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This study investigated the application of dual-frequency type dynamic acoustic fields for size-selective particle
separation on centimeter scale in a continuous flow. The 3D-printed X-shaped prototype has two inlets and two
◦
outlets. The dynamic acoustic field is generated by two transducers positioned under an angle of 60 and
operating at slightly different frequencies. The acoustic reflections are eliminated by placing sound-absorbing
material inside the prototype and the non-resonant operation is confirmed by the electrical admittance mea
surements. Numerical calculations suggested that pressure generated by each transducer does not need to have
equal amplitude. Computer simulations and lab experiments were carried out for different frequency differences
and flow rates. The results demonstrated the ability of dual-frequency dynamic acoustic fields for size-selective
particle filtration on centimeter scale, with a total flow rate up to.1 L h− 1 .

1. Introduction
Many industries, such as food, biomedical, pharmaceutical and
water industries, utilize particle filtration processes. Filtration is often
performed on suspensions in order to improve the quality of the product
and the process. Several methods exist to perform filtration on several
types of mixtures. Acoustophoresis is one of such methods and can
perform filtration in continuous flows without blocking and affecting the
flow [1–5].
Selective particle separation using acoustophoresis is achieved
through the interplay between forces acting on particles, namely the
acoustic radiation force and the drag force [6,7]. Acoustic radiation
force acts on a particle in an acoustic field and scales with particle
volume, density and compressibility. In an acoustic standing wave field,
depending on the acoustic properties of the particle and the surrounding
medium, the particle is pushed either towards a pressure node or anti
node. The scattering from the particle affects the direction of the force
on the particle, particles with positive acoustic contrast factor are
pushed towards pressure nodes whereas particles with negative acoustic
contrast factor are pushed towards pressure antinodes [8–10]. A drag
force acts on particles as a result of the motion of the particle due to the
combined effect of an acoustic field and flow field, and is proportional to

particle size [10–12].
Microscale acoustophoretic separation exploits this interplay to
selectively separate cells and particles based on their size, density and
compressibility [13–19]. In a half-wavelength separator, particles are
pushed towards a single pressure node in the middle of the chamber at
appropriate excitation frequencies, whereas in quarter-wavelength res
onators the pressure node is on the boundary of the chamber [20]. It is
also possible to adjust the location of the pressure nodes in microscale
chambers [21,22]. Acoustic radiation force is proportional to the exci
tation frequency and the manipulated particle should not be larger than
the wavelength of excitation. Due to this limitation, the excitation fre
quency is typically in the MHz range for micrometer-sized particles.
Consequently, the width of half-wavelength microfluidic devices are in
the order of hundreds of micrometers. Scaling up half-wavelength de
vices to centimeter scale implies the frequency to be in the range of a few
kHz to match physically, but therefore reducing the force enormously.
For example, with the same pressure, a standing wave field at 10 kHz
results in 1% of the force applied by a standing wave field at 1 MHz. As a
result, centimeter scale acoustophoretic devices were designed as multiwavelength resonators with multiple pressure nodes and antinodes in
the system [23–28]. As in microscale applications, the interplay between
acoustic radiation force and drag force can still be exploited for
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selectivity by clever arrangement of the flow [28,29].
On centimeter scale, as an alternative to acoustic standing wave
fields, dynamic acoustic fields offer more possibilities and allow a higher
degree of configurability [6,30]. One way of obtaining a dynamic
acoustic field is exciting the medium by two transducers. Counterpropagating waves from each transducer subsequently generate a
standing wave pattern in between. If both of the transducers are oper
ated at the same frequency and amplitude, an acoustic standing wave
field results. Moreover, when a phase difference between the waves is
introduced, it becomes possible to regulate the position of the nodes in
the acoustic standing wave pattern. A less frequently used alternative is
the dual frequency method, where one of the transducers is operated at a
slightly different frequency. The frequency difference results in a quasistanding wave field moving with constant velocity. In both bulk and
surface acoustic wave applications, such manipulations enable particle
transport in single and multi-wavelength systems [6,30–41], but may
also enhance sedimentation processes. Especially in bulk acoustic wave
applications, however, the transducers also act as reflectors. By adjust
ing the dimensions of the matching layers in the system or operating the
system at the resonant frequencies of the transducers, it is still possible
to manipulate the wave pattern when reflections are present
[6,21–22,31,37–38].
Instead of including or eliminating reflections, it is also possible to
generate a quasi-standing wave field by orienting the transducers to
generate sound in an angle to each other. Using such a method, pressure
nodes are generated parallel to the plane of symmetry between two
transducers [42,43]. These crossing sound beams can eliminate the re
flections completely, while keeping the acoustic wave field suitable for
particle manipulation. By manipulating the excitation parameters, i.e.
frequency and amplitude of each transducer, a quasi-standing wave field
can be obtained and controlled in the desired area. Controlling the
acoustic wave field allows the control of the acoustic radiation force and
thus enhances the interplay between the acoustic radiation force and the
drag force. Such possibilities make this method a good candidate for
applications of selective particle separation on centimeter scale in
continuous flows. However, this method, combining acoustic radiation
and drag forces and using dual transducers with slightly different fre
quencies, has not been explored for selective particle separation on
centimeter scale, yet.
The aim of this study was to explore and demonstrate the selective
particle separation capability of dual frequency dynamic acoustic fields
on centimeter scale in a continuous flow separator. The dynamic
acoustic field is obtained by crossing the fields from two transducers

