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Chapter 1. General introduction

1.1

1

Introduction

Aqueous mixtures consist generally of many components. Depending on the type of
components, their interactions, and their concentrations these mixtures form a stable,
homogeneous mixture or they are unstable and demix into two or more liquid phases. In the
study of phase behavior of binary mixtures, these mixtures are often simplified and assumed
to be mixtures of two pure monodisperse components. Often, however these mixtures contain
components that exhibit varying degrees of polydispersity in terms of their size, shape,
and charge, complicating the prediction of the phase behavior of a mixture. Even small
impurities can lead to drastic changes in the position of the phase boundary (Sager, 1998).
Besides that the compatibility between components can be dependent on the temperature
(Edelman et al., 2001), salt concentration or pH of the solution (Kontogiorgos et al., 2009).
The investigation of mixtures with more than two components has a considerable amount
of challenges as with an increasing amount of considered components, the number of
interactions that have to be taken into account changes drastically. Next to that, with an
increasing number of components, the number of theoretical phases that can be formed
increases as well. According to the Gibbs phase rule, which gives the relationship between
the degrees of freedom (dof ) of a system, such as the mole fraction of the components,
the temperature, or the pressure, and the maximum number of theoretical phases (f ) of a
system, the number of possible phases increases with the number of components (n). The
degrees of freedom of a system is given by dof = n + 2 − f .
In this thesis we aimed to get a better understanding into the phase behavior of mixtures
with more than two components in solution. We will focus on the liquid-liquid demixing.
When looking at multicomponent systems, one may distinguish chemically equivalent
components that only differ in size (polydisperse components) and chemically different
components. Both types of mixtures will be investigated. We note that practically relevant
components are often naturally polydisperse e.g. colloids such as dextran (Edelman et al.,
2001) or contain significant amounts of impurities e.g. plant protein extracts (Pojić et al.,
2018).

1.2

Phase behavior of a mixture

Dilute aqueous mixtures generally form homogeneous solutions. At higher concentrations,
depending on the interactions between the components and their respective concentrations
the mixture may become unstable and demix. Examples of mixtures that show phase
separation are aqueous mixtures of agar and starch or gelatin, systems first studied by
2
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Beijerinck in 1896 (Aichinger et al., 2017) and since then many others have been found.
Phase separation is generally driven by either complex coacervation or segregative phase
separation (Turgeon et al., 2003). In the case of complex coacervation, demixing is due to
association between components (van de Velde et al., 2015). In segregative phase separation,
the driving force is the depletion force induced by different excluded volumes (De Bont
et al., 2002; Tuinier et al., 2003; Lekkerkerker and Tuinier, 2011). The depletion force is a
net attraction. Each of the particles is surrounded by a layer in which the centers of another
particle cannot enter, i.e. depleted (Figure 1.1). When two particles of the same species
approach each other, their depletion layers overlap, resulting in an imbalanced osmotic
pressure. This prompts an increase in available volume for the other particles, leading to an
increase in total entropy and a decrease in free energy (De Bont et al., 2002).

Figure 1.1: Schematic depiction of depletion layers of hard spheres. The depletion layers, in this
case, the volume around the large spheres that is inaccessible inaccessible to the centers of the
small spheres, are indicated by the dashed lines. When there is overlap of the depletion layers,
the small spheres are depleted from the overlapping region, resulting in a net attraction due to a
reduction of osmotic pressure in the overlapping region. The net attraction is indicated by the
arrows (Lekkerkerker and Tuinier, 2011).

In this thesis we will focus on segregative phase separation. The interaction between
particles are expressed by the second virial coefficient (McMillan and Mayer, 1945). The
second virial coefficient can be used in the prediction of the phase behavior of mixtures
and can experimentally be measured by osmometry (Ersch et al., 2016b). In theoretical
systems, the particles can be modeled by hard spheres. When the phase separation is
solely driven by the excluded volume interactions between the two particles, the depletion
force is determined by the sum of their respective radii (Biben and Hansen, 1997). In this
3
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case a certain asymmetry in the sizes of the particles in the mixture is required for phase
separation (Biben and Hansen, 1991). This size difference leads to the depletion of small
spheres around the larger spheres and results in an attractive interaction between the larger
particles (Dijkstra et al., 1999). This is referred to as additive hard sphere (HS) model.
Another model is when the minimum distance between the particles is not the sum of their
respective radii. This distance can be larger or smaller. This is referred to as non-additive
hard sphere (NAHS) model. Already at small degrees of non-additivity it becomes possible
for components with no size asymmetry to demix (Hopkins and Schmidt, 2010; Dijkstra,
1998). When the distance between the spheres becomes smaller than the sum of their
respective radii, the excluded volume is smaller. This decreases the repulsive force between
the particles of different species, resulting in a mixture that is more stable (Roth et al.,
2001). When the distance between the particles becomes larger than the sum of their
respective radii, phase separation becomes easier. In either case, upon phase separation, the
mixture will demix into two (or more) phases, each enriched in one of the components. All
phases are in thermodynamic equilibrium, meaning that the osmotic pressure of all phases
is the same, just as the chemical potential of each component is the same over all phases
(Hill, 1986).
Figure 1.2 depicts the phase diagram for a monodisperse mixture of two components
in solution. The binodal is the phase boundary, concentrations lower than this boundary
result in a stable one phase system. Above this boundary, mixtures demix into two phases.
When a parent mixture demixes into two phases due to depletion interaction, each phase
is enriched in one component, while being depleted in the other. These two phases are
connected to each other by a tie line. The length of each tie line segment (the connection
between the concentration of the parent mixture and the concentrations of each phase) is a
measure for the volume of each of the phases. Demixing into two phases generally happens
through two mechanisms: spinodal decomposition or nucleation and growth (Verhaegh et al.,
1996). Concentrations above the spinodal demix through spinodal decomposition: in these
thermodynamically unstable mixtures long range density variations form, leading first to
a bi-continuous network. Between the spinodal and the binodal, mixtures are metastable.
In these mixtures demixing happens through nucleation and growth, resulting in isolated
droplets. The spinodal and binodal meet each other at the critical point. This is the
concentration at which two phases in equilibrium become indistinguishable (Heidemann,
1994).
We chose to utilize a virial approach up to the second term to describe the phase behavior
of polydisperse and multi-component mixtures. This choice has been instigated by the
consideration that the approach up to the second virial coefficient will systematically build
on the results of earlier experimental work by Dewi et al. (2020) and Ersch et al. (2016a,b),
4
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Figure 1.2: Schematic depiction of the phase diagram of a monodisperse binary mixture, the
diamond depicts the critical point, the circle depicts a parent mixture that demixes into two phases,
indicated by the squares.

and by the consideration that the experimental work published earlier provides support for
the relevancy of this approach up to the second order virial coefficient. Furthermore the
approach allows for predicting the fractionation of each component in the different phases
as a function of the polydispersity of its components.
In Dewi et al. (2020), an experimental phase diagram is depicted for poly-ethylene
glycol (PEO35) and Dextran D100. Note, this phase diagram is re-analyzed in Chapter
5 regarding effects of polydispersity of its components. An experimental critical point is
located at (PEO35, D100)= (0.4, 1.0) (mol/m3 ). The concentrations are well below and
around the overlap concentration, c∗ , for PEO35 and D100, respectively. This experimental
critical point and the values of the viral coefficients up to second order as determined from
osmometry (from which a model value for the critical point can be derived) yield a consistent
picture. The reduced osmotic pressure follows a straight line with concentrations of PEO35
up to 60kg/m3 , i.e. up to 3c∗ . For D100 measurements were only done for a reduced
osmotic pressure versus concentration up to 0.3c∗ , which also yielded a straight line. Ersch
(2016a,b) investigated the phase behavior of dextran D100 combined with gelatin A and
5
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finds an experimental critical point located at (D100, Gelatin A)=(48, 25) kg/m3 . This
critical point and the values of the viral coefficients up to second order as determined from
osmometry yield also a consistent picture: the concentrations for the respective individual
polymers are much less than c∗ and the experimental reduced osmotic pressure is linear to
at least up to a total polymer concentration less than the c∗ of either one of the polymers.

1.3

Polydispersity

Polydisperse mixtures consist effectively of a large number of sub-components, each with a
different size and possibly also different shape or charge (Sollich, 2002). Size polydispersity
has an effect on the depletion interaction between all these sub-components. The repulsive
barrier between components decreases between polydisperse components (Goulding and
Hansen, 2001) and leads to secondary potential energy minima (Walz, 1996; Piech and
Walz, 2000; Chu et al., 1996), resulting in a wide range of depletion attractions (Santos
et al., 2010) that cannot be treated as homogeneous depletants anymore (Park and Conrad,
2017). This effect on the depletion interaction can, in the short term, stabilize the particle
suspension, but destabilize it over time (Tuinier and Petukhov, 2002) and can be further
enhanced by the presence of charge variations (Piech and Walz, 2000).
Polydisperse mixtures have theoretically been modeled using both continuous and semicontinuous distributions (Cotterman et al., 1985; Cotterman and Prausnitz, 1985), van der
Waals approximations (Bellier-Castella et al., 2000), models based on the Asakura-Oosawa
model (Fasolo and Sollich, 2005; Sear and Frenkel, 1997), a universal quasi-chemical model
(Kang and Sandler, 1988), and Monte Carlo simulations (Paricaud, 2008; Stapleton et al.,
1990).
Polydispersity is found to result in significant fractionation, both experimentally (Edelman
et al., 2003; Zhao et al., 2016; Gaube et al., 1993) as well as theoretically (Fasolo and
Sollich, 2005; Kang and Sandler, 1988; Stapleton et al., 1990). Bellier-Castella et al. (2000)
even predicts the onset of a three phase co-existence at higher polydispersity. Next to that,
polydispersity leads to an increase in the extent of the fluid-fluid co-existence (Sear and
Frenkel, 1997; Kang and Sandler, 1988) and may hinder gelation in mixtures with a gelling
agent (Santos et al., 2010). The experiments of Larsson and Mattiasson (1988) show that
for polydisperse mixtures, the phase boundary bends towards the concentration axis of one
of the components.
6
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Multi component systems

When the components differ even more in size and chemical make-up, the depletion
interactions become more complicated (Ji and Walz, 2013), the pair-potential between
particles in multi-component systems can have an additional attractive energy-well or an
extended repulsive barrier, both influencing the stability of the dispersion (Park and Conrad,
2017).
One of the difficulties in the theoretical study of multicomponent mixtures is the number
of interactions in the system. The total number of pairwise interactions for a mixtures with
n(n + 1)
n components increases according to
. This number increases even more when
2
higher order interactions are taken into account. Mixtures with many components have
theoretically been studied by combining the random matrix theory and second virial theory,
by filling in the interaction matrix randomly from a selected distribution (Sear and Cuesta,
2003). Depending on the chosen distribution, instabilities predicted using this model may
lead to complex coacervation (e.g. when negative virial coefficients are allowed according
to the distribution) or segregative phase separation. In this thesis we will also model the
interactions for multi-component system. In this case the interactions will be based on
non-additive hard sphere interactions (Chapter 4).
Also the experimental work on mixtures with more than two components has difficulties,
as the number of samples needed to prepare to get an insight into the phase behavior at
different concentrations increases significantly with the number of components in the mixture.
Experimental work on mixtures with more than two components that demix into multiple
phases have therefore focused on only a few concentrations. An example of a system that
demixes into three phases is a system containing the high-molecular colloids dextran, ficoll,
and poly-ethylene-glycol at specific concentrations (Hartman et al., 1974; Albertsson and
Birkenmeier, 1988) or the system containing the colloids dextran and polyethylene-glycol with
the surfactant Triton X-100 (Ruan et al., 2006). Mace et al. (2012) reported mixtures with
an even higher number of components (both colloids and surfactants) and a corresponding
higher number of phases in equilibrium. They report systems of up to six phases, each
enriched in one of the polymers and depleted in the others.

