the
friction coefficient of the nodes, i.e., viscosity of the implicit solvent. In Figure 3.A.3
we show how these parameters affect the stress-strain curves around the isostatic
point (Figure 3.A.3(a-b)) and far above the isostatic point (Figure 3.A.3(d-e)). An
increase in either 𝜀¤ or 𝜁 has a similar effect as both parameters affect the relaxation
time of stress in the system. Furthermore, the friction coefficient controls the
amount of damping in the system, from the underdamped regime at low 𝜁, where
inertia plays a role, to the overdamped (Brownian) regime at high 𝜁, where the
effect of inertia is negligible. In general, an increase in these parameters leads to
an increase in ductility. Below the isostatic point, both the pre-peak and post-peak
behaviour are affected, while above the isostatic point it is mostly the post peak
response. Furthermore, we show the peak stress 𝜎𝑝 as a function of the strain rate
for 𝑝 = 0.65 and 𝑝 = 0.90 for a range of 𝜁 and two values of 𝑇 ∗ : 1 × 10−9 (purple)
and 1 × 10−5 (blue). We see that typically the peak stress increases with the strain
rate. At a higher strain rate, there is less time for stress relaxation, leading to
a more affine response and a higher stress in the system. Similarly, we observe
that the peak stress increases with an increase in the friction coefficient, which
is also related to the time for stress relaxation 𝜏0 = 𝜁/𝜇. In the main text, we set
the strain-rate 𝜀¤ = 0.001 and the friction coefficient 𝜁 = 10. We can observe that
for 𝑝 = 0.65 we are in a regime where the effect of 𝜀¤ and 𝜁 on the peak stress is
relatively small. At 𝑝 = 0.90 the effect of the strain rate is bigger; however, we do
not expect that this affects our conclusions.
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Figure 3.A.3. The influence of driving and friction coefficient on the stress-strain response. (a)
Stress versus strain for a network around the isostatic point ( 𝑝 = 0.65, 𝐿 = 1024, 𝜁 = 10,
𝑇 ∗ = 1 × 10−5 ) for a range of strain rates (see legend). (b) Stress versus strain for a subisostatic
network ( 𝑝 = 0.65, 𝐿 = 1024, 𝜀¤ = 0.001, 𝑇 ∗ = 1 × 10−5 ) for a range of 𝜁 (see legend). (c) 𝜎𝑝
versus 𝜀¤ for a network with 𝑝 = 0.65 and 𝐿 = 1024. 𝜎𝑝 is determined for 𝑇 ∗ = 1 × 10−9 (purple)
and 𝑇 ∗ = 1 × 10−5 (blue) the shape of the markers indicates the friction coefficient 𝜁 (see legend).
(d) Stress versus strain for a network far above the isostatic point ( 𝑝 = 0.90, 𝐿 = 1024, 𝜁 = 10,
𝑇 ∗ = 1 × 10−5 ) for a range of strain rates (see legend). (e) Stress versus strain for a network far
above the isostatic point ( 𝑝 = 0.90, 𝐿 = 1024, 𝜀¤ = 0.001, 𝑇 ∗ = 1 × 10−5 ) for a range of 𝜁 (see
legend). (f) 𝜎𝑝 versus 𝜀¤ for networks with 𝑝 = 0.90 and 𝐿 = 1024. Same colour code as in (c).

3.A.5 Estimate of 𝐸therm /𝐸break in experimental systems
We introduce the ratio between the thermal energy (𝐸therm = 𝑘B 𝑇) and the failure
energy of a building block (𝐸break ) as a measure for the (network level) temperature
sensitivity of the failure response of a network material. We can use the expression
𝑇 ∗ /( 12 𝜆2 ) to get a rough estimate of 𝐸therm /𝐸break for an experimental system
when we know 𝜇 and 𝜆 of the individual building blocks. Please note, that
this approximation assumes a linear stress-strain response of the building blocks
(𝐸break = 12 𝜇(𝜆ℓ0 )2 ).
Stiff fibre networks: Collagen
Collagen is a stiff athermal fibre network. The spring constant of a stiff fibre can
be defined as 𝜇 = 𝐸 𝑦 𝐴/ℓ 𝑐 = 𝐸 𝑦 𝜋𝑟 2 /ℓ 𝑐 with 𝐸 𝑦 the Young’s Modulus of the fibre, 𝐴
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the cross-section of the fibre, ℓ 𝑐 the distance between crosslinks, and 𝑟 the radius
of a fibre. Here we neglect the fibre bending stiffness, which is expected to have
only a minor influence on network fracture 7 . Consequently, 𝑇 ∗ of a fibre network
can be calculated as
𝑇∗ =

𝑘B𝑇
.
𝐸 𝑦 𝜋𝑟 2ℓ 𝑐

(3.12)

For a collagen network with 𝐸 𝑦 = 50 MPa, 𝑟 = 30 nm and assuming that ℓ 𝑐 scales
with the mesh size of the network ℓ 𝑐 ≈ 𝜉 = 2 µm (Based on Ref. [43]) we find that
𝑇 ∗ = 1.5 × 10−8 at 𝑇 = 298 K, which falls well into the athermal limit. For a value of
𝜆 = 0.15 7 we find that 𝑇 ∗ /( 12 𝜆2 ) = 1.3 × 10−6 which also falls well into the athermal
limit.
Semiflexible polymer networks: Actin
Actin is regarded as a typical example of a semiflexible polymer. For a semiflexible
polymer, the spring constant is 𝜇 = 90𝜅ℓ 𝑝 /ℓ 4 (by linear approximation) 2 , with
ℓ the contour length of the polymer and ℓ 𝑝 its persistence length. Using that
ℓ 𝑝 = 𝜅/𝑘B 𝑇 and ℓ ≈ ℓ 𝑐 we find that 𝜇 = 90𝑘B 𝑇ℓ 𝑝2 /ℓ 𝑐4 , with 𝜅 the bending stiffness, ℓ 𝑝
the persistence length, and ℓ 𝑐 the distance between crosslinks. Thus, the reduced
temperature of a semiflexible polymer, like actin, is
𝑇∗ =

ℓ 𝑐2
90ℓ 𝑝2

.

(3.13)

Furthermore, if we assume that a semiflexible polymer breaks once its thermal
fluctuations are pulled out, we can calculate the extensibility as the ratio between
contour length and the average end-to-end distance without tension. With
Δℓ = ℓ 2 /(6ℓ 𝑝 ) the average contraction of a semiflexible polymer with respect to its
contour length without tension 2 , 𝜆 = ℓ /(ℓ − Δℓ ) − 1 = Δℓ /(𝑙 − Δℓ ). Assuming that
ℓ ≈ ℓ 𝑐 and Δℓ  ℓ 𝑐 we can use the simplified expression 𝜆 ≈ ℓ 𝑐 /(6ℓ 𝑝 ).
For an actin network with fibres with a persistence length of 17 µm 2 and a
distance between crosslinks ℓ 𝑐 of roughly 300 nm 44 𝑇 ∗ = 3.5 × 10−6 which indicates
that the effect of temperature at the network level is negligible (note that at the
level of the building blocks temperature does play an important role). For these
parameters we find that 𝜆 = 0.03 and that 𝑇 ∗ /( 12 𝜆2 ) = 8 × 10−3 , which is in the
cross-over regime where the failure response is temperature sensitive.
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Flexible polymer networks: Freely jointed chain
Flexible polymers are an example of extremely soft network building blocks. In
the case of flexible polymers, the elastic response of the building blocks can be
described based on the freely jointed chain. By linear approximation, the spring
constant of a freely jointed chain can be written as 𝜇 = 3𝑘B𝑇/(𝑁𝑏 2 ) with 𝑁 the
number of segments and 𝑏 the segment length. Thus, we find that
𝑇∗ =

𝑘B𝑇
𝑁𝑏 2
1
=
=
,
2
2
3
𝜇ℓ 𝑐
3ℓ 𝑐

(3.14)

when we use the average end-to-end√distance of the chain as an estimate for
the distance between crosslinks 𝑙 𝑐 = 𝑁𝑏. Furthermore, if we assume that the
extensibility of the chain scales as the ratio between the contour√length of √the
polymer 𝑁𝑏 and the average end-to-end distance 𝑙 𝑐 , we find 𝜆 = 𝑁 − 1 ≈ 𝑁.
Thus, 𝑇 ∗ /( 12 𝜆2 ) ≈ 2/(3𝑁). For a polymer network with 𝑁 = 100 this results in
the estimates 𝑇 ∗ = 0.33 and 𝑇 ∗ /( 12 𝜆2 ) = 7 × 10−3 i.e. the network level mechanical
and failure response are both placed well in the temperature sensitive regime.
However, it should be noted that the strong non-linear response of polymer chains
might significantly affect this estimate, especially in the failure regime.
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Figure 3.A.4. Main results based on the virial stress including the kinetic component. (a) stressstrain curve for a system with 𝐿 = 128 and 𝑝 = 0.65 for a range of reduced temperatures 𝑇 ∗
indicated in the legend. Curves are averages over 10 configurations. (b) linear modulus as a
function of the dilution factor 𝑝 for a range of 𝑇 ∗ (see legend). (c) Peak stress 𝜎𝑝 as a function of
the reduced temperature for a range of 𝑝 (see legend). (d) Maximum stress drop Δ𝜎max and peak
stress 𝜎𝑝 for networks with 𝑝 = 0.80 as a function of system size 𝐿 for a range of 𝑇 ∗ (see legend).

Figure 3.A.5. The time averaged (over 1900𝜏) hydrostatic stress at 0 % strain as a function of the
𝑝 for a range of reduced temperatures 𝑇 ∗ (see legend). Every data point is based on simulations
of at least 10 independent configurations.
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Figure 3.A.6. Main results based on the deviatoric stress 𝜎 = 𝜎 𝑦𝑦 − 𝜎hydr . (a) stress-strain curve
for a system with 𝐿 = 128 and 𝑝 = 0.65 for a range of reduced temperatures 𝑇 ∗ indicated in
the legend. Curves are averages over 10 configurations. (b) linear modulus as a function of the
dilution factor 𝑝 for a range of 𝑇 ∗ (see legend). (c) Peak stress 𝜎𝑝 as a function of the reduced
temperature for a range of 𝑝 (see legend). (d) Maximum stress drop Δ𝜎max and peak stress 𝜎𝑝
for networks with 𝑝 = 0.80 as a function of system size 𝐿 for a range of 𝑇 ∗ (see legend).

Figure 3.A.7. Fit parameters of the scaling of 𝜎𝑝 with 𝐿 using the power law 𝜎𝑝 = (𝐿/𝛼)−𝛽 + 𝜎𝑝∞ .
𝜎𝑝∞ is reported in the main text. (a) 𝛼 versus 𝑇 ∗ . System parameters are indicated in the legend.
(b) 𝛽 versus 𝑇 ∗ for the same systems. Error bars represent the standard error in the fit of 𝛼 and
𝛽 , respectively.
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Figure 3.A.8. Effect of bond breaking time 𝜏break , i.e. the time interval between moments when
bonds are allowed to rupture, on the stress-strain response. Stress-strain response for a system
with 𝑝 = 0.65 and 𝐿 = 128 for a temperature of (a) 𝑇 ∗ = 1 × 10−8 , (b) 𝑇 ∗ = 1 × 10−5 , and (c)
𝑇 ∗ = 5 × 10−5 . Stress-strain response for a system with 𝑝 = 0.90 and 𝐿 = 128 for a temperature
of (d) 𝑇 ∗ = 1 × 10−8 , (e) 𝑇 ∗ = 1 × 10−5 and (f) 𝑇 ∗ = 5 × 10−5 . The curves are averaged over 30
configurations.

Figure 3.A.9. Main results based on the virial stress 𝜎 𝑦𝑦 for simulations with 𝜏break = 0.001𝜏.
Every data point is based on simulations of 10 independent configurations. (a) Peak stress 𝜎𝑝 as
a function of the reduced temperature for a range of 𝑝 (see legend). (b) Connectivity dependence
of 𝜎𝑝 normalized by the peak stress in the athermal limit 𝜎𝑝,ath for several reduced temperatures
(see legend). (c) Fraction of broken bonds at the peak strain 𝜙 𝑝 (including the peak event) as a
function of 𝑇 ∗ for a range of dilution factors 𝑝 = 0.50 − 0.90 (see legend). Fractions are calculated
with respect to the initial number of bonds in the diluted network.
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List of symbols
Symbol

Description

𝐴

Cross sectional area of a fibre

𝑏

Segment length or Kuhn length of a polymer chain

𝑑

Dimensionality of the system

𝐸

Linear modulus, can also be written as 𝐸 𝑦

𝐸therm

Thermal energy 𝑘B 𝑇

𝐸frac

Elastic energy stored in a bond extended up to the rupture
threshold

ℰ

Energy, ℰ = 1 in reduced units

F

Force vector

𝑘B

Boltzmann constant, 𝑘B = 1 in reduced units

ℓ

Bond or spring length (or polymer contour length)

ℓ0

Rest length of an element or spring

Δℓ

Extension of a spring with respect to its rest length

ℓ𝑐

Length of fibre in between crosslinks

ℓ𝑝

Persistence length

𝐿

Lattice size, with 𝐿 × 𝐿 the number of nodes

𝐿min

Network size at which Δ𝜎max is minimal (for a given 𝑝, 𝜆 and 𝑇 ∗ )

𝑚

Mass of a node, 𝑚 = 1 in reduced units

𝑁

Number of segments in a polymer chain

𝑝

Connectivity parameter, representing the fraction of bonds remaining after dilution

𝑝iso

Isostatic point defined in terms of 𝑝

𝑟

Radius of a fibre

r

Instantaneous position of a node

rinit

Initial positions of nodes prior to equilibration

r

Time averaged position of a node

r0

Time averaged position of a node at 0 % strain

r aff

Position of a node assuming affine displacement with respect to
the time averaged position of individual nodes at rest

𝑑𝑟

Average distance between the node position prior to equilibration
rinit and the average node position after equilibration r 0

𝑑𝑟fluc

Root mean square size of thermal fluctuations with respect to the
equilibrium position of a node
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𝑅(𝑡)

White noise with zero-mean

𝑡

Time

𝜏

Unit of time, 𝜏 =

𝜏0

Relaxation time

𝑇

System temperature

𝑇∗

Reduced temperature

𝑢aff

Displacement vector of node position after affine deformation
with respect to the initial average node position r 0

𝑢naff

Displacement vector from affine node position due to (timeaveraged) non-affine network rearrangements

𝑢therm

(Instantaneous) displacement vector from average particle position
due to thermal fluctuations

𝑧

Connectivity, number of bonds connected to a node

h𝑧i

Average connectivity over all nodes

q

𝑚ℓ 02 /ℰ

𝑧max

Maximum connectivity

Γ

Non-affinity parameter based on instantaneous node positions

Γmech

Non-affinity parameter based on time-averaged node positions
measured during a strain-step protocol

𝜖

Uniaxial strain

𝜖¤

Strain rate

𝜖𝑝

Peak strain, strain corresponding to 𝜎𝑝

𝜁

Friction coefficient

𝜇

Spring constant, such that 𝐹 = 𝜇Δℓ

𝜉

Mesh size

𝜅𝑒

Excess kurtosis

𝜅

Bending rigidity of a fibre

𝜆

Breaking threshold of a spring defined as 𝜆 = (𝑙break − 𝑙0 )/𝑙0

𝜎

Stress

𝜎𝑝

Peak stress or strength, maximum stress that can be carried by the
network

𝜎𝑝∞

Peak stress in the thermodynamic limit

𝜎ath

Stress response in the athermal limit

𝜎p,ath

Peak stress in the athermal limit

𝜎p,ath∞

Peak stress in the athermal limit and the thermodynamic limit

Δ𝜎max

Abruptness or maximum drop in stress after 𝜎𝑝

References

𝜙

Fraction of broken bonds with respect to the number of intact
bonds in the network prior to deformation

𝜙𝑝

Fraction of broken bonds at the peak strain including the peak
event

𝜙𝑓

Fraction of broken bonds after complete network rupture
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Part II
Elasticity and fracture
of composite networks

Chapter 4
Stress management in composite
biopolymer networks
Living tissues show an extraordinary adaptiveness to strain, which is crucial for their proper biological
functioning. The physical origin of this mechanical behaviour has been widely investigated using
reconstituted networks of collagen fibres, the principal load-bearing component of tissues. However,
collagen fibres in tissues are embedded in a soft hydrated polysaccharide matrix which generates
substantial internal stresses whose effect on tissue mechanics is unknown. We combine rheology
experiments and simulations to study the mechanical response of a biomimetic model system composed
of the two paradigmatic tissue components: collagen and hyaluronan. We observe a synergistic
mechanics characterized by an enhanced stiffness in the linear regime and a delayed strain-stiffening,
strongly dependent on hyaluronan concentration. We demonstrate that internal stresses and elastic
reinforcement, both generated by the matrix, together with the fibre rigidity are independent handles
to tune the composite response, unveiling therefore new principles for material design.

Federica Burla*, Justin Tauber*, Simone Dussi, Jasper van der Gucht & Gĳsje
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“Stress management in composite biopolymer networks”

Nature Physics 15, 549–553 (2019)
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4 Stress management in composite biopolymer networks

4.1

Introduction

The soft tissues in our body such as the skin, muscles and arteries have a striking
ability to switch from being soft at small deformations to being stiff at high
deformations 1–3 . This adaptive response to strain enables tissues to accommodate
dynamic processes such as cell proliferation and migration 4 , while preventing
tissue rupture 5 . Recent biophysical studies have revealed that the main determinant
of tissue strain-stiffening is collagen 6–8 , a scaffolding protein that forms fibrillar
networks 9 . Collagen networks have the intrinsic ability to undergo a transition
from soft to rigid when strained 10 because at the coarse-grained level of fibres
they have a sub-isostatic architecture, meaning that the average number of fibres
meeting at each junction (3 for branches and 4 for crosslinked fibres) is below
the Maxwell stability criterion of 6 for a network of springs 11 . Fibrous networks
are soft at small strains because they respond primarily by fibre bending, but
stiffen at large deformations as the fibres align along the principal direction of
strain and start to stretch 7,8,12 . However, collagen networks within tissues are
always embedded in a soft hydrated matrix comprised of polysaccharides and
glycosylated proteins whose mechanical role is unknown 13 . Recent computational
models suggest that these matrix polymers might elastically reinforce the fibrillar
collagen matrix 14,15 . However, the role of the matrix is likely more complex,
because the constituent molecules carry large negative charges 16 . It has been
shown that the matrix consequently generates substantial mechanical stresses,
especially in cartilaginous tissues 17–19 , which could potentially have a large impact
on tissue mechanics given the strong strain-sensitivity of collagen.
Here, by combining mechanical measurements and computer simulations, we
show that networks composed of collagen fibres and a hyaluronan matrix exhibit
synergistic mechanics characterized by an enhanced stiffness and delayed strainstiffening. We demonstrate that the polysaccharide matrix has a dual effect on the
composite response involving both internal stress and elastic reinforcement. Our
findings elucidate how tissues can tune their strain-sensitivity over a wide range
and provide a novel design principle for synthetic materials with programmable
mechanical properties.

4.2
4.2.1

Model and methods
Experimental methods

Here we briefly introduce the relevant experimental methods and refer to the
original paper 20 for further details.
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4.2 Model and methods
Sample preparation
The tissue-mimetic composite system was prepared by mixing bovine dermal
collagen type I atelocollagen or telocollagen and thiol-modified hyaluronan. The
networks were co-assembled in phosphate buffered saline with the pH set to
pH 7.4 using 0.1 m NaOH. Finally, the PEGDA (polyethylene glycol diacrylate)
crosslinker (3.4 kDa) in a concentration ratio of 1:4 with hyaluronan (molar ratio
20:1) was added just before inserting the sample in the rheometer or microscopy
sample cells, to prevent premature crosslinking of the hyaluronan networks. The
experiments were performed at a fixed concentration of 1 mg ml−1 collagen and at
hyaluronan concentrations ranging from 0 to 7 mg ml−1 .
Rheology measurements
All the experiments were performed on an Anton Paar Physica MCR501 rheometer,
equipped with a cone plate geometry having a diameter of 40 mm and cone angle of
1°. We verified that the measurements were independent of gap size by repeating
the experiments with a parallel plate geometry at gaps of 200 and 400 µm (data not
shown). The samples were allowed to polymerize for two hours at a temperature
of 37 ◦C, maintained by a Peltier plate, while monitoring the evolution of the linear
shear moduli with a small amplitude oscillatory strain (0.5 % strain, 0.5 Hz). The
steady-state values of the linear viscoelastic moduli were calculated as an average
over the last ten data points of the polymerization curve, and the average reported
is representative of at least 3 independent measurements. After polymerization,
the non-linear elastic response was measured using a well-established prestress
protocol 21 . Briefly, a constant stress 𝜎 was applied for 30 s, to probe for network
creep, and then an oscillatory stress 𝛿𝜎 was superposed with an amplitude of 1/10
of 𝜎. The resulting differential strain 𝛿𝛾 was then used to calculate the differential
(or tangent) modulus 𝐾 0 = 𝛿𝜎/𝛿𝛾.
Determination of linear mechanical enhancement, onset and critical strain
The linear mechanical enhancement was determined by dividing the elastic
modulus 𝐺0 measured at the end of polymerization of the composite network
(𝐺meas ) by the sum (𝐺sum ) of the elastic moduli 𝐺0 of the two individual components.
The error bar shown is calculated from error propagation. The rheology data
in the non-linear regime were evaluated using a custom-written Python routine.
Consistent with a definition that was previously introduced in the context of fibrillar
network mechanics 22 , for the onset strain determination we first considered the
curve 𝐾 0/𝜎 vs 𝜎. Subsequently, we performed a cubic spline interpolation and
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determined the minimum of the resulting curve. The associated stress was
characterized as the onset stress 𝜎𝑜 , and the corresponding strain was taken to
be the onset strain 𝛾𝑜 . To determine the critical strain, we calculated the cubic
spline derivative of the curve log 𝐾 0 as a function of log 𝛾. The strain at which
this function attained its maximum was taken to be the critical strain 𝛾𝑐 . All the
characteristic strain values are shown as average with standard error of the mean
of at least three measurements.
Determination of collagen bending rigidity
To determine the bending rigidity of collagen fibres prepared from either atelocollagen or telocollagen, we measured the non-linear elastic response of pure collagen
networks prepared at 1 mg ml−1 using the prestress protocol described above. The
dimensionless bending rigidity, was extracted from the stress-stiffening curves by
comparing them to curves obtained with the following analytical expression valid
for submarginal fibrous networks described by Sharma et al. 8 :
𝜅˜
|Δ𝛾| 𝜙

≈

𝐾0
|Δ𝛾| 𝑓

1

𝐾0 𝑓
±1 +
|Δ𝛾|

! (𝜙− 𝑓 )
(4.1)

where 𝜅˜ is the free parameter corresponding to the dimensionless bending
rigidity, 𝐾 0 is the measured value of differential modulus, |Δ𝛾| the distance between
the considered 𝛾 and the critical strain, and 𝑓 and 𝜙 critical exponents set by the
network architecture, here taken to be 0.77 and 2.2 by comparing the measured
values of onset and critical strain with published results 22 .

4.2.2

Computational methods

Composite network simulations
We model the tissue-like composite networks as an athermal and submarginal
fibre network that represents the collagen network, embedded in a homogeneous
(not diluted) matrix of linear elastic springs that represents the linearly elastic
hyaluronan matrix 14,23 . All simulations are performed on a lattice of 𝐿 by 𝐿 nodes,
where 𝐿 = 50, with initial lattice spacing 𝑑 = 1. For selected cases, we perform
simulations with 𝐿 = 100 to confirm that size effects are within the statistical
errors presented in the main text. The fibre network is modelled on a triangular
lattice, using a dilution procedure to achieve a maximum local connectivity 𝑧 of
4 bonds per node. As shown previously with similar models 7,22 , it is possible to
quantitatively describe the non-linear elastic properties of reconstituted collagen
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networks, provided that model-dependent parameters, such as connectivity and
number of crosslinks per fibre, are properly matched 7,22,24 . For these simulations
we consider networks with an average connectivity h𝑧i = 3.4. The total energy of
the system is:
fibre
fibre
matrix
𝐸 = 𝐸stretch
+ 𝐸bend
+ 𝐸stretch
Õ 1 𝜇1
Õ1𝜅
Õ 1 𝜇2
1
=
(ℓ − ℓ0,1 )2 +
(𝜃 − 𝜃0,1 )2 +
(ℓ − ℓ0,2 )2
2 ℓ0,1
2 ℓ0,1
2 ℓ0,2
h𝑖𝑗i

h𝑖𝑗 𝑘i

(4.2)

h𝑖𝑗i

where 𝜇1 and 𝜅1 are the stretching and bending constant for the fibre segments,
respectively, and 𝜇2 is the stretching constant for the matrix segments. Nearestneighbour nodes are indicated with indices 𝑖𝑗, and ℓ is the distance between the
two nodes (spring length). Bending contributions are associated only to segments
belonging to the same straight fibre, that are indicated with the triplet 𝑖𝑗 𝑘, 𝜃
denotes the angle between the triplet and 𝜃0,1 the rest angle. The rest lengths ℓ0,1
and ℓ0,2 of the fibre and matrix segments are expressed in terms of the initial lattice
spacing 𝑑 (we use ℓ0,1 = 𝑑 in all simulations), and we use the reduced quantities
𝜇˜ 2 = 𝜇2 /𝜇1 and 𝜅˜ = 𝜅/(𝑑2 𝜇1 ). We vary the matrix properties 𝜇˜ 2 from 1 × 10−5
to 1 × 10−3 (Figure 4.A.4) while the fibre bending rigidity 𝜅˜ is either 1 × 10−4 or
3 × 10−5 , corresponding to the measured values for atelocollagen and telocollagen
networks. The mechanical behaviour of the composite networks is obtained in
three steps (see Section 4.A.1 for a detailed description). First, to simulate the
compressive stress exerted by the hyaluronan matrix, we reduce ℓ 0,2 , which we vary
from 0.50 to 1.00. Secondly, we allow the system to achieve an internal balance
between the fibre network and the matrix via (isotropic) bulk compression in steps
of 0.1 % strain, with each step followed by energy minimization, until a minimum
in the total energy as a function of bulk strain is reached. Thirdly, we perform a
quasistatic shear simulation in steps of 0.1 % strain, using Lees-Edwards boundary
conditions in the 𝑦-direction and standard periodic boundary conditions in the
𝑥-direction. The energy minimization is performed using the FIRE algorithm 25 .
1 𝑑2 𝐸
The stress is obtained as 𝜎 = 𝐴1 𝑑𝐸
𝑑𝛾 and the elastic shear modulus as 𝐾 = 𝐴 𝑑𝛾 2 ,
where 𝐴 is the area of the system. We indicate the linear modulus (calculated for
strains 𝛾 < 2 %) with 𝐺0 . We obtain the onset strain 𝛾𝑜 and critical strain 𝛾𝑐 that
characterize the strain-stiffening response from the dependence of 𝐾𝜎 on 𝜎. The
first minimum corresponds to (𝛾𝑜 , 𝜎𝑜 ), where 𝜎𝑜 is the onset stress where stiffening
sets in. The subsequent maximum corresponds to (𝛾𝑐 , 𝜎𝑐 ), where 𝜎𝑐 is the critical
stress.
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Model assumptions
Several computational models have been proposed to describe collagen mechanics
at different length scales 10 . We here adapt a spring network model based on
the coarse-graining paradigm in which collagen fibres are treated as an athermal
elastic material with a given Young’s modulus and bending stiffness. Fibres are
subsequently discretized in linearly elastic springs to which a stretching constant
𝜇 and bending constant 𝜅 are associated. This minimal model has already been
proven to correctly capture the physics behind the strain-stiffening of collagen
networks. 8 Importantly, collagen fibre networks are sub-isostatic and, therefore,
bending-dominated at small strains, so the strain-stiffening behaviour corresponds
to the microscopic bending-to-stretching transition of the fibres. Our model
could in principle be extended to capture sequential straightening and loading by
modelling the fibres as springs with a non-linear stretching response. However,
this non-linear response would be relevant only significantly beyond the critical
strain at which the network mechanical response is stretching-dominated. To
describe the hyaluronan network mechanics, we employ a uniform mesh and do
not include bending contribution in the hyaluronan springs. This is justified by the
fact that (i) hyaluronan is known to be a quite flexible polymer with a persistence
length of only 5–10 nm; (ii) due to the large mismatch in network mesh-sizes, the
much finer hyaluronan network appears as a homogenous matrix at the lengthscales relevant for the mechanical response of collagen fibres; (iii) the experimental
modulus versus strain curves of the pure hyaluronan network indicate that the
hyaluronan network effectively behaves like a linearly elastic matrix in the range
of strain interesting for the collagen and composite mechanics. Details on the
network geometries used in this work are given below. Examples of how the mesh
geometry affects the strain-stiffening of sub-isostatic networks can be found in
Refs. [26–29], where it is shown that this does not play a significant role. We use
a lattice model because this is computationally much more efficient compared
to e.g. Mikado models, especially in the case of two superimposed networks.
Furthermore, the use of a triangular mesh rather than square or hexagonal allows
us to tune the connectivity of the fibre network to physiological values between
3 and 4, which is not possible with a hexagonal lattice. The use of a square
lattice also represents a limitation to study connectivities close to 4, since many
system-spanning fibres would be present in the system giving rise to an unphysical
mechanical response. Prior work on single-component systems showed that lattice
models provide predictions that are fully consistent with 2D Mikado networks and
3D networks. 8,26 Physically, this can be understood by the fact that the network
mechanics is controlled only by a few parameters, such as the average connectivity
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h𝑧i and the average number of crosslinks per fibre 𝐿0 /ℓ 𝑐 , with 𝐿0 the average
fibre length and ℓ 𝑐 the average distance between crosslinks on a fibre. Therefore,
mechanically equivalent networks can be constructed using either a regular lattice
or a disordered network.
Simulations of an effective single-component network
To achieve a quantitative comparison with the experimental system, we develop
an effective single-component model. In this case, we use a phantom fibre network
with an average connectivity h𝑧i = 3.2, which for this network topology matches
more closely the mechanical properties of the bare collagen system 8,22 . The
presence of the hyaluronan matrix is implicitly implemented as follows. The effect
of the matrix stiffness is captured by an increase of the fibre bending stiffness 𝜅˜ to
𝜅˜ eff , similar to recent simulations of the linear elastic properties of two-component
composites 14 . To account for the local compression of the collagen network by
the hyaluronan matrix, we isotropically compress the system in steps of 0.1 %
strain, followed by energy minimization. Subsequently, all the rest angles 𝜃0 of the
fibres are re-set to their value after compression to ensure mechanical equilibrium,
meaning that the system retains its shape even if the boundaries are removed.
To obtain the network mechanical response, a quasistatic shear simulation is
performed in the same manner as described above.
Constructing an effective single-component model
Recent simulations 14 have shown that in the linear elastic regime, the effect of an
elastic background network on the mechanics of a fibrous network can be mapped
onto an effective single-component model. The basic idea is that the reinforcing
effect of the matrix can be accounted for by a modified fibre bending rigidity,
𝜅˜ eff = 𝜅˜ + 𝜇˜ 2 for a triangular network, where 𝑑 is the lattice spacing. In this work, we
tested this model also in the non-linear regime on a phantom network geometry. As
shown in Figure 4.A.10, we find that an increase in 𝜅˜ eff only affects the linear regime.
To implement the second effect of a hyaluronan matrix on the collagen network,
which is to exert a compressive stress, we therefore need to extend the effective
single-component model. In the two-component model, the fibre network was
compressed by the matrix as a result of the mechanical equilibrium obtained via
energy minimization. In an effective single-component system, we can still perform
a bulk compression to simulate the compressive effect of the matrix. This is done
in steps of 0.1% bulk strain. Similar to the two-component simulations, we again
observe bending of the fibres, as can be seen in Figure 4.A.10. Furthermore, the
introduction of compressive stress alone is able to capture the delay of non-linear
101