AB

with an angle of 60 in between. The frequency responses of the trans
ducers were examined in order to determine the optimal excitation
frequency. Computer simulations were carried out to discover the effects
of the excitation parameters on the filtration performance. Lab experi
ments confirm the size selective separation capability of the X-shaped
prototype.
◦

2. Materials and methods
2.1. Dual frequency excitation
In order to obtain an acoustic standing wave, two identical counterpropagating waves are needed. When the waves are not identical but
have slightly different frequency and amplitude, the resulting pressure
field, at position x and time t, is expressed as
(
)
(
)
ω1
ω2
P(x, t) = δP1 P0 cos ω1 t −
x + δP2 P0 cos ω2 t + x
(1)
c0
c0
Here, P0 (Pa) is the average peak amplitude of the two waves, δP1 and
δP2 , with δP1 +δP2 = 2 and δP1 ,δP2 ≥ 0, are the multipliers of the pressure
from each transducer, ω1 = 2πf1 and ω2 = 2πf2 (rad s− 1) are the exci
tation frequencies, t (s) is time, x (m) is distance from the high frequency
source and c0 (m s− 1) is the speed of sound in the host medium. If ω1 =
ω2 and δP1 = δP2 = 1, the result will be a stationary standing-wave field.
When δP1 = δP2 = 1, ω1 = ω2 + ∊, ω = (ω1 +ω2 )/2 and ∊≪ω, the
pressure field can be written as follows [6]:
) (
(
)
ω
∊
∊
P(x, t) = 2P0 cos
x − t cos
x − ωt
(2)
2
2c0
c0
The acoustic radiation force on a spherical particle in such a field,
with PD = 2P0 , is given by [6]
( 2 )
PD
Φ(ρ, c)sin(2kx − ∊t)
Fac (x, t) = 4π kr3
(3)
4ρ0 c20
Here, r (m) is the particle radius, ρ0 (kg m− 3) is the density of the me
dium, ρ is the density of the particle, c is the speed of sound in the
particle, Φ(ρ, c) =

ρ+23 (ρ− ρ0 ) 1 ρ0 c20
2ρ+ρ0 − 3 ρc2

(–) is the acoustic contrast factor, k =

ω/c0 (m− 1) is the wave number. The resulting sinusoidal-shaped force

field will travel from the higher-frequency source to the lower-frequency
source at a constant velocity of v = ∊/2k (m s− 1). If the frequencies of
excitation are given by: f1 = f2 +Δf and f = (f1 +f2 )/2 (Hz), the velocity
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Fig. 1. (a) The 3D printed prototype and (b) the schematic representation. The transducers are electrically connected to the two channels of the amplifier. The inlets
and outlets have equal flow rates. Particle mixture is fed from the inlet indicated by the purple (darkest) arrow. Samples are taken from the outlet indicated by the
yellow (lightest) arrow. Acoustic windows (AW) are displayed in orange, transducers are displayed in pink and absorbing blocks (AB) are displayed in green in (b).
Due to the geometry, the reflected waves are directed towards the absorbing blocks (b). Consequently, a standing wave is generated as if there were no reflections.
Blue arrows in (a) indicate the location of cooling water inlets and outlets.
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Fig. 2. Geometry of the prototype used in the computer simulations. The inlets and outlets have equal flow rates. Particle mixture was fed from the inlet indicated by
the purple (darkest) arrow. Particle size analysis were done for the outlet indicated by the yellow (lightest) arrow. Purple area highlights the region of the
acoustic field.