1.5

Outline of the thesis

In this thesis we aim to get a better understanding of the phase behavior of polydisperse and
multi-component mixtures in solution. We approached this in a systematic way, starting with
model systems of hard spheres (Chapters 2 to 4) and ending with a system of polydisperse
7
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macromolecules (Chapter 5).
In Chapter 2 we reviewed the theory of interactions in a simple system of a solute
component in a solvent based on the second virial coefficient. We expanded on the theory
of McMillan and Mayer (1945) to allow for systems of multiple distinguishable types of
solute components. We describe the general equations used in the thesis that define the
phase boundary, stability of the mixture, and critical point. We chose to first describe the
existing theory in order to more easily explain the expressions we used in our calculations. In
the same chapter we also introduced size polydispersity in an asymmetric binary mixture of
hard spheres in solution. We investigated the position of the phase boundary, the spinodal,
and the critical point. Next to that we looked into the fractionation of the polydisperse
component upon demixing.
In the next chapter (Chapter 3) we looked into the influence of non-additive interaction
on the phase behavior and stability of binary mixtures with some polydispersity or impurities.
Just as in the previous chapter we investigated the position of the phase boundary, the
spinodal, and the critical point. Next to that we looked into the fractionation of the
polydisperse component upon demixing.
In Chapter 4 we study how the addition of a third component influences the phase
behavior of a two component mixture of hard spheres in solution that demixes. We look into
the phase behavior of the resulting three component mixture depending on the interaction
said third component has with the other two components and their respective concentrations.
In Chapter 5 we apply the knowledge we gained from the previous chapters to a
binary mixture of polydisperse colloids. We theoretically predict the phase behavior of
the macromolecules polyethylene glycol (PEO) and dextran, taking their experimental
osmometric second virial coefficients and experimentally measured size polydispersity into
account. We compare the theoretical predictions to the experimental phase diagram (from
previously published data).
Finally in the last chapter (Chapter 6) we discuss our results from the different chapters
and place the current work in a wider context of the available scientific literature and discuss
future research on multi-component and polydisperse mixtures in solution.
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Chapter 2. Effect of size polydispersity

Abstract
We study the theoretical phase behavior of an asymmetric binary mixture
of hard spheres, of which the smaller component is monodisperse and the
larger component is polydisperse. The interactions are modelled in terms
of the second virial coefficient and are assumed to be additive hard sphere
interactions. The polydisperse component is subdivided into sub-components
and has an average size ten times the size of the monodisperse component.
We give the set of equations that defines the phase diagram for mixtures
with more than two components in a solvent. We calculate the theoretical
liquid-liquid phase separation boundary (the binodal), the critical point and the
spinodal. We vary the distribution of the polydisperse component in skewness,
modality, polydispersity and number of sub-components. We compare the
phase behavior of the polydisperse mixtures with binary monodisperse mixtures
for the same average size and binary monodisperse mixtures for the same
effective interaction. We find that the largest species in the larger (polydisperse)
component causes the largest shift in the position of the phase boundary, critical
point and spinodal compared to the binary monodisperse binary mixtures. The
polydisperse component also shows fractionation. The smaller species of the
polydisperse component favor the phase enriched in the smaller component.
This phase also has a higher volume fraction compared to the monodisperse
mixture.
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2.1

Introduction

Binary mixtures are usually studied as mixtures of two monodisperse components, however
components in nature are usually not that simple, and well defined. Often components will
exhibit varying degrees of polydispersity in terms of their size, shape, and charge, which is
often ignored when studying phase behavior.
Phase separation between hard spheres is driven by two different physical mechanisms.
One mechanism involves only excluded volume interactions where the minimum distance
between the particles is determined by the sum of their respective radii (Biben and Hansen,
1997), where only a certain asymmetry in the sizes of the particles in the mixture is necessary
(Biben and Hansen, 1991). This asymmetry leads to depletion of small spheres around the
large spheres and as a result to an effective attraction (depletion interaction) between the
larger spheres (Dijkstra et al., 1999). This mechanism is referred to as additive hard sphere
(HS) model. The case where the minimum distance between the particles is larger or smaller
than the sum of their respective radii is referred to as non-additive hard sphere (NAHS)
model. In both cases, upon phase separation, the mixture will demix into two (or more)
phases, each enriched in one of the components. In this work we will focus on the first type,
binary mixtures with significant asymmetry in their size.
In most studies on the phase behavior of binary mixtures the polydispersity of the
components is ignored. However, from experiments with for example gelatin and dextran,
it is found that polydispersity has an influence on the phase behavior. The polydispersity
of both components leads to significant fractionation, especially for the dextran (Edelman
et al., 2001).
Polydispersity has an effect on the depletion interaction. With increasing polydispersity,
the repulsive barrier decreases, leading to an enhanced rate of flocculation of the large colloidal
particles (Goulding and Hansen, 2001). Also Walz (1996) studied the depletion interaction
in a solution of normally distributed macromolecules and showed that polydispersity can
lead to increased flocculation through the formation of secondary potential energy minima.
In later studies they found that polydispersity significantly lowered the magnitude of the
repulsive structural barrier, which can be understood in terms of a change in depletion of
the macromolecules from the gap (Piech and Walz, 2000). The polydispersity of the smaller
component affects the pair potential between the large particles (Chu et al., 1996). This
effect on the depletion interaction can stabilize the particle suspension in the short term,
but will still destabilize over time (Tuinier and Petukhov, 2002).
Studying the phase behavior of polydisperse mixtures is challenging, since a polydisperse
component effectively consists of a large number of sub-components, each with a different
size and possibly also different shape or charge (Sollich, 2002). Some theoretical work has
17
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been done on predicting the phase behavior of polydisperse components. Cotterman and
co-authors used continuous and semi-continuous distributions to predict the fluid-vapor phase
diagram of polydisperse components (Cotterman et al., 1985; Cotterman and Prausnitz,
1985). Santos et al. (2010) studied the phase behavior of polydisperse compounds like
polystyrene and polyethylene glycol. They found that the polymer polydispersity played
a crucial role in the phase behavior: the broad size distributions lead to a wide range of
depletion attractions giving rise to spinodal decomposition preventing gelation. BellierCastella et al. (2000) used a van der Waals approximation for the free energy to study the
phase behavior of polydisperse fluids composed of spherical particles. They found the onset
of a three phase co-existence at higher polydispersity. Fasolo and Sollich (2005) studied
theoretically the equilibrium phase behavior of mixtures of polydisperse hard-sphere collids
and monodisperse polymers based on the Asakura-Oosawa model. They found that with
polydispersity significant fractionation occurred. Polydispersity delayed the onset of both
gas-liquid and fluid-solid separation. Also Sear and Frenkel (1997) used the Asakura-Oosawa
model to predict the phase behavior between a monodisperse colloid and a polydisperse
polymer. They found that polydispersity increased the extent of the fluid-fluid co-existence.
Warren (1999) studied the interaction between hard spheres with a bimodal size distribution
and found that demixing caused additional size partitioning and fractionation. Kang and
co-authors used a universal quasi-chemical (UNIQUAC) model to predict the phase behavior
of aqueous polymer systems. They found that the polydispersity of the polymers enlarged the
two-phase region considerably near the plait point and resulted in smaller miscibility regions
far from the plait point. They also found that the average molecular weights of polymers
in the phases differed significantly and this differences increased with larger polydispersity,
due to this fractionation, the polydispersity of each polymer was smaller in each child phase
compared to the parent mixture (Kang and Sandler, 1988). Others modelled the phase
behavior of non-additive hard-sphere systems using Monte Carlo simulations (Paricaud,
2008). They found that with increasing polydispersity the miscibility region decreased and
that the critical point shifted towards lower pressures. Also Stapleton and co-authors used
Monte Carlo simulations to predict the phase behavior of mixtures with fixed or variable
polydispersity (Stapleton et al., 1990). They found that mixtures even with a very small
degree of polydispersity resulted in differences in the phase separation and the fractionation
between the coexisting phases.
In this study we aim to get a better understanding of how size polydispersity influences the
liquid-liquid phase behavior in binary mixtures, mainly on the position of the phase boundary,
the spinodal, and the critical point. Next to that we aim to predict the fractionation of
the polydisperse component between the phases. We model the interactions between the
different components using the second virial coefficient. We limit the calculations to the
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second order virial coefficient, because the calculations form a stepping stone for expansion
to non-additive interactions, polydispersity effects and multi-component mixtures. For a
discussion on the relevancy of this second order virial approach we refer to Chapter 1.
We start the theoretical considerations with reviewing the interaction in a simple system
of a solute in a solvent (Section 2.2.1). In Section 2.2.2 and Section 2.2.3 we expand
the second virial coefficients for solutions with one type of solute component to solutions
with multiple distinguishable types of solute components. Section 2.2.4 describes the
theory about the stability of a mixture, Section 2.2.5 describes the theory about the critical
point and finally Section 2.2.6 describes the theory about the phase boundary. We chose
to first describe the existing theory in order to more easily explain the expressions we used
in our calculations. With the expressions in Section 2.2 we calculate the phase behavior
for different mixtures with varying polydispersity. In Section 2.3 we discuss the resulting
phase diagrams, first in Section 2.3.1 we divided the polydisperse component into two
sub-components and in Section 2.3.2 we increased the number of sub-components to nine.
Finally we discuss fractionation of the polydisperse component in Section 2.3.3.

