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We developed a design method for an inhomogeneous membrane cascade by adopting the McCabe-Thiele
method, which is long established for designing distillation columns. The stage cut value is an independent
design parameter in the design procedure and thus has to be set. Within each section, the operating conditions
were uniform, but both sections could be operated differently using various combinations of membranes, transmembrane pressure, temperature and stage cut. The procedure was applied to cascaded nanofiltration for the
fractionation of a mixture of fructooligosaccharides of varying molecular weight. The stage and area re
quirements were strongly dependent on the initial design parameter, the overall stage cut. The total area was
related to the overall system cut. However, the overall system cut was dependent on the stage cuts for both
sections (top and bottom). The top stage cut could be chosen, whereas the bottom stage cut needed to be
calculated iteratively to match the top design at the intersection.

1. Introduction
Nanofiltration is a common process to purify fructooligosaccharides
(FOS) from a mixture, which appears in natural sources such as chicory
as a mixture of oligosaccharides with various degrees of polymerization
(DP). Both nutritional and functional properties of FOS are dependent on
the DP. FOS with high DP have higher prebiotic activity, have a blander
taste and higher viscosity [1–4]. These properties are less pronounced at
lower DP, and the opposite properties are found in their mono
saccharides: fructose and glucose. However, these monosaccharides also
appear in the mixture so they need to be removed. Considering the
molecular weights of both the mono- and disaccharides and the only
somewhat larger oligosaccharide molecules, nanofiltration is deemed a
suitable process to separate them [5–7].
A single step FOS nanofiltration will not give a good resolution
related to the similar molecular weights between the FOS components.
Improving the separation process can be done by either improving the
membrane selectivity [8,9] or by a different system design. Without
using an improved membrane, the separation performance can be
enhanced using a multi-stage process [10–12]. Recycling the nonproduct streams (counter-current) to the previous stage makes the sep
aration more efficient due to loss reduction [10,11,13,14]. Such a design

is known as a membrane cascade.
The ideal membrane cascade concept assumes the same separation in
each stage and imposes a “no-mixing” condition in the system [15,16].
This implies that all streams entering the mixing points anywhere in the
cascade should have similar concentrations. This condition is not easily
achievable in practice. Lifting this constraint gives us more freedom to
have different conditions and settings at each stage (inhomogeneous
cascades) [17–19].
Recent studies on the use of inhomogeneous cascades for FOS sep
aration report an enhanced separation performance with only a limited
number of stages [17,20]. This was achieved by modifying the stream
configurations and operating conditions at each stage using a threestage cascade. However, even at this newfound optimum, a threestage cascade has its limits [21]. Addition of stages does improve the
product purity [19], but there is still no systematic procedure to deter
mine the required number of stages to achieve a certain purity target.
The McCabe-Thiele method to design a counter-current system was
developed in 1925 for distillation [22]. This is a graphical procedure to
design binary distillation systems. In this method, an equilibrium curve
that represents the vapor-liquid equilibrium of the mixture is plotted,
representing the composition after 1 stage of separation. Two operating
lines are drawn between the equilibrium curve and the parity curve (x =
y), which are based on the mass balances for the top and the bottom
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Nomenclature
A
c
F
Jv
Ro
T
TMP
VR
x

area [m2]
solute concentration [g L− 1]
flow rate [kg h− 1]
volumetric flux [m3 m− 2 s− 1]
observed rejection [dimensionless]
process temperature [K]
trans-membrane pressure [Pa]
section volume reduction [dimensionless]
mass fraction [dimensionless]

Greek letters
separation factor [dimensionless]
θ
stage cut [dimensionless]

α

Subscripts
A, B
component
top, bottom section indication
m
stage number at the bottom section
n
stage number at the top section
p
permeate side
r
retentate side

section. The number of required stages is then represented by a stair-like
pattern that goes back and forth toward the equilibrium curve and the
operating lines.
The similarities between distillation and a counter-current recycled
membrane cascade system are generally acknowledged [23–25]. The
counter-current recycling streams in the cascade resemble the countercurrent flows in the distillation column. Instead of the vapor and
liquid flows, the streams in the cascade are presented by the permeate
and retentate streams among stages. The equilibrium between the liquid
and the vapor in every stage of a distillation column is analogous to the
partitioning between permeate and retentate in every stage of the
cascade.
Despite the similarities between distillation and the membrane
cascade, only a few studies have been published about the McCabeThiele method for designing membrane cascades. Siew et al. [14,26]
reported the adaptation of McCabe-Thiele to design an organic solvent
nanofiltration cascade. They constructed the McCabe-Thiele curves
based on the concentration of the solute that becomes more concen
trated in every stage. However, this adaptation is not suitable for a bi
nary mixture, which should give fractions with some degree of purity.
Vanneste et al. [27] used the McCabe-Thiele method to evaluate the
economic aspects of the membrane cascade design and compared it with
simulated moving bed chromatography. Recently, Lejeune et al. [24,28]
reported an adaptation of the McCabe-Thiele approach for a binary
mixture in an ideal organic solvent nanofiltration cascade. However, the
scope of that study was limited to an ideal design in which no mixing
was allowed in the system. In this article, we extend the McCabe-Thiele
approach to design a non-ideal, inhomogeneous cascade for FOS puri
fication. This allows different operating conditions among the stages and
yields the required membrane surface areas and pressure.

