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Abstract

The division of sediment at river bifurcations is crucial for the morphodynamics of
anastamosing rivers and distributary delta channel networks. Many river bifurcations are strongly
asymmetric and have a planform where a small channel branches off to the side. Such a configuration is
also typical for man-made diversions of water and sediment into canals. At asymmetric bifurcations, the
division of sediment is influenced by the secondary current, which is caused by the turning of the flow
toward the side. The secondary currents cause especially water from the lower parts of the water column to
be diverted into the side branch. As the sediment concentration close to the bottom is high, side branches
can receive a disproportionately large fraction of the incoming sediment load, relative to the water
discharge. Lateral diversions have been extensively studied with physical and numerical experiments, with
the goal to either mitigate or exploit this effect. However, a systematic mathematical analysis of the
parameter space has not yet appeared in the literature. Here, we present a comprehensive analysis by way
of an idealized model, revealing how the division of sediment is influenced by the width and depth of the
branches. We show that the excess of sediment that is diverted into the side branch is lower when the inlet
to the side branch is wider and shallower. This may have larger implications for the stability of delta
channel networks, as inlets to side branches tend to be locally wider, which likely contributes to their
morphological stability.
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This article was prematurely published
without the authors’ corrections.
Corrections were made on 24 June
2020, to incorporate the author’s
changes.
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KÄSTNER AND HOITINK

The division of sediment at river bifurcations is crucial for the evolution of fluvial channel networks. A
network can be highly dynamic when the sediment that arrives at a bifurcation is not divided among the
bifurcation branches in proportion to their transport capacity, as a branch that receives more sediment than
what it can carry fills in, while a branch that receives less sediment scours and widens (Sloff et al., 2013; Wang
et al., 1995). This can have dire consequences, as channels can become defunct or infrastructure become
undermined (Bateman et al., 2009; Doets, 2015; Edmonds, 2012; Goodfriend & Stanley, 1999; Mendoza et al.,
2016; Morozova, 2005).
Many river bifurcations are very asymmetric so that one of the branches receives a larger part of the discharge
and is much wider than the other one. The asymmetry is often reflected in the planform of a bifurcation. The
approaching channel and main branch nearly form a continuous reach, while the smaller channel branches
off to the side. This configuration is similar to that of man-made lateral diversions. Such diversions have
historically been studied in the laboratory by Bulle (1926), Habermaas (1935), Riad (1961), and Herrero et al.
(2015), as well as recently with large-scale computer simulations by Shettar and Murthy (1996), Neary et al.
(1999), Gaweesh and Meselhe (2016), and Dutta et al. (2017). The experiments show that in proportion to
the discharge, a larger fraction of sediment is diverted into a side branch. This is because the turning of the
flow into the side branch induces a secondary current, which primarily diverts water from the lower part of
the water column, which carries most of the sediment, into the side branch. This is in contrast to what may
be expected from the transport capacity of the branches, as the transport capacity decreases more rapidly
than the size of a branch (Wang et al., 1995). This implies that side branches fill in over time.
Despite the experimental results, many asymmetric bifurcations in river deltas have been stable over
extended periods, which suggests that the sediment is divided in proportion to the transport capacity of the
branches. Thus, there seem to be factors that counteract the steering of sediment by the secondary flow.
In gravel-bed rivers, bifurcations can be stabilized by a transverse slope across the approaching channel,
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which directs bed material into the larger and deeper branch (Bolla Pittaluga et al., 2003, 2015; Redolfi et al.,
2016). However, the transverse slope does not seem to be the factor that stabilizes deltaic bifurcations of
large sand-bed rivers (Buschman et al., 2010; Kästner & Hoitink, 2019; Sassi et al., 2013). Large sand-bed
rivers transport sediment predominantly in suspension, which can reduce the effect of the secondary flow
and is known to affect the dynamics of avulsion channels (Slingerland & Smith, 1998). Another factor that
can influence the division of sediment is the curvature of the upstream channel, as the secondary flow in
meander bends can steer sediment toward branches located in the inner bend (Kleinhans et al., 2008) and
as transverse material sorting can influence the division (Sloff & Mosselman, 2012). Another contributing
factor is the migration of river banks. Channels in scale models typically have fixed banks and a regular
geometry, so that they intersect with sharp corners. This entails different flow and sediment transport patterns than in natural channels, where the transition between channels is smooth. Flow separation is reduced
or absent due to the absence of a sharp corner, and the larger effective width reduces the strength of the flow.
Bank migration can also increase the bifurcation angle over time (De Heer & Mosselman, 2004; Kästner
& Hoitink, 2019). Some scale experiments with different bifurcation angles and smoothed banklines have
been conducted (Bulle, 1926; Riad, 1961), but so far, no model has been developed that incorporates these
factors to simulate their evolution over time, as the bank migrates. Due to a lack of sufficient empirical
evidence from the field, it remains uncertain which factors govern the division of sediment and hence determine the stability of bifurcations of large sand-bed rivers (Kleinhans et al., 2013). Likely, reasons differ from
case to case.
Several empirical relations for the division of sediment into lateral branches have been proposed (Meijer
& Ksiazek, 1994; Raudkivi, 1993; Van der Mark & Mosselman, 2013). These relations are curves fitted to
physical and numerical experiments. However, until now, the parameter space has not been systematically
analyzed, and no mathematical model has been brought forward that determines the division of sediment
at a lateral diversion. Here, we take the first step toward a generic model that accounts for the influence of
the secondary flow on the division of sediment at lateral diversions.
We base our model on the observation that the division of sediment is closely related to the streamlines of the
near-bed flow (Raudkivi, 1993). While the division of water is determined to the dividing streamline of the
depth-averaged flow, the division of bedload is linked to the streamline of the near-bed flow. Both the streamlines of the depth-averaged and near-bed flow curve toward the diversion, but the secondary flow causes
the arc near the bed to be larger. Van der Mark and Mosselman (2013) considered this in their empirical
model, albeit in a rather ad hoc manner. We circumvent the preclusion of a particular functional relationship, by directly determining the dividing streamline of the flow. This is made possible by the observation
that the velocity at an idealized bifurcation closely resembles that of potential flow (Hager, 1984), which can
be determined on hand of simple expressions. These also give insight into the influence of the parameters
on the division of sediment.
Potential flow has been applied to determine the velocity at lateral diversions by Modi et al. (1981), Sinha and
Odgaard (1996), Hassenpflug (1998), and Kacimov (2000). These studies focus on the computation of the
depth-averaged flow, but none of those studies explored the near-bed flow nor its parameter space. Nevertheless, the near-bed flow and the sediment division can be readily approximated from the depth-averaged flow
(Kawai et al., 1993; Raudkivi, 1993). Here, we determine the division of sediment at a lateral diversion with
idealized geometry based on potential flow. We explore how the width and depth of the channels, as well as
the division of discharge, influence the division of sediment. With the channel dimensions, we consider the
most essential parameter set. Our model can serve as a basis to investigate more complex geometries with
arbitrary bifurcation angle and inlet shape, bathymetry, or flow separation in the side branch.