channel was created by placing polyurethane sheets 2 cmapart from
each other (Fig. 1b), as polyurethane is acoustically transparent. The
prototype is closed by a PMMA cover on top. Between the transducers
and the inner wall, cooling water was circulated between experiments to
cool the transducers. In order to isolate the resonator channel from the
cooling liquids, silicone lines were applied between the cover and the
inner wall, closing any remaining gaps. The absorbing blocks were cut
from polystyrene blocks and glued to the transducer wall. Small holes on
the absorbing blocks were pinched to ensure that the cooling liquid can
be pumped to the chambers. In the simulations and experiments, the setup is arranged such that the gravity acts in − y direction. Any other
configuration may lead to particles settling on the floor, cover, or side
walls. With the current orientation, the flow acts in the opposite direc
tion of gravity.
Dimensions of the prototype and the chosen maximum flow rate of
1 L h− 1 leads to a Reynolds number around 20. Hence, the flow is
laminar in the operating regime. Air bubbles in one of the syringes can
lead to pulsations in flow, which subsequently disturbs the particle
trajectories especially around the entrance and exit sections. Such
bubbles therefore need to be eliminated before conducting experiments,
whereas an air bubble in the cooling liquid section has a weaker effect on
the flow in the separation channel.
In order to check whether the reflections were absorbed by the
absorbing blocks and no resonances are present in the system, the
electrical admittance of the prototype was measured by using an
HP4194A impedance analyzer. The excitation frequency of the trans
ducers was determined based on the frequency response of the trans
ducers measured by the impedance analyzer.
A Polytec OFV-5000 single-point vibrometer was used to measure
the vibrations and calculate the pressure generated by each transducer.
For the laser vibrometer measurements, the transducers were placed on
a special stand imitating the fixture in the prototype, immersed in water
to ensure sufficient signal quality. The pressure was later calculated by
using the specific acoustic impedance of the host medium.
Polyethylene particles (c = 1700 m s− 1 ) of sizes: 36 (red), 56(cyan),
70 (orange) and 100 μm (blue) were used for both the simulations and
experiments. Densities of the different set of particles are ρred =
998 kg m− 3 , ρcyan = 1000 kg m− 3 , ρorange = 1006 kg m− 3 and ρblue =

of the wave pattern is v = Δf
2f c0 [6,41]. This type of a field is analogous to
a field created by introducing a linear continuous phase shift between
two transducers.
Theoretically [6], it is required that the amplitudes of two waves are
equal. In practical applications, however, this may not always be the
case. When δP1 ∕
= δP2 and still δP1 + δp2 = 2, the force on a particle scales
as (see Appendix A for numerical validation)
’
Fac
(x, t) =

2δP1 δP2
Fac (x, t)
δP1 + δP2

(4)

In Eq. (4), the term multiplying the acoustic radiation force, for the
case δP1 ∕
= δP2 , is the harmonic average of δP1 and δP2 . The force on a
particle is thus maximized when δP1 = δP2 = 1. The case δP1 = 0 and
’
δP1 = 2, for instance, gives Fac
(x, t) = 0, which corresponds to a trav
elling wave and zero acoustic radiation force on a particle. Assuming
there are no reflections and denoting the harmonic average as H, with
0 ≤ H ≤ 1, the equation of motion (EOM) of a particle in a dual fre
quency dynamic acoustic field reads as follows:
(
( 2 )
)
4 3
PD
πr ρ ẍ + (6πμr)(ẋ + u) + 4πkr3 H
Φ(ρ, c)sin(2kx − ∊t) = 0 (5)
3
4ρ0 c20
In Eq. (5), u (m s− 1) is the constant flow velocity of the liquid from
the high-frequency source to the low-frequency source and μ (Pa s) is the
viscosity of host medium.
2.2. Experimental set-up
The experimental set-up consists of a 3D-printed polylactic acid
(PLA) prototype of a separator with two piezoelectric transducers
(Noliac NCE41, dimensions 50 mm × 10 mm × 1 mm) , a dual-channel
signal generator (Keysight Trueform 33512B), a custom-made amplifier,
an oscilloscope (Tektronix TDS2024C), two syringe pumps for inlets
(Aitecs PRO SP-12S) and two syringe pumps for outlet (HARVARD
Apparatus Pump 33).
As the velocity of the wave pattern is given by v =