4 Stress management in composite biopolymer networks
stiffening that we observe experimentally in collagen/hyaluronan composites. We
note that this effect of internal stress resembles the effect of external compression
in fibre networks reported in literature 30 . However, our procedure does not
yet correctly reproduce the linear regime behaviour. In fact, when we apply
bulk compression to the whole system, fibres bend to account for the smaller
system size, which results in a positive contribution to the energy. After the bulk
compression we switch to a shear deformation. Because the system reorients along
the shear direction, some of the bent fibres can straighten out again, leading to
a lower system energy upon increasing the shear strain. This implies a negative
shear stress and also a negative modulus. At higher shear strains, other fibres
are forced to bend and the total energy increases again. The mechanical balance
between the fibre network and the background matrix is, therefore, not yet correctly
captured in this single-component model. To achieve an internal force balance, we
reset all the fibre rest angles to the angles obtained after compression. In other
words, the new rest state of the fibres of the single-component model is their bent
configuration (Figure 4.A.9). As bending is the only significant energy contribution
after compression, this brings the energy of the system close to zero again. This
procedure removes the negative shear stresses in the linear regime and still leads
to a delay of stiffening in the non-linear regime (Figure 4.A.10).
Mapping the experimental data on the effective single-component model
The double network model reproduces the experimentally observed delay in
stiffening of collagen networks upon the addition of a hyaluronan matrix, but
only qualitatively. This is a consequence of a mismatch in geometry between
the experimental system and the model. In particular, it can be explained by
considering the average number of crosslinks per fibre, calculated as 𝐿0 /ℓ 𝑐 , with 𝐿0
the average fibre length and ℓ 𝑐 the average distance between crosslinks on a fibre.
For the diluted triangular network, for connectivities between 3 and 4, we have
𝐿0 /ℓ 𝑐 ≈ 2, which is much lower than for geometries that have been used successfully
in quantitative mapping of collagen elasticity 22,31 . As an example, Mikado networks
have 𝐿0 /ℓ 𝑐 = 11 at a connectivity of 3.613 and a triangular phantom lattice can have
values of 𝐿0 /ℓ 𝑐 ranging from 2.59 to 10.99 for a connectivity between 3 and 4. 22
Unfortunately, the phantom lattice geometry is not convenient for explicit doublenetwork simulations, since the phantomization procedure would lead to nodes with
12 matrix bonds and further assumptions on the springs connecting the phantom
nodes would be necessary. Therefore, we performed double network simulations
on diluted triangular network but effective single-component network simulations
on phantom lattices. We performed single-component network simulations for
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lattices with an average connectivity h𝑧i = 3.2, chosen because the critical and
onset strain at 0% compression (𝛾𝑜 = 0.068 ± 0.007, 𝛾𝑐 = 0.13 ± 0.02) are closer to the
strains measured for the collagen-hyaluronan composite (𝑐 HA = 2 mg ml−1 , 𝛾𝑜 =
0.073 ± 0.006, 𝛾𝑐 = 0.15 ± 0.01) compared to the results of our simulations obtained
with h𝑧i = 3.4 (𝛾𝑜 = 0.05, 𝛾𝑐 = 0.09). Subsequently, we constructed maps of 𝐺0 ,
𝛾𝑜 and 𝛾𝑐 as a function of bulk compression (26 points ranging from 0% to 25%)
and effective bending rigidity (51 points ranging from 𝜅˜ eff = 1 × 10−5 . . . 5 × 10−3 .
We then mapped experimentally determined values of 𝐺0 , 𝛾𝑜 and 𝛾𝑐 obtained for
composite networks with different HA concentrations onto the simulation results
(Figure 4.A.10). The goal of this quantitative mapping procedure is to find the
relation between 𝑐 HA (the control parameter of the experiments), the values for
the effective fibre bending rigidity and the level of bulk compression (the control
parameters of the effective single component model). To achieve this goal, we need
to match the output from the experiments (𝐺0 , 𝛾𝑜 and 𝛾𝑐 ) with the output from
the simulations (𝐺0 𝑑/𝜇1 , 𝛾𝑜 and 𝛾𝑐 ) for every experimental measurement.
To allow quantitative mapping, the experimental moduli expressed in units of
Pascal had to be converted to the dimensionless quantities used in the simulations.
First, the linear elastic moduli of composite networks were normalized with respect
to the modulus found at 𝑐HA = 0 mg ml−1 . Subsequently, the normalized moduli
were multiplied by the linear modulus obtained in the effective single component
simulations of this work (Figure 4.4(c)) with 𝜅˜ eff set to the 𝜅˜ values found by
mapping measured strain-stiffening curves for the atelocollagen and telocollagen
networks on simulation results 22 as described in the Methods section (𝜅˜ = 1 × 10−5
and 1 × 10−4 , for the atelocollagen and telocollagen, respectively). The set of
matching simulation parameters is determined in the following way: we start
with the two-dimensional simulation phase space with 𝜅˜ eff on one axis and the
level of bulk compression on the other axis. In this phase space we obtained
the linear modulus, the onset strain and the critical strain for 1326 simulation
points using the effective single component model. These points form a map for
every single output parameter as a function of 𝜅˜ eff and the bulk compression.
For every experimental measurement (i.e. every hyaluronan concentration), we
want to find the point in this simulation phase space that best matches all the
experimental output parameters. Because the dependence of the simulation output
parameters on the control parameters is smooth, we can draw contour lines that
separate the region in phase space with simulation output parameters that are
higher than those found in experiment from the region where simulation output
parameters are lower. Figure 4.A.11 shows an example of how this is done in
case of composites of atelocollagen and 5 mg ml−1 hyaluronan. For most values of
𝑐HA , the curves corresponding to the experimental 𝐺0 and 𝛾𝑐 crossed at a single
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point in the compression-𝜅˜ eff parameter space. We identified the parameters
of the simulation closest to this crossing point and considered these to be the
simulation parameters on which the experimental values map. We considered only
the linear modulus and the critical strain in the mapping and not the onset strain,
because the error in obtaining this value is big compared to the relevant range for
mapping. This procedure was performed for composite networks of hyaluronan
with telocollagen and with atelocollagen (Figure 4.A.11). We observed significantly
higher compression values for atelocollagen compared to telocollagen, consistent
with the predictions from the double network model (Figure 4.3(d)). In contrast,
the values for 𝜅˜ eff are comparable above a hyaluronan concentration of 3 mg ml−1 ,
indicating that for both types of collagen the linear modulus is dominated by
the hyaluronan matrix above this concentration. Below 3 mg ml−1 , the scaling of
the linear modulus with the hyaluronan concentration is absent or very weak,
indicating that here the linear modulus is dominated by the collagen fibre network.

4.3

Results and discussion

To understand the interplay between elastic effects and internal stress in the
mechanical response of tissues, we reconstitute biomimetic composites from two
paradigmatic biopolymers: collagen and hyaluronan (Figure 4.1(a)). Collagen
type I is the most ubiquitous member of the collagen family 9 , and hyaluronan
is abundant in healthy tissues and upregulated in solid tumours 32 . Rheology
measurements show that collagen and hyaluronan individually respond rather
differently to an applied shear strain (Figure 4.1(b)). Collagen networks stiffen with
strain above a threshold of about 5–10%, as expected from their subisostatic fibrous
architecture. By contrast, crosslinked hyaluronan networks exhibit a mechanical
response that to a good approximation is linear in the range of strains that we
consider (Figure 4.1(b)). Unlike collagen, hyaluronan polymers are flexible, with
a persistence length of only 5–10 nm 33 . Their elastic properties are, therefore,
determined by the chain entropy and the network response is linear until the long
chains are pulled taut.
Having established the individual network response, we generate composites by
polymerizing collagen monomers in the presence of a mixture of hyaluronan chains
and PEGDA crosslinkers. Collagen polymerization and hyaluronan crosslinking
occur concurrently, resulting in an interpenetrating double network. The final
collagen network looks almost identical to its pure collagen counterpart and
hyaluronan forms a background which is uniform over length scales much smaller
than the collagen network mesh size, suggesting that the two networks do not
interact, as confirmed by biochemical assays. 20
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To test the impact of hyaluronan on the strain-stiffening response of collagen,
we perform rheology measurements on composites with a fixed 1 mg ml−1 collagen
concentration and hyaluronan concentrations 𝑐 HA ranging from 0 to 7 mg/mL. The
composites strain-stiffen, but with a strong dependence on the hyaluronan content
(Figure 4.1(b)). The addition of hyaluronan results in a striking enhancement of
the linear elastic modulus 𝐺0 beyond the sum of the moduli of the individual
components (Figure 4.1(c)). This synergistic enhancement appears to be at a
maximum around 4 mg/mL, beyond the concentration at which hyaluronan
first forms a percolating network. 20 In the non-linear regime, the composite
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4 mg/ml hyaluronan
7:1 hyal:col
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2:1 hyal:col
1 mg/ml collagen
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Figure 4.1. Composite collagen-hyaluronan networks as a minimal tissue-mimetic model system.
(a) Confocal image together with a schematic of a composite network composed of a fibrous scaffold of collagen mixed with a soft hyaluronan gel that fills the interstices ( 𝑐 col = 1 mg ml−1 , 𝑐 HA =
4 mg ml−1 ). (b) Differential elastic modulus, 𝐾0 , as a function of applied strain for composites with
a fixed concentration of collagen (1 mg ml−1 ) and varying hyaluronan concentration (coloured
curves). For comparison, pure collagen is shown in dark grey and hyaluronan (4 mg ml−1 ) in light
grey. Inset: the network is probed by shearing between two parallel plates. (c) Linear mechanical
enhancement and (d) onset strain ( 𝛾𝑜 , solid symbols) and critical strain ( 𝛾𝑐 , open symbols) as a
function of hyaluronan concentration, plotted with the same colour code as in (b). Data represent
averages with standard error of the mean for at least three independent measurements.
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networks have a strongly delayed stiffening response compared to pure collagen
(Figure 4.1(d)). Both the onset strain 𝛾𝑜 , where non-linearity first sets in, and the
critical strain 𝛾𝑐 , where collagen fibres complete the transition from a bendingto stretching-dominated mode of deformation, shift upwards with increasing
hyaluronan concentration (Figure 4.1(d)). In pure collagen networks, one important
factor influencing the onset of strain-stiffening is the network connectivity 8,22 . To
test whether hyaluronan impacts the connectivity of collagen networks, we perform
delayed crosslinking experiments, adding PEGDA crosslinks only after collagen
polymerization is complete. As the mechanics of the composite networks is very
similar irrespective whether hyaluronan is crosslinked during or after collagen
polymerization 20 , we conclude that the delayed strain-stiffening of composites is
not caused by changes in collagen network connectivity.
Another important determinant of the onset of strain-stiffening in collagen
networks is mechanical stress 7,8,30,34 . To test whether hyaluronan causes any
build-up of stresses during network formation, we measure the time-dependence
of the normal stress 𝜎𝑁 that the composite system exerts on the top rheometer plate
as it assembles (Figure 4.2(a) and (b)). Initially (𝑡 = 0 min), collagen monomers
and hyaluronan chains form a viscous solution. As collagen starts to assemble
in fibres (Figure 4.2(a)) and hyaluronan starts to crosslink (𝑡 = 20 min), 𝐺0 and
𝜎𝑁 increase simultaneously (Figure 4.2(b)). The positive sign of the normal stress
indicates swelling of the polymerizing gel. As hyaluronan continues crosslinking
and collagen continues polymerizing (𝑡 = 60 min), the normal force reverses
and decreases, eventually reaching negative values, indicating gel contraction.
A similar normal stress evolution is observed for hyaluronan alone, whereas
collagen develops no observable normal stress (Figure 4.A.1). We interpret the
normal force build-up as a competition between the electrostatic repulsion of
the charged hyaluronan polymers and the intrinsic tendency of polymer chains
to contract to maximize their configurational entropy. At the beginning of the
crosslinking process, the electrostatic interactions dominate, causing the system
to swell. As crosslinking progresses, the fraction of crosslinked hyaluronan
chains increases and the associated contractile forces eventually take over. To
investigate whether the contractile stresses that develop in the hyaluronan gel
are transmitted to the collagen network, we performed localized laser ablation
experiments, using a high intensity laser to disrupt the hyaluronan meshwork in
the interstices of the collagen network. Localized removal of hyaluronan caused
an immediate recoil of neighbouring collagen fibres, indicating the release of
mechanical stress (Figure 4.2(d)-(e)). Altogether, our observations seem to suggest
that the hyaluronan matrix indeed exerts compressive stresses on the collagen
fibres, as sketched in Figure 4.2(f).
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To test whether the internal stress generated by hyaluronan can explain the
altered strain-stiffening response of composite networks, we use two-component
network simulations. We model collagen as a sub-isostatic network of fibre
segments of length ℓ0,1 with bending and stretching energy proportional to the
constants 𝜅 and 𝜇1 , respectively, while hyaluronan is modelled as a homogeneous
mesh of springs of length ℓ0,2 and stretching energy proportional to 𝜇2 (Figure 4.3(a)).
To assess the effect of increasing hyaluronan concentration, we first vary the matrix
stiffness 𝜇2 . We observe an increase of the linear modulus of the composite networks
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collagen in
hyaluronan matrix

Figure 4.2. The hyaluronan gel prestresses the collagen network during gelation. (a) Z-projected
confocal reflectance images of a composite network during the gelation process at three different
time points, showing the formation of collagen fibres. Scale bars indicate 10 µm. (b) Evolution
of the linear elastic modulus and (c) the corresponding normal force during network gelation for
samples with a fixed collagen concentration (1 mg ml−1 ) and different hyaluronan concentrations
(from 2 mg ml−1 to 7 mg ml−1 ). Note that the normal stress first increases, indicative of a swelling
pressure, but afterwards decreases and reaches negative values, indicative of contractile stress.
(d) Superposed confocal images taken before (red) and after (blue) localized ablation of the
hyaluronan matrix (target) with a strong laser, schematically shown in (e). The collagen fibres are
everywhere immobile (visible as white) except in the vicinity of the laser spot, where they recoil.
Scale bar is 5 µm. (f) Our data suggest that hyaluronan forms a contractile matrix that causes
the collagen fibres to bend.
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with increasing 𝜇2 , but no changes in the non-linear behaviour (Figure 4.A.4).
Therefore, we include the contractile tendency of hyaluronan by reducing the
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Figure 4.3. Computational modelling of two-component networks reveals that the composite
mechanics depends on a balance between collagen bending and hyaluronan contraction. (a)
The initial configuration is a sub-marginal fibre network (blue segments with stretching and
bending resistance) embedded in a homogeneous flexible matrix (red segments, resistance to
stretching only). To mimic the effect of hyaluronan contraction, we decrease the rest length ℓ 0,2
of the matrix springs and reach mechanical equilibrium by allowing the network to compress.
(b) Shear modulus as a function of strain for composite networks with varying matrix stiffness
𝜇2 (from 1 × 10−5 to 5 × 10−4 ) and varying internal pre-stress ℓ 0,2 (from 1.00 to 0.60). We
qualitatively recover the experimentally observed dependence on hyaluronan concentration when
we allow for a simultaneous increase in matrix stiffness and in compressive force. In this set
of simulations, the average connectivity h𝑧i = 3.4 and the (rescaled) fibre bending stiffness
𝜅˜ = 3 × 10−5 are kept fixed to the corresponding experimental values of the collagen network.
(c) Experimentally measured onset strain for telocollagen (magenta squares) and atelocollagen
(blue circles) networks as a function of hyaluronan concentration. (d) In simulations, 𝛾𝑜 can be
tuned by varying the collagen fibre rigidity and by independently varying the stiffness and internal
stress of the hyaluronan gel, whereas experimentally the two matrix-related effects are inherently
coupled when we vary hyaluronan concentration.

108

4.3 Results and discussion
rest length of the matrix springs ℓ 0,2 . Subsequently, we allow the entire system
to establish a mechanical equilibrium between the contracting stresses in the
hyaluronan matrix and the resisting bending forces of the collagen network by
allowing the system to compress (Figure 4.3(a) and Ref. [20]). Inducing compression
by lowering ℓ0,2 while keeping the matrix stiffness 𝜇2 fixed has little effect on the
linear regime, but delays the onset of strain stiffening (Figure 4.A.4). When we
simultaneously increase 𝜇2 to account for elastic reinforcement and lower ℓ0,2
to account for internal stress build-up, we recover both the linear mechanical
enhancement and the delay in strain-stiffening (Figures 4.3(b), 4.A.4, and 4.A.5).
Our model suggests that hyaluronan tunes the mechanics of collagen networks
through a combination of elastic reinforcement and internal prestress. This implies
that the synergistic mechanics of the composites should be highly dependent on
the fibre rigidity 𝜅˜ (the ratio between 𝜅 and 𝜇1 ). Specifically, fibres more resistant to
˜ should be less sensitive to stresses arising from the background
bending (larger 𝜅)
matrix. Furthermore, they should be less sensitive to the elastic reinforcement,
given their already large bending rigidity. To test this prediction, we use a different
type of collagen that forms stiffer fibres thanks to molecular crosslinking mediated
by non-helical peptide extensions of the triple helix known as telopeptides 35 . By
fitting the mechanical response curves to an analytical expression for fibrous
networks 22 , we indeed find the fibre rigidity for the telocollagen to be 𝜅˜ = 1 × 10−4 ,
larger than for the atelocollagen considered so far, where 𝜅˜ = 3 × 10−5 (Figure 4.A.7).
The strain-stiffening behaviour of networks formed by telocollagen is indeed less
affected by hyaluronan, as compared to the atelocollagen, with smaller changes in
the onset and critical strain, as well as smaller changes in the linear mechanical
enhancement in the linear regime (Figure 4.3(c) and Ref. [20]). Therefore, the
mechanical properties of the composite system exhibit a phase space governed
by a balance between the bending rigidity of collagen and the dual effect of the
hyaluronan matrix on linear elasticity and internal stress (Figures 4.3(d) and 4.A.8).
Finally, we test whether the mechanical response of the double networks can
be mapped onto an effective single-component model, as recently proposed for
the linear elastic regime 14 . Our experiments suggest that this mapping should
extend to the non-linear elastic regime, as we can rescale the strain-stiffening curves
of composites onto the curve for pure collagen by normalizing the non-linear
modulus with 𝐺0 and the shear stress with an effective stress 𝜎eff (Figure 4.4(a)
Ref. [20]), which is manually computed and allows to overlap the curves. To
capture the elastic reinforcement of collagen by the surrounding hyaluronan matrix
in a single-component model, we assign an enhanced bending rigidity 𝜅˜ eff to the
fibres, which accounts for the hindrance of fibre bending by the matrix 14 . Internal
stresses are implemented by compressing the network and resetting the bending
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rest angles (Figures 4.4(b), 4.A.9, and 4.A.10). This simple model allows us to
quantitatively map all experimental data for both atelocollagen and telocollagen
networks onto a mechanical phase space controlled by 𝜅˜ eff and the level of collagen
compression (Figures 4.4(c), 4.A.10, and 4.A.11). The mapping reveals that the
compression is significantly higher for atelocollagen compared to telocollagen,
consistent with the more elaborate double network model (Figure 4.3(d)). We
furthermore find that the parameters controlling the linear and the non-linear
regime are decoupled, with the linear modulus 𝐺0 depending on 𝜅˜ eff and the
critical strain 𝛾𝑐 on the extent of compression.

4.4

Concluding remarks

We showed by experiments on tissue-mimetic composites that the combination of
fibrous collagen networks with a soft polysaccharide hydrogel results in highly
tuneable non-linear mechanics. The soft gel tunes the mechanics by introducing
both elastic reinforcement and internal stresses. The stress-induced stiffening we
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Figure 4.4. The mechanical response of composite networks can be mapped onto an effective
single-component model. (a) The strain-stiffening curves of composite networks with varying
hyaluronan concentration can be rescaled on top of the stiffening curve of a pure collagen network
(grey) by normalizing the shear stress by an effective stress 𝜎eff and the non-linear modulus by
𝐺0 . 𝜎eff is manually determined in order to be able to overlap the curves of the composites with
the ones for collagen. 20 The collagen concentration is fixed at 1 mg ml−1 . (b) The matrix effects
can be incorporated in a single-component system by changing two properties of the collagen
network: replacing the bending rigidity with an effective bending rigidity and compressing the
network. (c) Map of 𝐺0 and 𝛾𝑐 as a function of 𝜅˜ eff and compression. The symbols (magenta
squares for telocollagen and blue circles for atelocollagen) indicate the quantitative mapping of
the experimental results on the single-component model.
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observe is reminiscent of the active stiffening of cytoskeletal and extracellular matrix
networks by contractile molecular motors or cells 36–38 , but with the distinction that
here energy consumption is not required. The minimal computational model we
developed can be applied also to other soft tissues such as the plant cell wall, where
a rigid cellulose network is combined with a soft pectin matrix 39 . Our findings not
only elucidate how biology combines biopolymers with complementary properties
to finely-tune the mechanics of living tissues, but also provide a new avenue for
the design of synthetic elastic materials. The bio-inspired concept of combining
semiflexible and flexible polymer networks to improve mechanical properties has
been recently translated into material science 40 . Here, we showed that internal
stress generation introduces a powerful control knob to tune the mechanical
response of a material. This principle is irrespective of the nature of the stress
source, and can, therefore, also be implemented in synthetic materials by using
pH- or temperature-responsive components.
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4.A

Appendix

4.A.1 Double network initialization
Initialization of double networks takes place in three sequential steps:
1. Generation of the network geometry: The collagen network is represented by a
fibre network modelled on a triangular lattice composed of 𝐿 by 𝐿 nodes with
lattice spacing 𝑑. We simulate on lattices of 𝐿 = 50. A bond dilution procedure
is designed to mimic the connectivity of collagen networks, where either two
fibres meet at a node, resulting in a 3-fold branching point, or two fibres cross,
resulting in a 4-fold crosslink. 22,24 Thus, the maximum connectivity at every
node should be 4 as opposed to 6 for a regular undiluted triangular lattice.
To fulfil this requirement, we use the following procedure (an adaptation
of other recent simulations of collagen networks 23 ): 1) we make a list of
all the nodes with more than 4 connecting segments, 2) randomly choose a
node in this list, 3) randomly remove one segment connecting to this node.
We repeat this procedure until all nodes have a maximum of 4 connecting
segments. Successively, we further dilute the network to reach the desired
average connectivity h𝑧i. Here we perform simulations on networks with h𝑧i
= 3.4. All segments of the fibre network have a rest length equal to the lattice
spacing d, and stretching or compression of these segments costs energy.
In addition, all segments that are connected to each other in a straight line
have a bending contribution. The hyaluronan matrix is instead represented
by a homogeneous network of springs superposed on the same triangular
lattice used to generate the submarginal fibre network. The fibre and matrix
segments share the same nodes. Since the matrix segments are never diluted,
every node has at least 6 matrix bonds connected to it and up to 4 fibre bonds.
An example of a typical two-dimensional composite network obtained with
this procedure is shown in Figure 4.A.3.
2. Implementation of internal stresses before shear simulations: To model the contractile stresses introduced by hyaluronan during the crosslinking process,
we reduce the rest length ℓ0,2 of the segments of the homogeneous spring
network, which initially equals 𝑑, in steps of 0.1𝑑. After every step, the
energy of the complete system is minimized including both the fibre and the
matrix segments.
3. Mechanical equilibration before shear simulations: Step 2 brings the system out
of mechanical equilibrium. We define mechanical equilibrium as a situation
in which the system would retain its shape if the boundaries were removed,
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or equivalently any small deformation would increase the total energy of
the system. To re-establish mechanical equilibrium, we change the size
of the simulation box. Specifically, we need to make the box smaller, to
accommodate for the contractile tendency of the matrix. We, therefore,
isotropically shrink the box in steps of 0.01% bulk strain. After every step
the energy is minimized. As a result, the matrix relaxes, but the fibres bend
in order to still fit in the reduced volume, as shown in Figure 4.A.3. At small
bulk strains, the increase in bending energy is outweighed by the decrease in
matrix stretching energy. However, once the bulk strain reaches high enough
values, the increase in bending energy dominates. These two opposing
tendencies lead to a minimum in the total energy, as shown in Figure 4.A.4.
The corresponding compression is expressed as (𝐿init − 𝐿min )/𝐿init , where
𝐿init is the initial length of one of the axes of the simulation box and 𝐿min is
the length once the energy minimum is reached. The amount of compression
needed to achieve mechanical equilibrium depends on the stiffness and the
reduction of the segment length in the matrix (Figure 4.A.3) as well as on the
fibre bending rigidity.
To obtain the mechanical response of the composite networks, we apply
a shear strain up to 150 % in steps of 0.1 %. We use experimentally relevant
values for the bending rigidity based on fits of a fibrous network model 22 to the
strain-stiffening curves measured for atelocollagen (𝜅˜ = 3 × 10−5 ) and telocollagen
(𝜅˜ = 1 × 10−4 ) networks. Since the experimental results show that the linear
moduli of pure hyaluronan and collagen are of the same order of magnitude, we
choose parameters in the simulations such that also here the linear moduli of the
individual components are comparable (Figure 4.A.4).
To calculate the modulus versus strain curves, the energy density versus strain
curves are smoothened (running average with a range of 1% strain) and 100 equally
spaced points are sampled via linear interpolation. The first derivative of this curve
gives the stress, while the second derivative provides the modulus as a function of
strain. From these data, the linear modulus 𝐺0 , onset strain for stiffening 𝛾𝑜 , and
critical strain 𝛾𝑐 are obtained for every individual curve. Data shown are averages
over 𝑁config ∼ 10 samples.

4.A.2 Force equations used in the energy minimization algorithm
Energy minimization for our model is performed using the recently introduced
FIRE algorithm that uses expressions for the force to find the minimum in the
energy 25 . Here we present the equation for the stretching force and derive the
equations for the different force components caused by bending the fibres. Nodes
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𝑖 of the network have coordinates x𝑖 = [𝑥 𝑖,1 , 𝑥 𝑖,2 ] and are connected by segments
r𝑖𝑗 = x 𝑗 − x𝑖 . The force due to the stretching contribution acting upon node x𝑖
along r𝑖𝑗 is defined as
𝑓stretch,x𝑖 = −


𝜇1
|r𝑖𝑗 | − ℓ0,1 .
ℓ0,1

(4.3)

The expression for the bending force depends on a set of three nodes x𝑖 , x 𝑗 , x 𝑘 .
For each node, the force equation is found via the gradient of the bending energy
−∇node 𝐸bend , where
𝐸bend =

𝜅
𝜅
(Δ𝜃)2 =
(𝜃 − 𝜃0 )2 .
2ℓ 0,1
2ℓ0,1

(4.4)

To derive the force, we need an expression for 𝜃 as a function of the node
r𝒊𝒋 ·r 𝒋 𝒌
coordinates x𝑖 , x 𝑗 , x 𝑘 . Here we use cos 𝜃 = |r𝒊𝒋 ||r | . If 𝜃 = −𝜋 . . . 0,
𝒋𝒌

r𝒊𝒋 · r 𝒋𝒌

𝜃− x𝑖 , x 𝑗 , x 𝑘 = − arccos



|r𝒊𝒋 ||r 𝒋𝒌 |

+ 𝜃𝑐𝑜𝑟 .

(4.5)

and the force reads

𝑓bend,𝑥 𝑚,𝑛 =

𝜅 (𝜃− (x𝑖 ,x 𝑗 ,x 𝑘 )−𝜃0 )
𝑔𝑥 𝑚,𝑛
ℓ 0,𝑖𝑗 +ℓ 0,𝑗𝑘

r
1−



x𝑖 , x 𝑗 , x 𝑘


(4.6)


r𝒊𝒋 ·r 𝒋 𝒌 2
− |r𝒊𝒋 ||r |
𝒋𝒌

or if 𝜃 = 0 . . . 𝜋,
𝜃+ x𝑖 , x 𝑗 , x 𝑘 = arccos



r𝒊𝒋 · r 𝒋𝒌
|r𝒊𝒋 ||r 𝒋𝒌 |

− 𝜃cor .