2. Flow at a Lateral Diversion
The division of water can be understood on the hand of the streamlines of the depth-averaged flow. The
flow near the right bank is diverted into the side branch, and the corresponding streamlines are turning into
the side branch. There is one streamline, the dividing streamline, which separates the part of the flow that
enters the side branch from that remaining in the main channel (figure 1). Similarly, the division of sediment
can be understood on the hand of the streamlines of the near-bed flow, as the sediment is predominantly
transported near the bed. The turning of the flow into the side branch induces a secondary flow orthogonal
with respect to the streamline, which is directed inward near the bed and outward near the surface. As a
KÄSTNER AND HOITINK
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Figure 1. (a) Schema of the lateral diversion; (b) streamlines and magnitude of the flow, as the superposition of (c) the
flow along the main branch; and (d) flow into the diversion, dividing streamline of the depth-averaged flow is bold, and
that of the near-bed flow dashed; red boundaries indicate outflow and green boundaries inflow. Note that the side
branch does not necessarily have to take off at an angle of 90◦ . Slanted side branches can be accounted for, by noticing
that width of the inlet scales to the width of the side branch as sin1 𝜃 , where 𝜃 is the angle between the main channel
and side branch.

result, most water enters the side branch from the lower part of the water column. The secondary flow also
results in a wider turn of the dividing streamline of the near-bed flow. Sediment transported as bedload
is divided by the dividing streamline of the near-bed flow (Raudkivi, 1993). In the remaining part of the
section, we determine the flow at a lateral diversion with idealized geometry and show how on hand of the
streamlines the division of sediment can be determined.
2.1. Flow at a Lateral Diversion From a Wide Channel
We consider a highly idealized geometry, where the main channel has a rectangular cross section with constant width and a horizontal bed. The inlet to the side branch has also a rectangular cross section, with the
same bed level as the main channel.
We assume that the flow is stationary and that the momentum balance is dominated by advective acceleration so that the depth-averaged flow is determined by continuity alone:
Δ · (h⃗
u) =

𝜕hu 𝜕hv
+
= 0,
𝜕x
𝜕y

(1)

where u is the velocity component pointing in the direction of the main channel and v is the orthogonal
velocity component pointing across the main branch toward the side branch. x and y are the corresponding
coordinates, along and across the main branch, respectively, and h is the channel depth. Bold symbols stand
for variables in natural dimensions, while the italic variables and operators introduced below are normalized
to unit dimensions. We consider flow with a small Froude number and hence neglect the perturbation of
the surface elevation by the flow.
Without loss of generality, we center the diversions at x⃗ = (x, 𝑦) = (0, 0) and denominate the length of the
main channel as L. We only consider the case where the main channel is long, that is, L → ∞. The boundary
conditions for the case of uniform depth (Δh = 0) are
)
)
(
(
w
1
1
u − L, y = uin , u + L, y = uin − s v0 ,
(2a)
2
2
w0

v(x, −w0 ) = 0, v(x, 0) = v0 f,

(2b)

where w0 and ws are the widths of the main channel and inlet to the side branch, respectively. v0 is velocity
averaged across the inlet. The function f represents the velocity profile of the flow across the inlet and is
KÄSTNER AND HOITINK
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elsewhere on the right bank equal to zero. Qin = uin h w0 and Qs = v0 h ∫

1
w
2 s

− 12 ws

fdx = v0 h w0 are the

discharges in the approaching channel and in the side branch, respectively. The system is conservative; that
is, the inflow discharge is balanced by the sum of the two outflow discharges.
The velocity is uniquely determined by the univariate velocity potential Φ, with u = − 𝛼Φ
, v = − 𝛼Φ
so that
𝛼x
𝛼y
the continuity equation (1) simplifies to an equation in one variable:
(3)

Δh · ΔΦ + h ΔΦ = 0,
[

]

𝛼
𝛼
𝜕
𝜕
where Δ = 𝛼x
, 𝛼y
and Δ = Δ · Δ = 𝜕x
+ 𝜕y
. For uniform depth, this simplifies further to the Laplace
2
2
equation ΔΦ = 0. We reduce the number of parameters by normalizing distance by ws and time by ws ∕uin
so that
2

⃗=
u

Φ = uin ws Φ

2

x⃗ =

uin u⃗ ,

ws x⃗,

1
Δ.
ws

Δ=

Δ=

1
Δ.
ws2

(4)

Normalized, the governing equation is
(5)