Δf
2f c0 ,

it is

important to maintain the desired frequency difference between two
signals. Depending on the equipment each signal may naturally have
slight fluctuations in frequency. If the two signals are generated by two
separate sources, those fluctuations may lead to significant fluctuations
in Δf, hence in the velocity of the wave pattern. In order to avoid this,
the separate channels must be synchronized or the signals must be
generated by a synchronized dual-channel signal generator.
The geometry of the prototype is designed such that the angle be
◦
tween the transducers is 60 and each transducer therefore makes an
◦
angle 30 with the horizontal plane. Fig. 1 illustrates the prototype.
The transducers were excited by signals generated by the two syn
chronized channels of the generator. When the angle between the
◦
transducers is larger than 60 , the reflected waves are directed away
◦
from the flow channel. Hence, the angle of 60 ensures that the re
flections do not disturb the acoustic field while keeping the x-component
as large as possible. The flow entrances were designed to be smooth, so
that in the main resonator channel turbulence is avoided. The resonator

1002 kg m− 3 . The particle mixture contained 1LMilliQ water, 0.075 g
CTAB (hexadecyltrimethylammonium bromide) as surfactant, 0.03 g
red, 0.08 g cyan, 0.2 gorange and 0.5 g blue particles. The particle
concentrations were chosen such that the particle size analyzer can
easily detect particles, while particle–particle interactions can be avoi
ded [44].
Particle motion was recorded by a microscope with camera and
particle trajectories were visualized with ImageJ software [45]. Particle
size distributions were analyzed using a Mastersizer 3000 particle size
analyzer.
2.3. Computer simulations
For the computer simulations, COMSOL Multiphysics (5.5) was used
to calculate the particle trajectories and MATLAB (r2018b) was used to
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reflections were assumed to be absent.
In the simulations the total flow rate was set to 600 mL h− 1 ,
800 mL h− 1 and 1000 mL h− 1 . The average frequency of excitation was
2.19 MHz while the top transducer was excited at a higher frequency.
The frequency difference between the transducers was set 1 Hz, 2 Hz and
3 Hz. Simulations were carried out for all combinations of flow rates and
frequency differences. Particles were released from the tilted line at the
left-hand side of the acoustic field region (Fig. 2) in order to limit
simulation time. Particle sizes were randomized around the average
sizes for each group and particles started at a random location along the
starting line. For each simulation, the same particle set was used with
the same particle starting location. Table 1 summarizes the particle
properties used in the simulations. Size and initial position data of
particles can be found in the Supplementary Material (S1).
For the simulations and experiments, the filtration performance was
evaluated based on the commonly used d90 value of the particle size
distribution at the top outlet. By definition, 90% of the particle volume
in the suspension consists of particles of diameters up to and including
the d90 value. This value is a default output of the Mastersizer 3000. At
the end of each simulation, particle positions were exported by COMSOL
Multiphysics and the particle size distributions and d90 values were
calculated in a MATLAB script.

Table 1
Parameters of particles used in the simulations.
Particle
color

Diameter
(μm)

STD of
Diameter(μm)

Number of
particles

Density(kg m− 3 )

Red

35

6.36

1756

998

Cyan

50

6.34

602

1000

Orange

71

13.11

220

1006

Blue

99

13.11

200

1002

3. Results and discussion
3.1. Frequency response of the prototype
The electrical admittance of both transducers was measured while
they were placed in the prototype filled with water. Fig. 3 displays the
electrical admittance of the transducers between 2 MHz and 2.5 MHz.
The absence of sharp peaks and valleys in the admittance graphs
confirms that the reflections are absorbed by the absorbing blocks, and
the device is not operated at a resonance. Measurements without the
absorbing blocks contained many sharp peaks resulting from resonances
[6]. The admittance curves of the transducers intersect at f = 2.19 MHz,
and this intersection frequency was chosen as the average excitation
frequency. Each transducer was separately excited at 2.19 MHz and with
20 Vpp . The calculations on the basis of the vibrometer measurements
suggest that each transducer produces 35 ± 2 kPa. According to Fig. 1,
the x-components of each wave creates the dynamic acoustic field in the
highlighted area in Fig. 2.

