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CHAPTER 1

Introduction

Oil and water do not mix. Oil molecules like each other and so does water molecules.
Oil molecules however do not like water molecules as much as their own. Thus, there
exists a effective repulsive force between oil and water molecules. Imagine pouring
a glass of water into a container that has oil. Eventually, the oil will phase separate
and reach the top of the container. This happens as a result of the repulsive force
often referred to as the hydrophobic nature of oil. Indeed gravity dictates their
position, but, interaction drives the separation. As a thought experiment, imagine
oil likes water. Do you think that if we repeat the same experiment in the presence
of gravity, will oil come to the top of the container? I will leave this as an open
question. When oil separates from water, an interface will form between the oil-rich
and water-rich regions. However, there are enormous scenarios where we would
like the oil to mix completely with water. It would be extremely beneficial if we
can achieve this without providing mechanical work. Such stable mixtures of oil
and water can be achieved by adding a surfactant. These surfactants have both
oil-loving and water-loving parts and hence assemble at the interface between oil and
water. Such assembly promotes thermodynamically stable mixtures (no mechanical
work required) with an enormous interfacial area. Such thermodynamically stable
mixtures of oil, water and surfactant are defined as microemulsions.

To understand microemulsions. This is all this thesis is about. Our target is
to generate a generic yet simplistic model to the whole class of microemulsions
with accuracy at the molecular level. Firstly, we will provide a brief review of
microemulsions. Later, we will present various applications of microemulsions in
different fields. Finally, we will discuss existing models and conclude with an outline
of the thesis.
1
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1.1

Brief review of microemulsions

As stated above, microemulsions are stable mixtures of oil, water, and surfactant.
Such mixtures often show common features of ternary systems (3 component
systems) and added to this also feature its own characteristics. Phase diagrams are
a straight forward way to quantify the behavior. In simple terms, phase diagrams
are basically a representation of what kind of phases arise when oil, water, and
surfactant are mixed at a certain ratio and temperature. Before we review the
known phase behavior of oil-water-surfactant mixtures, let us formally define the
necessary requirement for the third component to qualify as a surfactant.
In a system consisting of oil and water, let’s imagine adding a third component.
Earlier we stated that this third component leads to a spontaneous mixture of oil
and water. Not all molecules can qualify as a surfactant. This third component
can be called as a surfactant, only if it has a capability to partition (settle) itself
between the two (oil and water) phases. Non-ionic n-alkyl polyglycol ethers like
CH3 (CH2 )i−1 (OCH2 CH2 )j OH are an excellent candidate as surfactants. We will
refer to them in the commonly accepted short notation Ci Ej . The C part of these
surfactants prefers to stay in oil and the E part prefers to stay in water. Thus
most molecules self-assemble at the interface between oil and water. Furthermore,
ionic amphiphiles, such as sodium-bis-ethylexysulfosuccinate (AOT) or sodium
dodecyl sulfate (SDS) can also behave as our choice for the third component. In
this thesis, we will only consider the non-ionic surfactants. The reason for this is as
stated before our target is to create a simplistic model. Ionic interactions, though
interesting, will add complexity to our model.
In the presence of surfactant, that partitions mostly itself at the interface, we
can apply an external field to control this partition behavior of the surfactant.
In the case of non-ionic surfactants, the external field is temperature, and for an
ionic molecule, the external field can be salt concentration. Furthermore, a fourth
component called co-solvent can also be added to tune the phase behavior. It should
be now clear that the choice of non-ionic surfactant is to remain generic, simple and
fundamental in our work. Thus we have oil, water, non-ionic surfactant as three
components and temperature as an external field.
Let’s get back to our system of oil and water. For the sake of argument, let’s
assume we have equal amounts of oil and water. Even though we would like our
surfactant to perfectly partition at the interface between oil and water, that would
be an ideal scenario. Often surfactant prefers one of the two phases (oil or water).
As stated before we have to tune the partition behavior using an external field
like temperature. For the sake of argument, let’s assume that the surfactants are
mostly found in the aqueous (water) phase. In this scenario, the water phase with
surfactants will be in equilibrium with the excess (pure) oil phase. Surfactants
in the water will lead to the formation of droplets of oil inside the water phase.
2
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Figure 1.1: Winsor classification of microemulsion. Illustration of different phases
formed when oil, water and surfactants are mixed. Winsor Type I - represents an
oil phase coexisting with droplets of oil in water. Winsor type II - represents an
water phase coexisting with droplets of water in oil. Winsor type III system has an
excess oil and excess water phases coexisting with a middle phase. Middle phase
grows and engulfs the excess oil and water phases to form Winsor IV - single phase
microemulsion. Reprinted from [1] with permission.

Winsor classified such microemulsions as Winsor I (oil-in-water microemulsions),
see Fig 1.1. By increasing the temperature of the system a middle phase with
more of surfactant and less of oil and water will appear. The middle phase will
thus have an intermediate density between that of an oil-rich and water-rich phase.
This is classified as the Winsor III system. The temperature at which the middle
phase appears is defined as the lower critical temperature (TL ). On increasing the
temperature further, the surfactants will become increasingly soluble in oil compared
to that of water. Again we will end up forming a two-phase system with pure water
phase in equilibrium with droplets of water in oil. The temperature at which this
happens is called the upper critical temperature (TU ) and the system is classified as
Winsor II. So far we have increased the external parameter (Temperature) at a fixed
oil, water, surfactant ratio. However, a second parameter that can be used to study
the system property is the concentration of the components. To do so, and yet
remain simple, let’s look at the balanced systems wherein the amount of oil is equal
to the amount of water. For this 1:1 (oil: water) system at a certain temperature, we
can increase the surfactant concentration. At a certain concentration, a single-phase
appears in which the excess oil and excess water are solubilized. Such systems
are called as Winsor IV systems. In this thesis we often refer to this system as
microemulsion.
Let’s take a look at an example system and observe how different phases feature
in reality. In Fig. 1.7, Phase diagrams for non-ionic amphiphile, oil, water ternary
systems are presented. It can be seen that in all of these phase diagrams, a fish-like
structure exists. Within the body of the fish, a three-phase region (Winsor III)
is observed. The Head of the fish marks the beginning of the three-phase region
in the phase diagram. The body of the fish ends in a tail where the single-phase
3
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Figure 1.2: Phase diagram of water, decane and Ci Ej surfactant. Ratio of water to
oil (decane) is 1:1. Surfactant strength is varied from top to bottom by increasing
the number of units of C and E. Temperature of the system [in ◦ C] and surfactant
concentration [in wt%] are used as two control parameters. Two phase regions are
denoted by 2φ, Winsor III is represented as 3φ. Winsor IV is represented as 1φ.
Lamellar (Lα ), Hexagonal (H1 ) and V1 phases are also seen at certain conditions.
Reproduced with permission from [2]

4

region (Winsor IV) occurs. Above and below the head and body of the fish, Winsor
I and Winsor II (two-phase regions) are observed. This is clearly seen for the
surfactants C8 E4 -C4 E1 . For larger surfactants, the phases in the tail region are
more complicated with lamellar, hexagonal and cubic phases.
It can be seen as the chain length of the surfactant is increased from C4 E1 to
C12 E6 the body of the fish becomes smaller. Further, the head of the fish and the tail
of the fish move to the left of the phase diagram with lower surfactant concentration.
This means that a single-phase region is observed at a lower surfactant concentration
for a longer surfactant. Thus a surfactant strength can be weakened by decreasing
both the number of carbons in the hydrophobic tail and by decreasing the number
of ethoxy groups in the surfactant head. However, using a strong surfactant doesn’t
necessarily mean that the single-phase region will be bicontinuous (disordered
mixtures). It can be seen from the phase diagram for the C12 E6 , the single-phase
region is more likely to be in a hexagonal or lamellar regime with a very narrow
regime of bicontinuous phase marked as 1φ. This shows that knowledge about
the interfacial properties and the structure of the observed single-phase region is
essential to explain more about the behavior of microemulsions.
Another important thing to note is the temperature. It can be seen as the
surfactant chain length is increased (or strength is increased), the head of the fish
moves to a higher temperature. Even though it is not very clear for the tail of the
fish, a similar trend can be observed from the figure.
Models and experiments attempt to understand this behavior. Experiments
are a great tool to observe the phase behavior of specific surfactants. However, as
always, a generic computer model will not only help design the right experiments
but also provides a fundamental understanding of the observed phase behavior.
Indeed, many models and years of expertise have shed a broad understanding of
microemulsions, yet there remains a huge gap. Our knowledge of microemulsions
remains to be a drop in an ocean of unknowns. Before we explain more about the
existing models, let’s explore the necessity to know more about microemulsions.
Indeed, the necessity arises from enormous potential applications of these mixtures.

1.2

Applications of microemulsions

Even though discovery and technical definition of microemulsion happened in 1957
[4], the last two decades saw applications of microemulsion in various fields such as oil
recovery, pharmaceutical industries, fuels, lubricants, corrosion inhibitors, cosmetics,
reaction kinetics, liquid membranes, food technology and so on. It is interesting to
note, definitely not recommended, that the oil was thrown into seawater to calm
the waves in the early days [5] and remains to be the first application of oil-water
interactions.
5
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Figure 1.3: During ingestion, lipid, triglycerides and the drug forumlation are taken
orally. Following ingestion, digestion is initiated in the stomach by gastric lipase.
Primary function of the gastric lipase and associated pancreatic lipase and co-lipase
was arguably to breakdown the ingested oil (triglycerides) into a series of colloidial
structures. These colloidial structures include multilamellar/unilamellar vesicles,
micelles, mixed micelles etc., Indeed, these colloidial structures can be closely related
in a fundamental level to the oil-in-water droplets in Winsor I systems. Reprinted
from [3] with permission.

Food Industry
Let’s start with some delicious applications of microemulsions. Milk, flavored milk
products, creams, whipped cream, butter, cheese, salad dressings, mayonnaise,
coffee whitener, soups, yogurt, ice cream, etc., are common examples of food
emulsions. Let’s note that food emulsions are not necessarily microemulsions.
The primary difference between food emulsions and microemulsions is that food
emulsions are not thermodynamically stable. This comes with a drawback. Food
emulsions (commonly macroemulsions) require kinetic energy to be stabilized. This
is often achieved in the food industry through a process called homogenization.
Importantly, the stability, size of these food emulsions dictate the shelf-life, texture,
taste, etc., Wouldn’t it be nice to have food products that have shelf-life comparable
to that of honey? This can potentially be achieved with thermodynamically
6

stable food microemulsions. Considering microemulsions are more stable than
the (macro)emulsions, it is tempting to promote micro emulsification in the food
technological process. There is a catch. Most food products have an oil phase made of
triglycerides. Triglycerides are weak compared to hydrocarbon oils and cannot form
an oil-rich phase. Furthermore, food regulations place a huge constraint on the range
of surfactants that can be used. Food grade surfactants such as phosphatidylcholine
(lecithin), AOT and sorbitan monostearate/monolaurate (Tweens) are few of the
most studied, leaving a huge range of surfactants unexplored. Also, it is not a
wonder that microemulsions naturally occur in a range of foods. It is speculated
that microemulsion phases form during the digestion and absorption of fat and
lipophilic drugs, see Fig. 1.3.
Currently, the primary application of microemulsions within the food industry is
to use microemulsions as a carrier for bioactive food compounds [6–9]. This regime
of research has interdisciplinary applications. We will revisit this when we discuss
the applications in the pharmaceutical industry. The necessity to obtain more
insights into the formation of food-grade microemulsions is clear. In our thesis, by
attempting to model microemulsions in a generic context we hope to have provided
the food microemulsion community with additional insights. However, it might be
stated that understanding the micelle formation (droplets of lipids) can help also
understand the process of human digestion [10–12].

Oil and gas industry
A novel approach to enhance oil recovery uses microemulsions. Energy needs are
rising, while supply is staggering. High energy needs directly influence the climate
and environment. To understand how microemulsions can play a key role in the oil
industry let’s take a brief look at oil recovery processes. As shown in Fig. 1.1, a
typical oil field consists of an injection well and a production well. These wells run
several thousand meters deep into the surface of the earth and reach the oil-reservoir
beds. Oil-reservoir beds are basically sediments of fossils over billions of years,
turned into a mixture of crude oil trapped between porous rocks. Through the
injection wells, a huge quantity of water is pumped in to recover these trapped crude
oil through the production well. Typically a huge amount of saltwater is recovered
along with the crude oil. This wastewater has to be disposed of. The amount of
wastewater produced is directly related to the efficiency of the oil recovery process.
Before we discuss how microemulsions can improve the efficiency of oil recovery
and drastically reduce wastewater production, let’s look at how this wastewater is
disposed of in the current industrial set up.
Though the wastewater is sometimes recycled to use for hydraulic fracturing,
most industries inject the wastewater deep into the earth using wastewater disposal
wells as shown in Fig. 1.2. Such a process is known to have several implications on
7
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Figure 1.4: Microemulsions in enhanced oil recovery. Figure in the left illustrates a
typical oil field process (Source: Reprinted with permission from SNF Floerger).
Primary components of these processes include an injection well, production well,
and storage tanks. Water and surfactants are pumped through the injection well.
Injected water washes out the trapped oil and pumps out through the production
well because of pressure difference. On the right a study correlating locations of
wastewater pumps with earthquakes in the city of Oklahama is presented. Black
crosses represents injection wells, blue crosses represent saltwater disposal wells and
the red dots represent the earthquakes recorded during the years between 2009 2014. Reprinted from [13] with permission.

the frequency and magnitude of earthquakes [13]. In a recent study, earthquakes
were directly correlated to the oil excavation process in the city of Oklahoma, US (see
Fig. 1.3). Furthermore, as operations expand the volume of wastewater generated is
reported to increase exponentially [14, 15]. Environmental impacts of the produced
wastewater are enormous and being increasingly realized by both the scientific and
industrial community [16–18]. Considering the growing demand for energy, unless
an alternative scalable energy source is found, oil and natural gas are going to be
the primary source of energy. Thus there will be expansions in operations and
an increase in environmental impacts. As said before, by increasing the efficiency
of the tertiary oil recovery, a significant amount of wastewater produced can be
reduced. The efficiency of the tertiary oil recovery process is directly linked to the
ability of the drive water (water pumped through an injection well) to mix with the
trapped oil. Here is where the application of microemulsions comes into the picture.
Typically, in oil recovery, a huge amount of surfactant will be pumped in to achieve
microemulsion phases in the reservoir bed. These processes aim to reach Winsor IV
phase in a (crude oil, drive water, surfactant system). By gaining insights into the
fundamental behavior of oil, water, surfactant system can thus help mitigate the
environmental degradation caused due to low-efficiency oil exploration techniques.
8
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Figure 1.5: Oil recovery processes as causation of earthquakes. Illustration of
observed correlation presented in previous figure. As stated in the figure, geological
cracks are held in place by normal forces. Pumping wastewater fills up the crack and
has a possibility to counteract the normal forces. Inherently, a slip becomes more
probable in fluid filled porous rocks. Furthermore, pumped saltwater is reported to
affect the quality of watertable in several regions. Source: PBS Newshour

Pharmaceutical industry
A drug often consists of an active ingredient and an excipient. Activie ingredient is
the primary component required to address a specific symptom and a drug can have
one or more active ingredients. An excipient is the component of the drug used to
either tune its long term stability, adsorption, viscosity etc., Microemulsions act as
an excellent drug carrier and lie within the category of excipient carrying the active
ingredient in the drugs. One example is provided in the Fig. 1.4, where lipid based
micelles are used to carry the active ingredients to ensure target based drug-delivery
on cancer cells. In this study [19], authors suggest a way to target cancer cells
while leaving the normal cells. This is achieved using nanoparticles. Understanding
micelle stabilization (in this case the nanoparticle stability) is directly linked to the
microemulsion systems with drugs (replacing the oil phase) and blood (replacing
9
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Figure 1.6: Microemulsions in pharamaceutical industry. On the left, A cascade
amplification release nanoparticle (CARN) is constructed by the coencapsulation of
β-lapachone and a reactive-oxygen-species (ROS)-responsive doxorubicin (DOX)
prodrug, BDOX, in polymeric nanoparticles. Structural stability of CARN is
related to their Winsor I, II phase-behavior in a medium of blood or intracellular
fluids. Reprinted from [19] with permission. On the right, microemulsions were
prepared by using Tween 80 as a surfactant, 1,2-propylene glycol as a co-surfactant,
isopropyl myristate as an oil phase and phosphate-buffered saline as an aqueous
phase. The resultant microemulsions possess a bicontinuous-phase structure. The
microemulsions were gelled by the self-assembly of sorbitol derivatives as a gelator
to form novel supramolecularly gelled microemulsions that can be used as the carrier
of a dual-drug, such as hydrophilic 5-aminosalicylic acid and lipophilic curcumin.
Reprinted from [20] with permission.

the water phase) and lipids (replacing the surfactant).

Advanced materials
Advanced materials is a developing field in the branch of material science. From
transistors to anti-microbial fabrics variety of essential technological applications
has been a direct result of the research in the field of advanced materials. It
is however not straightforward to imagine the role of microemulsions in such a
field. However, microemulsion play a significant role in the field of advanced
materials. We will show a few example. In a study published in 2017 [21], a new
10

formulation based on water in oil in water (w/o/w) microemulsions made from
a plant extract was used as coating on cotton fabric. UV cured coated fabric
showed an excellent anti-microbial property. Such materials not only improve the
standard of living but also provide a means to contain the spread of pandemics. In
Fig. 1. 4, bicontinuous interfacially jammed emulsion gel (bigel) fibre development
is presented. Microemulsion formulation plays a key role in this process [22–24].
Such microfibres have potential applications in medicine. Bijels with food grade
surfactant can lead to more stable products with longer shelf-life as discussed above.
Overall, a sound fundamental knowledge on microemulsions (ternary systems)
provides with quality food, cleaner energy, efficient drugs and high performance
materials, to say the least. A plethora of applications remain unexplored because
of our limited knowledge on microemulsions.

Figure 1.7: Microemulsions in advanced materials. Continuous generation
of hierarchical and asymmetric bijels based on solvent-transfer-induced phase
separation (STRIPS) is demonstrated. In STRIPS, phase separation is induced by
solvent extraction from an initially homogeneous ternary mixture, and bicontinuous
morphology is stabilized by interfacial attachment of nanoparticles, which are
functionalized in situ. STRIPS allows stable bijel formation from a wide variety
of liquids and particles. On the right, visualizations of bijel fibres are presented.
Reprinted from [22] with permission.

1.3

Models for microemulsion

Any model describing a physical phenomena can be classified based on its resolution
(range of length scales captured). Microemulsions are amazingly complex to model
as the range of length scale required to capture the whole behaviour ranges from a
few nanometres to several hundreds of micrometres. We will outlay a few models
that exist at different length scales.
11
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Atomic models
All-atom molecular dynamics simulations that can resolve details of individual
atoms can be classified as the atomic models [25]. The atomic-level resolution
provides detailed information about the structure and dynamics of the surfactants
at the interface between oil and water. Note, often the dynamics can be observed
not beyond several nanoseconds. This inherent limitation in the total simulations
time arises from the stringent stability criterion arising from the velocity Verlet
algorithm. To break it down, let’s say that advancing the simulation from time t to
t + 1 is only physically accurate as long as the ∆t = (t + 1) − t lies within a certain
range. This range is directly linked to the spatial resolution of the simulations.
Since the atomic models aim at increasing the spatial resolution, the drawback is to
compromise in the time evolution. Atomic models are a great tool to understand the
in-depth molecular behaviour at short time scales and short length scales (typically
few hundred nanometers). Beyond that it is computationally intensive and mostly
impossible even with present-day capability of GPUs and parallelization to achieve
a mesoscopic outcome from atomic models.

Microscopic models
The second class of models, take the basic entities of the model to be the molecular
components of the system, and the fundamental length scales observed are at
molecular scales. In microscopic models, all components are replaced by their
statistical equivalents with no internal structure. Thus interactions are modelled by
a few parameters or functions and are inherently short range. Often such interactions
are made attractive between polar entities (water and a head group of surfactant)
and non-polar entities (oil and tail group of surfactant). A repulsive interaction
is present between polar and non-polar entities (water and oil). Scheutjens-Fleer
self-consistent field theory (SF-SCF) falls within this category and so does other
mean-field theories.
Most of these models require computers to achieve a solution and thus require
a discrete space replacing the continuum theory. It is however argued that meanfield theoretical approaches are accurate based on the assumption that lattice
discretisation errors does not influence the problem. It is easy to see that the earlier
assumption is valid in the limit of weak gradients (in systems where the gradients in
properties take more than a few discrete layers to change). In strong segregations
(steep change of properties), such discretisation often lead to lattice artefacts.
With extensively fast computational time, microscopic models are often employed
to understand the phase behaviour [26–29], microemulsion structure [30–32] and
interfacial and wetting properties of ternary systems. This shows the power and
applicability of mean-field theories towards understanding microemulsions. In this
thesis, we will employ SF-SCF to understand microemulsions.
12
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We have discussed atomic-level models and molecular level models earlier. Imagine
modelling an entire sheet of surfactants assembled at the interface between oil and
water. Basic entity of these models is thus the behaviour of the sheets given by
their rigidity. The sheets of assembled surfactants can be monolayers (in oil, water,
surfactant systems) or bilayers (in water, surfactant systems). We will focus on
monolayers that are applicable for microemulsions. Monolayers are considered as
incompressible two-dimensional liquids with a characteristic area per head group in
membrane models.
It is easy to see that such membrane models are the easiest way to study the
fluctuations of single monolayers. This can be directly quantified by studying the
energy required to bend these monolayers, called as mean bending rigidity (κ).
Monte-Carlo simulations of such monolayers is straight forward.
The problem arises when we attempt to study the single-phase microemulsions.
The disordered Winsor IV systems have multiple monolayers and thus require
statistical mechanics of random surfaces. It should be noted, that Monte Carlo
simulations of more than one sheet has never been performed yet. In this thesis,
we will show that the fluctuation enhanced self-consistent field theory is the way
forward to understand Winsor IV systems.

1.4

Outline of the thesis

In this thesis, we explore the potential of a one-parameter molecular model to
describe the behaviour of microemulsions. Oil, water and surfactant are modeled
as An , Bn , AN BN , where n, N represent chain lengths. One-parameter, χ is
used to dictate repulsion between A and B. This parameter combines the effect
of intermolecular interactions and external field (Temperature). Thesis is divided
into two parts. In part 1, We employ Scheutjens Fleer self-consistent field theory
(SF-SCF) to understand the equilibrium properties of the system. In part 2, we
develop and present a hybrid Monte-Carlo SCF simulation approach to include
the effects of interfacial fluctuations in SF-SCF to understand the off-equilibrium
properties. Finally, we provide a overview of Fluctuation-enhanced self-consistent
field theory (FL-SCF). Below a chapter-wise overview is provided.
In chapter 2 we establish an unambiguous route to study the properties of
symmetric liquid-liquid interface (oil-water interface). In this work, we do not
consider the addition of a third component, and thus the interfaces always feature
a finite interfacial tension γ. We report a positive value for both moduli when the
system is close to critical and the rigidities show the same scaling as γ. Furthermore,
we find that the length scale λ remains of the order of the segment size.
13
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In chapter 3 we add a ternary component (surfactant) to the binary system. Since
the surfactant adsorbs spontaneously to the liquid-liquid interface, tension drops.
We explore the tensionless state in such systems where the bending moduli dictates
the physics of the interfaces. Such interfaces are called as saturated interfaces.
Focus is to establish an elegant protocol to determine the rigidities of saturated
interfaces. We explore scale-invariant geometries like a minimal Willmore torus and
Im3m cubic phases and report that κ̄ switches sign upon approaching the weak
segregation limit.
In chapter 4 we analyze the ternary system discussed in chapter 3 in both
strong and weak segregation limit, by varying the interaction parameter χ and the
surfactant concentration ϕbs . We reproduce a phase diagram in χ − ϕbs and add
regions relevant for microemulsions. Specifically, we report that the saturation
line (line of tensionless states) ends at a critical point. We refer to this as the
Microemulsion point (MP). Furthermore, we show that in the limit of infinitely long
polymers MP merges to form the classical Lifshitz point. Within the phase diagram,
we show a pair of binodal envelop the three-phase region with a middle phase.
While analyzing the interaction between the saturated interfaces, a non-monotonic
interaction was observed reasoning the cohesiveness between the interfaces in the
observed middle phase.
In chapter 5 we present the implementation and theory behind the hybrid
Monte-Carlo self-consistent field theory approach to study off-equilibrium interfacial
fluctuations. We demonstrate this using the binary system discussed in chapter 2.
Using the fluctuation route bending rigidities are obtained and compared with the
mean-field results. Potential applications of the developed method are discussed.
In the final chapter, we present the feasibility of fluctuation enhanced selfconsistent field theory to include the bulk-like fluctuations in the system. Though
we present some preliminary results towards such an approach we show that there
are complexities that are needed to be resolved. We leave this as an open question
for future research. We conclude by discussing our results and provide a summary.

14

CHAPTER 2

2

Elastic Properties of Symmetric
Liquid-Liquid Interfaces
The mean (κ) and Gaussian (κ̄) bending rigidities of liquid-liquid interfaces, of
importance for shape fluctuations and topology of interfaces, respectively, are not
yet established: even their signs are debated. Using the Scheutjens Fleer variant
of the self-consistent field theory, we implemented a model for a symmetric L/L
interface and obtained high precision (mean field) results in the grand canonical
(µ, V, T )-ensemble. We report positive values for both moduli when the system is
close to critical where the rigidities show the same scaling behavior as the interfacial
tension γ. At strong segregation, when the interfacial width becomes
of the order
p
of the segment size, κ̄ turns negative. The length scale λ ≡ κ/γ specifies the
cross-over from the interfacial tension dominated- to the bending rigidity dominated
damping of interfacial fluctuations,
remains of order the segment size for all strengths
√
of interaction; yet the 1/ N chain length correction reduces λ significantly when
the chain length N is small.
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2.1

Introduction

Thermal energy makes liquid-liquid (L/L) interfaces to undergo undulations and
wavelike fluctuations. On a large length scale, beyond the capillary length, these are
damped by gravity. On mesoscopic length scale it is the surface tension γ, which
counteracts the area change that accompanies these fluctuations. On the nanoscale
the bending of the interfaces are damped by the interfacial bending rigidity κ.
More specifically, out-of-plane fluctuations of L/L interfaces are controlled
p by the
interfacial tension for wavelengths larger than the cross-over length λ = κ/γ and
by the bending rigidity (κ) at shorter wavelengths. This λ should be comparable
to a molecular length scale [33]. Precise prediction of λ from a molecular model
would significantly advance our understanding on fluctuations in L/L interfaces.
However, molecular models that have access to κ at sufficient accuracy have not
yet been forwarded. A key issue here is that molecular theories thus far have failed
to establish the sign of κ. This uncertainty arguably had negative impact on the
recognition of λ as a key interfacial quantity. As κ controls the magnitude of the
fluctuations (at short length scales), we expect it to be positive (κ > 0). In stark
contrast to this, surprisingly few theoretical predictions foresee a positive value [34]:
to date, molecular models typically predict negative values [35–38]. Nevertheless in
(mesoscale) simulations [39–41] and in phenomenological models [42] a positive sign
for κ is often chosen.
Besides κ, interfaces have a second elastic constant known as the saddle spay
modulus or Gaussian bending rigidity κ̄. The κ̄ should control the topology of
interfaces; a negative value will prevent the formation of saddle shaped interfaces
whereas a positive value will promote these. A sign-change (e.g. upon a change of
temperature) is easily envisioned. However, existing predictions indicate a strictly
positive value [35–37].
Molecular theories give relatively easy access to the accurate values for the
interfacial tension [43, 44]. However, the evaluation of the rigidities has many
intricacies. With respect to common practise, we found that a sound estimation of
κ and κ̄ from a molecular theory require to overcome two hurdles: (i) to quantify
the curvature expenses at a fixed chemical potential (µ) of all molecular species and
(ii) to properly account for non-local contributions to the enthalpic interactions.
In this chapter, we successfully overcome these theoretical challenges and show
that κ is strictly positive for L/L interfaces and hence fluctuations from planar state
cost free-energy. We observe that λ is of the order of the segment size in the limit
of strong or weak segregation, yet shows a non-monotonous behavior in transition
regime. We discuss the implications of chain length (N - degree of polymerization)
on fluctuations of L/L interfaces, in light of results obtained for λ. Finally, we
present and discuss the sign-switch for κ̄.
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Method and Model

Mean field results for a simple symmetric interface between two liquids AN and BN ,
where N is chain length (degree of polymerization), is discussed. The case with
N = 1 correspond to the well-known van der Waals interface [44, 45]. When N is
large we arrive at another well studied interface, namely between two inmiscible
polymers [35, 46]. As γ > 0, the system has a tendency to minimize its area.
Thermal energy causes the macroscopic interface to fluctuate. The accompanied
entropy gain is counteracted by an unfavourable increase in area and a penalty for
the interface to (locally) bend away from the planar ground state. Such curved
interfaces cannot maintain their tension exactly. Following Helfrich [47] we consider
a Taylor series expansion of the tension in terms of the mean (J = 1/R1 + 1/R2 )
and Gaussian (K = 1/R1 × 1/R2 ) curvature (R1 and R2 are two principle radii of
curvature):
∂γ
1 ∂2γ 2
∂γ
γ(J, K) = γ(0, 0) +
J+
J +
K + ···
(2.1)
∂J
2 ∂J 2
∂K
The term linear in J is well documented and properly understood [48–52]. Here
and below, we will focus on symmetric interfaces for which this linear term vanishes.
∂2γ
Defining the mean bending modulus, κ ≡ ∂J
2 , and Gaussian bending rigidity, κ̄ ≡
∂γ
curved interface to γ(J, K) − γ(0, 0) = 12 κJ 2 + κ̄K.
∂K , Eqn. 2.1 reduces for weakly
R
The grand potential, Ω = γdA, quantifies the excess free energy of the interface
and is the characteristic function that can be used to describe the fluctuations of
the interface that take place at specified chemical potentials, µ, (that of the binodal)
of the molecular species in the system.