ΔΦ = 0,

with the boundary conditions
lim u = lim

x→−∞

v|𝑦=0 =

x→−∞

𝜕Φ
= 1,
𝜕x

𝜕Φ ||
= 𝛼 𝑓,
𝜕𝑦 ||𝑦=0

lim Φ = 0,

x→+∞

v|𝑦= 1 =
𝛾

𝛼Φ ||
= 0.
𝜕𝑦 ||𝑦= 1

(6a)

(6b)

𝛾

Herein, 𝛼 = v0 ∕uin is the relative strength of the flow into the side branch with respect to that along the main
channel, and 𝛾 = ws ∕w0 is the ratio of the width of the inlet to that of the main channel. We fix Φ to zero at
the downstream end of the main channel. The solution naturally adjusts to limx→+∞ u = limx→+∞ 𝜕Φ∕𝜕x =
1 − 𝛼 𝛾 at the downstream boundary.
As potential flow is linear, it can be decomposed into the sum of superimposed potential flows. This implies
that the depth-averaged flow along the main channel does not influence the depth-averaged flow into the
side branch and vice versa (figure 1). The potential flow can thus be determined by convolving the fundamental solution of the Laplacian with the velocity profile f . For the limit case of an infinitely wide main
channel (w0 → ∞, 𝛾 → 0), this is
√
2
𝛼
Φ = −x +
𝑓 (x′ ) log (x − x′ )2 + 𝑦2 dx′ .
𝜋 ∫− 1
1

(7)

2

This yields the first important result, namely, that for a wide main channel and a particular velocity profile
f ; the depth-averaged flow is fully determined by a single parameter 𝛼 , irrespectively of scale.
There is an analytic solution when the velocity distribution f is a piecewise continuous polynomial. In
particular, for a constant profile (f = 1, when − 12 ≤ x ≤ + 12 , and 0 otherwise), the velocity is
u=1−
{
v=

𝛼
ln
2𝜋

(

1 + 4 x 2 + 4 𝑦2 + 4 x
1 + 4 x 2 + 4 𝑦2 − 4 x

)

,

(
)
− 𝜋𝛼 arctan2 4 𝑦, 4 x2 + 4 𝑦2 − 1 , 𝑦 > 0, v0 ,
𝑦 = 0.

(8a)

(8b)

Herein, arctan2 is the unambiguous two-argument arctangent with the range of the full circle of 2 𝜋 . In the
vicinity and far away from the bifurcation, the velocity asymptotically assumes simpler forms, which we
consider hereafter.
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Figure 2. (a and c) Velocity at the diversion from a wide channel (𝛾 = 0) depending on the strength of the outflow 𝛼 , as
given by equations (8a) and (8b); (a) in the direction of the main channel along the diversion u(x, 0), inflow is from the
left; and (c) across the main channel at the centre of the diversion v(0, y), outflow into the side branch is at the right; (b
and d) velocity at a diversion depending on the main channel width 𝛾 , for unit outflow velocity (𝛼 = 1), as given by
equations (11a) and (11b).

The linearized velocity near the centre of the diversion (x, y) = (0, 0) is
u=1−

4𝛼x
,
𝜋

)
(
4𝑦
v=𝛼 1+
,
𝜋

(9)

which is valid within the circle spanned around the center with the radius 12 .
The velocity component in the direction of the main channel thus decreases linearly along the diversion,
and the transverse velocity directed toward the side branch increases linearly toward the diversion (Figures
2a and 2b). The velocity in the direction of the main channel u does not change across the main channel at
the centre of the diversion.
With increasing distance from the diversion, the velocity approaches the hyperbolic asymptotes
u=1−

𝛼x
,
𝜋 (x2 + 𝑦2 )

v=

𝛼𝑦
.
𝜋 (x2 + 𝑦2 )

(10)

Far from the diversion, the velocity is thus identical to that caused by the outflow at a single point and
therefore depends neither on the width nor on the velocity profile along the diversion.
The flow along the main channel is symmetric with respect to the mean velocity, that is, u0 − u(x, y) =
u(−x, y) − u0 , u0 = 1. The approaching flow accelerates toward the diversions (equation (10)) and then
rapidly decreases along the diversion (equation (9) and Figure 2a) and recovers to the free stream velocity
downstream of the diversion (equation (10)). The flow across the main channel is likewise symmetric, that
is, v(x, y) = v(−x, y). It decreases linearly across the main channel, close to the diversion (equation (9)), and
vanishes asymptotically (equation (9) and Figure 2b). The velocity along the main channel has two poles;
that is, it spikes toward infinity at the downstream end and toward negative infinity at the upstream end of
the diversion. There is thus a stagnation point at the bank downstream of the diversion, where the velocity
is zero.
KÄSTNER AND HOITINK
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2.2. Flow at a Lateral Diversion From an Arbitrarily Wide Channel
Let gu (x, y, y0 ) and gv (x, y, y0 ) be the generalized expressions of equations (8a) and (8b) for the velocity in a
wide channel (w0 → ∞), where the origin is shifted to y0 along the axis across the main channel, then the
velocity for a finitely wide main channel is given by the series
)
(
∞
) ∑
(
1
2k
,
u= 1− 𝛾 𝛼 +
gu x, 𝑦,
(11a)
2
𝛾
k=−∞
v=

)
(
2k
.
gv x, 𝑦,
𝛾
k=−∞
∞
∑

(11b)