(4.7)

and the force reads

𝑓bend,𝑥 𝑚,𝑛 =

𝜅 (𝜃+ (x𝑖 ,x 𝑗 ,x 𝑘 )−𝜃0 )
𝑔𝑥 𝑚,𝑛
ℓ 0,𝑖𝑗 +ℓ 0,𝑗𝑘

r
1−



x𝑖 , x 𝑗 , x 𝑘


r𝒊𝒋 ·r 𝒋 𝒌 2
| r𝒊𝒋 || r 𝒋 𝒌 |


(4.8)

Here, 𝜃cor is equal to 2𝜋 if |𝜃 − 𝜃0 | is larger than 𝜋 and is 0 otherwise. The
functions 𝑔𝑥 𝑚,𝑛 are specific for the node and the component of the force that is
considered:
𝑔𝑥 𝑖,𝑛 =

𝑥 𝑗,𝑛 − 𝑥 𝑖,𝑛
r𝑖𝑗
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3



r𝑖𝑗 · r 𝑗 𝑘
r𝑗 𝑘


+

𝑥 𝑗,𝑛 − 𝑥 𝑘,𝑛
r𝑖𝑗 r 𝑗𝑘

(4.9)
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𝑔𝑥 𝑗,𝑛 =

𝑥 𝑖,𝑛 − 𝑥 𝑗,𝑛
r𝑖𝑗

3



r 𝑗𝑖 · r 𝑗 𝑘
r𝑗 𝑘
𝑔𝑥 𝑘,𝑛 =


+

𝑥 𝑘,𝑛 + 𝑥 𝑖,𝑛 − 2𝑥 𝑗,𝑛

+

r𝑖𝑗 r 𝑗𝑘
𝑥 𝑗,𝑛 − 𝑥 𝑘,𝑛



r 𝑗𝑖 · r 𝑗𝑘

r𝑖𝑗 r 𝑗𝑘

3

𝑥 𝑘,𝑛 − 𝑥 𝑗,𝑛



r 𝑗𝑖 · r 𝑗𝑘

r𝑖𝑗 r 𝑗𝑘


+

𝑥 𝑗,𝑛 − 𝑥 𝑖,𝑛
r𝑖𝑗 r 𝑗𝑘

3


(4.10)

(4.11)

Figure 4.A.1. Polymerization curves and normal stress evolution for pure collagen, pure hyaluronan, and composite system. Top panel: Time evolution of the linear elastic shear modulus
during polymerization for a composite system composed of 1 mg ml−1 collagen and 4 mg ml−1
hyaluronan (purple, top-most curve), pure collagen at 1 mg ml−1 (light grey), and pure hyaluronan
4 mg ml−1 (dark grey). Bottom panel: Corresponding time evolution of the normal stress as
a function of polymerization time. Note that no measurable normal stress is observed in the
pure collagen system. By contrast, the normal stress for the pure hyaluronan network and the
collagen-hyaluronan composite first increases and then decreases, finally reaching a negative
value indicative of contractile prestress.
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Figure 4.A.2. Two-component simulations: network initialization. Snapshots of a double network
before (a) and after (b) bulk compression by 3.4 % bulk strain. (c) Equilibrium values of bulk
compression as a function of ℓ 0,2 for 𝜅˜ = 3 × 10−5 , shown for different values of 𝜇2 /𝜇1 . (d)
Total energy of the composite system as a function of the number of simulation steps during
compression, decomposed in the stretching and bending energy of the collagen network and
the stretching energy associated with the hyaluronan matrix. (e) Energy change upon bulk
compression with respect to the reference state (0 % bulk compression, ℓ 0,2 = 0.75). The total
energy is indicated with a grey line. The equilibrium state corresponds to the state of minimum
energy. The panel shows an example obtained for a diluted triangular network with h𝑧i = 3.4,
𝐿 = 50, 𝜅˜ = 3 × 10−5 , 𝜇˜ 2 = 3 × 10−5 and ℓ 0,2 = 0.75𝑑, where mechanical equilibrium occurs at
a compression of 4.4 %.
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Figure 4.A.3. Choosing two-component simulation parameters to mimic experimental conditions.
(a) Linear shear modulus for homogeneous triangular networks of springs as a function of 𝜇2 /𝜇1 .
The black line indicates the linear modulus of a diluted triangular lattice with average connectivity
3.4 and 𝜅˜ = 3 × 10−5 . (b) In the effective single component model, the effective bending rigidity 14
follows the equation 𝜅˜ eff = 𝜅˜ + 𝜇˜ 2 , hence 𝜅˜ eff − 𝜅˜ should be equal to 𝜇˜ 2 when 𝑑 is equal to unity.
In (b) the difference between the effective bending rigidity found in the mapping of the results
for the composite networks and the bending constant for bare atelocollagen (red, 𝜅˜ = 3 × 10−5 )
and telocollagen (black, 𝜅˜ = 1 × 10−4 ) is shown. The matrix stiffness found in this way ranges
from 10−5 to 10−3 , which corresponds with the range of 𝜇˜ 2 values explored in the double network
simulations.

Figure 4.A.4. Simulated two-component stiffening response when varying independently matrix
stiffness and matrix prestress. Modulus versus strain curves for (a) varying matrix stiffness at
fixed ℓ 0,2 = 0.75𝑑 and (b) varying matrix rest length at fixed 𝜇2 /𝜇1 = 10−4 . Results obtained
using diluted triangular networks with h𝑧i = 3.4, 𝐿 = 50, 𝑁config = 20, 𝜅˜ = 3 × 10−5 , and 𝜇˜ 2 =
3 × 10−5 .
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Figure 4.A.5. Mechanical properties of simulated two-component networks with 𝜅˜ = 3 × 10−5 ,
corresponding to atelocollagen. (a) Example of modulus versus strain curves obtained by changing
simultaneously the stretching constant and the rest length of the hyaluronan matrix. (b-d) Phase
space representations of the (b) linear elastic shear modulus, (c) bulk compressive strain at
mechanical equilibrium, and (d) critical strain, shown as a function of matrix stiffness relative to
fibre network stiffness and of the reduction of matrix segment rest length.
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Figure 4.A.6. Linear mechanical enhancement in the double network simulations. The linear
mechanical enhancement is calculated for the double network simulations as 𝐺meas /𝐺sum ,
with 𝐺meas the modulus obtained in the double network simulations, and 𝐺sum obtained as
the sum of the modulus of the fibre network ( h𝑧i = 3.4, 𝜅˜ = 3 × 10−5 ) and that of the matrix
(homogeneous triangular lattice with stiffness 𝜇˜ 2 ). Without internal stress (ℓ 0,2 = 1.00), the
linear mechanical enhancement is proportional to the matrix stiffness. For small 𝜇˜ 2 , the linear
mechanical enhancement depends weakly on the matrix rest length ℓ 0,2 . However, for large 𝜇˜ 2
there is a strong dependence on ℓ 0,2 . Experimentally, a peak is observed in the linear mechanical
enhancement as a function of 𝑐 HA , as shown in Figure 4.1(c). Qualitatively, we observe a similar
trend in the simulation data. We start with the notion that the mechanical response as a function
of hyaluronan concentration matches qualitatively with a simultaneous increase of matrix stiffness
and decrease of rest length in the experiment (Figure 4.3(b). From Figure 4.A.3(b) we can estimate
that the stiffness of the matrix ranges from 10−5 to 10−3 . In addition, the quantitative mapping
predicts a compression of 10% at a hyaluronan concentration of 5 mg ml−1 . In the double network
simulations, this corresponds to ℓ 0 values between 1.00 and 0.70, as can be concluded from
Figure 4.A.2(c). The black line shows that, if the rest length decreases with increasing stiffness
roughly following these ranges, a peak in the mechanical enhancement is present.
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(a)
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κ =3∙10-5
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Figure 4.A.7. Changing the fibre rigidity by including or removing the telopeptide regions of
collagen. (a) Z-stack projections of atelo and telocollagen networks (1 mg ml−1 ) imaged with
confocal reflectance microscopy, together with schematics showing the difference between the two
at the fibre level (different fibre diameter) and molecular level (absence or presence of telopeptides
that mediate crosslinking between adjacent collagen monomers). (b) Fits (lines) of the athermal
fibrous network model 22 to the measured strain-stiffening curves of the two types of networks
(circles) reveal a different dimensionless fibre rigidity for collagen and atelocollagen (inset).
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Figure 4.A.8. Mechanical properties of simulated composite networks with 𝜅˜ = 1 × 10−4 , corresponding to telocollagen. (a) Example strain-stiffening curves. (b) Linear modulus, (c) compression
at mechanical equilibrium, (d) critical strain, shown in terms of the two matrix-related control
parameters: matrix stiffness 𝜇2 and rest length reduction 1 − ℓ 0,2 .
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Figure 4.A.9. Establishing a mechanical balance in effective single-component network simulations by resetting the fibre angles. (a) If a network is compressed by forcing it to a smaller system
size, the fibres will bend. This will increase the bending energy of some fibres, as indicated by the
colour coding from blue (low energy) to yellow (high energy). (b) If the boundaries are removed,
the system will go back to its original state in order to alleviate the excess bending energy. This
is in contrast with the double network simulations, where a mechanical balance is established
between the fibres and the matrix. (c) To prevent the system from moving back to its original state,
we can reset the rest angles of the fibres in the compressed state. This also lowers the energy of
the system, because now the fibres are in their rest state in this particular configuration. (d) Now,
if the boundaries are removed, the system will retain its shape. (e) The necessity of the angle
reset becomes clear if we compare the development of the total energy of the system, divided by
the area as a function of shear ( h𝑧i = 3.2, 𝐿 = 30, 𝑁config = 5). If the angles are not reset after
compression, the energy starts at a high value, after which it goes down. If the angles are reset
before shear, the behaviour is markedly different: the energy starts at zero and increases linearly
up to the onset of strain stiffening. At the onset of strain stiffening, the curves with and without an
angle reset converge, because here the stretching terms start to dominate. (f) Zoom-in of panel
(e) showing that the total energy decreases upon increasing strain.
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Figure 4.A.10. Mechanical response of an effective single-component model. Snapshots of a
phantom network with h𝑧i = 3.2 and (𝐿 = 50) (a) before compression and (b) after 25 % isotropic
compression. (c) Modulus versus strain for different effective fibre rigidity 𝜅˜ eff (indicated in the
legend) without compression (top panel), and modulus for fixed 𝜅˜ eff = 1 × 10−4 with different
levels of compression (as indicated in the legend, bottom panel). (d) Map of the onset strain as a
function of the bulk compressive strain and 𝜅˜ eff ( 𝑁config = 5).
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.A.11. Mapping effective single-component network simulations on the experimental
system. (a) Example of the mapping procedure. Using the simulation maps for the linear
modulus, onset and critical strain (like Figure 4.A.10) we draw contour lines corresponding to the
experimental values (1 mg ml−1 atelocollagen, 5 mg ml−1 hyaluronan) in the compression-𝜅˜ eff
plane. The dashed black line corresponds to the linear modulus, the red line to the critical strain
and the blue line to onset strain. The point where the lines corresponding to the linear modulus and
the critical strain cross identifies the simulation parameters that correspond to the experimental
composite networks with given hyaluronan concentration. The onset strain is noisier than the linear
modulus and the critical strain and is therefore not considered for the mapping. (b,c) Mapping
of the linear modulus, onset strain (red) and critical strain (black) measured for atelocollagen
composites on the simulation results. Solid symbols correspond to experimental values and open
symbols to simulation values (often the two are overlapping). (d) Experimental results mapped
on the simulation parameters of the effective single-component model for atelocollagen (solid
symbols) and telocollagen (open symbols) as explained in Section 4.2.2. (e,f) Same as panels
(b,c) for telocollagen. To allow for mapping, the linear modulus found in the experiments was
rescaled as described in Section 4.2.2.
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List of symbols
Symbol

Description

𝐴

Area covered by the two-dimensional lattice

𝑐HA

Hyaluronan concentration

𝑑

Lattice spacing

𝐸

Total elastic energy

fibre
𝐸stretch

Elastic energy stored in the system due to fibre stretching

fibre
𝐸bend
matrix
𝐸stretch

Elastic energy stored in the system due to fibre bending

𝑓

Critical exponent related to strain stiffening behaviour

𝑓stretch,x𝑖

Stretching force exerted on node 𝑖 by the fibre segment between
node 𝑖 and node 𝑗

𝐺0

Linear elastic modulus

𝐺meas

Measured elastic modulus of the collagen-hyaluronan composite

𝐺sum

Estimated elastic modulus of the collagen-hyaluronan composite
based on the sum of the modulus measured for the individual
components

𝐾0

Differential modulus defined as 𝛿𝜎/𝛿𝛾

ℓ

Segment length, defined as the distance between nodes

ℓ 0,1

Fibre segment rest length

ℓ 0,2

Matrix segment rest length

ℓ𝑐

Average fibre length in between crosslinks

𝐿

Lattice size, with 𝐿 × 𝐿 the number of nodes

𝐿0

Length of a fibre

𝑁config

Number of network realizations that are considered per data point
in the simulations

r𝑖𝑗

Vector describing the segment between two nodes 𝑖 and 𝑗

x𝑖

Coordinates of node 𝑖

𝑥 𝑚,𝑛

Coordinate of node 𝑚 on axis 𝑛

𝑧

Connectivity, number of bonds connected to a node

Elastic energy stored in the system due to matrix

h𝑧i

Average connectivity over all nodes

𝛾

Shear strain

𝛾𝑜

Onset strain

𝛾𝑐

Critical strain

Δ𝛾

Distance from the critical strain in terms of strain, 𝛾 − 𝛾𝑐
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𝜃

Angle between two neighbouring fibre segments

𝜃0

Rest angle between two neighbouring fibre segments

𝜅

Bending rigidity, also written as 𝜅 1 to indicate the bending rigidity
of a fibre

𝜅˜

Dimensionless or reduced bending rigidity

𝜅˜ eff

Effective reduced bending rigidity for a composite network

𝜇1

Stretching rigidity of a fibre segment

𝜇2

Stretching rigidity of a matrix segment

𝜇˜2

Dimensionless or reduced matrix stretching rigidity

𝜎

Stress

𝜎𝑜

Onset stress

𝜎𝑐

Critical stress

𝜙

Critical exponent related to strain stiffening behaviour
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Chapter 5
Microscopic insights into the
fracture of double elastic networks
The toughness of a polymer material can increase significantly if two networks are combined into one
material. This toughening effect is a consequence of a transition from a brittle to a ductile fracture
response. Although this transition and the accompanying toughening effect have been demonstrated
in hydrogels first, the concept has been proven effective in elastomers and in macroscopic composites
as well. This suggests that the transition is not caused by a specific molecular architecture, but rather
by a general physical principle related to the mechanical interplay between two interpenetrating
networks. Here we employ theory and computer simulations, inspired by this general principle, to
investigate how disorder controls the brittle-to-ductile transition both at the macroscopic and the
microscopic level. A random spring network model featuring two different spring types, enables us to
study the joined effect of initial disorder and network-induced stress heterogeneity on this transition.
We reveal that a mechanical force balance gives a good description of the brittle-to-ductile transition.
In addition, the inclusion of disorder in the spring model predicts four different fracture regimes along
the brittle-to-ductile response in agreement with experimental findings. Finally, we show that the
network structure can result in stress concentration, diffuse damage and loss of percolation depending
on the fracture regime. This work thus provides a framework for the design and optimization of
double network materials and underlines the importance of network structure in the toughness of
polymer materials.

Justin Tauber, Simone Dussi & Jasper van der Gucht
“Microscopic insights into the failure of double elastic networks”

Physical Review Materials 4, 063693 (2020)

5 Microscopic insights into the fracture of double elastic networks

5.1

Introduction

Polymer networks, such as rubbers and gels, can undergo large deformation without
losing elasticity. This property makes them ideal for numerous applications, for
example in the biomedical field or in soft robotics. One of the factors that limits their
applicability, however, is the brittleness of many polymer networks, which leads to
inferior mechanical performance, such as low fracture toughness and strength 1 . In
recent years, several strategies have been developed to toughen polymer networks
by introducing dissipation mechanisms that delay crack propagation. One of
the most successful strategies relies on the combination of two different polymer
networks into one material, to create a so-called double network. In particular,
extremely tough double network hydrogels have been produced by interpenetrating
a stiff and weak first network with a soft and extensible second network 2–11
(Figure 5.1(a)). Later, this toughening strategy was also shown to be effective
for multi-network elastomers 12,13 and macroscopic composites 14,15 (Figure 5.1(b)).
This suggests that the underlying principle that leads to toughening is not strongly
dependent on molecular details, but governed more generally by an interplay
between two mechanically different networks.
The increase in toughness of double networks is related to a transition from
brittle to ductile fracture. This brittle-to-ductile transition (BDT) becomes apparent
when looking at the stress-strain response of double networks subjected to tensile
deformation, as schematically shown in Figure 5.1(c). In contrast to single polymer
networks that typically fail in a brittle fashion (blue curve), tough double networks
fracture in a ductile manner with significant softening and plastic deformation
(leading to ‘necking’) prior to failure (yellow curve) 13,16 . This macroscopic softening
is believed to be due to the progressive breaking of bonds in the stiff network
(which is also called the sacrificial network), while the soft matrix formed by the
second network stays intact. To obtain tough materials, it is thus crucial that the
rupture of the first network occurs without leading to macroscopic cracks in the
material.
Several theoretical models have been proposed to explain the toughness of
double networks. The first of these are due to Tanaka 17 and Brown 18 that describe
fracture around a defect, such as a notch or a crack. They assumed that a crack tip in
the material is surrounded by a region in which the first network breaks by forming
microcracks that are stabilized by bridging chains from the second network. Later
extensions of these models explicitly accounted for the evolution of damage in
the material and were able to describe the hysteresis in the stress-strain response,
the progressive softening and the Mullins effect 19–24 . These phenomenological
models assume that the stress field in the material can be described by continuum
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mechanics, which treats the material as a homogeneous elastic solid. However,
it is known that double networks contain large heterogeneities, which play an
important role in determining their mechanics 25 . To understand how microcracks
in the material nucleate and propagate and to find a criterion that predicts the
onset of macroscopic fracture, a model is needed that takes these heterogeneities
into account.
One way to go forward is to include molecular details, for example using
molecular dynamics simulations 26–28 . However, given the computational costs it is
difficult to do this for large system sizes and to explore a large range of parameters.
Alternatively, statistical models, such as the fibre bundle model, can give insight
into the role of disorder on network fracture 29,30 . In such models, however, a
priori assumptions must be made about the (re)distribution of stress among the

Figure 5.1. Double networks across the scale. (a) By combining a sacrificial network that is stiff
and weak (blue), with a matrix network that is soft and strong (red), a (molecular) composite both
stiff and strong (tough) can be created. (b) Typical double networks are made of elastomers 12 and
hydrogels 2 , but they can also be made in the form of macroscopic composites 14 . (c) Schematic
of a brittle (blue) and a ductile (yellow) stress-strain response.
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different elements, so that they cannot explain the spatial evolution of damage in
the materials and its relation to the structure of the networks.
Here, we develop a random double spring network model, which explicitly
takes into account disorder and the resulting heterogeneous stress distributions.
Rather than making assumptions about the distribution of strain and stress in the
material, this distribution emerges naturally from the condition of mechanical
equilibrium between the different networks. Because a network is included
explicitly, the model provides information on the fracture process both at the
macroscopic and the microscopic level. We demonstrate how this model predicts
a simple criterion for the BDT, and we show how the nature of this transition is
influenced by disorder and the resulting stress localization. We also compare
our network model to a simple 1D multi-spring model, which can be solved
analytically.

5.2

Models and Methods

The BDT is the universal mechanical feature of double network materials. In
a brittle material, a small microcrack in the sacrificial network directly leads to
global failure. On the contrary, a ductile material remains intact when microcracks
develop. To describe this transition, we first present a simple 1D multi-spring
model, which is an extension of a previously used two-spring model 24,31 and which
can be solved analytically (Figure 5.2(a)). While heterogeneity can be included in
this 1D model, it does not take into account the network structure of the material
and, therefore, cannot give an accurate description of the stress distribution in the
material. We, therefore, consider a more realistic double random spring model that
does allow for a heterogeneous stress distribution in the material (Figure 5.2(b)).

5.2.1

Multi-spring model

In the multi-spring model (MS), the double network is modelled as a series of
elements, each consisting of two parallel springs, one representing the sacrificial
network (with spring constant 𝜇𝑆 ) and one representing the matrix (with spring
constant 𝜇𝑀 ) (Figure 5.2(a)). Each spring is assumed to be a linear Hookean spring,
so that the force acting on it is given by 𝐹𝑖 = 𝜇𝑖 Δℓ 𝑖 , with Δℓ 𝑖 the extension of
spring 𝑖. Removal of a sacrificial spring in an element leads to the formation of a
microcrack, which is bridged by the remaining matrix spring. As the elements are
connected in series, the load on each element is equal. This force balance between
the elements implies
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Figure 5.2. Minimal models for elastic double networks and their reaction to bond rupture. The
springs represent elements of the sacrificial network (blue) and matrix network (red). (a) Multisprings (MS) model. (b) Random Spring Network (RSN) model. Simulations are performed for
networks of 50 × 50 nodes.

𝜎 = (𝜇𝑀 + 𝜇𝑆 )Δℓ 𝐷 = 𝜇𝑀 Δℓ 𝑀 ,

(5.1)

where Δℓ 𝐷 and Δℓ 𝑀 represent the extension of the network in the intact double
network and in the matrix spanning the microcrack, respectively, and where 𝜎
denotes the stress. The overall strain of the system 𝜀 can be written as
𝜀 = Δℓ 𝐷 (1 − 𝜙) + Δℓ 𝑀 𝜙 ,

(5.2)

where 𝜙 denotes the fraction of broken sacrificial bonds (i.e. the fraction of
microcracks).
Rupture of a bond is assumed to occur instantaneously when the extension
of a spring Δℓ 𝑖 exceeds its threshold 𝜆 𝑖 . In the absence of disorder, all sacrificial
bonds have the same threshold 𝜆𝑆 and all matrix bonds have the same threshold
𝜆 𝑀 . Brittle fracture after formation of a microcrack occurs when the bridging
matrix bond reaches its threshold before the other sacrificial bonds, while ductile
fracture occurs when the sacrificial bonds reach their threshold first. From
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Equation 5.1 it immediately follows that the brittle-to-ductile transition occurs
when (𝜇𝑆 + 𝜇𝑀 )𝜆𝑆 = 𝜇𝑀 𝜆 𝑀 . We can, therefore, predict which system parameters
are required for a system at the BDT. For example, the sacrificial bond threshold
𝜆∗𝑆 for which the rupture force of a (matrix-reinforced) sacrificial bond is equal to
the rupture force of a matrix bond is given by
𝜆∗𝑆 =

𝜇𝑀 𝜆 𝑀
.
𝜇𝑆 + 𝜇 𝑀

(5.3)

More generally, we can define a parameter Δ𝛼 to quantify the distance from the
BDT:
Δ𝛼 =

𝜇𝑀 𝜆 𝑀
−1 .
(𝜇𝑀 + 𝜇𝑆 )𝜆𝑆

(5.4)

If Δ𝛼 = 0 the system is at the BDT. Brittle fracture occurs for Δ𝛼 < 0; in this
case only one microcrack is enough to cause global failure so the fraction of broken
sacrificial bonds at failure is 𝜙 𝑓 = 1/𝑁 with 𝑁 the system size. Ductile fracture
occurs for Δ𝛼 > 0, where all sacrificial bonds break before the system fails globally,
so 𝜙 𝑓 = 1. It follows from this analysis that for ductile fracture we need 𝜆𝑆 < 𝜆 𝑀 ,
which explains why the creation of tough, ductile networks requires the sacrificial
network to be much weaker than the matrix.
For a perfectly homogeneous system, the BDT in this model is an abrupt
transition. Experiments, however, show that the descriptors of fracture vary in
a continuous manner through the BDT 16 . We, therefore, introduce disorder by
assuming that the thresholds of the sacrificial network vary according to a certain
distribution 𝑃(𝜆𝑆 ). All other parameters are taken the same. In this case, the
sacrificial bonds will fail progressively, with the weakest bonds breaking first and
the stronger bonds breaking later. At a given strain 𝜀, all sacrificial bonds for which
𝜆𝑆 < Δℓ 𝐷 are broken. In the continuous limit (for 𝑁  1), the fraction of broken
sacrificial bonds can thus be written as
𝜙(𝜀) =

∫

Δℓ 𝐷

𝑃(𝜆𝑆 )d𝜆𝐷 .

(5.5)

0

Here, we will consider a Gaussian threshold distribution with mean h𝜆𝑆 i and
standard deviation 𝛿𝜆. For this case, it follows from Equations 5.1 and 5.5 that at
the moment of global failure (where Δℓ 𝑀 = 𝜆 𝑀 ), the fraction of broken sacrificial
bonds is given by
𝜙𝑓 =
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˜ ,
[1 + erf (Δ𝛼)]
2

(5.6)
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with
Δ𝛼˜ =

Δ𝛼h𝜆𝑆 i
√ ,
𝛿𝜆 2

(5.7)

a normalized parameter to quantify the distance to the BDT, which takes into
account the disorder in the thresholds. The fraction of broken sacrificial bonds
thus increases gradually from 0 to 1 along the BDT and the parameter Δ𝛼˜ sets the
steepness of this transition. With increasing disorder, the transition becomes more
gradual. The strain at break follows from Equations 5.1 and 5.2:
𝜀 𝑓 = 𝜆𝑀



𝜇 𝑀 + 𝜙 𝑓 𝜇𝑆
𝜇 𝑀 + 𝜇𝑆



.

(5.8)

In the brittle regime (Δ𝛼˜  −1, 𝜙 𝑓 ≈ 0) we find 𝜀 𝑓 = 𝜇𝑀 𝜆 𝑀 /(𝜇𝑀 + 𝜇𝑆 ), while
in the ductile regime (Δ𝛼˜  1, 𝜙 𝑓 ≈ 1) we have 𝜀 𝑓 = 𝜆 𝑀 .

5.2.2 Random Spring Network Model
Being a 1D model, the multi-spring model cannot account for stress heterogeneity
and the resulting localization of stresses. We, therefore, consider a random spring
network model (RSN) as shown in Figure 5.2(b) composed of 𝐿 × 𝐿 nodes arranged
on a triangular lattice whose nearest neighbours are connected by the same
element we introduced for the multi-spring model (𝐿 = 50 for all RSN simulations).
Now, upon applying an external load, stress concentration is possible due to the
topological restrictions imposed by the network structure.
Following the experimentally found guidelines for making tough double
networks 2 we consider materials in which the sacrificial network is stiff and weak,
while the matrix is soft and strong. This means that the elastic constant of sacrificial
springs 𝜇𝑆 is always higher than the one of the matrix springs 𝜇𝑀 . We, therefore,
vary the ratio of the stiffnesses such that 0 < 𝜇𝑀 /𝜇𝑆 < 1. To reflect the asymmetry
in network strengths, we fix 𝜆 𝑀 = 4.0 and vary 𝜆𝑆 such that 𝜆𝑆 < 𝜆 𝑀 . In all cases,
we keep the parameters of all matrix springs the same. To implement disorder at
the bond-level, the rupture thresholds 𝜆𝑆 are picked from a Gaussian distribution
as in the MS model. Nodes at the bottom and top are fixed in the 𝑦-direction,
but they can slide along the 𝑥-direction. Along the 𝑥-axis periodic boundary
conditions are implemented.
We characterize the mechanical response of the network by applying an
extensional strain 𝜀 along the 𝑦-axis in small steps of 0.1 % strain. We consider quasistatic loading and assume that the networks remain in mechanical equilibrium at
each step, i.e. it settles in its minimum energy state. Therefore, after every step,
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the total energy of the network is minimized by displacing the nodes using the
FIRE algorithm 32 with a tolerance of 𝐹rms ≤ 1 × 10−5 . Here, 𝐹rms is the maximum
root mean squared force allowed in the system 32 . To simulate fracture, we break
all bonds which exceed their rupture threshold 𝜆 𝑖 consecutively. After the rupture
of every single bond the energy of the system is minimized. Once all overstretched
bonds are broken, the next strain step is determined according to the bond that is
closest to its rupture threshold with a minimum step size of 0.001 % strain.
For every strain in the simulations the virial stress is calculated from the
forces exerted by the springs on the nodes. As the system is elongated along the
𝑦-direction, we consider the 𝑦 𝑦-component of the virial tensor as a measure for
the stress 𝜎. We define the softening strain 𝜀soft as the strain where the stiffness
drops below the initial stiffness, and the failure strain 𝜀 𝑓 and failure stress 𝜎 𝑓 as the
strain and stress for which the system becomes disconnected along the y-direction.
For every data point 50 simulations are performed, error bars represent standard
deviation.

5.2.3

Classification of stress-strain responses

We use the following procedure to classify the stress-strain response of the different
networks. We define four categories: brittle (B), quasibrittle (QB) and two ductile
phases (D1 and D2). The characterization is based on the stiffness of the network
during the deformation, defined as the derivative of the stress-strain response,
normalized by the initial stiffness. Examples are shown in Figure 5.A.3. If a
material is brittle (B), its stiffness during extension will stay constant, or at least
will not drop far below its initial stiffness. In case of quasibrittle (QB) fracture,
softening occurs, which causes a sharp drop in material stiffness. We identify
the softening strain as the point where the ratio between the stiffness and the
linear stiffness 𝐸(𝜀)/𝐸0 drops below 1.0, the initial stiffness. A material that shows
ductile fracture also goes through this softening stage, but after softening a plateau
can be seen in the stiffness curve. The transition from QB to D1 is based on the
existence of the plateau. The plateau is identified as the strain region where
𝐸(𝜀)/𝐸0 ≤ 𝐸min /𝐸0 + 0.05, provided 𝐸min /𝐸0 < 0.7. This region must span at least
50 % of strain in order to be identified as a plateau, otherwise we classify the
fracture response as QB. If the material breaks in this plateau region, it is classified
as D1. If instead the material response exceeds this plateau and achieves a higher
stiffness, we classify this response as D2. We note that in our case the final stiffness
is always lower than the initial stiffness, since the last part of the D2 response is
controlled by the matrix elasticity for which we have 𝜇𝑀 /𝜇𝑆 < 1.0. This final strain
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region is identified as the region from the end of the plateau until global failure.
The stiffness in this plateau must exceed 𝐸0 by 15 % in order to be identified as D2.
For the MS model the stiffness is determined as the linear piece-wise derivative
of the stress-strain curve. For the RSN model, the stress-strain response is smoothed
before determining the fracture response in order to reduce the influence of
small fluctuations due to the rupture of bonds. The smoothing procedure has
4 steps. Firstly, only strain points are selected that have a higher stress than the
previous points. Secondly, we make the data series equispaced in strain via linear
interpolation with an interval of 0.1 % strain. Thirdly, we smooth the curve via
a linear fit over a window of 2 % strain, the resulting stress-strain curve has a
strain interval of 1 % strain. Finally, we determine the stiffness (first derivative
of the stress-strain curve) using a Savitsky-Golay algorithm (4th order and 41 %
strain window). At the edges half of the window size is fitted with a 4th order
polynomial.

5.2.4 Crack detection algorithm
To monitor the microscopic fracture patterns in the RSN model, we keep track of the
formation and development of cracks in the sacrificial network. For simplicity, in
this analysis we only consider sacrificial bonds that align with the strain field and,
therefore, carry most of the stress (in our case, these are the non-horizontal initial
bonds). At the beginning of the simulation, the sacrificial network is intact but as
soon as bonds break voids appear. These voids are defined as cracks. By studying
the number of voids and their size in terms of the number of broken sacrificial
bonds, we obtain a complete picture of the microscopic fracture behaviour. In
particular, we calculate the size of the largest crack with respect to the total number
of sacrificial bonds in the undeformed network and express this as the fraction
𝜙large . All the broken sacrificial bonds that do not end up in the largest crack
represent the non-localized damage occurring throughout the network. We define
𝜙diff = 𝜙 − 𝜙large to quantify the diffuse damage.

5.3

Results & discussion

5.3.1 Fracture regimes of double networks
The aim of this chapter is to systematically explore the effect of disorder and stress
heterogeneity on the fracture of double networks, focusing especially on the role
of the network. To do this in a systematic fashion, we will extensively compare the
results of the random spring network (RSN) model with the 1D multi-spring (MS)
model lacking any network structure.
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Figure 5.3. Failure strain, 𝜀 𝑓 , versus the average rupture threshold h𝜆𝑆 i in systems with 𝛿𝜆 =
0.250. Results are shown for the RSN model (solid lines) and the MS model (dashed lines) for
stiffness ratios 𝜇 𝑀 /𝜇𝑆 = 0.10 (purple), 0.50 (green) and 1.00 (yellow)).