Fig. 3. Admittance of the transducers placed in the prototype. Solid black line
represents the admittance of transducer 1 and dashed black line represents the
admittance of transducer 2. The two lines intersect near 2.19 MHz.

generate particle size distributions.
In order to reduce the computational cost the geometry was simpli
fied, as shown in Fig. 2. For the flow simulations, the predefined inlet/
outlet flow rates were specified at the inlets and outlets and the walls of
the prototype fulfilled the no-slip boundary condition. Due to the angled
orientation of the transducers the dynamic acoustic field is generated in
a limited area in the prototype. Waves originating from transducer 1
enters from the top edge of the purple area, whereas waves originating
from transducer 2 enters from the bottom edge. At those edges

Fig. 4. (a) Steady state flow pattern for V̇ = 1000 mL h− 1 . Flow direction is from left to right. (b) Particle trajectories for Δf = 1 Hz. Top transducer has a higher
frequency than the bottom one.
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motion, as a result of the flow and the acoustic radiation force. Never
theless, these particle trajectories have a smaller slope than the trajec
tories of particles that can follow the nodal movement [6]. As a result, a
small particle entering the acoustic field near the center of the prototype
can still be pushed towards the bottom outlet. Thus, some cyan and red
particles end up in the bottom outlet. Particle size distributions in terms
of total particle volume were calculated and analyzed with MATLAB to
calculate the d90 value. The analyses were based on the simulations
using on the full number of particles given in Table 1.To evaluate the
effect of flow rates (600, 800, 1000 mL h− 1) and frequency difference (1,
2, 3 Hz) on the d90 value, computer simulations were carried out for all
combinations of flow rates and frequency differences. Fig. 5 displays the
d90 values for the top outlet for each combination.
Fig. 5 suggests that the higher the frequency difference, the higher
the d90 values for each flow rate. The speed of the nodal movement
increases linearly with the frequency difference. As a result, the drag
force on a node-following particle increases with frequency difference,
while the acoustic radiation force on the particle is limited [6]. This
effect increases the d90 value of the top outlet, as larger particles cannot
follow the nodal movement and end up in the top outlet. In addition to
this, simulations were carried out without an acoustic field and such
simulations did not result in any separation, as all the particles exited
from the top outlet.
During the simulations the reflection coefficient was set to zero, as
suggested by the results in Fig. 3. It is known that when reflections are
present, more acoustic pressure is needed to capture a particle. There
fore, the presence of reflections is expected to shift the d90 values up
wards in Fig. 5.
In order to explore the possibility of density selective separation, a
separate set of simulations was carried out with the same combination of
flow rates and frequency differences. A total of 1000 particles with d =
70 μm were released from the release location and each particle has a
random density value in the range 1000 ± 100 kg m− 3 . Of all the simu
lations, only the case with Δf = 1 Hz and V̇ = 1000 mL h− 1 resulted in
differences in density spectrums from the two outlets. All particles exited
from the top outlet were heavier than 1031 kg m− 3 . In all other simu
lations, there was not a distinct cut-off density in both outlets.

Fig. 5. The d90 values from computer simulations for the top outlet for the
different combinations of flow rates and frequency differences. Squares con
nected by solid line correspond to V̇ = 1000 mL h− 1 , circles connected by the
dashed line correspond to V̇ = 800 mL h− 1 and triangles connected by dotted
line correspond to V̇ = 600 mL h− 1 .

3.2. Computer simulations
For the computer simulations, it was assumed that the transducers
are generating equal pressure and the x-component of pressure from
each transducer is taken as 30 kPa. First, the steady state flow field was
computed assuming laminar flow in the prototype. Subsequently, given
the stationary flow field, particle trajectories were calculated. The
acoustic field from the transducers was assumed to be an ideal plane
wave field. Therefore, the highlighted area contains an acoustic quasistanding wave field with pressure nodes parallel to the y-axis. Fig. 4 il
lustrates the simulation results for V̇ = 1000 mL h− 1 , thus through each
channel 500 mL h− 1 , and Δf = 1 Hz. In order to improve the visibility,
and thus only for display purposes of the simulations, the number of
particles were reduced to 10% of values given in Table 1.
Fig. 4 indicates that the particles following the nodal movement have
a downwards slope and are pushed towards the bottom outlet. All blue
(largest) particles were able to follow the nodal pattern. Some orange
particles (71 µm) were able to follow the movement whereas none of the
small, cyan and red, particles could follow. Even though a particle
cannot follow the nodal movement, it may still have a downwards