The boundary conditions at the left and right banks are satisfied, as v (equation (8b)) is point symmetric
(v(x, y) = −v(x,(−y). At)the right bank (y = 0), the terms for k ≠ 0 (
cancel
) so that v(x, 0) = gv (x, y, 0). At the
opposite bank 𝑦 = 𝛾1 , all terms of the series of v cancel, so that v x, 𝛾1 = 0.
Equations (11a) and (11b) are the general solution for junction flow. For 𝛼 𝛾 > 1, the junction resembles a
confluence where the flow enters the side branch from both sides of the main channel, and for 𝛼 < 0, the
junction resembles a confluence, where the flow from the side branch joins the main channel. For 𝛾 < 0,
the flow in the main channel is directed from right to left.
Near the center ((x, y) = (0, 0)) of the diversion, the velocity is
)
(𝜋 𝛾 )
(
1
x,
u = 1 − 𝛼 𝛾 + 𝛼 𝛾 coth
2
4
v = 𝛼 − 𝛼 𝛾 coth

(𝜋 𝛾 )
𝑦.
4

(12a)
(12b)

(
)
The mean velocity u0 = 1 − 12 𝛾 𝛼 at the bifurcation center decreases with the main channel width. The
magnitude of the gradient of the velocity increases slightly with the main channel width. However, even for
the case that all water is diverted (𝛼 𝛾 = 1), the gradient is only 20% larger compared to the case where the
same amount of water is diverted from an infinitely wide channel.

In the far field, where r 2 = x2 + 𝑦2 ≫ 14 ,
) 𝛼𝛾
(
𝛾
x
1
coth 𝜋 r,
u= 1− 𝛼 𝛾 +
2
2 r
2
v=

𝛾
a𝛾 (
𝛾 )
cot 𝜋 r − + cot 𝜋 r + , r ± = (𝑦 ± i x) .
4
2
2

(13)

(14)

The upstream influence of the bifurcation decays more rapidly when the main channel is narrower
(Figure 2b). Conversely, the flow accelerates more rapidly in the vicinity of the bifurcation, when the main
channel is narrower. Likewise, v, the velocity component in the direction of the side branch, decreases more
rapidly across the main channel, the narrower its width so that the velocity reaches zero at the opposite bank
(Figure 2d).
2.3. Velocity of the Near-Bed Flow
The steering of sediment by secondary flow is crucial for the division of sediment at lateral diversions. As the
flow turns into the side branch, it generates a centrifugal force. The force is outward directed with respect to
the direction of turning. This force is balanced by an inward-directed pressure gradient, which is generated
by a water surface slope perpendicular to the streamlines (Rozovskii, 1957). However, the forces are only
balanced in a depth-averaged sense. In the upper part of the water column, the net force is directed outward,
while it is directed inward near the bed, as the centrifugal force decreases with the magnitude of the flow
velocity from the water surface to the bed, while the pressure gradient is nearly constant throughout the
water column. This directs the near-bed flow more toward the diversion, and the near-surface flow more
toward the main channel. The velocity of the flow near the bed can be approximated as (Rozovskii, 1957)
)
(
h v
⃗ + 𝑓s
,
u⃗b = u
(15)
R −u
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where R is the(radius )
of curvature of the streamlines of the depth-averaged flow, C is the Chezý coefficient,
is the secondary flow scale (De Vriend, 1977). The value of fs is approximately 11 for
and 𝑓s = 11.9 1 − 7.6
C
sand-bed rivers where the roughness is low, but lower in small channels and flumes. The relation (15) does
not account for the adaptation of the secondary flow due to changes in curvature (Kalkwijk & Booij, 1986).
The neglected adaptation will only cause a small difference for the case of rivers, where the channel width
is typically much larger than the depth.
Expressed in the nondimensional quantities, the velocity near the bed is
(
)
1 v
,
u⃗ b = u⃗ + 𝛽
R −u
where 𝛽 = 𝑓s wh . The normalized curvature
s

1
1
=
R
|⃗u|3

(

1
R

𝜕v 2
u +
𝜕x

=
(

ws
R

(16)

is (De Vriend, 1977)

𝜕v 𝜕u
−
𝜕𝑦 𝜕x

)
u v−

𝜕u 2
v
𝜕𝑦

)
=

1 𝜕vt
,
|⃗u| 𝜕xt

(17)

√
where |⃗u| = u2 + v2 is the velocity magnitude, xt is the distance along the tangent of the streamline, and vt
is the velocity component orthogonal to it. The curvature can be analytically determined from the velocity,
but its expression is lengthy. However, it only depends on the parameters 𝛼 and 𝛾 . The velocity near the bed
is thus uniquely determined by the relative strength of the diverted flow, 𝛼 ; the ratio of the width of the inlet
to that of the side branch, 𝛾 ; and the secondary flow scale, 𝛽 . This carries over to the division of bedload, as
it uniquely determined of by the streamlines of the near-bed flow.

3. Division of Sediment at a Lateral Diversion
In this section, we analyze how the predicted sediment division depends on the aforementioned parameters.
We do this on hand of the water-to-sediment division ratio:
Ss Qin
c
𝑦
w
= s = b = lim b ,
(18)
Sin Qs
cin
w0 x→−∞ 𝑦d
S

S

where cin = Qin and cs = Qs are the pseudo sediment concentrations in the approaching and diverted
in
s
channels, respectively. The water-to-sediment division ratio is equal to the ratio between the distances of
the dividing streamlines of the near-bed (yb ) and the depth-averaged flow (yd ), at the upstream end of the
main channel (Figure 1). For the depth-averaged flow, limx→−∞ 𝑦d = 𝛼 , so that only yb has to be found by
integrating the streamline of the near-bed flow. We compare the sediment-to-water division ratio, because
the sediment division ratio Ss ∕Sin is ill-defined when the ratio of the width of the side branch to that of the
main channel is small (𝛾 → 0) and because the sediment division Qs ∕Qin is assumed to be known; hence,
the sediment-to-water division ratio is the true quantity to be predicted.
3.1. Division of Bedload
As the division of bedload is demarcated by the dividing streamline of the near-bed flow, the division can
be determined on hand of the dividing streamline. The amount of bedload Ss diverted to the side branch is
Ss =

wb
S ,
w0 in

(19)

which is valid when the bedload rate is equal across the approaching channel and when the bed is not
sloping across the approaching channel. Sin is the bed-material load in the approaching channel, and wb =
ws limx→∞ 𝑦b is the distance of the dividing streamline of the near-bed flow (xb , yb ) from the right bank, far
upstream of the bifurcation.
Both the dividing streamline of the near-bed flow and the depth-averaged flow terminate in the stagnation
point near the downstream end of the diversion (Figure 1). This allows us to determine wb by a single
integration of equation (16) backward in time, that is, backward from the stagnation point to a point far
upstream to the diversion, where the influence of the diversion is negligible,
x⃗b =

−∞

∫0

u⃗ b dt, x⃗b (0) = x⃗s .