We start our comparison by checking a prediction from the MS model for the
dependence of the failure strain 𝜀 𝑓 , described in Equation 5.8, on the sacrificial
bond properties 𝜆𝑆 and 𝜇𝑀 /𝜇𝑆 in the presence of disorder (Figure 5.3). Although
it is clear that both the MS model and the RSN model follow the same trend, the
overall trend is not immediately obvious. Intuitively, it is expected that the failure
strain should increase with an increase in 𝜆𝑆 . However, only at the lowest stiffness
ratio, we see that the 𝜀 𝑓 increases with 𝜆𝑆 . At high stiffness ratios, this trend is
reversed. This transition is a consequence of the brittle-to-ductile transition (BDT).
From Equation 5.4 it can be deduced that an increase in 𝜆𝑆 brings the system
from the ductile into the brittle regime. The transition is not observed at the
lowest stiffness ratio, because all those systems are already in the brittle regime.
Similar trends can be found for the material strength and the work of extension
(Figure 5.A.1).
These results show that we can tune the fracture response based on the
properties of the individual sacrificial bonds. Taking a broader view at the
entire stress-strain response of the RSN, we can differentiate between four distinct
responses, shown in Figure 5.4(a). There are two brittle responses, brittle (B) and
quasibrittle (QB), that can be distinguished by the (slight) softening that occurs
before global failure in the QB case. There are also two ductile responses (D1 and
D2) that both show a clear plateau in the stress-strain response after softening. In
case of D1, global failure occurs within this plateau. For D2, a second increase in
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Figure 5.4. Typical fracture response of double networks obtained via the RSN model. (a) The
four distinct stress-strain responses: brittle (B), quasibrittle (QB), the first ductile regime (D1), and
the second ductile regime (D2). (b)-(e) Corresponding fracture patterns. Every line represents
a broken sacrificial bond, colour coded according to the strain at which it failed (see colour bar
above).

the stress precedes global failure. These same four responses are also found in the
MS model (Figure 5.A.3).
By contrast, at the microscopic level the fracture behaviour of the RSN is
distinct from the MS model. In Figure 5.4(b-e), we plot the broken bonds of the
sacrificial network colour coded according to the strain at which they break. We
clearly observe that the number of broken sacrificial bonds increases from B to D2
type of fracture. In B, all broken bonds are part of a single crack at the location
where global failure occurs. A similar pattern is observed for QB, where, however,
more bonds fail homogeneously throughout the sample before the final crack
appears. It is the rupture of these bonds that causes the softening observed in
the QB stress-strain response. The ductile regimes are characterized by many
bonds breaking simultaneously. Such avalanches occur over a large strain range,
from the moment of softening until global failure. In case of D2 fracture, all the
non-horizontal bonds of the sacrificial network, which are the elastically active
bonds, are broken. In the MS model we can not differentiate between fracture
patterns, because the load is homogeneous throughout the system, so that stress
can not concentrate and damage will always be homogeneous.
We note that both the RSN model and the MS model capture the four different
mechanical responses observed in experiments on elastomers 13 , hydrogels 2 and
macroscopic composites 14,15 . The clear difference in fraction of broken sacrificial
bonds between (quasi)brittle and ductile responses is also well established experi141
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Figure 5.5. Macroscopic mechanical phase diagrams in the 𝜇 𝑀 /𝜇𝑆 , 𝜆𝑆 -plane. Each panel
corresponds to a different value of disorder 𝛿𝜆. Symbols are pie-charts colour coded according
to the frequency of the four fracture regimes (B (blue), QB (green), D1 (orange), D2 (yellow))
observed from 50 independent simulations. The black line indicates the BDT according to the MS
model. The dashed lines indicate the B-to-QB transition (Δ 𝛼˜ = −2.5) and the D1-to-D2 transition
(Δ 𝛼˜ = 2.0) in the MS model (Figure 5.A.4).



mentally 13,16 . Furthermore, the softening response, which is irreversible both in
our model and in the experiments, is attributed to early damage to bonds in the
sacrificial network 22 which has been shown to occur homogeneously throughout
the network well before global failure 13 . Finally, also a plateau in the stress
response is typically observed in experiments after the yielding of the material,
often accompanied by a necking region where only sacrificial bonds break 13 . We
conclude that both the RSN and MS model represent a minimal yet insightful
model to study fracture in elastic double networks both at the macroscopic and
microscopic level and, therefore, we can proceed to a more detailed analysis.

5.3.2

Macroscopic characterization of the fracture regimes

The results in Figure 5.3 clearly demonstrate the dependence of the fracture
response on the properties of the sacrificial bonds: h𝜆𝑆 i, and 𝜇𝑀 /𝜇𝑆 . To study the
joined effect of these properties together with the disorder in the rupture threshold
(𝛿𝜆), we construct phase diagrams of the fracture response (Figure 5.5) based on
the four different regimes described above (see the Section 5.2.3 for details). For
each point in the diagram we use a pie-chart symbol indicating the frequency of
the four different regimes observed over 50 independent simulations. We first
focus on the case with no disorder 𝛿𝜆 = 0, shown in Figure 5.5(a), and observe that
both 𝜇𝑀 /𝜇𝑆 and 𝜆𝑆 control the sharp transition from the BDT. Also, the BDT of the
RSN model coincides with the BDT of the MS model (Equation 5.4) as indicated
by the black line.
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Next, we consider the cases with disorder, plotted in Figure 5.5 (b) and (c),
and observe the appearance of the intermediate regimes QB and D1. These two
regimes appear around the BDT and upon increasing disorder 𝛿𝜆 progressively
span the entire explored parameter space, which is a clear indication that disorder
controls the position of these transitions. In addition, the transitions between
the regimes are less sharp when the disorder is larger, as testified by the less
homogeneously coloured pie-chart symbols. Indeed, the mechanical responses
of networks with large 𝛿𝜆 depend on the exact realization of the network (exact
distribution of threshold values and their spatial organization), even when having
the same 𝜇𝑀 /𝜇𝑆 and h𝜆𝑆 i, especially around boundaries between different regimes.
A similar dependence of the location of the B-to-QB and D1-to-D2 transitions on
disorder is also predicted by the MS model (dashed lines, see Figure 5.A.4 for
further information). At low disorder, the location of the boundaries corresponds
well between the models, but at high disorder the boundaries move away from
each other. This comparison reveals that the type of load sharing (equal load
sharing in the MS model or network controlled load sharing in the RSN model) is
not essential for the occurrence of any of the four regimes. Nevertheless, the stress
redistribution via the network does affect how far from the BDT these regimes occur.
Furthermore, disorder clearly plays an important role also in the experimental
systems since QB and D1 responses are typically observed experimentally, and
we show that these occur only in presence of disorder. Our results confirm that
knowing the average value of the bond strengths might not be enough to predict
the fracture regime, in agreement with recent phenomenological models aiming
to capture softening and the Mullins effect in double networks 22 .

5.3.3

Fracture at the microscopic level

In the previous section, we found that the macroscopic force balance reasonably
captures the transition from (quasi)brittle to ductile fracture in the RSN model and
that disorder influences this transition. Furthermore, we have seen in Figure 5.4(b)(e) that as long as some disorder is present distinct fracture patterns develop in the
RSN that suggest a tight link between the macroscopic and microscopic fracture
process. In this section, we explore several indicators of microscopic fracture
in disordered RSN systems, with a special focus on stress heterogeneity, and
we consider to what extent the force balance influences the microscopic fracture
processes in double networks.
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Figure 5.6. Rescaling of the fraction of broken bonds 𝜙 𝑓 . (a) The fraction of total broken bonds
𝜙 𝑓 obtained in simulations of RSN is plotted against Δ𝛼 , which quantifies the distance from the
BDT predicted by the equal load sharing models. (b) 𝜙 𝑓 from RSN versus Δ 𝛼˜ . The dashed black
line indicates the theoretical prediction for 𝜙 𝑓 according to the MS model (Equation 5.4). In the
RSN model only the vertically aligned bonds are expected to break; therefore, the prediction of
the MS model is multiplied by a factor 2/3. The symbols correspond to the 𝜆𝑆 value (see legend
panel (b)) colour coded according to the amount of disorder 𝛿𝜆 (see legend panel (a)). Error bars
indicate standard deviation based on 50 configurations.

The fraction of broken bonds
The first parameter we explore is the fraction of broken sacrificial bonds at global
failure 𝜙 𝑓 , as we have a direct prediction from the MS model. In Figure 5.6(a), we
plot 𝜙 𝑓 as a function of Δ𝛼, the distance from the BDT as introduced in Equation
5.4 for various amounts of disorder 𝛿𝜆. Clearly, we see a strong increase in the
number of broken bonds upon going from the brittle to the ductile regime. For
𝛿𝜆 = 0 we observe that all data points collapse on a step function exactly at the
BDT, Δ𝛼 = 0. When disorder is introduced, the transition becomes more gradual,
corresponding to the shift of the B-to-QB and D1-to-D2 transition in Figure 5.5.
We can understand these effects by pointing out that both weak and strong bonds
are introduced due to the spread in sacrificial bond strength. For Δ𝛼 < 0, 𝜙 𝑓 is
increased by the disorder due to the presence of weak springs that break before
brittle failure occurs. Similarly, for Δ𝛼 > 0, 𝜙 𝑓 decreases due to disorder that
introduces bonds that are too strong to break before the matrix fails.
According to the prediction for the MS model in Equation 5.6 we can collapse
all this data on one master curve for all values of 𝜆𝑆 , 𝜇𝑀 /𝜇𝑆 and 𝛿𝜆, if we consider
˜ Indeed, we obtain a good collapse for 𝜙 𝑓 , as
the rescaled distance to the BDT: Δ𝛼.
shown in Figure 5.6(b). However, there is a significant increase in 𝜙 𝑓 in the brittle
regime relative to the prediction of the MS model (dashed line) (Figure 5.A.5).
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Figure 5.7. Development of stress heterogeneity and stress concentration during deformation.
In all subpanels h𝜆𝑆 i = 1.4. (a) Distribution of 𝜆𝑆 for a system with h𝜆𝑆 i = 1.4 and Δ 𝛼˜ = −0.7.
At 𝜆∗𝑆 the force required to break a sacrificial bond is equal to the force required to break a
matrix bond. Thus, if 𝜆𝑆 < 𝜆∗𝑆 a sacrificial bond is weaker than the matrix bonds (dark grey)
and if 𝜆𝑆 > 𝜆∗𝑆 a sacrificial bond is stronger (light grey). (b) Comparison of total fraction of
weak bonds that align with the deformation field and the fraction of weak bonds 𝜙weak, 𝑓 that
failed during deformation versus Δ𝛼 . (c) Similar comparison for the total amount of strong bonds
and broken strong bonds 𝜙strong, 𝑓 . (d) 𝜙strong, 𝑓 versus Δ 𝛼˜ for different 𝛿𝜆. Error bars indicate
standard deviation. (e) Development of Λ, defined as the difference between the rupture threshold
𝜆𝑆,fail of the failing sacrificial bonds and 𝑑ℓ aff , the extension of the bonds if the strain field were
homogeneous throughout the system, as a function of strain for a network with Δ 𝛼˜ = −0.7,
h𝜆𝑆 i = 1.4 and 𝛿𝜆 = 0.250. The four intervals are described in the text. The average (line)
and standard deviation (shaded area) are calculated from a histogram of 𝜆𝑆,fail − 𝑑ℓ aff over 50
simulations accumulated over bins of 2.5 % width. The dashed black line indicates the prediction
for Λ according to the MS model.

This could be an indication that the load sharing via the network enhances the
rupture of sacrificial bonds; however, we can not exclude that the discrepancy is
due to a finite size effect.
Stress concentration in the spring network model
In the MS model it is assumed that stress is distributed homogeneously throughout
the entire system, even after rupture of sacrificial bonds. Hence, stress can never
concentrate within the MS model. In the RSN model stress concentration is possible
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and, therefore, it can be used to study the nucleation and propagation of cracks in
double networks. It is fascinating that this fundamental difference between the
MS model and the RSN model does not result in big differences in global failure or
the fraction of broken sacrificial bonds.
Interestingly, a second look at the type of sacrificial bonds that break does
reveal a striking difference between the MS model and the RSN model caused by
the concentration of stress. By construction, in the MS model sacrificial bonds
break in the order of their strength, from weak to strong, until a certain threshold
𝜆∗𝑆 (Equation 5.3) is reached and global failure occurs. At this threshold, 𝜆∗𝑆 , the
force required to break a (matrix-reinforced) sacrificial bond is equal to the force
required to break a matrix bond. How 𝜆∗𝑆 influences the rupture of bonds is further
illustrated in Figure 5.7(a) for a system below the BDT (Δ𝛼˜ = −0.7, 𝜇𝑀 = 0.4 and
h𝜆𝑆 i = 1.4). For this system 𝜆∗𝑆 = 1.14, so in the MS model only weak bonds with
𝜆𝑆 < 1.14 would fail. However, in the RSN model we see that sacrificial bonds
stronger than 𝜆∗𝑆 also break (Figure 5.7(b) and (c)). In particular, in Figure 5.7(d) we
plot the fraction of broken strong sacrificial bonds 𝜙strong, 𝑓 (i.e. bonds with 𝜆𝑆 > 𝜆∗𝑆
that break) as a function of the distance from the BDT Δ𝛼˜ for various amounts
of disorder 𝛿𝜆. At low 𝛿𝜆 and far below the BDT, rupture of strong sacrificial
bonds is required in order to achieve global failure, since there are just not enough
weak sacrificial bonds (Figure 5.7(b)). However, upon approaching the transition
at Δ𝛼˜ = 0, 𝜙strong, 𝑓 grows, even though a decrease could be expected based on
the total concentration of strong sacrificial bonds (Figure 5.7(c)). Interestingly, we
observe a maximum in 𝜙strong, 𝑓 before fully entering the ductile regime Δ𝛼˜ > 0
where mostly weak sacrificial bonds control the fracture process. Strong bonds
can only break if the force they carry exceeds the maximum force that is expected
based on the macroscopic force balance. Thus, we conclude that the network
structure plays a crucial role in (re)distributing the load during deformation, giving
rise to stress concentration. The development of stress heterogeneity is tightly
bound to the disorder that is present in the initial structure. We expect that by
including more (structural) disorder in the initial network (e.g. inhomogeneities
in the connectivity of the nodes, a disordered spatial distribution of the nodes, or
a distribution in the stiffness of the bonds) the stress heterogeneity would become
even larger 33 . As a consequence, we would expect significant broadening of the
QB and D1 phase with respect to the prediction from the MS model.
Because in the RSN the initial structure is homogeneous, stress concentration
does not occur from the onset of deformation, but develops during deformation
as bonds are ruptured. We can quantify this development via the difference
between the rupture threshold of a broken sacrificial bond 𝜆𝑆,fail , a measure for
the actual local extension, and the extension estimated from the global strain
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assuming all deformations are affine, 𝑑ℓaff . We, therefore, define Λ = 𝜆𝑆,fail − 𝑑ℓaff .
To compare with the MS model, it must be noted that in this model the stress is
homogeneous, but the strain field is not. In fact, the microcracks take up additional
strain to compensate for the absence of the sacrificial network. This means that the
deformation of the remaining sacrificial bonds is less than the affine strain, so that
Λ is always smaller that 1 in the MS model (see dashed line in Figure 5.7(e)). If at
any time Λ > 0, stress concentration must, therefore, be present.
This analysis reveals different modes of stress concentration during the fracture
of a RSN system as shown in Figure 5.7(e). At first nothing breaks, this regime
coincides with the reversibly elastic regime found at the macroscopic level (regime
A). Then, sacrificial bonds start to break exactly as predicted by the affine deformation. Here both the average stress concentration, hΛi, and its variance are zero
(regime B). Upon further increasing the deformation, the variance of Λ starts to
grow indicating stress heterogeneity in the system, quickly followed by an increase
of hΛi indicating stress concentration (regime C). As a result strong sacrificial
bonds also start to break and rupture of weak sacrificial bonds is postponed or
even prevented (Figure 5.A.6). Finally, we arrive at a peak in hΛi, after which
the hΛi decreases until global failure is reached (regime D). We attribute this
decrease to structural relaxation of the sacrificial network via the formation of
microcracks, leading to loss of rigidity and eventually loss of percolation in the
sacrificial network. It must be noted that the variance in hΛi remains constant,
indicating that heterogeneity in stress is present until the final failure event.
Crack development and stress delocalization
The development of stress heterogeneity and stress concentration during deformation, is the result of microscopic damage evolution in the sacrificial network: the
nucleation and propagation of cracks. We also suggested that the development
of stress concentration is tightly linked to the disorder in the initial, undeformed,
system. How crack nucleation and propagation are influenced by both initial
disorder and stress heterogeneity during deformation is not trivial. We have
already seen that in the RSN model not all sacrificial bonds that break are part of
the largest crack (Figure 5.4). Thus, it seems that stress can be delocalized away
from the crack tip of the largest crack throughout the system via diffuse damage.
In this section, we quantify the evolution of (micro)cracks in the sacrificial network,
focusing on diffuse damage and its coupling with stress delocalization.
In Figure 5.8(a), we plot the diffuse damage, quantified by the fraction of broken
sacrificial bonds (with respect to the total number of initial sacrificial bonds) that
are not part of the largest crack 𝜙diff as a function of strain 𝜀 for three representative
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Figure 5.8. Evolution of diffuse damage. (a) Fraction of broken sacrificial bonds not belonging to
the largest crack ( 𝜙diff ) as a function of strain 𝜀 for different combinations of parameters below
(Δ 𝛼˜ < 0) and above (Δ 𝛼˜ > 0) the BDT. Corresponding fracture patterns in the sacrificial network
are also shown, with purple bonds belonging to the largest crack and green bonds to diffuse
damage. (b) Normalized diffuse damage at global failure 𝜙diff, 𝑓 as a function of Δ 𝛼˜ for different
disorder 𝛿𝜆. Points are averages and error bars indicate standard deviation calculated over 50
configurations. For all curves h𝜆𝑆 i = 1.4.

systems below, around and above the BDT (see Section 5.2.4 for details). In the
brittle case (Δ𝛼˜ = −2.9), 𝜙diff barely increases and fracture occurs at smaller strain.
Closer to the BDT (Δ𝛼˜ = −0.7), the diffuse damage significantly increases, reaches
a maximum, and just before global failure slightly decreases. This decrease in the
curve indicates that microcracks merge into the largest crack that eventually breaks
the system (Figure 5.8(a)). Beyond the BDT (Δ𝛼˜ = 1.1), the diffuse damage reaches
a higher maximum of more than 15 % of the total amount of sacrificial bonds
before a significant decrease that extends for a large strain interval. Finally, 𝜙diff
reaches zero, indicating that all microcracks are now merged in a single large crack
or damage zone, well before global failure and all subsequent breaking sacrificial
bonds join this large crack.
With respect to the global stress-strain response, diffuse damage is expected
to be most influential before the BDT. In the ductile regime, broken bonds will
eventually join to form one large damage zone. However, in the brittle regime,
many bonds can break in a diffuse fashion without being part of the largest crack,
potentially diminishing stress concentration. We, therefore, focus on the final
ratio of the broken sacrificial bonds belonging to the diffuse damage 𝜙diff, 𝑓 as an
indicator of stress delocalization and plot it versus Δ𝛼˜ for various amounts of
disorder in Figure 5.8(b). We observe a non-monotonic behaviour with a peak
slightly before the BDT. At the BDT 𝜙diff, 𝑓 drops drastically as all bonds eventually
join the largest crack. We conclude that just before the BDT, the diffuse damage
is maximum and, therefore, hypothesize that the crack nucleation is delayed the
148

5.3 Results & discussion

Figure 5.9. Characteristic strains corresponding to microscopic and macroscopic events as a
function of Δ 𝛼˜ ( h𝜆𝑆 i = 1.4 and 𝛿𝜆 = 0.250). 𝜀Λ,max (purple triangles) is the strain at maximum
stress concentration (Figure 5.7(e)). 𝜀diff,max (pink circles) is the strain at which the diffuse
damage is maximal (Figure 5.8(a)). 𝜀perc (grey squares) is the strain at which percolation in the
sacrificial network is lost. 𝜀soft (light grey downward triangles) indicates the onset of softening
in the stress-strain curve (Figure 5.4(a) and Section 5.2.3). 𝜀 𝑓 (dark grey stars) corresponds to
final fracture. The vertical lines indicate the transitions between the fracture regimes in the RSN
estimated from the phase diagram in Figure 5.5(b).

most in this region. A consequence of this delayed nucleation is the widening and
branching of the largest crack as shown in Figure 5.8 (a), snapshot in the middle.
The widening of the damage zone in the sacrificial network around a defect is often
used as an explanation for the enhanced fracture toughness in double network
materials 2,18 . Although our simulations do not measure the fracture toughness
directly, our results suggest that widening of the damage zone and, therefore,
fracture toughness is maximal just before the BDT.

5.3.4 Relating microscopic events to the macroscopic fracture regimes
The network and the heterogeneous stress distribution emerging upon deformation,
clearly have a huge impact on the microscopic fracture mechanism. We have seen
that which microscopic fracture mechanisms occur is controlled by the distance
from the BDT. In addition, we have observed that these fracture mechanisms can
be connected to fracture events that occur as a function of the applied strain. Here
we will unify our microscopic insights with the macroscopic fracture regimes
described earlier based on the strain values at which these events occur. These
results are summarized in Figure 5.9.
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At the macroscopic level we identify two characteristic strains: the softening
strain 𝜀soft , where the stiffness (𝑑𝜎/𝑑𝜀) drops below the initial stiffness (Figure 5.4(a)), and the failure strain 𝜀 𝑓 where the system breaks in two pieces. At the
microscopic level we identify strain points of three distinct events: the strain 𝜀Λ,max
corresponding to the maximum in stress concentration (peak in Figure 5.7(e)), the
strain where the diffuse damage is maximal 𝜀diff,max , corresponding to the peak
in Figure 5.8(a), and finally the strain where the (geometrical) percolation of the
network of sacrificial bonds is lost 𝜀perc (i.e. the top and bottom of the sacrificial
network are no longer connected).
B regime - In the brittle regime, far below the BDT, the system deforms homogeneously and every microcrack immediately develops into a macroscopic crack,
leading to global failure. Therefore, all fracture events, both macroscopically and
microscopically, occur at the failure strain 𝜀 𝑓 .
QB regime - Approaching the BDT from below, we arrive at the QB regime,
where global failure is preceded by softening in the stress-strain curve. The onset
of this softening behaviour 𝜀soft becomes distinguishable from the failure strain 𝜀 𝑓
around the transition from B-to-QB. Interestingly, the softening strain does not
depend strongly on the distance from the BDT, Δ𝛼˜ (Figure 5.9). If we direct our
attention to the microscopic level, we see that the onset of softening coincides
with the peak in stress concentration Λ (Figure 5.7(e)). Also for 𝜀Λ,max we only see
a weak dependence on the distance from the BDT (Figure 5.9). Here we would
like to stress that even though the softening strain is the first clear macroscopic
sign of fracture, it is not the strain at which the first bonds break. Actually, a
significant amount of (weak) bonds break homogeneously throughout the system
before the softening strain. However, the creation of these microcracks does not
have a big effect on the stress-strain response because the bonds surrounding
these microcracks absorb the released stress, leading to the increase in stress
concentration in Figure 5.7(e). At the softening strain, such a large amount of
microcracks has been formed that the system can release (a part of) the stress
caused by an applied strain via structural relaxation. i.e. the rearrangement of
nodes and springs, causing the softening in the stress-strain curve in Figure 5.4(a)
and the drop in Λ in Figure 5.7(e). Also after 𝜀soft , we mostly observe the creation
of new microcracks or a minor expansion of existing microcracks as indicated by
the strong rise of diffuse damage (Figure 5.8). However, in the QB regime, just
before global failure, most of these microcracks merge into one large macroscopic
crack, leading to global failure as is visible in the middle snapshot in Figure 5.8.
D1 regime - After the BDT, the merging of microcracks starts to occur well before
system failure, as can be identified from a peak at 𝜀diff,max in the diffuse damage as
a function of strain (Figure 5.8(a)). In the ductile regime, the merging of cracks
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occurs at the same strain, as indicated by the fact that 𝜀diff,max is independent of the
distance from the BDT. Even though microscopic cracks in the sacrificial network
start to merge, this does not mean that the sacrificial network breaks completely,
i.e. loses (geometrical) percolation. In fact, in the D1 regime for a system with
sufficient disorder in 𝜆𝑆 loss of percolation in the sacrificial network only occurs
around the failure strain (Figure 5.9). Thus, in a system with a network structure
such as the RSN, the criterion for entering the plateau region in the stress-strain
curve (Figure 5.4) does not have to be loss of percolation in the sacrificial network,
but rather the opportunity for structural relaxation within the sacrificial network.
This observation provides an alternative mechanism with respect to what was
proposed in literature, where loss of percolation was thought to be necessary to
enter the ductile or necking regime 9,34 .
D2 regime - In the D2 regime, the stress-strain curve enters a matrix dominated
regime after the plateau in stress (Figure 5.4(a)). Microscopically this transition
is marked by the loss of percolation in the sacrificial network. From the loss of
percolation onward, the stress in the material is carried by the matrix as is also
apparent from the constant slope in the stress-strain curve (Figure 5.4(a)). However,
˜ until a plateau is
we do also observe that 𝜀 𝑓 continues to grow with increasing Δ 𝛼,
reached in the failure strain as we have observed earlier in Figure 5.3. The initial
increase of 𝜀 𝑓 in the D2 regime, shows that although percolation is lost in the
sacrificial network and the matrix carries most of the stress, the sacrificial network
can still contribute to the mechanical properties. Finally, we emphasize that during
all these processes the matrix network remains largely intact and only very close
to global failure the matrix bonds break (Figure 5.A.2).

5.3.5 Connecting the model to experiments
In our model, we explored how stiffness (𝜇𝑀 and 𝜇𝑆 ) and extensibility (strain
at break of a single spring 𝜆 𝑀 and 𝜆𝑆 ) of the individual networks influence the
fracture behaviour of double networks. Typically, in an experimental system, such
as a hydrogel or an elastomer, those parameters cannot be tuned independently.
For example, the stiffness is set by the density of polymer chains 35 and the
extensibility is set by the length of these chains 36 . As a first approximation, the
volume fraction of monomers determines the density of polymer chains, and thus
the stiffness (𝜇), whereas the ratio between the volume fraction of monomer and
crosslinker determines the chain length, and thus the extensibility (𝜆). This is only
an approximation, because at high monomer volume fractions both intra- and
inter-network entanglements will occur. These entanglements can act as effective
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crosslinks, increasing the effective chain density and reducing the effective chain
length 37,38 .
Nevertheless, within this approximate mapping, we find that experimental
results for hydrogel and elastomer double networks are qualitatively consistent
with the predictions of our model. For example, hydrogels show a transition from
a brittle to a ductile fracture response if the volume fraction of the matrix monomer
is increased (i.e. an increase in 𝜇𝑀 in the model, consistent with Figure 5.5) 4,31 .
Moreover, experiments on hydrogels and elastomers reveal that an effective way
to make a tough double network is to swell the sacrificial network 3,13,16,31 , which
pre-stretches the polymer chains in the sacrificial network. The pre-stretching
reduces the extensibility of the sacrificial network, which can be captured in
our model by decreasing 𝜆𝑆 . In agreement with experiments, we observe in
Figure 5.5 that by reducing 𝜆𝑆 we can enter the ductile fracture regime. If the
matrix monomers are used to swell the network, both 𝜆𝑆 and 𝜇𝑀 /𝜇𝑆 are affected,
revealing that the experimental swelling protocol ultimately determines which
regions of the phase diagrams in Figure 5.5 can be explored. Furthermore, our
model shows that disorder tunes the macroscopic fracture response away from the
BDT, such as the B-to-QB transition and the D1-to-D2 transition. In experiments,
the introduction of voids can be one method to introduce disorder in a controlled
way. For example, in Ref. [39] a shift in the fracture response is observed from D2
to D1 with an increase in void size. In the context of our model, this corresponds
to an increase in disorder and can be explained as a decrease in Δ 𝛼˜ (Equation 5.7).
Finally, recent advances in mechanochemistry made it possible to explore the
fracture response at the microscopic level as well, revealing significant diffuse
damage, even before the yielding point 12,13 (Figure 5.7). In addition, scattering
experiments show evidence of the delocalization of stress by probing the length
scale of the non-affine response 40 and the expansion of microscopic defects 41 .
In particular Ref. [41] suggests that a higher fraction of matrix monomer leads
to the creation of new microcracks instead of the expansion of existing defects
(Figure 5.8). These observations fit within our theoretical framework where the
distance from the BDT and disorder provide control over the microscopic fracture
mechanism.
The current simulation framework can be extended to increase the accuracy
of its predictions for polymeric systems such as hydrogels and elastomers. In
particular, we expect that the implementation of non-linear springs will better
represent the non-linear stress-strain response of finitely extensible polymers
and the redistribution of stress in a polymer network. With such an extended
model we could explore if non-linear elasticity enhances stress delocalization with
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respect to linear elasticity and if this effect influences nucleation and propagation
of microcracks.

5.4

Concluding remarks

In this chapter we studied both the macroscopic and microscopic fracture behaviour
of double network materials using a spring network model (RSN) with emergent
load sharing. By comparing the results of the RSN with a model based on equal
load sharing, we reveal that: (i) The location of the BDT, defined on the basis of
macroscopic stress-strain behaviour, is captured by a simple force balance. (ii)
Disorder introduces intermediate fracture regimes but it can be incorporated in
the parameter Δ𝛼˜ to correctly describe the distance from the BDT, allowing for
rescaling of the number of total broken sacrificial bonds. (iii) At the microscopic
level stress concentration and delocalization reveal a markedly different picture
compared to global load sharing.
The overall picture that emerges from the RSN is that the force balance, a central
feature of double networks, has significant control over both the macroscopic and
microscopic fracture behaviour, irrespective of how stress is (re)distributed. By
contrast, the nucleation and propagation of (micro)cracks is also highly dependent
on the mode of stress (re)distribution. In particular, we have identified how stress
concentration, diffuse damage, and loss of percolation are related to the transitions
from B-to-QB, QB-to-D1, and D1-to-D2, respectively.
We highlight that, because many microcracks can form before global failure
due to the stabilization by the matrix, the load sharing in double networks becomes
highly non-linear as a result of the interaction between these microcracks. Therefore,
double networks provide a unique opportunity to exploit these non-linearities in
microcrack interaction. For example, this knowledge about the microscopic fracture
process could aid the development of robust self-healing double networks, as the
healing of diffuse damage is easier than the healing of macroscopic cracks 11,42,43 .
By extending the RSN model, additional features of double network gel fracture
could be studied, such as the influence of pre-stress or structural disorder in the
sacrificial network. Furthermore, the introduction of disorder in the matrix would
allow to also study the enhancement of strength and toughness, including the
role of microscopic fracture. In conclusion, this chapter demonstrates that a
random spring network model provides the opportunity to systematically study
the microscopic fracture process within double networks.
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Appendix

Figure 5.A.1. Material properties versus the average rupture threshold h𝜆𝑆 i . ( 𝛿𝜆 = 0.250,
𝐿 = 50). (a) Failure stress, 𝜎 𝑓 . (b) Work of extension 𝑊 𝑓 , the area under the stress-strain curve
until global failure. Results are shown for stiffness ratios 𝜇 𝑀 /𝜇𝑆 = 0.10 (purple), 0.50 (green)
and 1.00 (yellow).