Scheutjen-Fleer Self Consistent Field Theory
We implement a self-consistent field model using lattice approximations as introduced
by Scheutjens and Fleer for polymer adsorption [53, 54]. These authors combined a
freely jointed chain model with a Flory-Huggins equation of state. The repulsive
interactions between A and B segments is quantified by a Flory-Huggins interaction
parameter. When χ > χc = 2/N the system features a solubility gap. It turns out
that it is important to understand how the SF-SCF formalism deviates from the
classical SCF theory that is used to describe microphase segregation (which is also
frequently used to model the interface between two polymeric solutions).
In SF-SCF we write a mean field free energy (in dimensionless units) for a
molecularly inhomogeneous system [55–58] in terms of volume fraction ϕx (r) and
complementary segment potential ux (r) profiles for segment types x = A, B
on a grid of lattice sites with characteristic size b equal to segment size. To
facilitate proper extremization we add a Lagrange parameters, α(r), in free energy
to implement the local incompressibility constraint, ϕA (r)+ϕB (r) = 1, applicable in
17
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each coordinate r and a parameter ∆r;r0 ≡ δr;r0 ν, where δr;r0 is unity when r = r0
and zero otherwise and ν is the Lagrange parameter coupled to the requirement
that at the interface location r = r0 the density of both components match [35]:
F = − ln Q([u]) −
X

2

r

α(r)

X
x

X
x,r

ux (r)ϕx (r)L(r) + F int ([ϕ])+




ϕx (r) − 1 + ∆r;r0 ϕA (r) − ϕB (r)

(2.2)

In the mean field approach one can decompose the partition function Q = Πi qini /ni !
where i = 1, 2 refers to AN and BN respectively. The molecular partition function qi
contains the statistical weight of all possible and allowed conformations of molecule
i (see below). ni is the number of molecules of type i in the system. L(r) gives the
number of lattice sites at the lattice coordinate r. For planar system L(r) = 1 is
a constant (all quantities are per unit area), in cylindrical coordinates L(r) ∝ r
(and quantities are expressed per unit length of the cylinder), while in spherical
coordinates L(r) ∝ r2 . The interaction free energy is a function of the densities:


X
F int = χ
L(r)ϕA (r) hϕB (r)i − ϕbB
(2.3)
r

Here ϕbB refers to the bulk volume fraction of B (of one of the bulk phases).
Importantly, the angular brackets are needed to account for the contact energy in a
system with gradients in density. Similar as in the Cahn Hilliard theory [45] we
write
1
hϕB (r)i = ϕB (r) + ∇2 ϕB (r)
(2.4)
6
where the ∇2 is easily mapped on the lattice as explained extensively in earlier
literature [53, 55]. SCF solutions now involve optimizing the free energy (F ) with
respect to its variables, respectively segment potentials, volume fractions. When
∂F/∂ϕA (r) = 0, we find that the potentials must obey uA (r) = α(r) + ∆r;r0 +
χ(hϕB (r)i − ϕbB ) (and similarly for uB (r)). Setting ∂F/∂ux (r) = 0 shows the
way to evaluate the densities: ϕx (r) = −∂ ln Q/∂ux (r). P
The molecular partition
functions are found from the endpoint distribution qi = r Gi (r, N |1). The endpoint distributions are recursively found from Gi (r) = exp −ui (r) by the propagator
Gi (r, s|1) = Gi (r)hGi (r, s−1|1)i, where the angular brackets have the same meaning
as in Eqn.2.4. The segment densities
are found by the composition law, which
P
for homopolymers read: ϕi (r) = s Ci Gi (r, s|1)Gi (r, N − s − 1|1)/Gi (r). As the
position of the interface is already controlled by a Lagrange parameter ∆r;r0 , we no
longer need to specify a fixed amount of one of the components (as is needed in a
canonical ensemble), but we can normalize the densities with Ci = ϕbi /Ni where
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ϕbi is specified by the binodal: A proper binodal value is a (relevant) root of the
ϕ
Flory-Huggins Eqn. ln 1−ϕ
+ χN (1 − 2ϕ) = 0.
Numerical solutions, which routinely were obtained with an accuracy of 9
significant digits, that optimize the free energy functional and obey to all constraints,
have the property that the potentials both determine and follow from the volume
fractions profiles and vice versa and are said to beP
self-consistent. For such solution
one can compute the grand potential by Ω =
r L(r)ω(r)
P wherein theb grand
r
is
given
by
ω(r)
=
−
potential density
at
coordinate
i (ϕi (r) − ϕi )/Ni −


1 2
b b
ϕ
∇
ϕ
−
ϕ
ϕ
α(r) −
χ(ϕ
(r)
(r)
+
(r)
).
The
planar
interface
has a tension
B
B
A B
6
P A
γp = z ω(z), where z is the coordinate in the planar system. This planar interface
serves as the ground state or reference state needed to estimate the grand potential
increase of the curved interfaces.

2.3

Results

SCF solutions are routinely created for planer (p) cylindrical (c) and spherical
(s) coordinates. As the position of the interface is exactly known and specified
by ∆r;r0 to be at coordinate r = r0 we obtain the interfacial tensions in all cases
unambiguously. In spherical geometry we have R ≡ R1 = R2 = r0 − 1/2, while in
cylindrical geometry R ≡ R1 = r0 − 1/2 and R2 = ∞ and γs = Ωs /(4πR2 ) and
γc = Ωc /(2πR) for spherical and cylindrical geometries, respectively. Here Ωs is the
grand potential when the interface is curved in a spherical fashion, and Ωc is the
grand potential per unit length of the interface when curved in a cylindrical fashion.
Here we have implemented that a lattice site at coordinate r is a distance r − 1/2
away from the center of the coordinate system. In all calculations we make sure
that the numerical value for r0 significantly exceeds the width of the interface. Next
we compute γc − γp as well as γs − γp that use the Helfrich equation 2.1 to extract
with high accuracy both κ (from cylindrical geometry) and 2κ + κ̄ (from spherical
geometry). The combination of these results leads to both κ and κ̄. Note that in
all calculations, µ for the molecular species were set to the value at the appropriate
binodal. Invariably, we find a positive value for the mean bending modulus whereas
the sign of κ̄ is (as expected) not fixed.
Results for N = 1 (the van der Waals interface[43, 44]) are presented in SI, here
we focus on the captivating results for N > 1 and understand that N = 1 is a
limiting case.
In Fig. 1(a), we present the interfacial tension and in Fig. 1(b) the bending
rigidities, both as a function of ∆χ, where ∆χ ≡ χ − χc (χc = 2/N : bulk critical
point), for three values of the chain lengths N = 2, 20 and 200. The corresponding
results for the density difference and the interfacial width are presented [59]. The
results for the interfacial tension are in principle well known [35, 45, 46, 60–62]. As
long as the interface is wide compared to the coil size we find γ ∝ N (∆χ)3/2 and
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Figure 2.1: (a) Interfacial tension per unit area γ in units of [kB T b−2 ] as a function
of ∆χ = χ − χc in log-log coordinates (b) Mean κ (solid line) and Gaussian bending
rigidities κ̄ (dashed line) in units of [kB T ] as a function of ∆χ. Relevant slopes are
indicated. Three different chain lengths were used (N = 2 : green, N = 20 : cyan,
N = 200 : blue).

in the other limit, where the interfacial width is small compared to the coil size,
we have γ ∝ (∆χ)1/2 . (The 3/2 exponent is the mean field prediction, known to
be subject to changes, the 1/2 exponent is expected to be accurate.) As in this
√
regime χ exceeds χc a lot, the result is similar to the known result that γ ∝ χ.
The latter result/regime is referred to as the strong segregation limit and the former
regime will be referred to as the weak segregation limit.
Interestingly the results for both bending rigidities [cf. Fig. 1(b)] follow the
results for the interfacial tension qualitatively. In the weak segregation the 3/2
scaling is found, while for the strong segregation the 1/2 scaling is recovered. It
is important to mention that the Gaussian bending modulus deviates from the
latter power-law dependence rather abruptly: quite suddenly the Gaussian bending
rigidity goes to zero and then changes its sign. We will discuss this behaviour below
in more detail. Comparing Figs. 1(a) and 1(b) shows that in the transition regions
between weak and strong segregation the tension and rigidities do not exactly copy
their dependencies. This has interesting implications
as we will show next.
p
Above we introduced the length scale λ = κ/γ. Combining results form Fig.
1(a), 1(b), we present λ as a function of ∆χ in semi-logarithmic coordinates for
a few systems that differ in N in Fig. 2(a). In this figure it can be seen that λ
goes through a local maximum (λmax ) in-between weak and strong segregation.
Further, λ reaches some fixed value, which is approximately 16% larger at weak-,
compared to strong segregation. In Fig. 2(b), linear dependence of λmax is presented
as a function of chain length N . Computer simulations that are aimed to find
the bending rigidity from the height fluctuations of the interfaces [39, 63] may
benefit from relatively large λ-values and preferably should be executed for large
chains, because λmax grows linearly with N as λmax = 0.02N + 6.54. In passing
we should note that κ has been computed in the weak curvature limit. To reach
interface fluctuations dominated by bending we need small wavelengths, and then
the weak curvature approximation possibly may not suffice. Such problems may
20

Figure 2.2: λ as a function of ∆χ for different N = 2 (green), 20 (light blue), 80
(dark blue), 200 (red). Guide lines for 0.1% uncertainty in κ are provided to visualize
the trend, points show original data. (b) λmax vs N showing a linear dependence of
the maximum cross-over length with respect to the chain length for (N > 20). Dots
indicate extracted values, blue dashed line is a linear fit λmax = 0.02N + 6.54 .

come to the forefront when computer simulations are performed on the fluctuation
characteristics of L/L interfaces. That is why such simulations remain of more than
average interest.
It is of interest to consider the ratio κ̄/κ. Obviously, when κ̄ is switching its sign,
we cannot have a fixed ratio between the rigidities, but slightly outside the transition
regions, that is both at weak and at strong segregation, the ratio is remarkably
constant. This is illustrated in Fig. 3(a) where for a selected number of values for
∆χ-values this ratio is plotted as a function of the chain length N . For low values
of N and low values of ∆χ we have the typical weak segregation result. It could
have been concluded from Fig. 1(b), the ratio goes to a constant of approximately
1/2. In the high N high ∆χ value limit, that is, the strong segregation limit, where
the Gaussian bending rigidity is negative, the ratio is approximately −3/2. Implicit
in this prediction is that also in the regime where κ̄ < 0, the (negative) Gaussian
bending rigidity follows a scaling law: −κ̄ ∝ (∆χ)1/2 .
Recently, we have shown for microemulsion systems that the Gaussian bending
rigidity is positive for systems near the (bulk) critical point and negative otherwise
[64]. From Figs. 1(b) and 3(a) it can be seen that for liquid/liquid interfaces the
same phenomenology applies and it is of interest to quantify this sign switch. It
is mentioned in SI [59] that the scaling for the interfacial width W ∝ (∆χ)−1/2
applies both at weak and strong segregation regimes. The
√ appropriate prefactor
depends on 1 + 1/N in weak segregation and on 1 + 1/ N in strong segregation
p
regime
[59,
65].
In
Fig.
3(b)
we
present
a
diagram
of
states
in
coordinates
∆χ
√
√
vs 1/ N . The dashed line ((∆χ)1/2 = 0.2 + 0.5/ N ) separates the parameter
combination with positive κ̄ values from the negative ones. The line in Fig. 3(b)
is functionally consistent with the prefactor for the interfacial width scaling in
the strong segregation limit and therefore we speculate that the interfacial width
controls the sign switch. Apparently, the Gaussian bending rigidity changes sign
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when the width of the interface is approximately 3 to 4 times the segment size.
This thus happens at relatively weak segregation for short chains but in the strong
segregation regime for long chains.

Figure 2.3: (a) Ratio of Mean and Gaussian bending rigidities as a function of
molecular weight N at ∆χ = 0.03 (dark blue), 0.06 (light blue), 0.075 (cyan), 0.08
(green), 0.3 (black) showing transition from κ̄/κ = 1/2 → −3/2 as the system is
going from weak to strong segregation by increasing the chain length. (b) Diagram
of states for the sign switch of κ̄. The dashed fit-line is explained in the text.

2.4

Discussion

Physically, the implication of a positive κ is that fluctuations of the L/L interface
away from the planar state do cost (free)energy. In the light of existing literature,
this expected result is remarkable for several reasons.
(i) The way the interface is pinned, using a Lagrange parameter coupled to
the equal density of the two liquid component, was first used by Matsen [35].
He implemented this method to find the bending rigidities using the classical
self-consistent field machinery. His SCF approach has many similarities with the
(current) SF-SCF approach. Yet he reported strictly negative values for κ and
positive values for κ̄. The only relevant difference between our SF-SCF approach
and the classical SCF approach of Matsen rests in the fact that for the interactions
we have implemented the Cahn-Hilliard gradient terms, and Matsen did not. In the
SI we show that when in SF-SCF these gradient terms are neglected, that is, when
we implement (cf Eqn 2.4) hϕ(r)i → ϕ(r), we do reproduce all results of Matsen to a
high accuracy. This proves the importance of the non-local interaction contributions
to determine the rigidities. In the absence of these non-local interactions, neither
the sign nor the scaling dependencies are apparently properly predicted.
(ii) A number of years ago Blokhuis has shown that a big effect on how bending
of the interface is implemented [66] must be expected. He identified the so-called
equilibrium bending mode where µ controls the curvature. In this case, the bending
of the interface is accompanied by the development of a Laplace pressure inside
the ‘droplet’ phase. γ is then typically computed at the so-called surface of tension
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(SOT). The position of the interface is taken to be at the SOT, even though other
choices can be implemented. When the tension evaluated at this SOT is used in
the Helfrich equation one can evaluate κ and κ̄ (again using the combination of
cylindrical and spherical geometries). As confirmed by SF-SCF calculations [37, 67],
in this case κ is negative and κ̄ is strictly positive. Also for equilibrium bending
one finds scaling behaviour for both moduli when the system is close to the bulk
critical point. However in this case the coefficient of 1/2 is found. Blokhuis also
analyzed the bending of the interface at fixed µ (binodal values) by controlling the
position of the interface by some (local) external field. Interestingly, in this case he
recovered the 3/2 scaling law, similarly as presented above for the weak segregation
[68]. However, still the value of κ was negative. Interestingly, quantitative values for
κ did depend on the choice that was implemented to define the interface position.
Blokhuis could not exclude that there might be some choices for this that could
turn κ positive. Hence the current results that shows positive values for κ and a 3/2
scaling coefficient (in the weak segregation limit) indeed is the anticipated result.
Perhaps the more interesting prediction is the sign switch of κ̄. In surfactant
systems such sign switch has been found earlier [64] and is expected because it
correlates with the rich phase behavior for these systems that include cubic phases
and sponge phases. For the liquid/liquid interface the sign switch of κ̄ is unknown.
It will be of more than average interest to find experiments for which this sign
switch is important. This is not trivial because we know that the prime interest of
an interface is to reduce its area under the influence of a finite tension. However,
when the interfaces are strongly perturbed, one might find that drops may pinch
off. Arguably this is easier when κ̄ < 0, hence at strong segregation systems,
and suppressed otherwise. This reasoning may explain why for some liquids one
can manipulate the splashing by an external pressure [69, 70]. Such effects may
find applications in various industrial process [71, 72]. Our results may also have
implications in emulsion droplet formation as the ease by which drops form might
be manipulable by the sign and size of κ̄.
We have proved that the fluctuations from L/L interface away from the planar
interface indeed cost free energy. We have shown that the cross-over length has
a non-monotonous behavior in the transition regime between weak and strong
segregation. Besides this, λ is essentially constant (of the order of a few segments
lengths) and does not vary much with chain length and/or distance to a critical
point. Moreover, a sign-switch of κ̄ is now established. As interfaces are omnipresent,
it is difficult to overestimate the many implications of our phenomenal results which
may include complex phenomena such as droplet nucleation from a supersaturated
solution, emulsion formation and wetting phenomena to mention a few.
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Additional Information
The equilibrium properties of symmetric L/L interfaces is solved in a mean field
model. Solutions of the SF-SCF equations lead not only to thermodynamic
information on interfaces but also provides insight in corresponding structural
properties. In the first section of this supplementary information we illustrate this
by focusing on a few density profiles across symmetric interfaces and then illustrate
how curvature of the interface changes the interfaces in a subtle yet expected
ways. In a second paragraph we present result for the thermodynamic and elastic
properties of interfaces between monomeric solvents (the van der Waals case). In a
third section the finite chain length corrections of the interfacial tension as well
p as
the mean bending rigidity are analysed to underpin how the length scale λ = κ/γ
has a non-monotonous behaviour in-between the weak and strong segregation
regimes. The fourth section gives information on the interfacial width and the
density difference across the interface as functions of the interaction parameter. The
final section is devoted to the comparison of the SF-SCF results with the classical
results of Matsen [35]. In this comparison we modified the SF-SCF approach by
ignoring the non-local interactions in the segment potential. The match of results
of these two approaches proves that the difference found between full SF-SCF and
the classical SCF used in polymeric interfaces must be attributed to these non-local
interactions and not to, e.g., spurious numerical issues.

On the segment density profiles across symmetric interfaces and
how curvature of the interface modulates these.
The SF-SCF theory has been outlined in the chapter. A key result of the theory
is the structure of the interface. This interface readily forms both for monomeric
systems A1 -B1 (referred to as the van der Waals interface), as well as for polymeric
interfaces AN -BN where N is the degree of polymerisation. The reason why in
monomeric systems the interface is stabilized is due to the non-local interactions
in the segment potential. For polymer systems the interface in principle should
also experience such Cahn-Hilliard gradient contributions (leading to a k(∆ϕ)2 in
the Landau free energy), but they are already stabilized by a Lifshitz-Edwards
√
entropy (b2 (∆ ϕ)2 /12 in the Landau free energy [57]). Because of the latter effect,
in polymeric models the Cahn-Hilliard contribution is often ignored. We show that
this Ansatz is leading to wrong predictions for the bending rigidities and this is in
more depth elaborated on in the final section of this supplementary information.
In Fig. 2.4a the volume fraction profiles are presented for simple planar
monomeric Liquid-Liquid interface at strong segregation (orange) and weak
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segregation (cyan). Interfacial profiles converge to the classical result ϕ(z) =
∗
0.5 ± ∆ϕ tanh((z − z ∗ )/W ) in the
p limit of weak segregation. Here z = z is the
position of the interface, W = b λχ/∆χ is the width of the interface (λ = 1/6,
b is the size of a segment), and ∆ϕ is the density
difference (between binodal
p
concentrations) which near critical is given by 6∆χ/16. Fig. 2.4a is instrumental
in visualizing the length scales involved in the problem. Primary length scale, as
observed from the figure is the interfacial width W . It is clear that closer to the
bulk critical point the interfacial width widens and the density difference
pdecreases
as observed [45]. Other length scales associate are the coil size Rg = b N/6 and
the segment size b. We note that these length scale will play a significant role in
polymeric liquid-liquid interfaces and are addressed in the chapter.

Figure 2.4: (a) Volume fraction profile (ϕA : solid, ϕB : dashed)for planar liquidliquid interface at strong segregation (∆χ = 0.1, Orange) and weak segregation
(∆χ = 0.001, blue). (Note χc = 2) (b) Corresponding normalized grand
potential density for spherically curved interface  as a function of radial distance.
ω (r)−ωp (z)
(r) = maxs|ωs (r)−ω
. Interfaces are pinned at r = 1000 and z = 1000, respectively.
p (z)

The mechanical parameters of the interface are found by comparing the grand
potential of the planar interface with those found in cylindrical or spherical geometry.
We use the coordinate r for non-planar geometries and note that r = 0 is the
center coordinate. Upon curving the interface small deviations for the tanh-profiles
occur. As a result also the grand potential density profile ω(r) deviates from the
corresponding ωp (z). In the planar interface ωp (z) has a maximum positive value
at the point where ϕ(z) = 0.5, i.e. at z = z ∗ , and the grand potential density
decays exponentially to zero with length scale ξ. This function is exactly symmetric
meaning that ω(z ∗ − a) = ω(z ∗ + a) for all values of a. In curved geometries this is
no longer the case as illustrated in Fig. 2.4b. The grand potential density difference
(r) (see the legend for the definition of this difference; the absolute value of ω is
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a strong function of ∆χ and therefore we normalised the grand potential density
differences so that a comparison is possible) has a positive excursion for r-values
smaller than the interface position r = r∗ (here r∗ = 1000) and a negative excursion
for larger r. In the weak segregating case the width of the interface is wide and
therefore the (r)-profile varies further away from the position of the interface as
well.

Figure 2.5: (a) Interfacial tension γ in units of [kB T b−2 ] as a function of ∆χ = χ−χc
in log-log coordinates (b) Mean κ (solid line) and Gaussian bending rigidities κ̄
(dashed line) in units of [kB T ] as a function of ∆χ. Relevant slopes are indicated.
Results are presented for monomeric L/L interface.

Interfacial tension and bending rigidities of monomeric L/L
interface
In the chapter we have presented results for the interfacial tension γ as well as the
bending rigidities κ and κ̄ for symmetric interfaces with molecular weights N = 2,
20 and 200 as a function of ∆χ = χ − χc . Similar results for the N = 1 system,
that is for the van der Waals interface, are presented in fig. 2.5. As expected
the results are extremely close to those presented in the text for N = 2: In good
approximation γ ∝ (∆χ)3/2 . The same power-law dependencies are found for the
mean and Gaussian bending rigidities. For all values of ∆χ that we can reliably
evaluate in the current implementation of the SF-SCF equations (up-to χ ≈ 2.3),
the Gaussian bending rigidity follows the mean bending rigidity. In other words, in
this case we do not witness the sign switch for the monomeric system. However,
we do expect that for for the van der Waals interface the Gaussian bending will
change its sign, but this should happen for χ > 2.3. The ratio between κ̄/κ ' 0.5
for all values of ∆χ. A slight deviation in the power law scaling near ∆χ = 10−3 is
attributed to computation complications.
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√
0
0
Figure
(0.20 +
√ 2.6: (a) γ as a function of 1/ N . Blue line is a linear 1fit γ ' 3/2
√
0.20/ N ) This implies at weak segregation regime γ ' (0.20+0.20 N )N ∆χ . (b)
√
√
κ0 as a function of 1/ N . Dashed blue line is a linear fit κ0 ' (11.26 − 10.22/ N ).
This implies at weak segregation regime κ ' (11.26 − 10.22 √1N )N ∆χ3/2

Finite chain length effects for interfacial tension and the mean
bending rigidity in the weak segregation regime
In the main text it was shown that in weak segregation, that is for the systems where
the interfacial width exceeds the coil size Rg , γ ∝ N (∆χ)3/2 and κ ∝ N (∆χ)3/2 .
As the ratio κ̄/κ = 0.5, the Gaussian bending rigidity follows the same law. In an
attempt to find the prefactor (which implements finite chain length effects), we note
that the mentioned laws are limiting law that apply for long chains. Inspired by
finite chain length corrections known for the interfaces
p in microphase segregation
[65], we consider prefactors of the type A + B/ (N ). To this end we define
3/2
γ 0 = γ/(N (∆χ)p
) and similarly κ0 = κ/(N (∆χ)3/2 ) and plot these quantities as
a function of 1/ (N ) in fig 2.6. Red dots represent the numerical values estimated
from SF-SCF calculations. Blue dashed line is a linear fit. As anticipated the linear
fit is acceptable and higher order correction of the type 1/N are not needed. small
maximum and the height of this maximum is a weakly linear function of the chain
length N .
Trends observed in Fig. 2.6a, 2.6b prove that for the interfacial tension the
prefactor grows with decreasing N , that is γ ' (0.20 + 0.20 √1N )N ∆χ3/2 , whereas
the negative slope for mean modulus implies that the prefactor decreases with
decreasing N : κ ' (11.26 − 10.22 √1N )N ∆χ3/2 . At strong segregation for both γ as
well as for the bending modulus the proportionality
constants are independent of N .
p
These results reflect on values of λ = κ/γ.√Both limits of λ is expected feature
finite chain length effects that decay with 1/ N (shown for weak segregation limit
in Fig. 4). These corrections obviously become relatively large for N of order unity.
We argue that it is reasonable to find that λ is of order segment size b: (i) in the
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strong segregation, where both polymers are in the melt state, the N -effects are
small. (ii) in weak segregation when the interface is much larger than the coil sizes,
the properties of the system should be universal, i.e. not dependent on N .

√
Figure 2.7: Cross-over length λ as a function of 1/ N at ∆χ = 10−3
√ (weak
segregation limit). Fit line (blue dashed) shows that λws = (7.86 − 6.92/ N ) for
N > 2. Fit excludes the λ for N = 200 at ∆χ = 10−3 did not reach the limiting
value λws (cf. Fig. 2a in the main text).

Figure 2.8: (a) Interfacial width and (b) Density difference as a function of closeness
to bulk critical point for various N . Relevant slopes are indicated.

The interfacial width and the density difference.
In Fig. 2.8a and 2.8b, the interfacial width and the density difference is presented as
a function of ∆χ in double logarithmic coordinates for three values of the molecular
weights N = 2, 20 and 200. For the weak segregation regime, that is when the
width W exceeds the coil size Rg we find van√der Waals like scaling: W ∝ (∆χ)−1/2
1/2
and
(Figure not shown). The
√ the density difference obeys to ∆ϕ ∝ N (∆χ)
N in the latter dependence can be understood from the notion that for weak
segregation the van der Waals theory suggests γ ∝ (∆ϕ)2 /W ∝ N (∆χ)3/2 .[45]
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Our interest goes again to the proportionality constants for these scaling
dependencies. Interestingly, for the density difference we find for all chain length
∆φ = 1 in strong segregation and
√ in weak segregation the proportionality constant
is independent of N : ∆ϕ = 1.22 N (∆χ)1/2 . For W we have non-trivial prefactors
both in the weak as well as in the strong segregation limits. Similarly as for
the interfacial tension and the rigidities, we define W 0 = W/((∆χ)−1/2 ). Using
this, we find for weak segregation (cf fig. 2.9a) that the width of the interface
obeys W = (0.94 √
+ 0.93/N )∆χ−1/2 while at strong segregation (cf Fig. 2.9b)
W = (0.82 + 0.84/ N )∆χ−1/2 .
√
Note that only in the strong segregation case we have the 1/ N -type finite chain
length correction for W . This dependence is consistent with the N -dependence for
the sign switch of κ̄ (analysed for sufficiently long chains). This leads us to believe
that the width of the interface is leading the sign switch of κ̄. In the text we mention
that the Gaussian bending rigidity changes sign when the width of the interface is
three to four times the segment size. Numerically the correspondence between the
sign switch and the finite chain length correction for the width W do not exactly
match. We argue that this is because the sign switch actually takes place in the
cross-over regions, that is for short chains it happens in the weak segregation while
for longer chains (most of the systems) it occurs in the strong segregation regime.

Figure 2.9: (a) W 0 as a function of 1/N in weak segregation (∆χ < 10√−3 ). Dashed
blue line is a linear fit W 0 ' (0.94+0.93/N ). (b) W 0 as a function of 1/ N in strong
√
segregation (∆χ > 5 × 10−2 ) regime. Blue line is a linear fit W 0 ' (0.82 + 0.84/ N ).

Interfacial tension and bending rigidities in the absence of
non-local interactions.
The purpose of this section is to prove that the SF-SCF formalism gives essentially
the same results as the SCF theory used for microphase segregation, provided that
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in the SF-SCF calculations we introduce the approximation that hϕ(r)i → ϕ(r).
This approximation is typically used in the SCF theory for microphase segregation,
whereas in the SF-SCF theory the non-local interactions are typically taken into
account. We focus on the interfacial tension and the binding rigidities for polymeric
interfaces as reported by Matsen [35]. We will refer to the latter theory as M-SCF,
and use m-SF-SCF for the modified SF-SCF formalism.
Both m-SF-SCF as M-SCF need to evaluate the chain partition functions. In
both approaches the Edwards diffusion equation is evaluated:

2

1
∂G
= ∇2 G − uG
∂N
6

(2.5)

In the m-SF-SCF this equation is mapped on a lattice using a finite difference
approach. The polymers are taken to be built up by segments with ranking numbers
s = 1, 2, · · · , N and the space is discretized by a lattice. The lattice site size is
taken identical to the segment size so that there is a single length scale b in the
problem. The Edwards equation on the lattice results in so-called propagators,
which formally implies a change of the chain model from a Gaussian chain (Edwards
equation) to a freely jointed chain model with a limited number of step directions.
As long as the chains are not strongly stretched the difference between the Gaussian
chain model and the freely jointed chain can be ignored.
In the M-SCF approach the discretization is done using a finite elements approach.
Formally the walk along the contour is arbitrarily split up in short contour elements,
the number of these elements is independent of the real chain length N ; the idea is
that the chain is seen as an thin featureless thread. In doing so, the results are valid
in the infinite chain length limit and the results are typically presented with χN as
a single parameter. We therefore should expect that m-SF-SCF and M-SCF can
only give corresponding results when in m-SF-SCF the chain length is sufficiently
large. Without mentioning otherwise we have implemented N = 200. Note that in
m-SF-SCF the theory will fail to model L/L interfaces in the limit of N → 1.
Both approaches need an iterative method to find the SCF solutions. The
’kitchen’ of how this is precisely done is not the topic of this comparison. Assuming
that this iterative method is done with the appropriate accuracy, the different
approaches should not be relevant. Indeed the good comparison shown below implies
that both approaches did what they claimed to do, namely that the accuracy of
the SCF solution is sufficient to find numerically accurate results for the mean and
Gaussian bending rigidities as well as for the interfacial tension.

30

Figure 2.10: Comparison of SCF results for polymeric interfaces when in the SCF
theory non-local interactions are not taken into account: (Black line) M-SCF
(N = 200), (Cyan line) m-SF-SCF. (a) The interfacial tension in kB T /b2 . (b) Mean
bending rigidity in units of kB T (c) Gaussian bending rigidity in units kB T as
a function of ∆χ. (d)
√ Comparison of interfacial tension with analytical strong
segregation theory: γ N as a function of χN . All quantities are plotted in double
logarithmic coordinates. All graphs are inspired by similar graphs found in ref [35]
from where also the M-SCF results were extracted.

