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a b s t r a c t
Freezing of unsaturated soil is an important process that inﬂuences runoﬀ and inﬁltration in cold-climate regions.
We used a simple numerical model to simulate water and heat transport with phase change in unsaturated soil via
three diﬀerent approaches: empirical, semi-empirical and physically based. We compared the performance and
parameterization of each approach through testing on three experimental datasets. All approaches reproduced
the observed unsaturated freezing process satisfactorily. The empirical cryosuction equation used in this study
managed to capture observed cryosuction with a ﬁxed empirical parameter value. The semi-empirical version
therefore does not require calibration of a speciﬁc frozen soil related parameter. In view of simplicity, small
computational demand and accurate performance, all three approaches are suitable for implementation in landuse schemes, catchment scale hydrological models, or multi-dimensional thermo-hydrological models.

1. Introduction
There is often a substantial ﬂux of water in a catchment during
the springtime snowmelt period in high latitude and high altitude regions (Rango and DeWalle, 2008). In many cases, part of the soil has
become frozen during winter, thereby reducing the soil permeability
and inﬁltration capacity (Stähli, 2006). The combination of snowmelt,
rainfall and soil frost has the potential to cause ﬂooding (Woo, 2012).
Frozen soil also inﬂuences snowmelt groundwater recharge and springtime contaminant transport by altering pathways and soil water retention times (Evans et al., 2018; French et al., 2002; French and Binley,
2004; Hayashi et al., 2013; Ireson et al., 2013). In order to predict and
understand increased ﬂood risk, groundwater recharge and contaminant
transport in areas with frozen soil, it is therefore necessary to have suﬃcient understanding of the mechanisms that control soil freezing, thawing and inﬁltration.
The part of a soil that generally undergoes seasonal freezing and
thawing extends from a few centimeters to about a meter or several meters below the surface (Loranger et al., 2017; Lundberg et al., 2016;
Hayashi, 2013). This mostly comprises the unsaturated zone where
moisture content and soil temperature respond to atmospheric dynamics

on a relatively short timescale of hours to days (Carson, 1961). It has
been demonstrated that the initial moisture and temperature state of
the soil when freezing initiates aﬀect frost depth and soil ice saturation
(Ireson et al., 2013). Cryosuction is an important process in this context
as it depends on initial moisture content, soil water retention characteristics and hydraulic conductivity (Miller and Black, 2003). Cryosuction
can be described as the increase in matric suction in the frozen zone
with increasing ice content, resulting in a redistribution of soil moisture
to the freezing front from unfrozen soil below (Hayashi, 2013). Another
process of importance in frozen soil is the depression of the freezing
point of water due to matric pressure. There is a relationship between
subzero temperature and unfrozen water content in the soil, which is
represented by the soil freezing curve (SFC) (Li et al., 2010; Jame and
Norum, 1972; Koopmans and Miller, 1966). The presence of solutes can
also aﬀect freezing temperature (Rango and DeWalle, 2008). Lastly, the
reduction in soil permeability with increasing ice saturation is a characteristic of a frozen soil (Watanabe and Flury, 2008).
Diﬀerent approaches have been developed to incorporate cryosuction, the soil freezing curve and permeability reduction into a numerical or mathematical model (Kurylyk and Watanabe, 2013). Examples include the models of Harlan (1973), Taylor and Luthin (1978),
Ippisch (2001), Zhang et al. (2007) and Dall’Amico et al. (2011). Pub-
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licly available numerical models include a freezing module for HYDRUS1D (Šimůnek et al., 1998), a beta version of SUTRA named SUTRA-ICE
(McKenzie et al., 2007) and the atmosphere-plant-soil models SHAW
(Flerchinger and Saxton, 1989) and COUP (Jansson and Karlberg, 2004).
SUTRA-ICE does not currently include the process of cryosuction and
HYDRUS-1D freezing only works for unsaturated conditions.
Kurylyk and Watanabe (2013) noted that the history of frozen soil
model development has been characterized by inconsistencies in nomenclature and methodology, in part due to diﬀerent geotechnical and hydrological backgrounds. It remains unclear how diﬀerent mathematical expressions and models for unsaturated soil freezing processes compare to each other in their ability to accurately represent an unsaturated
frozen soil. An exception to this is the paper by Ren et al. (2017) in which
the outcomes of diﬀerent SFC equations are ﬁtted to measurements on
four diﬀerent frozen soils. Regarding the reduction of permeability of
frozen soil, there is debate about the use of a ﬂow impedance factor
based on ice content (Mohammed et al., 2018). Furthermore, previous
models are often tested only on a single experimental dataset which did
not include all relevant variables such as ice content and soil temperature (Mohammed et al., 2018; Kurylyk and Watanabe, 2013). As a result,
conﬁdence in model accuracy remains limited, and it remains unclear
how the model would be parameterized for a diﬀerent soil than the soil
used in the experiment (e.g. the impedance factor).
Another unresolved question is whether an empirical approach towards unsaturated soil freezing and cryosuction could be adequate and
how such an approach would compare to more physically-based models
using the phase-change temperature-pressure relationship (Kurylyk and
Watanabe, 2013). This question is relevant, as few multi-dimensional
hydrological models, catchment-scale models or land-surface schemes
have adopted approaches for unsaturated soil freezing, likely due to
the complexity and often associated numerical instability of physically
based simulation of unsaturated soil freezing.
In this study, we compare three diﬀerent approaches for unsaturated soil freezing. These represent a fully empirical, a semi-empirical
and a physically-based approach and entail diﬀerent combinations of
previously developed equations. The aim of this study is to compare
and evaluate the performance and parameterization of each approach.
Datasets from three experiments are used for testing, namely those of
Mizoguchi (1990), Watanabe et al. (2012) and Zhou et al. (2014). The
latter two datasets contain measurements of ice content, unfrozen water content and soil temperature, which allows us to test for all relevant
variables. We include a discussion of current points of debate concerning the governing equations for unsaturated frozen soil dynamics, as the
diﬀerent approaches rely on previous insights and developments in both
empirical and physically-based equations.

assumed to be zero. Furthermore, it requires the assumption of thermal,
mechanic and phase equilibrium during freezing. These constraints in
the context of frozen soil modeling are discussed in Ma et al. (2015).
Expressions for the SFC have been formulated that combine the
Clapeyron relationship with existing equations for soil water retention
during drying/wetting. An example is from Zhang et al. (2016) who
combined the Clapeyron relationship with the van Genuchten equation:

2. Current theory and points of debate

2.2. Reduction of hydraulic conductivity

2.1. Soil freezing curve

Several studies have shown that a frozen soil has reduced permeability, and that initial water content is important among other factors
(e.g. Pittman et al., 2019; Watanabe and Osada, 2017), but the mathematical representation of the reduction of soil hydraulic conductivity
due to freezing remains a point of debate. The lack of consensus might
exist due to diﬀerent reasons: 1) it is diﬃcult to accurately measure
the permeability of a frozen soil, hence experimental evidence is scarce
(Azmatch et al., 2012; Watanabe and Osada, 2017); 2) ice growth in
soil voids may have diﬀerent eﬀects on permeability for diﬀerent soil
types and diﬀerent initial moisture contents and therefore, a single type
of reduction may not apply to all soils and moisture conditions; 3) soil
freezing rate – a factor usually not taken into account - likely plays a
role as it determines how ice crystallizes in soil voids (Azmatch et al.,
2012); 4) soil structure can be altered by ice lens growth and it is hard to
predict how this aﬀects soil hydrological properties (Mohammed et al.,
2018).
Two diﬀerent causes may be distinguished for a reduced permeability of a frozen soil, assuming ﬁxed total water content and no frost

(
)𝑛 ]−𝑚𝑣𝑔
[
(
)
𝑇 + 273.15 𝑣𝑔
𝜃𝑢𝑓 = 𝜃𝑟𝑒𝑠 + 𝜃𝑠𝑎𝑡 − 𝜃𝑟𝑒𝑠 1 + 𝑎𝑣𝑔 𝐿𝑓 𝜌𝑤 ln
𝑇0 + 273.15

where 𝜃 uf is the unfrozen water content (m3 m−3 ), 𝜃 res is the residual
total water content (m3 m−3 ), 𝜃 sat is the saturated total water content
(m3 m−3 ), 𝜌w is the density of water (kgm−3 ), T is the temperature ( °C),
T0 the freezing point of water ( °C) and avg , nvg and mvg are ﬁtted model
parameters.
Several empirical SFC expressions have been proposed that do not
make use of the Clausius-Clapeyron relationship. The simplest approach
is a linear piecewise relationship between temperature and unfrozen
water which has been found to reasonably approximate measured
SFC datapoints (McKenzie et al., 2007; Kurylyk and Watanabe, 2013).
Anderson and Tice (1972) developed an empirical power curve to express unfrozen water content as a function of temperature:
𝜌
𝜃𝑢𝑓 = d 𝛼(−𝑇 )𝛽
(3)
𝜌w
where 𝜌d is the dry density of the soil (kgm−3 ) and 𝛼 and 𝛽 are model
parameters. The power curve has been used in several models and parameter values for a wide range of soils have been established, as well
as a method to derive the parameters from the speciﬁc surface area of a
soil (Kurylyk and Watanabe, 2013).
In the model SUTRA-ICE, an empirical exponential function for the
unfrozen water content is implemented. This function has been suggested by McKenzie et al. (2007) based on work by Lunardini (1988):
𝜃𝑢𝑓

[ (
) ]
(
)
𝑇 − 𝑇0 2
= 𝜃𝑟𝑒𝑠 + 𝜃𝑠𝑎𝑡 − 𝜃𝑟𝑒𝑠 exp −
𝑤

(4)

where w is a ﬁtting parameter.
It is diﬃcult, however, to know the correct value for w in Eq. (4) as
very few soils have been parameterized through experimental work
(Ren et al., 2017). Hence, it is a parameter that often requires calibration.
Ren et al. (2017) provides a veriﬁcation of four diﬀerent SFC expressions on experimental data (the SFC expressions of Eq. (2), 3 and
4 included). The study shows that all three expressions work well, with
some slightly better than others depending on soil type.