Figure 5.A.2. Spatial damage in the matrix network for the RSN model. (a)-(d) Failure patterns in
the matrix network for the four distinct fracture behaviours. Every line represents a broken matrix
bond, colour coded according to the strain at which the bond fails (see colour bar above).
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Figure 5.A.3. Stress-strain classification based on stiffness for both the MS model ((a)-(d)) and the
RSN model ((e)-(h)). For the MS model we show in panel (a) the stress-strain curves for stiffness
ratios 𝜇 𝑀 /𝜇𝑆 0.1 (blue), 0.4 (green)), 0.6 (orange) or 0.8 (yellow) ( h𝜆𝑆 i = 1.4, 𝛿𝜆 = 0.125). (b)
the stress-strain curves for different amounts of bond strength disorder 𝛿𝜆 from 0.000 (blue) to
0.500 (yellow) ( h𝜆𝑆 i = 1.4, 𝜇 𝑀 /𝜇𝑆 = 0.4). panels (c) and (d) show the stiffness corresponding
to panels (a) and (b) normalized by the initial stiffness 𝐸0 . For the RSN model we show in panel
(e) stress-strain curves for a series of stiffness ratios (see description of panel (a) for details). (f)
the same stress-strain curves smoothed according to the description in section 5.2.3. (g) the
normalized stiffness corresponding to the stress-strain curves in panel (f). (h) the normalized
stiffness of for different amounts of disorder (see description of panel (b) for details).

Figure 5.A.4. Stress-strain response of both the MS model (panel (a)) and the RSN model
(panel (b)) in the (𝜇 𝑀 /𝜇𝑆 , 𝜆𝑆 )-plane for different amounts of disorder 𝛿𝜆. See 5.2.3 for more
information. The colours correspond to the fracture regimes: brittle (blue), quasi-brittle (green),
ductile 1 (orange) and ductile 2 (yellow). The black line indicates the BDT transition as predicted
by the MS model, the dotted lines are placed at Δ 𝛼˜ = −2.0 and Δ 𝛼˜ = 2.5 corresponding to the
estimated B-to-QB and D1-to-D2 transitions in the MS model respectively.
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Figure 5.A.5. (a) Fraction of broken sacrificial bonds in the RSN model after global failure 𝜙 𝑓 as
a function of 𝜇 𝑀 /𝜇𝑆 for several h𝜆𝑆 i (see legend). In this panel 𝛿𝜆 = 0.250 and 𝐿 = 50. (b) The
relative increase in 𝜙 𝑓 ,RSN with respect to 𝜙 𝑓 ,MS plotted versus Δ 𝛼˜ for a range of 𝜆𝑆 (marker
shape) and a range of 𝛿𝜆 (marker colour).)

Figure 5.A.6. Rupture of weak and strong bonds. For a single simulation Λ = 𝜆𝑆,fail − 𝑑ℓ aff is
plotted versus 𝜀. Every dot represents a broken sacrificial bond and the colour indicates if the
bond is strong (light grey) or weak (dark grey). In all panels h𝜆𝑆 i = 1.4 and 𝛿𝜆 = 0.250. (a)
𝜇 𝑀 /𝜇𝑆 = 0.1. (b) 𝜇 𝑀 /𝜇𝑆 = 0.4. (c) 𝜇 𝑀 /𝜇𝑆 = 0.8.
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List of symbols
Symbol

Description

𝐸

Stiffness, defined as 𝐸 = 𝑑𝜎/𝑑𝜖

𝐸0

Linear stiffness

𝐹rms

Tolerance, maximum root mean square force allowed in the system

Δℓ

Extension (or compression) of a spring with respect to its rest
length ℓ 0

𝑑ℓ aff

Bond extension expected based on affine deformation

𝐿

Lattice size, with 𝐿 × 𝐿 the number of nodes

𝑁

System size of the multi-spring model

𝑊𝑓

Work of extension

Δ𝛼

Distance from the brittle-to-ductile transition based on average
rupture forces

Δ 𝛼˜

Normalized distance from the brittle-to-ductile transition including the effect of disorder in the sacrificial rupture threshold

𝜖

Uniaxial strain

𝜖diff,max

Strain at which diffuse damage in the sacrificial network is maximal

𝜖𝑓

Failure strain

𝜖perc

Strain at which geometric percolation is lost in the sacrificial
network

𝜖soft

Softening strain

𝜖Λ,max

Strain at which the stress concentration indicator Λ is maximal

𝜆𝑀

Rupture threshold of elements in the matrix network

𝜆𝑆

Rupture threshold of elements in the sacrificial network

h𝜆𝑆 i

Mean rupture threshold of elements in the sacrificial network

𝜆∗𝑆

Rupture threshold at which the rupture force of a (matrixreinforced) sacrificial bond is equal to the rupture force of a
matrix bond

𝛿𝜆

Disorder, defined as the standard deviation in the rupture
threshold distribution of the sacrificial bonds

Λ

A measure for stress concentration around broken sacrificial bonds,
defined as the difference between the rupture threshold of a broken
sacrificial bond and the extension 𝑑ℓ aff expected based on affine
deformation

𝜇𝑀

Spring constant of elements in the matrix network

𝜇𝑆

Spring constant of elements in the sacrificial network
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𝜎

Stress

𝜎𝑓

Failure stress, stress at global failure

𝜙

Fraction of broken sacrificial bonds with respect to the number of
sacricial bonds in the undeformed network

𝜙𝑓

Fraction of broken sacrificial bonds at global system failure

𝜙diff

Diffuse damage, defined as the fraction of broken sacrificial bonds
that is not part of the largest crack

𝜙diff,f

Diffuse damage at global system failure

𝜙large

Fraction of broken sacrificial bonds that is part of the largest crack
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Chapter 6
Sharing the load: stress
redistribution governs fracture of
polymer double networks
The stress response of polymer double networks depends not only on the properties of the constituent
networks, but also on the interactions arising between them. Here we demonstrate, via coarse-grained
simulations, that both their global stress response and their microscopic fracture mechanics are
governed by load sharing through these inter-network interactions. By comparing our results with
affine predictions, where stress redistribution is by definition homogeneous, we show that stress
redistribution is highly inhomogeneous. In particular, the affine prediction overestimates the fraction
of broken chains by almost an order of magnitude. Furthermore, homogeneous stress distribution
predicts a single fracture process, while in our simulations fracture of sacrificial chains takes place
in two steps governed by load sharing within a network and between networks, respectively. Our
results thus provide a detailed microscopic picture of how inhomogeneous stress redistribution after
rupture of chains governs the fracture of polymer double networks.

Justin Tauber, Lorenzo Rovigatti, Simone Dussi & Jasper van der Gucht
“Sharing the load: stress redistribution governs fracture of polymer double networks”
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6 Stress redistribution governs fracture of polymer double networks

6.1

Introduction

By consecutively cross-linking two interpenetrating polymer networks, a composite
material is created which is commonly referred to as a (polymer) double network
(DN) 1,2 . In many DNs, the two underlying networks do not share any internetwork crosslinkers and are only topologically constrained at the chain-level 1,3 .
For this reason, DNs can be considered as a molecular composite 4 . DNs have
attracted considerable interest due to the significant enhancement in their (linear)
stiffness, strength, and fracture toughness compared to single networks (SNs) 1,4–8 .
For example, through this procedure hydrogels can be constructed that have a
mechanical response similar to that of an elastomer 9 .
Experiments reveal that stiff, strong, and tough DNs are created when the first
network, or sacrificial network, is stiff and weak, while the second network, or
matrix network, is soft and stretchable 9 . To make networks with these properties,
one can vary the type and concentration of monomers and crosslinkers in both
networks 8 . Additionally, these properties can be controlled by swelling the
sacrificial network either by introducing a molecular stent 3,10 or using the monomer
of the second network 2 . Experiments on a range of systems, varying from
elastomers 2,4 to macroscopic networks 11 , suggest that the mechanism through
which the enhancement occurs is surprisingly general: sharing of load between
the two networks via their topological constraints 12 .
The corresponding microscopic picture is that, due to the presence of the matrix
chains, the expansion of a (microscopic) crack in a DN requires considerably more
energy than in an SN 2,5–7,13 . As a consequence, fracture of sacrificial chains in
DNs is less likely to lead to the formation of macroscopic cracks and thus global
failure 14 . Instead, the load is transferred (partially) from the sacrificial network to
the matrix network surrounding the broken sacrificial polymer chain 4 . Thus, in a
DN more sacrificial chains can break prior to global failure compared to an SN.
As the intact sacrificial chains in these DNs can still resist deformation, the work
required for global failure of the material is increased significantly compared to the
individual networks. This concept has been termed the sacrificial bond principle 12
and is widely accepted as the main microscopic cause for the enhanced mechanical
properties in the fracture regime. This microscopic picture for accumulation of
damage is confirmed by experiments 2,13,15,16 and simulations 17 . However, despite
state-of-the art experimental techniques enabling the visualization of stress 18 ,
strain 19–21 and the accumulation of damage at the local level 2,4,22 , a thorough
understanding of how the microscopic processes affect the global material response
is still lacking.
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Several constitutive models have been put forward that provide a connection
between the evolution of damage and the global stress response of a DN 23–27 . These
models can be fitted to experimental data and are also used in the interpretation
of the output of mechanophores, i.e. molecular probes that report on the rupture
of bonds locally 18 . Some of these models 25–27 , referred to as statistical damage
mechanics models, predict the global response from the evolution of chain-stretch
with respect to an initial stretch distribution, assuming affine deformation and
breaking of over-stretched chains. As a result, the global mechanical response
of a DN predicted by these models is the sum of the responses of two (or more)
independent and affinely deforming networks. Effectively, these models assume
that (statistically or on average) the intra-network load distribution follows the
global deformation and that inter-network load redistribution is negligible at the
global level. However, in the case of DN mechanics these assumptions deserve
some scrutiny, because at first glance they seem to be incompatible with the
proposed DN toughening mechanism where inter-network load sharing plays an
essential role. In this work we investigate to what extent the microscopic process
of redistribution of load, both within and between networks, affects the global
mechanical response.
To this end, we perform coarse-grained simulations of polymer networks, where
load redistribution is intrinsically captured. To generate the DNs we replicate
a swelling procedure in silico which is commonly used to make both hydrogel
and elastomer DNs in experiment 2,3,10 . By deforming the networks we obtain
information on both the global stress response and the local stress, the local strain
and the accumulation of damage. We show that the in silico networks behave
in accordance with their experimental counterparts. Subsequently, we compare
these simulation results with the affine predictions for the global stress and local
damage response. From this comparison we find that in our simulations the
microscopic mechanism for damage accumulation differs significantly from the
affine approximation, with the affine prediction overestimating the fraction of
broken chains by almost an order of magnitude. Furthermore, we show that
the accumulation of damage occurs in two steps, one controlled by load sharing
within the sacrificial network and one by load sharing between the two networks.
Finally, we show that in our simulations load sharing causes an enhanced global
mechanical response, in contrast to the affine prediction. We conclude with a
discussion of the implications of our findings for the microscopic picture of fracture
in DNs and polymer networks in general.
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Figure 6.1. In silico double network generation. The sacrificial network is swollen from (a)

𝜆0 = 1.00 to (b) 𝜆 = 𝜆0 . In this example 𝜆0 = 2.00. (c) Monomers for the matrix are added at
random positions in the swollen sacrificial network such that the number density of the entire
system equals 𝜌. (d) The matrix is formed within the sacrificial network with the same crosslinking
procedure used for the sacrificial network, but with a lower crosslinker concentration.

6.2
6.2.1

Model and Methods
In silico synthesis of double network

The networks are formed by the self-assembly of binary mixtures of bifunctional
and tetrafunctional patchy particles as done in Refs. [28–30]. In order to build the
first network we simulate the binary mixture at a number density 𝜌init = 0.17. We
stop the simulation when most (> 99.9%) of the bonds have formed, after which
we remove the few clusters that are not attached to the largest one. No more
than 3% of the particles are removed at this stage. We take the resulting system,
locate all the chains, defined as clusters of bifunctional particles connecting the
crosslinkers, and add five monomers to each in order to make the system more
swellable (resulting in a number density 𝜌init,add = 0.33).
In order to swell the network in LAMMPS 31 , we convert the network of patchy
particles to a network of harmonic bonds and equilibrate the network in the NVT
ensemble for 10𝜏, with 𝜏 the unit of time in our simulations. Subsequently, we
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convert the harmonic bonds to quartic bonds and equilibrate the network in the
NPT ensemble for 100𝜏 such that the network settles at an equilibrium box size
𝐿box,0 . The resulting network is the sacrificial SN at 𝜆0 = 1.00 and number density
𝜌 = 0.15. This network is swollen isotropically (NVT ensemble) in steps of ∼ 0.1 %
strain such that the new box size is 𝐿box = 𝐿box,0 𝜆0 , providing the sacrificial SNs at
higher swelling ratios.
To form the corresponding DNs, we add matrix monomers, and subsequently
perform the same self-assembly procedure described above, with the difference
that this time the bifunctional and tetrafunctional particles are embedded in the
existing polymer network. After the assembly of the binary mixture completes we
once again remove the few disconnected clusters but this time we do not add any
additional monomers to the chains. The resulting DNs are NVT equilibrated in
LAMMPS first using harmonic bonds (for 10𝜏), then using quartic bonds (for 10𝜏).
Finally, the matrix SNs are obtained by removing the sacrificial network from the
DNs.
For all LAMMPS simulations the time step for integration 𝑑𝑡 = 0.001𝜏. For
simulations performed in the NVT ensemble the temperature is controlled via
a Nosé-Hoover thermostat and kept fixed at 𝑇 = 1.0 (in reduced units) with a
damping time 𝑡damp = 0.1𝜏 (100 time steps). In addition, for simulations performed
in the NPT ensemble the pressure is fixed at 𝑃 = 1.0 (in reduced units) and the
corresponding 𝑡damp = 1.0𝜏 (1000 time steps).
The interaction between the particles is described by the Weeks-ChandlerAndersen (WCA) potential, a truncated version of the Lennard-Jones potential,
𝑈(𝑅) = 4𝜖 LJ




𝜎LJ  12  𝜎LJ  6
−
𝑅
𝑅

𝑅 < 𝑅𝑐 ,

(6.1)

with 𝑅 the inter-particle distance, 𝜎LJ = 1.0 the particle diameter, 𝜖LJ = 1.0 the
depth of the potential well and 𝑅 𝑐 = 21/6 the cut-off distance, unless the particles
are connected by a bond, in that case the particle-particle interaction is described
by a quartic potential (𝐾 = 2351, 𝐵1 = −0.7425, 𝐵2 = 0.0, 𝑅 𝑐 = 1.5, 𝑈0 = 92.74467).
𝑈(𝑅) = 𝐾(𝑅−𝑅 𝑐 )2 (𝑅−𝑅 𝑐 −𝐵1 )(𝑅−𝑅 𝑐 −𝐵2 )+𝑈0 +4𝜖LJ




𝜎LJ  12  𝜎LJ  6
−
+𝜖LJ (6.2)
𝑅
𝑅

These parameters have been used previously to study polymer rupture 32 . The
quartic bonds break irreversibly if their extension exceeds 𝑅 𝑐 = 1.5. However, the
maximum force is already reached around an extension of 1.133 and the bonds
are expected to break even earlier, around an extension of 1.08, due to thermal
fluctuations (see Figure 6.A.6 for details). In some equilibration steps harmonic
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bonds are used instead of a quartic bond (𝐾 = 1000, 𝑅 0 = 0.96).
𝑈(𝑅) = 𝐾(𝑅 − 𝑅 0 )2

6.2.2

(6.3)

Extension protocol

The stress response is obtained by performing a continuous uniaxial extension at a
strain-rate 𝜖¤ = 1 × 10−4 , while keeping the volume of the simulation box constant
(lateral dimensions are reduced during extension). A similar procedure has been
followed in literature 33,34 . Decreasing the strain-rate by a factor 10 does not
significantly alter the mechanical response. The stress response 𝜎 is determined
from the virial stress excluding kinetic contributions, which are nevertheless
negligible. First, we calculate the deviatoric (true) stress as 𝜎𝑇 = 𝜎𝑖𝑖 − 𝜎hydr .
Subsequently, we convert this to the engineering stress 𝜎 = 𝜎𝑇 /𝜆. For every
configuration the deformation protocol is performed in the 𝑥, 𝑦, and 𝑧 direction
and the output is averaged. Data presented in the manuscript are averages over 4
configurations. If error bars are used, they indicate the standard deviations in the
values between these 4 configurations.

6.2.3

Analysis of chains

Polymer chains are defined as the set of particles in between crosslinkers, the
latter having connectivity different from 2. Some of the 𝑁chains in a network
are trivial dangling ends, i.e. one of the ends of the chain has functionality
of 1, and are indicated as 𝑁dang . We also identified (first-order) loops when
both chain ends share the same crosslinker, and we indicated these as 𝑁loops .
Both loops and dangling ends are expected to not contribute to the mechanical
response; therefore, in a first approximation, we can define the active chains as
𝑁act = 𝑁chains − 𝑁dang − 𝑁loops . We define the chain-length, 𝐿, as 𝑏 ∗ (𝑁beads − 1)
where 𝑏 = 0.96 is the rest length of the quartic bond and 𝑁beads the number of
particles in a polymer chain including the crosslinkers. We define the end-to-end
distance 𝑟 as the Euclidean distance between crosslinkers. To calculate 𝑟 prior to
deformation we use the average crosslinker positions from a simulation run of
10 000𝜏, where the crosslinker locations are saved every 50𝜏. For the calculation of
𝑟 during deformation the crosslinker positions are based on snapshots which are
saved every Δ𝜆 = 0.01. In both cases, coordinates are unwrapped to correct for
periodic boundary crossings and corrected with respect to their combined centre
of mass. We consider a polymer chain to be broken if one of the bonds inside
the chain breaks. Breaking of bonds is reported via a custom extension of the
LAMMPS code.
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6.2.4 Affine predictions
Affine predictions for 𝑟 𝑖 /𝐿 distributions and global stress are made based on the
time-averaged positions of chain-ends of active chains, i.e., crosslinkers. Based
on this configuration we can determine the average location of chain-ends after
affine deformation. From these positions we calculate the end-to-end distances of
all the polymer chains. Chains are considered broken if their chain-stretch exceeds
the maximum stretch of a quartic bond (1.08/𝑏 = 1.129). Broken chains are not
included in the distributions.
To predict the stress response we assume that the stress response of the single
polymers can be described as an extensible freely jointed chain (eFJC) 35 which
covers both entropic and enthalpic contributions. In this way we can obtain the
stress contribution of every polymer based on the location of the chain ends.
Combining the contributions of all active polymers, we get our prediction of the
virial stress tensor and thus the global response based on affine deformation.
To find the stress contribution of every polymer we rewrite the chain-stretch as
𝑟/𝐿 = 𝑟𝐿𝐿 𝜆𝑏 , where 𝑟𝐿 /𝐿 is the entropic chain-stretch and 𝜆b = 𝑅 b /𝑏 the enthalpic
stretch of a quartic bond. 𝜆b is found by numerically solving the force balance
𝑑𝑈quartic (𝜆b )
𝜆b
𝑑𝜆b

= 𝑘B 𝑇 𝜆b𝑟 𝐿 ℒ −1

𝑟
𝜆b 𝐿

according to Ref. [35], where ℒ −1 is the inverse

36
Langevin equation (we use the approximation
 by Puso ). Based on this value

we can calculate the force from 𝐹 =
units.

6.3

𝑘B 𝑇 −1
𝑏𝜆b ℒ

𝑟
𝜆b 𝐿

. Note that 𝑘B 𝑇 = 1.0 in reduced

Results and discussion

6.3.1 In silico preparation of DNs
We prepared our networks following the procedure of Refs. [28–30]. In particular,
the first network, or sacrificial network, is generated from 10 000 particles with
a number density 𝜌 = 0.15 (Figure 6.1(a)). The majority of these particles are
bifunctional and can only form linear chains. A fraction 𝑐 1 = 5 % of the particles
are tetrafunctional and can crosslink polymer chains. After network generation,
we swell the sacrificial network isotropically up to a swelling ratio 𝜆0 = 𝐿box /𝐿0,box
(Figure 6.1(b)), and we add particles for the second network, or matrix (Figure 6.1(c)).
The matrix is formed with a crosslinker fraction 𝑐2 = 1 % (Figure 6.1(d)). Because
𝑐2 < 𝑐1 the sacrificial polymer chains are shorter (h𝐿i = 10.9) than the matrix
chains (h𝐿i = 47.3) in line with the empirical design rules for creating tough
DNs 9 . The distribution in chain-lengths is exponential as expected for a random
polymerization process (see Section 6.A.2 for details). A detailed description of
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Figure 6.2. Mechanical response of SNs and DNs for a range of swelling ratios (see legends).
We plot the engineering stress 𝜎 versus the global stretch 𝜆 for (a) sacrificial SNs ( 𝑐 1 = 5%), (b)
Matrix SNs ( 𝑐 2 = 1%), and (c) DNs ( 𝑐 1 = 5%, 𝑐 2 = 1%). Note that the matrix SNs are generated
by removing the sacrificial chains from the DNs.

the procedure can be found in Section 6.2.1. We have chosen the parameters based
on a trade-off between experimental reality and feasibility of the simulations (see
Section 6.A.1 for details).
Note that our protocol for creating DNs differs from other simulation works in
several ways. Typically, polymer networks are formed by crosslinking pre-formed
chains of given length 17,34,37,38 , rather than using a random-polymerization-like
procedure as we do. Furthermore, we prepare DNs via sequential polymerizations,
that conceptually resemble the experimental protocols 2,3 , instead of the simultaneous assembly of both networks as previously done 17,37,38 . There are other
examples of in silico DNs generated by swelling. However, differently from our
procedure, either inter-network crosslinking is allowed 33 , or only the bonds of
crosslinkers are allowed to break 34 .

6.3.2

Mechanical response of in silico DNs

To obtain the mechanical response of our networks, we perform a uniaxial extension
at a constant strain-rate and a constant volume, i.e. we impose a Poisson ratio
𝜈 = 0.5. We do this for both the DNs and the stand-alone networks. To facilitate
comparison with experimental work, we plot the engineering stress 𝜎 which is
calculated by dividing the deviatoric (true) stress by the global stretch 𝜆 (see
Section 6.2.2 for details). All results are reported in reduced (Lennard-Jones) units.
Following one of the curves in Figure 6.2(a) (e.g. 𝜆0 = 1.00) we can identify four
mechanical regimes. After a short linear response at low strain (the linear elastic
regime), the network becomes strain-stiffening, as is expected for entropic springs,
around 𝜆 = 1.50 (the non-linear elastic regime). Subsequently, strain-softening
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starts from 𝜆 = 2.25, induced by breaking of chains, until the maximum strength
𝜎max of the sacrificial SN is reached at 𝜆 = 3.35 (the strain-softening regime). After
this point, the stress drops rapidly, indicating that significant damage is done to the
network, cracks start to propagate and the capability to carry load is lost (the crack
propagation regime). Swelling the networks (without adding the matrix), increases
the linear modulus (Figure 6.A.4) and decreases the onset of strain-stiffening, the
stretch at maximum strength and the maximum strength. All these effects can
be attributed to an increase in the average chain-stretch and are also observed in
experiment 4,10 . Note that at the largest swelling ratio 𝜆0 = 2.00 a few sacrificial
chains break already during the swelling procedure (∼ 0.5 % of all chains).
For the stand-alone matrix networks (matrix SN), obtained by removing the
sacrificial network, we find the same mechanical regimes as for the sacrificial
SN (Figure 6.2(b)). However, as on average the matrix chains are longer than
the sacrificial chains, the onset of strain stiffening and the maximum stress are
found at higher strains. Because the matrix networks are formed after the swelling
procedure, we do not find a significant shift in the onset of strain stiffening or
the strain at maximum strength with 𝜆0 . We do find a dependency of 𝜎max on
𝜆0 , which is caused by the increase in the matrix monomer density 𝜌2 with the
swelling ratio: 𝜌2 = 𝜌 − 𝜌1 = 𝜌(1 − 1/𝜆30 ).
The mechanical response of the DNs (Figure 6.2(c)) is clearly influenced by both
the sacrificial network, which dominates at low strain, and the matrix network,
which dominates at high strain. The loop in stress at intermediate strains marks
the transition between these two regimes. A similar transition is observed for
hydrogels and elastomers in experiments in the form of a plateau with a constant
stress after a certain yield point 4,10 . This plateau is caused by the separation of the
material into a soft and highly stretched region, in which many sacrificial bonds
are broken, and a stiff and weakly stretched region, in which the sacrificial network
is still intact, also referred to as necking. A force balance between these two regions
causes the stress to be constant. We do not observe a plateau here, because our
networks are too small to get a separation into a soft and a stiff region. In our
simulations the maximum strength of the material 𝜎max is determined by the stress
peak either before or after the loop, depending on 𝜆0 . We think this is indicative
of the brittle-to-ductile transition which is also a function of 𝜆0 in experiment 4 .
For small 𝜆0 , the first peak is highest, so that the network will fracture completely
once the stress exceeds 𝜎max , while for higher 𝜆0 , a coexistence between regions
of different 𝜆 is possible at a stress equal to the peak stress of the first network
(provided the network is large enough). The brittle-to-ductile transition would
then occur at the point where both peaks are of the same height.
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Figure 6.3. The initial stress response is controlled by the sacrificial network. (a) Rescaled
stress-strain curves of sacrificial SNs ( 𝑐 1 = 5%), with 𝜎cor = 𝜎𝜆20 and 𝜆cor = 𝜆𝜆0 . (b) Maximum
stress of sacrificial SN versus 1/𝜆20 , a proxy for areal strand density. (c) Rescaled stress-strain
curves of DNs ( 𝑐 1 = 5%, 𝑐 2 = 1%). (d) Rescaled stress-strain curves of the matrix SNs ( 𝑐 2 = 1%).

We already mentioned that the initial mechanical response of our DNs is
dominated by the sacrificial network. Experimental work on hydrogels and
swollen elastomers show similar results 4,39 and reveal that the experimental data
can be rescaled onto a single master curve based on the areal strand density of
the sacrificial network 4,10 . Figure 6.3 reveals that also our simulation data can
be collapsed on a master curve for both sacrificial SNs and DNs, confirming that
at least up to the first peak in stress the response is dominated by the sacrificial
network. The rescaling corrects for the increase in pre-stretch (𝜆cor = 𝜆𝜆0 ) and the
reduction in areal strand density in the sacrificial network (𝜎cor = 𝜎𝜆20 ) . The onset
of strain-stiffening in our rescaled curves occurs around 𝜆cor ≈ 1.5 and the peak
stress falls around 𝜆cor ≈ 3.0. The latter value is close
√ to the maximum extension
limit of our chains under ideal conditions (𝜆limit = 𝑁 = 3.37 with h𝑁i = 11.35).
The collapse for both DNs and sacrificial SNs shows that the maximum stress
at the first peak is determined by the strength of the sacrificial network, resulting
in the linear scaling between 𝜎max and 𝜆−2
shown in Figure 6.3(b). In experiment,
0
a similar scaling was found for the yield stress in ductile DNs 4 , implying that in
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experiment the yield stress is determined by the strength of the sacrificial network.
However, unlike our simulations this linear scaling is only found at high 𝜆0 . At
low 𝜆0 , the experimentally measured yield (or breaking) stress increases with 𝜆0 . 4
Our explanation for this experimental observation is that the fracture strength of
polymer networks is not only determined by the areal strand density, but also by
the presence of defects. Because stress concentrates around defects, their presence
can drastically reduce the global stress at which macroscopic cracks are formed
and global failure is induced. In DNs the effect of these defects in the sacrificial
network is mitigated, because the expansion of the defects into macroscopic cracks
is hampered by the matrix chains. An increase in 𝜆0 increases the volume fraction
of matrix chains and thus increases the screening effect. As a result, the yield
(or breaking) stress will increase with 𝜆0 as long as global failure is induced by
defects in the sacrificial network. Only at high 𝜆0 , when most defects are screened
by the matrix chains, the areal strand density will dominate the fracture response,
leading to the expected decrease in the yield stress with increasing 𝜆0 . In our
simulations we do not observe this sensitivity to defects, because our networks are
too small to contain defects that can dominate the fracture response.
On passing, we note that the post-peak response of the simulated networks is
more ductile than for experimental ones. This is a finite-size effect, also observed
in elastic spring networks 40 . In the remainder, we, therefore, focus on the prepeak behaviour, which we have shown to be consistent with the experimental
observations. Furthermore, we note that networks formed at a higher number
density of 𝜌 = 0.34 behave in a similar way to networks formed at 𝜌 = 0.15
(Figure 6.5).