(20)

We advise on the numerical integration of the streamline in Appendix A.
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Figure 3. (a–c) Dividing streamline of the depth-averaged (black) and near-bed flow (red); vertical lines indicate the
normalized width of the inlet to the side branch, (a) depending on the width of the side branch, (b) depending on the
channel depth, and (c) depending on the discharge division; (d) position of the stagnation point x⃗s

3.2. Division of Suspended Load
Sediment is transported in suspension when the shear stress is much larger than the threshold of motion.
Such conditions are typical for sand-bed rivers (Schumm, 1985). Since the strength of the secondary flow
decreases toward mid-depth and its direction changes into the opposite direction in the upper half of the
water column, suspended load is divided more equally at lateral diversions than bedload (Dancy, 1947).
The pathway of suspended sediment is not planar as the sediment is steered by vertical velocity and local
imbalance of turbulence and settling. However, the bulk of bed material sand is typically suspended in the
lower part of the water column, which suggests that a modified form of equation (15) can be adopted. We
suggest, to determine the division of suspended sediment based on the dividing streamline at the distance z̄
above the bed, where the sediment flux is equal to the equilibrium depth-averaged flux in stationary uniform
flow:
(
)
h − 2̄z v
⃗ + 𝑓s
u⃗ss = u
(21)
−u
R
(
)
̄
so that 𝛽 = 1 − 2 hz 𝑓s wh . As the suspended load only modifies the parameter 𝛽 , it does not increase the
s
parameter space. This is based on the observation that the strength of the secondary flow changes approximately linearly along the vertical. z̄ can be readily computed on hand of standard formulas for the velocity
and suspended sediment concentration, such as a logarithmic velocity profile and a Rouse suspension profile
(Vanoni, 2006).

3.3. Dividing Streamlines
The streamline of the near-bed flow takes a wider turn than the depth-averaged flow (Figure 1d). How much
wider the turn is is determined by two factors: the secondary flow scale 𝛽 and the curvature of the streamline
1∕R (equation (16)).
Figure 3a shows the influence of the width of the inlet to the side branch on the division of sediment. For
a narrow inlet, both 𝛼 and 𝛽 are small. When the inlet is narrow, then the streamline of the depth-averaged
flow takes a single turn. When the inlet is wide, then the streamline becomes nearly straight with a single
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Figure 4. Sediment division ratio depending on the strength of the diverted flow 𝛼 = vs ∕u0 and depth of the main
channel 𝛽∕𝛼 = fs h and different discharge division ratios 𝛼 𝛾 = Qs ∕Qin .

(
)
knick point near x⃗ = − 12 , 𝛼 . As a consequence of the stronger curvature for a narrower inlet, the dividing
streamline of the near-bed flow takes a wider turn, so that the sediment-to-water division ratio is higher.

Figure 3b shows the influence of the channel depth, which is proportional to 𝛽 , on the division of sediment.
As the strength of the secondary flow increases with the depth, the dividing streamline of the near-bed flow
takes a larger turn further away from the side branch so that the sediment-to-water division ratio is higher.
Figure 3c shows the influence of the discharge division (𝛼 𝛾 ) on the division of sediment. The stagnation
point moves further downstream when a larger fraction of the discharge is diverted (Figure 3d). Since the
velocity downstream of the bifurcation is also lower for a higher fraction of diverted discharge, the secondary
flow intensity is low as well. Hence, for a larger fraction of diverted discharge, or a narrower main channel for
the same amount of diverted discharge, the dividing streamline of the near-bed flow thus takes a narrower
turn, and the sediment-to-water division ratio is lower.
3.4. Influence of the Width, Depth, and Discharge Division
The channel width, depth, and discharge division affect several of the parameters 𝛼 , 𝛽 , and 𝛾 so that their
relationship with the sediment division is not straightforward. When the width of the inlet to the side branch
increases and the amount of diverted discharge remains constant, then 𝛼 decreases, and 𝛽∕𝛼 remains identical. Figure 4 shows that for this case the sediment-to-water division ratio decreases, that is, cs ∕cin decreases
with ws , if Qs remains the same. When the depth increases and the depth-averaged flow is identical, then 𝛼
remains identical, and 𝛽∕𝛼 increases. Figure 4 shows that for this case the sediment-to-water division ratio
increases; that is, cs ∕cin increases with h, as long as u, v, ws , and w0 remain the same. The dependence
on the inlet width and depth is a direct consequence of their relation to the strength of the secondary flow
(equation (15)), as the strength of the secondary flow increases both with the magnitude of the velocity and
the depth of the channel.
When the width of the main channel increases, and the velocity and other geometrical properties remain
the same, then 𝛼 and 𝛽∕𝛼 remain constant, and 𝛼 𝛾 decreases. Figure 4 shows that for this case the
sediment-to-water ratio is not affected when 𝛼 is small but increases when 𝛼 is large. When 𝛼 is not small,
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Figure 5. Sediment-to-water division ratio cs ∕cin depending on the discharge division and ratio of width between side
and main branch. Depth h and specific discharge (Qin ∕w0 ) in the approaching channel are kept constant. By (a) our
potential flow model and the empirical relations by (b) van der Mark & Mosselman (c) Meijer & Ksiazek, and (d)
Raudkivi. Infeasible predictions (cs Qs > cin Qin ) are dashed. For the potential flow model, the width-to-depth ratio of
the main channel was set to 25, similar to that at the Kapuas bifurcations (Kästner et al., 2017). 𝛼 varies diagonally
through the plot (bold). The dashed line indicates the values for the hydraulic geometric relationship of
𝛾 = ws ∕w0 = (Qs ∕Qin )1/2 .