2.2

Theory

We start by deriving the equations of state for dilute solutions. Next we derive the virial
expansion for solutions with one solute component. Subsequently we derive the second virial
coefficient for mixtures with an aribtrary number of distinguishable components. This gives
us all the parameters we need to define the stability boundary, the critical point and phase
boundary of a mixture. The resulting system of equations is solved in Matlab R2017b.

2.2.1

Dilute liquid solutions

We consider a two component solution, in which one component is the solvent and the other
component is the solute. We define Ns as the number of solvent particles and Nν as the
number of solute particles in a volume V at a temperature T . The total number of particles
in the system is then N = Nν + Ns and since we assume a dilute solution, Ns >> Nν . The
system is in constant thermal contact with the environment and both the volume, and the
number of solute and solvent particles are fixed (canonical ensemble) (Hill, 1986).
The sum of the kinetic (K) and potential energies (U ) of the system represents the
Hamiltonian (H) of the system, given by
H(pNν +Ns , q Nν +Ns ) = K(pNν +Ns ) + U (rNν +Ns )

(2.1)
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in which

K(~p1 ...~pNν +Ns ) =
U (~r1 ...~rNν +Ns ) =

+Ns
|~pi |2 NνX
|~pi |2
+
i=1 2m
i=Nν +1 2ms

Nν
X

NνX
+Ns

(2.2)

φij (~ri − ~rj )

i<j

2

=

Nν
X

φij (~ri − ~rj ) +

i<j

Ns
X

φij (~ri − ~rj ) +

i<j

Nν X
Ns
X
i

φij (~ri − ~rj )

j

= U Nν + U Ns + U Nν Ns

(2.3)

where p~i is the impulse of particle i, mν is the mass of a solute particle and ms is the
mass of a solvent particle, φij is the pair potential between particle i and j and r~i is the
position of particle i.
The canonical partition function (Z) describes the statistical properties of the system
for a given temperature, volume, and number of particles. The partition function is the sum
of all the different individual energy states in which the system can exist. The states of the
system are specified by both the position and the momentum of the particles. Applying the
partition function to dilute solutions makes it possible to reduce the many-body problem in
statistical mechanics to problems of one-body, two-body, three-body, etc.
h−(3Nν +3Ns ) Z
Z(T, V, Nν , Ns ) =
× exp (−βH(pNν , pNs , q Nν , q Ns ))
Nν !Ns !
V
× d~r1 ...d~rNν +Ns d~p1 ...d~pNν +Ns (2.4)
1
where h is Plank’s constant and β =
, in which k is Boltzmann’s constant.
kT
Other thermodynamic variables, such as the Helmholtz free energy, the pressure and
the chemical potential can be expressed in terms of this function or its derivatives. The
Helmholtz free energy (A) for this system is then given by (Hill, 1986):
A(T, V, Nν , Ns ) = −kT ln(Z(T, V, Nν , Ns ))

(2.5)

With the differential of the free energy given by:
dA = −SdT − pdV +

X

µi dNi

(2.6)

i

Therefore, the pressure (p) is given by:
∂A
p=−
∂V
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!
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and the chemical potential (µi ) for component i is given by:

µi =

∂A
∂Ni

!

= −kT
T,V,Nα6=i

∂Z
∂Ni

!

(2.8)
T,V,Nα6=i

Since we focus on particles with hard sphere interaction, we can integrate out the
momentum integrals in Eq. (2.4).

Z
ν
s
Λ−3N
Λ−3N
ν
s
× d~r1 ...d~rNν +Ns exp (−βU (~r1 ...~rNν +Ns ))
Nν !Ns !
V

Z(T, V, Nν , Ns ) =

s
ν
Q(T, V, Nν , Ns )
Λ−3N
= Λ−3N
s
ν

(2.9)
(2.10)

!1/2

h2
where Λ =
is the mean thermal wavelength and Q the configuration
2πmkT
integral. The configuration integral is the integral over all possible configurations of the N
molecules in the system:

1 Z
d~r1 ...d~rNν +Ns × exp (−βU (~r1 , ..., ~rNν +Ns ))
Nν !Ns ! V

Q(T, V, Nν , Ns ) =

(2.11)

The first three configuration integrals are:

Q1 =

Z
V

d~r1 = V

1
d~r1 d~r2 exp [−βφ(|~r1 − ~r2 |)]
2 ZV
1
Q3 =
d~r1 d~r2 d~r3
6 V
× exp {−β [φ(|~r1 − ~r2 |) + φ(|~r1 − ~r3 |) + φ(|~r2 − ~r3 |)]}

Q2 =

Z

(2.12)
(2.13)

(2.14)

The configuration integral Q1 indicates there is only one particle present in our selected
volume. Q2 indicates there are two particles present in our selected volume: interacting or
not interaction. Q3 indicates there are three particles present in the volume. These particles
can interact with each other or not interact. The number of combinations of interactions
increases significantly when increasing the number of particles.
The configuration integrals can be represented in diagrams where each dot is a particle
present in the volume and a line between the dots indicates interaction:
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Q1 =

(2.15)

1
(
2
1
Q3 =
6

Q2 =

2

+

)

(2.16)
!

+3

+3

+

(2.17)

In our analysis we consider solutions where the solvent particles are present in a much
larger number than the solute particles. This means that solute particles have relatively
low influence on the statistics of the solvent particles. Following the MacMillan - Mayer
theory we can describe the interactions between the solute particles by a potential of mean
force equation and thus can apply additivity of the particle-particle interactions in Eq. (2.3)
(McMillan and Mayer, 1945).

U (~r1 , ..., ~rNν +Ns ) = UNν Nν (~r1 , ..., ~rNν ) + UNν Ns (~r1 , ..., ~rNν +Ns ) + UNs Ns (~rNν +1 , ..., ~rNν +Ns )
(2.18)
The potential of mean force for dissolved particles (W ) is defined according to:
R

exp (−βW (~r1 , ..., ~rNν )) =

d~rNν +1 , ..., d~rNν +Ns exp (−βU (~r1 , ..., ~rNν +Ns ))
!
R
d~rNν +1 , ..., d~rNν +Ns
× exp (−βUNs Ns (~rNν +1 , ..., ~rNν +Ns ))

(2.19)

Using Eqs. (2.11) and (2.19), the configuration integral becomes (Vafaei et al., 2014):

Q(T, V, Nν , Ns ) =

1 Z
1 Z
d~r1 ...d~rN exp [−βWν (~r1 , ..., ~rNν )] ×
d~rNν +1 ...d~rNν +Ns
Nν !
Ns !
× exp [−βUNs Ns (~rN +1 , ..., ~rN +Ns )]

= QW (T, V, Nν , µs )Qs (T, V, Ns )

(2.20)

The Helmholtz free energy (Eq. (2.5)) of the system then becomes the sum of the
Helmholtz free energy of the solvent and the Helmholtz free energy of the solute:

A(T, V, Nν , NS ) = −kT ln(ZW (T, V, Nν , µs )) − kT ln(Zs (T, V, Ns ))

2.2.2

(2.21)

Second virial coefficient of a dilute solution with a single
solute component

Similar to the expansion of the universal gas law by a virial expansion for real gasses, we
can write a virial expansion for the osmotic pressure, Π, of a solution according to:
22

2.2. Theory

βΠ = ρ + B2 (T, µs )ρ2 + B3 (T, µs )ρ3 + ...

(2.22)

Nν
with ρ the number density of the component
, B2 the second virial coefficient,
V
and B3 the third virial coefficient. The second virial coefficient accounts for the increase in
osmotic pressure due to particle pairwise interaction. The third virial coefficient accounts for
the interaction between three particles. The equation can be expanded for higher densities
with Bn , the nth virial coefficient, which accounts for the interaction between n different
particles.




Until now we have been using the canonical ensemble to describe the system. In the
canonical ensemble, the number of particles (Nν + Ns ), the temperature (T ), and the
volume (V ) are fixed. The restraint of constant number of particles becomes tedious when
accounting for the interaction between the different particles, therefore we will use the grand
canonical ensemble to derive the virial coefficients. In the grand canonical ensemble, the
temperature (T ) and the volume (V ) are fixed, as well as the chemical potentials (µi ).
We can write the grand canonical partition function independent on Nν and Ns by
performing a transformation of the number of compounds by the chemical potential µν and
µs (Hill, 1986).

Ξ(T, V, µν , µs ) =
=

∞
X
Nν =0
∞
X

βµν Nν

e

×

∞
X

eβµs Ns Z(T, V, Nν , Ns )

Ns =0

eβµν Nν ZW (T, V, Nν , µs ) × Ξs (T, V, µs )

Nν =0

= ΞW (T, V, µν , µs )Ξs (T, V, µs )

(2.23)

The equation of state for the system is given by:

β(p + Π) =

ln (Ξ(T, V, µν , µs ))
ln (Ξs (T, V, µs )) ln (ΞW (T, V, µν , µs ))
=
+
V
V
V

(2.24)

In which the osmotic pressure is given by:
ln (ΞW (T, V, µν , µs ))
V
eβµ
We can now define the activity as z ≡ 3
Λ
βΠ =

ΞW (T, V, zν , µs ) =

∞
X

QN (T, V, Nν , µs )zνN = 1 + Q1 z + Q2 z 2 + Q3 z 3 + ...

(2.25)

(2.26)

N =0

23

2

Chapter 2. Effect of size polydispersity
The osmotic pressure can be written in terms of the logarithm of the grand canonical
ensemble.

βΠ(T, V, zν , µs )V = ln (ΞW (T, V, zν , µS ))
= ln(1 + Q1 z + Q2 z 2 + Q3 z 3 + ...)




1 2 2
1 3 3
= Q1 z + Q2 − Q1 z + Q3 − Q1 Q2 + Q1 z + ...
2
3

2

(2.27)

This can be written as:
βΠ =

∞
X

bl z l

(2.28)

l=1

The coefficient bl is also known as the cluster-integral and indicate interaction among l
compounds.

Q1
V
Q2 − 12 Q21
b2 =
V
Q3 − Q1 Q2 + 31 Q31
b3 =
V
b1 =

(2.29)
(2.30)
(2.31)

Just as that configuration integrals can be written in diagrams (see Eqs. (2.15)
to (2.17)), the cluster integrals can also be written as diagrams (Hansen and McDonald,
2013):

1
( )
V
1
b2 =
(
)
2V
1
b3 =
3
+
6V

b1 =

(2.32)
(2.33)
!