Fig. 1. Graphical representation of a membrane cascade design with n stage at
the top section and m stage at the bottom section.

down-flow in the distillation column. The mixture is considered as a
binary mixture, neglecting the water as solvent in this case, with the
most retained component used as the base concentration.
xB =

cB
cB + cA

(1)

The feed enters the cascade with a known mass fraction, xfeed . The
desired products exits at the top and bottom section with the desired
mass fraction, xp,top and xr,bottom .
2.1. Partitioning curve
The partitioning curve gives the mass fraction of the permeate that is
obtained for a specific retentate. Both fractions are related in a param
eter called the separation factor, α, as shown in Eq. (2) [24].

2. Development of the graphical method

α=

The McCabe-Thiele graphical layout consists of 2 major components:
the partitioning curve and the operating lines. Both the curve and the
lines are plotted in an x-y diagram. The mass fraction of 1 component in
the permeate (xp ) is on the vertical axis and the mass fraction in the
retentate (xr ) is on the horizontal axis. The permeate streams are anal
ogous to the vapor up-flow and the retentate is analogous to the liquid

xp /1 − xp
xr /1 − xr

(2)

Most membranes are characterized by their rejection coefficient (Eq.
(3)), which relates the concentration at both the permeate and retentate.
Ro,c = 1 −

cp,c
cr,c

(3)

Here, we use the observed rejection coefficient; its value is observed
under practical conditions and deviates from the real rejection due to
2
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concentration polarization phenomena. To construct the partitioning
curve using a known rejection value, a relationship between them needs
to be defined. Lejeune et al.[24] expressed the separation factor, α,
independently of the mass fraction, with a design parameter. We define
the fraction of the feed that becomes the permeate as the stage cut, θ (Eq.
(4)), which is an input design parameter to be set. Rewriting the equa
tions derived in the work of Lejeune et al., the separation factor, α, gives
Eq. (5). In this equation, subscripts A and B represent the component, k,
in a binary mixture, with B as the most retained component.
θ=

Fp
Ff

In the ideal cascade design evaluated by Lejeune et al. [24], a nonmixing condition must be obeyed. To achieve this, every stage must
be operated using different stage cut values. On the other hand, a con
stant stage cut within stages in the top section can be achieved by
allowing a mixing condition for streams that enter a particular stage
(non-ideal design). Avgidou et al. [30], also evaluated the non-ideal
cascade with the restriction of a constant stage cut within the section.
In this case, Eq. (7) can be simplified into Eq. (9).
(
)
γ n− 1
γ top γtoptop − 1
1
(
)xr,n +
(
)xp,top
(9)
xp,n+1 =
γtop n − 1
γ n− 1
1 + γtop γ − 1
1 + γ top γtop − 1

(4)

top

(
)
cf ,A /cp,A − θ
)
α=(
cf ,B /cp,B − θ

(5)

The operating line that is expressed by either Eq. (7) or Eq. (9)
represents a linear equation that gives different slopes for each stage
(each value of n). Nevertheless, all these lines share a pivot point, xp,top ,
which is the target concentration. This indicates that the operating lines
need to be evaluated for every stage despite the constant stage cut.
Similar to the top operating line, the bottom operating line can be
derived from the mass balances and is expressed in Eq. (10) and
simplified into Eq. (11) for a non-ideal cascade with constant stage cut.
These equations also show a dynamic linear equation that pivots the
target point, xr,bottom .
(
)
∏m 1
∑
1 + mi=1
j=i γbottom,j
1
(
) xr,m+1 +
(
)xr,bottom
xp,m =
(10)
∑m ∏m 1
∑m ∏m 1

The concentration ratio between feed and retentate was derived to be
dependent on the stage cut and the rejection (Eq. (6)), with k equal to
either A or B.
cp,k 1 [
= 1 − (1 − θ)1−
cf ,k θ

Ro,k

]

(6)

