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1 Introduction
The paper “Performance Measurement and Joint Production
of Intended and Unintended outputs” by Finn Førsund
crystallises and extends core ideas of several papers by the
same author (Førsund 2009, 2017) on how to model production technologies in the presence of undesirable outputs
governed by the materials balance principle. In the current
and earlier work, he argues that the popular single-equation
framework is an unsuitable way of modelling pollution. The
single-equation framework approach has been dominated
by the weak disposability and null-jointness assumptions
presented in Shephard (1970) and Shephard and Färe
(1974), respectively. This framework has long been the
standard way of modelling pollution-generating technologies, especially under the inﬂuence of the popularisation of
Färe, Grosskopf, and co-authors (see for instance Färe et al.
1986, 1989; Chung et al. 1997). Drawing on Frisch (1965),
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most notably the degree of assortment, Førsund argues that
the single-equation framework is inadequate for modelling
joint production of intended and unintended outputs.
Førsund proposes a factorially determined production
technology that separately considers the production of good,
intended outputs, on the one hand, and the generation of
bad, unintended outputs, on the other. Such a separate
consideration has also been proposed by Murty et al.
(2012), Murty and Russell (2016, 2020).
The main argument of Førsund made here and in earlier
work resonates with us: the multiple-equation framework is
adequate for modelling joint production of intended and
unintended outputs. Our comment focuses on making a
connection with the past and providing possible avenues for
future research beyond ﬂow pollutants. Regarding the
connection with the past, we link the multiple-equation
framework to the material-balance (MB) framework proposed by Coelli et al. (2007). Coelli et al. (2007) formally
prove that the single-equation framework can violate the
MB condition and propose a framework that complies with
the MB condition. Although the multi-equation framework
and MB framework have developed separately in the literature, we demonstrate that they can be connected by the
duality principle. This link has so far been overlooked.
We discuss two possible avenues for future research.
First, we propose to consider the dynamic properties of
stock externalities. While discussions have focused on
instantaneous reduction of pollution ﬂows, there are a
variety of stock externalities that have thus far been largely
untouched. Second, we suggest to also incorporate nonmaterial by-products in a production framework.
The remainder of our comment is structured as follows.
Section 2 discusses the MB approach of Coelli et al. (2007)
and its link with the multiple-equation framework. Section 3
discusses the dynamic aspect related to stocks of undesirable outputs and focuses on by-products other than
pollution.
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2 The materials balance principle as an
“accounting identity”

Further, let us consider the multi-equation model of
Førsund:

Coelli et al. (2007) have provided a novel way of treating
bad outputs in a production framework. Their model relies
on the so-called “accounting identity” to estimate environmental efﬁciency using similar concept as iso-cost lines. Let
us consider the following mass balance equation
0

0

z ¼ a xM  b y

ð1Þ

Førsund disregards Eq. (1) as a simple accounting
identity that does not show how bad output b is generated.
From his perspective, this equation should not be considered for modelling pollution-generating technologies.
While Eq. (1) seemingly does not occur as production
technology, it is instructive to consider the dual relationship
between a value function (such as proﬁt, cost and revenue
functions) and the production technology (Chambers 1988).
Let us consider the cost, which is deﬁned as:
c ¼ w0 x

ð2Þ

Just like Eqs. (1), (2) is an accounting identity, yet its
minimisation is dual to the input requirement set. There
are two ways to model a production technology: (1) a
primal approach that relies on a description of the physical process in terms of quantities and (2) a dual
approach that relies on economic behaviour in terms of
prices and quantities. The two approaches have been
evolving concomitantly to each other. From this perspective, Coelli et al. (2007) have actually designed a
dual mechanism to modelling pollution-generating technologies. Following the notation of Førsund, they propose the pollution minimisation problem subject to the
production technology:
min z  a0 xM
xM

s:t: f ðxS ; xM ; yÞ ¼ 0

ð3Þ

Solving Eq. (3) results in iso-environmental lines analogous to iso-cost lines. Therefore, there is in our view
nothing fundamentally wrong with model (3). We furthermore have:
xM  xða; xS ; yÞ
dxM
dxS

ð4Þ

Given the usual monotonicity assumptions, we have
 0 and dxdyM  0. We also have

z  a0 xða; xS ; yÞ;

ð5Þ

dz
 0. These trade-offs are the
which implies dxdzS  0 and dy
same as the ones presented in the multi-equation model of
Førsund (see Eq. (9) herein). The pollution minimisation
problem (3) is thus an equivalent representation of the
polluting technology.

y ¼ f ð xS ; xM Þ
z ¼ gð x M Þ

ð6Þ

Using the implicit function theorem, we can write:
x M ¼ hð x S ; y Þ

ð7Þ

and z ¼ gðhðxS ; yÞÞ ¼ jðxS ; yÞ
The dual representation of the bad output technology (last
equation in (7)) is the same as the mass balance equation in
(5), where pollution-generating inputs are valued by their
respective emission coefﬁcients. We thus argue that the
materials balance equation reﬂects the duality between the
MB-based approach of Coelli et al. (2007) and the bad
output technology of Førsund and Murty et al. (2012). This
is analogous to the well-known dual relationship between
the cost function and the input requirement set.
Should we choose an MB framework or a multipleequation framework? Information on quantities of inputs
and outputs and their respective emission coefﬁcients is
needed in the MB framework. The multiple-equation framework only requires quantities of inputs and outputs, but
relies on the estimation of distance functions, which can
become complicated. Finally, the MB framework allows
computing minimum pollution levels for each decision
maker, which contrasts with the multiple-equation framework, where pollution levels should only be reduced. The
suitability of each approach depends on the speciﬁc application. Pollution minimisation is not in line with economic
behaviour, but might be necessary.