Two particle interactions can be defined by the Mayer f-function:
f12 = exp(−βW12 ) − 1
and can be represented by:
1
24

2

(2.34)

2.2. Theory
Substituting the Mayer f-function into the cluster integrals we get:

1 Z
b1 =
d~r1 = 1
V VZ
Z ∞
1
drr2 f (r)
d~r1 d~r2 f12 = 2π
b2 =
2V V Z
0
Z
1
b3 = 2b22 +
d~r d~r0 f (r)f (r0 )f (|~r − ~r0 |)
6

(2.35)
(2.36)
(2.37)

In order to find the relationship between cluster integrals and the virial coeffcients, we
need to do several substitutions and inversions using also Eq. (2.28):
∞
X
N
∂Π
= βz
T =
lbl z l = z + 2b2 z 2 + 3b3 z 3 + ...
ρ=
V
∂z
l=1

!

(2.38)

Inverting the series we obtain for the activity (Abramowitz and Stegun, 1972):
z = ρ − 2b2 ρ2 + (8b22 − 3b3 )ρ3 + ...

(2.39)

This can be substituted in the equation for the pressure (Eq. (2.28)):
βΠ = ρ − b2 ρ2 + 2(2b22 − b3 )ρ3 + ...

(2.40)

Comparing this equation to Eq. (2.22), we see that the second virial coefficient is
equivalent to −b2 :

B(T, µs ) = −b2 = −
= 2π

Z ∞

1
(
2V

)

drr2 (1 − exp (−βW (r)))

0

= −2π

Z ∞

drr2 f (r)

(2.41)

0

For hard spheres we define the interaction potentials as for components with a diameter
σ:
(

W (r)HS =

0, r > σ
∞, r ≤ σ

(2.42)

The second virial coefficient then becomes:
B(T, µs ) =

2π 3
(σ)
3

(2.43)
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2.2.3

Second virial coefficient of solutions with multiple solute
compounds

When there are more distinct compounds (ν1 , .., νn ) in the solution with n the total number
of distinguishable compounds, or species, there are two main types of two particle interactions
that can occur:

2

• interactions between indistinguishable components, i.e. components of the same
species:
–

,

,

,

,...

• interactions between distinguishable components, i.e. components of different
species:
–

,

,

,

,...

We can write the configuration integral QN in general as:




Z
N
X
1
Wxy (rij ) (2.44)
× d~r1ν1 , ..., ~rNν1 , ..., ~r1νn , .., ~rNνn × exp −β
QN =
Nν1 !...Nνn !
V
i<j

In which: N =

n
X

Nνi or the total number of particles in the configuration and x and y

i

can be of any type νn in the mixture.
The general equation for the partition function in the grand canonical ensemble then
becomes:
Ξ(T, V, zν1 , ..., zνn , µs ) =

X

QN (V, T )zνN1ν1 ...zνNnνn

(2.45)

Nν1 ,...,Nνn >0

In the case of two particle interaction we have interaction between components of the
same species and interaction between components of different species, so we obtain for Q2
two types of configuration integrals (comparable to Eq. (2.13)):
1 Z
d~r1x d~r2x exp [−βWxx (r1x r2x )]
2! V
Z ∞
1
drr2 fx (r)
= V 2 + 2πV
2 Z
0
h
i
1
=
d~r1x d~r2y exp −βWxy (r1x r2y )
1!1!
V


Z ∞
1 2
= 2 V + 2πV
drr2 fxy (r)
2
0

Q2,xx =

Q2,xy
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(2.47)

2.2. Theory
In which x and y can be of any type νn in the mixture and y 6= x.
Also for the cluster integrals we obtain two types of integrals (comparable to Eq. (2.36)):

b2,xx = 2π
= 2π

Z ∞
0

Z ∞
0

b2,xy = 4π

Z ∞
0



= 2 2π

drr2 (exp [−βWxx ] − 1)
drr2 fx (r)

(2.48)

drr2 (exp [−βWxy ] − 1)

Z ∞
0



2

drr fxy (r)

(2.49)

In which x and y can be of any type νn in the mixture and y 6= x.
The general equation for the osmotic pressure becomes then (comparable to Eq. (2.38)):

βΠ = b1,ν1 zν1 + b1,ν2 zν2 + b1,ν3 zν3 + ... + b2,ν1 ν1 zν21 + b2,ν1 ν2 zν1 zν2 + b2,ν1 ν3 zν1 zν3 + ...
=

n
X
i

b1,νi zνi +

n
X

b2,νi νi zν2i +

i

n
X

b2,νi νj zνi zνj + ...

(2.50)

i<j

For the second virial coefficient we obtain two types (comparable to Eq. (2.41)):

∗
Bxx

= 2π

Z ∞
0

= −2π
∗
Bxy
= 4π

Z ∞

Z ∞0



drr2 (1 − exp [−βWxx ])

0

drr2 fx (r) = Bxx

(2.51)

drr2 (1 − exp [−βWxy ])

= 2 −2π

Z ∞
0

2



drr fxy (r) = 2Bxy

(2.52)

In which x and y can be of any type νn in the mixture and y 6= x. Note: we define a
R
B ∗ to have all the second virial equations of the same form: −2π 0∞ drr2 f (r), with f (r)
dependent on the type of interaction.
For additive hard sphere interaction, the interaction potential for particles of different
species is given by:
(

W (r)HS =

0, r > σij
∞, r ≤ σij

(2.53)

with σij = (σi + σj )/2, the distance between the centers of the two components. When
the interaction is not additive, the distance of closest approach of the centers of the two
components becomes: σij = 1/2(σi + σj )(1 + ∆), in which ∆ accounts for the non-additivity
of the interaction between the particles that are different.
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For the second virial coefficient we find (comparable to Eq. (2.43)):

2

2π
(σx )3
3


3
2π
σx + σy
=
(1 + ∆)
3
2

Bxx =

(2.54)

Bxy

(2.55)

(Again, for additive hard sphere interactions, ∆ = 0).
The general equation for the osmotic pressure for a dilute mixture is then given by:

βΠ = ρ + Bν1 ν1 ρ2ν1 + 2Bν1 ν2 ρν1 ρν2 + 2Bν1 ν3 ρν1 ρν3 ...
=ρ+

n X
n
X
i

Bνi νj ρνi ρνj + ...

(2.56)

j

The second virial coefficients can be represented in matrix form:
B11 · · · B1n
 ..
.. 
..
B= .
.
. 
B1n · · · Bnn




(2.57)

In which we abbreviate the notation Bνi νj to Bij , and similarly, the densities ρνi by ρi .

2.2.4

Stability of a mixture

The stability of a mixture is dependent on the second derivative of the free energy. If
the second derivative of the mixture becomes zero, the mixture is at the boundary of
becoming unstable. Unstable mixtures have a negative second derivative (Beegle et al.,
1974; Heidemann, 1975).
The free energy of a mixture is given by (Hill, 1986):
A(T, V, Nν1 , ..., Nνn , µs ) = −kT ln(Z(T, V, Nν1 , ..., Nνn , µs ))

(2.58)

and the differential is given by:
dA = −SdT − pdV +

n
X

µi dNi

(2.59)

i

in which the chemical potential (the first partial derivative of the free energy with respect
to number of particles (Ni )) for component i is given by:
µi = µ0i + kT ln(ρi ) + 2kT



n
X

Bij ρj 
j
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2.2. Theory
For a mixture with n distinguishable components, this second partial derivatives can be
represented by a n × n matrix of the first partial derivatives of the chemical potential of
each component.
This results in the following general stability matrix:





∂µ1
∂µ1
···


 ∂N1
∂Nn 
 .
.. 
...
M1 = 
. 

 ..

∂µn 

 ∂µn
···
∂N1
∂Nn

1
···
2B1n
2B11 +

ρ
1

..
..
..
=
.
.
.




2B1n

· · · 2Bnn +

2


1
ρn









(2.61)

When this matrix is positive definite, the mixture is stable (Solokhin et al., 2002). Based
on this criterium, when one of the eigenvalues is not positive, the mixture becomes unstable.
When the matrix has one zero eigenvalue and is otherwise positive definite, the mixture is
on the spinodal and is at the limit of stability (Heidemann and Khalil, 1980).
In case of a binary mixture (n = 2), the spinodal is also equal to the determinant of
matrix M1 . For mixtures with more components, this is not always the case anymore, as
with an increasing number of components, there are an increasing number of eigenvalues for
matrix M1 that can become zero (Solokhin et al., 2002). This can be resolved by checking
if the stability matrix is positive definite for small changes of in the concentrations of the
components near the concentration where the det(M1 ) is zero.
The determinant of matrix M1 for a monodisperse binary mixture is given by:
2
det(M1 ) = 4(B11 B22 − B12
)ρ1 ρ2 + 2B11 ρ1 + 2B22 ρ2 + 1

(2.62)

Often however, components are not a 100% monodisperse. Let’s now investigate how
the equation for the spinodal of the mixture changes when we introduce polydispersity in
one of the components. We define a binary mixture in which one component (component
2) is polydisperse. The concentration of each of the particles in the polydisperse component
can be represented by:
h

i

ρ2 = x1 · · · xm × ρ2tot
with
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2
Figure 2.1: Graphical representation of a simple polydisperse mixture, in which the polydisperse
component consists out of two sub-components (a and b, n = 3), second virial coefficients are
indicated. The mixture demixes into two phases, one phase enriched in the small component, one
phase enriched in the large polydipserse component.