cs ∕cin increases with w0 , as long as u0 , v0 , ws , and h remain constant. This relation ensures the conservation of mass for the case when the entire discharge is diverted, as cs → cin , when 𝛼 𝛾 → 1. Note that, in
general, the pseudo concentration in the side branch is larger than in the approaching channel, except for
the limit cases where it is equal.

When the amount of diverted discharge increases, but the channel geometry remains constant, then 𝛼 and
𝛼 𝛾 increase, but 𝛽 remains the same. Figure 5 shows that for this case the sediment-to-water division ratio
is not a monotonous function. The sediment-to-water division ratio decreases with the fraction of diverted
discharge when the inlet to the side branch is wide (i.e., 𝛾 is large), but it increases with the fraction of
diverted discharge, when the inlet is relatively narrow (i.e., 𝛾 is small).

4. Discussion
4.1. Stability of Fluvial Channel Networks
The division of sediment at river bifurcations is relevant for the stability of deltaic and anastomosing channel networks. Wang et al. (1995) showed that for a stable configuration where both branches remain open,
proportionally less sediment than water has to be diverted into the smaller branch. This corresponds to a
sediment-to-water division ratio that is less than unity (cs < cin ). However, the potential flow model predicts
that the sediment-to-water division ratio is always larger than unity, which is in agreement with scale experiments (Bulle, 1926; Habermaas, 1935; Herrero et al., 2015; Riad, 1961). Side branches will thus fill in over
time, if there are no additional factors than the channel width and depth that reduce the sediment-to-water
division ratio. Bolla Pittaluga et al. (2003,2015) showed that a transverse slope across the approaching channel can stabilize symmetric bifurcations, by steering sediment preferentially in the larger and thus deeper
branch. However, at lateral diversions, the bed is typically scoured at the downstream end of the inlet to
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the side branch (Kästner & Hoitink, 2019; Önen & Agaccioglu, 2013; Herrero et al., 2015). This likely steers
sediment toward and not away from the lateral branch.
When a branch fills in, it will receive a lower fraction of water but also become narrower over time. A reduction of discharge and inlet width has the opposite effects on the water-to-sediment division ratio when a
small fraction of discharge is diverted (Figure 5a). How the sediment-to-water division ratio changes with the
channel size can be uniquely determined with help of empirical hydraulic geometry, according to which the
width of channels is approximately proportional to the square root of the discharge that they receive (Eaton,
2013). When the channel width is predicted by the empirical hydraulic geometry, then the sediment-to-water
division ratio increases with the discharge over time (Figure 5a). This would accelerate the rate of closure
of a side branch over time. However, the inlet of the side branches can be wider than the side branch further downstream. Bulle (1926) already noticed that smoothing of the diversion corners and the coincidental
increase of the inlet area reduce the amount of the diverted sediment in scale experiments. Similarly does
the inlet width effectively increase, when the side branch takes off at an angle that is larger or smaller than
90◦ . To fully understand how the division of sediment influences the morphodynamics of channel networks,
it is thus necessary to study how the width and geometry of the inlet evolve.
4.2. Empirical Prediction of Sediment Division
In this section, we analyze several empirical relations for the division of sediment that have been previously
suggested and compare those to predictions by our model. The existing empirical relations typically focus on
the ratio of the diverted and the approaching flux of sediment Ss ∕Sin depending on the ratio of the diverted
to the approaching discharge Qs ∕Qin . We compare the models based on the predicted sediment-to-water
division ratio cs ∕cin = Ss ∕Sin Qin ∕Qs , for the reasons outlined in section 3.
Raudkivi (1993) gives the relation
wb
= ab + bb 𝛼,
ws

(22)

where wb is the width of the diverted flow near the bed in the upstream channel and ab ≈ 0.4 and bb ≈ 1.15
are empirical parameters. This is equivalent to a sediment-to-water division ratio of
cs
1
= a b + bb .
cin
𝛼

(23)

Meijer and Ksiazek (1994) conducted numerical experiments for a diversion with idealized geometry. They
suggest two relations. The first one is
Qs
Ss
(
) = k0 + k1 (
),
Ss − Sin
Qin − Qs

(24)

with the empirical values k1 = 2.63, and k0 = −0.1 for the deflection of bedload at a 90◦ diversion. The relation
is only asymptotically consistent when k0 = 0 (Wang et al., 1995). In this case, the relation simplifies to
(
(
)
)−1
cs
= k1 1 + k1 − 1 𝛼 𝛾 .
cin

(25)

As this relation does not account for the width-ratio of the channels, we do not consider it further. The
second relation proposed by Meijer and Ksiazek (1994) is the power law
Ss
=
Sin − Ss

(

Qs
Qin − Qs

)m (

w0
ws

)n
,

(26)

with the empirical values m = 1.15 and n = −0.71. The relation is asymptotically only consistent for m + n = 1
(Wang et al., 1995). For a bifurcation with a horizontal bed and a constant width of the main channel, the
relation is identical to a sediment-to-water division ratio of
)−m )−1
(
(
cs
1−𝛼 𝛾
= 𝛼 𝛾 1 + 𝛾 −n
.
(27)
cin
𝛼𝛾
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For a wide main channel with m + n = 1, this asymptotically approaches
cs
= 𝛼 m−1 .
cin