In Fig. 2.10 we present the comparison of results for the interfacial tension and
the bending rigidities for the m-SF-SCF and the M-SCF theories. When we discuss
these results we will contrast these with the full SF-SCF results that are presented
in the chapter.
In Fig. 2.10a we show results for the interfacial tension. As can be seen both
approaches match accurately. The power-law scaling at large ∆χ reveal the 1/2
slope which is also found in the complete Sf-SCF theory. For weak segregation
it is found that γ decreases steeper than the 1/2 scaling. Unlike in full SF-SCF
where the slope of 3/2 is found, here the results are more leaning to the slope of
unity. The fact that near the critical point the mean field results are not expected
to be accurate, explains why not much attention was given to the weak segregation
results in the microphase segregation community. In Fig. 2.10d it is shown that for
strong segregation the numerical m-SF-SCF as well as the M-SCF approach the
strong segregation limiting law predicted by analytical theory (dashed line).
In Fig. 2.10b we present results for the mean bending rigidity as a function
of ∆χ in double logarithmic coordinates. Note the negative sign along the y-axis.
Indeed, both in m-SF-SCF as well as in M-SCF the mean bending modulus is
negative for all values of ∆χ. Also in both approaches −κ is non-monotonic: the
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absolute value first increases and then decreases with increasing ∆χ. These results
are in stark contrast with full SF-SCF results for which the mean bending modulus
is positive and grows monotonically with ∆χ, showing two regions of scaling with
slopes 3/2 and 1/2 for weak and strong segregation, respectively.
The Gaussian bending rigidity is presented in Fig. 2.10c. Again m-SF-SCF and
M-SCF are in full agreement: κ̄ is positive for all values of ∆χ. Similarly as for the
mean bending rigidity a non-monotonic dependence is found. The ratio κ̄/κ is a
function of ∆χ. Again the results are in strong conflict with the full SF-SCF ones
for which a sign switch was predicted. Moreover in full SF-SCF both in weak and
strong segregation the ratio κ̄/κ was shown to assume fixed values of 0.5 and −1.5,
respectively. These fixed ratio’s do not occur in the M-SCF results.
Conclusions regarding the comparison. (i) We have shown that m-SF-SCF
predictions for for the interfacial properties of polymeric interfaces did not
significantly deviate from the M-SCF predictions. Both approaches use the same
way to pin the interface to a specified location which allows the bending at fixed
chemical potentials, both approaches use the same Edward diffusion equation and
both approaches solve the equations numerically accurate. We see this as a support
that also the full SF-SCF results are numerically accurate. (ii) The difference
between full SF-SCF and the m-SF-SCF/M-SCF results is large. Results not only
differ quantitatively, even qualitatively they do not match. The sign of the bending
modulus differs. The functionality with ∆χ is completely different. The same
applies for the Gaussian bending rigidity. In the full calculations we see a sign
switch, which appears to be absent
in the m-SF-SCF/M-SCF results. (iii) In full
p
SF-SCF the length scale λ = κ/γ with a clear physical interpretation, follows
meaning-full trends. In m-SF-SCF as well as in M-SCF the value of λ can not
even be computed because κ is negative, and hence λ is meaningless. (iv) As the
only difference between full SF-SCF and m-SF-SCF rests in the approximation
hϕ(r)i ≡ ϕ(r), we now argue that hϕ(r)i can not be approximated by ϕ(r). Nonlocal contributions are essential to find accurate predictions for the (mean field)
results near the bulk critical point (for all quantities) and importantly for the mean
and Gaussian bending rigidities at strong segregation.
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CHAPTER 3

Bending rigidities of tensionless balanced liquid-liquid interfaces as occurring in
microemulsions are predicted using self-consistent field theory for molecularly
inhomogeneous systems. Considering geometries with scale invariant curvature
energies gives unambiguous bending rigidities for systems with fixed chemical
potentials: The minimal surface Im3m cubic phase is used to find the Gaussian
bending rigidity, κ̄, and a torus with Willmore energy W = 2π 2 allows for direct
evaluation of the mean bending modulus, κ. Consistent with this, the spherical
droplet gives access to 2κ + κ̄. We observe that κ̄ tends to be negative for strong
segregation and positive for weak segregation; a finding which is instrumental for
understanding phase transitions from a lamellar to a sponge-like microemulsion.
Invariably, κ remains positive and increases with increasing strength of segregation.

3

Liquid-Liquid-Surfactant
interfaces: Route to estimate
rigidities
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3.1

Introduction

Interfaces characterized by dense surfactant packings, such as microemulsions [73–75]
and biological membranes [76] that are found naturally or manipulated artificially
to be in a state of near-zero tension, have extensive areas. Often such interfaces
feature a spontaneous curvature that manifests in spherical or cylindrical (swollen)
micelles [77, 78]. When a system is tensionless and precisely balanced—typical for
single component bilayers and expected for the middle-phase microemulsions—the
interface’s spontaneous curvature vanishes [45] and ultra-low interfacial energies can
be achieved [79, 80]. Here, the elastic moduli, mean (κ) and Gaussian (κ̄) bending
rigidities, control the interface fluctuations and topology, respectively. Such systems
show a first-order phase transition from lamellar to sponge-like phases, e.g., upon
an increase of the temperature for nonionic systems, and a change of the salinity for
ionic systems [75, 79, 81]. A pre-eminent challenge is to predict, from a molecular
model for such interfaces, a means to induce a sign change in the κ̄ from negative
to positive; this signals the loss of stability of the lamellar, Lα , oil-surfactant-water
ordering in favor of a phase with saddles, L3 or sponge-like. Another long-standing
problem is understanding the relation between surfactant chain architecture and
corresponding bending rigidities [82, 83].
Earlier theoretical methods [84, 85], experiments [86–88], and simulations [89,
90] that attempted to link bending rigidities to molecular properties did not provide
information on κ̄; moreover, the results for κ were not consistent with each other.
Therefore uncertainties prevail and these persist also because internal checks for
presented rigidities are rarely provided. As a result, there exists no accepted
molecular level theory that convincingly links molecular characteristics to both
mechanical parameters of the interfaces (κ and κ̄). Notably, the missing information
for κ̄ is remarkable as its magnitude and, in particular, its sign are fundamental to
the understanding of microemulsions.
The primary obstacle in establishing a molecular model for determining bending
rigidities is the requirement of curving the interface at fixed chemical potentials.
In this letter, we propose an elegant protocol with internal checks to find these
rigidities. We consider interfaces with scale invariant curvature energies and illustrate
the protocol for tensionless, balanced liquid-liquid (L/L) interfaces. In line with
experimental findings, we report the existence of a sign switch for κ̄ which triggers a
phase transition from planar to sponge-like phases in middle-phase microemulsions.
We focus on the role of the interaction parameter which in strong segregation has
a large value and for weak segregation a small value; further, we elaborate on the
role of the molecular weights of the solvents and that of the amphiphile.
Experiments, simulations, and calculations [84–90] reviewed above have major
disadvantages and ambiguities because the systems featured too many complications.
We examine a tensionless balanced interface which still is highly relevant to middle34

phase microemulsion systems wherein oil and water are separated by a surfactant
film with extensive areas and often a complex interface topology. Our focus on
tensionless (interfacial tension γ = 0) balanced (spontaneous curvature J0 = 0)
L/L interface avoids the complications of a finite Laplace pressure (i.e. ∆PL = 0)
when imposing some interfacial curvature. Such a model is readily implemented
in the Scheutjens-Fleer Self-Consistent Field theory (SF-SCF) for molecularly
inhomogeneous systems. We can consider this idealized system in three different
geometries with scale-invariant curvature energies. The latter is essential, as it
allows for an analysis in the grand canonical ensemble (µ, V, T ), which opens a
convincing route to estimate the rigidities: (i) A spherically curved droplet with
∆PL = 0 is used to find 2κ + κ̄; (ii) A minimal Im3m surface (by construction has
∆PL = 0) is used to find κ̄; (iii) A minimal torus interface is used to find κ also for
conditions that ∆PL = 0.
We note that the route to obtain rigidities of balanced tensionless L/L interfaces
shows similarities but also important differences from the symmetric freely dispersed
lipid bilayers [55]. For bilayers, we could use the Im3m cubic phase and the spherical
vesicle to find κ̄ and 2κ + κ̄, respectively. The cylindrically curved vesicle could be
used to obtain κ in two ways: (i) As the number of lipids per unit area is found to
be a constant (i.e., not a function of the radius R of the cylindrical vesicle), κ was
found from the excess Helmholtz energy per unit length, Fcσ , i.e., κ = RFcσ /π; (ii)
Realizing that the grand potential of the cylindrical vesicle per unit length Ωc is split
up equally into bending energy and stretching energy, κ is also found from (half)
the grand potential density per unit length, i.e. κ = RΩc /(2π). However, for the
tensionless balanced L/L interface, curved in cylindrical geometry with ∆PL = 0, κ
can neither be computed from the Helmholtz energy per unit length, nor from the
grand potential per unit length, as there is neither a conservation of the number
of surfactant per unit area nor a conservation of the chemical potentials of the
molecules of the system, cf. Figs. (3.1c) and (3.1d) shown below. Importantly, in
the L/L interface, we do not find a coincidental equal splitting of curvature and
tension energies.
Following Helfrich, by expanding the interfacial tension (γ) in mean curvature
(J = 1/R1 + 1/R2 ) and Gaussian curvature (K = 1/R1 R2 ), with R1 , R2 being
principle radii of curvature as
1
(3.1)
γ(J, K) − γ(0, 0) = −κJ0 J + κJ 2 + κ̄K,
2
we identify γ(J, K) as the appropriate characteristic function that carries the
bending information for curving the interface at constant chemical potentials [47].
This expansion is the starting point for our analysis of interfacial equilibrium
properties, as it appears, refer Fig. (3.1d), for the balanced L/L interface, we find
curved interfaces that exist at chemical potentials equal to that of the ground state
(tensionless balanced planar interfaces) not only for the surfactant but also for the
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Figure 3.1: (a) Volume fraction distribution and (b) Lateral pressure distribution
(in kB T /b3 ) in a planar tensionless interface. (c) Area per surfactant molecule (Γ)
[in units b2 ] and (d) Chemical potential of surfactant (µ ≡ µs ) [in units of kB T ] as
a function of interface curvature as indicated for systems with ∆PL = 0. Surfactant
A30 B30 , solvents, A4 and B4 . χ = 0.6

two solvents. Note, that in this system, both γ(0, 0) = 0 and J0 = 0, Eqn. (3.1)
simplifies to γ(J, K) = 21 κJ 2 + κ̄K.

3.2

Method and Model

Within SF-SCF framework, extremizing the mean field free energy for a molecularly
inhomogeneous system provides both structural and accurate thermodynamic
information [53, 55–57, 91–93]. We have implemented a coarse-grained molecular
model in which there are two types of spherically symmetric segments A and B. These
segments are used in two solvents, each with length n, An and Bn forming the two
liquid phases α and β, respectively, and in a diblock copolymer composed of blocks
of equal length N , AN BN . This approach requires molecular partition functions,
which are evaluated within a lattice considering the molecules as freely jointed
chains. Accordingly, segments fit on lattice sites. The lattice sites are organized as
homogeneously curved- or planar layers. Driven by the segregation between the
segments, an interface develops on which the lattice geometry imposes the curvature.
Segment density gradients can only develop in the direction perpendicular to such
interface, as a mean field approximation is implemented in lattice layers ‘parallel’
to the interface. In the absence of density gradients, the model is equivalent to the
Flory-Huggins theory. There is just one Flory-Huggins interaction parameter (χ)
between monomers A and B. We choose a value slightly above the critical point
of the binary solvent (χcr = 2/n). Below the minimum value used for n is 4, and
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the interaction is chosen between χ = 0.52 - 0.68 (for more details on method and
model refer supplemental material [59]).
Volume fraction profiles, ϕ(z), and the lateral pressure distribution, p(z) =
−ω(z), with ω as the grand potential density, are presented for the default planar
tensionless L/L interface, in Figs. (3.1a) and (3.1b). Here, z ≡ z/b is the
dimensionless normal coordinate. In Fig. (3.1a) we see that the two liquids
give a Van der Waals-like profile and the accumulated copolymers have their blocks
on corresponding sides of the interface. The pressure profile p(z), see Fig. (3.1b),
has a negative excursion at the interface due to the contribution from the L/L
interface and positive ‘wings’ on either side of the interface due to the overlap of
copolymers
P in a brush-like configuration. From earlier work [94], we know that
γ = − z p(z) and that the second moment of the pressure distribution
with respect
P
to the Gibbs plane (Rg ) provides a direct estimate of κ̄ =
−(z − Rg )2 p(z). The
latter relation proved useful for the evaluating κ̄ of lipid bilayers, and presents a
strong test for alternative, more elaborate routes to obtain the same quantity.
Similar as for lipid bilayers, an independent alternative route for evaluating
κ̄ makes use of three-gradient SCF computation as shown in Fig. (3.2a), where
on all six faces of the elementary box, Neumann boundary conditions apply; the
elementary box is 1/8th of a unit cell of an Im3m phase, 8 unit cells are shown in
Fig. (3.2b). When equal amounts of A and B are present in the system, the interface
splits the volume into two identical sub-volumes (phase α and β) while J = 0 along
the surface and ∆PL = 0. As soon as the copolymers are added, such that the
chemical potential of all molecular species is equal to the corresponding values of
the planar tensionlessPsystem, we lie within an (µ, V, T )-ensemble; thus, the
R grand
potential, Ω = F − j µj nj , is the characteristic function, and Ω = κ̄ M KdA.
Using Gauss-Bonnet theorem for compact, boundary-less Riemann manifold, the
integral of curvature over the area can be evaluated as −8π [95, 96]. Thus, the
grand potential for the unit cell, Ω = −8πκ̄. Hence, from the scale-invariant grand
potential Ω directly follows κ̄. The result is consistent with the second moment
over the pressure profile (see Tab. (1) in supplemental material [59]).
The procedures to evaluate κ are more involved. In Figs. (3.1c) and (3.1d),
we have presented typical results for spherically and cylindrically curved interfaces
when ∆PL = 0 as a result of the adsorption of the copolymers. In Fig. (3.1c) we
show the area per copolymer at the interface (inverse of the adsorbed amount) and
in Fig. (3.1d) the corresponding chemical potentials as a function of the curvature
J. In Fig. (3.1d) we notice that the chemical potentials remain constant upon
bending in case of spherical curvature. This means that in this geometry bending
is performed in the (µ, V, T )-ensemble. The reason why the system can maintain
its chemical potentials upon bending of the interface
is traced to the known fact
R
that integrating Eqn. (3.1) over the area, Ω = M γ(J, K)dA = 4π(2κ + κ̄), is a
constant irrespective of the size of the spherical droplet showing scale invariance.
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Figure 3.2: Volume fraction distribution of α−phase from 3D SCF calculation of
interface modeled as Im3m cubic phase. 1/8 of a unit cell is shown in (a) 8 unit
cells are shown for visualization in (b). Schematic illustration of an interface in
torus shape is shown in (c). Volume fraction distribution of α−phase from 2D SCF
calculation of minimal torus in a cylindrical lattice is shown in (d). The molecular
model is similar as in Fig. 3.1. Color scale from blue to red is 0.2 − 0.8 for all
contours.
Now an indirect route is available to compute κ, namely from combining the total
curvature energy from the spherical droplet with the Gaussian bending modulus
κ̄ found above. Ideally, we would like to validate this indirect route with a direct
estimate.
Again, as in the cylindrical geometry, neither the adsorbed amount of surfactant,
cf. Fig. (3.1c), nor the corresponding chemical potential, cf. Fig. (3.1d), is
conserved, and we cannot use this geometry to obtain κ. A direct route to evaluate
the mean bending modulus is still possible using a system that features a minimal
torus, as illustrated in Fig. (3.2c). Within SF-SCF this is realized using a twogradient (r, z) cylindrical lattice. A typical result is presented in Fig. (3.2d) as
a density contour plot in the (r, z) cross-section.
From Gauss-Bonnet theorem,
R
as the torus has genus g = 1 the integral M KdA vanishes. Moreover, the socalled Willmore
energy of the torus has contribution only from mean curvature,
R
W = 41 M J 2 dA.
In 1965, T.J. Willmore conjectured that the Willmore energy (W ) of a smooth
torus immersed in 3D space is always greater than or equal to 2π 2 [97]. This
conjecture was proved by Marques and Neves in 2012 √
[98]. The Willmore energy
reaches its minimum when the radius of revolution is 2 times the radius of the
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generating circle, as shown in Fig. (3.2d). By integrating the Helfrich equation
for the toroidal configuration with
R minimal Willmore energy, we obtain the grand
potential for torus as, Ωt = 12 κ M J 2 dA = 2κW = 4π 2 κ.
Now the protocol boils down to generating this minimal torus in SF-SCF while
adding the copolymer such that ∆PL = 0. It occurs that in this case, the system
converges with all its chemical potentials equal to that of the planar tensionless
interface and lies within the (µ, V, T )-ensemble. Similar as in the droplet case this
result is traced to the scale invariance, in this case of the minimal Willmore energy.
Its grand potential gives a direct estimate of κ = Ωt /4π 2 .
The values found for κ by the direct and indirect routes are congruent, proving
that there is complete consistency in obtaining the bending rigidities, using scaleinvariant surfaces, for tensionless balanced L/L interfaces [59]. Our protocol is
available at https://wp.me/p7KmNt-9C as an open-source software package.

Results

As we have established the molecular link for bending rigidities, we now present the
chain length dependence of the bending rigidities for the regime where N > n in
in Fig. (3.3a) and (3.3b), and for N ≈ n in Fig. (3.3c) and (3.3d). The trends for
N > n support the results from simulations [89, 90, 99]. While it would be alluring
to conclude that bending rigidities have a linear dependence on the chain length
of the surfactants, results in regime n ≈ N contradict this observation and the
dependences are clearly nonlinear, see Figs. (3.3c) and (3.3d). It is observed that the
dependence of rigidities on surfactant chain length is strongly influenced by solvent
chain length and interaction parameter between monomeric units, an important
effect which has not been addressed in previous works [82–90]. A thorough analysis
of the magnitude of κ is, however, beyond the scope of the present letter and will
be presented elsewhere.
Moving from the regime where the solvent length is smaller compared to the
surfactant block length, n < N , to the regime where the solvent length is comparable
to that of the surfactant, we observe that κ̄ is of opposite sign, cf. Figs. (3.3a)
and Fig. (3.3c). Such a sign switch is of exceptional interest, as it addresses a
topological phase transition in microemulsions that can be achieved in two ways:
(1) by tuning the interaction parameter for fixed solvent and surfactant lengths and
(2) by tuning solvent length for fixed surfactant length and ∆χ = χ − 2/n.
In Fig. (3.4a) the dependence of both κ and κ̄ are shown for surfactant block
length of N = 20 as a function of a measure of closeness to the critical point of
the binary solvent ∆χ. The Gaussian bending modulus, κ̄, switches from negative
to positive when moved towards weak segregation; this transition occurs earlier in
higher n (dashed line) for fixed N .
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Figure 3.3: Chain length dependence of bending rigidities [in units of kB T ]. (a) and
(b) N > n Regime: Chain length of bulk phases fixed (A4 , B4 ), surfactant chain
length is varied (AN BN , where 20 < N < 50; 0.1 < ∆χ < 0.2). (c) and (d) N ≈ n
Regime: Chain length of bulk phases fixed (A20 , B20 ), surfactant chain length is
varied (AN BN , where 16 < N < 20; 0.3 < ∆χ < 0.4).

A similar effect can also be achieved by tuning the surfactant chain length for a
given solvent chain length and interaction energy (∆χ). Experimentally, one can
reach weak segregation by the addition of a suitable co-solvent which diminishes
the difference between the two primary solvents.
A summary of results, obtained by tuning N , is presented as a ‘phase diagram’ in
Fig. (3.4b). The two governing parameters, i.e., block length of the copolymer and
the chain length of the solvent are on the x− and y−axis, respectively. The
interaction parameter is chosen as ∆χ. By tuning the surfactant length for
given interactions (∆χ) and solvent chain length, κ increases and κ̄ decreases
monotonically, also showing a sign switch at the solid lines.
These results imply the tendency of the interface to remain planar on average
when n << N . This result is contrasted with the situation when the length of the
solvent molecules is increased to be similar, n ≈ N , or even larger than that of the
copolymer, n > N ; κ̄ becomes positive in this regime while κ is small but positive.
For large n, we have κ̄ > 0; 0 < κ < 1. These features are consistent with a sponge
phase (Winsor III) [78] which grows in importance with reducing χ. Stable but
very flexible, and strongly fluctuating lamellar phases (as κ̄ < 0 and 0 < κ < 1) are
observed as N is increased for fixed n, whereas for very large N , κ is > 1, and we
enter a region where the fluctuations of the interface are weak, crossing the dashed
lines, as shown in Fig. (3.4b).
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Figure 3.4: (a) Gaussian bending modulus (blue axis) κ̄ [in units of kB T ] and mean
bending modulus (red axis) κ [in units of kB T ] as a function of ∆χ (∆χ = χ − 2/n).
Surfactants are modeled as AN BN . α−phase is modeled as An and β−phase is
modeled as Bn . [solid line: n = 4, dashed line: n = 6] (b) Phase diagram in n and
N coordinates for fixed ∆χ as indicated. The sign and magnitude [in units of kB T ]
of the rigidities are indicated. Note that within the p
mean field model n,pN are
related to the radii of gyration in the bulk as Rg = b n/6) and RG = b 2N/6,
for the solvent and copolymer respectively, where b is bond length.

Summary

3

3.4

We have linked molecular characteristics to bending rigidities for surfactant-covered
L/L interfaces. Using surfaces with scale-invariant curvature energies is embellished
as an elegant route to determine κ and κ̄ unambiguously; this route cautiously
exploits the tensionless state of the interfaces and avoids the linear term in curvature.
Large deviations from these constraints imply the loss of the microemulsion middlephase in favor of emulsions with oil-in-water or water-in-oil droplets; however,
understanding the effects of small deviations is vital, as it is a prerequisite for
any detailed comparison with experiments. The current analysis provides a
natural starting/reference point to generalize for molecular asymmetry, spontaneous
curvature and finite tension of the interfaces.
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CHAPTER 4

Microemulsions are explored using the self-consistent field approach. We consider a
balanced model that features two solvents of similar size and a symmetric surfactant.
Interaction parameter χ and surfactant concentration ϕbs complement the model
definition. The phase diagram in χ-ϕbs coordinates is known to feature two lines of
critical points, the Scott- and Leibler line. Only upon imposing a finite distance
between the interfaces we observe that the Scott line meets the Leibler line. We
refer to this as a Lifshitz point (LP) for real systems. We add regions that are
relevant for microemulsions to this phase diagram by considering the saturation
line, which connects (χ, ϕbs )-points for which the interface becomes tensionless.
Crossing this line implies a first-order phase transition as internal interfaces develops,
characteristic for one-phase microemulsions. The saturation line ends at the socalled microemulsion point (MP). MP is shown to connect with LP by a line of
MP-like critical points; found by searching for a ‘MP’ while the distance between
interfaces is fixed. A pair of binodal lines that envelop the three-phase (Winsor III)
microemulsion region, is shown to connect to MP. The cohesiveness of the middle
phase in Winsor III is related to non-monotonic, inverse DLVO type interaction
curves between the surfactant-loaded tensionless interfaces. The mean and Gaussian
bending modulus, relevant for the shape fluctuations and the topology of interfaces,
respectively, are evaluated along the saturation line. Near the MP both rigidities
are positive and vanish in a power-law fashion with coefficient unity at the MP.
Overseeing these results proves that the MP has a pivoting role in the physics of
microemulsions.
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Microemulsions are thermodynamically stable ternary mixtures of oil, water and
surfactants that feature enormous amounts of internal interfaces [4, 100, 101]. Often,
microemulsions consist of small droplets (of oil in water or water in oil). A co-solvent
may be added to reduce the difference between oil and water, suppressing or in
some case preventing the formation of droplets. In such scenario the interfacial
tension may reach ultra-low values[102] and the microemulsion topology is lamellar
or sponge like[80, 103]. The close proximity of complementary solvents in such
systems is rather unique and based on this there exist many important applications
in many disciplines, e.g., ranging from cleaning to cooking, from formulation science
to pharmacy and cosmetics[104–107]. Therefore there is a strong need to know
more about the physical properties of microemulsions and gain deeper insight in
the structure and thermodynamics of these complex solutions.
To address this need, we use the lattice based self-consistent field theory of
Scheutjens and Fleer (SF-SCF)[53, 54, 57] and aim to find thermodynamic and
structural information of interfaces relevant for microemulsions. In this approach the
molecules are considered as strings of equally sized segments with either a polar or
an apolar nature. This theory is constructed around the Flory-Huggins equations of
state[108]. It is thus assumed that the system is incompressible and interactions are
short ranged, specified by exchange interaction parameters χ. Within this framework
we are going to work with a minimal model for microemulsions, which contains
three components. More specifically, our focus is on balanced microemulsions as
the corresponding model has a minimum number of parameters. Moreover, in a
balanced model we can safely ignore the formation of droplets and, as we will argue,
the microemulsification (formation of internal interface e.g. upon an increase of the
surfactant concentration) occurs as a true first order transition. As a consequence,
the microemulsions that are considered cannot have droplets and must be of a
lamellar or sponge-like nature.
To facilitate the following, it is convenient to specify our model more precisely.
In the model we consider a pair of solvents An and Bn . Hence both solvents have
the same size n. At all times we will have equal amounts of these solvents in the
system. The third component is a symmetric copolymer/surfactant AN BN . Typical
for microemulsions, we take the block size N larger than the solvent size n. Our
default system is chosen as n = 4 and N = 20 and we note that variations for
these parameters will give only quantitative differences. The overall composition
of the system is in the grand canonical ensemble sufficiently described by the
surfactant/copolymer concentration ϕbs . As there are just two types of segments,
A and B, there exists just one interaction parameter χ. With the value of χ we
not only tune the width of the solubility gap between the two solvents, but also
modulate the affinity of the surfactant/copolymer for the A-B interfaces.
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As it will become clear, this model produces rich results that are relevant for
microemulsions. The same model has been used before by several authors [40,
109–111]. Earlier works explicitly focused on mapping out different regions of the
phase diagram in χ and ϕsb coordinates[112, 113]. It is useful to review what is
already known. The phase diagram exemplified by Fig. 4.1 is not taken from the
literature, but is generated by the present SF-SCF method using the default n = 4
and N = 20 parameters. The SF-SCF method basically reproduces the known
aspects of this phase diagram accurately. In Fig. 4.1 we not only present the known
regions and lines of this phase diagram, but we have added the newly obtained
results that are relevant for microemulsions. In the following we will use this phase
diagram to review the literature and preview our results.
In Fig. 4.1 we see several lines which demarcate various phases. Going clockwise,
we have (i) a disordered region, (ii) a region where there is a liquid/liquid interface
between two macroscopic phases (L/L), (iii) a one-phase microemulsion region (in
between the dashed cyan and the dotted line), (iv) a three-phase microemulsion
region (in between the dotted lines), and (v) a microphase segregated region at
high copolymer concentrations (to the right of the dotted line all the way to the
red line).
It is of interest to give some insight in how the demarcation lines were obtained.
One limit of our model is the liquid-liquid interface (ϕbs = 0). Knowledge about how
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Figure 4.1: Phase diagram (χ, ϕbs ) for (n = 4 and N = 20) in semi-logarithmic
coordinates as found by SF-SCF theory. The MP (cyan dot) and the Lifshitz
point (LP) (black dot) are indicated. The saturation line, which represents the
microemulsification transition, is dashed (cyan). Dotted lines are Winsor III
binodal lines. Continuous lines represent lines of critical points. The Leibler line
is in red, the Scott line in orange, the line connecting the MP and the LP is in
cyan. The disordered phase and liquid-liquid phase separation (L/L) regions are
indicated. Regions for microphase segregation (to the right of the red line), and the
microemulsion regions (between the dashed and the dotted lines) are not pointed at.
(Further details are in the text. We will adhere to similar color coding for results to
follow.
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liquid-liquid interfaces behave dates back to Van der Waals[43, 114]. The binary
solvent has a solubility gap when χ > χb = 2/n. (In the default system we thus
have χb = 0.5). This means that when χ < χb the solvents mix homogeneously.
When χ > χb we have two macroscopic phases and the interface between these
phases has a finite tension. The protocol to locate this critical point is simple: we
start in the two-phase (L/L) region and then decrease the χ until the homogeneous
phase is found. The surfactant-free limit is obviously outside the plotted range of
Fig. 4.1.
One can next introduce copolymers/surfactants in such systems (while remaining
balanced) and follow a similar protocol (that is, start at the L/L state and reduce
the χ) to find χb -like critical points. The Scott line connecting such points is shown
in Fig. 4.1 in orange. It is seen that small amounts of surfactant typically increases
the bulk critical point of the system. Scott line comes to an end at Scott point (SP).
At SP the distance between the interfaces D = ∞.
When both solvents are removed and the surfactant/copolymer AN BN has a
concentration ϕbs = 1, we arrive at systems that are known to show microphase
segregation. For symmetric copolymers we must be in a lamellar phase Lα . Starting
from this lamellar phase and decreasing the interaction parameter invariably
will lead to the disordered state. We exit the microphase segregated region
by construction at a critical point[115], which for the presented model occurs
at χms = 10.495/(2N ) = 0.26 (again outside the presented range). We can
subsequently add equal amount of solvents (recall, we need to remain balanced),
and follow the same protocol to obtain χms -like critical points. The Leibler line
connecting such points is presented in Fig. 4.1 in red. It is necessary to mention
that in the microphase segregated systems there is a repeat distance D. Upon
addition of solvents this D varies gradually. Correspondingly, along the Leibler
line there exists also a characteristic distance D reminiscent of the lamellar phase
periodicity which gradually increases when ϕbs decreases. Thus the Leibler line
comes to an end at the Leibler point (LBP) with a finite D. In the limit of infinitely
long polymer chains the repeat distance D → ∞.
It is well known that the Leibler line meets the Scott line at a tricritical point[116–
119] usually referred to as the Lifshitz point in the limit of infinitely long polymers.
We will refer to this point as classical Lifshtiz point (CLP) in this work. However,
for finite chain length the Scott line and Leibler line do not meet. In other words,
the classical Lifshitz point does not exist and we will instead have two points: the
end point of the scott line (SP) occuring at D = ∞ and the end point of the
Leibler line (LBP) occuring at finite D. It is interesting to note that SP and LBP
occur at the same (χ, ϕbs ) yet at different D. It is possible to obtain the Scott line
for interfaces with a finite imposed distance. The modified protocol produces a
‘constrained’ Scott line. The end point of such line provides us with constrained
Scott points (CSP). Collecting these points produces a line that connects the SP
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with LBP. Along this line only D varies while χ, ϕbs remains constant, and thus
cannot be seen in Fig.1. The point where the CSPs meet LBP will be referred to
as the Lifshitz point (LP) for real systems (for convenience) and can be seen as a
black dot in Fig.1. LP occurs at χl = 2(1 + 2(n/2N )2 )/n (in our case χl = 0.51).
In Fig.1 SP, LBP, LP lie on the same spot.
The remainder of the phase diagram Fig.1 is relevant for microemulsions and
therefore will be discussed at length later. In this phase diagram we plot lines of
critical points as continuous lines and lines of first order phase transitions as dashed
and dotted lines. Most of our results are of the latter type.
Just above the Scott line the system has two phases and there is a macroscopic
interface with finite tension (L/L). Let’s focus on the interfaces and consider what
happens when we increase the χ at fixed ϕbs or similarly increase ϕbs at fixed
χ. In both modes we can enter the scenario that the interfacial tension of the
interface starts to decrease. As the system is balanced this reduction can proceed
until the tension vanishes. When we reach this tensionless state, we witness a
microemulsification transition. Addition of even more surfactants/copolymer will
be met by generating internal interfaces. Soon we enter the state that the amount
of interface is proportional with the amount of surfactants added. At all these
interfaces there exists a ‘saturated’ amount of surfactants/copolymers. It is argued
below that this microemulsification transition is of the first-order type. It is proven
that there are many intricacies associated to this phase transition. One of the
peculiarities is the observation that for this phase transition there is no coexistence
between ‘phases’ possible. The reason for this will be discussed. Collecting points
χ-ϕbs for which the interfacial tension vanishes leads to the so-called saturation line.
The existence of this line is mentioned in the literature[120] but its location in the
phase diagram is not well documented and it is often assumed to meet LP because
of numerical difficulties. We found that the saturation line ends at a critical point.
Because of its importance for microemulsions we will refer to this critical point by
the microemulsification point (MP). The saturation line and its critical point are
given in Fig.1 by a cyan dashed line and a dot, respectively. It is significant to
mention that the saturation line does not meet the Scott line nor the Leibler line
and thus the MP and the LP are different points.
In the procedure that gave us the saturation line and the corresponding MP,
it was implicit that the interfaces that we considered were far apart, that is, the
interfaces were non-interacting. However, it is possible to modify the protocol and
consider explicitly interacting interfaces. By imposing a fixed distance between
interfaces at fixed χ we can determine the polymer concentration that saturates
the interfaces. This modified protocol produces ‘constrained’ saturation lines. The
end-point of a constrained saturation line gives an MP-like critical point. We will
refer to these points as ‘constrained MPs’ (CMP). Collecting these critical points
produces a line in between the MP and the LP which is given in Fig.1 by the solid
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cyan line (as it is a line of MP-like critical points). Going along this line from the
MP to the LP, the distance D decreases.
We note, in (χ, ϕbs , D)− coordinate there exists a region between MP, LP and
SP which we can refer to as ‘supercritical triangle.’ Without the artificial connection
between SP and LP, only one side of the triangle is closed (MP-LP) while leaving
two open sides (SP-LP, SP-MP). Apparently, this allows to enter the disordered
state from the ordered state without undergoing a phase transition. In the limit of
infinitely long polymers, this supercritical triangle becomes smaller and vanishes
into the classical Lifshitz point. For real systems, the classical Lifshitz point does
not exist and there only exists a supercritical triangle. We will not explore the
supercritical triangle in this work as it lies within the domain of simulations and
will be published elsewhere.
In the microemulsion literature the transition from a single phase microemulsion
to a three-phase microemulsion (Winsor III) is well known. In our simple model
we find also evidence for such phase transition. This transition is more classical
and the blue and black dotted lines in the phase diagram Fig.1 are the binodal
lines connected to this phase transition. The binodal lines meet, as usual, at a
critical point which happens to be the MP. To understand how this classical phase
transition comes about, it is necessary to understand what causes the cohesiveness
of the middle phase in the Winsor III microemulsion. It is shown that a nonmonotonic interaction between surfactant-loaded interfaces is fundamental to the
cohesiveness. The interaction curves are shown to be the result of the sum of a
power-law decay (steric repulsion between surfactant blocks) and an exponentially
(overlap of tanh profile of L/L interfaces) decaying contribution. As compared to
the DLVO-potential the signs of the two contributions is reversed and therefore the
interaction curves are said to be of the inverse DLVO type.
The interfaces that are relevant for microemulsions are tensionless. The physics
of such interfaces is controlled by the bending rigidities. The mean bending modulus,
which is positive, controls the shape fluctuations of the interfaces. The Gaussian
bending modulus controls the topology of the interfaces. A sign switch of this
parameter will also indicate a phase transition in the system. The phase boundaries
for this type of transitions are not yet included in our phase diagram because to date
we have insufficient information to precisely locate such bounds. In a recent paper
we have shown how to evaluate the bending rigidities unambiguously for balanced
tensionless interfaces. We have used this protocol to find the mechanical parameters
for cases along the saturation line and show that these parameters vanish upon
approaching the MP with a power-law coefficient of unity. The exponent has an
unusual value which is attributed to the observation that at the critical point the
interfacial width remains finite and the density difference does not vanish, that is,
at the MP the interface does not vanish. Only internal interfaces disappear.
In the remainder of this chapter we will briefly outline the premises of the
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SF-SCF theory that is used. Above we have introduced the model that is used
already and therefore the theory is not presented in its most general form but rather
targeted to deal with this model. In the results we will discuss isolated interfaces
in the first part. The interactions between interfaces is the topic of the second
part. In a third and final part we will address how the mechanical parameters of
the tensionless interfaces vary along the saturation line. These last results play a
key role to unravel the topological structure of the microemulsion systems. In the
discussion we will outline how our results match up with experimental information
on microemulsions. Here we will also reflect on some generalisations of the models
and how open issues might be worked on in the future. As usual we end with our
conclusions.