Not all soil moisture freezes at the same temperature due to the dependency of the freezing point of water on pressure (Hayashi, 2013).
Matric pressure increases with decreasing unfrozen water content as ice
replaces water. This has been found to resemble the process of soil drying (Koopmans and Miller, 1966). The Soil Freezing Curve (SFC) gives
the relationship between subzero temperature and unfrozen water content for a given soil; the lower the temperature, the less water remains
unfrozen (Ren et al., 2017; Spaans and Baker, 1996).
The following form of the Clausius-Clapeyron relationship relates
pressure to temperature (Williams and Smith, 1989):
d𝑃w
𝐿f
=
d𝑇
(𝑇 + 273.15)𝑉w

(2)

(1)

where Pw is the pressure of liquid water (Pa), T is the temperature (
°C), Lf is the latent heat of fusion (Jkg−1 ), and Vw is the speciﬁc volume
of liquid water (m3 kg−1 ). The change in pressure of the ice phase is
2
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heave: 1) with decreased unfrozen water content, porewater connectivity decreases, analogous to air saturation of a soil (Stähli, 2006;
Lundberg et al., 2016; Hayashi, 2013); 2) with an increased ice content, the pore geometry changes due to an increase in the ‘solid ice’ soil
constituent, certain ﬂow pathways become blocked and eﬀective pore
size is reduced (Zhang et al., 2016; Azmatch et al., 2012). It has been
argued that the second set of factors are not diﬀerent from permeability reduction upon increasing air saturation and that therefore the unfrozen water content of a soil can be used to predict the permeability of
frozen soil accurately (e.g. Newman and Wilson, 1997; Watanabe and
Flury, 2008). A hydraulic conductivity function derived from the soil
water retention curve is therefore used by most models (Kurylyk and
Watanabe, 2013). Some studies, however, suggest that the unfrozen water content approach overpredicts the permeability at high ice contents.
These studies suggest that ice blockage of ﬂow paths should be taken
into account (e.g. Jame and Norum, 1972; Lundin, 1990; Hansson et al.,
2004; Zhang et al., 2007; Shoop and Bigl, 1996). For this reason, an
impedance factor has been introduced to correct for the additional reduction in permeability due to ice (Kurylyk and Watanabe, 2013).
The impedance factor approach by Jame and Norum (1972), for example, considers ice content in addition to unfrozen water content:
𝐾𝑓 = 10

−𝑅i 𝜃i

𝐾𝑢𝑓

is often associated with extreme hydraulic gradients requiring high spatial discretization to successfully simulate in a numerical model. In some
approaches, matric suction is increased based on ice content through an
empirical equation to simulate the eﬀect of cryosuction on water redistribution (e.g. Zhang et al., 2007).
The following empirical equation for cryosuction was originally developed by Kulik (1970):
(
)2
𝜓𝑡 = 𝜓𝑢𝑓 1 + 𝐶k 𝜃𝑖
(7)
where 𝜓 t (m) is the total matric pressure of the soil (including the eﬀect
of cryosuction), 𝜓 uf (m) is the matric pressure due to total water content
without the eﬀect of possible ice present and Ck is an empirical factor
that represents the eﬀect of ice on matric pressure.
A more novel suggestion is that soil properties should be altered through a change in soil water retention parameters and soil
porosity (the ice-free volume) (Noh et al., 2012). In most previous
numerical models however, matric suction is a function of subzero
temperature based on the Clausius-Clapeyron relationship (Eq. (1)).
Dall’Amico et al. (2011) uses the following version of the ClausiusClapeyron relationship to determine matric pressure:
𝜓𝑡 =

(5)

)2
5 (
𝐾sat − 3 + 6
4

𝑇 − 𝑇0

)

(8)

where g the gravitational constant (ms−2 ). In case of unsaturated conditions, the expression is modiﬁed to account for the matric suction resulting from air saturation in the pores. Most other cryosuction expressions
using the Clausius-Clapeyron relationship do not adjust for diﬀerent total water saturation levels (Dall’Amico et al., 2011). In this paper, we
will use both the empirical and physically-based (Clausius-Clapeyron)
approaches to cryosuction for comparison.

where Kf (ms−1 ) is the hydraulic conductivity of (partly) frozen soil,
Kuf (ms−1 ) is the hydraulic conductivity based on the unfrozen water
content, 𝜃 i is the volumetric ice content (m3 m−3 ) and Ei is a dimensionless empirical factor of impedance due to ice blockage of pores.
Zhang et al. (2007) found that including an impedance factor (Ei = 17)
was crucial to accurately describe observed moisture transport in the soil
during freezing. Several variations of the impedance equation (Eq. (5))
have been developed (e.g. Taylor and Luthin, 1978), but without much
added clarity of a most reliable expression.
Shoop and Bigl (1997) suggested the following equation to determine Ei based on data collected from nine diﬀerent non-cohesive soils:
𝑅𝑖 =

𝐿𝑓 (
𝑔 𝑇0

3. Methods
All abbreviations or symbols used for variables and parameters are
listed in Table 1. Fixed parameters used in the model are listed in
Table 2.

(6)
3.1. Governing equations of the model

where Ksat is the saturated hydraulic conductivity (ms−1 ).
The impedance factor approach has been criticized by Newman and
Wilson (1997) to be arbitrary and not physically based. It is also suggested that it is simply a parameter to correct a numerical model for
overestimated cryosuction based on the Clausius-Clapeyron approach,
as the extreme hydraulic gradient at the frozen fringe is diﬃcult to simulate in a numerical model (Miller, 1980). In addition, Watanabe and
Flury (2008) claimed that the use of an impedance factor should be
unnecessary when an accurate relative permeability function is used related to unfrozen water content, though they also stated that it is a topic
of ongoing research. Several researchers have come up with alternative approaches due to the criticisms surrounding the impedance factor
(Kurylyk and Watanabe, 2013). An example is Watanabe et al. (2010),
who successfully employed the dual porosity model of Durner (1994) to
simulate the hydraulic conductivity of a frozen unsaturated silt soil. The
closure and opening of macropores has also been recognized as an important factor determining water ﬂow in frozen soil by several studies (e.g. Mohammed et al., 2018; Holten, 2019; Pittman et al., 2020;
Demand et al., 2019), which requires a dual porosity approach to incorporate in a numerical model. In our study, we will assess the need for
the impedance factor in a physically-based approach as a means to represent a ‘soil ice saturation heterogeneity’ in an otherwise homogeneous
soil (i.e., water ﬂowing from unfrozen to frozen soil).

3.1.1. Model structure and assumptions
A numerical model was used that calculates heat and water transport
for a one-dimensional soil proﬁle with any number of layers. Vertical
discretization of the layers was set to one centimeter with uniform soil
properties for the entire column. Heat transport occurs at the top and
bottom boundary, where a ﬁxed temperature boundary can be set. There
is no water ﬂow possible across the model boundaries. The mathematical equations are solved through explicit diﬀerence calculation for the
ﬂuxes between soil volumes. This method increases numerical stability and simplicity, but it requires high temporal discretization to maintain accuracy. Yang et al. (2009) successfully used a similar numerical method in their simulations of unsaturated ﬂow governed by the
Richards equation. In our case, it appeared to be an adequate model
construct for the purpose of 1D “laboratory” type soil column simulations with freezing. The model excludes osmotic processes and density changes of unfrozen water. Also, porosity and soil structure do not
change with ice saturation as ice pressure is assumed to be constant.
3.1.2. Unsaturated ﬂow
Flow between soil volumes is governed by the Richard’s equation,
here presented in its 1-dimensional form (Richards, 1931):
[
)]
(
( ) 𝜕 𝜓𝑡
𝜕 𝜃𝑡𝑜𝑡𝑤
𝜕
=
𝐾𝑢𝑓 𝜃𝑢𝑓
+1
(9)
𝜕𝑡
𝜕𝑧
𝜕𝑧
where 𝜃 totw is the total water content (liquid and ice; m3 m−3 ), z is the
elevation (m), 𝜓 tot is the total matric pressure (m) and Kuf (𝜃 uf ) is the hydraulic conductivity (ms−1 ) as a function of the unfrozen water content
(and also ice content if an impedance factor is used).