Hence, the partitioning curve depends on 1 independent design
parameter, the stage cut θ, and 1 system parameter, the rejection coef
ficient, Ro,c . The rejection coefficient of a membrane can be character
ized and predicted at given operating conditions, e.g., trans-membrane
pressure (TMP) and temperature [29]. With this value we can plot the
partitioning curve using Eq. (2).
2.2. Operating lines
The partitioning curve represents the composition of the permeate
streams at every stage, and the operating lines represent the component
fractions of the incoming streams, given by a mass balance with the
incoming streams coming from the previous stage and the recycle from
the consecutive stage (Fig. 1). Therefore, the operating lines relate the
component fractions at one particular stage to the adjacent stage. Fig. 1
shows a graphical representation of a membrane cascade system.
The cascade consists of 2 sections: the top and the bottom section. In
some reports [14,18,19], the feed stage is considered as a third section.
To simplify the design, the feed stage can be considered to be part of the
bottom section, as was proposed by Avgidou et al. [30]. In this case, the
feed stage follows the design conditions of the bottom section. Fig. 1
shows the streams in stage n at the top section and stage m in the bottom
section. The stage number for both sections starts from both products
and ends at the mid-point where the feed stream enters.
Each stage is operated with its own stage cut. However, in this
approach, the stage cut values for the whole section are kept the same.
This leaves only 2 stage cut values: the stage cut of the top section, θtop ,
and the stage cut of the bottom section, θbottom .
The equations for the operating lines can be derived via mass bal
ances throughout the cascade, which can be evaluated separately for
both the top and bottom sections. Detailed derivation for the operating
lines can be found in the work of Hwang and Kammermeyer [31] and
Avgidou et al. [30]. In this section, we summarize the equations that are
used for the design.
Derived from the total and component mass balances, the operating
line in the top section can be expressed by Eq. (7) [30].
)
∑n (∏n
i=1
j=i γ top,j
1
)xr,n +
)xp,top
xp,n+1 =
(7)
∑n (∏n
∑n (∏n
1 + i=1
1 + i=1
j=i γ top,j
j=i γ top,j

1
γbottom

γ top

i=1

j=i γbottom,j

⎛

⎞

i=1

j=i γbottom,j

⎜γ 1 m − 1⎟
⎜ bottom
⎟
1 − 1 ⎠ + 1
⎝ γbottom

xp,m =
1
γbottom

⎛

⎞ xr,m+1 −

⎛

⎜
⎜
⎝

⎟
⎟
⎠

⎜
⎜
⎝

1
− 1
γbottom m
1
γ bottom − 1

1
γbottom

1

⎞xr,bottom

(11)

⎟
⎟
⎠

1
− 1
γ bottom m
1
γ bottom − 1

with
γ bottom =

1 − θbottom
for all stage m
θbottom

(12)

The dynamic characteristic of both top and bottom operating lines
for membrane cascades distinguishes this method from the original
McCabe-Thiele method for distillation. In distillation, a single line exists
for every section. All stages are built up using these lines. In addition, the
graphical method for membrane cascades does not use a q-line that
represents the state of the feed stream. Instead, the stage cut at both
sections should be chosen in such a way that the concentrations at the
end of both sections match.
In the distillation column, an equimolar exchange between the liquid
and vapor exists in each stage. Therefore, the inter-stage flows can be
maintained constant. This condition can be represented by a single
operating line for each section. To ensure that this condition occurs in
every stage, the distillation column requires a reflux from the top stage
and a reboiler at the bottom. These conditions do not exist in the
membrane cascade, which gradually creates flow along the cascade
stages. This condition explains the dynamic behavior of the operating
lines as derived in the work of Avgidou et al. [30].
2.3. Overall system cut and total area

with
1 − θtop
=
for all stage n
θtop

top

Referring to the work of Avgidou et al. [30], the ratio between the
permeate stream coming to the top section and the outlet permeate
stream can be expressed with Eq. (13). To simplify the calculations, this
parameter can be defined as the volume reduction at the top section,

(8)
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Table 1
Feed condition for designing an inhomogeneous nanofiltration cascade for FOS
purification.
Parameter

Notation

Unit

Valuesa

Sugar concentration

cfeed,sugar

g/L

9.04 ± 0.16

FOS concentration

cfeed,FOS

g/L

31.49 ± 0.47

Feed mass fraction (FOS)

xfeed

Feed flow rate (design)

Ffeed

kg/h

50

a

θall =

Fp,top
VRbottom − 1
=
Ffeed VRtop + VRbottom − 1

With a given feed stream as the basis of the design and the chosen
stage cut as the design parameter, we can calculate all streams in the
cascade. These include the 2 outlet streams from both the top and bot
tom sections and the inter-stage stream coming from and to 2 adjacent
stages. With known permeate flow in each stage, we can calculate the
required area, Astage , by dividing it with its standard flux, Jv . The stan
dard flux for each membrane is normally characterized under certain
operating conditions (TMP and temperature). Therefore, the total area
required for a design can then be formulated as the sum of the total area
in the top section (with n stage) and the bottom section (with m stage)
(Eq. (19)).

0.78 ± 0.01

Uncertainties were calculated based on the 95% confidence interval.