Scheutjens-Fleer self-consistent field theory

At the basis of the self-consistent field (SCF) theory there is a mean field free energy
for molecularly inhomogeneous systems. Scheutjens and Fleer use a discretisation
scheme for the spatial coordinates r as well as for the segments s in the chains [53,
55–57, 91–93]. This free energy F is thus given [53] in terms of discrete volume
fraction distributions ϕx (r) and complementary segment potential ux (r) profiles for
segment types x = A, B. Lagrange parameters α(r) are introduced to implement
the (local, i.e. per coordinate r) incompressibility of the system. The SF-SCF
approach thus starts with the free energy functional
X
F = − ln Q([u]) −
ux (r)ϕx (r)L(r) + F int ([ϕ])
x,r

+

X
r

α(r) ·

X
x


L(r)ϕx (r) − L(r)

(4.1)

In this equation we have the system partition function which can be decomposed
into single chain partition functions qi for molecule component i = An , Bn , AN BN :
Q = Πi qini /ni !. The molecular partition function qi can be computed in freely
jointed chain (FJC) approximation from the (known) segment potentials [ux (r)],
and ni is the number of molecules of type i in the system. We use the Bragg
Williams approximation, similarly as in regular solution/Flory Huggins theory, to
find the interaction free energy


X
1 2
int
b
F
=χ
L(r)ϕA (r) ϕB (r) + ∇ ϕB (r) − ϕB ,
(4.2)
6
r
wherein L(r) is the number of lattice sites at coordinate r. The super index b refers
to the quantity in the bulk solution (which exists far from the interface). SCF
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solutions now involve optimizing the free energy (F ) with respect to its variables,
respectively segment potentials, volume fractions and Lagrange field.
Optimizing the F with respect to the volume fractions, we obtain a way to
evaluate the segment potentials as follows,
∂F
∂F int
= 0; =⇒ ux (r) = α(r) +
∂L(r)ϕx (r)
∂L(r)ϕx (r)

(4.3)

Hence uA (r) = α(r) + χ(ϕB (r) − ϕbB + 16 ∇2 ϕB (r)). A similar equation is found for
uB .
Optimizing the free energy (F ) with respect to the segment potentials shows
the way to evaluate the volume fractions as follows,
∂ ln Q
∂F
= 0; =⇒ L(r)ϕx (r) = −
∂ux (r)
∂ux (r)

(4.4)

4

The propagator formalism[57], which can be shown to do the same, is the preferred
way to find these densities. Finally,P∂F/∂α(r) = 0 says that the optimization should
obey the compressibility relation x ϕx (r) = 1.
Numerical solutions that obey these requirements have the property that the
potentials both determine and follow from the volume fractions profiles and vice
versa and are said to be self-consistent. Besides structure of the interfaces (density
distributions) we can evaluate the thermodynamic quantities. Importantly there is
a closed equation for the grand potential density
ω(r) = −

X ϕi (r) − ϕb
i

i

Ni

− α(r) − χω int

(4.5)



1
where, ω int = ϕA (r) ϕB (r) + ∇2 ϕB (r) − ϕbA ϕbB
6
P
and the overall grand potential is found from Ω =
r L(r)ω(r). For detailed
derivations, please refer to earlier works[53, 54, 121–124].
For the planar interface,
P
the interfacial tension is found from γ = Ω/A = z ω(z) with A the area of the
L/L interface and z the coordinate across the planar interface.
The chemical potentials follow from the bulk volume fractions (reference system),
ϕbi , where i = oil, water, surfactant, and a generic equation for it is available from
the Flory-Huggins theory:




ϕbi
Ni X X
NiX
NiY
b
b
µi = ln
−
ϕX −
χXY ϕY −
Ni
2
Ni
Ni
X

Y

+1 − Ni

X ϕb
k
Nk
k
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wherein NiX is the number of segments of type X in molecule i.
The SF-SCF solutions are routinely generated using direct inversion in iterative
subspace technique (DIIS) with a tolerance of 10−7 and when necessary (calculations
near MP) the accuracy was improved to 10−10 . We again refer to the literature
for details on the numerical scheme that was used[58]. At the system boundaries
there are mirror-like boundary conditions. The mean-field approximation is applied
along layers of lattice sites (e.g. in x and y directions) and gradients (e.g. in
segment densities) are evaluated in the remaining (z) coordinate. Typically the
planar coordinate system is used. Cylindrical or spherical coordinate systems were
employed in the evaluation of the mechanical parameters of the interfaces.

Results

Our results will be discussed in three sections: (i) Isolated interfaces: We will
initially consider interfaces that are far apart and do not interact. Primary focus is
to understand the saturation line and to introduce the microemulsion point (MP).
We will further discuss the order parameter and peculiarities associated with the
phase transition that occurs at the saturation line. (ii) Interacting interfaces: We
will show that the MP merges with Lifshitz point (LP) for real systems when a
finite distance is imposed between the interfaces. We will discuss the appearance of
the Winsor III phases with the middle phase featuring lamellae with finite repeat
distance, as a metastable state. We will also analyze the interaction between
saturated interfaces and prove that the cohesiveness of the middle phase occurs as
a consequence of non-monotonic interactions. (iii) Mechanical properties: Finally,
interfacial properties such as bending rigidities will be evaluated and discussed.
Focus will be to understand their behavior along the saturation line.

Isolated interfaces
For our molecular model at a specified interaction parameter χ and bulk
concentration of surfactant specified by ϕbs , we briefly explained how relevant
thermodynamical equilibrium properties can be obtained using SF-SCF theory. In
the limit of no surfactant, when ϕbs = 0, we have a system of pure solvents An , Bn .
From the phase diagram presented in Fig. 4.1, it can be easily observed that the
solvents phase separate when χ > χb and features a macroscopic L/L (An /Bn )
interface with finite interfacial tension γ. In our calculations, we prevent interaction
between the interfaces by placing them far apart. Such interfaces are called isolated
interfaces. The distance between the interfaces, called repeat distance, as introduced
earlier remains infinitely large D → ∞.
We can now introduce a finite amount of surfactant to this macroscopic L/L
interface and consequently reduce equal amounts of solvent to remain in a balanced
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Figure 4.2: Interfacial tension, γ [in units of kB T /b2 with b a segment length] of
the planar interface as a function of bulk surfactant concentration ϕbs in the system.
n = 4, N = 20. Interaction parameters are: χ = 0.52 (solid), 0.53 (dashed) 0.54
(dash-dot). Blue dashed line represent γ = 0.

state. Addition of surfactants to the L/L interface can be visualized as increasing
the ϕbs at a fixed χ in Fig. 4.1. It is thus possible to record the γ as function of ϕbs
at fixed χ. In Fig. 4.2 we present such a graph for χ = 0.54 (solid), 0.53 (dashed),
0.52 (dash-dot).
As expected we observe a decreasing trend for γ as a function of ϕbs . γ is finite
and positive at low values of ϕbs and gradually reaches zero and becomes negative at
high values of ϕbs (e.g. for χ = 0.54). Negative values in γ occur as a consequence of
fixing the interfacial area in the mean field approach. For a fixed χ, the tensionless
state occurs at a specific bulk concentration of the surfactant ϕb∗
s . By collecting
such (χ, ϕb∗
)
we
obtained
and
presented
the
saturation
line
(cyan
dashed line) in
s
Fig. 4.1. Please refer to the supplemental information for equilibrium solutions
(volume fraction profiles, grand potential density profiles).
To appreciate the fascinating physics of the saturation line, it is essential to
elaborate on what happens to the system when we follow the previous protocol (i.e.
increase the ϕbs at a fixed χ). To reiterate, we start with a 2φ system (macroscopic
L/L interface). By gradually adding surfactants, we remove equal amount of solvents
from the system. By composition and contents we have a balanced system with
zero spontaneous curvature. This prevents formation of droplets of liquid in liquid
when surfactant is added. When we have sufficient amount of surfactant, suddenly
an enormous amount of ‘internal’ interfaces appear in the system as tension reaches
zero. Thus at the saturation line, since there is no restriction to form additional
interface, a phase transition from 2φ (macroscopic L/L interface) to 1φ (Winsor
IV) occurs. We refer to this transition as ‘microemulsification.’ Several experiments
report existense of bicontinuous microemulsion phases[102, 109, 125, 126] close to
the presented saturation line. It can be observed that this trend does not continue
and the saturation line comes to an end. This happens at a special point when
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χ = χm = 0.518875 for our model. We refer to this point as microemulsion point
(MP). For χ > χm , there exists a ϕbs = ϕb∗
s where microemulsification occurs, and
for χ < χm , there exists no ϕbs for which microemulsifcation occurs. It should be
noted, however, that we find macroscopic finite tension L/L interfaces below MP
until we reach the Scott line. This is a proof that MP does not end at the Scott
line, confer Fig. 4.1.
When we define the number of surfactants per unit area of the internal interface
(nσ ), it can be clearly stated that nσ = 0 for finite tension L/L interface (as there is
no internal interface). As soon as microemulsification occurs, we have a finite nonzero nσ . As stated before we have a peculiar phase transition, the internal interface
emerges and does not coexist with macroscopic L/L interface. This is evident also
from Fig. 4.1. Apparently, there is just one saturation line where internal interfaces
appear. A second binodal line does not exist, strongly indicating an emerging
first-order phase transition. Such non-classical phase transitions are known to
exist. Analogies can be found in the coil-flower transition in polymer brushes[67,
127–129] and the first appearance of surfactant micelles [130]. Microemulsification
thus features a discontinuity in the first derivative of γ with respect to µ, which
can be realized from Gibbs-Duhem equation: ∂γ/∂µ = −nσ (at micremulsification)
and ∂γ/∂µ = 0 (before microemulsification). By Ehrenfest classification, such
phase transitions are clearly first-order[131]. While considering phase transitions,
an appropriate order parameter should be zero before the transition and jump to a
non-zero value after transition [132]. Conveniently, nσ turns out to be the relevant
order parameter for microemulsification.
It is of interest to understand how the order parameter varies along the saturation
line. In Fig. 4.3, we present nσ as a function of χ. Sufficiently far from MP in the
saturation line χ  χm , significantly high coverage of surfactants at the interface
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Figure 4.3: Adsorbed number of surfactants (per unit area) in the tensionless state
nσ as a function of interaction parameter χ. Inherently, the values are presented
along the saturation line (see, Fig. 4.1) as it is the only line corresponding to
tensionless state. End-point of the saturation line is indicated as MP, shown as
cyan dot.
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will be required to observe internal interfaces (microemulsification). In such scenario,
nσ → 1 as seen in Fig. 4.3, and surfactants are densely packed closely at the interface
closely resembling a double-sided polymer brush. In this limit we understand that
the adsorption of the surfactant has a free energy barrier associated to it. A
Surfactant chain first has to stretch and go through the brush before it can breach
(and adsorb onto) the interface. This barrier makes the appearance of the internal
interface jump-like. Very close to the MP however the coverage is low (cf. Fig.
4.3). In this case the adsorbed amphiphiles have a close to Gaussian conformation
at the interface. We anticipate that adsorption of amphiphiles in this case can
proceed without an adsorption barrier. As a result, the appearance of the internal
interface in the near MP-region becomes a smooth process (that is, not jump-like).
Yet, we find nσ ≈ 1.1788 × 10−4 (which is significantly above zero and does not
vanish at MP) at the end point of saturation line (MP). We note that, the purpose
of the presented work is to prove the existence of the MP and it’s control over
micremulsion behavior. We refrain from detailed analysis of the order parameter
and the phase transition behavior. However, by providing a flavor we hope to
provoke scientific curiosity towards such analysis.

Let’s summarize the results presented in this section. We considered isolated
interfaces. As expected addition of surfactants reduced γ leading to a tensionless
interface at high χ. By collecting ϕb∗
s values for every χ we constructed a saturation
line in Fig. 4.1. By virtue, at the saturation line, since there is no restriction to
form additional interface, a phase transition from 2φ (macroscopic L/L interface) to
1φ (Winsor IV) occurs. Such microemulsification was argued to be a non-classical
first-order phase transition. The end point of the saturation line is identified as a
special point for microemulsions (as microemulsification can not occur beyond this
point) and hence we referred to it as microemulsion point (MP). Futhermore, a
possible order parameter and pecularities of microemulsification were discussed. It
can be seen from Fig. 4.1, that the MP is located above the Scott line (for which
the imposed distance D = ∞). We discussed that at Leibler line and LP the D is
finite. From the above observations, it is evident that we have to consider the effect
of imposed distance on the MP. This will possibly provide insights on several other
features discussed in the phase diagram. Hence we consider interacting interfaces
in the following section. In experiments this can be achieved by increasing the
amount of surfactants. Since the interfacial area is proportional to the amount of
surfactants, the interfaces grow and naturally come closer to each other. Briefly,
isolated interfaces occur in dilute systems and the interfaces interact in highly
concentrated systems.
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Figure 4.4: Interaction parameters χm (D) for MP-like critical points a function
of the imposed distance D [b]. The line of such critical points ends at the Lifshitz
point (LP) χ = 0.51. Dashed cyan line represents independence of MP for D ≈ 12.
All such points merge and lie at MP i.e. they occur at same ϕb∗
s in Fig. 4.1. Solid
cyan line is equivalent to line of ‘constrained MPs’ presented in Fig. 4.1. Evidently,
as D decreases ϕb∗
s increases.

To consider the effect of finite imposed distance D on the end point of the saturation
line, we perform a similar calculation as discussed in Section. III A., by imposing a
finite distance D between the interfaces. This can be easily achieved by reducing the
system size (M ) in our calculations. As we employ reflecting boundary condition,
the distance between the interfaces is given directly by the system size (D = M ).
Note that we ensure equal amount of solvents as always to remain in the balanced
state.
For each imposed D we have a saturation line and associated to this an endpoint resembling MP, which is evaluated using the previous protocol. Since we
impose a constraint on the distance between the interfaces we refer to the evaluated
end-points as ‘constrained microemulsion points’ (CMP). We present CMP as a
function of D in Fig. 4.4. When D is decreased from ∞ to ≈ N we do not observe
any change in the value of χm where the saturation line ends (dashed cyan line).
Beyond this, the end point becomes a function of imposed distance (solid cyan
line) and meets the Lifshtiz point. Furthermore, going from the MP to the LP by
reducing D the surfactant concentration increases dramatically (from a very low
value of ϕbs ≈ 3.4 × 10−2 at the MP to about ϕbs ≈ 0.12 at the LP). The increase in
surfactant concentration along the constrained saturation line can be seen in Fig.
4.1. In the phase diagram, only the saturation line with D = ∞ is presented.
In microemulsion literature, a phase transition from Winsor IV to Winsor III is
well known. Indeed, we observe a similar transition within our one-parameter model
for microemulsions. Such a transition is observed when we increase the amount
of copolymer in the system to significantly higher values (in practice we increased
the surfactant amount step-wise using the SCF solution with lower amounts as an
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Figure 4.5: The volume fraction profiles ϕ(z) of the two solvents (n = 4, orange and
cyan) and copolymer (N = 20, brown curve) for χ = 0.53 for a system with a large
amount of copolymer in the system θ = 14.5 for M = 300 indicative of a Winsor III
system with inter-lamellar spacing D = 13.5 coexisting with two featureless solvent
phases with a much lower copolymer content.

initial guess). Intuitively, one would expect to find multiple liquid-liquid interfaces
homogeneously distributed throughout the system. However, as can be seen from
Fig.5, we found instead an inhomogeneous distribution of molecules in the volume:
two homogeneous solvent rich phases coexist with a phase characterised by many
interfaces at regular spacings: in this case with an inter-lamellar spacing D ≈ 13.5
(for χ = 0.53, n = 4, N = 20). This result is indicative of a three phase Winsor
III system. By collecting the χ-ϕbs values for this transition provides us with one
binodal (black dotted) line in Fig. 4.1; the second binodal line (blue dotted) is
estimated by calculating the average polymer concentration in the lamellar middle
phase. Since, for any D > N the binodal has to meet at MP and D < N they
meet at their corresponding CMP, we believe the expected parabolic shape of the
binodals turns into a distorted cusp shape.
This result implies that there must be either a local minimum in the ‘free energy
landscape’ which keeps the lamellae close to each other or there must be a local
free energy barrier which prevents the interfaces from drifting apart. To find this
out, the calculations on systems that encompass three phases are not ideal as these
systems have a finite grand potential, that is, these systems are not per se free of
tension, nor are the chemical potentials of the molecules the same as for the isolated
tensionless interface. The solution to this problem is to focus computations on one
particular interface that exists inside a lamellar phase ordering and investigate how
this interface interacts with its neighbours.
To consider the interaction between the saturated interfaces, we start with
an interface at fixed χ > χm and ϕbs = ϕb∗
s that is isolated. Now by decreasing
the system size M while imposing a reflecting boundary, we can ‘simulate’ the
neighboring interface at distance d = M (note d is not same as imposing one finite
distance D per χ as above). As always, we ensure balanced state. As the system is
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balanced the chemical potentials of both solvents (liquids) are equal to each other at
all times. Let us refer to this by µl . The chemical potential of the surfactant µs has a
different value of course. To understand whether the tensionless interfaces attract or
repel each other, we may focus on an exchange chemical potential µ̃ ≡ µs −(2N/n)µl ,
because when we insert a copolymer with 2N -segments into the system we have to
take 2N/n solvent molecules (equal amounts of both solvents) out of the system.
We can do this for a given value of d and compare this to the value at d → ∞ and
obtain a measure for the interaction free energy (per copolymer molecule):
(4.7)

When it is harder to insert a copolymer into system at distance d compared to the
insertion when d → ∞, that is when F int (d) > 0 the lamellae must be repulsive and
vice versa. In Fig. 4.6(a) we present the interaction free energy per molecule F int (d)
as function of distance between the interfaces d for three interaction parameters
whose distance from the MP is ∆χm = χ − χm = 0.03, 10−3 , 10−4 . It must be noted
from the start that these interaction curves are truly of the mean field type, first of
all because we completely ignore the undulation contribution between the interfaces,
and secondly because we did not allow for topological changes of the interfaces;
by way of the mean field approximation the interfaces have to remain parallel to
each other (in other words we assume an Lα -phase). Inspection of these interaction
curves reveals that indeed the anticipated non-monotonic features are recovered.
When coming from a large value of d to smaller values, we first notice repulsion
between the interfaces. But at a close proximity of the interface, rather suddenly a
local minimum appears. In the examples given in Fig. 4.6(a) all minima that are
shown have a positive value, implying that they are local minima. Hence, these may
classify as a meta-stable minimum. The global minimum still is given by the infinite
separation. However, the appearance of the maximum which separates the local
minimum for the global one is consistent with the Winsor III result discussed above
(cf. Fig. 4.5). As can be seen the position of the minimum D ≡ dmin increases
when χ decreases. Hence the prediction is that the spacing in the lamellar phase
decreases when the system goes to stronger segregation. Further, the depth of the
minimum becomes closer to zero when χ decreases. Below we will discuss how
the local minimum can indeed become the global minimum, but on the mean field
level we did not find such result. Before we can elaborate on this result we need to
understand why such complex interaction curves develop in the first place.
In Fig. 4.6(b) we have plotted the optimal spacing D, that is the distance d for
which the interaction curve has the local minimum value, as a function of distance
from the MP ∆χm . But now we approach the MP along the blue dotted line
(second binodal line of Winsor III phase) presented in Fig. 4.1. As noted already D
decreases when the system goes to stronger segregation and this trend is clear from
both Fig. 6(a) and Fig. 6(b). Inversely, the spacing increases when going in the
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Figure 4.6: a) Free energy of interaction F int (d) [units kB T per sufactant] (see text)
as a function distance between the interfaces d for three values of the interaction
parameter [ ∆χm = 0.03 (magenta); ∆χm = 10−3 (brown); ∆χm = 10−4 (green); ].
Three point moving average values are presented to obtain a statistically accurate
representation. (b) The optimal distance between the lamellae D as a function
∆χm .

direction of weak segregation. However this increase in the spacing saturates. We
have shown that the optimal spacing strongly correlates to the interfacial width W
(See section 5. of supplemental information).
We will briefly explain the origin of non-monotonicity in the interaction curves
(For more details, see section 5. of supplemental information). Our conjecture
to explain the non-monotonic interaction curves is the following. We know that
two bare L/L interfaces in close proximity attract each other: from the Van der
Waals theory we know that the interfacial profile has a tanh(z/ξ) form. When
two of such interfaces touch each other we find attractive forces. The length scale
for this (exponentially decreasing) attractive interaction is the bulk correlation
length ξ or equivalently the width of the interface W . Of course, here we do not
have bare interfaces: the copolymers have adsorbed onto these interfaces such that
the interface becomes free of tension. These copolymers form a (weak) two-sided
molecular brush. Forcing two such interfaces to interact will imply an overlap of
such brushes. This brush-overlap gives a power-law like steric repulsion. Apparently
this repulsion dominates both at small d as well as at large d, but the attraction
(reminiscent of the bare interfaces) is significant in between these limits. In such
scenario, the position of the minimum is indeed expected to be proportional to W
(See Section. 5 of supplemental information, for more details). We will show in
Section. III C that W saturates upon approaching MP reasoning the saturation of
D observed. We note that the computations to establish the best D for given χ are
challenging and prone to numerical uncertainties. The leveling off at low χ-values
is however clear.
This non-monotonic overall interaction curve reminds us of the DLVO potential
in charged colloids[133], which results from the combination of an attractive power58

law dependent Van der Waals contribution and an exponentially decaying repulsive
contribution due to the overlap of ion clouds. It is known that the local maximum in
the DLVO potential exists at an inter-particle distance given by (twice) the Debye
length (the length scale that characterizes the repulsion). With respect to the DLVO
potential the signs have been reversed both for the power-law as well as for the
exponentially decaying contributions. We may therefor refer to the non-monotonic
interaction curve of Fig. 4.6(a) as an inverse DLVO potential.
There are several predictions we can make based upon the shape of the inverse
DLVO potential. (i) When we insist on curves that have a local minimum (as
in the current mean field calculations), we can only expect Winsor IV systems
(homogeneous microemulsions). With an increase of the amount of surfactant in the
system, the interfaces extend and the average distance between interfaces naturally
must go down. At some threshold surfactant concentration we expect a phase
transition in such Winsor IV system because at intermediate distances between
interfaces, that is, when d is near the maximum of the interaction curves, the
system is unstable and must splits into a phase with short spacing between the
interfaces and one with larger spacing between the interfaces. The energy barrier
in the reversed DLVO potential prevents the lamellae to distribute homogeneously
through the solution. (ii) In retrospect the result of Fig. 4.6 must be classified as a
meta-stable result. It is caused by some initial guess which localized the interfaces in
the middle of the system. The swelling of the middle phase, such that the lamellae
spread over the volume, is prevented by the energy barriers. (iii) We understand
that in the proximity of the SFP the amount of surfactants at the L/L interface can
indeed be rather low. This means that the strength of the repulsion diminishes and
the attraction becomes progressively more important. This causes the minimum
of the inverse DLVO potential to increase in depth. (iv) If we could have allowed
for a topological transitions of the middle phase, we could easily imagine that the
local minimum becomes the global one. Then the result is truly consistent with the
Winsor III systems.
To understand the topological behavior of such systems we need to consider the
mechanical properties along the saturation line. In the following section, we will
elaborate on the evaluation of such properties and discuss their behavior. Based
on the results, we will discuss the expected topologies in Winsor IV region of the
phase diagram.