3 Beyond modelling ﬂow pollutants
The MB- and multiple-equation-based frameworks discussed above focus on ﬂow pollutants. While pertinent in
many applications, ﬂow pollutants are only a speciﬁc case
of a negative externality. In what follows, we extend our
outlook to stock externalities and non-material by-products.

3.1 Stock externalities
The long-run economic objective of the ﬁrm is arguably to
maximise wealth. Wealth is a stock, while proﬁt, cost and
revenue are ﬂows. Proﬁt maximisation, cost minimisation
and revenue maximisation are often used as behavioural
economic assumptions in production models, for they
increase the stock of wealth in the short run. The common
application by empirical analysts reveals its usefulness. Yet,
it is important to emphasise that such behavioural
assumptions are static simpliﬁcations abstracted from
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wealth maximisation. We may think of instances where
maximising addition to wealth in the short run conﬂicts with
the long-run objective of wealth maximisation. This holds
when not all inputs and outputs can be changed to long-run
optimal levels. Most notably, investments in quasi-ﬁxed
capital inputs are necessary for long-run wealth maximisation, but deter the ﬁrm to economically optimise in the short
run. Just like wealth, quasi-ﬁxed capital inputs are a stock
rather than a ﬂow. Considering the long run instead of the
short run requires a dynamic framework instead of a static
one. Notable approaches rely on adjustment-cost theory
(Silva et al. 2020) and network data envelopment analysis
(Färe et al. 2018). We refer to Fallah-Fini et al. (2014) for a
comprehensive overview of dynamic approaches.
In Section 2, we have shown that the minimisation of
pollution under the MB condition can be seen as the dual of
the bad output technology, where pollution-generating
inputs are valued by their respective emission coefﬁcients.
This is analogous to the dual relationship between the cost
function and the input requirement set. Pollution and costs
are in both cases treated as ﬂows. Yet, the accumulation of
ﬂows often plays an important role in the production process. In this case, we should consider the stock of materials,
analogous to modelling stocks of quasi-ﬁxed capital inputs.
Stocks can have positive or negative impacts for the decision
maker. We give an example of each from the agricultural
sector. A positive stock is for example the soil organic
matter, which contributes to high yields in the long run. A
negative stock is for instance pesticide accumulation, which
depresses yields in the long run. The multiple-equation
framework is a good starting point to model such stocks.

3.2 Non-material by-products
Thus far, we have solely concentrated on material byproducts. However, non-material by-products often play an
essential role in the production process, in which impacts
can be positive or negative (Dakpo and Ang 2019).
Recently, there have been several attempts to model nonmaterial by-products having a positive impact in a production framework. Crop diversity is an important ecosystem service in that it contributes to biodiversity in
agricultural production. Sipiläinen and Huhtala (2013)
model crop diversity as a conventional output in a singleequation framework. Arguing that such an approach
imposes untenable assumptions on the production technology, Ang et al. (2018) compute the dynamic proﬁt function
(see Ang and Oude Lansink 2018) (1) when land use cannot
be reallocated and (2) when land use can be reallocated.
Comparison of the two scenarios allows assessing the
opportunity cost of crop diversiﬁcation without explicitly
modelling crop diversity in the production technology. This
resembles the MB framework that does not explicitly model
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pollution in the production technology. Schulte et al. (2018)
model animal welfare as a conventional output in a singleequation framework. We note that such an approach
implicitly assumes that there always is a non-positive relationship between animal welfare and conventional production. Finally, the multiple-equation framework has recently
been applied to various settings to account for social outputs. Applications include the agricultural sector (Chambers
and Serra 2018; Sidhoum 2018) and the food and beverages
manufacturing sector (Puggioni and Stefanou 2019; Engida
et al. 2020).
Non-material by-products having a negative impact have
received somewhat less attention. One example is nonperforming loans in the banking sector. Earlier attempts
have employed a single-equation framework (Park and
Weber 2006), which is later extended to a multiple-equation
framework (Salim et al. 2017).
In conclusion, although non-material by-products are not
governed by physical laws, we can still draw lessons from
the above discussion on the MB. Indeed, we observe a shift
from single-equation frameworks to multi-equation frameworks and frameworks that exclude the considered byproduct from the production technology along the lines of
the MB-based framework. Such ongoing developments
permit more realistic modelling of by-products, beneﬁting
managerial decision-making.
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