2.3. Cryosuction
There is no consensus on the most suitable representation of cryosuction in a soil freezing model (Kurylyk and Watanabe, 2013). The process
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Table 1
List of used parameters/variables, their abbreviations/symbols and units.
Abbreviation/symbol

Parameter/variable

Units

Ksat
Kf
Kuf
Km
avg
nvg
𝜃 res
𝜃 sat
𝜃 totw
𝜃 uf
𝜃i
𝜃a
E
𝜓 uf
𝜓t
𝜓 totw
W
Z
T
Pw
Vw
T
T0
T∗
𝜌w
𝜌s
𝜌i
𝜌a
Hw
Ha
Hs
Hi
Ht
c̄
Lf
v
g
Ck
Ri

Saturated hydraulic conductivity
Hydraulic conductivity (including ice effect)
Hydraulic conductivity (unfrozen water content)
Hydraulic conductivity (maximum due to ice)
Soil water retention parameter
Soil water retention parameter
Residual volumetric water content
Saturated volumetric water content
Total volumetric water content
Volumetric unfrozen water content
Volumetric ice content
Volumetric air content
Porosity
Matric pressure excluding cryosuction
Matric pressure including cryosuction
Matric pressure based on total water content
Exponential SFC curve parameter
Elevation
Time
Pressure of liquid water
Speciﬁc volume of liquid water
Temperature
Freezing point of water
Freezing point of water (Eq. (13))
Density of water
Density of solid soil grains
Density of ice
Density of air
Speciﬁc heat of water
Speciﬁc heat of air
Speciﬁc heat of solid soil grains
Speciﬁc heat of ice
Total heat capacity of the soil
Average soil thermal conductivity
Latent heat of fusion of water
Flow velocity
Gravitational acceleration
Empirical parameter for cryosuction
Empirical parameter for ﬂow reduction

ms−1
ms−1
ms−1
ms−1
m− 1
–
m 3 m −3
m 3 m −3
m 3 m −3
m 3 m −3
m 3 m −3
m 3 m −3
m 3 m −3
M
M
M
–
M
s
Pa
m3 kg−1
K
K
K
kgm−3
kgm−3
kgm−3
kgm−3
Jkg−1 K−1
Jkg−1 K−1
Jkg−1 K−1
Jkg−1 K−1
Jkg−1 K−1
Wm−1 K−1
Jkg−1
ms−1
ms−2
–
–

Table 2
Physical constants and parameter values used in the model.
Parameter
Cryosuction
Thermal conductivity (water)
Thermal conductivity (ice)
Thermal conductivity (air)
Speciﬁc heat (water)
Speciﬁc heat (ice)
Speciﬁc heat (soil particles)
Speciﬁc heat (air)
Latent heat of fusion (water)
Density (water)
Density (ice)
Density (soil particles)
Density (air)
Gravitational acceleration

Ck
cw
ci
ca
Hw
Hi
Hs
Ha
Lf
𝜌w
𝜌i
𝜌s
𝜌a
G

Value

Units

1.8
0.6
2.14
0.024
4182
2108
840
1003
334,000
1000
916
2648
1.2754
9.81

–
Wm−1 K−1
Wm−1 K−1
Wm−1 K−1
Jkg−1 K−1
Jkg−1 K−1
Jkg−1 K−1
Jkg−1 K−1
Jkg−1
kgm−3
kgm−3
kgm−3
kgm−3
ms−2

relative permeability function of the Mualem – van Genuchten model
(Mualem, 1976; van Genuchten, 1980), the saturated hydraulic conductivity and the unfrozen water content:

(
𝐾𝑢𝑓 = 𝐾𝑠𝑎𝑡

𝑛𝑣𝑔 −1
𝑛𝑣𝑔

) 2

⎫
⎪
⎪
⎬
⎪
⎪
⎭

where Kuf is the hydraulic conductivity of the soil (ms−1 ). The eﬀect
of temperature on hydraulic conductivity by aﬀecting the viscosity of
water is neglected.
3.1.3. Energy exchange
There are three forms of energy exchange in the model that govern
the energy balance: thermal conduction, advection and latent heat ﬂux.
These are expressed in the following general energy balance equation:
]
𝜕𝑇 [
𝜃 𝜌 𝐻 + 𝜃𝑖 𝜌𝑖 𝐻𝑖 + 𝜃𝑎 𝜌𝑎 𝐻𝑎 + (1 − 𝜀)𝜌𝑠 𝐻𝑠
𝜕𝑡 𝑢𝑓 𝑤 𝑤
)
]
[(
[(
)
]
𝜕 𝜃 𝜕𝑇
+ 𝐻𝑖 − 𝐻𝑤 𝑇 − Δ𝐿𝑓
𝜌𝑖 𝑖
𝜕𝑇 𝜕𝑡
(
)
)
𝜕𝑇 (
𝜕
𝜕𝑇
𝜃𝑢𝑓 𝐻𝑤 𝜌𝑤 𝑣 +
=−
𝑐̄
𝜕𝑧
𝜕𝑧
𝜕𝑧

1

𝜓𝑢𝑓

(

(11)

The matric pressure of a soil volume is a state variable that depends
on total water content, in our case given by the van Genuchten equation
(van Genuchten, 1980):
) 𝑛𝑣𝑔
⎡(
⎤ 𝑛𝑣𝑔
1 ⎢ 𝜃𝑠𝑎𝑡 − 𝜃𝑟𝑒𝑠 𝑛𝑣𝑔 −1
=
− 1⎥
⎥
𝑎𝑣𝑔 ⎢ 𝜃𝑡𝑜𝑡𝑤 − 𝜃𝑟𝑒𝑠
⎣
⎦

⎧
(
)
)0.5 ⎪
(
) 𝑛𝑣𝑔 −1 ⎤
⎡
𝑛𝑣𝑔
𝜃𝑠𝑎𝑡 − 𝜃𝑟𝑒𝑠
𝜃
−
𝜃
⎪
𝑠𝑎𝑡
𝑟𝑒𝑠
⎥
⎨1 − ⎢⎢1 − 𝜃 − 𝜃
⎥
𝜃𝑢𝑓 − 𝜃𝑟𝑒𝑠
𝑢𝑓
𝑟𝑒𝑠
⎪
⎣
⎦
⎪
⎩

(10)

where a (m − 1 ) and n are model parameters.
Hydraulic conductivity, the K(𝜃 uf ) term in Eq. (8), is calculated with
the following equation, which derives from the relationship between the

(12)

where 𝜌w is the density of water (kgm−3 ), Hw is the speciﬁc heat of
water (Jkg−1 K−1 ), 𝜌i is the density of ice (kgm−3 ), Hi is the speciﬁc heat
4
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of ice (Jkg−1 K−1 ), 𝜃 a is the volumetric air content, 𝜌a is the density of
air (kgm−3 ), Ha is the speciﬁc heat of air (Jkg−1 K−1 ), 𝜀 is porosity, 𝜌s
is the density of solid soil (kgm−3 ), Hs is the speciﬁc heat of solid soil
(Jkg−1 K−1 ), 𝑐̄ is the average thermal conductivity of the soil (Wm−1 K−1 ),
v is the ﬂow velocity of unfrozen water (ms−1 ), Lf is the latent heat of
fusion (Jkg−1 ) and z is the elevation (m).
Thermal dispersion is assumed to be negligible for heat transfer in
small-scale unsaturated soil (Liu et al., 2014; Jouybari et al., 2020).

fringe led to a strong overprediction of upward ﬂow. Therefore, we developed a simple approach to solve this using the ice impedance factor
combined with the concept of a soil structure discontinuity in the context of spatial discretization.
In any numerical model solving diﬀerential equations, soil water and
heat transport need to be discretized in time and space. If water ﬂows
from a discretized location A to a location B, the hydraulic driving force
between these points and the hydraulic conductivity of location A determine the ﬂow rate. This premise would hold if the soil represented
by location B has the same hydrological properties as location A. In case
of ice in the soil however, the assumption of soil homogeneity cannot
hold. If location B would be partly frozen, certain ﬂow paths could be
blocked as larger pores freeze ﬁrst. The inﬂow rate is no longer dependent on the hydraulic conductivity of location A alone. Therefore, a special hydraulic conductivity reduction is needed for the frozen location
that receives soil water.
We limited the ﬂow rate of water to ice-ﬁlled soil volumes with the
following formula, developed by Zhao et al., 2013:

3.1.4. Freezing approach: empirical version
The empirical approach quantiﬁes the eﬀect of cryosuction on ﬂow
and the eﬀect of matric potential on freezing point depression without
an underlying physical explanation. For the soil freezing curve, we use
the exponential equation of McKenzie et al. (2007; Eq. (4)). Only the
ﬁtting parameter w is needed to approximate the freezing curve of a
soil with this equation. The rationale for an empirical approach is that
the model can easily be calibrated to better ﬁt data. In addition, it is
not aﬀected by assumptions such as thermal equilibrium phase change
which is the case for the physically-based SFC. Also, an empirical SFC
can more easily be applied to non-colloidal soils via calibration.
To simulate cryosuction in the empirical version, we make use of
Eq. (7). Cryosuction entails both matric potential changes and the resulting ﬂow of water. We assume the empirical cryosuction expression
represents the observed upward ﬂow correctly, not the matric potential
changes itself; hence it incorporates a possible ﬂow impedance eﬀect
due to ice content. This approach circumvents the numerical instability associated with the extreme hydraulic gradient at the frozen fringe
when using the Clausius-Clapeyron relationship. By combining the exponential SFC equation and the empirical cryosuction expression, we
thus have an empirical approach requiring two parameters, w for the
SFC and Ck for cryosuction. The question is whether Ck can be generalized for a variety of soil types, or if it should be soil type speciﬁc. We will
investigate this by testing the empirical (and semi-empirical) approach
on three diﬀerent experimental datasets, later described. We will also
include a small sensitivity analysis to the parameter Ck .

𝐾𝑚 = 10

𝐿𝑓 (
)
𝑇 − 𝑇∗

𝑔𝑇 ∗

(15)

3.2.1. Numerical method
To ensure proper functioning of the numerical method, we successfully compared the output of the model to the established models SUTRA
(Voss and Provost, 2002) and HYDRUS-1D (Šimůnek et al., 1998) for unsaturated ﬂow and heat transport during nonfrozen conditions and for
fully saturated frozen conditions (only SUTRA). The resulting comparisons are given in the appendix.
3.2.2. Experimental data
We make use of the experimental data of Mizoguchi (1990),
Watanabe et al. (2012) and Zhou et al. (2014) to test the approaches
for frozen unsaturated conditions. All experimental soil columns were
insulated and closed systems. Frost heave was not observed in any of
the experiments. The soil properties and boundary conditions of the experiments are listed in Table 3. The parameters w and Ri were manually
calibrated for each soil type. If a soil parameter was unknown, this was
manually calibrated as well (mentioned in Table 3). For the datasets of
Watanabe et al. (2012) and Zhou et al. (2014), we compare the empirical and the van Genuchten-based SFC to the measured unfrozen water contents at several subzero temperatures. The simulated SFC’s for
Mizoguchi (1990) will also be shown, but without measured unfrozen
water content for comparison. Regarding the Ck parameter, we investigated whether a single empirical value could capture the cryosuction
observed in the experiments. We tested for a range of Ck values that
would provide a water distribution that visually matched the experimental results; this range was between a value of 1 and 3. We include
a small sensitivity test of the empirical cryosuction parameter to show
how we established a single value for Ck for all experiments.
Mizoguchi (1990) used a 20 cm high soil column ﬁlled with
Kanagawa sandy loam. It was frozen from the top with a temperature of −6 °C, while the soil had an initial temperature of 6.7 °C.
Only total water content was measured in this experiment. Several
authors used the dataset of Mizoguchi for model testing, such as
Dall’Amico et al. (2011) and Hansson et al. (2008). We include the
model results from Dall’Amico et al. (2011) for this experiment. By comparing the three versions to their model results, we can assess how well
the diﬀerent mathematical expressions compare with the approach of
Dall’Amico, who used the Clausius-Clapeyron relationship to simulate
cryosuction (Eq. (8)) with an equation splitting method combined with

(13)

where T∗ (K) is the freezing point of water at the current matric pressure
based on total water content, 𝜓 totw , and g is the gravitational acceleration (ms−2 ). Subsequently, matric pressure including the eﬀect of ice is
determined by the following expression:
𝜓𝑡 = 𝜓𝑡𝑜𝑡𝑤 +

𝐾𝑢𝑓

3.2. Model testing

3.1.6. Freezing approach: physically-based version
For the physically-based version, we use the expressions from
Dall’Amico et al. (2011) to determine cryosuction. First, the freezing
temperature is determined by:
𝑔 𝑇0
𝜓
𝐿𝑓 𝑡𝑜𝑡𝑤

𝑡

where Km is the maximum hydraulic conductivity (ms−1 ) for ﬂow towards a frozen soil volume and Ri is the impedance factor for ﬂowrate
reduction due to ice in the soil pores. We will assess to which extent Ri
varies with soil type.

3.1.5. Freezing approach: semi-empirical version
The semi-empirical approach that we use contains the same empirical expression for cryosuction, but it is combined with a physically-based
expression for the SFC. We use Eq. (2), shown above and originally formulated by Zhang et al. (2016), in which the Clausius-Clapeyron relationship is incorporated into the van Genuchten soil water retention expression. The freezing curve of the soil is hence determined by the common van Genuchten soil water retention parameters a and n. The only
unsaturated freezing related parameter to be calibrated for the semiempirical version is therefore Ck for cryosuction.

𝑇 ∗ = 𝑇0 +

𝜃

− 𝑅 i 𝜃𝑖

(14)

If T ≥ T∗ , the equation collapses to 𝜓 t = 𝜓 totw .
The van Genuchten based SFC (Eq. (2)) is used to determine the
soil freezing curve. Hence, both matric potential and freezing point depression are based on the physical relationship between temperature
and pressure. However, similar to other studies (Kurulyk and Watanabe, 2013), we found that the extreme hydraulic gradient at the frozen
5
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Table 3
Parameters and variables used to numerically simulate the experiments of Mizoguchi (1990),
Watanabe et al. (2012) and Zhou et al. (2014).
Parameter/ Variable

Mizoguchi (1990)

Watanabe et al. (2012)

Zhou et al. (2014)

Ksat
𝜖
avg (m − 1 )
nvg
𝜃 res
Initial water content
Initial temperature ( °C)
Top temperature ( °C)
Bottom temperature ( °C)
Thermal conductivity
(Wm− 1K−1 , solid particles)
Measurement times (hours)
Soil texture type

3.19e-06
0.535
1.11
1.48
0.05
0.34
6.7
−6
No ﬂux

2.1e-06
0.617
0.88
1.36#
0.006
0.31, 0.38, 0.46
3.5
−6.2
2

3e-07∗
0.467
0.11
2.2
0.05
0.16, 0.325
3
−4.7, −4
3.5, 3.6

0.55
12, 24, 50
Sandy loam

0.4
48
Silt loam

1
24, 72
Loamy silt

∗
Saturated hydraulic conductivity was not measured. Its current value is the result of an
initial estimation for a loamy silt, subsequently manually calibrated.
#
This value was slightly adjusted from its measured value (1.25) to better ﬁt the measured
SFC points with the van Genuchten SFC function.

the numerical Newton method. Furthermore, we will include the output from SUTRA-ICE for this experimental setup. SUTRA-ICE is a multidimensional saturated and unsaturated water and heat transport model
that includes the depression of the freezing point of water, but not the
process of cryosuction. By comparing the results of our model to SUTRAICE, we can assess the eﬀect of cryosuction on simulated soil physics
such as soil temperature and ice content.
Watanabe et al. (2012) did a freezing experiment on a soil column of
35 cm deep. The soil comes from the A horizon of a weeded fallow ﬁeld
and is characterized by a high porosity. Three diﬀerent columns were
prepared, each with a diﬀerent initial water content: 0.31, 0.38 and
0.46. The column was brought to a homogenous temperature of 3.5 °C
and subsequently frozen from the top with a temperature of −6.2 °C.
The bottom of the column was in contact with a temperature element
set to 2 °C. Measurements were done after 48 h and included total water
content and unfrozen water content.
Zhou et al. (2014) performed a freezing soil column experiment on a
sieved glacial till (sieve size 0.063 mm). The 24 cm high column initially
had a temperature of 3 °C and the experiment was performed with two
diﬀerent initial water contents, 0.16 and 0.325. For these two diﬀerent
initial water content setups, freezing temperatures of −4 and −4.7 °C
were respectively applied at the top. Total water content, unfrozen water content, ice content and soil temperature were measured 24 and 72 h
after freezing started. The parameters for saturated hydraulic conductivity and thermal conductivity are unknown for this experiment and
are therefore estimated based on soil type and subsequently slightly adjusted via manual calibration.