Mechanical properties (along saturation line)
For microemulsions that have zero-tension interfaces, the bending rigidities are
of central importance. In our earlier work[64] we reported an elegant route to
unambiguously find the bending rigidities that feature in the Helfrich equation.
Fundamental to this procedure is the use of the tensionless planar interface as the
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reference point for curving the interfaces. Next, we exploited the scale invariant
properties of the Helfrich equation: when the curvature energy does not depend on
the scale, it must be true that the chemical potential of the molecules in the system
also do not depend on the scale. When the chemical potentials are fixed (do not
depend on the curvature of the interface) one can identify the interfacial tension as
the characteristic function. Then the Helfrich equation, a Taylor series expansion
of characteristic function around mean (J) and Gaussian (K) curvature, reads

4

γ(J, K) =

1 ∂2γ 2
∂γ
1
J +
K ≡ κJ 2 + κ̄K
2 ∂J 2
∂K
2

(4.8)

where κ is the mean bending rigidity and κ̄ is the Gaussian bending rigidity.
Three geometries were found for which the scale in-variance principle could
be applied: (i) The first case is the spherical droplet with inner phase An - and
outer phase the Bn rich phase. We add the surfactant until the Laplace pressure
vanishes. The total curvature energy is now given by Ω = 4πR2 γ(J, K). As the
mean curvature in this case is J = 2/R and the Gaussian curvature K = 1/R2 we
find that Ω = 4π(2κ + κ̄). Note that this result does not depend on R (the hallmark
for scale in-variance).
(ii) The second system is a case for which everywhere in the curved interface
the mean curvature is zero. This occurs in a triple periodic bicontinuous Im3m
cubic phase. The interface splits a unit cell exactly into two equivalent volumes,
one filled by the A- and the other by the B-rich phase. We add surfactants until the
chemical potentials are equal to the ones found for the planar tensionless interface.
The curvature energy per unit cell is now only a function of the genus g [95],
Ω = 4π(1 − g)κ̄. For the Im3m phase we have g = 3 per unit cell. Again, the size of
the unit cell is not involved in this result and the curvature energy is scale invariant
(See section 3. supplemental information for computational details).
(iii) Interestingly there exists yet another system for which we can use scale
in-variance and this is for the minimal torus. A minimal torus is a torus for√which
the major radius R1 and the inner radius R2 have a fixed ratio R1 /R2 = 2.[97,
98] Again we fill the torus inside with the A-rich phase while the B-rich phase is the
exterior phase. As before we add surfactants until the Laplace pressure vanishes
(cf. case i). The torus is an object with genus g = 1 and thus has no contribution
to the Gaussian curvature. The curvature energy for a minimal torus is given by
Ω = 4π 2 κ.
All these cases can computationally be realised within the SCF framework and
the results of this protocol gives consistent results for the bending rigidities[64].
Moreover we have shown that the Gaussian bending modulus follows from the
second moment over the grand potential density of the tensionless planar interface.
In Fig. 4.7 we present results for both moduli as a function of ∆χm ≡ χ − χm
upon approaching MP along the saturation line. Inherently, we consider isolated
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interfaces. We find, near the MP, both κ̄ and κ are positive, see Fig. 4.7. We note,
that evaluation of rigidities for interacting interfaces remains unsolved and will be
one of our future research interests. Furthermore, two regimes with different scaling
can be clearly identified. Going from high to low χ, between 10−3 < ∆χm < 10−2
both κ̄ as well as κ decreases with a scaling exponent 1/2. Beyond that, ∆χm < 10−3
the rigidites vanish with a scaling exponent of unity κ̄ ∼ κ ∝ (χ−χm )1 . Consistently,
the ratio κ/κ̄ ≈ 2. This ratio changes dramatically (not shown) when κ̄ switches sign
at higher χ than used in Fig. 4.7. Before we elaborate on the scaling exponents, it
is vital to understand the behavior of interfacial width and area expansion modulus.

= −1/2

∆χ m
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=2

10−5
10−5

∆χ m

10−3

Figure 4.8: (a) Interfacial width W of the interface in units b, as a function of
χ − χm in log-log coordinates. (Here n = 4 and N = 20 for which χm = 0.518875).
The width is found from the planar interface as W = |(ϕbAn − ϕbBn )/(ϕAn (z0 −
1/2) − ϕAn (z0 + 1/2))|. (b) Area expansion modulus KA as a function of ∆χm in
log-log coordinates. Relevant slopes are indicated.
Earlier we showed that the distance between the lamellae of interacting interfaces
saturates at ∆χm = 10−3 (see Fig. 4.6(b). Similarly, both the rigidities switch
their scaling dependence at ∆χm = 10−3 . As expected, both these phenomena
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Figure 4.7: Critical scaling near MP. The mean κ (dash dotted) and Gaussian
bending modulus κ̄ (solid) in unit of kB T as a function of χ − χm in log-log
coordinates. (Here n = 4 and N = 20 for which χm = 0.518875). Relevant slopes
are indicated. Slightly outside the plotting range, namely at χ ≈ 0.5415, the κ̄
switches sign; κ remains positive for all χ-values.
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are intricately linked to the behavior of the interfacial width W , see Fig. 4.8(a).
Again, going from high to low χ in the region 10−3 < ∆χm < 10−2 , interfacial
width increases W ∝ (∆χm )−1/2 and saturates beyond that. Fascinatingly W ≈ N
after level off, and it should be noted that such levelling off is directly controlled
by block length of the surfactant. To add to this we present results for the area
expansion modulus kA ≡ ∂γ/∂ log A in Fig. 4.8(b) as a function of ∆χm in double
logarithmic coordinates. kA shows scaling behavior (as expected) in the ∆χ region
where the width of the interface is following its scaling dependence. In this regime
the (mean field) slope of 2 is found. Near the MP, however, kA goes to a constant.
A clear consequence of this is that at the MP the interfacial area fluctuations will
remain finite, that is, these will not diverge.
We may elaborate on the values of the mentioned scaling exponents. At relatively
high χ -values we found both κ ∝ (∆χ)1/2 as well as κ̄ ∝ (∆χ)1/2 . This 1/2
coefficient is not uncommon in the strong segregation limit. For example, the
tension between two polymer melts is known to depend on the square root of χ.
In a recent publication we have shown that for bare L/L interfaces at sufficiently
strong segregation both bending rigidities also were shown to follow the 1/2 scaling
[134].
Near the MP the scaling exponent of unity was obtained for both rigidities. This
is a non-classical exponents as it deviates, for example, from the Van der Waals
3/2 scaling exponent found for the way the interfacial tension vanishes upon the
approach to χb in pure solvent systems. Of course upon approaching the MP the
interfacial width does not diverge and the density difference between the bulk phases
does not vanish and therefore the nature of the MP significantly deviates from a
bulk critical point of pure solvent system. Arguably the non-classical exponent of
unity must therefore be attributed to these deviations.
Interestingly, a scaling exponent of 5/4 is found near the classical Lifshitz
tricritical point [31, 40]. This is not surprising, as from Fig. 4.1 LP connects with
MP and the bulk critical point of pure solvent, one can expect the scaling exponent

to be an average of the scaling exponents in the other two regimes 1+3/2
= 5/4 .
2
Further research in this direction is required and we will not elaborate further as it
is outside the scope of the present work.
Finally, let’s try to understand how the MP is (numerically) placed in relation
to the bulk critical point of the binary solvent system. It is anticipated that the
closeness of the MP to the bulk critical point is a function of the block length of the
surfactant. Motivated by this we present in Fig. 4.9, the difference of the MP and
the bulk critical point, ∆χm−b ≡ χm − χb = χm − 2/n, as a function of the length
N of the block of the surfactant in log-log coordinates. Results for n = 2, 4, 8 are
shown. For all the solvent sizes we find that ∆χm−b ∝ N −2 to a good approximation.
We know from Van der Waals theory (see above) that the width W of the An /Bn
interface is given by W ∝ (χ − χb )−1/2 and that the numerical coefficient is a weak
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Figure 4.9: Behavior of MP in response to change in surfactant size. The difference
between the MP and the bulk critical point, ∆χm−b as a function of the surfactant
block length, N in double logarithmic coordinates. Lines are for: n = 2 (solid), 4
(dashed), 8 (dash-dotted). The slope is indicated by a grey line.

function of n. Inserting χ = χs , we have ∆χm−b = W −2 . Clearly when W ∝ N , we
arrive at ∆χm−b ∝ N −2 , which is the result of Fig. 4.9. The numerical coefficient
is a small function of n, which can be traced to the n-dependent coefficient for the
width of the bare interface. We conclude that MP is triggered by the condition that
the width of the interface is proportional to the surfactant size.

Discussion

The idea that the tensionless state of the balanced L/L interface is of key importance
to microemulsions is widely recognized[84, 135–137]. To our surprise, the idea that
the loss of the tensionless state represents a true critical point with accompanied
scaling behavior for the rigidities remained unexplored. In the context of weak
adsorption of surfactant at the oil-water interface Safran discussed [135] a critical
point using an analogy with the critical volume fraction of surfactants above which
micelles form, in this case, above which interfaces can develop. To us this analogy is
ambiguous because this might apply to all points on the line in our phase diagram
(cf. Fig. 4.1) and not only to χ = χm . Safran argued that the interfacial rigidities
have a finite value only above this critical surfactant concentration [135]. This result
matches our prediction only at the MP, but it is in conflict with it for all other
values of the interaction parameter. Indeed we argue that the control parameter
is not the surfactant concentration alone in the system, but rather an ‘effective’
strength of adsorption/interaction, embodied in χ, also features as another natural
control parameter to reach microemulsion criticality. Furthermore, when imposed
distance D is considered as a third parameter, we observe that the classical Lifshitz
point ceases to exist for real systems with finite N giving up to a critical region in
(χ, ϕbs , D)−space. Neither the idea that an MP condition naturally develops near
the Lifshitz point, nor the role of the surfactant length that determines ∆χm (a
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result that is linked to our simple model with only one interaction parameter), nor
the critical scaling of the rigidities, nor the (generic) sign switch of κ̄(χ) at stronger
segregation, were elaborated before. Finally, the inverse DLVO-potential which
explains the cohesiveness of the middle phase in Winsor III is unexplored. All these
aspects are closely linked to the MP critical point. We are only at the beginning to
appreciate the impact of an MP for microemulsions.
Typically in microemulsion systems very short (low molecular weight) surfactants
are used to generate bicontinuous emulsions [78, 80]. From the above it is clear why
this is a good idea. For such a system the MP occurs far from the bulk critical point
(cf Fig. 4.9) and hence one can relatively easily observe microemulsion sponge phases.
In practice this means that it is not necessary to add huge amounts of co-solvents
to reduce the difference in polarity between the two bulk phases (or increase T ) and
still come in the critical zone (near MP) where a sponge phase is possible. This
trend was noticed before [78, 80], however, we feel that our interpretation is more
physical than the rational presented earlier.
In addition, a Winsor III microemulsion can be obtained by an inverse DLVO
potential. To have a local minimum and a maximum is only possible when the
attractive contribution is of the same magnitude and range to that of the repulsive
contribution. For short amphiphiles which only weakly adsorb on to the L/L
interface, this is more easily realized than for longer amphiphiles [138].
Irrespective of the surfactant size, we found the following (generic) scenario for
the rigidities: (i) Far from the bulk critical point (χb ) and also far from the MP
(χm ), κ is high and positive and κ̄ is negative. As argued earlier this implies that the
lamellar phase is the expected topology. Following the classical way to understand
the force balance in the lamellar phase we expect that repulsive undulation forces
(increasing with decreasing κ) versus attractive Van der Waals forces will set the
capabilities of this lamellar phase to swell (pick up water and/or oil). (ii) Upon
approaching the MP along the saturation line (this can be done by adding cosolvents, or by increasing the temperature -implying a decrease in χ-), the value of
κ decreases, but remains positive. The lamellar phase is expected to swell due to
the increased Helfrich repulsion. (Other reasons why the lamellar phase swells when
the system is closer to the MP are discussed below.) At some point the κ̄ switches
sign and becomes positive. From hereon we might expect a sponge-like phase to
occur wherein the oil and water rich regions connect trough space (bicontinuous).
Classically, the persistence length lp ∝ exp(κ/kB T ) sets the length scale of this
sponge phase[73, 139]. As κ can become very small, one typically expects that lp
becomes on the order of the molecule size. In this picture the persistence length in
the middle phase decreases when the system goes towards MP.
The one-interaction parameter model is sufficiently rich to predict the appearance
of a Winsor III system. (For symmetry reasons a transition to a two phase system
-Winsor I or II- will not happen in a balanced model). In particular we expect the
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The mentioned theoretical trends correlate very well with known experimental
observations. It is instructive to mention a few of these. (i) It is well known
that for weak surfactants (short non-ionics) the one-phase microemulsion system
is typically bicontinuous, that is, sponge-like [78]. This result is understood from
the sign switch of κ̄ that occurs for short surfactants for χ far from MP. (ii) Upon
decreasing χ the microemulsion phase shifts to higher surfactant concentrations
[144–146]. As mentioned already this result is caused by a decrease of interface
persistence length upon approach to the MP and supported by the idea that the
width of the interface -typical distance between interfaces on the mean field levelhas levelled off. (iii) For stronger surfactants (longer non-ionics), the lamellar phase
Lα gradually becomes more pronounced. Lα first appears at low temperatures and
high surfactant concentrations. At some higher temperature the lamellar phase
swells and takes up most of the microemulsion phase volume, leaving only room for
the sponge phase at rather thin slab in the microemulsion phase volume, namely at
relatively low surfactant concentrations and relatively high temperatures [2]. This
result is understood from the scaling dependencies of the rigidities. The larger
(stronger) surfactants have (for given T ) lower (or more negative) values for κ̄, while
shorter (weaker) surfactants are, for given T , closer to the MP and therefore are
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Winsor III phase to have a sponge-like middle phase, and this phase might expel
both oil and water phases such that the interfaces in the middle phase become
optimally spaced. This latter prediction is based on the interaction curve between
(planar) saturated interfaces which was shown to be of the inverse DLVO type;
an exponentially decaying attractive contribution is combined with a power-law
repulsive contribution. The first is attributed to the overlap of two hyperbolic
tangential profiles (bare interfaces) and the second due to the steric repulsion caused
by the overlap of surfactants. In this setting the characteristic distance between
interfaces in the middle phase is given by the width of the interface which (upon
approach towards the MP) first grows but then saturated and is approximately
constant in the vicinity of the MP. Combining this predictions with the Van der
Waals forces and/or undulation forces (mentioned in the previous paragraph) leads
to the prediction that there can be a non-monotonic dependence in the characteristic
distance in the middle phase, while a weak trend to densify the middle phase is
expected upon a final approach towards the MP. The appearance of the middle
phase in a Winsor III in the close proximity of the MP is instrumental in the sense
that the truly exotic properties of isolated interfaces near the MP is prevented from
taking place. The fact that interfaces strongly interact in a Winsor III middle phase
will in turn influence the values of both rigidities in yet unknown ways. We note that,
the previous studies have proven that the effect of fluctuations causes long-range
effective repulsion, which may stabilize the 1φ microemulsion near the MP[140–143],
if κ̄ < 0 for interacting monolayers. Analyzing the behavior of bending rigidities of
interacting interfaces is beyond the scope of current work.
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more likely to support the sponge phase [64].
The properties that we have discussed for the MP have many similarities with
properties reported for the classical Lifshitz point (CLP). We must stress once again
that the MP is not the same as the CLP. A classical Lifshitz point only occurs in
the limit of infinitely long polymer chains. Furthermore, we identify that the Leibler
line meets the constrained Scott line and refer to it as a Lifshitz point (LP) for
real systems. We stress that such constrained Scott line is artificial and cannot be
realized in experiments. In the limit of infinitely long polymers MP, LP, SP merges
into a point creating the classical Lifshitz point (CLP), reasoning the similarities
between the observed MP and reported CLP. However, CLP do not occur for real
systems and is thus meaningless. For real systems, our results strongly suggest the
existence of a supercritical triangle connecting the regions between LP, SP, MP in
(χ, ϕbs , D)−coordinates. Future works may elucidate the fascinating physics in this
region.
Microemulsions have a spectacular phase behavior. As we know this already
for many years, we’ve got used to the extraordinary properties of these systems.
We can mix oil and water (very complementary species) upto the nanometer scale
and still ‘walk’ through the system in any direction without leaving the oil or the
water phase (that is what the bicontinuous sponge phase allows us to do). The very
close proximity of water and oil phases gives us the opportunity to make use of
the complementary solvency conditions. There are already many applications of
microemulsion that effectively make use of these amazing properties. This chapter
only offers an explanation of why this happens.
The one-interaction parameter model that is used in this chapter is easily adopted
to model correspondingly interesting systems. It is possible to deviate from the
balanced case e.g. by selecting an asymmetric solvent AN BM with N 6= M or by
taking different solvents, that is using a An - Bm pair with n 6= m. In this case the
microemulsification is first-order like as explained above. The corresponding critical
point may also formally loose its strict meaning, but depending on the value of the
spontaneous curvature, some of the physics of the corresponding ‘criticality’ may
survive. Another interesting avenue to change the model is to remove one of the
solvents. Then we have a block copolymer in a selective solvent which represents
a toy-model for the lipid bilayer membrane [88, 147]. It is of interest to know
whether in such a system there is an analogy with the MP. Finally, when both
solvents are removed we arrive at the classical model for microphase segregation
in block-copolymer systems [148, 149]. Again it is interesting to know the critical
point in this system, found for χN = 10.5 (here N is the length of the copolymer),
is connected to the current MP by a variation of the total amounts of solvents in
the system. Such modifications of the one-interaction parameter model may unify
the physics of seemingly remote fields of science; one may carry over, e.g., insights
obtained for microemulsions into the microphase segregation systems and vice versa.
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Work in this direction is underway.

Summary

We have elaborated on a one-interaction parameter model for microemulsions and
analysed it with the Scheutjens-Fleer self-consistent field theory. We focused on the
weak segregation region and insisted on using a balanced molecular composition.
Relevant for microemulsions we have identified a truly non-classical critical point,
named microemulsion point (MP), which is linked to the ability of balanced L/L
interfaces to become free of tension upon adsorption of surfactants. When the
width of the interface exceeds the size of the surfactant the system cannot find the
tensionless state and microemulsions cease to exist. MP controls the phenomenology
of microemulsion systems which excellently correlates with known microemulsion
behavior [73, 78, 144]. The following generic properties are predicted: (i) sufficiently
far from the MP the κ̄ is negative and a lamellar microemulsion is expected. (ii)
However, near the MP the sign of the κ̄ changes. This means that we expect the
sponge-like topology of the system. (iii) Interestingly, when the κ̄ and the κ are of
the same magnitude, the two moduli enter a scaling regime and it is predicted that
they vanish at the MP (with scaling exponent unity). How much of this latter is
relevant for applications is not yet known because close enough to the MP we expect
that a Winsor III phase will form. This is concluded from an inverse DLVO-like
interaction potential between surfactant loaded tensionless L/L interfaces. The
inverse DLVO potential explains why there is a particular length scale in the middle
phase. The true structure of the middle phase, however, cannot be modelled by a
one-gradient SCF model and therefore also the length scale in the middle phase
may be subsequently influenced by undulations and Van der Waals forces. Thermal
undulations can counter-intuitively stabilize lamellar topology by inducing longrange repulsion. We note, the competition bewteen repulsive thermal undulations,
steric repulsion from finite amount of adsorbed surfactants, and attractive Van
der Waals interaction determines the topology of middle phase. More elaborate
(three-dimensional) simulations are needed to understand the intricacies of this
middle phase and we have to wait for these results to correlate structure to e.g.
known scattering data.
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Appendix
In the main manuscript, we introduced our model of ternary system. By maintining
equal amount of solvents and using a symmetric surfactant, we achieve a balanced
state (zero spontaneous curvature). For this model, we estimated the phase diagram
and exposed the existence of a special critical point for microemulsion occurring at
the end point of the saturation line. We referred to this point as microemulsion point
(MP). In the supplementary information, we will provide additional details about
several definitions used in the main text. In the first part, we will introduce how
we define an interface mathematically. Later, we will elaborate on volume fraction
profiles upon approaching the MP. We will show that interface widens, which can
be quantified by defining interfacial width. Interesting evolution of pressure profiles
will be discussed and related to bending rigidities. At the end of first section, we
will present the technical details relevant to estimate the bending rigidities. In
the second section, our primary focus is to discuss the origin of non-monotonic
interaction observed in our system. Interaction between surfactant loaded liquid
liquid interface can be roughly considered to be addition of interaction between
liquid-liquid interface and interaction between end-tethered polymer brushes. We
analyze such interaction and show the origin of non-monotonicity.

4

Definitions and computational details
Mathematical definition of the interface
To quantify the physics at the interfaces, we mathematically define the interface as
an infinitely thin surface. Surfaces can be described in implicit form as F (x, y, z) = 0.
For such an implicit form one can obtain the normal to the surface by realizing that
total derivative of F vanishes: dF = dr.∇F = 0, where dr is a vector connecting
two points on the surface. As dr is a tangential vector, ∇F must be an orthogonal
vector and points in the direction of normal to the surface. Thus, unit normal to
the surface can be given by
n̂ = ∇F/|∇F |
(4.9)
Reimann defined curvature of the surface as the change in the normal vector as
one moves along the surface. Such a change is given by the curvature tensor Q. If
we move along the surface by a distance dr, the normal n̂ changes by an amount
dn̂ = dr.Q where elements of tensor Q is obtained by differentiating equation 4.9.
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Figure 4.10: Illustration of mathematically defined interface F (x, y, z) = 0, with
normal vectors n̂ shown for two sample points.

(4.10)

where Fi = ∂F/∂ri . Such three dimensional tensors have three invariants under
similarity transformations: trace, sum of principal minors and determinant. We
know from explicit calculations that one of the eigen values is zero and thus the
determinant. Thus, curvature tensor is a singular matrix. Two of the eigen values
of Q have dimensions of inverse length and are defined as the principal curvatures,
namely 1/R1 , 1/R2 . This allows us to define the invariant mean curvature as the
trace of Q: H = 1/2(1/R1 + 1/R2 ). In our expressions we J = 2H as mean
curvature. This adoption is purely notational and will not affect the physical results.
Similarly, second invariant of Q is defined as Gaussian curvature: K = 1/(R1 R2 ).
Volume fraction profiles upon approaching MP
Let us first consider an isolated planar An /Bn interface, that is an interface that
does not interact with any other interface and discuss what happens when we add
the symmetric surfactants to this system. There is one interaction parameter
χ, which can be interpreted as an inverse temperature scale. By adding a
surfactant/copolymer AN BN to the system that adsorbs spontaneously we can
reduce the interfacial tension. At a fixed χ we observed that increasing the surfactant
bulk concentration will lead to a saturated interface with zero tension. The (for
microemulsions) relevant equilibrium point is characterized by this tensionless state.
By gradually decreasing χ (increasing temperature) and remaining in the saturated
state (tensionless) we approach the microemulsion point (MP, where χ = χm ).
We observe that the density difference between the two phases becomes less and
the width of the interface grows. Schematically this is illustrated in Fig. 1 (a,d).
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Curvature tensor Qij is thus given by,


1
Fi |∇F |j
Qij =
Fij −
|∇F |
|∇F |
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Typical SCF results for such saturated state are presented in Fig. 4.11. Panels
a,b,c correspond to the case of strong segregation (χ  χm ), d,e,f are for weaker
segregation (χ slightly higher than χm ). The density profiles of the solvents and
the copolymer across the tensionless interface are shown in panels b,e. It is noticed
that significantly more surfactants are needed to reach the tensionless state in the
strong segregation than in weak segregation. From the density profile we can also
see that the interface widens as illustrated in view-graphs (a,d), and the density
difference between the two bulk phases diminishes. In Fig. 1 (c,f), we report the
corresponding grand potential density profiles ω(z). As the tension is zero, the
ω-profiles should have positive and negative ‘excursions’. Moreover, the profiles are
symmetric with respect of the z0 -plane, i.e. ω(z − z0 ) = ω(z0 − z). The Gaussian
modulus (κ̄) is the second moment of this grand potential density profile and is
non-zero for both cases. In fact κ̄ has a negative value for the strong segregation
and a positive value for the weak segregation case.

4

Calculation of the interfacial width
Earlier, we observed that the interface widens upon approaching the MP. To quantify
the widening it is instrumental to define interfacial width. There are several ways
to define interfacial width. To avoid ambiguity we explain the way we have defined
and calculated the interfacial width in our results. It should be noted, however, the
physics remains generic irrespective of the way the interfacial width is defined. In
our results, interfacial width W is calculated from the volume fraction profiles of
the bulk phases (either oil or water) as follows,
W =

∆ϕ
ϕz= −1 − ϕz= 12

(4.11)

2

It should be noted that volume fraction profiles of oil and water phase are
symmetric, thus using either of them to compute the interfacial width should give
us similar values. However, interfacial width computed from any other profile, ex.
surfactant volume fraction, grand potential etc., when used to define the interfacial
width will provide a quantitatively a different picture and yet remains qualitatively
the same.
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Figure 4.11: Interfacial behavior. (a,d) Graphical illustration of the density profiles
across the tensionless interface with emphasis on the width W of the interface and
the volume fraction (density) gradients by color change color scale: red → blue:
0.8 → 0.2, (d) orange - cyan: 0.6 → 0.4]. (b,e) Selected examples for the volume
fraction ϕ-profiles (SCF result) of bulk phases (red and blue lines) and surfactant
(green line) for balanced tensionless interfaces. (c,f) corresponding grand potential
density ω (minus lateral pressure) profiles across the interface. (a, b, c) far from
MP χ = 0.6, (d, e, f) close to MP χ = 0.52. n = 4 and N = 20. The interfacial
zone is indicated by a yellow band (b, c & e, f).

Evolution of pressure profiles
Another intersting feature that is observed upon approaching the MP is the behavior
of the pressure profiles (p(z) = −ω(z)). In Fig. 4.13, the evolution of pressure
profile on approaching towards MP is shown. As the MP is approached the peak in
the pressure profile decreases. It should also be noted that the magnitude of y−axis
decreases drastically as the adsorbed amount of surfactant decreases. The widening
of the dip in ω(z) eventually prevents the system from reaching a tensionless state.
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Figure 4.12: (a) Volume fraction profiles of oil (red) water(blue) and surfactants(green) far from microemulsion point (χ = 0.6). (b) Similar triangles representing the width as unknown, similarity rule provides us with the equation
4.11.
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Figure 4.13: Evolution of Pressure profiles as the Flory-huggins interaction
parameter is varied to approach the microemulsion point. Results for χ values of
0.55,0.54,0.53,0.52 in subplots (a),(b),(c),(d) respectively.

Determination of bending rigidities
We know that the pressure profile can be directly related to the Gaussian bending
rigidity of the interfaces. It is of natural interest to understand the behavior of
bending rigities along the saturation line. In the main text we present the result, in
this section we will briefly outlay the computational complexities associated with
the estimation of the bending rigidities. For interested reader we refer our earlier
article [64], in which we had published our results on scale invariant surfaces to
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unambiguously determine the bending rigidities of surfacted liquid liquid interfaces.
In this section, we will provide a brief overview of the procedure and the essential
details involved in direct estimation of the gaussain bending modulus from Im3m
cubic phase.
Computational methodology
For a tensionless interface (γ(0, 0) = 0) in saddle shape, with zero mean curvature
(J = 0) and spontaneous curvature(J0 = 0), the energy of the interface (single
Reimann manifold) from Helfrich’s equation, can be shown as
ZZ
ZZ
γG (K)dA = k̄
KdA
(4.12)

where g is the genus of the manifold. For Im3m cubic phase the genus (g) is 3.
Thus for an interface in saddle shape, interfacial energy is −8π times the Gaussian
bending modulus (k̄)
ΩsIm3m = −8π k̄
(4.14)
It is clear from equation 4.14 that interface with positive Gaussian bending modulus
(k̄ > 0) prefers to form handles and complicated shapes, consistent with findings
reported in literature [45].
To numerically generate such saddle shape in mean field approach, a special
strategy is required.We imposed special boundary conditions that directs the system
towards the saddle configuration, which is used as an initial guess for the calculations.
As soon as initial guess is generated, Symmetry or mirror boundary condition is
forced on 6 faces of 3D-Box or elementary box. Since by generating 1/8 of the
unit cell, we ensure using symmetry boundary conditions, the effects of entire unit
cell is captured. All calculations are performed in double precision so that the
thermodynamical quantities obtained are not affected by round-off errors. It should
also be noted since we only calculate (1/8)th of the manifold, the energy of the
interface should be normalized by a factor of 8.
 s

ΩIm3m 3D−Box = −π k̄
(4.15)
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Now we use Gauss-Bonnet theorem for compact, boundary-less Riemann manifold.
Theorem states integral of curvature over area of the manifold is equal to 2π times
the Euler characteristic of the manifold[95, 96]
ZZ
KdA = 4π(1 − g)
(4.13)
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It could be observed that the saddle shaped interface, inferred as two dimensional
Riemann manifold without boundary, crosses all the faces. These crossings are
signature of handle formation in the system, unlike planar interface where the
interface or manifold crosses only 4 faces. Since we are trying to represent a complex
saddle shaped manifold in a Cartesian lattice, lattice artifacts become unavoidable
in our calculations. Due care has been taken to reduce the lattice artifacts, by
optimizing the system size. A quantitative measure of tendency of any surface to
deviate from spherical shape is provided by Willmore energy (W )
ZZ
ZZ
1
2
W =
J dA −
KdA
(4.16)
4
Willmore energy [97], of an ideal Im3m cubic phase, cf. equation 4.16, contains
only Gaussian curvature energy, as mean curvature is zero (J = 0). In calculations,
representation of Im3m phase in a discretized Euclidean space gives rise to
contribution in Willmore energy (W ) from residual mean curvature (J ≈ 0). With
increase in box size, the residual mean curvature energy increases whereas the
surface in discretized space is better represented and vice versa. Hence the box
size in calculations are optimized to ensure that surface is better represented with
residual mean curvature energy remains negligible. From previous experiments and
experience [55], the optimal value of box size for a surfactant chain-length (N = 30)
is found to be mx = my = mz = m = 50.
√
Similar to Im3m cubic phase, torus with a major radius 2 times its minor
radius (minimal torus) has contribution only from mean curvature as the Gaussian
curvature contribution nullifies. By estimating the grand potential of minimal
torus
bending rigidity of the system can be directly estimated as Ωt =
R mean
1
2
κ
J
dA
=
2κW = 4π 2 κ.
2
M

The inverse DLVO interaction potential
It was found that the interaction potential between two surfactant-loaded tensionless
interfaces had a pronounced non-monotonic form, which was termed inverse DLVO
because it was suggested that it could be the combination of two contributions: one
from the interaction between two (bare) L/L interfaces and another one coming
from the steric repulsion of overlapping surfactant moieties. The first contribution
comes from the overlap of two tanh-like density profiles and hense must give an
exponentially dependent attraction. The second contribution is expected to give a
(repulsive) power-law like interaction curve. The situation is similar as in DLVO
but opposite. In DLVO the attraction is due to van der Waals interactions which
is known to be power-law like, while the repulsion is due to the overlap of Gouy74
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Chapman layers. We will treat both contributions of the inverse DLVO potential in
order.
Interaction of L-L interfaces
In Fig. 4.14(a), the free energy of interaction per unit area, F int (d) = γ(d) − γ(∞),
between pure liquid liquid interface (represented by A4 /B4 ) is presented for three
values of the interaction parameter χ. As mentioned in the main text, the length
scale of the exponential attraction depends on the width of the interface (W ) and
therefore the same results are presented as in log(F int as a function of d/W in
Fig. 4.14(b). It is obvious from Fig. 4.14(a) that the pure interfaces are inherently
attractive. In panel b) the curves for χ = 0.51, 0.505, 0.501 (red to green) do not
exactly fall on top of each other because the SCF results follow the analytical
Van der Waals tanh prediction only very close to the critical point. The leveling
off of log(F int at very small d is due to the fact that overlapping profiles are
only exponential in their tails. The leveling of at d >> W it due to the limited
numerically accuracy of the computations.