6.3.3 Deviations from affine deformation
The goal of this work is to assess whether the process of inhomogeneous load
redistribution affects the global response and the process of damage accumulation
at the local level. To quantify this effect, we compare the results of our simulations,
where load sharing is intrinsically captured, with an affine prediction for the
response, which by definition does not take into account the interaction between
the networks. We make these affine predictions based on the evolution of the
distribution in end-to-end distances under affine deformation, similar to the
statistical damage mechanics models discussed earlier. We assume that the
polymers break at an average chain-stretch of 𝑟/𝐿 = 1.129, which corresponds to
the stretch where the activation barrier for bond rupture is equal to the thermal
energy 41 (see Figure 6.A.5 for details). Note that in our simulations for sacrificial
SNs chains break around 𝑟/𝐿 = 1.08. We attribute this lower value to the presence
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Figure 6.4. Fraction of broken chains 𝜙broken as a function of global stretch. The affine prediction
for 𝜙broken is indicated with the dashed lines. (a) 𝜙broken for sacrificial chains in the sacrificial SN
( 𝑐 1 = 5%) for a range of 𝜆0 as indicated in the legend. To illustrate the large difference between
the affine prediction and the simulations results, we plot the curves for the entire range of 𝜙broken
in the lower panel and for a smaller range in the upper panel. (b) 𝜙broken for sacrificial chains
in DNs ( 𝑐 1 = 5%, 𝑐 2 = 1%) for the same swelling ratios as (a). (c) 𝜙broken for matrix chains in
matrix SNs ( 𝑐 2 = 1%) for a range of 𝜆0 as indicated in the legend. (d) 𝜙broken of matrix chains in
DNs ( 𝑐 1 = 5%, 𝑐 2 = 1%) for the same swelling ratios as (c).

of topological constraints, which can lead to an underestimation of the chain
tension based on the end-to-end distance.
Damage accumulation
From the microscopic point of view, the main characteristic of the double network
response is the enhanced fracture of sacrificial chains. Indeed, we observe a
significant increase in the fraction of broken sacrificial chains 𝜙broken in the DN
(Figure 6.4(b)) compared to the SN (Fig 6.4(a)). The enhancement increases with
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𝜆0 , reaching up to a 100 % increase for 𝜆0 = 2.00. This observed enhancement is a
clear indication that in our simulations on DNs the sacrificial network interacts
with the matrix network.
Comparing the simulation data (solid lines) with the affine predictions (dashed
lines), we find that the affine prediction overestimates 𝜙broken by almost an order
of magnitude for both the sacrificial SN and sacrificial DN (see bottom panels in
Figure 6.4(a) and (b)). In the affine prediction, the behaviour of all chains in a single
network is considered to be independent, i.e., if a chain breaks, this has no effect
on the stress carried by the neighbouring chains. The significant overestimation
of 𝜙broken by the affine models, implies that in our simulation interactions at the
network level play an important role in the failure response. The simplest way to
introduce network structure into the affine model, would be to consider global
failure when percolation is lost. However, in such a simple model the fraction of
broken chains is still too high with respect to our simulations (𝜙broken ≈ 0.99) 42 .
In fact, the fraction of broken chains observed in our simulations is closer to the
fractions observed for failure of athermal elastic networks 40,43 , where the fracture
response is controlled by network rigidity 40,44–46 .
Going back to our simulation data we also find that the rate of chain failure
(the slope of the curves) drops significantly at the start of the transition regime in
the stress-strain curve for DNs (Figure 6.3(c)), implying that in a DN the fracture
of sacrificial chains takes place in two steps. This is in sharp contrast to the affine
prediction where the development of 𝜙broken is the same for both the sacrificial
SN and the sacrificial DN, due to the absence of interactions between the two
networks.
Combining these insights, we hypothesize that the two-step fracture mechanism
in our simulations is controlled by network interactions. The first step is controlled
by interaction within the sacrificial network, while the second step is controlled
by the topological constraints between the sacrificial network and the matrix. A
drop in the fracture rate has been observed experimentally for elastomers 4 and
also experiments on hydrogels identified more than one fracture regime 13 . Finally,
we note that in our simulations the rupture of matrix chains does not take place in
two steps, however, the fracture of matrix chains occurs earlier in DN networks
than in the matrix SN (Figure 6.4(c) and (d)).
Which chains are likely to break?
A next step in studying the microscopic fracture response is to ask whether we
can predict which chains will break. A good first guess would be that shorter
chains are likely to break at a lower global strain than longer ones, because for an
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Figure 6.5. Role of initial chain-stretch, or pre-stretch, in chain scission. (a) Chain pre-stretch
distribution at 0% strain for swollen sacrificial networks embedded in a matrix (blue) as well as
for matrix networks formed inside swollen sacrificial networks (red). The swelling ratios 𝜆0 are
indicated in the legend. In addition to the data for DNs (solid symbols) the pre-stretch distribution
of the sacrificial network prior to swelling (𝜆0 = 1.00) is shown (open symbols). Here the stretch
𝑟 𝑖 /𝐿 is the end-to-end distance in one direction divided by the contour length of the polymer. The
distributions in these plots are based on 𝑟 𝑖 /𝐿 in all three dimensions. (b) and (c) Average initial
chain-stretch along the direction of applied strain h𝑟 k,0% /𝐿i of broken chains as a function of
the global strain 𝜆 at chain rupture for (b) sacrificial DNs and (c) matrix DNs. The dashed lines
represent the affine prediction. In all plots the error bars indicate the standard deviation over 4
configurations.

√
√
ideal chain the average stretch at break scales as 𝑁𝑏/( 𝑁𝑏) = 𝑁. However, we
do not find this trend for the sacrificial network in either the simulations results
or the affine prediction (Figure 6.A.7). This is because in a network the average
end-to-end distance of a polymer is constrained by the connections with other
chains in the network. This results in a distribution in the average chain-stretch, or
pre-stretch, especially in disordered networks with a distribution in chain-length
and local connectivity. In Figure 6.5(a) we show the distribution in pre-stretch as
the distribution in 𝑟 𝑖 /𝐿, which is the end-to-end distance along one axis, divided
by the contour length 𝐿 of the polymer.
Considering this distribution in average pre-stretch we could hypothesize that
instead of the chain-length the chain-stretch at 0 % strain determines when a chain
will break, so that the sequence in which bonds break can be predicted from the
initial chain-stretch distribution. This is also assumed in the statistical damage
mechanics approach 25 . In Figure 6.5(b) and (c) we plot the average pre-stretch at
0% strain h𝑟 k,0% /𝐿i of broken chains as a function of the global stretch 𝜆 at which
the chains break including both the simulation results (solid lines) and the affine
prediction (dashed lines). For the sacrificial network we indeed find that at low
strains, the initial chain-stretch does scale with the global strain at break, just as for
the affine prediction. For SNs this is true for almost all broken chains (Figure 6.A.7).
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However, in DNs this correlation becomes weaker with an increasing 𝜆0 and for
high 𝜆0 the correlation even seems to be lost after the first peak stress (this point
also corresponds to the minimum in the chain rupture rate). This observation
indicates that up to the peak stress the breaking of chains is largely defined by the
configuration at 0% strain. i.e. network rearrangements do not affect the tension
on the chains that break before the peak. However, after this peak stress (the
start of the transition region in the DN) the initial structure no longer controls
which sacrificial chains break. As a consequence, the initial chain-stretch is not a
predictor of failure anymore and the interactions with the matrix (i.e. topological
constraints) dominate. This interpretation aligns with our hypothesis that network
fracture takes place in two steps.
Note that the initial chain-stretch distribution of the sacrificial networks is
determined by the structure of the network and the level of swelling 𝜆0 . In our
simulations the evolution of chain stretch with 𝜆0 is largely affine with respect to the
distribution at 𝜆0 = 1.00 (Figure 6.A.3). We also find that the initial chain-stretch
distribution of both the sacrificial and matrix networks are the same in the SN and
the DN, indicating that prior to deformation, interactions between the networks
are negligible. Note that for the matrix polymers we do find a correlation between
chain-length and breaking strain in both the simulations results and the affine
prediction; this is because there is a wider distribution in chain-lengths in the
matrix networks (Figure 6.A.2 and Figure 6.A.6).
Which chains do break?
The observation that the initial chain-stretch is predictive for when a bond breaks
over a large strain-range (Figure 6.5), similar to the affine prediction, is surprising
considering the enormous overestimation of broken chains by the affine approximation (Figure 6.4). To investigate what is going on, we plot the distribution of initial
chain-stretch for all the intact chains at a particular strain (Figure 6.6). We find
that although the initial chain-stretch is predictive for when a chain can break, this
does not mean that all chains with that initial chain-stretch will break. Actually,
only few of those chains break, which is in sharp contrast with the affine prediction
Figure 6.6(b). Our explanation is that in the first failure regime the deformation is
largely affine in the undamaged network, but once a polymer breaks, significant
stress-relaxation becomes possible via rearrangements at the local level.
Evolution of the pre-stretch distribution
The data on the accumulation of damage suggest that in our simulations inhomogeneous redistribution of stress is taking place both within single networks during
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Figure 6.6. Predictability of chain rupture based on initial average chain-stretch. (a) Distribution
in initial chain-stretch for all intact sacrificial chains in a DN at 𝜆0 = 1.75 at a maximum strain 𝜖 max .
The distributions are scaled by the fraction of intact chains with respect to the initial configuration
(b) Affine prediction for the sacrificial chains in the DN. (c) Distribution in initial chain-stretch for
all intact matrix chains in a DN at a maximum strain 𝜖 max . (d) Affine prediction for matrix chains
in a DN.

the first failure process and between networks during the second failure process.
By analysing the distribution in chain-stretch during deformation we can gain
information about the microscopic distribution of stress within the networks
and whether this is different in DNs compared to SNs. In particular, we look at
the distribution in end-to-end distances parallel to the axis of deformation 𝑟 k /𝐿
(Figure 6.7).
When the strain is increased from 𝜆 = 1.0 to 𝜆 = 1.2 for a network at 𝜆0 = 1.75
we see that the distribution for both the sacrificial SN and the sacrificial DN flattens,
in a similar way as expected for affine deformation (Figure 6.7(a2)). Around the
first peak stress at 𝜆 = 1.6 (Figure 6.7(a3)) we see an accumulation of chains that
are stretched up to their contour length (𝑟 k /𝐿 = 1.0) both in the sacrificial SN and
sacrificial DN. This behaviour is very different from the response expected based
on affine deformation, and is a clear sign of inhomogeneous redistribution of load
within the network.
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Figure 6.7. Evidence of network-network interaction based on stretch distribution. Comparison
of chain-stretch in a network (SN and DN) at different strains as indicated in the plot (𝜆0 = 1.75).
(a) The sacrificial network as stand-alone network (SN, blue) and as part of a DN (purple). (b)
Matrix network as a stand-alone network (SN, red) and as part of a DN (purple). For both panels
the affine prediction for the chain-stretch distribution is indicated in grey. The shading indicates
the standard error computed over the 4 configurations.
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At higher strains (𝜆 = 3.0 and 𝜆 = 4.0, Figure 6.7(a4) and (a5)) the behaviour
of sacrificial chains in the DN diverges from the behaviour in SNs. While the
sacrificial chains in the SN relax to a stretch below the initial chain-stretch and
remain there at higher strains, a large part of the sacrificial chains in the DN remain
close to their entropic stretching limit (𝑟 k /𝐿 = 1.0). At 𝜆 = 4.0 (Figure 6.7(a5)) the
number of chains at maximum extension increases again in the DN. Far beyond
the second peak in stress (𝜆 = 10.0) the sacrificial chains start to relax, as strongly
stretched chains rupture (not shown).
In the matrix network (Figure 6.7(b)) we see that initially the SN and DN behave
in the same way, but between a stretch of 𝜆 = 3 and 𝜆 = 4 we see that there are
more stretched chains in the DN compared to the SN, indicating that during the
transition regime an interaction between the two networks arises. These data
also match the shift in the stress response we have seen earlier for the matrix DN
compared to the matrix SN (Figure 6.2). Overall, it becomes clear that in our
simulations we find inhomogeneous stress redistribution at the network level at
low strains and inhomogeneous stress redistribution between networks at high
strains. These different processes for stress management explain the two distinct
failure regimes identified for the sacrificial chains in Figure 6.4.
Impact on global response
So far we have shown that the microscopic response of the networks is dominated
by processes of inhomogeneous stress redistribution, both within single networks
and between networks. With increasing strain, these microscopic processes deviate
further from the affine picture. The question that remains is: do these processes
only matter at the local level or do they also affect the global stress response? To
answer this question, we make a prediction for the stress response under affine
deformation, based on the pre-stretch distributions shown previously, assuming
that the resistance to deformation of a single chain can be described as an extensible
freely jointed chain (eFJC, see Section 6.2.4 for details). Although our short chains
are not expected to behave exactly as ideal chains, a cross-check of this method
with the simulation result reveals that this assumption still serves our purpose
(Figure 6.A.6).
Comparing the affine prediction with the simulation results, we find that in
the linear regime, the affine prediction agrees quite well with the simulations
at low swelling ratios (Figure 6.A.4). For the response at larger strains we look
at the networks for 𝜆0 = 1.75 in Figure 6.8. We immediately see that in the
affine prediction strain-stiffening sets in earlier both for the SNs and the DN. This
suggests that in the non-linear elastic regime network rearrangements reduce the

180

6.3 Results and discussion

Figure 6.8. The effect of load sharing on the global stress response. (a) and (b) Comparison of
the stress response from simulation with the affine prediction (𝜆0 = 1.75, 𝑐 1 = 5%, 𝑐 2 = 1%).
The stress response upon affine deformation is determined from the average crosslinker positions
at 0% strain, assuming that the stress carried by the polymer in between the crosslinkers can
be described as a freely-jointed chain with extensible quartic bonds (eFJC, see section 6.2.4
for details). (a) SN response of the sacrificial network (blue) and the matrix network (red) from
simulation (solid line), the affine prediction for the mechanical response (dotted line) and the affine
prediction considering polymers with 𝑟/𝐿 > 1.129 to be broken (dashed line). (b) DN response.
(c) Enhancement in measured stress in the DN 𝜎1+2,𝐷𝑁 /(𝜎1,𝑆𝑁 + 𝜎2,𝑆𝑁 ) with 𝜎1+2,𝐷𝑁 the
measured stress in the DN, 𝜎1,𝑆𝑁 the measured stress in the sacrificial SN and 𝜎2,𝑆𝑁 the
measured stress in the matrix SN. Swelling ratios are indicated in the legend. (d) Stress response
of the sacrificial network 𝜎1,𝐷𝑁 (blue) and the matrix network 𝜎2,𝐷𝑁 (red) embedded in the DN
at 𝜆0 = 1.75. For reference, we also plot the total stress response of the DN 𝜎1+2,𝐷𝑁 (purple).

tension on individual polymers. Even though the impact on the global stress is
significant, calculation of the non-affine parameter shows that in most cases these
rearrangements are relatively small in the non-linear elastic regime (Figure 6.A.8).
We find that the stress of the affine prediction quickly overshoots the simulation
response if bond breaking is not considered. If instead, we assume that chains
with a stretch larger than 1.129 break (light-coloured solid lines), we find an SN
response that is qualitatively similar to the simulation results. However, in the
affine case the onset of strain-softening occurs earlier, the maximum stress is higher,
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the strain at maximum stress is lower and the stress drop after the maximum stress
is smoother. These differences imply that inhomogeneous redistribution of load
within a network upon breaking of chains has a significant impact on the global
stress response. The picture is the same if we compare the affine prediction for the
behaviour of the DN with the simulation result. We note that the loop observed
in the affine case is less pronounced than in the simulations. We attribute this to
the broad distribution in chain-length which causes a relatively smooth decay of
the affine stress in the sacrificial network (Figure 6.8(a)) and the relatively small
difference in crosslinker density between the sacrificial network and the matrix.
We have found several indications from the microscopic response in our
simulations that interactions arise between the two networks if the strain is high
enough (Figure 6.4, Figure 6.5,Figure 6.7). To check if these network-network
interactions affect the global stress response we compare the stress of the DN
with the sum of the stresses for the individual SNs via the enhancement factor
𝜎1+2 /(𝜎1 + 𝜎2 ) (Figure 6.8(c)). We observe that significant enhancement starts
after a certain stretch and that the onset of enhancement decreases as a function
of 𝜆0 . The onset of enhancement seems to coincide with the peak strain of the
sacrificial SN. After the onset of enhancement, the enhancement factor increases
up to a factor of 8.0 at the peak. Also the location of this peak decreases as a
function of 𝜆0 . The enhancement peaks just after the end of the transition region.
If we plot the stress of the sacrificial network and the matrix network in the DN
(Figure 6.8(d)) we see that the enhancement in stress contains contributions of both
the sacrificial network and the matrix, further confirming that the enhancement is
caused by the interaction between the two networks. The second peak in stress
in the sacrificial DN response suggests that even after the yield stress, sacrificial
chains resist deformation. Indeed, we find that around this second peak in stress a
considerable fraction of the sacrificial chains is stretched up to their contour length
(Figure 6.7(a5)).

6.4

Concluding remarks

Our simulations confirm that in a DN, both the local and global response is
governed by sharing of load at the network level. Similar to experiments 4 , the
mechanical response and accumulation of damage at low strains is governed by
the sacrificial network even in the strain-softening regime. The behaviour at the
microscopic level reveals that upon deformation and damage accumulation stress
is redistributed inhomogenously within the network via small and local non-affine
rearrangements.
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After the yield stress, the mechanical response is controlled by both the
sacrificial network and the matrix network. The enhancement in broken chains
(Figure 6.4), the change in failure mechanism (Figure 6.5) and the altered stretch
distributions (Figure 6.7) reveal that both networks interact with each other through
their topological constraints, leading to large non-affine rearrangements at the
network level. These inter-network interactions cause an enhancement in the
fraction of broken sacrificial chains, in line with the sacrificial bond principle. At
the global level these interactions cause a significant enhancement in the stress
response of DNs compared to the SNs (Figure 6.8).
The comparison of our simulation data with affine predictions suggests that
for any polymer network (SN or DN) the inhomogeneous redistribution of load
through the network can be an important mechanism in the non-linear elastic and
fracture response. In the non-linear elastic regime, non-affine rearrangements
appear to be small. Therefore, we expect that in this regime the rearrangements are
mainly driven by the non-linear stress response of entropic springs in combination
with the disordered structure of the network. However, in the fracture regime
we find strong deviations from the affine prediction. In particular, we observe
that a significant fraction of the chains is stretched beyond their contour length
(Figure 6.7). Experiments on single polymer chains also reveal that extension
of polymer chains up to this limit is possible 41 . These data suggest that in the
fracture regime enthalpic stretching could play an important role in the behaviour
of networks prior to the propagation of a macroscopic crack.
Our simulations, provide predictions for the effect of load sharing on the
microscopic fracture response. Several of these predictions can be verified in
experiment. For example, the low fraction of broken chains (Figure 6.4) could
be investigated by quantification of the fraction of broken chains prior to crack
propagation by incorporating chain scission reporters in the network such as
dioxetane 2 or anthracene 47 . Our simulations also suggest that the distribution in
chain-stretch provides information on the (inhomogeneous) redistribution of load
within a network and between networks (Figure 6.5 and Figure 6.7). Although
tracking the evolution of the chain-stretch distribution would be a challenging
endeavour, experiments on FRET-based force-sensors show that this might be
possible experimentally 48 .
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6.A

Appendix

6.A.1 Parametrization of the coarse-grained networks
The input parameters for the network generation process are the particle number
density 𝜌, the number of particles
p3 𝑁1 , and the fraction of crosslinkers 𝑐1 . 𝜌 and 𝑁1
set the initial box size via 𝐿box = 𝑁1 /𝜌. Our choice for 𝑐 1 is inspired by elastomeric
double networks synthesized from polyethyl acrylate (PEA) 4 . For these networks
the fraction of crosslinkers 𝑐 cross is 1.45 mol % relative to the monomer. Because we
simulate coarse-grained networks, the particles in our simulation do not represent
a single monomer, but a Kuhn length 𝑏 (which typically encompasses several
monomers). To convert 𝑐cross to a 𝑐1 , we used the characteristic ratio 𝐶∞ as a
coarse-graining factor. Assuming the polymer behaves as a freely jointed chain,
𝐶∞ is equal to the number of monomers within a Kuhn length. For PEA 𝐶∞ = 9.67,
thus our particle represents 9.67 ethyl acrylate monomers 4 . Using this information
we can determine the crosslinker fraction as 𝑐 1 = 𝑐 cross 𝐶∞ , which for PEA gives a
crosslinker fraction of approximately 10%. Because such a high 𝑐 1 would result in
very short chains, we decided to set 𝑐 1 = 5 %.
The parameters for the second network are again inspired by experimental
data 4,10 . In our model the variables are 𝜆0 , 𝑁2 and 𝑐 2 . Because in elastomeric
double networks, the sacrificial network is swollen with matrix monomers, 𝑁2
is coupled to 𝑁1 and 𝜆0 . Considering that in an elastomer the monomer density
remains constant we can write expressions for the density of the initial network
𝑁1
𝑁2
𝜌 = 𝜌1,init = 𝑁𝑉1 and the swollen network 𝜌 = 𝜌1+2,new = 𝑉𝜆
, with 𝑉 the
3 +
𝑉𝜆3
0

0

volume of the system. By equating these expressions, we find that the ratio
between 𝑁2 and 𝑁1 can be written as 𝑁2 /𝑁1 = 𝜆30 − 1. Plotting this relation
together with experimental data on 𝜆0 in Figure 6.A.1, we find that this relation
approximates the experimental situation for double network elastomers. Although
swelling in double network hydrogels can be controlled independently of the
monomer concentration, we do observe in at least one article on hydrogels 10 that
𝑁2 /𝑁1 ≈ 𝜆30 − 1.
The fraction of crosslinkers in the second network relative to the number of
matrix monomers 𝑐 cross,2 is typically a lot lower than in the sacrificial network.
For example, in elastomers 𝑐cross,2 = 0.01 mol %, which would lead to a 𝑐 2 =
𝑐 cross,2 𝐶∞ ≈ 0.1 %. For our system size it would be improbable to get a percolating
second network under those conditions. Therefore, we opt for a 𝑐 2 of 1 %.
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6.A.2 Chain length distribution
Just like in hydrogels 3 and elastomers 2 the polymer chains in our in silico networks
have a distribution in chain-length and pre-stretch. Our in silico networks show
an exponential distribution in chain length (Figure 6.A.2) for both the sacrificial
network and the matrix. This is in accordance with earlier works 28,29 where
it is demonstrated that the chain-length distribution follows asymptotic Flory
statistics 29 as indicated by the grey lines.
Specifically, we create a network from 𝑛mon = 𝑛 𝐴+𝐵 monomers, of which 𝑛 𝐴
monomers and 𝑛 𝐵 = 𝑛mon 𝑐 x-link crosslinker. The crosslinkers have a functionality
𝑓𝐵 . If all crosslinkers are used efficiently the number of chain ends 𝑛 𝑒 = 𝑓𝐵 𝑛 𝐵
and thus we also know that the number of chains 𝑛 𝑐 = 𝑓𝐵 𝑛 𝐵 /2 as all chains have
two chain ends. The minimum number of particles in a chain 𝑛min is set by two
factors. (i) crosslinkers (B) can only form bonds with monomers (A) such that
the smallest chain will always include two crosslinkers and one monomer. (ii)
we can add additional particles 𝑛add to every chain after network formation to
increase the minimum chain length. If 𝑛add > 0 we first form a network with
𝑛 𝐴+𝐵,init = 𝑛 𝐴+𝐵 − 𝑛add 𝑛 𝑐 and 𝑛 𝐴 = 𝑛 𝐴+𝐵,init − 𝑛 𝐵 . Please note that the segment
length of the polymer 𝑁 = 𝑙 − 1 with 𝑙 the number of particles in a chain. The
asympt
number of chains of a certain segment length 𝑛 𝑁
in this system can be described
29
according to an asymptotic Flory description .
asympt
𝑛𝑁

= 𝑛𝐴



𝑝𝐵
𝑝𝐴

2 

𝑝𝐴 − 𝑝𝐵
𝑝𝐴

 𝑁−𝑛add −2
(6.4)

Here 𝑝 𝐴 = 2𝑛 𝐴 /(2𝑛 𝐴 + 𝑓𝐵 𝑛 𝐵 ) and 𝑝 𝐵 = 1 − 𝑝 𝐴 . To get the probability distribution
function for chain length, we can write
asympt

𝑃asympt 𝑁; 𝑛mon , 𝑐x-link , 𝑓𝐵 , 𝑛add =



𝑛𝑁

𝑛𝑐

(6.5)
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Figure 6.A.1. Fraction of matrix network monomers with respect to sacrificial network monomers
as a function of 𝜆0 . The plot show the fractions for experiments on elastomers 4 and on hydrogels 10 .
The orange line is our approximation 𝑁2 /𝑁1 ≈ (𝜆0 )3 − 1.

Figure 6.A.2. Chain length distribution within the sacrificial network (blue) and within the matrix
networks (red) (𝜌 = 0.15, 𝑐 1 = 5%, 𝑐 2 = 1%). Error bars indicate the standard deviation over 4
configurations. The grey lines indicate the distribution in chain length as expected from asymptotic
Flory statistics 29 .
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Figure 6.A.3. Evolution of pre-stretch during the swelling procedure. The response to swelling is
largely affine. (a) Rescaling of the average chain-stretch distribution of sacrificial chains prior to
deformation for SNs (open symbols) and DNs (solid symbols). In addition we show the rescaling
of the affine prediction for the average chain-stretch distribution based on affine swelling with
respect to the 𝜆0 = 1.00 configuration (grey lines). As expected almost all affine predictions
collapse on the pre-stretch distribution at 𝜆0 = 1.00. Only the affine prediction for 𝜆0 = 2.00 does
not collapse, due to rupture of polymer chains. (b) Comparison between the average stretch
distribution 𝑟 𝑖 /𝐿 at 0 % strain obtained from simulation (closed faced circles) and from affine
swelling with respect to the average positions at 𝜆0 = 1.00 (open-faced circles). For 𝜆0 = 2.00
we also show the distribution for affine swelling where polymers that exceed 𝑟/𝐿 = 1.129 are
considered broken (grey faced diamonds).
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Figure 6.A.4. Enhancement in Young’s modulus and peak strength as a function of 𝜆0 . (a)
Young’s modulus for sacrificial SN (blue), matrix SN (red), and DN (purple) versus the swelling
ratio. Including simulation results (closed symbols) and affine predictions (open symbols). Error
bars indicate the standard deviation over 4 configurations. To measure Young’s modulus in
simulation, we apply a step strain protocol. The uniaxial strain is increased in steps (Δ𝜆 = 0.005)
at a strain rate 𝜖¤ = 1 × 10−4 . Between the strain steps no deformation is applied and the system
is equilibrated for 10 000𝜏 (stress is reported every 1𝜏). At each strain step the average stress is
calculated based on the final 9500𝜏 of each step. We calculate the modulus as the slope of a
linear fit to the average stress at 𝜆 = {1.0, 1.005, 1.01}. For each configuration the modulus is
calculated for deformation in the 𝑥 , 𝑦 and 𝑧 direction and averaged. (b) Enhancement in 𝐸 𝑦 of
DNs with respect to SNs for simulations (purple) and affine prediction (grey). (c) Maximum stress
𝜎max for sacrificial SN (blue), matrix SN (red), and DN (purple) versus the swelling ratio. Including
simulation results (closed symbols) and affine predictions (open symbols). Error bars indicate the
standard deviation over 4 configurations. (d) Enhancement in 𝜎max of DNs with respect to SNs
for simulations (purple) and affine prediction (grey). For this panel the 𝜎 values of the SNs are
obtained at the strain at maximum stress of the DN.
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Figure 6.A.5. Mechanical response of networks formed at 𝜌 = 0.34 ( 𝑐 1 = 5%, 𝑐 2 = 1%), instead
of 𝜌 = 0.15 as shown in the main text. Qualitatively similar conclusions can be drawn also in this
case. However, we noticed that higher density networks at 𝑐 1 = 5 % accumulate a significant
amount of damage if they are swollen beyond 𝜆0 = 1.25. Data are averaged over 4 configurations.
For every configuration simulations are performed by uniaxial extension in the 𝑥 , 𝑦 and 𝑧 direction
and the response is averaged. (a) Stress-strain response for the sacrificial SNs. (b) Stress-strain
response for the matrix SNs. (c) Stress-strain response for the DNs. (d) Rescaled DN data.
(e) fraction of broken sacrificial chains in simulations on DNs and in the corresponding affine
predictions. (f) Average initial pre-stretch of broken sacrificial chains as a function of the global
strain for simulations on DNs.
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Figure 6.A.6. Estimation of the stress-strain response by mapping the end-to-end distances on
extensible freely jointed chains (eFJC). Although our short chains are not expected to behave
exactly as ideal chains, our eFJC estimation agrees well with the simulation results. (a) Quartic
potential used in our simulations (black), quartic potential with coupled work due to tension
𝑈tension (𝑅) = 𝑈(𝑅) − 𝐹 × (𝑅 − 𝑅 𝑅 ) (red). With 𝑅 𝑅 the rest length under tension (solid grey line).
At 𝐹 = 226.45 the energy barrier to bond rupture is 1.00 (in reduced units). (b) and (c) Comparison
of the stress-strain response in simulation (blue) and the eFJC estimation (black). Data is shown
for a single configuration and deformation along the 𝑥 -axis. (b) SN response (𝜆0 = 1.50, 𝜌 = 0.15,
𝑐 1 = 5%) (c) DN response (𝜆0 = 1.50, 𝜌 = 0.15, 𝑐 1 = 5%, 𝑐 2 = 1%). (d) For the DN the
eFJC approach (slightly) underestimates the stress response, because the end-to-end distance
underestimates the tension in chains that are affected by topological constraints. This effect
is most prominent for matrix chains, as can be seen in this panel for a network at 𝜆0 = 1.75
(𝜌 = 0.15, 𝑐 1 = 5%, 𝑐 2 = 1%). If we only plot the contribution of the matrix chains to the global
stress in a DN, we clearly see that the eFJC estimation (black) underestimates the stress response
(red). We also observe that in the matrix SN the difference between the stress response (red)
and the eFJC estimation (grey) is smaller, suggesting that the difference in DNs is mainly caused
by inter-network constraints.
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Figure 6.A.7. (a) and (b) Average length of broken chains as a function of global strain found in
simulation (solid lines) and according to the affine prediction (dashed lines). (a) Sacrificial chains
in DN networks. (b) Matrix chains in DN networks. (c) and (d) Average initial pre-stretch of broken
chains as a function of the global strain at break found in simulation (solid lines) and according to
the affine prediction (dashed lines). (c) Sacrificial chains in SN networks. (d) Matrix chains in SN
networks.
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Figure 6.A.8. Effect of 𝜆0 and uniaxial strain on thermal and non-affine fluctuations of crosslinkers.
With 𝜆0 the size of the thermal fluctuation in the sacrificial network decreases, while the size
of the non-affine rearrangements increases. A large part of the non-affine response is either
dominated by thermal fluctuations or by rupture of polymer chains. We determine the size of
these fluctuations from the crosslinker positions obtained during a step-strain protocol where
every strain step (Δ𝜆 = 0.05) the system is equilibrated for 10 000𝜏 and crosslinker positions
are reported every 50𝜏. Only crosslinkers that are part of the largest percolating cluster are
considered. The particle positions in each snapshot are unwrapped and corrected for the centre
of mass (only considering the crosslinkers). Using these coordinates we can calculate the
average positionpof every crosslinker hri and the size of the thermal fluctuations around this
position 𝑑𝑟 = h (r − hri)2 i as a function of strain. In the following plots the marker shape
indicates different regimes: around squares the non-affine fluctuations are smaller than the
thermal fluctuations, circles represent the elastic regime, and around stars breaking of chains has
started. (a) Size of the thermal fluctuations in the sacrificial SNs (open symbols and sacrificial
DN (closed symbols) (b) Size of the thermal fluctuations in matrix DNs. (c) and (d) Non-affinity
parameter Γ = h(u − uaff )2 i/(𝜖 2 𝜎 2 ). With u the displacement vector of the average crosslinker
position hri with respect to 𝜆 = 1.00 and uaff the displacement vector under affine conditions. (c)
Γ for the sacrificial SNs (open symbols) and sacrificial DN (closed symbols) (d) Γ for matrix DNs.
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List of symbols
Symbol

Description

𝑏

Polymer segment length or Kuhn length, here defined as the rest
length of a quartic bond

𝑐cross

Crosslinker fraction in an experimental system

𝑐1

Crosslinker fraction in the sacrificial network

𝑐2

Crosslinker fraction in the matrix network

𝐶∞

Characteristic ratio

𝐸𝑦

Young’s modulus

𝐹

Force

𝑘B

Boltzmann constant

𝐿

Polymer contour length

𝐿box

Size of the simulation box

𝐿box,0

Size of the simulation box after NPT-equilibration

ℒ −1

Inverse Langevin equation

𝑁1

Number of sacrificial particles or monomers

𝑁2

Number of matrix particles or monomers

𝑁beads

Number of particles in a polymer chain, including the crosslinkers

𝑁chain

Total number of polymer chains in the system

𝑁dang

Number of polymer chains with a dangling end

𝑁loops

Number of chains polymer chains that start and end at the same
particle

𝑡damp

Damping time of the Nosé-Hoover thermostat

𝑑𝑡

Integration time step

𝑈

Potential energy

𝑟

Distance between polymer ends

𝑟𝑖

Distance between polymer ends along the 𝑖-th axis

𝑟k

Distance between polymer ends along the axis of deformation

𝑟 k,0%

Distance between polymer ends along the axis of deformation
prior to deformation

𝑟𝐿

Corrected distance between polymer ends in the eFJC model, so
that 𝑟𝐿 /𝐿 can be defined as the entropic chain stretch

𝑑𝑟

Root mean square size of thermal fluctuations of the nodes

𝑅

Interparticle distance

𝑅𝑐

Cut-off distance for the interaction potential
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𝑅0

Rest length of a harmonic spring

𝑉

Volume of the simulation box

Γ

Non-affinity parameter

𝜖¤

Strain rate

𝜖LJ

Lennard-Jones unit for energy

𝜖max

Maximum extension experienced by the network

𝜆

Stretch, defined as the system size along the axis of deformation
divided by the initial system size

𝜆0

Swelling ratio, defined as the the size of a swollen sacrificial
network divided by the size of the unswollen sacrificial network

𝜆𝑏

Enthalpic stretch of a quartic bond following the eFJC model

𝜆cor

Corrected stretch, taking into account the pre-stretch on sacrificial
chains due to swelling

𝜆limit

Maximum extension limit of a freely jointed chain under ideal
conditions

𝜈

Poisson ratio

𝜌

Number density of particles within the simulation box

𝜌1

Number density of sacrificial particles within the simulation box

𝜌2

Number density of matrix particles within the simulation box

𝜌init

Number density of patchy particles prior to network formation

𝜌init,add

Number density of patchy particles in the system after adding
monomers to each self-assembled polymer chain

𝜎

Engineering stress

𝜎1 , 𝜎2 , 𝜎1+2

Stress carried by the sacrificial network, the matrix network and
the double network. Sometimes SN or DN is added to subscript to
clarify whether we are considering the response of a stand-alone
network or a network that is part of a double network

𝜎cor

Corrected stress, taking into account the decrease in sacrificial
areal chain density with swelling

𝜎max

Strength, defined as the maximum engineering stress that can be
carried by the network

𝜎𝐿𝐽

Lennard-Jones unit for distance

𝜎𝑇

Deviatoric true stress

𝜎hydr

Hydrostatic component of the true stress

𝜏

Unit of time in the simulation

𝜙broken

Fraction of broken polymer chains with respect to the number of
intact polymers prior to deformation
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𝜙intact

Fraction of intact polymer chains with respect to the number of
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General discussion

7 General discussion
In this thesis, we explored how soft network materials deal with stress at the
microscopic level using a range of coarse-grained network models. We showed
that the combination of large extensibility and network disorder, characteristic
of soft network materials, dominates both the elastic and the fracture response.
In particular, large non-affine rearrangements occur in the network, resulting
in a heterogeneous stress distribution. These non-affine rearrangements are of
special interest in composite materials, where additional (inter-network) elastic
interactions arise from these non-affine rearrangements, leading to a synergistic
mechanical response. Despite the variety of our models, we did come across
several general trends in their elastic and fracture response, suggesting that also
the mechanical response of a wide range of soft network materials, from polymer
networks to biological fibre networks to macroscopic networks, can be understood
in a general sense.
In Section 7.1.1 we paint a mesoscopic picture of the elastic and fracture
response of soft network materials based on the minimal central-force elastic
model introduced in Chapter 2. We sketch out future directions for this model in
Section 7.1.2 and propose a phase diagram for the fracture response of soft network
materials inspired by models for the fracture of stiff heterogeneous materials. Next,
we investigate to what extent this minimal description applies to real soft network
materials. Additional physical phenomena such as stabilizing fields are considered
in Section 7.1.3, additional fracture mechanisms in Section 7.1.4, and inter-network
interactions in Section 7.1.5. Realizing the dynamic nature of biological materials
and the ever growing interest in transient or self-healing network materials, we
introduce a strategy to investigate fracture problems where time is essential in
Section 7.2. Subsequently, we discuss whether it is possible to bridge the gap that
exists between the mesoscopic picture of fracture in soft network materials and
the continuum elastic description of fracture in Section 7.3. Finally, we provide an
outlook on the study of fracture in material science and biology in Section 7.4.