between unfrozen water content and temperature that quickly reaches
the residual water content at relatively high subzero temperature. The
van Genuchten based SFC on the contrary, displays a more gradual decrease in unfrozen water content at lower subzero temperatures, and
even at −8 °C the residual water content is not reached.
With the experiment of Zhou et al. (2014) the empirical SFC and
the van Genuchten SFC represent the measured unfrozen water contents
well. In the experiment of Mizoguchi (1990) no unfrozen water content
measurements were performed to compare the results with, but it is also
clear that the empirical SFC predicts reaching a residual water content at
a much higher temperature than the van Genuchten based SFC. A crucial
diﬀerence between the two SFC approaches thus seems apparent in the
high matric potential range, corresponding to low temperatures (below
−1 °C).
4.2. Calibration results
The calibration results (Table 4) show that w varied for the diﬀerent
soil types used in the experiments. The Ck parameter was kept at a ﬁxed
value of 1.8. To obtain accurate results, it was important to calibrate
the impedance factor, Ri , for each soil type speciﬁcally as otherwise the
predicted cryosuction was noticeably under- or overpredicted.
4.3. Mizoguchi (1990)
The comparisons with the measurements of the experiment by
Mizoguchi (1990) and the simulated outputs of the three approaches in this study, SUTRA-ICE and the numerical model by
Dall’Amico et al. (2011) are shown in Fig. 2 With all three approaches
used in this study, the distribution of total water content after 12, 24
and 50 h is in good agreement with measurements, each performing
slightly better than the model of Dall’Amico et al. (2011). The variation
amongst the empirical, semi-empirical and physically-based approaches
is small. The depth to which cryosuction aﬀects the water distribution
in all simulations seems to align well with the measured water content
proﬁle.
As can be expected, SUTRA-ICE does not reproduce the cryosuctionbased increase of total water content within the frozen zone. Also shown
in Fig. 2 are the ice contents and soil temperature proﬁles of our model
and SUTRA-ICE. The frozen zone, as well as the zero-degree temperature
isotherm, is deeper in the SUTRA-ICE simulation. Although the vertical
extent of the frozen zone is larger, the ice content is lower in the SUTRAICE simulation compared to our model simulation.

4. Results
4.1. Comparison of simulated SFC to measurements
The diﬀerent SFC curves corresponding to the simulations and the
diﬀerent experiments are shown in Fig. 1. With the experiment of
Watanabe et al. (2012), the empirical SFC equation did not perform
well without adjustment. When the measured residual water content
during drying is used, the empirical SFC severely underpredicts the unfrozen water content (Fig. 1). Therefore, we changed the unfrozen residual water content for the empirical SFC to 0.07 (SFC_exp2) instead of
0.006 (SFC_exp). After this adjustment, it is still apparent that the SFC
underpredicts the unfrozen water content. As shown in Fig. 1, a higher
w value for the SFC does not solve the problem (SFC_exp3), as it creates
a too steep decrease in unfrozen water content with decreasing temperature. In general, the empirical SFC displays a near linear relationship
6
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Fig. 1. The exponential and van Genuchten based SFCs used in the simulations of each experiment, compared with the measurements of unfrozen water content at
certain subzero temperatures in case of the experiments of Watanabe et al. (2012) and Zhou et al. (2014). For the experiment of Watanabe et al. (2012) also the
exponential SFCs with a residual water content of 0.006 (SFC_exp2) and a value of 1.5 for w (SFC_exp3) are shown. (For interpretation of the references to colour in
this ﬁgure legend, the reader is referred to the web version of this article.)
Table 4
Calibration results of frozen soil related parameters. The parameters w and Ck are used
for the empirical version, the semi-empirical version requires only the Ck parameter and
the physically-based version requires only the impedance factor, Ri .
Parameter

Mizoguchi (1990)

Watanabe et al. (2012)

Zhou et al. (2014)

w (SFC)
Ck (cryosuction)
Ri (impedance factor)

0.5
1.8
9

0.1
1.8
11

0.5
1.8
12

4.4. Watanabe et al. (2012)

small. The model, however, struggles to capture some of the observed
cryosuction in the lower initial water content setup, as there is a strong
deviation of the total water content in the lower section of the freezing
front after 3 days (Fig. 4). The model in general predicts a mild increase
of total water content with depth in the frozen zone, while the experimental data suggests that there was a steep increase in water content at
the freezing front (depth 12 – 14 cm) after the ﬁrst day. The physicallybased version performed slightly better in this case than the empirical and semi-empirical approach. This could imply that the empirical
cryosuction expression should take total water content into account to
determine the eﬀect of ice on matric potential. For this reason, we tested
with an adapted cryosuction equation for the semi-empirical approach
that is dependent on total water saturation:
[
]2
𝜃
𝜓𝑡 = 𝜓𝑢𝑓 1 + 𝑖 𝐶𝑖 )
(16)
𝜃𝑡𝑜𝑡𝑤

The comparison between simulated output the measurements in the
experiment of Watanabe et al. (2012) are shown in Fig. 3. All versions
of the model perform reasonably well to simulate the observed total
and unfrozen water contents for the three diﬀerent initial water content
setups. Some deviation can be seen with the empirical version, as the
unfrozen water content is underpredicted. The unfrozen water content
drops sharply above 23 cm elevation in the empirical version, while the
other versions and the measurements display a more gradual decrease
in unfrozen water content above this point.
4.5. Zhou et al. (2014)
Figs. 4 and 5 compare the output of the simulations to the experiment of Zhou et al. (2014) for two diﬀerent initial water contents and at
two diﬀerent measurement times. In general, model results are in good
agreement with observed values. All three versions predict the increase
of water in the frozen zone and other output variables with reasonable
accuracy. The variation amongst the diﬀerent versions is noticeable but

where Ci represents the eﬀect of ice on matric pressure. We found a
value of 0.8 for Ci to match the observed cryosuction across the different experiments. The result of substituting Eq. (7) with Eq. (16) is
included in Fig. 4 (CF_S2). For all other cases, results remained roughly
7
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Fig. 2. Measurements of total water content (Obs) in the experiment by Mizoguchi (1990) compared with the model outputs of Dall’Amico et al. (2011), SUTRA-ICE
and the model used in this study after 12, 24 and 50 h. Simulated ice content and soil temperature output displayed as well (CF -E, -S and -P indicating empirical,
semi-empirical or physically based approaches, respectively). Porosity of the soil is 0.535 and initial water content 0.34. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)

unchanged with Eq. (16) as the simulated cryosuction was similar; these
results are therefore not shown. The adjusted equation captured the increase of cryosuction with depth better for the dry scenario, but only for
the result after 72 h.

4.6. Sensitivity to the empirical cryosuction parameter
In addition to the calibrated value for Ck of 1.8 the following values were tested; 1, 1.5, 2.5 and 3. We used these Ck values in the simulations of several of the experimental setups with the empirical ap8
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Fig. 3. Measurements of total water content and unfrozen water content (Obs) after 48 h in the soil freezing column experiment by Watanabe et al. (2012) with
diﬀerent initial water contents (IWC) and the output of the diﬀerent model approaches (CF -E, -S and -P indicating empirical, semi-empirical or physically based
approaches, respectively). Porosity of the soil is 0.617. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version
of this article.)

proach. The results are shown in Fig. 6. It is clear that between a Ck
of 1 to 3, the results are within reasonable accuracy compared to measurements, but the midpoint covering the observed cryosuction in all
experiments appears to be around the calibrated Ck value of 1.8. The
band of results diﬀers for each experiment, as it is narrow below the
frozen zone for Watanabe et al. (2012) and Mizoguchi (1990), but wide
for Zhou et al. (2014).

equation is an adequate means of simulating freezing soil. The diﬀerences in accuracy amongst the empirical, semi-empirical and physically
based approach are small, but noticeable. There is no approach that
consistently performs better when considering all cases.
5.2. Empirical approach
The empirical SFC equation (McKenzie et al., 2007) combined with
the empirical cryosuction equation (Kulik, 1978) circumvents the use
of the more complex Clausius-Clapeyron relationship while the results
show it can adequately capture the freezing process of unsaturated soil.
A promising result is that a ﬁxed parameter value for cryosuction (Ck),
set to 1.8, simulated cryosuction well compared to measurements. Even
though the experiments only represented three soil types, it suggests that
in most cases – at least within the textural range of a sandy loam, silt
loam and loamy silt, no soil type speciﬁc calibration would be required.
This eases the applicability of this approach to a wide range of situations.
Only one case showed underpredicted cryosuction, when the soil started
with a low initial water content of 0.16. Adjusting the cryosuction equation (Eq. (7)) to include a dependency of the cryosuction eﬀect on total