Amphiphilic copolymers adsorbing on a liquid/liquid interface form a two-sided
brush. To understand the steric contribution that is found when two of such layers
overlap, we consider a pair of solid surfaces a distance d apart. Onto each of these
we have tethered linear chains with their ends. The chain length N , the grafting
density σ (number of chains per unit area) and the solvent quality are the main
parameters. We choose the surfaces to be ideal, that is that the segments have
athermal interactions. Also the solvent quality is set to the athermal value leaving
just two variables (N and σ). The generic trends found for this problem are best
seen for large values of N . We can distinguish two limits. The brush limit σN > 1
and the mushroom limit σN < 1.
The free energy of interaction between two brushes is computed from the free
energy partial open, F po , which is given F po = F − µs ns = γ + µp σp (where the
sub index s, p refers to the solvent or polymer, µ is the chemical potential and n
is the number of solvent molecules in the system per unit area and σ the grafting
density. The free energy of interaction per unit area is F int (d) = F po (d) − F po (∞).
We present the free energy of interaction for a selection of end-grafted polymer
layers AN , N = 10, 100, 1000 at the grafting density σ = 0.1, 0.01, 0.001 (θ = 1)
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Figure 4.14: Interaction energies as function of distance between the interfaces. (a)
& (b) Pure Liquid Liquid (A4 /B4 ) interface with χAB = 0.51 (red), 0.505 (blue),
0.501 (green). (c) & (d) Interaction free energy of polymer brushes A1000 (red),
A100 (blue), A10 (green) at θ = σN = 1.0 (close to the brush limit). (e) & (f)
Interaction free energy of polymer grafted to surfaces in mushroom regime A1000
(red), A100 (blue) at θ = 0.001 (mushroom limit).

and polymers N = 100, 1000 at much lower grafting density σ = 10−5 , 10−6
(θ = 10−3 ) in Fig. 4.14(c)-(f) both in lin-lin Fig. 4.14(c),(e) as well as in log-log
coordinates Fig. 4.14(d),(f). From these graphs it is clear that polymers grafted to
the surface have a power-law like steric repulsion for small values of d (for large
d there is an exponential repulsion). In the brush regime (cf Fig. 4.14(d)) the
exponent is approaching −1. We understand this dependence from the increase
of repulsive segment-segment interactions: F (d) ∝ βσN φ(d), where β ∼ 1 is a
segment virial coefficient and φ is the (average) segment density in the brush. The
latter increases when d decreases: φ = 2N σ/d where the 2 comes from the fact
that we have two brushes in contact. We also understand why the −1 coefficient
is not exactly reached. This is due to the recovery of the conformational entropy
loss when the stretched chains retract to their Gaussian size. This softens the
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repulsion somewhat. For short chains the effective power-law slope deviates more
from the −1 because the brush is less developed. In the brush regime the onset of
the interactions is proportional to the brush height H = N σ 1/3 , and therefore the
N = 1000 curve extends further than the N = 100 which in turn extends further
than N = 10 brush.
In Fig. 4.14(e),(f), the interaction energy for the polymer mushroom regime is
presented as function of distance between the surfaces in linear and log-log scale
respectively. In the mushroom regime as observed
in Fig. 4.14(f) the exponent is
√
−2. The onset of the interaction is at d ∝ N (d ≈ 32 for N = 1000, d ≈ 10 for
N = 100). Compression of mushrooms is thus less long-ranged and significantly
weaker than for brushes. We can understand this exponent as follows. When d < Rg
the confined mushroom splits up in N/g confinement blobs, each consisting of g
monomers. In the blob the chain remains Gaussian, i.e. g ∝ d2 . The number of
blobs per chain gives a free energy of interaction per chain: F = N/d2 and thus
the free energy interaction per unit area is F int = σN/d2 . Again we see that for
the long chain the power-law dependence is better observed than for the short ones.
Nevertheless, in the relevant part of the interaction curve the steric repulsion is
power-law like as anticipated.
Thus in the strong segregation regime the attraction from the pure liquid-liquid
interface is short-ranged and the polymers adsorbed in the interface behaves like a
polymer brush leading to repulsive interaction with a local minimum observed at
very small d. However, closer to the critical point the competing attraction from the
pure liquid liquid interface and the polymer mushrooms creates a non-monotonous
inverse DLVO like interaction with a local minimum observed at a higher d ≈ 2W .
Combining systems Fig. 4.14(a),(e) is more likely to produce a non-monotonous
inverse DLVO potential compared to system that combine Fig. 4.14(a),(c).
In reality we must anticipate that other contributions will add to the inverse
DLVO potential. For example we will have additional undulation repulsion due
to the fluctuations of the shape of the interface. Also long range van der Waals
attraction must be added. Both of these contributions are power-law like and have
the same d-dependence. Hence, these will not introduce a new length scale in the
problem. Another important issue is the topological stability. In the interaction
curves discussed in this section, we have assume a lamellar topology. In many cases,
especially when κ̄ > 0, we should expect a sponge-like topology. To understand how
the inverse DLVO potential influences the length scale in a sponge-like topology
remains an interesting issue, which might be solved using appropriate computer
simulations. These simulations will go beyond the mean field level and are high on
our research agenda.
Within the mean field scenario, the local minimum in the inverse DLVO
potential was found the remain positive, that is the local minimum was found
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to be metastable with respect to the interfaces being far apart. This meta-stability
can be influenced easily by incorporating the (mentioned) missing interaction
contributions (undulations, van der Waals, etc.). We therefore believe that the
inverse DLVO potential is a key result that may help us to rationalise the Winsor
III scenario, which is well known to occur experimentally.
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CHAPTER 5

Interfaces that separate two de-mixed phases, one rich in A and the other rich in B,
have thermally excited undulations. It is generally expected that height fluctuations
of interfaces are damped by the surface tension γ, which resists against area increase,
and the mean bending modulus κ, which goes against strong curvatures. For a
simple regular solution-like lattice model we know both γ and κ from a free energy
analysis of homogeneously weakly curved interfaces. Here we explore a hybrid Monte
Carlo self-consistent field (MC-SCF) approach to study undulating interfaces in 3D
to find out whether the truly fluctuating interface is indeed controlled by the known
γ and κ. We define the location of the interface as the points where the density of
component A equals that of component B. In the ground state the interface is flat
(h(x, y) = 0 for all (x, y)). With an MC protocol, we generate for a specified set of
{x-y} coordinates a height h(x, y) away from the ground state value. Operationally,
these heights translate in the SCF machinery into a set of Lagrange parameters
which enforce the local equality of the densities of the A and B component. Then
the SCF-machinery finds the best interface draping through this specified set of
constrained locations. The grand potential of such constrained SCF-solution serves
as internal energy in the MC algorithm accepting or rejecting a snapshot based on
the metropolis algorithm. Our results indicate that alongside γ, κ, the Gaussian
bending modulus also plays a role in interface fluctuations. We attribute this to
the fact that periodic boundaries are imposed on the piece of the interface that is
studied. The integral of the Gaussian curvature over this representative piece of the
interface does not vanish. We prove the feasibility of the hybrid MC-SCF approach
to study interface fluctuations within the limits of discretization issues prevailing at
the current state of the art.
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5.1

Introduction

A mixture of two incompatible components, even when thoroughly mixed, separates
in time into two distinct phases. The interface at the boundaries between the two
de-mixed phases has fascinatingly complex properties and inspired research dating
back to Van der Waals[150]. Every day, people encounter such systems, e.g., while
cooking and eating food products[9, 151, 152]. Large oil companies have to deal
with such systems as these occur in oil reservoirs and during disaster management
when oil-spills occur[153]. Interfaces are important to understand life and living
organisms as interfaces are omnipresent. One may find interfaces not only in our
intestines but also inside our cells. Understanding interfaces, therefore, remains a
relevant topic of research in countless disciplines. The science of interfaces is blessed
with many interesting questions.
One cannot say that interfaces are poorly understood, yet many questions wait
for an answer, even for the most simple interfaces that we can think of. To develop
quantitatively accurate models for interfaces requires capturing the density gradients
when going from one phase to the other and evaluate all excess quantities that are
associated with the presence of such interface. On top of this, we need to understand
how thermal fluctuations manifest at these interfaces. Undulatory fluctuations exist
up to the nanoscale, that is, up to the length scale of the molecules involved. (for
eg. on a sea, one could see these as waves[154])
We, through a series of papers, have proposed an efficient equilibrium-route to
model such interfaces using Scheutjens-Fleer self-consistent field theory.[64, 134,
155] In this mean-field approach we can obtain insight about the density gradients,
the interfacial tension, the density difference between the bulk phases, etcetera
upon the approach of the binary system towards its critical point. Because of the
mean-field approximation, interfaces in this approach remain boringly flat (these
show no undulation fluctuations) and this allows the reduction of the analysis to
one-gradient models. In such models, we can, for a given value of the chemical
potentials (binodal values), curve the interface away from the planar ground state,
into the spherically or cylindrically curved interfaces. The curvature dependence
of the interfacial tension γ gives information on the mechanical parameters of the
interface in an equation, which was first presented by Helfrich[47] to discuss the
shape changes of lipid bilayer membranes[156, 157]:
1
γ(J, K) = γ(0, 0) − J0 κJ + κJ 2 + κ̄K + O(1/R3 )
2

(5.1)

Here the mean curvature J = 1/R1 + 1/R2 , the Gaussian curvature K =
1/R1 × 1/R2 , with 1/R1 and 1/R2 being the principal curvatures that characterize
the shape of the interface at a specified point along the surface (for homogeneously
curved interface these curvatures are trivially identified). J0 is the spontaneous
curvature. The mean bending modulus, defined as κ ≡ (∂γ/∂J 2 )0,0 , is believed to
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order of the molecule size, (virtually) independent on the value for the interaction
parameter[134]. Hence even when the system goes towards its critical value where
the interfacial width diverges, the density difference between the two phases vanishes
and where the interfacial tension vanishes, the length scale ξ is almost a constant.
The physical interpretation that presents itself is that the out-of-plane fluctuations
with a wavelength λ are controlled by the value of the interfacial tension γ when
λ > ξ, while when the λ < ξ the out-of-plane fluctuations are damped by the mean
bending modulus[159, 160].
There is an interesting dilemma associated with this interpretation. In SF-SCF,
we have evaluated the mean bending modulus in the weak curvature limit. The mean
bending modulus, however, has a role to modulate the out-of-plane fluctuations
for the high curvature limit (at small wavelengths)[161]. It is not evident that
indeed the weak curvature limit result may be applied to strongly curved interfaces.
Thus, the true role of the mean bending modulus, even for such simple fluctuating
interfaces, remains uncertain. To clarify this, we need to consider 3D systems where
the interface (an ‘object’ in 2D) fluctuates because of undulations that arise from a
molecular-picture and the mechanical parameters are emerging (not imposed).
This sets up the requirement for the current work. Here we like to account for the
thermal fluctuations and study the undulatory height variations of a model liquidliquid interface, as it occurs in the Scheutjens-Fleer self-consistent field theoretical
(SF-SCF) approach. We note, to date there are no such attempts presented in the
literature to generate undulatory interfaces using a regular-solution-like model.
To this end, we introduce a hybrid Monte Carlo SCF (MC-SCF) method.
This approach combines sampling of a number of degrees of freedom with the
MC protocol. It passes these degrees of freedom on to the SF-SCF machinery,
which solves (constrained) SF-SCF equations for the liquid-liquid interface. More
specifically the MC degrees of freedom are so-called ‘pinning’-constraints. With the
use of a Lagrange parameter per pinning constraint, we can force the interface to
pass trough this pinning point (the density of both molecules are forced to be equal
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control (in part) the out of plane fluctuations of the interface and κ̄ ≡ (∂γ/∂K)0,0 is
a parameter that controls the topology of interfaces. A negative value for κ̄ promotes
similar signs of the two principal curvatures, whereas a positive value promotes
opposite signs for these quantities (as these occur in saddles)[158]. Accurate
evaluation of the mechanical parameters requires that the derivatives of γ are
evaluated for weakly curved interfaces and at fixed chemical potentials of the
molecular components (identical to the value found to exist for the planar ground
state).
Focusing on purely symmetric systems (the two molecular components have
the same molar volume), for which in the SCF model the interfaces have a zero
spontaneous curvature J0 = 0 by construction,
we have shown in a recent paper
q
κ
that there exist a length scale ξ =
γ , which appears to take a value of the

5
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at such point.) The grand potential of the system with the specified pinning points
takes the role of the internal energy of the system in the Metropolis algorithm.
Simple translational moves plus wave-like cooperative modes for the pinning points
are implemented to sample the Boltzmann distribution for the fluctuating interface.
Similar hybrid methods have been introduced by our group earlier for gels of neutral
telechelics[162–164] and gels of poly-electrolyte chains near a surface [165].
With the MC-SCF method we expect to find relevant ‘snapshots’ of the shape
of fluctuating/undulating liquid-liquid interface. From this we expect to be able
to estimate the governing interfacial tension and the mean bending modulus. How
to establish ways to do this is part of the current work. Finally, in this work,
we show that two factors prevent us from achieving direct comparison of weakcurvature rigidity values to that of the undulatory interface: (i) Presence of influence
from the Gaussian bending modulus (ii) Discretization issues leading to a loss of
high-curvature resolution.
First, let’s discuss how an influence from κ̄ arises in simulations. It is well
known that the Euler characteristic
of a piece of a flat interface (with periodic
R
bounds)
is
χ
=
1[166].
Further,
KdA
is zero as K is zero at each point. Similarly
R
R
JdA = R0 as wellRas J 2 dA. According to Gauss-Bonnet theorem, for a flat
interface KdA + kg ds = 2πχ [55, 167]. The second integral over the geodesic
curvature reduces to the sum over the four corners (giving 2π).
Upon addition of interface undulations, it is well known that the Euler
characteristic
does not change[168]. However, the integral over the geodesic curvature
R
( kg ds) for an arbitrarily curved interfaces is not constant. To compensate for
this variation
the interface develops spatial variations of the Gaussian curvature
R
and the KdA varies in concert with the geodesic curvature integral such that the
Euler characteristic remains unity. Our MC-SCF results are in line with this and
we will show that the integral over the Gaussian curvature differs from snapshot to
snapshot in our results.
It is instructive to elaborate a bit more on this issue. The grand potential that is
associated to the interface (in a particular configuration) follows (numerically) from
the SCF machinery and is evaluated without the need to know the position of the
interface: it does not need any evaluation of the curvatures (see below). However, as
soon as the interface position is traced we may evaluate both the area of the interface
as well as the local curvatures (see below) and decompose the grand potential into
contribution from its
R components. Hence we can (i) evaluate the contribution
from the
area
term
γdA, (ii) the contribution that contains the mean
curvature
R
R
−J0 κ JdA, (iii) a term containingR the mean curvature squared 12 κ J 2 dA and (iv)
one for the Gaussian curvature κ̄ KdA. Focusing on symmetric system that by
construction have a vanishing spontaneous curvature, J0 = 0, the integral over the
mean curvature has no effect. When the topology of the interface did not change, it
is generally assumed that the integral over the Gaussian curvature remains zero.
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However, above we argued that this is not the case in our simulation system and we
expect a finite contribution of it. We also expect a contribution from the integral
over the mean curvature squared. Hence, there are three parameters that play a
role, γ, κ and κ̄ in the grand potential of the systems (which serves as an internal
energy in the Metropolis algorithm)
The analysis of interfacial fluctuations assumes typically only contributions from
γ and κ[33, 42, 85, 169]. Our working hypothesis therefore is that the classical ideas
to analyse undulating interfaces, taking only γ and κ into account, will work best
for systems that have κ̄ ≈ 0 and becomes systematically worse when the Gaussian
bending rigidity deviates more from zero. We cautiously note that the contribution
of Gaussian curvature to interfacial fluctuations is not only bound to simulations
but also in experimental systems with non-zero geodesic curvature.
The second factor, as said above, is the discreteness of the simulation lattice
sites. In the MC-SCF we can place the pinning points only at discrete values (at
lattice sites). As a consequence, it is necessary to place the pinning points some
distance away from each other so that the SCF equations could realistically find
an interface connecting through the pinning points. The SCF theory curves the
interface smoothly through the pinning points, and as a result, we lose undulatory
modes with a wavelength that is shorter than the distance between the pinning
points. To date, this limits the resolution of the current simulations somewhat and
in the discussion, we will return to this issue. However, recent progress[170] from
our group shows that a more refined lattice can be adapted for the presented hybrid
MC-SCF in future.
To summarize, within the limits of the two influencing factors, we show:
(i) provided the right rigidity parameters a membrane model can realistically
reproduce the undulatory interfaces (ii) all three parameters γ, κ and κ̄ influence the
fluctuations of symmetric interface located within a periodically bounded simulation
box (iii) a realistic comparison of rigidity parameter at weak-curvature and strongcurvature is only possible when the simulations are performed in a parametric space
where κ̄ = 0 and discreteness of lattice is addressed. The remainder of this paper is
as follows. In the method section, we will go into sufficient detail about how the
MC-SCF has been implemented. In the results section, we will give insight into our
main results. In the Discussion, we will go into more detail about what pros and
cons we have encountered. In the summary, we collect our major findings.

5.2

Method

Focusing on the main steps we start with an introduction to the Scheutjens-Fleer
self-consistent field theory (SF-SCF). While doing this we decorate this with the
necessary details of how in the hybrid Monte Carlo Self-consistent field (MC-SCF)
method the pinning constraints are implemented. In a separate subsection, we give
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details on the Monte Carlo protocol that is combined with the SF-SCF method. This
is followed by a section wherein we detail how we have analyzed the performance of
the MC-SCF hybrid. The results and discussion section is split into two parts. In
the first one, we work out a case study for a simple system. In the second part, we
give insight into the main results as a function of a few relevant variations of our
parameters. The paper is concluded as usual by a summary of our major findings.

5

Scheutjens-Fleer Self Consistent Field Theory extended with
pinning constraints
To implement a self-consistent field model we combine the freely jointed chain
model with a Flory-Huggins equation of state. This is done on a lattice. Scheutjens
and Fleer suggested using the segment size b equal to the lattice site length b so
that there is just one discretization length in the system. [53, 54]. In the system
we have x = 1, 2, · · · , Mx coordinates in the x-direction, y = 1, 2, · · · , My
in the y-direction and z = 1, 2, · · · , Mz in the z-direction. The volume is
V = Mx × My × Mz lattice sites. Below, a coordinate is given by the notation
r = (x, y, z). In the z-direction, we have mirror-like boundary conditions and we
have periodic boundary conditions in the two other directions.
Two liquids are modeled as linear strings of N segments of type A and B,
respectively. We note though the number of segments, 1 ≤ N ≤ ∞, the choice of N is
restricted by computational complexity (Larger N leads to larger computational time)
Segments along the chain are referred to by their ranking number s = 1, 2, · · · , N .
On top of this, we will insist on equal amounts for the two components (Note, this
condition is not required when we enforce pinning constraints). An effective repulsion
between the segments is quantified by specifying a Flory-Huggins interaction
parameter χ = 2kZB T [2UAB − UAA − UBB ] where UXY is the interaction energy for
a contact between X and Y . To estimate the number of contacts between A and
B the Bragg Williams mean-field ansatz is used, namely that the chances that A
and B meet in a homogeneous phase are equal to the product of the respective
volume fractions. This is an approximation because when A and B repel each
other the distributions should be adjusted such that the chance that they meet is
reduced compared to the random distribution and the inverse happens when they
are attracted to each other. These correlations are ignored, similarly as in regular
solution and the Flory-Huggins theory.
In SF-SCF we write a mean field free energy (i.e. the Helmholtz energy in
units of kB T ) for a molecularly inhomogeneous system [55–58] in terms of volume
fraction ϕx (r) and complementary segment potential ux (r) profiles for segment
types x = A, B. Equilibrium SCF solutions involves optimizing the free energy (F )
with respect to its variables, respectively the segment potentials and the volume
fractions.
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To facilitate proper extremization we add Lagrange parameters. The set
of parameters α(r), is added to implement the incompressibility constraint,
ϕA (r) + ϕB (r) = 1, applicable in each coordinate r. In the MC-SCF hybrid
we have in addition introduced parameters ∆r;[r0M C ] ≡ δr;[r0M C ] ν(r), where δr;[r0M C ]
is unity when r ∈ [r0M C ] and zero otherwise and ν(r) is a Lagrange field that enforces
that the densities (volume fractions) of both components A and B are equal to each
other (this only happens at coordinates [r0M C ] of course)
X
F = − ln Q([u]) −
uX (r)ϕX (r) + F int ([ϕ])+
X
r

α(r)

X
X

X,r




ϕX (r) − 1 + ∆r;[r0M C ] ϕA (r) − ϕB (r)

(5.2)

We will comment on this free energy functional term by term. The first term features
the system partition function Q. In the mean-field approach one can decompose
it into molecular partition function Q = Πi qini /ni ! where i = 1, 2 refers to AN
and BN respectively. The molecular partition function qi contains the statistical
weight of all possible and allowed conformations of molecule i (see below). ni is the
number of molecules of type i in the system.
The second term in 5.2 transforms the free energy from potential space to
density space. This term complicates the ‘optimisation’ of 5.2. It turns out that
the free energy is minimized w.r.t the densities (volume fractions) but maximized
w.r.t the potentials. The third term gives the interaction terms (in segment density
‘space’). This term is needed because the sum of the two first terms results in the
entropic terms of the free energy only. For the interactions, we take the classical
Flory-Huggins equation of state generalized to account for the gradients in density.


X
int
b
F
=
χϕA (r) hϕB (r)i − ϕB
(5.3)
As we have only two segment types in our system, there is only one interaction
parameter χ. The ϕbB refers to the bulk volume fraction of B (of one of the bulk
phases) and ensures normalization of the segment potentials (by ensuring that the
F int is zero in the reference phase). The angular brackets are needed to properly
account for the interactions and take effect only when there are density gradients
in the system.
As mentioned the angular brackets are needed to account for the contact energy
in a system with gradients in density. In our earlier work, we proved the importance
of such a term. It was found that neglecting such contribution leads to erroneous
contributions to the curvature derivatives of the free energy (and thus the error
features in the bending rigidities of the interface)[134]. This term has a direct
influence on how interfaces fluctuate. Mean-field theories often neglected such
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contribution, overlooked its importance, and reported physically unacceptable
negative values of the mean bending rigidity. The Cahn-Hilliard theory [45] already
stresses the importance of the ‘curvature’ contribution in the segment potentials.
For the three gradients coordinate system system with r = (x, y, z) we may write[53,
55] for a simple cubic lattice
hϕB (r)i = (ϕB (x − 1, y, z) + ϕB (x + 1, y, z) +
ϕB (x, y − 1, z) + ϕB (x, y + 1, z) +
ϕB (x, y, z − 1) + ϕB (x, y, z + 1))/6
1
= ϕB (r) + ∇2 ϕB (r)
6

(5.4)

In the last part of the 5.4, we give the continuum interpretation of the angular
brackets.
The fourth term in 5.2 is introduced so that the extremization of the Helmholtz
energy obeys the incompressibility constraint. At each coordinate, we force that
the sum of the densities of A and B equal unity (no vacancies).
The final term in 5.2 is needed in the MC-SCF hybrid to force the interface
away from the mean-field exactly planar state. As we will discuss below the set of
coordinates onto which this term enforces that the density of A equals that of B, is
generated by a Monte Carlo protocol.
The SCF protocol requires subsequently that a saddle point is found for the
Helmholtz energy (Eqn. 2). When ∂F/∂ϕA (r) = 0, we find that the potentials
must obey
uA (r) = α(r) + ∆r;[r0M C ] + χ(hϕB (r)i − ϕbB )

5

uB (r) = α(r) − ∆r;[r0M C ] + χ(hϕA (r)i − ϕbA )

(5.5)

Note that these potentials are by construction dimensionless, that is they are given
in units of kB T . It is important to note the sign change for the ∆ Lagrange field
for A and B segments, respectively.
Setting ∂F/∂uX (r) = 0 shows the way to evaluate the densities: ϕX (r) =
−∂ ln Q/∂uX (r). As the molecular partition function for molecule type A is going
to depend on the segment potentials of the segment type A, and vice versa for
the B-molecule, we can implement this optimisation per molecule. The
P molecular
partition functions are found from the endpoint distribution qi = r Gi (r, N |1).
The end-point distributions are recursively found from Gi (r) = exp(−ui (r)) by
the propagator Gi (r, s|1) = Gi (r)hGi (r, s − 1|1)i, where the angular brackets
have the same meaning as in 5.4. The free segment distribution simply is the
Boltzmann equation for the specified segment: G1 (r) ≡ GA (r) = exp(−uA (r))
and the same applies for the molecule i = 2 that has segment type B. The
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segment densities
PN are found by the composition law, which for homopolymers
read: ϕi (r) = s=1 Ci Gi (r, s|1)Gi (r, N − s + 1|1)/Gi (r).
The normalization constant Ci depends on the mode of operation. In the MCC
SCF the position of the interface is controlled by a Lagrange parameter ∆M
r;r0 , we
no longer need to specify a fixed amount of one of the components (as is needed in
a canonical ensemble), but we can normalize the densities with Ci = ϕbi /Ni where
ϕbi is specified by the binodal: A proper binodal value is a (relevant) root of the
ϕ
+ χN (1 − 2ϕ) = 0.
Flory-Huggins Eqn. ln 1−ϕ
In all other cases, i.e. without the pinning constraints, we have set the amount
of A equal to the amount of B, so that the interface splits the volume in two equally
sized phases. Then, the volume fractions for component
A are normalised using
P
CA = 12 NVqA . The molecular partition function qA = r G1 (r, N |1). For the solvent
(molecule B), we use the normalisation CB = 1 − N CA , which follows from the
requirement that ϕbA + ϕbB = 1 and ϕbA = N C1 .
The optimisation of the Helmholtz energy with respect to the Lagrange field
α tells us that the SCF solution should obey to the incompressibility constraint.
This optimisation is done numerically using an iteration. If during this iteration we
find that the system does not obey to the incompressibility constraint, update
α(r) ← α(r) + ϕA (r) + ϕB (r) − 1. The same type of update is performed
when the SCF solution does not yet obey to the pinning constraint. The
ν(r0M C ) ← ν(r0M C ) + ϕA (r0M C ) − ϕB (r0M C ).
Numerical solutions that optimize the free energy functional and obey all
constraints have the property that the potentials both determine and follow from
the volume fractions profiles and vice versa and are said to be self-consistent. We
find such SCF solution routinely up to high precision (at least 9 significant digits
for 1D calculations and 4 significant digits for 3D calculations)

P
For each SCF solution one can compute the grand potential by ΩP
= r ω(r) wherein
the grand potential
r is given by ω(r) = − i (ϕi (r)−ϕbi )/Ni −
 density1 at2 coordinate

b b
α(r) − χ(ϕA (r) ϕB (r)
P + 6 ∇ ϕB (r) − ϕA ϕB ). The planar (one-gradient) interface
has a tension γp = z ω(z), where z is the coordinate in the planar system. This
planar interface serves as the ground state or reference state upon which MonteCarlo moves can be made by specifying new positions for the pinned coordinates.
The following sections will describe the implementation of such procedure in detail.

Implementation of Monte Carlo strategy in MC-SCF
The Monte Carlo strategy requires (i) an initial configuration, (ii) a strategy to
generate ‘trials’, (iii) an acceptance criterion, and (iv) equilibration. Data collection
and analysis can commence after a suitable equilibration run.
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Initiation
The target of the MC train is to provide the SCF machinery with appropriate
successive sets of coordinates [r0M C ]. Let these coordinates be numbered k =
1, · · · , K where K is the total number of degrees of freedom in MC and this is
of course the same number as the pinning constraints in the (constrained) SCF
calculations. We start with a mean-field regular solution interface in 3D such that
the interface is located at the plane z 0 = (Mz /2 + 0.5 (So when Mz = 49, the
interface is placed at z 0 = 25 as the initial guess for the interface is exactly half-way
in the system). The K degrees of freedom are chosen to (x, y, z 0 ) sit in a square
lattice grid. The distance
p between the points is taken to be ∆x = ∆y ≈ ξ the length
scale suggested by ξ = κ/γ. So the number of MC points K = (Mx /ξ) × (My /ξ).
The starting point for the simulation is the perfectly flat interface (as this is made
available from the classical SF-SCF equations). We refer to this as the planar ground
state, where the grand potential of the system Ω = Ω0 = (Mx × My )γp (the grand
potential is the characteristic function during the simulations because during the
simulation we fix the chemical potentials of both the A as well as the B component).
When we refer to the free energy of the system F it is understood that we talk in
this case about the grand potential. (as the system belongs to (µ, V, T )−ensemble)
The initial shape of the interface can be mathematically represented by a plane
h(x, y, t = 0) = 0 at the ground state, that is h = 0 is set at z = z 0 . How the
interface is precisely located further-on in the MC train, is discussed in the parameter
sections.