VRtop . The expression for the retentate leaving this section can then be
expressed in Eq. (14).
)n
⎡(
⎤
1
(
) θtop
− 1 − 1
⎢
⎥
Fp,n+1
1
⎥+1
=
− 1 ⎢
VRtop =
(13)
1
⎣
⎦
θtop
Fp,top
−
2
θtop

Astage =

Fp,stage
Jv (TMP, T)
n
∑

Fr,n

(

)
= VRtop − 1 Fp,top

Atotal =

(14)

(18)

m
∑

Ai +
i=1

Similarly, the ratio of the retentate stream coming to the bottom
section and the outlet retentate can be defined as the volume reduction
at the bottom section, VRbottom , and is expressed in Eq. (15).
)m
⎡(
⎤
(
) 1−θbottom
− 1
θ
bottom
⎢
⎥
Fr,m+1
θbottom
⎢(
⎥+1
)
=
VRbottom =
(15)
⎦
Fr,bottom
1 − θbottom ⎣ θbottom
− 1
1− θbottom

Aj

(19)

j=1

3. Methods and calculations
3.1. Filtration setup
The McCabe-Thiele method adopted here was applied to the design
of an inhomogeneous nanofiltration cascade to purify a FOS mixture
with a molecular weight distribution. The feed stream was based on 5%
dilution of Frutalose L85. The experiments to characterize the mem
branes were performed in the previous research [29]. In this paper, the
experimental results were reanalyzed for design purpose. The FOS
mixture was considered as a binary mixture of sugars and FOS. The
sugars comprise mono- and disaccharides and FOS comprises the oli
gosaccharides with DP of 3 and higher.
The feed entered the cascade with a flow rate, Ffeed , of 50 kg/h and
mass fraction, xfeed , of 0.78. Details on the feed conditions are summa
rized in Table 1.
The design considers 3 different types of nanofiltration membranes,
namely GE with molecular weight cutoff (MWCO) of 1 kDa, GH with
MWCO of 2.5 kDa and GK membrane with MWCO of 3.5 kDa. Although
the module size was not fixed in this design, the membrane properties
are assumed to be similar. The 3 membranes have been characterized in
the previous study [29] between TMP 4 and 16 bar and operating
temperature between 25 ◦ C and 45 ◦ C. The rejection and flux of all 3
membranes within the scope can therefore be predicted using a model.

At the upper stage of the bottom section, where the feed stream
enters, the retentate coming from the top section is mixed with the feed
stream. Therefore, the stream coming to the bottom section can be
expressed with Eq. (16).
Fr,m+1 = Fr,n + Ffeed

(17)

(16)

By rearranging Eqs. (14), (15) and (16), we can calculate the overall
system cut, which is defined as the ratio of the permeate stream coming
out of the top section to the feed stream (Eq. (17)).

3.2. Design method
We adopted a non-ideal cascade with a constant operating parameter
for each section. The design and operating parameters, which included
the membrane, TMP, temperature and stage cut, were chosen indepen
dently for each section. The design process started with the top section
and continued with the bottom one.
In this study, a standard target (design A) was chosen arbitrarily as
0.2 at the top, xp,top , and 0.9 at the bottom, xr,bottom . These values are
equivalent with 90% purity of FOS at the bottom and 80% purity of
sugars at the top. We also discuss other target concentrations to
demonstrate the effect of changing these targets in the design. The feed
concentration, xfeed , and both targets can be indicated on the diagonal
line in the McCabe-Thiele plot.
The partitioning curve was plotted using Eqs. (2)–(6). For this, we
need the rejection coefficients for both sugars and FOS as well as the
stage cut. The rejection coefficient was calculated via a model [29]. This
model predicts the rejection of FOS molecule with given feed composi
tion, at a selected membrane type, TMP and temperature. The rejection
was predicted for each component in the FOS mixture regarding to its

Fig. 2. Illustration of partitioning curves, operating lines and feed and target
points in the McCabe-Thiele diagram.
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Fig. 3. Illustration of stage build up in the top section in the McCabe-Thiele
diagram for the membrane cascade.

Fig. 4. Illustration of stage build up in the bottom section in the McCabe-Thiele
diagram for the membrane cascade.

degree of polymerization. For design purpose in this paper, those
rejection values were recalculated by clustering the carbohydrate com
ponents into sugars and FOS. The stage cut for the top section, θtop , can
be chosen arbitrarily as long as it does not exceed its maximum value. A
larger stage cut implies more stages; a small stage cut implies larger
volumes between each stage and therefore more membrane area. At the
maximum value of the stage cut, the required number of stages at the top
section becomes infinite. In the McCabe-Thiele plot, this is illustrated by
the operating line that passes through the partitioning curve with the
retentate concentration similar to the feed. At this point, the permeate
concentration can be calculated using Eq. (2). The maximum stage cut
theoretically gives an infinite number of stages, thus the stage number,
n, in Eq. (8) should be infinite. Computationally, this number can be
approached with an arbitrarily large number (e.g. 50). With known xr ,
xp and n, Eq. (8) becomes an equation with just 1 variable, θtop . Solving
this equation, which is a basic root-finding algorithm, will give the value
of maximum θtop .
Using a stage cut larger than the maximum will create a design that
cannot meet the bottom section. A stage cut of 0 means a minimum
number of stages, but an infinitely large membrane area, because all
retentates and permeates are fed back into the system (comparable to
100% reflux in distillation). Thus, we need to make a reasonable choice
in between these 2 extremes. We here select a θtop of 75% from its
maximum.
With this value, we could plot the operating lines at the top section
using Eq. (8). The partitioning curve, the feed and target points and the
operating lines are illustrated in Fig. 2.
Once the partitioning curve and the operating lines are constructed,
we can start building the stages. The concentrations of the permeate
streams of any stage are represented by the partitioning curve. The inlet
concentration is related to the outlet concentration via the operating
lines. Therefore, the stages can be built up with alternating horizontal
and vertical lines going from and to both the partitioning curve and the
operating lines. The target at the top section comes out of the first stage
at the permeate side concentration of xp,top . To draw the first stage in the
McCabe-Thiele diagram, we draw a horizontal line from the top target
point toward the partitioning curve. A line is then drawn vertically to
ward the operating line. This procedure is repeated until the end of the
top section. The end of the top section is indicated by a retentate