(28)

The potential flow model suggests m > 1, which was the case for the value fit by Meijer and Ksiazek (1994)
to their experimental data. Wang et al. (1995) derived stability criteria for symmetric bifurcations depending
on the parameter m and the degree of nonlinearity of the sediment transport formula.
Van der Mark and Mosselman (2013) determine the sediment division by the sophisticated relation:
(
)
)
Ss
Qs
Qs w0 b∕3 R ( 1
−1 ,
=
+ c
𝜃
Sin
Qin
Qin ws
w0
cos 𝛿

(29)

where c is a constant, b the degree of nonlinearity of the sediment transport, and 𝜃 , R, and 𝛿 depend
on the channel geometry and flow conditions as specified by Van der Mark and Mosselman (2013). The
corresponding sediment-to-water division ratio is, with 𝜃 , R, and 𝛿 being functions of 𝛼 and 𝛽 ,
)
(
cs
1
R
−1 .
= 1 + cb∕3 𝛼 (b∕3−1) 𝜃
(30)
cin
ws
cos 𝛿
4.3. Comparison of the Potential Flow Model to Empirical Predictions
Figure 5 shows the predicted sediment-to-water division ratio depending on the relative width of the side
branch, parameterized by 𝛾 = ws ∕w0 , and discharge division ratio Qs ∕Qin . The parameter 𝛼 varies dynamically through the diagram, indicated by diagonal lines in Figure 5a. There is one free parameter, which is the
width to depth ratio of the approaching channel. We set this to 50, which is in the range of width-to-depth
ratios in large rivers (Kästner et al., 2017). 𝛽 varies inverse proportionally to 𝛾 .
We find that the three empirical relations disagree among each other regarding how the sediment-to-water
division ratio depends on the channel geometry and discharge division. None of the relations agrees with the
predictions by our potential flow model. This raises the question which of the predictions is closest to reality.
In this respect, we find that the relations proposed by Raudkivi (1993) and Van der Mark and Mosselman
(2013) predict for certain parameter combinations that more sediment is diverted to the side branch than
what is incoming through the approaching channel. This seems implausible (dashed lines in Figures 5b
and 5d). The model by Van der Mark and Mosselman (2013) predicts the sediment-to-water division ratio
to decrease with the inlet width, and the concentration in the diverted channel to be larger than in the
approaching channel cs ∕cin > 1 (Figure 5b). Both those predictions are in agreement with the potential
flow model. The model by Van der Mark and Mosselman (2013) also predicts that the sediment-to-water
division ratio increases with the fraction of the diverted discharge, irrespective of the channel width. This is
not in agreement with the potential flow model, which only predicts the sediment-to-water division ratio to
increase with the fraction of diverted discharge when the inlet to the side branch is wide. Note that exactly,
this discrepancy leads to implausible predictions for the cases when the fraction of the diverted discharge is
large and the inlet is narrow.
The relation by Meijer and Ksiazek (1994) predicts the sediment-to-water division ratio to decrease with the
width of the inlet to the side branch. It also predicts the sediment-to-discharge division to increase with the
fraction of diverted discharge when the inlet to the side branch is wide and to decrease with the fraction of
the diverted discharge when the inlet to the side branch is narrow. These predictions all agree with that of
the potential flow model. From the perspective of this qualitative comparison, the predictions by Meijer and
Ksiazek (1994) are the closest to our potential flow model, in comparison to the other empirical relations.
The predictions by Meijer and Ksiazek (1994) are also physically plausible for any parameter combination.
However, the conclusion that the predictions by Meijer and Ksiazek (1994) is, in general, more reliable than
the other relations would be premature, as Meijer and Ksiazek (1994) based their relation on numerical
simulations in a channel with idealized geometry and a flat bed. These are close to the idealized geometry
assumed by us and does not necessarily hold in canals and rivers.
The relation by Meijer and Ksiazek (1994) predicts overall a lower sediment-to-water division ratio than the
potential flow model. This can be explained by the fact that Meijer and Ksiazek (1994) did not include a
correction for suspended load in their relation, although a large fraction of the sediment was transported in
their simulation as suspended load. The relation by Meijer and Ksiazek (1994) predicts sediment-to-water
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division ratios smaller than one for a wide channel, which is not the case for the potential flow model. This
could be a misfit in the relation by Meijer and Ksiazek (1994), as their data set does not include simulations
for wide inlets, but it could also indicate a limitation in our potential flow model, due to the local expansion
of the main channel flow into a wide inlet.
The relation by Raudkivi (1993) predicts the sediment to water division ratio to increase with the inlet to
the side branch and to decrease with the fraction of the diverted discharge. The predicted sediment-to-water
division ratios are implausible for cases where a large fraction of the discharge is diverted and the inlet to
the side branch is wide.
We think that the discrepancy between the predictions by empirical models is caused by underlying data
sets, which each cover only a small part of the space spanned by the parameters 𝛼 , 𝛽 , and 𝛾 . In particular,
the width-to-depth ratio in scale experiments is typically much smaller than in real rivers, and the channel
width is for practical reasons kept constant, so that the influence of the channel geometry cannot be reliably
inferred.
4.4. Toward a Generic Understanding of the Sediment Division
Our results indicate that most likely, no simple closed-form expression for the division of sediment at lateral diversions exists, at least not an expression as simple as the ones that have been previously suggested.
We think that the sediment division is best predicted by a high-complexity numerical model for particular
applications (Gaweesh & Meselhe, 2016). For the general case, further insight could be gained by a model
that is still idealized but incorporates more complex processes than our simple potential flow model.
Our model strongly simplifies the geometry of the bifurcation and determines the flow into the side branch
by a predefined velocity profile, without explicitly including the side branch into the computational domain.
This neglects the feedback of the flow within the side branch on the division. This feedback can be important when the flow in the side branch separates (Constantine et al., 2010; Ramamurthy et al., 2007). The
separation bubble effectively reduces the inlet width, and thus the amount of the diverted discharge and
sediment. The contraction coefficient has to be considered for the design of artificial diversions. At alluvial
bifurcations, flow separation can occur for a short period after a bifurcation is formed, that is, by a chute
cutoff or an avulsion event. However, the banks align over time with the streamlines, so that the flow does
not separate any more. Indeed, the flow does not separate within the side branches of the Kapuas, despite
their large angles at which they branch off (Kästner & Hoitink, 2019). The representation of the flow by a
velocity profile is therefore reasonable.
Apart from the geometry, the most relevant simplification in our model is that the velocity distribution f
of the flow across the diverted channel is uniform. This is exact when there is free flow over a side weir,
where the diverted flow is critical. In the case of subcritical flow, the velocity profile is the result of several
processes. First, the flow that turns at the upstream end of the bifurcation has a slope advantage with respect
to the flow that turns at the downstream end. Second, the secondary flow advects momentum toward the
downstream end of the bifurcation. Third, the streamlines are continuous and thus follow the direction of
the banks of the approaching channel, when the channels meet at a sharp corner. Scale experiments show
that, altogether, the strength of the flow increases along the diversion (Kawai et al., 1993). We argue that
nonuniformity of f only affects our results qualitatively and does not change the overall trend with respect
to the inlet size and discharge division. The secondary flow is stronger either when the inlet is narrower, or
when more discharge is diverted into the inlet, irrespective of the velocity distribution across the diversion.
The second most relevant simplification in our model is that it does not account for the local imbalance
between the friction and pressure gradient. Potential flow is valid when the friction can be neglected from the
momentum balance. Friction is important for the separation of the flow and recirculation in the inlet to the
side branch, when the channels meet at a sharp corner. However, the division of sediment is determined by
the flow in the approaching channel, which is only indirectly influenced by the recirculation within the side
branch. At natural river bifurcations, there is also a smooth transition between the channels without sharp
corners. This inhibits the formation of a recirculation cell. Observations of this phenomenon at bifurcations
of the Kapuas River have motivated us to undertake this study (Kästner & Hoitink, 2019).
High-complexity numerical experiments may yield additional insights into the subtle effects that friction
may have. Since including the effect of friction weakens the assumptions, this will lead to a more robust
and accurate prediction than that of the potential flow model. However, the fundamental disagreement
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between the empirical relations could indicate that complex processes like migrating bedforms influence
the division of sediment, which are difficult to reproduce even with a high-complexity numerical model,
and which would best be addressed with physical experiments. Our nondimensional analysis can aid the
design of both computational and physical experiments that can further explore the diversion of sediment
into lateral branches of lowland rivers.