5

Trial moves
We have implemented two types of moves. Translational moves and cooperative
mode-like moves. In the translational move one of the K degrees of freedom is
chosen randomly and displaced in x- or y- direction, by one lattice site. When the
distance between two neighboring pinning sites is less than 3 (lattice units) the
translational trial is rejected. This choice was optimal to prevent close proximity
between pinning points (undesired for computational reasons - slow convergence and
high probability of rejection) and to ensure a more or less homogeneous distribution
of pinning points on the interface (as it was the best way to sample the interface
shapes). The translational moves introduced some more variation in these shapes
but we made sure that the pinning points remained more or less homogeneously
distributed. In each MC move, we do K of such translational trial steps. So one
pinning site may be moved multiple times while others remain untouched. The
translational move is combined with a cooperative move.
During the cooperative move we select for both the x− as for the y−
direction a phase φ, a wavelength λ and an amplitude A. For each pinning
point k the (x, y)k coordinates are known and the zk -coordinate is changed by
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zk ← zk + Ax sin(λx x + φx ) + Ay sin(λy y + φy ) and the zk value is rounded to the
nearest integer value. The 1 < λx < Mx , and 1 < λy < My , and the phase is
0 < φ < 2π. When the value of the amplitude is chosen randomly −3 < A < 3 we
found an acceptable acceptance probability of about 50% (See parameter tables
for exact values). For each MC step, the coordinates are ‘transferred’ to the SCF
machinery, which solves the SCF equations taking the (new) pinning constraints
into account. The new SCF solution features an interface that is draped through the
positions of all K pinning points. In summary one MC step encompasses changes
for each pinning point k (on average).
Metropolis algorithm
A Metropolis-like algorithm is implemented to either accept or reject the new set
of pinning points. This acceptance criterion is based on the SCF grand potential
Ωnew in comparison with the previous value of Ωold . Let ∆Ω = Ωnew − Ωold . When
∆Ωnew < 0 the new set of pinning points is accepted. Otherwise it is accepted
with a probability P = exp(−∆Ω). When a configuration of the pinning points is
rejected the actual position of the pinning points is set back to the old values.
In this Metropolis-like algorithm, the grand potential Ω serves as the ‘internal
energy’ of a classical simulation. In Ω the relevant free energy (energy and entropy)
contributions of all degrees of freedom that are not accounted for by MC are
included.

As usual, the method involves an equilibration period, that is a number of MC
steps to move towards the Boltzmann distribution of fluctuations that characterize
equilibrium. The number of Monte Carlo moves required to reach such a state is
defined as the equilibration time teq . The mean-field Ω fluctuates and typically
moves to some higher value (due to the area increase and bending energy of
the interface). After the equilibration Ω fluctuates around a stationary value
hΩi. The configurational entropy of the fluctuating interface Sconf is not directly
available from the simulations. The true surface tension in the system should
account for this entropy. Hence a better estimate for the overall surface tension
hγi = h(Ωi − Sconf /kB )/(Mx × My ). We expect that hγi < γp .

5.3

Measurables

Height measurements
For a given instance of the MC trajectory, we need to find the location of the
interface: at the MC time step t we express the height as h(x, y, t). The interface is
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easily located by scanning the volume fraction profile in the z direction for specified
values of x- and y. Far from the interface, the bulk volume fractions have binodal
values. In the interfacial zone, there is a gradient from one binodal density to the
other. The z-coordinate for which the densities of A and B are equal, z 00 , is found
by interpolating the densities from layer to layer. This equal density plane may also
be referred to as the Gibbs plane. The height then is found by h(x, y, t) = (z 00 − z 0 ).
From the height measurements, the surface area of the fluctuating interface (A) can
be estimated computationally by determining the α-shape [171].
Further, from the α-shape of the fluctuating interface the mean (J) and Gaussian
curvature (K) at every point of the interface is estimated. Integrals of mean
curvature,
square P
of mean curvature
and Gaussian curvature is estimated as
P
P
J = JdA, H = J 2 dA, K = KdA over all the sites. Note, that the elemental
area dA is not equal to dx × dy. dA measures the area of an irregular quadrilateral
(trapezium) connecting the interfacial heights in the neighbouring lattice sites.
When the interface does not undulate (flat) the elemental area dA = dx × dy.

Probability density function
Interfacial height fluctuations h(x, y, t) of several independent Monte Carlo
realizations are collected. Mean height of the interface can be estimated as
h̄ = hh(x, y, t)i, where the angular brackets denote sample-averaged value. It
is interesting to observe how much the interfaces deviate from this mean value. By
defining the deviations as δh(x, y, t) = h(x, y, t) − h̄, a discrete probability density
function of such deviations p(δh) can be obtained. To obtain the discrete probability
density function δh(x, y, t) values are binned and normalized by the bin size (default
value of bin size: 0.08b). Higher-order moments: Variance, skewness and kurtosis
are also determined (not shown).

5

Spatial correlation function
Another interesting measurable is the spatial two-point correlation function,
G(δr), where δr denotes the distance between the two points, r = xî + y ĵ and
r + δr = (x + δx)î + (y + δy)ĵ (where î, ĵ correspond to unit vectors in x, y
direction respectively). For inhomogeneous systems, it is well known that the
rough internal interfaces are self-affine surfaces[172–174]. Thus, by defining the
interfacial height at r notionally as h(r), the two-point correlation is estimated as,
G(δr) = h(h(r) − h(r + δr))2 i. Note, that

  2H 
δr
2
G(δr) = 2w 1 − exp −
(5.6)
ξc
where w2 is the variance (second moment of the discrete probability density function),
H is the Hurst exponent and ξc is the correlation length [173, 175].
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Fourier transform and Structure factor
Finally, a discrete Fourier transformation (h(q)) of interfacial height (h(r)) is
performed as follows,
M
X
h(q) =
h(r) exp(−2πirq)
(5.7)
r=1

where M denotes the box size. Recall that periodic boundaries are used in the
tangential direction (to the interface). By imposing coordinated waves moves that
do not fit the box size, the SCF solution, often, moves the average position of the
interface slightly above or below (if the pin constraints at the end of the boxes move
in the same direction for the imposed wave). Additionally, a high-frequency noise is
added to the h(r). A Hann-window is applied to filter such high-frequency terms. It
should be noted that earlier simulation works, employ a 6-point or 9-point box filter
instead. Both methods do not provide any difference and a Hann-window is used
for convenience. Our protocol to perform the fast Fourier transform is available as
an open-source repository for interested readers (GitHub project: PosProInt).
A two-point correlation function can be used to determine the structure factor,
S(q). S(q) in the units of b4 is obtained by multiplying the Fourier transformed
height fluctuations with the projected interfacial area, S(q) = hh(q)2 iA. Structure
factor is believed to contain the information about the rigidity parameters [176],
S(q) =

kB T
γq 2 + κq 4 + · · ·

(5.8)

Estimation of bending rigidities

γ + κq 2 =

1
S(q)q 2

(5.9)

By defining, x = q 2 and y = 1/S(q)x we obtain a simple linear equation, y = γ + κx
whose slope provides the mean bending rigidity and the intercept provides the
interfacial tension. We will use the notations γM C , κM C for such estimates and
reserve the notation γp , κ for their SF-SCF counterparts.

Error estimation
For the measured values, for example, when ξc determined using spatial correlation
analysis n samples are averaged. It was found that the value of ξc depended on the
number of samples averaged. Assuming a normal distribution for the measurable
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Given Eq. 8, it is possible to estimate both interfacial tension and mean bending
rigidity using linear regression. We can rewrite Eq. 8 as,

5. Imposing height undulations on the liquid-liquid interface
as a function of n, the statistical uncertainty σ of the measurable was evaluated.
It should be noted, upon the limit value of n → ∞ the statistical error σ → 0.
(We cautiously note, the reader to not confuse the standard deviation
in statistical
√
uncertainty σ with a standard deviation of height fluctuations w2 . The latter is
a constant and will not vanish with increasing the number of samples.) However,
for practical reasons such a limit (infinite sample averages) can never be reached.
Thus, in this work we present the mean value of the measured variable with the
99.7% confident interval as ξc = hξc i ± 3σ. Similar analysis was also done for the
estimates of γM C , κM C from Eq. 8 and percentage deviation from the mean value
is presented in the results.

5.4

Results

Part 1: case study
Table 5.1: Parameters of the default L/L system analyzed using MC-SCF.

5

Box size
teq
∆x = ∆ y
Simulation time
Samples
Acceptance rate
Real time
Processor
Clock speed
Cores, Threads
Chain length
χ
χcr
γp
κ
ξ
γM C
κM C
ξc

1 Here

4
0.51
0.50
1.20 × 10−3
2.04 × 10−2
4.124
3 × 10−3 ± 17%
3 × 10−1 ± 29%
7.48 ± 3.69

b denotes size of a lattice unit (segment)
Carlo steps

2 Monte
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Value
200 × 200 × 30
24
5
125000
5000
41.45 %
84
Intel Core i7-2600
3.4
4, 8

Units
[b × b × b]1
MCS2
[b]
MCS
MCS
days
GHz

[b]
[kB T b−2 ]
[kB T ]
b
[kB T b−2 ]
[kB T ]
[b]

5.4. Results
Let’s take as an example two molecular components, namely A4 and B4 (N = 4)
cr
This system has a critical χcr = 0.5 and a critical density ϕcr
A = ϕB = 0.5. The
default value of the interaction parameter is χ = 0.51. For this case, the rigidity
parameters are established in our earlier work (without the pinning constraints)[134].
Interfacial tension γp ≈ 1.2 × 10−3 (units kB T /b2 ) and the mean bending modulus
is κ ≈ 2 × 10−2 (units kB T . The cross-over length ξ = 4.124 (units b)). The latter
value is found to be independent of the interaction parameter.
The chain length N = 4 was considered the best choice, where both bending
and tension dominated regimes can be observed in the structure factor, with least
possible computational time. Choosing a slightly higher N will have led to an
increase in the computational time and complicated the analysis as ξ would have
become slightly dependent on χ[134]. Choosing a slightly lower N might have
been possible. In which case, for a same ∆χ = χ − χcr , the γ and κ will be lower.
Eventually leading to a longer equilibration time (and thus the simulation time). To
adjust for it, ∆χ could have been increased. Thus, a choice of N = 4 and ∆χ = 0.01
remained a reasonable choice. The system size was taken to be 200 lattice sites
in both x and y directions and 30 sites in the z-direction. The latter was large
enough to prevent the interface from approaching the upper or lower boundary of
the system.

52.5
52
51.5
51

100 200 300
t [−]

Figure 5.1: Variation of grand potential Ω as a function of Monte Carlo steps (t)
for the default system. Parameters of the default system are provided in Table I.
For this case, several trial MC-SCF calculations were initially performed to
determine the teq , cf. Fig. 5.1. The grand potential of the system is presented as a
function of the Monte Carlo time (t) for one of the trial runs performed. It can be
observed that after a few moves the interface reaches an equilibrium. For the default
case, the average teq was estimated to be 24 MCS. Note, providing a correlated
move only fastens the equilibration time. Finally, a production run with 125000
Monte Carlo steps was performed and 5000 uncorrelated samples were collected
(samples were assumed to be uncorrelated after every t = teq steps). For details
look at Table I. The simulation time (in days), though doesn’t paint a rosy picture,
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could be easily factored up by 8-10 times upon parallelization.
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Figure 5.2: Analysis of simulated interface. Gibbs plane of the accepted interfaces
are sampled and analyzed. Height fluctuations away from the mean Gibbs plane is
determined at every (x, y) lattice site and used to compute the fluctuation spectrum.
For each of the collected un-correlated sample tracking the interface provides
h(x, y, t) as explained before. In Fig. 5.2 an instantaneous snapshot of δh(x, y, t) =
h(x, y, t)−hh(x, y, t)i is presented in the normalized coordinates. It is rather counterintuitive to visualize the deviations to have high-amplitude at smaller wavelength
and low-amplitude at larger wavelengths, as can be seen. However such a result
is anticipated from the area penalty. Larger wavelength deviations cover a bigger
area and the associated free energy increases dramatically even for a very small
amplitude. The converse happens for smaller wavelength undulations.
In Fig. 5.3 contours of mean (left), square of mean (middle) and Gaussian
curvature (right) are presented. At small scales it can be observed there are regions
of positive and negative curvatures. A continuous region of positive curvature is
often counteracted with a continuous region of negative curvatures. Such counter
values of J and K enables the system to minimize the effect of curvature energy
due to the J and K terms. This is naturally enforced by moving the pins as
coordinated waves and having similar amounts of the two liquids. We will quantify
these terms in the next paragraph. However, the physical significance of these terms
is crucial to understand the fluctuations. Meanwhile, the contributions from H
are always, unsurprisingly, positive. In an attempt to minimize this contribution,
the system has to avoid high curvatures (both strong positive J and negative J).
Mere existence of mean and Gaussian curvature at small scales indicate that they
contribute to the overall grand potential. The mean curvature integral is forced
to remain zero by enforcing similar amounts of two liquids (not strictly enforced).
This is not the case for the integral of the mean curvature squared. The growth of
this contribution is damped by the mean bending modulus κ. In the same token
the integral of Gaussian curvature is purely controlled by κ̄. Thus, a positive high
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κ̄ will attempt to reduce the Gaussian curvature. Eventually, this feature will
show up in our estimated correlation length ξ. System with near zero κ̄ will allow
the interfaces to freely develop Gaussian curvature (preferring more saddle like
undulations compared to the case that κ̄ < 0 but obviously less when κ̄ > 0).
In Fig. 5.4 the integrals of the area, mean curvature, square of mean curvature
and the Gaussian curvature are presented. Using the known values for γ, κ and κ̄
we can (re) compute the grand potential of the system and compare it to the value
that is computed directly from the SCF result of the 3D system. It turns out there
is a close match between the two values. Hence the grand potential recovered from
the integrals, Ω = γA − κJ0 J + 12 κH + κ̄K matches that of the SCF-result. From
the reconstruction we see that the major contribution arises from the interfacial
area increase. Average value of the integral of mean curvature reaches zero as
expected. Second largest contribution arises from the H. Third contribution arises
from the integral of the Gaussian curvature. The ‘bookkeeping’ is accurate up to
10−3 proving that the evaluation of the area and the curvatures is fairly accurate
and that the thermodynamical and mechanical parameters derived previously[134]
for this system are indeed contributing to the grand potential of the undulating
interface.
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Figure 5.3: Contours of mean (left), square of mean (middle) and Gaussian curvature
(right) at the traced interfacial points [in units of b−2 ]. Because of local undulations
both mean and Gaussian curvature feature at the interfaces. As a result every Mote
Carlo move or a sampled mode changes the interfacial area, mean curvature and the
Gaussian curvature. Thus it is impossible to say that the undulations are damped
just by γ, κ. Among other higher order terms κ̄ will play a vital role.
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Figure 5.4: (a) Interfacial area AR evolution asRa function of RMonte Carlo time steps.
(b), (c), (d) represents the J = JdA, H = J 2 dA, K = KdA.

p(δ h) [−]

In Fig. 5. the probability density function of the interfacial height fluctuations
is shown. This is a crucial yet intuitive result. In the MC-SCF, the metropolis
algorithm ensures that the proper Boltzmann distributions of the system are sampled.
Incremental energy in the grand potential ∆Ω because of a small undulation δh can
be modelled as ∆Ω = f (δh). Thus, the undulations should also feature a Boltzmann
(Normal) distribution, as seen. Above statement is provided to provoke the reader’s
intuition and a strong mathematical proof is out-of-scope of the current work. It
should be noted, that interfacial fluctuations are shown to be Gaussian elsewhere
as well for gravity-dominated systems[177–179]. Several theoretical works, rather,
assume such distribution. In MC-SCF, a Gaussian distribution occurs as an effect
and not taken as an input condition.
1
0.5

5

0
−2 −1

0

1

2

δ h [b]

Figure 5.5: Probability density function,
R p(δh), of interfacial height fluctuations
of an instantaneous MC step. Note, p(δh) = 1. A Boltzmann-like (Gaussian)
distribution for interfacial undulations is observed. Dashed line is√a Gaussian fit
with a mean µ = 0 and a standard deviation of height fluctuations w2 = 0.373 [in
units of b].
Two-point correlation is presented in Fig. 5.6. Earlier it was mentioned that
for self-affine surfaces the two-point correlation function follows Eq. 6. If the
undulations are perfectly correlated the value of G(δr) becomes 0. As the distance
between the points increases, the correlation exponentially decays. In this regime
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G(δ r) [−]

G(δr) follows a slope of 2H (H is the Hurst exponent) in log-log coordinates. It
can be seen from the figure, that for the presented case H = 1.
For interfaces that feature Gaussian undulations, as see in Fig. 5.5, are known
to have an Hurst exponent H = 1 [175]. Further, when the distance between the
points equals the correlation length δr = ξc , the two-point correlation saturates to
a value of 2w2 (twice the variance of the distribution of undulations). From the
G(δr), the value of variance is estimated as w2 = 0.21. For the presented case study,
the mean correlation length hξc i was found to be 7.48 by fitting the estimated G(δr)
with Eq. 6. R-squared value of the fit was 0.98.

10−1
10−2
100

101
102
δ r [b]

In Fig. 5.7, the structure factor for the case study is shown. This hints at the
presence of a the flow of energy in the system. Elsewhere in the field of physics,
that is Turbulence, the transfer of energy from large scale structures to smaller
scale structures occurs with a slope of −5/3 [180, 181]. Such a process is often
referred to as an energy cascade. In interfacial systems, converse, Energy ascension
happens. Energy builds up from small scale structures to larger scale. (high q
to low q). This is crucial, as it explains the difficulty in obtaining the spectrum
using molecular level simulations. In simulations one has to wait until the energy
builds from the molecular length scale to the mesoscopic lengths. Closer to critical
points, such energy ascension is unhindered because of smaller rigidity parameters
leading to a faster transfer. Eventually, the system reaches a homogeneous state
(equilibrium). Within the MC-SCF framework, we can not observe or quantify
this energy ascension. In the future, a dynamic variant of MC-SCF or molecular
dynamics simulations can shed more light.
As it is clear that the structure factor has the information about the rigidity
parameters, in Fig. 5.8, we present 1/S(q)q 2 as a function of q 2 , where the
intercept provides an estimate for interfacial tension and the slope of the linear
regression provides an estimate for mean bending rigidity. The dashed line is a linear
regression fit for the data. For the presented case, an estimate of γM C = 3 × 10−3
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Figure 5.6: G(δr) as a function of δr. The radial distribution function of the height
fluctuations provide with an estimate of ξc . For the presented simulations the
estimated value of ξc = 7.48 by fitting G(δr) with Eq. 6. R2 for the fit was 0.98
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Figure 5.7: Fourier spectrum from the interfacial height fluctuation. Fluctuation
modes are coupled as introduced by Meunier[182] and the energy builds up from
higher q to lower q.

and κM C = 3 × 10−1 was obtained. It should be noted that both γM C and κM C
are not too far off with its weak curvature counterpart γp and κ determined using
SF-SCF (and mentioned above). Moreover, It is possible to carefully choose a range
of q 2 that brings the κM C closer to κ at weak curvature limit. Simulations, that
do not have the information from mean-field theories cannot have an overview of
this range (except they could choose a regime where the points are more or less
linear). This will eventually add to the error on the estimate of the rigidities (and
this affects κM C estimate more than the γM C .
Above obscurity arises as a consequence of the numerical noise associated with
the discrete lattice in the simulations (For example, a spike in the data, at q 2 = 0.6).
Discrete lattice aggravates the errors and prevents a closer comparison of the
rigidities to their mean-field counterpart. Additionally, ξc can also be obtained
(approximately)
from the structure factor based estimates of rigidity parameters
p
as ξc ≈ κM C /γM C = 10 ± 23. Not unsurprisingly, the value is a factor of 2
(and has an enormous error bound) off from the expected weak curvature estimate
from SF-SCF. Thus, in the rest of the work, we will use the G(δr) to estimate
the correlation length, as it is a better measure that avoids the error from linear
regression fitting. The above results, clearly indicate that the results obtained from
the structure factor are prone to errors from lattice discretization and numerical
fitting. Further, the omission of the presence of a finite κ̄K in the above estimates
adds to the errors.

Part 2: Parameter variations
From the case study, it was clear that the MC-SCF provides an reasonable
representation of the interfacial fluctuations. It was also clear that the estimation
of the rigidity parameters will always be erroneous because of the linear fit over
an obscurely defined range. However, it was shown that the correlation length ξc
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Figure 5.8: Estimation of tension and bending rigidity through linear regression. For
the presented case χ = 0.51, N = 4. Equation of the regression line is y = 0.003+0.3x
corresponding to 1/Sq 2 = γ + κq 2 .

estimates were still meaningful despite the significant error bars.
Table 5.2: Results of constant tension simulations, γp = 0.01 kB T b−2
Case 1
100 × 100 × 30
200
0.007
11
1
0.56
10
0.31
0.61
5.14 ±4.09

Case 2
100 × 100 × 30
20
0.03
13
1.5
0.79
12.24
0.25
0.41
7.65 ±3.89

Case 3
100 × 100 × 30
4
0.09
5
0.1
0.048
3.16
0.97
0.92
3.41 ±1.23

This motivated us to perform a series of simulations for systems that have, at
specified χ, N , a constant estimate for the interfacial tension γp , yet different values
for the mean bending modulus κ and the other way around. These estimates follow
from our previous article[134]. Parameters of such calculations are provided in the
Table 2 and Table 3.
In Fig. 5.9, we present the structure factor for all the simulated cases. As shown,
in our case study, it is indeed difficult to exactly reproduce the rigidity parameters.
However, we see that the major trends do follow the expectations. In the constant
γ simulations, the structure factor converge at the low wavenumber limit. In the
constant κ simulations, the structure factor converge at the high wavenumber limit.
All our simulations are chosen to lie closer to κ̄ ≈ 0 point. When this happens,
it can be expected that the ξ calculated from the mean-field parameters should be
close to the observed value from the simulation. Indeed, we do see this trend for our
99

5

Box size
N
∆χ
∆x = ∆ y
κ [kB T ]
κ̄ [kB T ]
ξ
q ∗ (π/ξ)
hqc∗ i
ξc

5. Imposing height undulations on the liquid-liquid interface
Table 5.3: Results of constant rigidity simulations, κ = 0.9 kB T , κ̄ ≈ 0.45 kB T
Case 4
100 × 100 × 30
200
0.003
13
0.006
12.25
0.26
0.21
14.95 ±3.43

Box size
N
∆χ
∆x = ∆ y
γ [kB T b−2 ]
ξ
q ∗ (π/ξ)
hqc∗ i
ξc

Case 5
100 × 100 × 30
20
0.02
11
0.008
10.6
0.30
0.42
7.47 ±5.23

Case 6
100 × 100 × 30
4
0.2
5
0.05
4.24
0.74
1.10
2.85 ±1.06

simulations. Further as the κ̄ ≈ 0, for case 3, we observe that the observed ξ from
simulations lie closer to the expected mean-field result. However, the error bars
observed in the calculation prevents us from exploring the role played by κ̄ in detail.
Though a detailed comparison is not possible, it can be said with certainty that the
κ̄ plays a role in the fluctuating interfaces as seen in a periodic boundary simulation
box. As said before, this occurs to compensate and correct for the fluctuations in
the geodesic curvature while maintaining a constant Euler characteristic. Thus, we
cautiously note, for an infinitely large or a closed interface the Gaussian bending
rigidity will not influence the fluctuations. Further, it can be seen from the Tab. 2.
and the Fig. 9 (left) that at a fixed γ the match (comparatively) of trends in ξc
from simulations with ξ from mean field calculations means a trend in κ is recovered
as expected. Similary, from Tab. 3. and Fig. 9 (right), it can be seen that the
trends of γ is recovered as expected.
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Figure 5.9: Spectrum of height fluctuations of constant tension and constant mean
bending rigidity simulations. (Left: blue, cyan, green correspond to N = 200, 20, 4
and ∆χ = 0.007, 0.03, 0.09 respectively where κ = 1, 1.5, 0.1, γ = 0.01 (cf table
5.2) Right: blue, cyan, green correspond to N = 200, 20, 4 and ∆χ = 0.003, 0.02,
0.2 when κ = 0.9, γ = 0.006, 0.008, 0.05 (cf table 5.3)
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Discussion

We focused on a purely symmetric system for which the weak curvature values
of rigidity parameters were well established [134]. Our target is to compare the
estimated weak curvature rigidity parameters to that of strong curvature limit
when interfaces fluctuate. Introducing pinning points in the SF-SCF formalism
made it possible to implement an MC-SCF hybrid simulation that can simulate a
fluctuating symmetric interface. Idea was to analyze such simulated interfaces to
achieve our target of comparing the rigidity estimates in two limits. Furthermore,
computationally, a periodic boundary condition remained the only option to simulate
such interfaces. However, the above choices contributed to two important factors:
(i) pinning introduced a discreteness in the fluctuation modes (ii) periodic boundary
caused a change in geodesic curvature, in turn, introducing a change in Gaussian
curvature. In the following paragraphs, we will discuss how these factors affect the
estimates of γ and κ of fluctuating interfaces.
Let’s discuss the discreteness issue firstly and later we will discuss the effects
of fluctuating Gaussian curvature. In MC-SCF hybrid, the pinning points are MC
degrees of freedom. The 3-gradient SCF model, in turn, takes these pinning points as
constraints to find the interface that follows these pinning points. The calculations
are done in the grand canonical ensemble, that is, the bulk concentration of the
two solvents is fixed to the binodal value. The characteristic function is the grand
potential and this quantity serves as the internal energy in the Metropolis algorithm
of the MC simulation. The SF-SCF formalism is lattice-based and as a result, the
pinning points can only be placed a few lattice sites apart so that the SCF solution
can be swiftly found. This implies that on a smaller scale the fluctuations are
averaged out in a mean-field fashion. In other words, the small scale resolution of
the fluctuations is out of the scope of the MC-SCF method. At the current state
of the art, we cannot resolve undulation fluctuations on the scale smaller than or
similar to the lattice site. The adverse effects of it were seen in the S(q) plots which
do not show the correct result at high values of q. This is troublesome because
exactly in this range the important questions regarding the role of κ in the height
fluctuations reside.
To improve the resolution for shorter wavelengths. We might need to increase
the number of pinning points in the system, but for this, the lattice should be less
coarse. The approach calls for a significant refinement of the lattice. In SF-SCF
the grid size (lattice site length) is set equal to the segment size. One can envision
(a future) doubling of the precision in space by taking the grid size twice smaller
than the segment size, or three times, etcetera. In 3D systems, this will increase
the ‘system size’ by a factor of 8, or 27, etcetera. Although the 8 times increase
might still be in reach, a significantly finer grid would not be feasible soon.
Now, it is time to understand the effect of fluctuations in Gaussian curvature in
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a periodically bounded simulation box. Above (cf. Fig. 5.4) we have seen that for
a given snapshot we can evaluate the grand potential. After the interface
position
R
h(x, y) is found, we were able to find the contribution to the area γ dA as well as
that from the mean curvature squared 12 κJ . We found it is necessary to also use
the contribution of the Gaussian curvature κ̄K to complete the bookkeeping. The
latter
R quantity is not constant. We reconciled this by assuming that the line integral
of kg ds along the edge of the interface in our periodic box ‘compensates’ for these
fluctuations such that the Euler characteristic χ = 1, irrespective Rthe shape of the
interface. We reconciled this by assuming that the line integral of kg ds along the
edge of the interface in our periodic box ‘compensates’ for these fluctuations such
that the Euler characteristic χ = 1, irrespective the shape of the interface.
A natural consequence is that for finite-sized pieces of an interface the fluctuations
are not only controlled by γ and κ but also by κ̄. We know from previous works
that binary liquids far from their critical point have a negative value for κ̄. It is not
impossible for simulations of such systems to feature a negative effective bending
rigidity, i.e. when the saddle splay modulus (which is strongly negative) and the
mean bending modulus (which invariably is positive) combine such that the former
dominates. This might explain the simulation results of the Leiden team some
years ago,[66] that found difficulty in finding convincingly the sign of the bending
modulus from MD computer simulations.
Our results show that the grand potential of a snapshot can indeed be decomposed
in an area, mean curvature square, and a Gaussian curvature contribution. This
means one does not need to use an expensive MC-SCF hybrid to do computer
simulations of a fluctuating interface. We can implement (as already done in
the literature) a ‘membrane’ model[78, 183], wherein the interface is seen as 2dimensional constructs of which the shape can be changed and the corresponding
change in the grand potential can be estimated, e.g. using triangulating the interface.
Such ‘membrane’ simulations are an order of magnitude (or more) faster than the
current approach and give the results that are now expected to match the ones we
have done in this chapter.
To go beyond the mean-field variant of a fluctuating interface, we need to also
include fluctuations in the two bulk phases that surround the interface. Indeed, in
reality, bulk and surface fluctuations are expected to go hand in hand. We believe
that work in this direction is of more than average interest as this might also lead
to renormalized values for the mechanical parameters of the interface.
We know from SF-SCF results, for the microemulsion systems, that by changing
the system parameters (chain length of the surfactant N and that of the solvents n,
and the interaction parameter χ) it is possible to consider topology changes, e.g. the
transition from a lamellar phase to a sponge phase. In the future, MC-SCF hybrid
calculations can potentially become an effective tool to address such problems and
consider simulations in which the topology of the interface is altered.
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The primary idea of the MC-SCF simulations, presented in this work, is to
establish credibility. The method excludes bulk effects in the fluctuations, but
apart from that the fluctuations appear to be accurately represented, that is, on a
mean-field level.

Conclusions

We considered simple molecularly symmetric systems AN -BN that have just a single
interaction parameter χAB using regular solution-like modeling. A Monte Carlo
self-consistent field (MC-SCF) hybrid simulation is presented which can excite a
relevant interface with height undulations. The grand potential of such fluctuating
interface Ω could be reconstructed from the estimated area, estimated square of
the mean curvature, and the mean Gaussian curvature of the interface for a given
snapshot, using independently obtained coefficients for the interfacial tension γ, the
mean bending modulus κ and the saddle splay (Gaussian bending modulus) κ̄. To
extract, in turn, these interfacial coefficients from the height fluctuations, turned
out to be not extremely accurate because of loss of ‘precision’ and coarseness of the
underlying lattice model.
Furthermore, by analyzing the individual snapshots, it was found that for a
finite interface (within a periodic box), the fluctuations are controlled not only by
γ and κ but also by κ̄. The line integral of geodesic curvature compensates for
the Gaussian curvature induced in the simulated interfaces. The presence of finite
Gaussian curvature in our simulated interfaces may influence our rigidity estimates
as well, adding an inaccuracy on top of the precision loss due to discreteness.
In future works, eliminating one of the two effects will shed more light on which
of the above two factors is the primary reason for the inaccuracy caused in the
estimation of the rigidity parameters. The source of inaccuracy, in estimating the
rigidities from a fluctuating interface, is not explicitly clear from our current work.
We leave this as an open research question. Nevertheless, our current results validate
the approach followed by so-called membrane models to study fluctuating interfaces
on mesoscopic length scales.
The current MC-SCF formalism is suitable to study interfacial fluctuations,
albeit that the CPU time must be kept under control. To distribute the ‘work’ on
a GPU may prove to be a necessary next step.
The MC-SCF hybrid approach is shown to be a credible way to model interfacial
fluctuations of simple symmetric interfaces. We now envision that the method may
also become of interest to probe the fluctuation effects in a wider context of the
physics of interfaces. One natural extension is the addition of surfactants leading
eventually to the formation of (micro)emulsions. Realistic future lines of research
may focus on how fluctuations manifest in microemulsions wherefore the interfacial
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tension can become ultralow or how topological changes of interfaces may take place
as a response to a sign change of κ̄.
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CHAPTER 6

Summary and General Discussion

6

We started our journey with a desire to model microemulsions. In this chapter, we
will discuss how close we are towards achieving our goal to model microemulsions.
We started with a simple liquid-liquid interface. We analyzed its properties using a
simple mean-field model. Later, we added surfactants to reach a tensionless state.
We analyzed the properties of surfactant added interfaces. Once the fundamentals,
accurate ways to quantify the interfaces, are established, we studied our models
under different conditions. Finally, to include fluctuation information, we developed
a Monte Carlo hybrid simulation technique. However, in all our works, we studied
the ideal scenarios. Here, we will map the relevance of our results to microemulsions.
The later part of this chapter will provide guidelines on some of the future research
pathways that can be adapted.
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We started our journey with a desire to model microemulsions. An ideal oneparameter model was used throughout our thesis to understand the fundamentals
of interfaces. Several crucial details were missing in the literature when we started
our work. To highlight a few of those: 1) Estimation of rigidities that quantify
the interfaces were either ambiguous or erroneous both for simple L/L interfaces
and surfactant added L/L interfaces. 2) Fundamental insight behind the phase
transitions in a three-component system was not available. 3) Simulations did not
have a clear overview of the parameter spaces they were operating. The major
part of this thesis focuses on fixing these fundamentals missing blocks. It is a
first and necessary step towards modeling microemulsions. In the next section,
we will summarize our results that set up the fundamentals required to model
microemulsions.