5. Discussion
5.1. General model performance
The model is capable of simulating three diﬀerent unsaturated soil
freezing experiments with reasonable accuracy. These experiments have
diﬀerent initial water content, freezing intensity and soil type. The three
versions of the model predict the penetration depth of the freezing front
with 1-centimeter accuracy in most cases. The ice content and total water contents are predicted reasonably well with an accuracy of about
0.05 (m3 /m3 ). It can thus be concluded that a simple freezing extension
of a common soil water and heat transport model based on the Richard’s
9
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Fig. 4. Measurements of Zhou et al. (2014) of a freezing soil column after 24 and 72 h, compared with the model output of the diﬀerent approaches (CF -E, -S
and -P indicating empirical, semi-empirical or physically based approaches, respectively). Initial water content is 0.16. Results for an adapted cryosuction equation
(Eq. (16)) for the semi-empirical approach are included, designated as “CF_S2”. Porosity of the soil is 0.47. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.)

water content (Eq. (16)), improved the ﬁt slightly. Such a dependency
on total water content could be expected because there are signiﬁcant
changes in matric potential with changing unfrozen water content in the
low water content range of a soil water retention curve; i.e. the eﬀect
of changes in ice content on matric potential could be stronger at low
total water content.
The exponential SFC requires soil type speciﬁc calibration of the empirical SFC parameter (w). It also became clear that though the empirical
exponential SFC works well in most cases, it tends to underpredict the
unfrozen water content in a ﬁne soil - in this speciﬁc case, a loamy silt.
The unfrozen residual water content is quickly reached at relatively high
subzero temperature (between 0 and −1 °C). The residual unfrozen water content should be set to a diﬀerent value than the unsaturated residual water content to avoid a drop to residual unfrozen water content
too quickly. This unfortunately limits the applicability of the exponential SFC to soils with weak soil water retention if an accurate unfrozen
water content, and thus ice content, is desired. In soils with strong soil

water tension, such as clays and silts, the matric potential will increase
signiﬁcantly at lower unfrozen water contents, leading to a strong depression of the freezing point of water. For this reason, the exponential
SFC could not capture the SFC of a silt loam well.
5.3. Semi-empirical approach
The advantage of the semi-empirical approach is that it uses the empirical cryosuction equation, but it relies on the Clausius-Clapeyron relationship to determine the freezing point of water. This means the depression of the freezing point of water is thus based on the well-known
physics of phase change. The van Genuchten based SFC in combination
with the empirical cryosuction equation worked well in all cases considered, except for the low initial water content case. The van Genuchten
based SFC captures the measured SFCs better than the empirical SFC
equation and it provides a more realistic drop of unfrozen water content
at low subzero temperatures. With this approach, residual unfrozen water content is reached at signiﬁcantly lower subzero temperatures com10
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Fig. 5. Comparison of measurements performed by Zhou et al. (2014) in their soil column freezing experiment and the output of the diﬀerent approaches (CF -E,
-S and -P indicating empirical, semi-empirical or physically based approaches, respectively) for total water content, temperature, unfrozen water content and ice
content after 72 h with an initial water content of 0.325. Porosity of the soil is 0.47. (For interpretation of the references to colour in this ﬁgure legend, the reader
is referred to the web version of this article.)

pared to the exponential SFC. Another beneﬁt of the semi-empirical approach is that it does not require a special parameter for the SFC. Hence,
only the Ck parameter is needed. Since the empirical cryosuction equation predicts cryosuction well with a ﬁxed value for Ck, it is implied
that this approach does not need calibration of a freezing related soil
parameter.

case, it requires reduction of ﬂow to the frozen zone via an empirical
impedance factor.
The impedance factor is an empirical, soil type speciﬁc parameter,
and as we noted there is debate about the validity of its use. We used
the impedance factor as a representation of reduced soil porosity in the
frozen soil, akin to a soil heterogeneity. In our approach, the impedance
parameter had to vary for the diﬀerent soil types in the experiment to
capture the cryosuction process well. An alternative approach could be
the dual porosity model used by Watanabe et al. (2010). A next step
in a physically-based approach would likely involve changing the soil
hydrological properties based on ice content, as it can be expected that
the soil water retention parameters and saturated hydraulic conductivity
would change with increasing ice content (Noh et al., 2012), but this
would require further experimental study.

5.4. Physically-based approach
By limiting the ﬂow of unfrozen water to the frozen zone with an
impedance function, we were able to simulate cryosuction based on the
Clausius-Clapeyron relationship in a simple numerical model with good
accuracy. In all cases results were in good agreement with observations;
only at the onset of freezing, the impedance factor tends to limit the ﬂow
towards the freezing front slightly too strongly in some cases. The main
advantage of the physically-based approach is that it relies on the underlying physics of the temperature-pressure phase change relationship
for both the freezing point depression and cryosuction, and it should
therefore be widely applicable. The disadvantage is that, at least in our

5.5. The importance of simulating cryosuction
By comparing the results of our model to SUTRA-ICE, which does
not simulate cryosuction, we could identify the eﬀect it had on total
11
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Fig. 6. Sensitivity analysis of the Ck parameter, using the empirical approach (CF_E). Results are shown for the experiment of Mizoguchi (1990),
Watanabe et al. (2012) with initial water content 0.38 and Zhou et al. (2014) with initial water content 0.325. Ck was set to 1, 1.5, 1.8, 2.5 and 3. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

water content, ice content and temperature. Cryosuction logically increases the total water content in the frozen zone. Accordingly, it slows
down the freezing front as the heat capacity of the upper soil is increased
and more energy is used for phase change. Consequently, in SUTRA-ICE,
the freezing front progresses faster and the frozen zone becomes larger,
though with a lower ice content. This implies that without cryosuction,
the frozen zone has a higher permeability and more space for accommodating inﬁltrating water. Of practical concern in ﬂood risk assessment,
cryosuction thus strongly aﬀects the inﬁltration capacity of a soil. Our
study however is based on medium to ﬁne textured soils in the range
of loam and silt. It can be expected that for coarse soils such as sand,
in which gravitational drainage signiﬁcantly precedes cryosuction, the
eﬀect of cryosuction on total water content is strongly diminished. In
very ﬁne soils such as clays, cryosuction has been found to play a limited role as well due to very low hydraulic conductivity preventing water
redistribution (Miller, 1980).

was used in our numerical scheme by regarding a frozen soil volume
as a soil discontinuity. Similar to other studies, it was also necessary
to use an impedance function in order to not overpredict upward ﬂow
(Kurylyk and Watanabe, 2013). The main advantage of this approach
is that it is more physically based and therefore should be more widely
applicable to diﬀerent freezing circumstances, although it requires soil
type calibration of the impedance factor.
The suggested approaches are useful for large-scale models in the
simulation of frozen unsaturated soil. Depending on available soil
data and model scale, an empirical, semi-empirical or physically-based
approach could be preferred. Correct simulation of ice and water
content is relevant in case of determining soil inﬁltration capacity and
possible contaminant pathways. In addition, by simulating cryosuction
correctly, it will be possible to predict zones of increased total water
content which are thus susceptible to ice lensing and frost heave.
Further modeling studies could investigate soil freezing and thawing
dynamics in relation to actual inﬁltration of rain- and meltwater, which
has received little attention. An important topic would for example be
freezing of inﬁltrating water, which would lower inﬁltration capacity
but add signiﬁcant amounts of energy as latent heat.

6. Conclusion
In this study, a simple 1D numerical model is used to simulate water and heat transport with phase change in unsaturated soil via three
diﬀerent approaches: empirical, semi-empirical and physically based.
These approaches constitute new combinations of previously developed
equations. The fully empirical approach uses an empirical exponential
function for the soil freezing curve (SFC) and an empirical function for
cryosuction. We found that the empirical SFC underpredicts unfrozen
water content for ﬁne soils at low subzero temperatures (below −1 °C),
leading to a loss of accuracy. The advantage of this approach is that it
does not require accurate soil water retention parameters to work and
that it does not rely on the assumptions associated with the ClausiusClapeyron approach (such as thermal, phase and mechanic equilibrium).
The semi-empirical approach uses the van Genuchten soil water retention model combined with the Clapeyron relationship for the SFC,
while cryosuction is based on the empirical equation. Since the cryosuction equation worked well with the same parameter value for a sandy
loam, silt loam and loamy silt, the main advantage of this approach
seems to be that calibration of a soil type related freezing parameter
can be avoided. The van Genuchten.based SFC also performs better at
temperatures below −1 °C, as it more accurately links matric pressure to
the freezing point depression. Therefore, if correct unfrozen water content is desired for freezing soils with signiﬁcant ﬁne particle content, the
semi-empirical approach is preferred. The physically based approach
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Table A
Parameter and variable values used in the comparative scenario simulations with the model used in this study (CF), SUTRA-ICE and HYDRUS-1D (only scenario 4).
Parameter/ variable

Scenario 1 (warming
- unsaturated)

Scenario 2 (warming
- saturated)

Scenario 3 (freezing
- saturated)

Scenario 4 (thawing
- saturated)

Scenario 5
(inﬁltration)

Scenario 6
(advection)

Ksat (ms−1 )
𝜖
a (cm−1 )
n
𝜃 init
𝜃 res
w (SFC)
Tinit ( °C)
Ttop ( °C)
csoil (Wm−1 K−1 )
Source Flow
Source T ( °C)
Simulation time

1e-05
0.4
0.145
2.68
0.06
0.01

1e-05
0.4
0.145
2.68
0.4
0.01

2.89e-06
0.4
0.036
1.56
0.10
0.01

0
1
1.5

1e-05
0.4
0.145
2.68
0.4
0.01
0.5
−1
1
1.5

2.89e-06
0.4
0.036
1.56
0.10
0.01

0
1
1.5

1e-05
0.4
0.145
2.68
0.4
0.01
0.5
0
−1
1.5

1

0

1.5
2 mm/hr

24 hrs

24 hrs

168 hrs

72 hrs

168 hrs

1.5
5 mm/hr
5
48 hrs

Fig. A. Comparison of simulated temperatures after 24 h of the model used in this
study and SUTRA-ICE with two diﬀerent initial water contents (0.06 and 0.4; scenario 1
and 2, respectively), a top boundary of 1 °C
and uniform initial temperature of 0 °C. CF
is the empirical version of the model used
in this study. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this
article.)