ρ2tot =

m
X

ρ2i

i

and
x = x1 + · · · + xm = 1
Each of the components in this mixture has a corresponding virial coefficient and cross
virial coefficient.
B11 · · · B1m
 ..
.. 
...
B= .
. 
B1m · · · Bmm




(2.63)

Let us investigate the equations for a simple polydisperse mixture, in which the polydisperse component consists out of two sub-components (a and b, n = 3) (Figure 2.1). For
the density and for the virial coefficient matrix we obtain:
h

i

ρ2 = xa xb × ρ2tot
with
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x = xa + xb




B11 B12a B12b


B = B12a B2a 2a B2a 2b 
B12b B2a 2b B2b 2b

(2.64)

2

The stability matrix becomes:
1
2B11 + ρ

1


M1 =











2B12a

2B12a

2B2a 2a +

2B12b

2B2a 2b



2B12b
1
ρ2a

2B2a 2b
2B2b 2b +

1
ρ2b













(2.65)

This results in the following determinant for the stability matrix:

2
2
det(M1 ) = 2B11 ρ1 + 2xa B2a 2a ρ2 + 2xb B2b 2b ρ2 − 4xa B12
ρ ρ − 4xb B12
ρρ
a 1 2
b 1 2

− 4xa xb B22a 2b ρ22 + 4xa B11 B2a 2a ρ1 ρ2 + 4xb B11 B2b 2b ρ1 ρ2
+ 4xa xb B2a 2a B2b 2b ρ22 − 8xa xb B11 B22a 2b ρ1 ρ22
2
2
− 8xa xb B12
B2a 2a ρ1 ρ22 − 8xa xb B12
B2b 2b ρ1 ρ22
a
b

+ 16xa xb B12a B12b B2a 2b ρ1 ρ22 + 8xa xb B11 B2a 2a B2b 2b ρ1 ρ22 + 1

(2.66)

With increasing number of sub-components, the number of terms in this determinant
increases rapidly. This forms an incentive to try and treat the polydisperse component as if
it is effectively one component. A natural and convenient choice for this route is coupled
to the experimental determination of virial coefficients using membrane osmometry (Ersch
et al., 2016). Namely, membrane osmometry yields values that are number averaged. Thus
we choose number averaged virial coefficients.
The number averaged virial coefficient of a mixture can be written as:
Bmix = B11 x21 + 2B12 x1 x2 + 2B13 x1 x3 ...
=

m X
m
X
i

Bij xi xj

(2.67)

j

in which Bii is the second virial coefficient of the ith particle, Bij is the second cross
virial coefficient of the ith particle and the j th particle, and xi is the fraction of the ith
X
particle,
xi = 1.
31

Chapter 2. Effect of size polydispersity
Using this definition, we can map the polydisperse mixture by a 2 × 2 matrix of virial
coefficients. We will refer to this 2 × 2 matrix of effective virial coefficients.

B11ef f = B11
B12ef f =

2

B22ef f =

m
X

B[1; 1, · · · , m](i)xi

i
m X
m
X
i

xi B[1, · · · , m; 1, · · · , m](ij)xj

j

"

Bef f

B11ef f B12ef f
=
B12ef f B22ef f

#

(2.68)

For the mixture we considered in Eq. (2.64), the effective virial coefficients become:

B11ef f = B11
B12ef f = xa B12a + xb B12b
B22ef f = x2a B2a 2a + 2xa xb B2a 2b + x2b B2b 2b

(2.69)

The effective stability matrix for this mixture becomes then:


2B11ef f +

M1ef f =






2B12ef f

1
ρ1

2B12ef f
2B22ef f

1
+
ρ2








(2.70)

and the determinant then becomes:

2
det(M1ef f ) = 4(B11ef f B22ef f − B12
)ρ1 ρ2 + 2B11ef f ρ1 + 2B22ef f ρ2 + 1
ef f





= 4 B11 (x2a B2a 2a + 2xa xb B2a 2b + x2b B2b 2b ) −(xa B12a + xb B12b )2 ρ1 ρ2




+ 2B11 ρ1 + 2 x2a B2a 2a + 2xa xb B2a 2b +x2b B2b 2b ρ2 + 1
2
2
= 2B11 ρ1 + 2x2a B2a 2a ρ2 + 2x2b B2b 2b ρ2 − 4x2a B12
ρ ρ − 4x2b B12
ρρ
a 1 2
b 1 2

+ 4x2a B11 B2a 2a ρ1 ρ2 + 4x2b B11 B2b 2b ρ1 ρ2 + 4xa xb B2a 2b ρ2
+ 8xa xb B11 B2a 2b ρ1 ρ2 − 8xa xb B12b B12a ρ1 ρ2 + 1

(2.71)

It is clear that Eqs. (2.66) and (2.71) are different. Using the effective virial coefficients
to determine stability of the mixture possibly results in deviations.
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2.2.5

Critical points

In a binary mixture, the critical point is a stable point which lies on the stability limit
(spinodal) (Heidemann and Khalil, 1980) and where the phase boundary and spinodal
coincide. In mixtures of more components these become plait points. Critical points
and plait points are in general concentrations at which two phases in equilibrium become
indistinguishable (Heidemann, 1994).
There are two criteria that have to be used to find critical points. The first one is
det(M1 ) = 0, which is the equation for the spinodal. The other criterion is based on the
fact that at the critical point, the third derivative of the free energy should also be zero.
For a multicomponent system, this criterion can be reformulated using Legendre transforms
as det(M2 ) = 0 (Beegle et al., 1974; Reid and Beegle, 1977), where:




∂µn
∂µ1
···


 ∂N1
∂Nn 
 .
.. 
..
M2 = 
.
. 

 ..

∂M1 

 ∂M1
···
∂N1
∂Nn

(2.72)

Matrix M2 is matrix M1 with one of the rows replaced by the partial derivatives of the
determinant of matrix M1 . Note: it does not matter which row of the matrix is replaced.
For a monodisperse binary mixture, this results in the following two matrices for the
critical point:


2B11 +

M1 =






1
ρ1

2B12



2B12
2B22 +

1
ρ2







and
1
 2B11 + ρ

1


M2 =





−

2B22 ρ2 + 1
−
ρ21 ρ2

2B12







2B11 ρ1 + 1 

ρ1 ρ22

The set of equations that needs be solved for the critical point is:
(

2
det(M1 ) = 1 + 2B11 ρ1 + 2B22 ρ2 − 4B12
ρ1 ρ2 + 4B11 B22 ρ1 ρ2 = 0
det(M2 ) = (2B12 ρ2 )(1 + 2B22 ρ2 ) − (1 + 2B11 ρ1 )2 = 0

(2.73)

For the earlier considered polydisperse mixture containing the two sub-components (a
and b, n = 3) we obtain:
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1
2B11 +
ρ1






M2 =

2









2B12a

2B12a
2B2a 2a +

P1

P2

2B12b 

1
ρ2a





2B2a 2b 




(2.74)

P3

with
−4xa xb B22a 2b ρ22 + 2xa B2a 2a ρ2
+ 2xb B2b 2b ρ2 + 4xa xb B2a 2a B2b 2b ρ22 + 1
P1 = −
xa xb ρ21 ρ22
!
2
−4xb B12
ρ
ρ
+
2B
ρ
+
2x
B
ρ
1
2
11
1
b
2
2
2
b b
b
+ 4xb B11 B2b 2b ρ1 ρ2 + 1
P2 = −
x2a xb ρ1 ρ32 )
!
2
ρ ρ + 2B11 ρ1 + 2xa B2a 2a ρ2
−4xa B12
a 1 2
+ 4xa B11 B2a 2a ρ1 ρ2 + 1
P3 = −
xa x2b ρ1 ρ32

!

In general, Pi can be found using the following equation:
Pi = −

1
M1,(ii)
ρ2i

(2.75)

in which, M1,(ii) is the minor of matrix M1 at the ith -row and ith -column.
Combining det(M1 ) and det(M2 ) results in the following set of equations:
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2
2
det(M1 ) = 2B11 ρ1 + 2xa B2a 2a ρ2 + 2xb B2b 2b ρ2 − 4xa B12
ρ ρ − 4xb B12
ρρ
a 1 2
b 1 2
2
2
−4xa xb B2a 2b ρ2 + 4xa B11 B2a 2a ρ1 ρ2 + 4xb B11 B2b 2b ρ1 ρ2 + 4xa xb B2a 2a B2b 2b ρ22
2
2
−8xa xb B11 B22a 2b ρ1 ρ22 − 8xa xb B12
B2a 2a ρ1 ρ22 − 8xa xb B12
B2b 2b ρ1 ρ22
a
b
2
2
+16xa xb B12a B12b B2a 2b ρ1 ρ2 + 8xa xb B11 B2a 2a B2b 2b ρ1 ρ2 + 1 = 0
2
2
2
det(M2 ) = 16x2a B2a 2a B11
B2a 2b ρ21 ρ22 + 8xa B11
B2a 2b ρ21 ρ2 − 16x2b B11
B22b 2b ρ21 ρ22
2
2
2
2
2 2
2
2
−16xb B11 B2b 2b ρ1 ρ2 + 16xb B11 B12b ρ1 ρ2 − 4B11 ρ1 − 16xa B11 B12
B2a 2b ρ21 ρ22
a
−16x2a B2a 2a B11 B12a B12b ρ21 ρ22 − 8xa B11 B12a B12b ρ21 ρ2
2
+32x2b B11 B12
B2b 2b ρ21 ρ22 + 16x2a B2a 2a B11 B2a 2b ρ1 ρ22
b
+8xa B11 B2a 2b ρ1 ρ2 − 16x2b B11 B22b 2b ρ1 ρ22 − 16xb B11 B2b 2b ρ1 ρ2
3
−4B11 ρ1 + 16x2a B12
B12b ρ21 ρ22 − 8x2a B2a 2a B12a B12b ρ1 ρ22
a
2
−4xa B12a B12b ρ1 ρ2 − 8x2a B12
B2a 2b ρ1 ρ22 − 16x2a x2b B12a B22a 2b B2b 2b ρ42
a
−8x2a xb B12a B22a 2b ρ32 + 8xa x2b B12a B22b 2b ρ32 + 16x2a x2b B2a 2a B12a B22b 2b ρ42
+16x2a ρb B2a 2a B12a B2b 2b ρ32 + 8xa xb B12a B2b 2b ρ22 + 4x2a B2a 2a B12a ρ22
4
2
2
+2xa B12a ρ2 − 16x2b B12
ρ2 ρ + 16x2b B12
B2b 2b ρ1 ρ22 + 8xb B12
ρρ
b 1 2
b
b 1 2
2 2
3
4
2 2
4
+16xa xb B12b B2a 2b ρ2 − 16xa xb B2a 2a B12b B2a 2b B2b 2b ρ2
−8xa x2b B12b B2a 2b B2b 2b ρ32 − 8x2a xb B2a 2a B12b B2a 2b ρ32 − 4xa xb B12b B2a 2b ρ22
+4x2a B2a 2a B2a 2b ρ22 + 2xa B2a 2b ρ2 − 4x2b B22b 2b ρ22 − 4xb B2b 2b ρ2 − 1 = 0

2.2. Theory
Since in this set of equations there are more higher order terms present, it is possible
that this results in multiple plait points, depending on the concentration of each of the
components in the mixture. Care should be taken that the solutions of the set of equations
are concentrations are at the limit of stability, this can be done by checking the eigenvalues
of the stability matrix.
If we use the effective virial coefficients for this mixture as defined in Section 2.2.4, we
obtain:


M2ef f =







2B11ef f

−

1
+
ρ1

2B22e f f ρ2 + 1
−
ρ21 ρ2

2B12ef f







2B11e f f ρ1 + 1 

ρ1 ρ22

The determinant of this matrix becomes:

2
det(M2ef f ) = −4B11
ρ2 − 4B11e f f ρ1 + 4B12e f f B22e f f ρ22 + 2B12e f f ρ2 − 1
ef f 1
2 2
= −4B11
ρ1 − 4B11 ρ1 + 4(xa B12a + xb B12b ) × (x2a B2a 2b + 2xa xb B2a 2b

+ x2b B2b 2b )ρ22 + 2(xa B12a + xb B12b )ρ2 − 1
2 2
ρ1 − 4B11 ρ1 + 4x3a B12a B2a 2a ρ22 + 8x2a xb B12a B2a 2b ρ22
= −4B11

+ 4xa x2b B12a B2b 2b ρ22 + 4x2a xb B12b B2a 2a ρ22 + 8xa x2b B12b B2a 2b ρ22
+ 4x3b B12b B2b 2b ρ22 + 2xa B12a ρ2 + 2xb B12b ρ2 − 1
Which results in the following system of equations for the critical point:



















2
2
ρρ
ρ ρ − 4x2b B12
det(M1e f f ) = 2B11 ρ1 + 2x2a B2a 2a ρ2 + 2x2b B2b 2b ρ2 − 4x2a B12
a 1 2
b 1 2
2
2
+4xa B11 B2a 2a ρ1 ρ2 + 4xb B11 B2b 2b ρ1 ρ2 + 4xa xb B2a 2b ρ2 + 8xa xb B11 B2a 2b ρ1 ρ2
−8xa xb B12b B12a ρ1 ρ2 + 1 = 0
2 2
det(M2e f f ) = −4B11
ρ1 − 4B11 ρ1 + 4x3a B12a B2a 2a ρ22 + 8x2a xb B12a B2a 2b ρ22
+4xa x2b B12a B2b 2b ρ22 + 4x2a xb B12b B2a 2a ρ22 + 8xa x2b B12b B2a 2b ρ22
+4x3b B12b B2b 2b ρ22 + 2xa B12a ρ2 + 2xb B12b ρ2 − 1 = 0

Also for the third derivative of the Helmholtz free energy, we see that reducing the
polydispersity by using the effective virial coefficients, results in fewer terms in the equation
and possible deviations in determining the critical point.

2.2.6

Phase boundary

When a mixture becomes unstable and phase separates into two or more phases, the chemical
potential of each component and the osmotic pressure is the same in all phases Hill (1986).
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= ···

where the phases are denoted by I, II, ....
For a system that separates into two phases, we obtain, using Eqs. (2.56) and (2.60),
the following set of equations for the general case of n components:





























ρI1

+ ··· +

ρIn +

n X
n
X
i

Bij ρIi ρIj

j

=
II
ρII
1 + · · · + ρn +

n X
n
X
i





n
X


I


ln(ρ
)
+
2
B1j ρIj  =

1



j





..



.








n

X


ln(ρIn ) + 2 
Bnj ρIj  =



II
Bij ρII
i ρj

j



n
X
ln(ρII ) + 2  B1j ρII 
j

1

j



ln(ρII
n )+2

n
X



Bnj ρII
j

j

j

This set of equations has 2 × n unknowns and n + 1 equations. The set of equations can
be solved by fixing one of the concentrations for one phase and the ratio of the concentrations
of the other components for the same phase. To solve this set of equations in order to find
the concentration of each component in each phase, without fixing any of the concentrations,
we need therefore an extra set of equations.
This extra set of equations stems from the fact that during phase separation no particles
are lost and no new particles are created. The total number of components in the system is
therefore given by:
N=

n
X
i

NiI +

n
X

NiII

(2.77)

i

Also the total volume, V , of the system does not change. With the total volume of the
system given by:
V = V I + V II
the concentrations of each component in each phase are thus given by:
36

(2.78)

2.2. Theory

N1I
NnI
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·
·
·
ρ
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ρ
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V II
V II
The total number of compounds in the system can be found using:
ρI1 =
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=
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(2.79)
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which can be rewritten to:
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with
α=

VI
V I + V II

(2.80)

This results in an extra set of n equations and one more unknown (α). The complete
set of equations to solve for the binodal then becomes:
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n
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Systems for which there are more than two distinguishable components (n > 2) can
theoretically have more than two coexisting phases, according to the Gibbs phase rule. With
an increasing number of phases, the set of equations to solve increases as well. The number
of equations needed to solve for an arbitrary number of f phases is: f × n + f − 1. The
set of equations then becomes:
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Now that we have the general equations for the phaseboundary, let us investigate the
set of equations we need to solve for the mixtures we defined earlier. For a monodisperse
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binary mixture the set of equations to solve for the phase boundary is given by:
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For the polydisperse binary mixture we considered earlier (with two sub-components a
and b, n = 3) this set of equations becomes:
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Note that the ratio between ρI2a and ρI2b is not necessarily the same as the ratio between
II
ρII
2a and ρ2b , since fractionation between the components can occur.
Using the effective virial coefficients we obtain:
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It is clear from the equations, that when using the effective virial coefficients for
calculating the phase boundary all information about the (changes in) distribution of the
polydisperse component becomes untraceable.

2.3

2

Results and discussion

In this work we calculated the liquid-liquid phase diagram for a variety of binary additive
mixtures of a small hard sphere A and a larger hard sphere B with a size ratio q =
σA /σB = 1/10. We started by calculating the phase diagram of this monodisperse mixture
(Figure 2.2) and gradually introduced polydispersity into the composition of component B
(Figures 2.3 to 2.6). Component B is characterized by a degree in polydispersity (P D),
defined by:
qP

(σBi − σB )2 × NBi /NB

× 100
σB
For all particles, the concentrations are expressed as a dimensionless parameter according
πρσ 3
to η =
. We calculated the critical point, the phase separation boundary, and the
6
spinodal of the various mixtures. Next to that, we also investigated the composition of the
child phases, volume ratio between the phases (α), and the fractionation of the polydisperse
component B for a specific parent mixture.
PD =

In order to be able to compare our results with the monodisperse case we first refer
to Figure 2.2, where we see that the binary mixture phase separates at very low volume
fractions of component A (ηAcrit = 0.007) and significantly higher concentrations of
component B (ηBcrit = 0.267). This high asymmetry in the position of the critical point
and phase boundary has also previously been reported by Hopkins and Schmidt (2010).
Note that even though the volume fraction of the smaller spheres are very low, their number
concentration is significantly higher than the large spheres.

2.3.1

Polydisperse mixtures with 2 sub-components

In Figure 2.3 we show the phase diagram for the case of a slight polydispersity in component
B. Component B consists of two sub-components and has a P D = 4.00. These components
are additive spheres in two sizes (both present in the same amount), with the number average
size of the mixture equal to that of the size of the monodisperse mixture of Figure 2.2.
The mixture therefore consist of three components. We calculated the phase diagram using
both the simplified 2 × 2 effective virial coefficient matrix described in the theory (we refer
to this as the effective mixture) and the full 3 × 3 virial coefficient matrix (to which we
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Figure 2.2: Phase diagram for monodisperse binary (component A and B) additive hard sphere
mixture with size ratio q = σA /σB = 1/10, plotted as a function of the partial packing fractions,
ηA and ηB . The spinodal (solid line) and binodal (dashed line) meet each other at the critical
point (diamond).

refer as the polydisperse mixture). The difference between the phase boundary, spinodal
and critical point of the monodisperse mixture and the effective mixture is negligible. We
see however that the introduction of the polydispersity causes the critical point to shift to a
higher volume fraction of component B (ηAcrit = 0.007, ηBcrit = 0.280) and that especially
at lower volume fraction of component B the phase separation boundary shifts towards
slightly lower packing fractions.
For Figure 2.4 we increased the size difference between the smaller and the larger
spheres for component B, with the standard deviation twice the standard deviation of the
spheres in Figure 2.3 and the P D = 8.00. The patterns we saw in Figure 2.3 are more
pronounced for this mixture: the increase in size difference causes the critical point to shift
to higher packing fractions for component B and lower packing fractions for component A
(ηAcrit = 0.006, ηBcrit = 0.315). The phase boundary, i.e. the binodal, shifts to significantly
lower packing fractions, especially at lower volume concentrations of component B. For
this mixture we see also that the spinodal of the polydisperse mixture shifts towards lower
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2

Figure 2.3: Phase diagram for binary (component A and B) additive hard sphere mixture with
size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse (see
size distribution,(P D = 4.00)), with a number average size 10 times the size of component A,
plotted as a function of the partial packing fractions, ηA and ηB . The spinodal (solid line) and
binodal (dashed line) meet each other at the critical point (diamond).

packing fractions of A. There is a slight difference between the positions of the binodal,
spinodal and critical point of the monodisperse mixture and effective mixture.
In Figure 2.5 we introduced skewness in the size distribution of component B. For the
first two mixtures (Figures 2.5a and 2.5b) the ratio between the bigger and the smaller
sub-component was 25/75. The polydispersity for both mixtures is the same, P D = 6.93.
For the other two mixtures (Figures 2.5c and 2.5d), the ratio between the bigger and
the smaller sub-component was more extreme, namely 90/10, with P D = 4.80. For all
these mixtures, we find that the critical point shifts towards higher packing fraction of
component B ((ηAcrit = 0.006, ηBcrit 0.290) for Figure 2.5a, (ηAcrit = 0.006, ηBcrit 0.326) for
Figure 2.5b, (ηAcrit = 0.007, ηBcrit 0.276) for Figure 2.5c, and (ηAcrit = 0.007, ηBcrit 0.304)
for Figure 2.5d).
Next to this shift in critical point, we also see that the spinodal shifts towards lower
packing fractions of component A, and that the binodal shifts towards lower packing fraction
for lower concentrations of component B, although there is a difference in the amount of
42
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Figure 2.4: Phase diagram for binary (component A and B) additive hard sphere mixture with
size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse (see
size distribution, SD twice of mixture in Figure 2.3), with a number average size 10 times the size
of component A, plotted as a function of the partial packing fractions, ηA and ηB . The spinodal
(solid line) and binodal (dashed line) meet each other at the critical point (diamond).

shift. We kept the number average size of the spheres for component B the same for all
mixtures, meaning that the largest spheres in the mixture in Figures 2.5b and 2.5d are
larger than the largest spheres in the mixture in Figures 2.5a and 2.5c. From this we can
conclude that the larger spheres, even though they are smaller in number, have a higher
impact on the concentration of the critical point and the position of the phase boundary.
Looking at the different mixtures (Figures 2.3 to 2.5) we can conclude that polydispersity shifts the critical point to higher packing fraction for component B and lower packing
fractions of component A compared to a monodisperse mixture with the same average sizes.
The phase boundary shifts to lower packing fractions at lower concentrations of component
B. The shift is dependent on the size distribution and then in a large part on the size and
the concentration of the largest particle in the mixture.
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(a) Large amount of larger spheres