5. Conclusion
We present a mathematical analysis of the division of sediment at open channel bifurcations where one
channel branches off to the side. We show that for such a lateral diversion with idealized geometry with a
flat bed and rectangular channels, the depth-averaged flow is uniquely determined by only two parameters.
One corresponds to the strength of the flow into the side branch, and the other to the ratio of the width of
the side branch to that of the main channel. We show that the division of sediment, in turn, is uniquely
determined in combination with a third parameter, which scales with the water depth. We find that for the
same amount of diverted discharge, the sediment-to-water division ratio decreases with the width of the
inlet to the side branch and increases with the water depth. This suggests that the morphodynamics of fluvial
channel networks is influenced by the local morphology of the inlet to the side branch.
Our model also shows that the relation between the discharge division and sediment-to-water division ratio
is complex. The sediment-to-water division ratio increases with the fraction of diverted discharge when the
inlet to the side branch is wide but decreases with the discharge when the inlet to the side branch is narrow.
A comparison of previously published empirical relations shows that there is no agreement on how the
sediment-to-water division ratio depends on the fraction of the diverted discharge. None of the empirical
relations sufficiently agrees with the predictions by our simple model. This suggests that further research
is required to clarify the division of sediment at strongly asymmetric bifurcations where a small channel
branches off to the side.

Appendix A: Numerical Computation of the Streamline
The dividing streamline of the near-bed flow can be determined by backward integration. We recommend an
ODE solver for stiff systems that is available in modern high-level programming environments. In addition
𝜕u
to the velocity vector u⃗ b , the solver should be supplied with the Jacobian 𝜕xb,i for reliable evaluation. As for
i
the streamline, only the direction of the velocity is relevant, but not its magnitude; the parallel computation
of multiple streamlines can be accelerated by normalizing the velocity.
For integration, the user has to make two choices: first, at which point upstream of the bifurcation the integration of the streamline (20) is stopped and, second, after how many terms the series (11a) and (11b) is
truncated. The integration can be stopped when the flow is close to parallel to the x axis. The error introduced by stopping the integration at a finite distance from the origin can be approximated by integrating the
streamline (20) along y = 𝛼 , with u ≈ 1 and v given by the far-field approximation (10) for a wield channel.
A relative tolerance of 𝜀 = ys (x)∕𝛼 − 1 is achieved, when
𝛼
.
x≿
(A1)
3𝜋𝜀
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For a narrow main channel, the desired accuracy is already reached at a much shorter distance.
In the far field, the truncation of the series at k = ±n introduces a relative error to the velocity of
∞
∑
un − uinf
x 𝛾2
x 𝛾2
≈2
.
≈
2
𝛼
𝜋2n
𝜋4k
k=n

(A2)

More terms are required to achieve the desired accuracy when either the width-ratio 𝛾 or the distance x from
the origin is large.
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