Fig. B. Comparison of simulated temperatures after 24 and 168 h of the model used in
this study and SUTRA-ICE with a top boundary of −1 °C and a uniform initial temperature
of 0 °C (scenario 3). CF is the empirical version of the model used in this study. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web
version of this article.)

Appendix Comparison of model basic energy and water transport
with SUTRA and HYDRUS1D

Galerkin type linear ﬁnite elements. Both models have been in the public
domain for decades and have been applied to numerous case studies.
For the comparisons with our model, we set up a 1D model domain
with a vertical extent of 1 meter, a no-ﬂux (energy or water) bottom
boundary (at a depth of 1 m) and constant top boundary conditions (at
an elevation of 0 m). We chose diﬀerent scenarios to test the unsaturated
ﬂow, heat conduction, latent heat ﬂux and advection. Parameters and
other conditions are listed in Table A for the six scenarios considered
(parameter constants used are listed in Table 2 in the main text). Re-

SUTRA was originally developed for saturated and unsaturated
groundwater ﬂow of variable-density with solute or energy transport,
but it has been extended to include the freeze-thaw process (beta version used, called SUTRA-ICE). It uses Galerkin ﬁnite element and ﬁnite
diﬀerence methods. HYDRUS-1D is a model used for water, heat and
solute ﬂow in variably saturated media. Its numerical solver is based on
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Fig. C. Comparison of simulated temperatures
after 24 and 72 h of the model used in this
study and SUTRA-ICE with a top boundary of
1 °C and a uniform initial temperature of −1 °C
(scenario 4). Only 0 to 50 cm depth shown
of total 100 cm depth in the simulation. CF is
the empirical version of the model used in this
study. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. D. Comparison of simulated water contents after 1, 2, 3, 4 and 7 days of the model used in this study, HYDRUS1D and SUTRA-ICE with a top boundary
sourceﬂow of 2 mm per hour (scenario 5). CF is the empirical version of the model used in this study. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)

Fig. E. Comparison of simulated temperature after 12, 24 and 48 h of the model used in this study and SUTRA-ICE with a top boundary sourceﬂow of 5 mm per hour
with a water temperature of 5 °C and no speciﬁed temperature boundaries (scenario 6). CF is the empirical version of the model used in this study. (For interpretation
of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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sults are shown in Figs. A–E. These show a nearly identical ﬁt between
output of HYDRUS1D or SUTRA-ICE for all cases considered compared
to the model used in this study (empirical approach used, designated
with “CF”).

Lunardini, V.J., 1988. Freezing of Soil With an Unfrozen Water Content and Variable Thermal Properties. U.S. Army Corps of Engineers Cold Regions Research and Engineering
Laboratory, Hanover, NH.
Lundberg, A., Ala-Aho, P., Eklo, O., Klöve, B., Kværner, J., Stumpp, C., 2016. Snow and
frost: implications for spatiotemporal inﬁltration patterns - a review. Hydrol. Processes 30 (8), 1230–1250. https://doi.org/10.1002/hyp.10703.
Lundin, L., 1990. Hydraulic properties in an operational model of frozen soil. J. Hydrol.
118, 289–310. https://doi.org/10.1016/0022-1694(90)90264-X.
Ma, W., Zhang, L., Yang, C., 2015. Discussion of applicability of the generalized ClausiusClapeyron equation and the frozen fringe process. Earth Sci. Rev. 142, 49–59.
https://doi.org/10.1016/j.earscirev.2015.01.003.
McKenzie, J.M., Voss, C.I., Siegel, D.I., 2007. Groundwater ﬂow with energy
transport and water-ice phase change: numerical simulations, benchmarks, and
application to freezing in peat bogs. Adv. Water Res. 30 (4), 966–983.
https://doi.org/10.1016/j.advwatres.2006.08.008.
Miller, R.D., 1980. Freezing phenomena in soils. In: Hillel, D. (Ed.), Application of Soil
Physics. Academic Press, pp. 254–299.
Miller, R.D., Black, P.B., 2003. Redistribution of water in terrestrial soils at subfreezing
temperatures. a review of processes and their potential relevance to Mars. J. Geophys.
Res. 108 (E4). https://doi.org/10.1029/2002JE001873.
Mizoguchi, M., 1990. Water, heat and salt transport in freezing soil (in Japanese)
PhD thesis. Graduate School of Agricultural and Life Sciences, University of
Tokyo.
Mohammed, A.A., Kurylyk, B.L., Cey, E.E., Hayashi, M., 2018. Snowmelt inﬁltration and
macropore ﬂow in frozen soils: overview, knowledge gaps, and a conceptual framework. Vadose Zone J. 17 (1), 1–15. https://doi.org/10.2136/vzj2018.04.0084.
Mualem, Y., 1976. A new model predicting the hydraulic conductivity of unsaturated
porous media. Water Resour. Res. 12, 513–522.
Newman, G., Wilson, G., 1997. Heat and mass transfer in unsaturated soils during freezing.
Can. Geotech. J. 34, 63–70.
Noh, J.H., Lee, S.R., Park, H., 2012. Prediction of Cryo-SWCC during
freezing based on pore-size distribution. Int. J. Geomech. 12 (4), 428–438.
https://doi.org/10.1139/t96-085.
Pittman, F., Mohammed, A., Cey, E., 2020. Eﬀects of antecedent moisture and macroporosity on inﬁltration and water ﬂow in frozen soil. Hydrol. Processes 34, 795–809.
https://doi.org/10.1002/hyp.13629.
Rango, A., DeWalle, D.R., 2008. Principles of Snow Hydrology. Cambridge University
Press, Cambridge.
Richards, L.A., 1931. Capillary conduction of liquids through porous mediums. Physics
(College Park Md) 1 (5), 318–333. https://doi.org/10.1063/1.1745010.
Ren, J.P., Vanapalli, S.K., Han, Z., 2017. Soil freezing process and diﬀerent expressions for the soil-freezing characteristic curve. Sci. Cold Arid Regions 9 (3)
https://doi.org/221-228.10.3724/SP.J.1226.2017.00221.
Shoop, S.A., Bigl, S.R., 1997. Moisture migration during freeze and thaw of unsaturated soils: modeling and large scale experiments. Cold Reg. Sci. Technol. 25, 33–45.
https://doi.org/10.1016/S0165-232X(96)00015-8.
Šimůnek, J., Šejna, M., van Genuchten, M.T., 1998. The HYDRUS-1D Software Package
For Simulating the One-Dimensional Movement of water, heat, and Multiple Solutes
in Variably-Saturated media. Version 1.0. IGWMC – TPS – 70. International Ground
Water Modeling Center, Colorado School of Mines, Golden, Colorado.
Stähli, M., 2006. Freezing and thawing phenomena in soils. Encyclopedia of Hydrological Sciences. John Wiley & Sons, Hoboken, NJ. https://doi.org/10.1002/
0470848944.hsa075.
Spaans, E.J.A., Baker, J.M., 1996. The soil freezing characteristic: its measurement and
similarity to the soil moisture characteristic. Soil Sci. Soc. Am. J. 60, 13–19.
Taylor, G.S., Luthin, J.N., 1978. A model for coupled heat and moisture transfer during
soil freezing. Can. Geotech. J. 15, 548–555. https://doi.org/10.1139/t78-058.
Voss, C.I., Provost, A.M., 2002. SUTRA, a model for saturated-unsaturated variable-density ground-water ﬂow with solute or energy transport. In: U.S. Geological Survey
Water-Resources Investigations Report 02-4231, p. 291.
Watanabe, K., Flury, M., 2008. Capillary bundle model of hydraulic conductivity of frozen
soil. Water Resour. Res. 44 (12). https://doi.org/10.1029/2008WR007012.
Watanabe, K., Kito, T., Sakai, M., Toride, N., 2010. Evaluation of hydraulic properties
of a frozen soil based on observed unfrozen water contents at the freezing front. J.
Japanese Soc. Soil Phys. 116, 9–18.
Watanabe, K., Kito, T., Dun, S., Wu, J.Q., Greer, R.C., Flury, M., 2012. Water inﬁltration
into a frozen soil with simultaneous melting of the frozen layer. Vadose Zone J. 12
(1). https://doi.org/10.2136/vzj2011.0188.
Watanabe, K., Osada, Y., 2017. Simultaneous measurement of unfrozen water content and
hydraulic conductivity of partially frozen soil near 0 °C. Cold Reg. Sci. Technol. 142,
79–84. https://doi.org/10.1016/j.coldregions.2017.08.002.
Williams, P.J., Smith, M.W, 1989. Fundamentals of Geocryology. Cambridge University
Press, Cambridge.
Woo, M.K., 2012. Permafrost Hydrology. Springer-Verlag, Berlin.
Yang, D., Zhang, T., Zhang, K., Greenwood, D.J., Hammond, J.P., White, P.J., 2009. An
easily implemented agro-hydrological procedure with dynamic root simulation for
water transfer in the crop-soil system. validation and application. J. Hydrol. 370 (1–
4), 177–190. https://doi.org/10.1016/j.jhydrol.2009.03.005.
Zhang, X., Sun, S.F., Xue, Y., 2007. Development and testing of a frozen soil parameterization for cold region studies. Am. Meteorol. Soc. 8, 690–701. https://doi.org/10.1175/
JHM605.1.
Zhang, S., Teng, J., He, Z., Sheng, D., 2016. Importance of vapor ﬂow in unsaturated freezing soil. A numerical study. Cold Reg. Sci. Technol. 126. https://doi.org/10.1016/
j.coldregions.2016.02.011.