(b) Small amount of larger spheres

(c) Large amount of larger spheres

(d) Small amount of larger spheres

Figure 2.5: Phase diagram for binary (component A and B) additive hard sphere mixture with
size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse (see
size distribution), with a number average size 10 times the size of component A, plotted as a
function of the partial packing fractions, ηA and ηB . The spinodal (solid line) and binodal (dashed
line) meet each other at the critical point (diamond).
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2.3.2

Polydispersity with 9 sub-components

Now that we have a bit of an understanding of how polydispersity influences the critical point
and the phase boundary, we increase the number of sub-components of B. The mixtures
in Figure 2.6 thus consist of ten components (one component A and nine components
B in varying amounts and sizes, with different degrees of polydispersity, dependent on
the considered distribution). We again calculated the phase diagram using both the
simplified effective 2 × 2 virial coefficient matrix (the effective mixture) and the full 10 × 10
virial coefficient matrix (the polydisperse mixture). Table 2.1 gives the critical points for
the polydisperse mixtures and Table 2.2 allows for an easy comparison of the different
distributions.
From the figure and table we can conclude that, the standard deviation of the polydisperse
component plays a big role in moving the critical point and phase boundary. The standard
deviation for B in Figure 2.6b is twice the standard deviation for B in Figure 2.6a. It is
also clear that the type of distribution plays a significant role in the concentration of the
critical point and position of the phase boundary. The sizes in B for Figures 2.6b and 2.6e
are the same, however, each size is present with a different frequency. The distribution
in Figure 2.6b is Gaussian and the sizes in Figure 2.6e are bimodal, which means that
the particles with sizes just larger and just smaller than the mean are present in a larger
number. This causes to shift the critical point to slightly lower packing fraction of B in
Figure 2.6e compared to Figure 2.6b. The distribution of B in mixture Figure 2.3 is
comparable to the mixture in Figure 2.6a, just with fewer sub-components. The position
of the critical point is for both mixtures very comparable. In the same way is the distribution
of B in Figure 2.4 comparable to the mixture in Figure 2.6b and Figure 2.6e. However,
the increased number of sub-components results in a slightly higher and lower concentration
of the B component at the critical point respectively.
The distributions of B in mixtures Figures 2.6c and 2.6d are skewed. In this regard
they are comparable to the mixtures in Figure 2.5. For these mixtures we see that the
right skewed distribution also causes the critical point to move to higher concentrations of
B compared to the mixture with the left skewed distribution.

2.3.3

Fractionation of polydisperse component

Upon phase separation, particles will move to a preferential phase in order to minimize
the Helmholtz free energy. One phase is enriched in component A, whilst the other is
enriched in component B. Even though each phase is enriched in one component, the other
component is still present in lower concentrations. We investigated the phase separation of
a specific parent mixture (ηAparent = 0.010, ηBparent = 0.200) for the different distributions
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(a) Narrow Gaussian distribution

(b) Broad Gaussian distribution

(c) Left skewed distribution

(d) Right skewed distribution

(e) Bimodal distribution

Figure 2.6: Phase diagram for binary (component A and B) additive hard sphere mixture with
size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse (see
size distributions for the different distribution), with a number average size 10 times the size of
component A, plotted as a function of the partial packing fractions, ηA and ηB . The spinodal
(solid line) and binodal (dashed line) meet each other at the critical point (diamond).
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ηcrit
(0.007, 0.267)
(0.007, 0.280)
(0.006, 0.315)
(0.006, 0.290)
(0.006, 0.326)
(0.007, 0.276)
(0.007, 0.304)
(0.007, 0.281)
(0.006, 0.325)
(0.007, 0.291)
(0.006, 0.308)
(0.006, 0.313)

Composition of component B

2.2: Monodisperse (PD: 0.00)

2.3: Narrow 2 peaks (PD: 4.00)

2.4: Broad 2 peaks (PD: 8.00)

2.5a: Left skewed 2 peaks (PD: 6.93)

2.5b: Right skewed 2 peaks (PD: 6.93)

2.5d: Left skewed 2 peaks extreme (PD: 4.80)

2.5c: Right skewed 2 peaks extreme (PD: 4.80)

2.6a: Narrow Gaussian (PD: 4.05)

2.6b: Broad Gaussian (PD: 8.11)

2.6c: Left skewed (PD: 6.02)

2.6d: Right skewed (PD: 6.02)

2.6e: Bimodal (PD: 7.44)

η (0.011,0.042)
PD: 6.08, Size: 0.94

η (0.011,0.036)
PD: 7.02, Size: 0.95

η (0.011,0.039)
PD: 4.33, Size: 0.96

η (0.011,0.042)
PD: 7.14, Size: 0.93

η (0.011,0.034)
PD: 3.90, Size: 0.98

η (0.011,0.036)
PD: 1.20, Size: 0.98

η (0.011,0.032)
PD: 8.12, Size: 0.96

η (0.011,0.044)
PD: 2.36, Size: 0.96

η (0.011,0.037)
PD: 7.92, Size: 0.93

η (0.011,0.045)
PD: 4.86, Size: 0.93

η (0.011,0.034)
PD: 3.45, Size: 0.98

η (0.012,0.030)
PD: 0.00, Size: 1.00

Top phase
0.793
0.804
0.837
0.822
0.826
0.805
0.807
0.804
0.832
0.817
0.815
0.830

η (0.004,0.881)
PD: 3.97, Size: 1.00
η (0.003,0.994)
PD: 7.58, Size: 1.02
η (0.004,0.952)
PD: 5.57, Size: 1.02
η (0.004,0.941)
PD: 7.33, Size: 1.01
η (0.004,0.895)
PD: 3.53, Size: 1.01
η (0.004,0.885)
PD: 5.13, Size: 1.00
η (0.004,0.881)
PD: 3.96, Size: 1.00
η (0.003,0.980)
PD: 7.36, Size: 1.02
η (0.004,0.918)
PD: 6.03, Size: 1.01
η (0.004,0.921)
PD: 5.29, Size: 1.01
η (0.004,0.969)
PD: 6.94, Size: 1.02

α

η (0.004,0.849)
PD: 0.00, Size: 1.00

Bottom phase

Table 2.1: Critical points for the different binary mixtures depending on the distribution of component B, see also figures Figures 2.2 to 2.6 and
phase separated concentrations and volume fraction α of the different mixtures for specific parent concentration (ηAparent = 0.010, ηBparent = 0.200),
depending on distribution of component B see Table 2.2 for distribution of component B in each phase.
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Table 2.2: Phase separation of different mixtures and fractionation of component B for specific
parent distribution (ηAparent = 0.010, ηBparent = 0.200), depending on distribution of component
B, see also figures Figures 2.2 to 2.6.

2

Component B
2.2: Monodisperse
2.3: Narrow 2 peak distribution
2.4: Broad 2 peak distribution
2.5a: Left skewed 2
peak distribution
2.5b: Right skewed 2
peak distribution
2.5d: Left skewed 2
peak distribution ex.
2.5c: Right skewed 2
peak distribution ext.
2.6a: Narrow Gaussian
distribution
2.6b: Broad Gaussian
distribution
2.6c: Left skewed distribution
2.6d: Right skewed distribution
2.6e: Bimodal distribution
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Parent distribution

Top phase

Bottom phase

2.4. Conclusion
of component B, in terms of volume fraction of both components in each phase, degree of
polydispersity of component B, average size of component B in child phase compared to
the average size of component B in the parent phase and the volumefraction of the phases
(α), see Table 2.2.
Polydispersity in the sizes of component B in the parent phase causes significant
fractionation of component B in the child phases. The phase enriched in component A,
the smaller component, contains also relatively more of the smaller components of B than
the phase enriched in component B. The size ratio of the average size of component B
compared to the average size of component B in the parent phase is smaller than 1. The
polydispersity of component B influences also both the composition in each phase as well
as the volume fraction of the phases. The volume fraction of the top phase, the phase
enriched in component A (phase with lowest volume fraction in components) increases
with polydipsersity. The bottom phase has a higher volume fraction of component B with
higher polydispersity. In general, but most pronounced for the mixture in Figure 2.5a, we
observe that the smaller sub-components favor the top phase (the phase enriched in the
small particles A), while the larger sub-components favor the bottom phase (the phase
enriched in the larger particles B). We like to note that these observations as obtained from
the virial approach are in line with previous theoretical work using the UNIQUAC model by
Kang and Sandler (Kang and Sandler, 1988) and the Florry Huggins theory (van Heukelum
et al., 2003) and also experimental work (Edelman et al., 2001; van der Kooij et al., 2000;
Loret et al., 2005). Evans et al. (1998) also note that the skewness of the polydisperse
parent distribution plays an important role in the fractionation. Also Paricaud (2008) found
that the largest polydipserse particle favored the phase poor in the smallest particle. This
follows from the relatively increased size incompatibility between the smallest particle and
the largest particle in the system.
Depending on the type of distribution, phase separation causes the degree of polydispersity
to decrease. This is in both phases for all mixtures with a symmetric distribution of B in
the parent phase. For these mixtures, the degree of polydispersity is at its lowest for the
phase enriched in A.