3.3. Lab experiments
The simulations suggest that the particles can be size and/or density
selectively separated by adjusting the frequency difference between the
transducers. The geometrical arrangement of the transducers allows the
generation of acoustic (quasi-)standing waves in the flow channel, with
pressure nodes parallel to the flow direction. Fig. 6 displays the particle

Fig. 6. Particle trajectories recorded in the experiments. The flow is from left to right whereas the acoustic field is moving downwards. (a) when Δf = 0 Hz the
particles are concentrated in the nodes of the standing wave. (b) when Δf = 1 Hz, the particles captured by the nodal movement go downwards on a straight line,
whereas the non-captured particles still have vertical motion due to the acoustic radiation force. The frequency difference was introduced after 1 s, thus initially the
particles were trapped in the stationary nodes, shown in figure a. The images were created by overlaying 300 consecutive pictures taken in a span of 10 s. The
corresponding videos can be found in the Supplementary Material (S2).
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the blue particles (d ≅ 100 μm) are captured by the nodal movement.
Using the K number presented in [6], it can be estimated that the
acoustic pressure in the system was locally greater than 39 kPa.
4. Conclusions
This study explored the selective particle separation on centimeter
scale by dual frequency dynamic field. Admittance measurements
confirmed the non-resonant operation of the 3D-printed prototype. The
selectivity was made possible by adjusting the frequency difference
between two signals and the total flow rate in the separator. Lower
frequency differences or lower flow rates resulted in lower d90 values
from the top outlet of the separator. Computer simulations and lab ex
periments confirmed that the selectivity can be adjusted by the fre
quency difference and/or the total flow rate.
The 3D-printed prototype confirmed the ability of dual frequency
dynamic field for selective particle separation on centimeter scale in a
continuous flow. The successful application opens up possibilities for
future optimization studies of the separator.
Fig. 7. The d90 values from lab experiments for the top outlet for the different
combinations of flow rates and frequency differences. Squares connected by
solid line correspond to V̇ = 1000 mL h− 1 , circles connected by the dashed line
correspond to V̇ = 800 mL h− 1 and triangles connected by dotted line corre
spond to V̇ = 600 mL h− 1 . Data points are averages of multiple measurements,
with standard deviation less than 5%.
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trajectories during the experiments.
The pictures were taken immediately after the entrance, near the top
inner wall, see also Fig. 1. In the first 30 frames of Fig. 6b, particles can
still be seen following the nodal pattern, whereas the nodal lines lie
parallel to the plane of symmetry of transducers. The trajectories of the
captured particles confirm that the reflections in the system were
eliminated. If reflections were present, the particles would follow a
staircase-like trajectory rather than a straight line [6]. Larger particles in
Fig. 6b were captured by the dynamic acoustic field and were following
the nodal movement. The non-captured particles still have a downward
motion due to acoustic radiation forces, but with a less steep slope, as
shown in Fig. 6b. Therefore, smaller particles can possibly exit from the
bottom side outlet.
Fig. 7. illustrates the d90 values of the samples from the top side
outlet.
Fig. 7 confirms the dependency of the d90 values on the flow and
excitation parameters, as suggested by the computer simulations.
Similar to the computer simulations, the higher frequency difference or
higher flow rate resulted in a higher d90 value. The effect of the fre
quency difference on the d90 value seems weaker in the experiments
than in the simulations.
Also, the d90 values measured in the experiments are in general
lower than those calculated in the simulations. This observation in
dicates that in the experiments the acoustic field was stronger than in the
simulations. In the simulations, acoustic pressure from each transducer
in the x-direction was set at 30 kPa. Particle motion in Fig. 6b shows that
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Appendix A. Acoustic radiation force in case of unequal amplitudes from each source
For a spherical particle with diameter much smaller than the wavelength of the acoustic wave field in the medium, the acoustic radiation force is
given by [8–10].
(
)
4
1 1
3
Fac = − πr3 ∇ χ 1 2 〈p2in 〉 − χ 2 ρ0 〈v2in 〉
(A1)
3
2 ρ0 c0
4
⎛ ( )⎞
ρ
)
(
⎜2 ρ0 − 1 ⎟
2
ρ c
⎟
In Eq. (A1) the terms χ 1 = Re 1 − ρ0c20 and χ 2 = Re⎜
⎝ 2 ρ +1 ⎠ are the monopole and dipole scattering coefficients, respectively. The combination
ρ0

6

M.H. Kandemir et al.