References
Anderson, D.M., Tice, A.R., 1972. Predicting unfrozen water contents in frozen soils from
surface area measurements. Highway Res. Rec. 393, 12–18.
Azmatch, T.F., Sego, D.C., Arenson, L.U., Biggar, K.W., 2012. New ice lens initiation
condition for frost heave in ﬁne-grained soils. Cold Reg. Sci. Technol. 82, 8–13.
https://doi.org/10.1016/j.coldregions.2012.05.003.
Carson, J.E., 1961. Soil Temperature and Weather conditions. AEC Research and Development Report, ANL-6470. Argonne National Laboratory, Argonne, Ill.
Dall’Amico, M., Endrizzi, S., Gruber, S., Rigon, R., 2011. A robust and energyconserving model of freezing variably-saturated soil. Cryosphere 5 (2), 469–484.
https://doi.org/10.5194/tc-5-469-2011.
Demand, D., Selker, J.S., Weiler, M., 2019. Inﬂuences of macropores on inﬁltration into seasonally frozen soil. Vadose Zone J. 18 (1). https://doi.org/10.2136/
vzj2018.08.0147.
Durner, W., 1994. Hydraulic conductivity estimation for soils with heterogeneous pore
structure. Water Resour. Res. 30, 211–223. https://doi.org/10.1029/93WR02676.
Evans, S.G., Ge, S., Voss, C.I., Molotch, N.P., 2018. The role of frozen soil in groundwater discharge predictions for warming alpine watersheds. Water Resour. Res. 54 (3),
1599–1615. https://doi.org/10.1002/2017WR022098.
Flerchinger, G.N., Saxton, K.E., 1989. Simultaneous heat and water model of a freezing
snow-residue-soil system I. Theory and development. Trans. ASAE 32 (2), 565–571.
French, H.K., Hardbattle, C., Binley, A., Winship, P., Jakobsen, L, 2002.
Monitoring
snowmelt
induced
unsaturated
ﬂow
and
transport
using electrical resistivity tomography. J. Hydrol. 267 (3–4), 273–284.
https://doi.org/10.1016/S0022-1694(02)00156-7.
French, H.K., Binley, A., 2004. Snowmelt inﬁltration: monitoring temporal and spatial variability using time-lapse electrical resistivity. J. Hydrol. 297 (1–4), 174–186.
https://doi.org/10.1016/j.jhydrol.2004.04.005.
van Genuchten, M., 1980. A closed-form equation for predicting the hydraulic
conductivity of unsaturated soils. Soil Sci. Soc. Am. J. 44 (5), 892–898.
http://dx.doi.org/10.2136/sssaj1980.03615995004400050002x.
Jouybari, N.F., Lundström, T.S., Hellström, J.G.I, 2020. Investigation of thermal dispersion and intra-pore turbulent heat ﬂux in porous media. Int. J. Heat Fluid Flow 81.
https://doi.org/10.1016/j.ijheatﬂuidﬂow.2019.108523.
Liu, G., Zhou, Z., Li, Z., Zhou, Y., 2014. Analysis and experimental study on thermal dispersion eﬀect on small scale saturated porous aquifer. Energy 67, 411–421.
https://doi.org/10.1016/j.energy.2013.12.062.
Hansson, K., Šimůnek, J., Mizoguchi, M., Lundin, L., van Genuchten, M.T., 2004. Water
ﬂow and heat transport in frozen soil. numerical solution and freeze-thaw applications. Vadose Zone J. 3 (2), 693–704.
Harlan, R.L., 1973. Analysis of coupled heat-ﬂuid transport in partially frozen soil. Water
Resour. Res. 9 (5), 1314–1323. https://doi.org/10.1029/WR009i005p01314.
Hayashi, M., van der Kamp, G., Schmid, R., 2003. Focused inﬁltration of snowmelt
water in partially frozen soil under small depressions. J. Hydrol. 270, 214–229.
https://doi.org/10.1016/S0022-1694(02)00287-1.
Hayashi, M., 2013. The cold vadose zone. Hydrological and ecological signiﬁcance
of frozen-soil processes. Vadose ZoneJournal 12 (4). https://doi.org/10.2136/
vzj2013.03.0064.
Holten, R., 2019. The eﬀect of freezing and thawing on water ﬂow and pesticide leaching
in partially frozen soil: soil column experiments and model development PhD Thesis.
Ås: Norwegian University of Life Sciences.
Ippisch, O., 2001. Coupled transport in natural porous media PhD Thesis. Rupertus Carola
University of Heidelberg, Heidelberg.
Ireson, A.M., van der Kamp, G., Ferguson, G., Nachshon, U., Wheater, H.S., 2013.
Hydrogeological processes in seasonally frozen northern latitudes: understanding, gaps and challenges. Hydrogeol. J. 21 (1), 53–66. https://doi.org/10.1007/
s10040-012-0916-5.
Jame, Y.W., Norum, D.I., 1972. Phase Composition of a Partially Frozen soil. Division of
Hydrology. College of Engineering, University of Saskatchewan, Saskatoon Research
Paper 11.
Jansson, P.E., Karlberg, L., 2004. Coupled Heat and Mass Transfer Model For Soil-Plant-Atmosphere Systems. Royal Institute of Technology, Department of Civil and Environmental Engineering, Stockholm, Sweden.
Koopmans, R.W., Miller, R.D., 1966. Soil freezing and soil water characteristic
curves. Soil Sci. Soc. America Proc. 30 (6), 680–685. https://doi.org/10.2136/
sssaj1966.03615995003000060011x.
Kulik, V.Y., 1978. Water Inﬁltration into Soil (in Russian). Gidrometeoizdat.
Kurylyk, B.L., Watanabe, K., 2013. The mathematical representation of freezing and thawing processes in variably-saturated, non-deformable soils. Adv. Water Res. 60, 160–
177. https://doi.org/10.1016/j.advwatres.2013.07.016.
Li, Q., Sun, S., Xue, Y., 2010. Analyses and development of a hierarchy of frozen
soil models for cold region study. J. Geophys. Res. 115 (D03107), 1–18.
https://doi.org/10.1029/2009JD012530.
Loranger, B., Scibilia, E., Hoﬀ, I., Aksnes, J., Skoglund, K., 2017. Evaluation of Norwegian
gradation based regulation for frost susceptibility of crushed rock aggregates in roads
and railways. The 10th International Conference on the Bearing Capacity of Roads,
Railways and Airﬁelds (BCRRA 2017).
15

J.C. Stuurop, S.E. A. T.M. van der Zee, C.I. Voss et al.

Advances in Water Resources 149 (2021) 103846

Zhao, Y., Nishimura, T., Hill, R., Miyazaki, T., 2013. Determining hydraulic conductivity
of air-ﬁlled porosity in an unsaturated frozen soil by the multistep outﬂow method.
Vadose Zone J. 12 (1). https://doi.org/10.2136/vzj2012.0061.

Zhou, X., Zhou, J., Kinzelbach, W., Stauﬀer, F., 2014. Simultaneous measurement
of unfrozen water content and ice content in frozen soil using gamma ray attenuation and TDR. Water Resour. Res. 50 (12), 9630–9655. https://doi.org/
10.1002/2014WR015640</bib.

16