6.1

Summary of our work

6

Symmetric L/L interface: Fundamentals
As mentioned earlier, an ideal representation of a microemulsion system should be
a tensionless, balanced interface. The building step towards such an ideal model is
to have an interface. Then balance this interface such that there is no asymmetry
in the system. Finally, make this interface tensionless. By skipping this last step,
we created a balanced Liquid - Liquid (L/L) interface. In Chapter 2, we focused on
such symmetric L/L interfaces. We used equal amounts of the liquids to attain a
balanced state. Note, these interfaces have finite tension, unlike the ideal model
that represents microemulsions.
Such L/L interfaces were analyzed using SF-SCF in the (µ, V, T )-ensemble. By
curving the interfaces into a cylinder and sphere lead to accurate quantification
of the curvature energies. By comparing the curvature energies with their planar
counterpart allowed a direct estimation of the fundamental parameters: γ, κ,
κ̄. There are two ways to remain in a (µ, V, T )-ensemble. First, by choosing a
scale-invariant topology. Second, by using a Lagrange-parameter to specify the
interfacial position. Specification of the interfacial location gives freedom to lookup for a solution with a specific µ. Inherently, this means we have to use the µ
from the ground state while determining the curvature expenses in cylindrical and
spherical geometry. A vital detail is the inclusion of near-neighbor interactions.
Earlier, a similar approach by Matsen[35] performed a similar analysis for infinitely
long polymer melts without including the Cahn-Hilliard like gradient density. By
ensuring equal amounts, including near-neighbor interactions, remaining in Grand
canonical ensemble, and acquiring solutions with high accuracy led to physically
reliable results. Importantly, we argued that the exclusion of any of the above leads
to errors. Below, we will summarize our results. Finally, we will map its relevance
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to reality and expose the rooms for improvements.
As stated above, we accurately estimated all the fundamental properties of
symmetric L/L interfaces: Interfacial tension (γ), mean bending rigidity (κ),
Gaussian bending rigidity (κ̄). We found positive values for both the moduli when
the system is closer to the critical point. Further, the rigidity parameters showed the
same scaling as that of the interfacial tension. The role played by these parameters
in thermal fluctuations were crudely reported [66, 184–186]. Earlier results show
two regimes: At smaller length scales, κ dampens the thermal undulations, and γ
dampens the fluctuations
pat larger length scales. By defining this length scale as
a cross over length ξ = κ/γ, we showed that ξ is relatively constant and often
remained at the size of a few segments. However, a non-monotonous behavior is
observed in cross over length as a function of the temperature scale, featuring a
maximum. More importantly, for larger chains, a significantly larger ξ was observed.
Finally, we also report a sign-switch of κ̄. We speculated that the sign-switch
happened when the width of the interface becomes smaller than a segment size.
Let’s map the results of our model against experimental systems. Our model
discussed above assumes symmetry. In reality, such symmetry is often impossible to
achieve without the addition of a third component (co-solvent). Note, polymer melts
with nearly equal molecular weight do come closer to our model system. However,
typical oil and water mixtures are not as simple as the model discussed. Importantly,
breaking the symmetry brings in an additional parameter into consideration.
Spontaneous curvature (J0 , a measure of Tolman length [48, 187, 188]) features
in asymmetric systems. J0 adds to the list of fundamental parameters. Another
assumption that is implicit in the mean-field models is the averaged fluctuation and
loss of co-operative movements of molecules. Both asymmetry and undulations are
required to model reality [189, 190]. We will further discuss these assumptions in
the later sections, but here, we only stress that there is room for improvement.

To make one step closer towards modeling microemulsions, in Chapter 3, we added
surfactants to make the symmetric L/L interfaces. Surfactants partition at the
interface between the liquids. The interface was made tensionless by iteratively
adding more surfactants to the symmetric L/L interface. Simultaneously the amount
of the solvents was adjusted, every step, to keep the system in a balanced state.
While the head group of the surfactants were made from segments that made the
first solvent, the tail group segments were made from segments that made the
second solvent. This tensionless, balanced surfactant loaded liquid/liquid interface
(L/S/L) was introduced as an ideal model for microemulsions.
Indeed, a microemulsion of crude oil, water, and a surfactant or several other
real-world applications are never perfectly tensionless or balanced. However, to
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understand such complicated mixtures it is essential to understand the ideal model
and build upon the results. Thus, in Chapter 3, we discussed the accurate way
to estimate the bending rigidities for the ideal model. Unlike the L/L interfaces,
studied in Chapter 2, the bending rigidities control the behavior of the tensionless
interfaces. It was thus essential to estimate these parameters in a more reliable and
reproducible way. Scale-invariant topologies provided an elegant route to estimate
the rigidities: A minimal Torus gave a direct estimate of κ, The im3m cubic phase
provided a direct-estimate of κ̄. These scale-invariant geometries route to estimate
the parameters were computationally intensive. An indirect route was established
using the planar, cylindrical, and spherically curved interfaces to determine κ, κ̄.
By comparing the values with the direct estimates, the internal consistency of the
indirect route was established.
Among several interesting results that were recovered from this model, a sign
switch of the κ̄ was found. Closer to the critical point κ̄ was positive and at strong
segregation far from the critical point κ̄ < 0. It was well-known that for tensionless
interfaces that κ controls the fluctuation of the interfaces whereas κ̄ controls the
topology. A sign switch in κ̄ was essentially argued to be the reason for phase
transitions from lamellar to sponge-like microemulsions phases. It should be noted
that similar trends were also observed in the simple L/L interface, discussed in
Chapter 2. However, for an interface with finite tension γ > 0, the sign-switch
though important was not entirely sufficient to drive topological changes. In both
cases, the sign-switch was observed when the width of the interface exceeds the size
of a segment. Finally, κ remained positive irrespective of the chain length and the
interaction parameter.

6

Ternary system: Phase diagram
In Chapter 4, we further analyzed the three-component systems discussed in Chapter
3. An advantage of the ideal model discussed in Chapter 3 is that upon gradually
removing the surfactants and remaining in a balanced state the system will eventually
reach the pure L/L system discussed in Chapter 2. Similarly, decreasing the amount
of solvent will lead to the well-known microphase segregation limit. The phase
diagram, in (χ, ϕbs )-coordinates, for such ternary systems, is known to feature two
lines of critical points, Scott- and Leibler line. In Chapter 4, we showed that the
results discussed in Chapter 3 features as a saturation line in the phase diagram.
Further, the limiting case where ϕbs = 0 represents the system discussed in Chapter
2 (pure L/L interface).
The saturation line was shown to end at a special point, referred to as the
Microemulsion point (MP). The κ and κ̄, relevant for the shape fluctuations and the
topology of interfaces, respectively, are evaluated along the saturation line. Near
the MP both rigidities are shown to be positive and vanish in a power-law fashion
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with coefficient unity at the MP. Overseeing these results proves that the MP has
a pivoting role in the physics of microemulsions. We argued that it was essential
to remain in the vicinity of the MP to form bi-continuous microemulsion sponge
phases.
Essentially Chapter 4 thus discusses the connection between the two systems
(L/L and L/S/L) discussed before in a crude sense. Earlier works have discussed a
line of critical points upon adding surfactants to the pure L/L interface called Scott
line. The endpoint of the Scott line was referred to as the Scott point(SP). Similarly,
a line of critical points upon reducing the solvents in a microphase segregated ternary
system is called the Leibler line. The endpoint of the Leibler line was referred to
as the Leiber point (LP). In Chapter 4, we showed that the Scott line does not
meet the Leibler line for real systems. We further showed that there exists a third
axis to this phase diagram, namely the distance between the interfaces D. Upon
considering this third dimension, it was found that there exists a region between
the discussed MP, LP, SP. We referred to this region as the supercritical triangle.
It should be noted that the earlier works that ignored the third parameter as they
were focussing on infinitely long polymer chains found that MP, LP, SP all merged
at a Lifshitz point. Finally, we showed that a pair of binodal lines that envelop
the three-phase (Winsor III) microemulsion region, is shown to connect to MP.
The cohesiveness of the middle phase in Winsor III was found to be related to the
non-monotonic, inverse DLVO type interaction curves between the surfactant-loaded
tensionless interfaces.
It is again time to do the check for reality. As always we ignored asymmetry
and fluctuations that are essential for real systems closer to critical points. Several
crucially important critical questions arose: 1) What happens to the topology of
the interfaces closer to the MP? 2) What role do the thermal fluctuations play
closer to the MP? 3) Does the fundamental parameters κ, κ̄ estimated at the
weak segregation limits remain valid in the strong curvature limits of undulating
interfaces? 4) What happens to the rigidity parameters at every point in the phase
diagram (our results only have data on the saturation line and the L/L interface)?

In Chapter 5, we attempted to address the fundamentals of interfacial fluctuations.
More specifically, our search was to extract the rigidity parameter from a fluctuating
interface and compare it with the weak curvature limit estimates for the L/L system
discussed in Chapter 2. A hybrid Monte Carlo SF-SCF method was developed
(MC-SCF). Coordinated wave-like Monte Carlo moves were performed on the planar
3D interface. Interfaces were later analyzed.
In Chapter 5, we confirm that individual contributions from the undulations:
increase in interfacial area, changes in the integral of the mean curvature, and
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the integral of the Gaussian curvature contribute to the overall change in the
Grand potential. Essentially, this states that the weak curvature estimates of the
fundamental parameters do govern the fluctuations of the interface (even in the high
curvature limit). This is a crucial finding as the results from Chapter 5 sufficiently
proves that fluctuations in any system can be modeled if γ, κ, κ̄ are known.
We reasoned that the discreteness and finite system size in our simulations
hindered a detailed exploration of the interfacial fluctuations. A discrete lattice
prevented moves in a continuous fashion leading to signal aliases. Finite system size
and segment size limited the range of waves that can be captured in the simulations.
We note that even though the range captured in MC-SCF is better than many of the
full atomistic or coarse-grained simulations [99, 191–194] could still be improved.
Interfacial fluctuations result from a dynamic process. A Monte Carlo simulation
the fluctuations do not capture the dynamics of such fluctuations. This is an
inherent problem with all Monte Carlo simulations. Further, in real systems,
fluctuations exist all throughout the system and not just in the interface as modeled
in Chapter 5. Such bulk fluctuations were argued to be the source of the interfacial
fluctuations. However, a hard proof for such a statement remains to be explored
from fundamental simulations. Finally, there are several works that argue an
existence of scale-dependent fundamental parameters [195–197]. This paragraph
showcases just a few of the unsolved questions in the field of interfacial fluctuations.

Fundamentals are set

6

Exploring ideal models using SF-SCF and MC-SCF we have so far set the
fundamentals required to model generic microemulsion systems. We have removed
some of the long-existed ambiguity in the field by carefully exploring very simple
models. It should be mentioned that even such simple models proved to be
extremely rich and featured complicated physics: A microemulsion point, threephase coexistence, vanishing rigidities, topological switches, etc. to mention a few.
However, we have to move towards reality, as we discussed above, towards systems
that are asymmetric and feature fluctuations. In the following section, we will
explore some of the promising future research lines that would significantly add to
our work.

6.2

Microemulsion modeling: Future

Asymmetric L/L interface:
As reviewed several times above, reality features asymmetric molecules and unequal
amounts of liquids. Several works exist that attempt to determine the phases of a
ternary system provided the input parameters γ, J0 , κ, κ̄ [198–200]. Amazingly,
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several such models do predict an expected fish-like phase diagram [45]. This brings
up an interesting question, can we predict the phase of a ternary mixture from just
knowing the composition and molecular architecture? Answer to such a question
comes in two steps: 1) Predicting the fundamental parameters γ, J0 , κ, κ̄ provided
the molecular composition, temperature, and amounts. 2) From the fundamental
parameters, determining the phase behavior using a hybrid simulation that accounts
for thermal fluctuations accurately. Both the steps are essential, simulations that
often ignore the first step often operate in unknown territory and attempts to
explain the observed phases. Models that ignore the second step often speculate
the phases that can exist for the given fundamental parameters.
Our work laid the foundations to do precisely that. We laid the groundwork
to estimate the fundamental parameters. Further, it proved that the fundamental
parameters play a significant role in dampening the thermal fluctuations. However,
much remains unknown when asymmetry comes into play. We have not established
a reliable route to estimate the fundamental parameters of an asymmetric L/L
or L/S/L interface. Guerra et. al. attempted to estimate the parameters of an
asymmetric ternary mixture [201]. The focus was given to study the behavior
of approximate free energy density-functional for a wide range of interaction
parameters. The work also reported the effective bending rigidity 2κ + κ̄ in the
presence of asymmetry. Vector models that model the three-component systems
using a Hamiltonian have also been proposed [202, 203]. To our knowledge, much
of the above-mentioned works only provide a partial picture: not all parameters
(γ, J0 , κ, κ̄) were obtained unambiguously. Further, our MC-SCF only proved that
γ, κ, κ̄ are involved in dampening of the thermal fluctuations but did not provide a
realistic picture of how these parameters will be modified in a fluctuating interface.
It even remains unknown whether the fundamental parameters will be modified.
We will discuss the effects of fluctuations in the later sections. In this section, we
will discuss how to find the fundamental parameters if asymmetry features in our
systems.
Asymmetry can come into play by several routes. In the following sections, we
will discuss a few asymmetric systems that allow us to generalize our ideal models
for both L/L and L/S/L systems. Firstly, let’s take our simple L/L system made
and generalize it for two liquids Am , Bn . In Chapter 2, we modeled the special case,
where m = n. This system still features one χ that dictates the interaction between
the segments. Helfrich equation for such a system will include an additional term
that contains the spontaneous curvature term,
1
γ(J, K) = γ(0, 0) − κJ0 J + κJ 2 + κ̄K
(6.1)
2
Two interesting routes can be followed for such a system: 1) Learning to live with
asymmetry 2) Balancing the system by adding co-solvents, namely An , Bm to
counteract the existing asymmetry. Let’s first discuss, how to evaluate the rigidities.
111

6

6.2. Microemulsion modeling: Future

6. Summary and General Discussion
R
As we have established that κ̄ = −z 2 p(z)dz can be roughly estimated even for an
asymmetric
R interface from the planar ground state. Similarly, a rough estimate for
−κJ0 = zp(z) can be obtained by simply analyzing the planar interface [37]. While
remaining in the (µ, V, T )−ensemble, the remaining parameters can be obtained by
curving the interface into a cylindrical and spherical geometry. Using a Lagrange
parameter, as discussed in Chapter 2, makes such an analysis possible as µ can be
fixed as that of the planar ground state. From the difference in grand potential of
the cylindrically curved interface, ∆Ωc = −2πκJ0 + πκ
R will allow to an estimate of
κ upon using the κJ0 estimated using the first moment. Finally, the difference in
the grand potential of a spherically curved interface ∆Ωs = 4π(−2κJ0 R + 2κ + κ̄)
can be used to check the internal consistency. Further, a minimal torus and Im3m
cubic phases remain to be an elegant route towards estimation of κ and κ̄ [204] as
they do not feature a mean curvature integral in their curvature energy.
From the above equations, it is immediately visible that higher the J0 more
preferable it is to form cylindrical or spherical phases (micellar phases). Upon
increasing the gap between m, and n the asymmetry should increase the J0 . An
interesting comparison will be to analyze the second route by adding co-solvents
that would balance the asymmetry. For a given amount of Am , An , Bn the amount
of Bn can be optimized such that J0 = 0. For such a mixture once the amounts
of individual components are known, a Willmore torus and an Im3m cubic phase
will provide a reliable estimate of κ, κ̄. Sufficient fundamental insights from such
generalization would allow us to develop a more generic model for the ternary
mixtures. However, we note that even though the pathway is clear, computational
difficulties may prevent such pathways. Lattice artifacts, discreteness of the lattice,
energy minimization in complex geometries like Willmore Torus and Im3m cubic
phases, isometric face generation in smoothly curved interfaces, are significant
problems that have to be addressed before progress can be made.

6

Asymmetric L/S/L interface:
Asymmetry in surfacted liquid-liquid interfaces (L/S/L) can be introduced through
several means: 1) Asymmetry in surfactant architecture 2) Asymmetry is solvent
architecture 3) Asymmetry in the amount of solvents. In Chapter 3, 4, we analyzed
an ideal balanced model An , Bn , AN BN . By modeling the surfactants as AM BN ,
interfaces will feature a non-zero spontaneous curvature as discussed above. The
same applies to systems where the solvent composition is made different. ex. Am , Bn ,
AN BN . Finally, the ideal system can be made asymmetric by gradually removing
one of the solvents, say Bn . Such a system will eventually evolve into a bilayer
membrane. A generic system does feature an amalgam of all such asymmetries. By
analyzing systems that introduce asymmetry either through solvents or surfactants
or amounts provides a step-wise way towards modeling such a generic system. The
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route to obtaining the fundamental parameters remains the same: Moments of
planar geometry provide κ̄, −κJ0 , cylindrically and spherically curved interfaces
provide an indirect estimate of κ, κ̄. Willmore torus and Im3m cubic phase remain
as a check to prove internal consistency.

Application oriented modeling
One step further will be to model a system that contains crude oil mixed with
water. Crude oil is a mixture of naphthalenes, asphalts, aromatics, and paraffin.
This will lead to a bulk system that does not have just two liquids, but rather a
mixture of several liquids with different chain length (all phase separating from
the water phase). A more complicated model will look like N aw , Asx , Ary , P az
demixed from W an (Molecule names represent first two letters of their names). To
further complicate things, an amalgam of surfactants can be added to the system
to
R get the mixture close to a tensionless, balanced state by optimizing both ω and
zp(z).
It is easy to imagine the complexities in modeling such systems. Not only does
the parameter space (interaction between different species) increase but so does the
complications associated with modeling. While analyzing the simple L/L interfaces
we stressed the importance of remaining in a Grand canonical ensemble (µA , µB )
is fixed in all the geometries. This was achieved by using a Lagrange parameter
β. By increasing the number of species, the β parameter has to be provided more
intelligently while ensuring the ratio between different species is maintained as that
of the planar interface.

An external potential field can be imposed on a standard SF-SCF system. There are
numerous ways such an external field can be applied. Fraaije [205] added an external
potential field to a homogeneous mixture to drive phase separation and studied the
structures that evolved. Such simulations were called Mesodyn and use a random
uncorrelated noise at the lattice sites as an external field. Interestingly, they showed
that such an external field does not necessarily have to be a potential field. Random
noise added to the density field will also result in a similar picture. However, in our
work [206], we found that such a random external field was incapable of generating a
coordinated movement at the interfaces. Instead of providing an external potential
field made up of random noise, a coordinated wave-like field can be imposed.
Such an external field will be capable to imitate wave-like fluctuations and
is thus called the Fluctuation enhanced self-consistent field theory (FL-SCF). A
range of wavenumbers that fits within the entire box perfectly are chosen and a
constant amplitude sinusoidal waves are created and added to the potential. The
root-mean-square of the amplitude is normalized to 10−4 [207–209]. The choice
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of 10−4 was made based on works of Onuki on sound waves near critical points.
An amplitude higher than the chosen value will lead to a non-linear response and
destroy the expected wave-like fluctuation behavior of interfaces.
As a first step towards such an approach we tested two systems: 1) where the
external wave-like potential is added only on the interfacial plane 2) the external
potential is added to the entire system.

FL-SCF: Interfacial plane

6

In Chapter 5, we moved a few pinned points on the interface to recover the
spectrum of interfacial fluctuations. Discreteness was portrayed as a huge hindrance.
It prevented creating waves in a continuous space as the pins are essentially forced
to remain in an integer lattice site. Such a disadvantage is overcome by applying
an external field. As the potentials can be provided in a continuous space the
discreteness issue in MC-SCF is partially addressed in FL-SCF. As expected, we
observed a fluctuating interface similar to that observed in an MC-SCF (Not shown).
To refine the discreteness further, one has to consider a system where the segment
size is larger than the lattice size. Such a quasi lattice-free theory is being recently
published by our group [210]. It was shown that for systems when the segment size
is equal to that of the lattice size, a hexagonal lattice proved to be the right choice
to recover proper coefficients in Edwards equation. By ignoring the details of such
a theory, in principle, it becomes possible to reach a continuous limit upon refining
the lattice. In a continuous limit, it then becomes possible to establish waves of
any height in the system for a given wavelength. This becomes important when we
attempt to model larger wavelengths that have an extremely small amplitude. A
discrete lattice will either kill this wave by forcing it to remain in the interfacial
plane or shoots up the amplitude by moving the interfacial site a whole layer up.
Finally, FL-SCF on a plane still does not account for the bulk fluctuations. By
providing an external field on the plane essentially ignores the bulk. However, an
advantage is that the bulk concentrations do not change. This will eventually help
perform the simulations withing a Grand canonical ensemble. We decided to impose
the potential field for the whole system rather than focussing on a single plane
to overcome the exclusion of bulk fluctuations. The preliminary results will be
discussed in the next section.

FL-SCF: Whole system
In Fig. 5.1, we present the density distribution of the system before and after
applying an external potential field. The model system discussed in Chapter 2
is used. Two liquids A4 , B4 at an interaction parameter χ = 0.51 is studied.
The critical point of the system occurs at χ = 0.5 where the system becomes a
homogeneous mixture. Simulation is performed in a 32 × 32 × 32-size box. Before
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Figure 6.1: Fluctuation enhanced SCF. Over a base equilibrium solution of meanfield model, external potential are applied. These external potentials are sum of
several wave-like fluctuations with a constant amplitude of 10−4 . By tuning this
amplitude, to represent equipartition theorem will be a way forward to model
fluctuations in mean-field theories.

applying an external field, a flat interface separates the liquids. Upon adding an
external field, the interface is pushed upon by the standing waves in the system in
all directions, the resulting system features a fluctuating interface.

Unlike the MC-SCF, however, the increase in the grand potential is not selected
using a Metropolis algorithm. As a step forward, a hybrid Monte Carlo simulation
that uses the external fields to make a move, where the amplitude of the external
field is selected randomly (0 < A < 10−4 ) can recover the spectrum behavior.
However, an easier way forward would be to tune the individual amplitude of each
wave that is imposed in the external field to recover the spectrum. Further, the
chemical potentials are not strictly fixed in these simulations compared to the
FL-SCF applied to the interfacial plane. However, if several such calculations are
sampled, the expected value of the chemical potential hµi will converge to ground
state µp .
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Much remains unknown of FL-SCF. How should the amplitude of the standing
waves be modified to imitate thermal fluctuations? Do the fundamental parameters
still control the fluctuations that are forced by the external field? The second
question can be answered by comparing the change in the grand potential of the
system before and after applying the external potential to the individual integrals
of the Helfrich
equation.
For theRcalculation presented it was observed that the
R
R
∆Ω ≈ γ dA + 1/2κ J 2 dA + κ̄ KdA. Individual integrals were evaluated as
discussed in Chapter 5.

6. Summary and General Discussion

6.3

Conclusion

6

To conclude, we have strongly laid the fundamentals to model microemulsions in
this thesis work. In this chapter, we discussed how the ideal models can be used
as a skeleton to build up more realistic complicated models. We believe that the
inclusion of asymmetry and fluctuation enhancement using external fields will allow
us to realistically model crude oil recovery, drug adsorption, etc. using SF-SCF in
the future.
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Summary (Tamil)

²¼‚க¾ைர
எ‡ெணŒ»‹ த‡a¼‹ ொ¡Áட¡ ொ¡Á இைணயா¶. உதாரணˆFŸ°
த‡a˜ GரŠHய ேகாŠைபJ™ CP¶ எ‡ெணŒ ஊŸPனா™ எ¡ன நட‚°‹
எ¡Á C‰தைன ெசŒ¶ பா¼ƒகœ! இைத நா‹ நம¶ அ¡றாட வா›M™ பல
ºைற பா˜ˆF¼Šேபா‹. எ‡ெணŒ த‡a¼ட¡ கல‚காம™ HK‰¶ ேமேல
Iத‚°‹.
உலA¡ அைணˆ¶ ெபா¼†கÀ‹ அµ‚கௗா™ ஆனைவ. எ‡ெணŒ
Íல‚ÃÁகœ ெப¼‹பா½‹ கா˜ப¡ எனŠப´‹ கKŠெபா¼œ அµ‚கௗா™
ஆனைவ. த‡aK¡ Íல‚ÃÁகœ ைஹ†ரஜ¡ எனŠப´‹ ஜல வா»
அµ‚கௗா™ ஆனைவ. இšM¼ அµ‚கœ இைடேய இயƒ°‹ Mைசைய
Íல‚ÃŸÁ இைடMைச எ¡Á ÃÁவா˜கœ. இ‰த Íல‚ÃŸÁ இைடMைச
ஈ˜Š¹ அ™ல¶ எF˜Š¹ Mைச என ேம½‹ இர‡´ வைகŠப´‹. கா˜ப¡
மŸÁ‹ ைஹ†ரஜ¡ Íல‚ÃÁகœ இைடேய எF˜Š¹ Íல‚ÃŸÁ இைடMைச
இ¼Šபதா™ எ‡ெண»‹ த‡a¼‹ இய™¹ GைலJ™ HK‰ேத இ¼‚°‹.
பல ெதாN™¶ைற சா˜‰த பய¡பா´கÀ‚° த‡a¼ட¡ கல‚°‹ Fற¡ ெபŸற
எ‡ெணŒ ேதைவŠப´Aற¶. உதாரணˆFŸ° Gலˆத® க„சா எ‡ெணŒைய
ெவௗிJ™ எ´‚க ÌIJ™ °ழாŒகௗி™ ஏŸப´ˆF அ‚°ழாŒகœ Íல‹
த‡a˜ ெச½ˆதŠப´‹. அšவாÁ ெச½ˆ¶‹ த‡a˜ க„சா
எ‡ெணŒேயா´ கல‰¶ ெவௗிJ™ கலைவ GைலJ™ வ¼‹. இ‰த கலைவைய
²ˆbகKˆ¶ வாகன எKெபா¼œ ேபா¡ற ெபா¼†கœ தயாK‚கŠப´‹. இF™
ொேர ொ¼ C‚க™ ம†´ேம. நா‹ º¡ேன ÃPயவாÁ த‡a¼ட¡ இய™பாக
எ‡ெணŒ கலைவ Gைல‚° ெச™லா¶. த‡a˜- எ‡ெணŒ கலைவ
உ¼வா‚க உ‰¶ேகாœ ேதைவ.
¶Eகௗி™ இ¼‚°‹ எ‡ெணŒ கைறகைௗ அகŸற நா‹ சலைவˆÉœ
உபேயாA‚Aேறா‹. சலைவˆÉœகÀ‹ Íல‚ÃÁகௗா™ ஆனைவேய.
அவŸPŸ° ொ¼ CறŠ¹ த¡ைம உ‡´. சலைவˆÉௗி¡ Íல‚ÃÁகœ
கா˜ப¡ மŸÁ‹ ைஹ†ரஜ¡ அµ‚கௗா™ இைணˆ¶ ெசŒயŠப†டைவ.
அšவாÁ இ¼‚°‹ Íல‚ÃÁகைௗ த‡a˜-எ‡ெணŒ HK‰¶ இ¼‚°‹
ேகாŠைபJ™ ேபா†டா™ அைவ த‡a¼‚°‹ எ‡ெணŒ‚°‹ இைடேய
ெச¡Á GŸ°‹. இதனா™ த‡a¼‚°‹ எ‡ெணŒ‚°‹ இைடேய இ¼‚°‹
எF˜Š¹ Mைச சŸேற °ைற»‹. இšவாÁ ொ¼ Í¡றா‹ உ‰¶ேகாœ Íல‹
த‡a˜-எ‡ெணŒ கலைவைய உ¼வா‚கலா‹. இŠப® உ¼வான
கலைவைய நா‹ ¸‡°ழ‹¹கœ எ¡Á அைழ‚Aேறா‹.
இˆதைகய கலைவகௗி¡ இயŸHயைல அ®Šபைட சம¡பா´கௗா™ MவK‚க
º®»‹. இ¼ŠHÂ‹ இ¶ேபா¡ற சம¡பா´கைௗ கEQகைௗŠ பய¡ப´ˆF
ம†´ேம b˜‚க º®»‹. இ‰த ஆŒவP‚ைகJ™, இ¶ேபா¡ற சம¡பா´கைௗ
b˜‚க கEQகைௗŠ பய¡ப´ˆ¶Aேறா‹. அšவாÁ ெசŒய, பல கண‚W†´
¸†பƒகœ உ¼வா‚கŠப†டன. உ¼வா‚கŠப†ட ¸†பƒகௗி¡ ெதா°Š¹ மŸÁ‹
ெபறŠப†ட Ã´த™ ¸‡ணP¾கௗி¡ MK¾ைரேய இ‰த ஆŒ¾‚க†´ைர.
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