concentration, xr,n , which exceeds the feed concentration, xfeed . Building
up the stages in the top stages is illustrated in Fig. 3.
Designing the bottom section is done similarly. From the bottom
target, we draw the vertical line to the partitioning curve and then draw
a line vertically to the operating curve. This procedure was repeated
until it met the end of the top section.
A challenge in designing the bottom section is that the stage cut must
be chosen such that the end point of the bottom section exactly meets the
end point of the top section. This meeting point could be after any
number of stages. As a consequence, an iterative procedure is required in
designing the bottom section by changing the stage cut value until the
end point matches the top section. To aid the calculation, the iteration
was done between 2 extreme stage cuts: the minimum and maximum
stage cut. The minimum stage cut would cause an infinite number of
stages in the design. This condition was illustrated with the operating
lines that intersect the end of top section. The maximum stage cut was
the stage cut at which the operating line caused only 1 stage at the
bottom. The bottom stage must have at least 1 stage: the feed stage. The
illustration of building up the bottom section is presented in Fig. 4.
After designing the bottom section, we calculate the overall system
cut, θall . Using this parameter, we can then calculate both outlet flows
and the inter-stage flows. This then lets us calculate the area for every
stage and for the total system. This conclude the design procedure. A
summary of the design procedure for a membrane cascade system using
the McCabe-Thiele method is shown in Fig. 5.
Here, we demonstrate the use of the design procedure by evaluating
11 designs with differing operating conditions and targets. Design A was
chosen as reference, which uses only GH membranes operated at 16 bar
and 45 ◦ C. This design was constructed to reach a bottom target, xr,bottom ,
of 0.9 and a top target, xp,top , of 0.2. Designs B to E use a similar
configuration as design A to attain different targets. Design F uses a
similar configuration as design A, but using GE membranes; design G
uses GK membranes. These 7 designs are all based on a uniform design in
which the type of membrane and operating conditions are the same at all
stages in the cascade. In addition, we also evaluated hybrid, inhomo
geneous designs (H–K) with various combinations of membrane, TMP
and temperature at the top and bottom sections. Details of all 11 designs
are shown in Table 2.
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separation factor, α. A higher separation factor indicates better separa
tion, implying less stages are required for a separation. In the McCabeThiele diagram, this is indicated by a partitioning curve that is situ
ated farther away from the diagonal parity line. The minimum stage
requirement is a theoretical number of stages needed in the cascade to
achieve the separation target. This represents a system in which the
product streams fully re-enter the system as reflux, and an infinite
membrane area is needed. This was obtained by building up the stages as
explained in Section 3.2. Instead of the operating lines, the diagonal line
was used. The diagonal line is theoretically the operating line at stage
cut 0. That means, all streams goes to the retentate and no top product is
acquired; this extreme condition does not exist in practice, of course.
Fig. 6 shows the partitioning curves and illustrates the minimum
stage requirement for the 3 membranes. We can see that the GE mem
brane has the widest partitioning curve and the GK membrane has the
narrowest. The partitioning curve for both GE and GH were close to each
other and both membranes require the same minimum number of stages.
However, the GE membrane has a lower flux than the GH membrane,
which results in a larger membrane surface area requirement.
The curvature of the partitioning curve is dependent on the operating
conditions, because these affect the rejection coefficient. A higher
rejection can be achieved at a higher TMP and a lower temperature.
However, we found the opposite effect of the TMP in the partitioning
curve. In fact, a wider curve was found at lower TMP (Fig. 7), indicating
better separation at lower TMP. The temperature effect in the parti
tioning curve was as expected, giving a wider curve at lower
temperatures.
According to Eqs. (2)–(6), the partitioning curve is not solely
dependent on the rejection coefficient. Instead, it is dependent on the
separation factor, α, between 2 components of interest. The temperature
effect in the rejection is linear [29], therefore we can expect the same
effect for the separation factor. The effect of TMP in the rejection is more
complex. The TMP affects the convective transport in the nanofiltration
system, which is not linear. The effect is more prominent for smaller
molecules [29,32]. As a result, the separation between the 2 grouped
components was better at low TMP. Fig. 8 shows contour plots for the
separation factor, α, as a function of TMP and operating temperature, for
all 3 membranes. A combination of a low TMP and a low temperature
gives a low α, and thus a wider partitioning curve. Referring to Fig. 8, we
can select a combination of TMP, temperature and membrane that gives
a certain value of α; any system that is on the same contour line would
give the same partitioning curve. This figure also shows that GE and GH
membranes have an overlapping operating window with similar
separation.