7.1

7.1.1

A mesoscopic picture of elasticity and fracture in soft network
materials
Damage accumulation in subisostatic networks

The point of view in all the research presented in this thesis is that the mechanical
response of a material emerges from the structure of the network and nonaffine rearrangements at the microscopic level. To capture this microscopic
response, we studied an athermal central-force elastic model as a highly coarsegrained representation of soft network materials (see Chapter 2 for details). Below
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Figure 7.1. The microscopic fracture process in soft network materials. (a) In the global stress
versus strain response of subisostatic networks we observe four regimes: linear elastic (I),
strain-stiffening (II), strain-softening (III) and stress-drop (IV). Athermal subisostatic central-force
networks are completely floppy in regime I (black line). If a stabilizing field is included we do
observe a stress response (orange line). (b) The development of force chains after the critical
strain 𝜖 𝑐 leads to an inhomogeneous distribution in stress as indicated by the width of the lines.
(c) The microscopic damage response is rigidity dependent. Here we plot the broken bonds with
respect to their location in the initial network structure. We distinguish between bonds that break
before (red) and after (black) the peak stress. We observe diffuse damage prior to the peak stress,
which is maximal for networks around the isostatic point. The shape of the cracks emerging after
the peak is more irregular at lower 𝑝 .

we will review the non-linear elasticity and fracture of soft network materials,
encompassing elastomers, hydrogels, fibre networks and macroscopic networks,
from the view point of this model and present the central-force spring network as
a framework for understanding fracture in soft network materials.
Virtually all soft network materials are subisostatic networks.
Our first assumption in constructing this framework is that virtually any soft
network material is subisostatic. This means that the connectivity is so low that
based on only central-force interaction the network is not rigid as explained
in Chapter 2 (Section 2.3.1). At small deformation stretching of bonds can be
prevented by local (non-affine) rearrangements of the network. Only at a critical
strain 𝜖 𝑐 the network acquires rigidity (i.e. becomes resistant to deformation).
Beyond this critical strain the network strain-stiffens drastically, due to stretching of
bonds 1 . Thus, if we assume that bond scission only occurs after over-stretching of
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bonds, we only expect fracture to occur after this critical strain as demonstrated for
minimal network models in literature 2 and in Chapter 2. In principle, this critical
strain is only controlled by the structure of the network. Note that in reality most
networks are rigid below this critical strain due to stabilizing fields (see regime I in
Figure 7.1), we will come back to this in section 7.1.3.
As the critical strain presents a theoretical lower limit for the occurence of
fracture, it would be great if we could estimate this value for real soft network
materials. Unfortunatly, there is currently no way to determine an exact value for
the critical strain itself based on just a few network structure descriptors, even
though the scaling of the (non-)linear elastic response around the critical strain
has been found to be surprisingly universal 1,3–6 . For now, if a detailed structure of
the network material of interest is known, for example from microscopy on fibre
networks, an athermal simulation on a coarse-grained description of the networks
does allow an estimation of this critical strain. The question is: What is the
appropriate coarse-grained description of such a network material? For athermal
fibre networks, this is straightforward: all the material in between crosslinks can
be mapped to a (linear) spring with rest length 𝑙0 = 𝑙 𝑐 . However, for (semi-)flexible
polymers the contour length of the polymer in between crosslinks is typically
longer than 𝑙 𝑐 . To correctly estimate the athermal critical strain, this contour length
should be captured, for example by introducing multiple segments in between
crosslinks with a total length equal to the contour length. In the case of flexible
polymers (𝑙 𝑝  𝐿contour ) these segments could represent the Kuhn length 𝑏 (similar
to the networks in Chapter 6). Alternatively a rope-like spring could be introduced
which only resists extension with 𝑙0 = 𝐿contour . 7
The stress distribution in subisostatic networks is heterogeneous beyond the
critical strain.
In any network material that only starts to break after this athermal critical strain,
fracture will be dominated by enthalpic stretching. When stretching these networks
beyond their critical strain, a highly inhomogeneous (exponential) distribution in
stress arises at the level of bonds as we have observed in Chapter 2 (Section 2.3.1)
and Chapter 3 (Section 3.3.6). Furthermore, we think that the peak in the stretch
distribution of the polymer chains in Chapter 6 (Figure 6.7) is a reflection of this
exponential distribution at the bond level. This emerging distribution is associated
with the development of force chains, paths where stress concentrates within the
network, similar to the structures observed in granular packings 8–11 . Judging from
the images in Figure 7.1(b) these force chains are connected to each other, therefore,
it might be more accurate to call these structures force networks. With an increase
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in strain, more bonds get stretched, resulting in distinct strain-stiffening at the
global level and a wider stretch distribution at the network level. In Chapter 3
(Figure 3.8) we showed that the evolution of this distribution can be quantified by
following its higher moments. In particular, we found that the skewness and the
kurtosis grow prior to fracture. A similar trend was found for the chain stretch
distributions in Chapter 6 (not shown). As stretch distributions are measurable
in simulations and in some experiments, these provide a great opportunity for
experimental verification of inhomogeneous stress.
Stress redistribution at the network level rather than stress concentration controls damage accumulation prior to the peak stress.
So far we have looked into the reversibly elastic response of soft network materials
(regime II in Figure 7.1(a)). We can also study their fracture response (regime
III and IV in Figure 7.1(a)) from the perspective of our athermal central-force
elastic model, if we assume that individual bonds break in a brittle fashion if
they exceed a rupture threshold 𝜆. For experimental systems 𝜆 can be estimated
from experiment 12,13 or theory 14 . Note that for polymer networks we proposed
to coarse-grain up to the Kuhn length. In that case, 𝜆 is the relative extension
of the atomistic bonds (covalent or non-covalent) in the polymer backbone and
not the extensibility of the polymer chains with respect to their rest length. This
approach allows a prediction for the (athermal) fracture strength of any network.
Because the estimated athermal fracture strength considers damage accumulation
in the strain-softening regime and the inhomogeneous distribution of stress, this
prediction would be more accurate than an estimate of strength based on the areal
strand density, which has been used previously for polymer networks 15,16 . In
addition, this analysis provides an estimation for the extensibility via the fracture
strain 𝜖 𝑝 .
Our simulations in Chapter 2 (Figure 2.8) and Chapter 3 (Figure 3.7) indicate
that the peak stress and the peak strain depend on network size. However, the
fracture response up to the peak stress is barely affected by the size of the system.
Therefore, our central-force elastic network models seem to be ideally suited to
study the accumulation of damage in soft network materials prior to the nucleation
and propagation of cracks (see Section 7.1.2 for a discussion on nucleation and
propagation). During the strain-softening regime we see a surprising development
in the stretch distribution. At the first point of bond breakage the kurtosis and
skewness sharply decrease, until a minimum is reached that coincides exactly
with the peak stress. This is in contrast to the affine behaviour of the networks
described in Chapter 6, where the higher moments keep increasing in the fracture
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regime (not shown). This behaviour reveals that the accumulation of damage has
a strong influence on the distribution of stress within the network and suggests
that redistribution of stress after bond rupture plays an important role.
For subisostatic networks the damage pattern up to the peak stress is highly
diffuse (Figure 7.1(a)) and spreads throughout the entire network, similar to
observations for elastomers 16 . Since diffuse damage takes place in the bulk of
the material it can have a significant impact on the global response. In particular,
the diffuse damage allows the dissipation of elastic energy as demonstrated by
the Mullins effect in double networks 17 . The diffuse character of the damage
pattern suggests that stress concentration around some sort of defect does not play
a significant role in most of the strain-softening regime of subisostatic athermal
networks and that instead the emerging force networks control where bonds
break. Diffuse damage is also observed for hyperstatic spring networks with
a very broad distribution in 𝜆. For those networks the damage evolution is
completely uncorrelated in the initial stage 18 , however, because in our case 𝜆 is the
same for each element and the network structure controls where the force chains
occur, we can not rule out that some spatial or temporal correlation exists in our
central-force elastic model. A study of the evolution in the accumulated damage
and in the void size distribution (see Chapter 5 for an example), could provide
further confirmation that stress concentration does not play a major role in the
strain-softening regime. A connected question is whether damage accumulation
does become (strongly) correlated close to the peak stress, shifting from diffuse
damage to crack nucleation. If so, this would provide insight in the origin of crack
nucleation and allow forecasting of the transition from regime III to regime IV, i.e.
the point where a material can no longer carry additional stress.

7.1.2

Future questions regarding the central-force elastic model

Even though the central-force elastic model presented above is a highly simplified
representation of soft network materials, we have shown that it can be used as an
effective tool to study and understand their fracture response. However, there are
still several open questions regarding the microscopic fracture mechanism in this
model, especially beyond the peak strain. A further exploration of this model is
required to answer these questions.
Network topology and force networks
The scaling of fracture properties with network connectivity shows there is a strong
relation between the structure of a network and how it breaks. One particular
question that is asked in literature is whether the location of damage can be
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forecasted based on the network topology. In Ref. [19] it has been demonstrated
that a purely topological measure, the geodesic edge betweenness centrality, is
a good predictor for bond fracture in subisostatic, but very stiff, networks. This
method is based on the detection of shortest paths in the network, the set of
shortest paths that connect any possible combination of two nodes. Geodesic edge
betweenness centrality measures how often a bond in the network is visited by
these shortest paths in the network. Ref. [19] shows that a bond that is part of many
shortest paths is more likely to fail. In order to get a structural understanding of
how fracture is controlled it would be interesting to test the predictive power of
geodesic edge betweenness centrality for the central-force elastic model, especially
for highly deformable networks.
However, we expect that an even better understanding of the fracture response
can be obtained by studying the structure of the force network. In the centralforce elastic model the fracture of bonds is preceded by the emergence of force
networks. By eye there does not seem to be a one-to-one correspondence between
the structure of these force networks and the distribution of voids in the diluted
network, especially below the isostatic point. It, therefore, seems likely that in
diluted spring networks the accumulation of damage and the approach to the
peak stress is controlled by the evolution of the force networks instead of the
initial distribution and evolution of voids in the network. In order to test this
hypothesis it would be helpful to identify force networks and quantify their
structure. One straightforward method, also used for granular packings, is to
analyze the distribution in the bond tensions that we find after energy minimization
at a particular strain 9 or by analyzing the structure of connected bonds above a
certain force threshold 10 . Another possible route is the identification of states of
self-stress. Each state of self stress represents a set of bond tensions that results in
mechanical equilibrium (i.e. the sum of forces at each node is zero). For granular
packings it is argued that the force chains are linear combinations of these states of
self-stress 20,21 . Just looking at the number of states of self-stress as a function of
stress can already be insightful. In Ref. [22] it was demonstrated that in a Mikado
network the onset of rigidity (i.e. at the critical strain) a single state-of-self stress
emerges that is responsible for the rigidity transition. This observation could be
very relevant in terms of fracture, because for a sufficiently small 𝜆, rupture of
the first bond will be controlled by this emerging state of self-stress. What is not
known is what happens after the bond breaks. Are entirely new states of self-stress
formed, or does it remain very similar to the old state? How do states of self-stress
develop towards the peak stress? Is it possible that at high thresholds there are
multiple states of self-stress? Studying the evolution of the states of self-stress
could thus be used to study the strong 𝜆-dependence around the isostatic point.
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Figure 7.2. Phase diagram for the size dependent fracture response of random fuse networks by
Shekhawat et al. 23 The diagram distinghuises three fracture regimes: percolation, avalanches
and nucleation. Which of these fracture responses will occur depends on the inverse network
size 1/𝐿 and the inverse disorder 𝛽 . The images show the system spanning damage cluster (red)
and the broken bonds that are not part of this cluster (black). Reprinted with permission from
Ref. [23]. Copyright 2013 by the American Physical Society.

Rigidity, disorder, and system size
Up to the peak stress, the global stress response in the central-force elastic model
is almost independent of network size, implying that at the microscopic level the
elastic and fracture response are not altered by system size. As far as we have
seen, damage accumulation in this regime has a diffuse character (Figure 2.9 or
Figure 3.6). At the peak, a size effect is observed in the fracture stress 𝜎𝑝 and fracture
strain 𝜖 𝑝 in the form of a monotonic decrease with system size; this phenomenon
might be associated with crack nucleation and requires more investigation, for
example via the procedures proposed in Section 7.1.2. In contrast, the global stress
response after the peak stress, is highly non-monotonic as a function of network
size and changes smoothly from a force-chain dominated response to a stress
concentration dominated response around a characteristic size 𝐿∗ as discussed in
Section 2.3.3.
This observation shows similarities with the crossover from fracture via a
percolating damage cluster to fracture via a system spanning crack observed in
literature 2,23–26 . A study of this cross-over in random fuse networks by Shekhawat
et al. 23 resulted in the phase diagram in Figure 6.8. The study shows that the
fracture response of a fuse network can change from damage percolation to crack
nucleation by an increase in system size (here the inverse system size 1/𝐿 is
plotted) or by a decrease in disorder (here the inverse disorder 𝛽 is plotted), in this
case the distribution in rupture thresholds. Furthermore, a region characterized
by avalanches is observed in between these fracture regimes. Driscoll et al. 26
observed similar behaviour for elastic networks. However, they also demonstrated
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Figure 7.3. (a) Phase diagram as a function of system size 𝐿, rigidity 𝑟 and inverse disorder 𝛽
proposed by Driscoll et al. 26 based on experiments and simulations on elastic networks. Close to
the critical point the material fracture occurs by the formation of a percolating damage cluster, while
far from the critical point the fracture occurs by the formation of a system spanning meandering
crack. In between these limits a cross-over occurs at a characteristic size, rigidity or disorder. (b)
Our proposed phase diagram for fracture regimes of central-force elastic networks. In addition to
(a) we distinguish between first order and second order rigidity.

the existence of a cross-over as a function of the rigidity 𝑟 at fixed system size
and disorder, adding an additional axis to the phase diagram from Figure 7.2
as shown in Figure 7.3(a). In particular, it was demonstrated that for twodimensional hyperstatic networks a crossover occurs from crack nucleation to
damage percolation if the network connectivity approaches the isostatic point. The
emerging picture is that a cross-over can be expected depending on the distance
from a critical point, with fracture by crack nucleation if any of these values is
large (𝑥 → ∞) and fracture by damage percolation (diffuse failure) if one of these
values is really small (𝑥 → 0).
If our observations for the post-peak response are indeed related to this crossover behaviour in the evolution of microscopic damage after the peak stress, we
can draw a similar phase diagram for the fracture response of the central-force
elastic model as shown in Figure 7.3(b) as a function of 𝑟, 𝛽 and 𝐿. We note that in
our study it seems 𝑟 does not only depend on the distance from the isostatic point,
but also on 𝜆, thus we propose that 𝑟(𝑝 − 𝑝 𝑐 , 𝜆). Furthermore, we distinguish
between first-order rigidity 𝑟1st and second-order rigidity 𝑟2nd , considering the
different origins of the elastic response leading up to fracture for hyperstatic
(𝑝 > 𝑝 𝑐 ) and subisostatic networks (𝑝 < 𝑝 𝑐 ). Finally, we assume that also for
subisostatic networks the fracture response depends on the distance from the
isostatic point |𝑝 − 𝑝 𝑐 |. A quantitative study of the fracture response in both regime
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III and regime IV is required to establish to what extent the microscopic fracture
response of subisostatic networks differs from hyperstatic networks. Are distinct
fracture patterns observed (i.e. a qualitative difference), as was initially suggested
by Zhang et al. 2 or can all the descriptors of the microscopic fracture response be
rescaled onto a single master curve (i.e. a quantitative difference), just like the
fracture abruptness in the central-force elastic model? A more detailed study of
the spatial damage distribution (see Figure 7.1(c)), for example by monitoring the
evolution of the crack width 26 or avalanche size 23 , will be required to answer this
question.
To conclude, the proposed fracture diagram also contains an axis describing
the effect of disorder. This concerns the disorder in the elements, as opposed to
the network disorder captured by 𝑟. In our case this could be the width of the
distribution in 𝜇, 𝑙 𝑐 and/or 𝜆 (e.g. 𝛿𝜆 in Chapter 5). For random fuse networks 27,28
and random spring networks 18,29,30 disorder in the rupture threshold has been
studied in great detail especially for very wide distributions in 𝜆, in order to
model fracture in stiff heterogeneous materials like concrete. In this thesis we have
only explored the 𝛽-axis for undiluted triangular networks in Chapter 5; however,
we did not explore the fracture response in the (𝛽,𝑟2nd )-plane. We expect that
compared to the rigidity axis, the disorder (in 𝜆) is not very relevant for polymer
networks. For fibre networks and metamaterials, the distribution will be wider
due to the variations in fibre dimensions, however, still comparatively narrow with
respect to the distributions explored for stiff materials. Nevertheless an exploration
along this axis could provide insight into the debate whether disorder should be
avoided 31 or embraced 32 in the design of strong and tough materials.

7.1.3

The role of stabilizing fields

The linear response of real soft network materials is controlled by a stabilizing
field.
So far we assumed that after the critical strain the elastic response is caused purely
by enthalpic stretching. However, it should be considered that in reality soft
network materials are influenced by a stabilizing field, such as bending rigidity
(Chapter 4), thermal fluctuations (Chapter 3) or a soft matrix (Chapter 4). Other
methods of stabilizing the network are by pre-stressing the network. This can
either be done using active components 33,34 or by stretching the network 7,35 . From
literature 3 and our own work (Figure 3.3 and Figure 4.A.10) we already know that
these stabilizing fields alter the rigidity transition in a coarse-grained network
model. At the global level that means there is now a smooth, but often highly
non-linear transition from the stabilized to the stretching regime (regime I and
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Figure 7.4. Bond scission prior to the critical strain at high bending rigidities and 𝜆 = 0.03. Simulations are performed on diluted and distorted (three-dimensional) diamond lattices ( h𝑧i = 3.4,
𝐿 = 5, 𝑁bonds ≈ 1650 ). Bending interactions are considered between all nearest neighbour
bonds. The FIRE-algorithm is used for energy minimization as described in Chapter 4 (Section 4.2.2). (a) Shear stress as a function of shear strain. (b) Fraction of broken bonds with
respect to the initial number of bonds as a function of strain.

II in Figure 7.1). To what extent the initially floppy networks are stabilized can
be expressed with a dimensionless number comparing the energy penalty for
resisting the stabilizing field with the energy penalty for stretching. In case of
bending this is the reduced bending rigidity 𝜅˜ = 𝜅/(𝜇𝑙02 ), in the case of thermal
𝜇
fluctuations it is the reduced temperature 𝑇 ∗ = 𝑘B 𝑇/( 𝑙0 𝑙02 ), and for an embedding
𝜇
𝜇
soft matrix it is 𝜇˜ 2 = 𝑙02 𝑙02 /( 𝑙0 𝑙02 ) = 𝜇2 /𝜇. The closer these values are to unity, the
stronger the stabilizing fields.
The fracture response of soft ductile polymer materials is primarily controlled
by enthalpic chain stretching.
By now, it is well accepted for athermal fibre networks, like collagen, that strainstiffening is caused by a rigidity transition from a bending-stabilized regime to a
stretching-dominated regime. In contrast, the role of rigidity in the strain-stiffening
behaviour of (semi-)flexible polymer networks is barely explored. The reason is
that the global strain-stiffening of polymer networks is attributed to the entropic
strain-stiffening behaviour of individual polymers, assuming that rearrangements
at the network level are negligible. Indeed, we agree with literature that the initial
strain-stiffening response is dominated by entropic strain-stiffening of individual
chains. However, if the atomistic bonds are strong enough, individual polymer
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chains can be stretched significantly beyond their contour length into an elastic
regime dominated by enthalpic stretching of the molecular bonds in the polymer
chain 13 . Therefore, it is theoretically possible that in a polymer network a rigidity
transition occurs from a regime stabilized by (non-linear) entropic chain stretching
to a regime dominated by enthalpic chain stretching. Following the earlier findings
presented in this thesis, this rigidity transition would result in large non-affine
rearrangements and a strongly heterogeneous distribution in stress at the network
level. The comparison of our simulation results for coarse-grained polymer
networks with affine predictions in Chapter 6 (Figure 6.8) also points in this
direction.
From an experimental point of view there has been little exploration in the
role of enthalpic chain elasticity in the fracture response of polymer networks.
Although this point of view has been proposed in literature 36 and also starts to
collect interest from the perspective of constitutive micromechanical modeling 37 ,
it deserves considerably more attention, because it has major implications for our
understanding of the microscopic fracture process in polymer networks. It is
possible that for soft brittle networks this regime dominated by enthalpic elasticity
is not observed at the global level, because the enthalpic stretching regime is only
reached around the defects prior to catastrophic fracture. However, based on our
simulations in Chapter 6, we expect that soft ductile material remain intact beyond
this rigidity transition. As a result, the majority of the fracture response of soft
ductile materials should be dominated by enthalpic chain stretching. We note that
in the coarse-grained network models, stabilizing fields typically lead to damping
of non-affine fluctuations, in both the linear and non-linear regime 38 . This might
provide a microscopic explanation for why the affine assumption still seems to
work quite well for the elastic response of flexible polymer networks.
Strong stabilizing fields decrease network extensibility.
Up to this point we have assumed that during the fracture response the contribution
of the stabilizing field is negligible. Generally this is true when the elements are
very stiff compared to the stabilizing field. However, when the dimensionless
numbers introduced in the previous paragraph get closer to unity, the stabilizing
field can affect the stress distribution in the fracture regime and even lead to
significant stretching prior to the athermal critical strain. Whether the stabilizing
field can affect the fracture response, depends on the fracture strength of the
elements in the network, which scales with 𝜆 if the element is linearly elastic.
With this information we introduce a new dimensionless number that measures
the strength of the stabilizing field compared to the energy for rupture 𝐸break ;
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𝜇

assuming that 𝐸break = 12 𝑙0 (𝜆𝑙0 )2 , we can just divide the dimensionless numbers by
1 2
2 𝜆 . In Figure 7.4 we show the fracture response of a strongly bending-stabilized
˜ 12 𝜆2 ) ≈ 20 bonds start to
network with 𝜆 = 0.03. At 𝜅˜ = 1 × 10−2 or 𝜅˜ break = 𝜅/(
break significantly before the central-force critical strain. Similarily, the effect
of thermal fluctuations can be estimated by making a crude estimation of 𝑇 ∗
∗
and 𝑇break
in polymer networks based on single molecule experiments, picking
𝑙0 = 𝑏 (the Kuhn length). For a polyethylene glycol chain with 𝑏 = 0.6 nm
𝜇
and 𝑙0 = 𝑘 seg = 20 nN nm−1 , this would lead to 𝑇 ∗ ≈ 1 × 10−3 at 298 K and
∗
𝑇break
= 1 × 10−2 . 13 At first glance, these values imply that enthalpic stretching
dominates the fracture response of polymer networks as described above, however,
this approach does not take into account the non-linear entropic response. A
force balance as described for the extensible freely jointed chain in Chapter 6
(Section 6.2.4) could provide additional insight. To explore the use of 𝑇 ∗ and
∗
𝑇break
, simulations could be considered with the network structures presented
in Chapter 6, but now for phantom chains with harmonic bonds, such that the
fracture response in presence of thermal fluctuations can be compared with the
athermal fracture response. The observation that bonds can break prior to the
athermal critical strain due to the stabilizing field might also be relevant beyond
the accumulation of damage. In athermal central-force networks, crack nucleation
is only possible after the critical strain. However, in the presence of a stabilizing
field, enough stress mightpbe able to concentrate around a large defect of size 𝑐 in a
soft brittle network (𝜎𝑝 ∼ 1/𝑐) to nucleate a crack, even if the bulk of the network
is still below the critical strain. This phenomenon could explain why the enthalpic
regime is barely observed for soft brittle networks.