Ultrasonics 114 (2021) 106411

of these coefficients results in the so-called acoustic contrast factor. The terms pin and vin are the incident pressure and velocity fields at the location of
particle. In order to use Eq. (A1), the incident pressure need not to follow from a standing wave field. The expression is applicable to any plane wave
field. For a traveling wave field the average force over one period will be zero. When two waves with different pressure amplitude and different
frequency propagate against each other, the resulting wave field is expressed as
(
)
(
)
ω1
ω2
p(x, t, δP1 , δP2 ) = δP1 P0 cos ω1 t −
x + δP2 P0 cos ω2 t + x
(A2)
c0
c0
For a particle in a plane wave field, the force becomes
)
(
1 1
∂
1
∂
Fac (x, t, δP1 , δP2 ) = 2π r3
χ
p(x,
t,
δ
,
δ
,
δ
ρ
χ
v(x,
t,
δ
,
δ
,
δ
)
p(x,
t,
δ
v(x,
t,
δ
)
)
−
)
P1
P2
P1
P2
P1
P2
P1
P2
1
0
2
∂x
∂x
3 ρ0 c20
2

(A3)

For a plane wave field, p(x, t, δP1 , δP2 ) = ρ0 c0 v(x,t,δP1 ,δP2 ). Hence Eq. (A3) can be used to calculate the acoustic radiation force on a particle with the
given pressure field. Numerical calculations suggest that, when δP1 , δP2 ≥ 0 and δP1 + δP2 = 2, the acoustic force scales with the harmonic mean of δP1
and δP2 . The average acoustic radiation force acting on the particle over one period (T) can be defined as

Fig. A1. Two numerical examples when the pressure amplitudes are unequal. Black solid line represents the acoustic radiation force when the pressures are equal,
and black dashed line represents the acoustic radiation force when the pressures are unequal. Force distributions are normalized by the maximum force given by the
solid line. Red line represents the ratio of force of unequal pressures case to the force of equal pressures case. (a-c) solid line represents δP1 = δP2 = 1 and dotted line,
maximum amplitude is represented by the dashed line, represents the case with (a) δP1 = 0.8 and δP2 = 1.2, thus H = 0.96, (b) δP1 = 0.7 and δP2 = 1.3, H = 0.91 (c)
√̅̅̅̅
δP1 = 0.6 and δP2 = 1.4, H = 0.84 (d) solid line represents case when PD = 2P0 H and dotted line (not visible due to overlap) represents the case with δP1 = 1 and
δP2 = 1.
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Fav (x, δP1 , δP2 ) =

1
T
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∫

T

(A4)

Fac (x, t, δP1 , δP2 )dt
0

where T = 1/f is the period of excitation. Fig. A1 displays examples of a force distribution when the pressures from each source are unequal.
Fig. A1 displays force distributions for several cases of unequal pressures. Numerical calculations suggested that the acoustic radiation force scales
with the harmonic mean of the pressure multipliers δP1 and δP2 . A special case is also displayed in Fig. A1d. Solid line represents the force distribution
(
) (
)
√̅̅̅̅
= δP2 ∕
= 1. The overlap of the two distri
when p(x, t) = 2 HP0 cos cω0 x − 2∊ t cos 2c∊0 x − ωt . Dashed line represents the force distribution when δP1 ∕
butions and the ratio confirms that the acoustic radiation force on a particle scales with the harmonic mean of the individual pressure multipliers.
When the counter-propagating waves have different frequencies but equal amplitudes, the pressure distribution given in Eq. (2) is an approxi
mation which is only applicable when ∊≪ω. When the amplitudes are unequal the resulting pressure field cannot be simplified to such an expression.
As a result, an analytical proof for the relation between the ratio of forces and the harmonic mean of the pressures is to the best of our knowledge not
possible. The numerical calculations, however, confirm that when the two frequencies and amplitudes are not equal but similar enough, the resulting
acoustic wave field acts as a quasi-standing wave field and able to manipulate the particles.
Appendix B. Supplementary material
Supplementary data to this article can be found online at https://doi.org/10.1016/j.ultras.2021.106411.
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