Fig. 5. Flowchart of the design procedure for the membrane cascade using the
McCabe-Thiele method. aThe rejections were predicted using a model devel
oped in a previous work [29].

4.1.2. Partitioning curves and operating lines with various stage cuts
In addition to the selection of the type of membrane and the oper
ating conditions, the value of the stage cut affects both the partitioning
curve and the operating lines. However, its effect on the operating lines
is stronger (Fig. 9). The partitioning curve relates the concentrations in
the permeate and retentate for each stage, calculated from the real
rejection coefficient, which is independent of the flow rates. The parti
tioning curve is constructed with the observed rejection, which deviates

4. Results and discussion
4.1. Effect of various operating conditions
4.1.1. Partitioning curves for different membranes, TMPs and temperatures
The partitioning curves were drawn for the 3 membranes considered
in this study. The membranes vary in their MWCO, which affects their
Table 2
Operating conditions for the 11 designs evaluated in this study.
Parameter
Target (mass fraction)
Operating condition (top)
Operating condition (bottom)

Unit
Top
Bottom
Membrane
TMP
Temperature
Membrane
TMP
Temperature

bar
◦
C
bar
C

◦

Design
A

B

C

D

E

F

G

H

I

J

K

0.2
0.9
GH
16
45
GH
16
45

0.1
0.9
GH
16
45
GH
16
45

0.3
0.9
GH
16
45
GH
16
45

0.2
0.85
GH
16
45
GH
16
45

0.2
0.95
GH
16
45
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Fig. 6. Partitioning curve and minimum stage for GE, GH and GK membranes using TMP of 16 bar, temperature of 45 ◦ C and stage cut of 0.6.

Fig. 7. Effect of TMP and operating temperature on the partitioning curve of GH membrane using a stage cut of 0.6.

7

Z. Rizki et al.

Separation and Purification Technology 259 (2021) 118094

Fig. 8. Contour plot of the separation factor, α, as a function of the TMP and the operating temperature for the 3 membranes.

are closer to the diagonal line. However, this does not change the fact
that the value of the chosen stage cut affects the slope of the operating
line (represented by the first stage); and it still necessitates the choice of
a moderate stage cut value for both top and bottom sections.
We start from the top section downward, therefore we select the top
stage cut at the start of the design. The stage cut at the bottom section
will be adjusted to meet this selection. In view of the computational
requirements, this method is better than adjusting both stage cuts at the
same time. Here, we chose a top stage cut of 75% of its maximum. This
value of 75% was chosen arbitrarily. The choice affects the number of
stages and the membrane surface area required, and determines the
stage cut for the bottom, which again influences the number of stages
and the membrane surface area needed in that section.
Fig. 10 shows the effect of the stage cut on the required area for both
sections. The stage cut at the top is θtop , and the bottom stage cut, θbottom ,
is adjusted to meet this. The maximum value of θtop was calculated by
solving the operating line equation that crosses the partitioning curve
with a retentate concentration similar to the feed. The minimum value
was found computationally because no values below this minimum
converged into a design with an adjusted θbottom . For GH membranes
with TMP of 16 bar and temperature of 45 ◦ C, the maximum top stage
cut was 0.716 and the minimum was 0.35.
Fig. 10a shows that the required area increased with increasing stage
cut. This applied for both sections. This was as expected, because a
larger stage cut implies a higher permeate flow and thus a larger area
was needed, given a fixed flux at certain operating conditions. The dif
ference between both sections was that the stage cut at the top could be
chosen, whereas the bottom stage cut followed from the chosen stage cut
at the top. The values of θbottom varied somewhat within the selected
values of θtop , yet were all within a close range. Fig. 10c shows that the
design had a short bottom section and a longer top section, because the
concentration difference between the bottom target and the feed is far
less than the difference between the top target and the feed.
As the design delivers a discrete value of the number of stages, it is
logical that there are discontinuities in the required membrane surface
area, and it also allows some freedom in the design resulting in the oc
casional selection of one more or less stage (e.g., at a stage cut of 0.4).