7.1.4 Additional fracture mechanisms in fibre networks
So far we have only investigated brittle fracture by stretching as a bond scission
mechanism. For molecular bonds this is indeed the most probable mode of
fracture. However, in many biopolymer networks and supramolecular networks
more fracture modes are possible due to their hierarchical nature.
Ductile or plastic bond failure
In Chapter 2 (Figure 2.11) we observed that for several collagen types, the peak
strain 𝛾𝑝 was significantly higher than the prediction from the simulations on our
central-force elastic networks. In Ref. [39] we have attributed these higher values
to plastic deformation either at the fibril level or at the network level depending on
the type of collagen. Our hypothesis for fibril level plasticity is that the protofibrils
that make up the collagen fibrils can slide along each other (Figure 7.5(a)), leading
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Figure 7.5. Damage accumulation via plastic bond failure. (a) Schematic of fibre plasticity
by sliding. (b) Quasistatic description of the fibre lengthening process. In this example bond
rupture is not considered. (c) Simulation results for repeated strain cycles performed on diluted
and distorted (three-dimensional) diamond lattices where fibre plasticity is taken into account
( h𝑧i = 3.4, 𝜅˜ = 1 × 10−2 , 𝜆𝑚 = 0.03, 𝐿 = 5, 𝑁bonds ≈ 1650 ). We show forward (solid lines)
and backward curves (dashed lines). The colour indicates the maximum strain 𝛾max reached for
that particular cycle (see legend). (d) Collapse of the backward curves in panel (c) based on the
characteristic strain 𝛾char , defined as the strain at which the stress 𝜎char = 0.001.

to lengthening of the fibrils, a phenomenon that has been demonstrated previously
for fibrin and collagen networks 40 . In native collagen, the protofibrils inside the
fibril are crosslinked to each other via telopeptides, which are attached at the
ends of the protofibrils. Increased values of the peak strain 𝛾𝑝 were observed for
atelocollagen (see Figure 2.10), where these telopeptides are removed, indicating
that the telopeptides prevent sliding of protofibrils. Alternatively, network plasticity
is expected for telocollagen networks with a low connectivity (h𝑧i = 3). Those
networks mainly consist out of branching collagen fibrils. Plasticity at the network
level could occur by opening of these branches. We have introduced plasticity
in our coarse-grained simulations as well, by introducing a single lengthening
step prior to fracture at the plasticity threshold 𝜆𝑚 . The simulations show good
agreement with the atelocollagen response and allow an estimation of the onset of
fibre level plasticity. These results and the observations in Chapter 2 (Section 2.4)
reveal that the fracture response of disordered fibre networks, can be tuned via
network connectivity and the level of plastic deformation at the fibre level.
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We have developed a similar model to study the plastic response of synthetic
tubule bundle networks that self-assemble from azo-benzene derived building
blocks in collaboration with Groningen university 41 . This synthetic tubule bundle
network has a wide plastic regime. In an effort to model this behaviour we
have implemented a multi-step plastic response at the bond level as depicted
schematically in Figure 7.5(b). By performing repeated strain cycles on our coarsegrained networks we can follow the evolution of the elastic response in the plastic
regime (Figure 7.5(c)). Similar to repeated strain cycles on fibrin and collagen 40
and the synthetic tubule bundle networks, the evolution in the elastic response of
our simulation results can be collapsed on a master curve by shifting the curves
with a characteristic strain 𝛾char , which is the strain at which the stress reaches
a pre-defined threshold value 𝜎char (Figure 7.5(d)). This collapse by subtraction
indicates that lengthening does shift the onset of strain-stiffening, but does not
affect the strain-stiffening process itself. We note that this plastic behaviour in fibril
or tubule bundle networks bears resemblance to the plastic response of colloidal
gels, which can be regarded as a network of colloidal gel strands, as demonstrated
previously in our lab 42,43 . Experiments and simulations showed that the plastic
response of these colloidal gels can also be attributed to yielding of the colloidal
gel strands, which effectively lengthens the strands 42,43 . Considering this apparent
overlap in the structure and mechanical response it seems worth exploring whether
colloidal gels and (biological) bundle networks can be interpreted as limits of a
design space for low-density hierarchical network materials.
Breaking by peeling or snapping
Another example of fibre networks with fracture properties that deviate from our
central-force elastic model is the class of aromatic-dipeptide hydrogels. These
dipeptides, functionalized at the N-terminus with an aromatic-group, self-assemble
into fibre networks upon protonation of the C-terminus of the peptide sequence.
The self-assembly is driven by 𝜋 − 𝜋 interactions between Fmoc-dipeptides, and
results in different fibrillar morphologies depending on the peptide sequence 46 .
In our lab we have studied the fracture response of Fmoc-Leu-Gly (Fmoc-LG),
with Fmoc as the aromatic group and Leu-Gly the dipeptide, to challenge the
applicability of our minimal network model to experimental systems 45 . FmocLG forms networks of stiff and long bundled ribbon-like fibres as shown in
Figure 7.6(a) 44 . Similar to biological fibre networks, Fmoc-LG networks show a
non-linear response upon shear deformation and the development of a negative
normal stress, which is characteristic of biopolymer gels (Figure 7.6). However,
compared to collagen, the resulting fibre network is significantly stiffer and also
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Figure 7.6. (a) AFM image of dried Fmoc-LG networks. (b) SEM image of dried Fmoc-LG
network. Reprinted with permission from Ref. [44]. Copyright 2014 American Chemical Society.
(c) Non-linear modulus 𝐾 0 as a function of the shear strain 𝛾 for an FMOC-LG hydrogel. Inset
shows both the shear stress and the normal stress as a function of 𝛾 . Plot based on data from
Ref. [45].

the peak strain 𝛾𝑝 is considerably lower (𝛾𝑝 ≈ 0.05). As for most fibre networks,
we expect that the Fmoc-LG fibre networks are subisostatic, which for a threedimensional structure most likely leads to a central-force critical strain above
0.05; hence, these Fmoc-LG networks seem to fracture prior to their critical strain.
To confirm this hypothesis the network structure should be characterized in its
hydrated state; however, to our knowledge this has not been achieved so far.
Judging from atomic force microscopy and electron microscopy measurements on
dried samples 44 (Fig. 7.6(a) and (b)) we can estimate that the fibres have a radius
of approximately 10 nm and a mesh size on the order of 100 nm, so that for a solid
rod the estimated 𝜅˜ = 14 (𝑟fib /𝑙 𝑐 )2 ≈ 3 × 10−3 . This indicates that the stabilizing
bending field in Fmoc-LG is strong compared to collagen 47 , but based on fracture
simulation on our coarse-grained networks (Figure 2.3) we can not reproduce
𝛾𝑝 ≈ 0.05 for this value of 𝜅 with realistic 𝜆 values (i.e. 𝜆 ≥ 0.5 %), even if we
consider bending interactions between all neighbouring bonds to simulate a higher
rigidity at the nodes (in our collagen models bending was only implemented
along straight fibres). Simulations on random geometric graphs, which have a
larger distribution in bond length, did not result in sufficiently low values for
𝛾𝑝 either 45,48 . Peak strains of this order of magnitude have been observed in
simulations of random fibre networks 49 designed to model fracture of stiff fibre
networks, like paper, where bonds between fibres can break both due to stretching
and due to rotation induced peeling (see Figure 1.9(e)), showing that for stiff fibre
networks alternative mechanisms of inter-fibre bond breaking can occur. Other
mechanism that could be explored in the fracture of these stiff fibre networks are
snapping of fibres due to bending and the effect of extremely long fibres, which
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have shown to supress non-affine deformation in the linear and non-linear elastic
regime 50 .
Aromatic-dipeptides seem to be a promising candidate for making synthetic
fibre networks, as the building block is simple and bio-compatible. Currently,
most of these networks are barely strain-stiffening and very brittle. However by
carefully tuning their structure it might be possible to create networks with a
strain-stiffening behaviour like collagen and a higher extensibility, expanding the
range of applications for aromatic-dipeptide hydrogels.

7.1.5 Elasticity and fracture of composite networks
The second part of this thesis concerns the elasticity and fracture of composite
networks. This choice was motivated by four observations:
• The prevalence of composite networks in biology 51 .
• The high level of tunability providing ample design space, combined with a
synergistic response compared to the individual networks.
• The abundance of experimental data.
• The transition from a brittle to a ductile fracture response, suggesting a
change in the microscopic fracture response.
Tunability from locked in internal stress.
For the elastic regime the high tunability is well demonstrated by our research in
Chapter 4. By combining a network material that is soft at small strains and stiff at
high strains, with a material that does not strain-stiffen in the region of interest, the
linear and the non-linear regimes can be tuned independently. We also showed
that the critical strain of a network can be shifted by incorporating a polyelectrolyte
matrix material that builds up compressive internal stresses upon crosslinking.
The result is similar to applying a compressive strain prior to shear deformation 7,35 .
This approach effectively allows one to tune the strain-stiffening response. We
hypothesized that the build-up of pre-stress during the polymerization process
is caused by a combination of entropic and repulsive forces, but this hypothesis
deserves some scrutiny. It is also not clear if the internal stress can be tuned after
the crosslinking process via external parameters, such as pH, salt concentration
or temperature 52 , which could introduce additional functionality. It would be
interesting to explore if the same principle can be realized with other material
types as well or whether repulsive extensional stresses could be created such that
the critical strain is shifted to lower strains.
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Synergy arises from (emerging) constraints.
Even more exciting than the tunability of composite networks is their synergistic
stress response, i.e. the stress response of the composite is higher than the sum of
the mechanical properties of the individual networks. The synergistic response
arises from the interactions between the two networks, which are obviously not
present in the separate materials. A perfect example is the enhanced linear modulus
in double networks 47,53,54 described in Chapter 4 (Figure 4.A.6), where the matrix
resists the non-affine deformations that the fibre networks want to undergo. A
requirement for a synergistic response is that the contribution of both networks
to the mechanical property of interest is of roughly the same order of magnitude.
This is the reason that there is barely any mechanical enhancement in the linear
modulus of the polymer double networks in Chapter 6 (Figure 6.A.4): the sacrificial
network dominates the overall response. Also there needs to be a mismatch in how
the networks want to respond to a global deformation. If the networks respond in
exactly the same way, as in the linear response of the double networks in Chapter 5,
there will be no mechanical enhancement. The most striking example in mechanical
enhancement we have observed was the enhancement in the fracture regime of
the coarse-grained polymer double networks in Chapter 6 (Section 6.8). Because
the networks can only interact via topological constraints, the enhancement only
emerges when the chains in both networks are under tension. In this case, we
found that the sacrificial chains contribute significantly to the mechanical response
of the composite materials even at strains that are significantly higher than the
fracture strain of a single sacrificial network.
Locating the brittle-to-ductile transition.
The most drastic outcome of constructing a composite network is that combining
two brittle materials can result in a composite that behaves as a ductile material.
Experiments show that there is great control over the transition from soft brittle
to soft ductile via experimentally accessible parameters. We have explored this
phenomenon both in Chapter 5 and Chapter 6. In Chapter 5 (Figure 5.5) we
showed that for a highly coarse-grained model the location of the brittle-to-ductile
transition can be predicted based on a force balance between the fracture strength
of the matrix network and the reinforced sacrificial bond in the double network.
It would be very helpful if the brittle-to-ductile transitions of real soft network
materials could also be predicted based on this principle, as currently many
experiments are required to identify the transition. Experiments do indicate that
a force-balance also governs the brittle-to-ductile transition in experiment 55 . At
a macroscopic level it means that the brittle-to-ductile transition should occur
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when the softer material in the neck can reach a higher stress than the yield
stress. From Chapter 6 (Figure 6.3) we know that in the ductile regime the yield
stress is defined solely by the sacrificial network and scales with the areal strand
density. The fracture strength of the soft region, i.e. the global fracture strength
of the double network, is a tougher nut to crack. Experiments suggest that the
controlling parameter is the elastically effective strand density in the matrix, i.e.
the density of polymer strands that contribute to the elastic response. Because
the effective strand density 𝜈eff is corrected for topological constraints within and
between networks, it can be significantly higher than just the chain density of the
matrix network 𝜈. 55 Understanding the evolution in the density of topological
constraints contributing to the elastic response might be a first step in locating the
brittle-to-ductile transition more effectively. Assuming that in the fracture regime
enthalpically stretched chains dominate the fracture response like in Chapter 6, this
density could be determined in simulation by comparing the end-to-end distance
between crosslinkers to the stretched contour length. If 𝐿stretched /(𝑁𝑏) > 1.0 and
𝑟end-to-end /(𝑁𝑏) < 1.0 at least one topological constraint will be present along the
chain.

7.2

Fracture and time

The fracture process of soft network materials does not only involve several length
scales, but also a range of time scales is relevant to the fracture process. In Chapter 3
(Section 3.A.4) we addressed three time related processes: thermal fluctuations,
the rate of deformation and viscous damping effects. The influence of these effects
is well understood for single bonds 56,57 ; however, if and how these processes affect
the microscopic fracture behaviour in networks remains unclear in most cases. The
approach in Chapter 3 could be continued to identify these effects for fracture of
systems that are driven externally. Below we will discuss a fracture process that
we have not explored so far in this thesis: delayed fracture.

7.2.1 Delayed fracture
In delayed fracture a material breaks after a certain time 𝑡rupt even though it is
loaded at a stress below the maximum strength 58 . From an engineering point of
view, this type of fracture is undesirable due to its high unpredictability. From a
theoretical point of view, the sudden speed-up of the fracture process as it passes
from damage nucleation to damage propagation is fascinating. Two questions
are typically asked. How far can 𝑡rupt be delayed and can catastrophic failure be
forecasted? At a microscopic level, thermal fluctuations in the material are thought
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Figure 7.7. Studying delayed failure using the Gillespie model. (a) In the Gillespie model a force
dependent rate constant 𝑘 off is assigned to each bond. Which bond will break and the associated
time step is determined based on these rate constants. We have implemented this procedure
for a fibre bundle model (top), where the redistribution of load is predefined according to a load
sharing rule and in a network model (bottom) where the redistribution of load after bond rupture is
determined by the energy minimization procedure introduced in Chapter 2. To achieve a constant
stress in the latter model the strain is adjusted iteratively between Gillespie steps until the desired
stress is measured. Note that bonds are only broken during Gillespie steps. (b) Rupture time 𝑡rupt
versus applied stress 𝜎 for the bundle model global load sharing (GLS) and local load sharing
(LLS) rules. Dots represent simulations results, while the lines are the theoretical predictions.
(c) Influence of defects on 𝑡rupt as a function of 𝜎 . 𝜙 indicates the fraction of remaining bonds
after random deletion. (d) 𝑡rupt as a function of 𝜎 for a central-force spring model with average
connectivity h𝑧i coupled to a Gillespie model. The stress is kept constant by adjusting the strain
accordingly.
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to be responsible for delayed fracture. Due to their stochastic nature there is a
very small possibility that a thermal fluctuation occurs that is large enough to
induce bond scission. Thus, even if a material is not being deformed this process
will slowly lead to the degradation of a material, provided that bond scission is
irreversible. If instead the material is experiencing a subcritical load, this process
will speed up significantly. Since the bonds in the materials will be pre-stressed,
the probability that a thermal fluctuations occurs that is large enough to break the
bond is significantly higher 56 . Once a defect is created from this initially random
process, stress will concentrate and the fracture process speeds up drastically.
To explore the tunability of delayed fracture we studied the effect of load
redistribution on delayed fracture in a one-dimensional fibre bundle model 59
similar to Ref. [60] as shown in Figure 7.7. To capture the stochastic nature of
fracture in the presence of thermal fluctuations, rupture and rupture time of the
fibres is determined by a Gillespie algorithm 61 . In the simplest model load is
shared equally over all fibres (global load sharing or GLS), so that after rupture the
load is redistributed equally over all remaining fibres. Even though bond rupture
is stochastic, the average rupture time of this model can easily be predicted in the
limit of global load sharing, because stress cannot concentrate (Figure 7.7). The
other limit with respect to stress redistribution is the local load sharing (LLS) limit,
where after bond rupture load is only distributed over the neighbouring fibres.
Predicting the rupture time is more involved in this model, because the stress
concentration at the crack edges significantly accelerates once the crack reaches a
critical crack size 𝑙 ∗ . Nevertheless we were able to describe the rupture time, using
only one fitting parameter, by assuming that 𝑡rupt is only determined by the time
required to generate a crack of size 𝑙 ∗ and that the process of damage accumulation
is random up to this point 59 . The fibre bundle model illustrates perfectly that the
method of load redistribution controls the sensitivity to defects (Figure 7.7(c)).
Thus in studying delayed fracture it is important to know how load is shared in a
system.
In a network, load sharing is not specified, but emergent from the network
structure. To study effect of network structure on delayed fracture, we coupled the
energy minimization procedure for central-force networks, described in Chapter 2
(Section 2.3), to the Gillespie algorithm (see Figure 7.7 for initial results). This
Gillespie central-force network model allows us to study the effect of network
structure on delayed fracture and in particular the microscopic mechanisms that
precede catastrophic fracture for systems where structural relaxation effects can
be neglected. One intriguing possibility is to study the relation between the
inhomogeneous stress distribution arising in networks and damage reporting by
mechanophores as described theoretically for pre-defined load sharing in Ref. [62].
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7.2.2

Rupture kinetics and reversibility

The bonds described in the previous section are also called slip bonds. A hottopic in mechanobiology, especially in cell adhesion 63 , is a mechanical bond with
different kinetics: the catch bond. In contrast to slip bonds, the life-time of a catch
bond initially increases if the bond is stressed, induced by conformation changes
at the molecular level (Figure 7.8(a)). By using a constitutive description of catch
bond kinetics, we can explore the role of catch bonding in network fracture with
our Gillespie central-force network model as demonstrated in Figure 7.8(b). We
show that the bond kinetics does translate to the response of the network, however,
we expect that the true power of catch bonding comes into play when the catch
bond formation is reversible and the catch bonds are mobile (Figure 7.8(c)), so that
catch bonds can accumulate at locations of intermediate stress, prolonging the lifetime 64 and building in a short term structural memory with respect to applied load.
So far we have introduced reversibility with pre-existing bonds (Figure 7.8(d)),
which introduces a meta-stable regime which has also been observed for FBMs in
Ref. [64]. Future studies can employ this type of model to study the dynamics of
(micro)cracks in transient and self-healing materials.

7.3

Bridging length scales

In this thesis we have focused on fracture processes at the mesoscopic level.
However, there is a vast amount of literature on the study of fracture from a
continuum point of view 65–67 as discussed in Section 1.3. Will it be possible to
bridge the gap between a mesoscopic understanding of fracture, as discussed in
this thesis, and the continuum approach?
The continuum elasticity point of view always considers the propagation of
cracks resulting from stress concentration at the crack tip of a pre-existing defect
in the material. The material surrounding this defect is considered a continuum
and a clear interface exists between the defect and the bulk of the material. In
contrast, a network could be interpreted as a material only consisting of voids, the
empty spaces bounded by bonds. It is not immediately clear if and how a defect
can be distinguished from these voids. The most probable candidates are rare
large-sized voids that emerge from network disorder or large voids that are created
by merging of smaller voids during diffuse failure (a process that lies out of the
scope of continuum elasticity). However, whether stress can concentrate at the
edges of these voids will not only depend on their size, but also on the structure of
the surrounding network. To explore this problem further we recommend a study
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Figure 7.8. Rupture kinetics and reversibility. (a) Force 𝐹 versus life-time 𝜏 = 1/𝑘 off curves for slip
bonds and catch bonds used in this model. (b) 𝑡rupt as a function of 𝜎 for Gillespie-central-force
spring network models with h𝑧i = 6.0. 𝜙catch is the fraction of catch bonds in the network. (c)
Two types of mobility, translation along fibres and diffusion, in combination with reversible binding
allows network reorganization in a response to stress. (d) Introduction of reversible binding of
pre-existing bonds. (e) 𝑡rupt as a function of 𝜎 for networks with h𝑧i = 6.0 for a range of 𝑘 on . The
networks are not equilibrated prior to deformation. We observe a shift to a metastable state at low
stress with increasing 𝑘 on for slip bonds (top) and catch bonds (bottom).
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on stress profiles around cracks of size 𝑐 as a function of the network connectivity
in the central-force elastic model.
At which stress a large defect will propagate is largely determined by the
fracture energy Γ. From a continuum elasticity point of view the fracture energy
is the sum of the intrinsic fracture energy Γ0 required to break the bonds that
span the future crack and the dissipative fracture energy Γ𝐷 that captures the
dissipation processes around this crack in order to allow crack propagation. In
real materials both these parameters can be controlled by a range of physical
phenomena such as network heterogeneity by pre-stretch in polymer networks,
molecular friction in elastomers and sharp gradients in the chemical potential
at the crack-tip in biological hydrogels 68 . However, for our central-force elastic
model it might be possible to systematically explore both Γ0 and Γ𝐷 as a function of
network structure, allowing the possibility to provide a microscopic explanation of
the fracture energy Γ that goes beyond the Lake-Thomas approach 69 . Experiments
on the well-defined tetra-PEG gels might be a good starting point in this respect,
as their fracture toughness is close to Γ0 70 . In particular the study of the stress and
damage profiles surrounding artificially introduced cracks could be helpful. For
example, for random fuse networks it has been demonstrated that a cross-over
occurs from disorder dominated behaviour to stress concentration dominated
behaviour as a function of the crack length 71 . Recently this transition has also
been demonstrated in tensile experiments 72,73 and puncture experiments 74 on
polyacrylamide gels and cavitation experiments in PDMS 66 . As explained in
Section 1.3, Γ is connected to the non-linear length scale ℓ and a dissipative length
scale 𝜉 in the continuum description. Identifying 𝑐 dependent cross-overs in the
fracture response of the central-force isostatic model, could provide a mesoscopic
interpretation of these length scales. These results could then be used to design
materials with a tunable response from brittle to ductile solely based on structure,
either by modifying 𝑐 or by tuning 𝜉 and ℓ .

7.4

Conclusion and outlook

In this thesis we have explored how soft network materials deal with stress at
the mesoscopic level both during their elastic and fracture response. We have
demonstrated that the combination of large deformability and network level
disorder in soft materials leads to fascinating mechanics, both in the reversibly
elastic regime, where a force balance between enthalpic stretching and a stabilizing
field controls the mechanical response, and in the fracture regime, where stress
heterogeneity induced by network rigidity controls the fracture response.
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Significant steps are still required to achieve a microscopic understanding of
fracture in our minimal central-force elastic network model as outlined in the
general discussion, in particular for the subisostatic regime. The biggest challenge
will be to establish a strong connection between this model and the evolution in the
fracture response from diffuse damage to crack propagation in real soft network
materials. Especially the transition from diffuse fracture to crack nucleation
deserves attention, as these stages occur in every fracture response, but are so far
poorly explored in soft network materials. From the perspective of simulations, this
challenge initially requires a more systematic analysis of the microscopic fracture
response in the current central-force elastic model, rather than the development of
new simulation methods. A follow up step would be to study fracture in coarsegrained polymer networks both with and without excluded volume interactions
between chains 75 such that the effect of topological constraints on fracture can
be explored systematically. On the experimental side, mechanophores can play a
major role in increasing the understanding of damage accumulation in this stage of
the fracture response, for example by reporting on spatial and temporal correlation
in the damage process in polymer networks with existing mechanophores 76 , but
also by developing mechanophores that can provide insight in the evolution of the
chain-stretch distribution. On top of that, biological or synthetic fibre networks
could play an important role as the coarseness of their networks in principle
allows us to track damage accumulation at the network level in space and time.
Typically fluorophores are used to allow visualization via confocal laser scanning
microscopy, but considering the development in mechanophores it might also be
possible to incorporate mechanophores into the fibres such that they can provide
insight into stress heterogeneity in the fibre network, e.g. by crosslinking the
protofibrils in the collagen strands.
The research described in this thesis has followed the classical philosophy
regarding fracture, that failure is an inevitable process. For those materials we
have now shown that the damage process can be controlled via network structure
or strong stabilizing fields. Especially, the creation of double networks has proven
to be an effective strategy to create deformable, tough, and strong networks.
Both for these polymer double networks and our work on biological composites
the incorporation of internal stresses, is an effective way to alter the mechanical
response. In creating tough networks the transition from soft brittle to soft ductile
materials plays a crucial role. However, also for self-healing materials a ductile
fracture response, with a large diffuse failure regime, might make the material
more resilient as local damage must be easier to repair than large cracks.
Shifting our focus to networks in biology, we expect that the fracture response
of biological soft networks deviates from network materials used in technological
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applications, in several aspects. This is related to both the softness of these
networks and their coarseness. For most biological fibre networks 𝐿/𝑙 𝑐 is very
small, not only because 𝑙 𝑐 is relatively high, but also because the typical network
size 𝐿 in biological networks, such as the cytoskeleton or the collagen network in
the wall of the aorta 77 , is small. Therefore, a continuum picture seems less relevant
in the biological context and a shift to more damage percolation like fracture is
expected (Figure 7.3). A question that arises is whether biological systems can
or even do exploit this size effect. Although networks with smaller 𝐿/𝑙 𝑐 will
relatively be stronger and tougher, networks with large 𝑙 𝑐 will also have a lower
strand density reducing their absolute strength. Finally, interactions in biological
systems can be highly dynamic, allowing a drastically different philosophy towards
fracture: accumulation of damage is not problematic as long as it can be repaired.
This dynamic character in combination with the inherent inhomogeneous stress
distribution in networks could serve as a governing principle behind “smart” ways
to deal with stress.
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List of symbols
Symbol

Description

𝑐

Size of a defect or (micro)crack

𝐸break

Energy required to rupture a bond

𝑘B

Boltzmann constant

𝑘 off

Load dependent unbinding rate of a bond in the Gillespie model

𝑘 off,0

Unbinding rate of a bond if no load is applied

𝑘 on

Load independent rebinding rate of a bond in the Gillespie model

𝑘 seg

Spring constant of a polymer chain segment

𝑙0

Segment rest length

𝑙𝑐

Equilibrium distance between crosslinkers

𝑙𝑝

Persistence length

𝑙∗

Critical crack size for crack propagation in the Gillespie model

ℓ

Non-linear length scale in fracture mechanics

𝐿

System size

𝐿contour

Contour length of a (semiflexible) polymer chain

𝐿stretched

Contour length of a polymer chain in its stretched state

𝐿∗

Characteristic length scale related to the fracture response

𝑁bonds

Number of bonds in the network

𝑝

Connectivity parameter for (diluted) triangular lattices

𝑝𝑐

The isostatic point

𝑟, 𝑟1st , 𝑟2nd

Rigidity, first order rigidity, and second order rigidity

𝑟fib

Fibre radius

𝑟end-to-end

End-to-end distance of a polymer chain

𝑡rupt

Time until rupture for a material under a subcritical load

𝑇

Temperature

𝑇∗

Reduced temperature

∗
𝑇break

Dimensionless number expressing the sensitivity of bond rupture
to thermal fluctuations

h𝑧i

Average connectivity

𝛽

Inverse disorder

𝛾

Shear strain

𝛾char

Characteristic shear strain at which the stress equals 𝜎char

𝛾max

Maximum shear strain experienced by the network
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𝛾𝑝

Peak strain

Γ

Fracture energy

Γ0

Intrinsic fracture energy

Γ𝐷

Dissipative fracture energy

𝜖𝑐

Critical extensional strain

𝜖𝑝

Peak strain or fracture strain

𝜅

Bending rigidity

𝜅˜

Reduced bending rigidity

𝜅˜ break

Dimensionless number expressing the sensitivity of bond rupture
to fibre bending

𝜆

Rupture threshold

𝜆𝑚

Lengthening threshold

𝛿𝜆

Width of the distribution in the rupture threshold

𝜇

Stretching rigidity

𝜇2

Stretching rigidity of a matrix

𝜇˜ 2

Reduced stretching rigidity of a matrix

𝜈

Polymer chain or strand density.

𝜈eff

Effective strand density, including topological constraints.

𝜉

Dissipative length scale in fracture mechanics

𝜎

Stress

𝜎𝑝

Peak stress, fracture stress or strength

𝜎char

Stress threshold used in the rescaling of the mechanical response
under plastic deformation

𝜙

Fraction of remaining bonds in the 1D Gillespie model after
random deletion

𝜙catch

Fraction of catch bonds in the Gillespie model with respect to all
intact bonds
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Summary
Fracture of materials is both undesirable and unavoidable; therefore, there is great
interest in methods to either forecast or control the fracture process of a material.
To develop these methods, a deep understanding of the microscopic fracture
process is needed covering the entire process from the scission of the first atomic
bond to catastrophic failure of the entire material. In this thesis we study the
microscopic fracture processes in soft network materials, ranging from elastomers,
like rubber, to biological fibre networks, like collagen. Due to their disordered
network structure, these materials can undergo large deformations prior to the
damage accumulation process, in contrast to stiff materials, like concrete, where
deformation is negligible. Here we investigate the implications of these large
deformations on the elastic response and fracture process of soft network materials.
Specifically, we investigate the role of the network structure on elasticity and
fracture via highly coarse grained models, wherein the network structure plays
a central role. To cover the whole range of soft network materials ranging from
soft brittle to soft ductile, we model both single network materials and composite
networks materials where two or more networks are combined.
In Chapter 2 we introduce the simplest model to study fracture in networks
that can undergo large deformations: the athermal central-force elastic model.
In this two-dimensional model the network structure is simplified to a graph
consisting of linear springs and nodes and its equilibrium configuration is found by
an energy minimization procedure. The only elastic contributions in this networks
come from the elements, however, rearrangements at the network level have a
significant impact on the mechanical response. These rearrangements, and thus
the elastic response, are governed by the rigidity of the network which depends
on both the network topology and the applied deformation, and can result in
highly heterogeneous distributions in stress throughout the network as well as the
formation of force chains. We find that also the fracture response of these networks
is controlled by rigidity. Furthermore, we observe a distinct dependence of the
fracture behaviour on system size both at and after the strain at maximum strength,
a common phenomenon in fracture. Finally, we use our model to explain the role
of network structure in the fracture response of disordered collagen networks,
revealing that the athermal central-force elastic model can be a helpful tool in
understanding the microscopic fracture response of real soft network materials.
In the athermal model the effect of thermal fluctuations and other time related
processes, such as relaxation, are neglected. However, many soft network materials
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are actually highly sensitive to thermal fluctuations. To study the effect of these
fluctuations we embed our central-force elastic model in a Langevin dynamics
environment in Chapter 3, introducing both thermal fluctuations and an implicit
solvent. We confirm the picture that thermal fluctuations act as a stabilizing
field, providing rigidity prior to the critical strain. We find that the network
undergoes significant non-affine structural rearrangements around the critical
strain to minimize the stress, with additional strong non-affine thermal fluctuations.
As a result, the fracture process becomes a function of both rigidity and temperature,
with a distinct coupling around the isostatic point. We find that temperature has two
seemingly opposing effects on network fracture. The stabilizing field homogenizes
stress with respect to the athermal simulation. However, the stochastic nature
of the thermal fluctuations also allows rupture of bonds that are on average not
overstretched, which can be understood as a destabilizing effect.
In Chapter 4 we shift our attention to composite networks, by investigating the
linear and non-linear response of collagen networks embedded in a matrix of crosslinked hyaluronan polysacharrides, the two main component of the extracellular
matrix, the network structure that supports the cells in our body. In this composite
material there are two stabilizing fields that affect the linear response: bending
rigidity of the collagen fibres and the elasticity of the hyaluronan matrix. Both
these stabilizing fields resist the non-affine deformations that arise naturally in
approaching the critical strain. Moreover, the coupling between the two stabilizing
fields results in a enhancement in the linear modulus due to a competition between
their preferred modes of local deformation. An intriguing experimental finding in
this research is that upon crosslinking the hyaluronan, a negative normal stress
arises, indicative of a tendency to compress. We find that the hyaluronan network
pulls on the collagen fibres, which causes a delay in the onset of strain-stiffening.
We have been able to capture both the enhanced linear modulus and the delayed
strain stiffening by expanding the central-force elastic model, describing the composite as a subisostatic network with bending interactions between neighbouring
bonds, representing the collagen network, which is coupled to a homogeneous soft
network, representing the hyaluronan matrix. Furthermore, we showed that the
mechanical response of this composite can be captured in a two parameter network
model that allowed us to map our model on the experimental data demonstrating
that the influence of the matrix on the mechanical response can be interpreted as
two independent processes, damping of non-affine fluctuations affects the linear
response, while pre-stress shifts the non-linear response.
In Chapter 5 we shift our focus from the elastic response to the fracture response
of double networks, inspired by the significantly enhanced fracture response found
in double network elastomers, hydrogels, and macroscopic materials. All these
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Summary
materials show that the response of an initially brittle network, also called the
sacrificial network, can be shifted to a seemingly ductile response by embedding it
in a significantly softer matrix network. We explore this transition from brittle to
ductile behaviour by expanding upon the idea that the location of the brittle-toductile transition is governed by a force balance between the two networks. We
locate the transition from brittle to ductile in a two-spring model, a multi-spring
model and a random spring network model (another variant of the central-force
elastic model) and find that in all models the location of the brittle-to-ductile
transition can be predicted even when disorder is included in the latter two
models. A detailed study of the network model reveals that also the development
in the microscopic fracture response can be understood with respect to this
brittle-to-ductile transition.
In Chapter 6 we also study the fracture response of a double network via a
coarse grained model, but now we use a three-dimensional model that specifically
targets polymer double networks. We explicitly model the polymers as a string of
particles, so that each bond represents a Kuhn length. Furthermore, the model
contains excluded volume interactions, so that topological constraints will arise
between different polymer chains. Our network generation procedure is based
on a consecutive polymerization process used to generate double networks in
elastomers by swelling of the sacrificial network with the matrix monomer. The
resulting networks have an exponential distribution in polymer length and can only
interact via topological constraints. We find that our networks behave similar to
the experimental systems and we can even rescale the initial mechanical response
following a procedure proposed in literature for elastomers and hydrogels. We find
that the damage response of our networks takes place in two steps. At first bond
scission is governed by the first network, while after the yield strain interactions
between the two networks dominate bond scission. This fracture mechanism,
and the associated evolution of microscopic damage deviates significantly from
the affine predictions for the damage response, where network structure is not
considered. Overall this research demonstrates that redistribution of stress over
the network plays an important role in the damage response of polymer networks.
In the general discussion we reflect on our findings and present a microscopic
picture of fracture in soft network materials. Furthermore, we discuss a strategy
to explore fracture processes that span a range of time scales, such as delayed
fracture. Finally we discuss our findings in the context of continuum elasticity and
provide an outlook for future research into fracture of soft network materials.
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