Fig. 9. Effect of the stage cut on the partitioning curve and the operating lines
for the GH membrane using TMP of 16 bar and temperature of 45 ◦ C (design A).

from the real rejection due to concentration polarization. However, we
found that this is not a strong deviation. The flow conditions, defined by
the stage cut, affected the partitioning curve only slightly.
The slopes of the operating lines become smaller at a larger stage cut.
However, this works out differently for the 2 sections. For the top sec
tion, a lower slope means the operating line is situated further from the
diagonal line. As a result, the number of stages required increases. On
the other hand, a lower slope for bottom operating lines brings the line
closer to the diagonal line and thus requires less stages in this section. To
complete the design, the values of the stage cuts at both sections need to
be selected such that both intersect as closely as possible to the feed
composition. This implies that very high or low values of both stage cuts
are not possible, because this would construct a design of both sections
that would not meet each other.
As expressed in Eqs. (7)–(10), the slopes of the operating lines change
at every stage. The slopes increase for the top operating lines and
decrease for the bottom ones; thus, the lines for the subsequent stages

4.2. Design of the cascades
In this section, we demonstrate the design for the cascade using a
uniform setup for the whole cascade. The membrane selection, the TMP
and operating temperature were the same for each stage. The stage cut
was constant for each section with a different value for top and bottom,
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Fig. 10. Effect of the stage cut on the required area in both sections for the GH membrane operated with TMP of 16 bar and temperature of 45 ◦ C (design A). The
dotted line shows the maximum stage cut at the top section. The dashed line shows the maximum stage cut at the bottom section.
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A similar design procedure could be applied with other membranes
resulting in a 3 + 2 stage design with GE membranes and a 7 + 2 stage
design with GK membranes (Fig. A.1). The designs follow our expecta
tions considering the shape of their partitioning curves (Fig. 6).
The required membrane area per stage for GH, GE and GK cascades
(designs A, F and G) is shown in Fig. 13. The required areas for GH and
GE are in the same range, whereas the required area for the GK mem
brane cascade is much higher. Both GE and GH membrane cascades
require the same number of stages at both sections. The GE membrane
has a lower flux and as a result, the area requirement was slightly higher
compared with the GH membrane cascade (Fig. 13). The GK membrane
has a higher flux than the other 2 membranes, which would suggest the
requirement of less area. In fact, the design with the GK membranes
required significantly more membrane area than the other 2 mem
branes. The reason for this is the large number of stages. The whole
section was operated with a fixed stage cut, therefore, it is logical that
the membrane near the feed processes a larger flow rate, and thus re
quires a larger area. The more stages that are required in a section, the
more this flow accumulates, resulting in a much larger required area.
Fig. 13 illustrates the area distribution among stages in the cascades.
This result also supports a previous study on the inhomogeneous cas
cades, which reported a larger area requirement at the feed stage [18].
4.3. Hybrid design of the cascades

Fig. 11. McCabe-Thiele diagram of the 5-stage design of the fractionation
cascade using GH membrane with TMP of 16 bar and temperature of 45 ◦ C
(design A). See Tables 2 and A.1 for further details.

The design procedure suggests that we use different values for the
stage cut for both sections such that the design meets at the feed. As a
consequence, the partitioning curves for the 2 sections are not the same.
However, the difference was small due to the small effect of the stage cut
on the partitioning curve (Section 4.1.2). Nevertheless, this does show
that working with different partitioning curves for both sections is
possible. In this case, one can also achieve that by using different
membranes. This will indeed result in a larger difference in the parti
tioning curves for top and bottom. Apart from the choice of membrane
and the stage cut, the operating TMP and temperature affect the parti
tioning curve and may be used to tune the curve.
In Fig. 14, we demonstrate 4 hybrid designs (designs H–K) using
arbitrarily chosen combinations of setup conditions at the top and bot
tom sections. All designs were constructed to reach a xp,top of 0.2 and a
xr,bottom of 0.9. Constant conditions (membrane, TMP, temperature and
stage cut) were applied for all stages within a particular section. The
selection of the design variables for these designs is shown in Table 2.
The details of these designs are provided in Table A.1.
Unlike the previous studies on membrane cascades, the target in the
design using the McCabe-Thiele method is not achieving a certain pu
rity, because this is a constraint imposed on all designs. The design
procedure in fact helps to minimize the number of stages, the membrane
area requirement, and to maximize the yield of a specific product (either
top or bottom). Using a hybrid design may help achieve these targets,
because the stage requirement at the bottom was not really affected by
the choice of membranes and the top design is more compact using GE or
GH membranes. On the other hand, using GK membranes at a similar
number of stages may reduce the surface area requirement, because this
membrane features a larger flux. However, a lower number of stages
does not guarantee a lower total membrane surface area requirement.
The total area requirement is closely related to the overall system
cut. This parameter is dependent on the stage cut at both sections (Eqs.
(15)–(19)). We can see a clear relationship between the stage cut at the
top with the membrane, the TMP and the temperature. However, the
relationship of those operating conditions with the bottom stage cut was
unclear, because it was determined iteratively such that the operating
lines crossed at composition of the feed. One critical issue that was found
during the design is that the chance of finding a converged iteration (in
order to find the bottom stage cut) was less when the difference between
2 partitioning curves was large. This was the case, for example, with
design J (Fig. 14), which had small separation steps at the bottom

so that the design meets at the feed.
Fig. 11 shows the McCabe-Thiele diagram for a 3 + 2 stage cascade
for the reference design (A). The top stage cut maximum for this setup
was found to be 0.71, therefore the design θtop was set to 0.54. With this
value, the stage cut for the bottom stage was found to be 0.22. Fig. 11
shows that this results in slightly different partitioning curves for the top
and bottom sections (see Eqs. (5) and (6)).
The design consists of 3 stages in the top section and 2 stages in the
bottom section, thus 5 stages in total. Therefore, we see 4 operating lines
in the design that relate the compositions between adjacent stages. As a
convention, we determine that the feed enters the last stage of the
bottom section, represented here as stage B2. This stage was also oper
ated with the stage cut of the bottom section, and thus connects with the
bottom operating line.
Setting a different separation target requires recalculation and may
result in a different design. Fig. 12 (top side) shows the designs of the
cascade with top targets of 0.1 (B) and 0.3 (C). Compared with the
reference (Fig. 11), design B was stretched toward the top section and
required more stages. Design C had a similar number of required stages
yet with a more compact design. From Figs. 12 and 11, we can also see
that the bottom design for all 3 designs was different despite the similar
bottom target. The stretch and compaction of the design can also be seen
for designs D and E with different bottom targets. In this case, the design
for the top section did not change.
Changing the top target to design B or C required a complete recal
culation for both sections, whereas changing the bottom target to design
D or E only affected the design at the bottom. The change in the top
target affected the slope of the operating line that passed through the
feed concentration at the partitioning curve and thus affected θtop,max . As
a consequence, the operating θtop also changed. Setting the stage cut
constant was possible in principle; the choice of using 75% θtop,max was
arbitrary. However, the value must still be clearly lower than its
maximum. In addition, a constant stage cut will still imply different
slopes for different top targets, because the operating lines pivot on the
target point (Eq. (12)). As a consequence, the design of the bottom
section would also change despite having no change in the bottom
target. In the other case, changing the bottom target would only affect
the design at the bottom because there is no change at the top section.
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Fig. 12. McCabe-Thiele diagram of the membrane cascade design with various targets using the GH membrane operated with TMP of 16 bar and temperature of 45
◦
C. Top side shows a top target, xp,top , of 0.1 (design B) and 0.3 (design C) with a bottom target, xr,bottom , of 0.9. The bottom side shows a bottom target, xr,bottom , of 0.85
(design D) and 0.95 (design E) with a top target, xp,top , of 0.2.
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Fig. 13. Area distribution among the stages in the design of membrane cascades using GE, GH and GK membranes operated at 16 bar and 45 ◦ C (designs F, A and G).

section. The exact values of maximum difference between partitioning
curves cannot be established using the current method. However, as a
general guideline we can reduce the difference in the partitioning curves
by selecting separation factors, α, that are close between each other. The
contour plots in Fig. 8 can be useful in selecting the separation factors.
The ability of using a different set up for different sections indicates
further possibility of using independent set up within sections. This
concept will allow the usage of different membrane, TMP and temper
ature for every stage. Moreover, each stage can be operated using
different stage cut. This complex design is also supported by the nature
of the McCabe-Thiele approach for membrane cascades that requires an
evaluation of operating lines for every stage. At the same time, finding
the minimum amount of membrane surface area may require balancing
all the different parameters, for which a numerical procedure would
probably be preferred. Therefore, further development is needed to
make the method more robust for numerical evaluation.
In our work, the stage cut was defined based on mass flow (equation
(4)). The stage cut can also be defined by considering the molar ratio of
the solutes in the permeate and the feed. This definition requires a
correction of equation (4). This corrected stage cut is then used in the
operating lines (equation (7)–(12)). Using this corrected stage cut will
limit the possibility of the stage cut value that is usable for the design.
This issue occurred due to the fact that both stage cuts are by definition
fractions that have maximum values of 1. Nevertheless, considering this
correction in the future research can improve the robustness of this
design method. However, this also challenge a development of a nu
merical optimization method to find the suitable stage cut value that
gives a converged design and an optimum performance.

disaccharides and larger oligosaccharides. As an independent design
parameter, the stage cut should be defined before the design procedure.
The procedure starts from the top section followed by the bottom
section. The membrane selection, TMP, temperature and stage cut in any
stage within 1 section are uniform. Nevertheless, the method allows us
to use different combinations of membranes and operating conditions in
both sections (hybrid design).
Apart from the selection of the membranes, TMP and temperature,
the stage cut value strongly determines the required number of stages
and the total membrane surface area of the cascades. The lower the
overall stage cut, the larger the internal recycle is and the larger the
membrane surface area is for a given feed volume. However, the overall
system cut depends on the stage cuts of the top and bottom sections,
which were determined separately. The value of the bottom stage cut
was calculated iteratively to match its design with the that of the top
section. However, the relationship between both stage cuts is not trivial
and is now found iteratively. To obtain an optimal design using possible
combinations of the available membrane, TMP and temperature, further
adaptation toward a robust numerical optimization procedure is
important.
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5. Conclusions
We developed a method to design an inhomogeneous membrane
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ieve specific target compositions for both products: small mono- and
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Fig. 14. McCabe-Thiele diagram for selected hybrid membrane cascade designs. For the design decisions, refer to Table 2.
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