2.4

Conclusion

We find that the largest species in the polydisperse component causes the largest shift
in the position of the phase boundary, critical point and spinodal compared to the binary
monodisperse binary mixtures. Upon phase separation, the polydisperse component fractionates. The smaller species of the polydisperse component favor the phase enriched in
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the small component, while the larger species remain in the phase enriched in the larger
component. The top phase, the phase enriched in the small component, has a larger volume
and this volume increases with polydispersity. The virial approach we used yields results
in line with previous theoretical and experimental work on polydisperse mixtures, and at
the same time allows for direct experimental testing using virial coefficients obtained from
membrane osmometry.
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Chapter 3. Effect of non-additivity

Abstract
We study the theoretical phase behavior of an asymmetric binary mixture of
hard spheres, of which the smaller component is monodisperse and the larger
component is polydisperse. The interactions are modeled in terms of the second
virial coefficient and can be additive hard sphere (HS) or non-additive hard
sphere (NAHS) interactions. The polydisperse component is subdivided into
two sub-components and has an average size ten or three times the size of
the monodisperse component. We give the set of equations that defines the
phase diagram for mixtures with more than two components in a solvent. We
calculate the theoretical liquid-liquid phase separation boundary for two phase
separation (the binodal) and three phase separation, the plait point, and the
spinodal. We vary the distribution of the polydisperse component in skewness
and polydispersity, next to that we vary the non-additivity between the subcomponents as well as between the main components. We compare the phase
behavior of the polydisperse mixtures with binary monodisperse mixtures for
the same average size and binary monodisperse mixtures for the same effective
interaction. We find that when the compatibility between the polydisperse
sub-components decreases, three-phase separation becomes possible. The shape
and position of the phase boundary is dependent on the non-additivity between
the subcomponents as well as their size distribution. We conclude that it is the
phase enriched in the polydisperse component that demixes into an additional
phase when the incompatibility between the sub-components increases.
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Introduction

In the study of the phase behavior of binary mixtures, the components are usually assumed
to be pure and monodisperse, however in nature most components are not that neatly
monodisperse. Many components show size and charge variation or contain hard to remove
particles that can influence their phase behavior in binary mixtures. In their experimental
work, Sager (1998) reported that even small impurities can lead to drastic shifts in the
position of the phase boundary. Next to that the compatibility between components can
be depended on the temperature (Edelman et al., 2001), salt concentration or pH of the
solution (Kontogiorgos et al., 2009).
Two different physical mechanisms drive the phase separation between hard spheres.
The first one involves only excluded volume interactions. In this mechanism the minimal
distance between the particles is determined by the sum of their respective radii (Biben
and Hansen, 1997). This is the typical additive hard sphere interaction (HS). With this
mechanism, phase separation is driven by a size asymmetry between the particle sizes (Biben
and Hansen, 1991). This asymmetry leads to depletion of small spheres around the large
spheres and as a result to an effective attraction (depletion interaction) between the larger
spheres (Dijkstra et al., 1999). The other mechanism is when the distance between the
particles of a different species can be larger or smaller than the sum of their respective radii.
This is referred to as non-additive hard sphere (NAHS) interaction. Previous research has
shown that already at small degrees of non-additivity it becomes possible for components
with no size asymmetry to demix (Roth et al., 2001; Dijkstra, 1998). Either way, upon phase
separation, the mixture will demix into two (or more) phases, each enriched in one of the
components. In the previous article, we focused on the first type of interaction (Sturtewagen
and van der Linden, 2019). We investigated the influence of size polydispersity on the phase
behavior of an additive binary asymmetric mixture. In this work we will focus on the second
type, binary (polydisperse) mixtures where the distance between the particles of different
species can be larger or smaller than the sum of their respective radii.
Piech and Walz (2000) studied the effect of size polydispersity and charge heterogeneity
on the depletion interaction in a colloidal system. They found that the size distribution in the
larger particle had a different effect on the depletion attraction for charged and non-charged
hard sphere systems. For the depletion attraction decreased between the larger particles at
constant volume fraction due to the polydispersity. This effect was further enhanced by the
presence of charge. Polydispersity significantly lowers the magnitude of the repulsive barrier.
The non-additivity is usually described by the non-additivity parameter ∆ (with ∆ ≥ −1).
When ∆ = 0 the mixture has additive hard sphere interaction and the closest approach
of the particles is the sum of their radii. When ∆ < 0 the two particles experience more
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attraction and can come closer to each other than the sum of their radii, while when ∆ > 0
the two particles have more repulsion and their distance of closest approach is larger than the
sum of their respective radii. It is clear that this can have enormous effects on their phase
behavior. Particles with a negative ∆ tend to be more compatible with each other, while
particles with a positive ∆ are less compatible and tend to demix at lower concentrations.
Already at the relatively low ∆ = 0.1, it becomes possible for components with the same
size to demix (Sillren and Hansen, 2010).

3

Paricaud (2008) studied the phase behavior of polydisperse colloidal dispersions. Their
mixture consisted of a monodisperse component and a polydisperse component. The
interaction between the monodisperse and polydisperse components was assumed to be
NAHS (with the same ∆ for all polydisperse sphere), while the interaction between the
polydisperse components amongst themselves was assumed to be additive HS. They find that
the critical point of a polydisperse mixture is at lower solution pressure than for completely
monodisperse mixtures. For mixtures with large variation in the size of the polydisperse
mixtures they observe the possibility of a three phase system. The phase behavior of a
colloid and a polydisperse polymer was studied by Sear and Frenkel (1997). They used the
Asakura-Osawa model fo the interactions between the different components. They found
that increasing the polydispersity increased also the extent of the fluid-fluid coexistence.
They reason that the introduction of larger polymer coils is the driving force towards phase
separation.

In this study we aim to get a better understanding of how non-additive interaction
influences the phase behavior of binary mixtures with some polydispersity or impurities. We
will study the position of the phase separation boundary, the spinodal, and the critical point.
Next to that we aim to predict the fractionation of the polydisperse component between
the different phases. We model the interactions between the different components using the
second virial coefficient (Section 3.2.1). In Section 3.2.2 we describe the equations for
the spinodal, in Section 3.2.3 we describe the equations for the critical point and finally in
Section 3.2.4 we describe the equations defining the phase boundary. With the expressions
in Section 3.2 we have enough to calculate the phase diagram for a variety of mixtures
described in Section 3.3. First we introduce non-additivity between the main components in
the binary mixtures (Section 3.3.1), subsequently we introduce non-additivity between the
sub-components in the polydiseperse component (Section 3.3.2), and finally we combine
both in Section 3.3.3. In Section 3.3.4 we look into the fractionation of some of the
mixtures from Section 3.3.2 at a specific parent concentration.
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3.2

Theory

We show the equations used for the calculations of the phase diagram of the different studied
systems: the set of equations defining the stability boundary, the critical point, and phase
boundaries of a mixture. All sets of equations are solved in Matlab R2017b. For a more
detailed derivation of the equations, we refer to Sturtewagen and van der Linden (2019).

3.2.1

Osmotic virial coefficient

The osmotic pressure, Π, of a solution at a temperature T , can be written as a virial
expansion, similar to the virial expansion of the universal gas law for real gasses (Hill, 1986):
βΠ = ρ + B2 (T, µs )ρ2 + B3 (T, µs )ρ3 + ...

(3.1)

1
with β =
, k the Boltzmann’s constant, ρ the number density of the component
kT


Nν
, B2 the second virial coefficient, and B3 the third virial coefficient. The second virial
V
coefficient accounts for the increase in osmotic pressure due to particle pairwise interaction.
The third virial coefficient accounts for the interaction between three particles in a variety
of configurations. The equation can be expanded for higher densities with Bn , the nth virial
coefficient, which accounts for the interaction between n different particles.
In this work we will limit the virial expansion to the second virial coefficient, which is
given by Lekkerkerker and Tuinier (2011):
B(T, µs ) = 2π

Z ∞

r2 (1 − exp [−βW (r)])dr

(3.2)

0

in which µs is the chemical potential of the solution, W (r) is the interaction potential
between the particles, and r is the distance.
For additive hard sphere (HS) interaction, the interaction potential for two particles (of
the same species or different species) is given by:
(

W (r)HS =

0, r > σij
∞, r ≤ σij

(3.3)

with σij = (σi + σj )/2, the distance between the centers of the two particles.
For non-additive hard spheres (NAHS), the distance of the closest approach of the centers
of the two particles of different species can be closer or further than the distance between their
centers (Roth et al., 2001). The closest distance then becomes: σij = ((σi + σj )/2)(1 + ∆),
in which ∆ (≥ −1) accounts for the non-additivity of the interaction between the particles.
When ∆ > 0 the distance of closest approach of both spheres increases and when ∆ < 0
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the distance of closest approach decreases compared to that due to HS interaction only. For
additive hard sphere interaction ∆ = 0.
In a mixture with n distinguishable components in a solution, there are two main types of
two particle interactions that can occur: between particles of the same species and particles
of different species.
For the second virial coefficient given by Eq. (3.2), using the interaction potential
defined in Eq. (3.3), we find:

3

2π
(σx )3
3


3
2π
σx + σy
(1 + ∆)
=
3
2

Bxx =

(3.4)

Bxy

(3.5)

where Bxx is the second virial coefficient for particles of the same species (assumed to
be HS) and Bxy is the second virial coefficient of particles of different species, which can be
HS or NAHS.
The general equation for the osmotic pressure for a dilute mixture is given by (Sturtewagen
and van der Linden, 2019):

βΠ = ρ + B11 ρ21 + 2B12 ρ1 ρ2 + 2B13 ρ1 ρ3 ...
=ρ+

n X
n
X
i

Bij ρi ρj + ...

(3.6)

j

In this article we focus on binary mixtures in which one of the components consists of
sub-components (Figure 3.1). By increasing the number of sub-components, the number
of equations to solve for the phase diagram increases. Just as in the previous article
(Sturtewagen and van der Linden, 2019) we also compare the results to the number averaged
virial coefficients of the different components. The number averaged virial coefficient was
chosen because it allows for comparison to experiments, e.g. the virial coefficient obtained
from osmometric measurements (Ersch et al., 2016).
The number averaged second virial coefficient of a mixture can be written as:
Bmix = B11 x21 + 2B12 x1 x2 + 2B13 x1 x3 ...
=

m X
m
X
i

Bij xi xj

(3.7)

j

in which Bii is the second virial coefficient of the ith particle, Bij is the second cross
virial coefficient of the ith particle and the j th particle, and xi is the fraction of the ith
X
particle,
xi = 1.
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Figure 3.1: Graphical representation of a simple polydisperse mixture, in which the polydisperse
component consists out of two sub-components (a and b, n = 3), second virial coefficients are
indicated. The distance of closest approach is influenced by ∆, ∆ > 0 increases this distance,
∆ < 0 decreases this distance.

Using this definition, we can map the binary mixture consisting of for example a
monodisperse component 1 and a component 2 subdivided into two subcomponents (a and
b) by a 2 × 2 matrix of virial coefficients. We will refer to this 2 × 2 matrix as the effective
virial coefficient matrix.

B11ef f = B11
B12ef f = xa B12a + xb B12b
B22ef f = x2a B2a 2a + 2xa xb B2a 2b + x2b B2b 2b

(3.8)

The effective virial coefficient matrix for this mixture becomes then:


B11ef f B12ef f



Bef f = 

B12ef f B22ef f


3.2.2



(3.9)

Stability of a mixture

The stability of a mixture is dependent on the second derivative of the free energy. If the
second derivative of the mixture becomes zero, the mixture is at the boundary of becoming
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unstable. Unstable mixtures have a negative second derivative (Heidemann, 1975; Beegle
et al., 1974).
The differential of the free energy of a mixture is given by (Hill, 1986):

dA = −SdT − pdV +

n
X

µi dNi

(3.10)

i

in which µi , the chemical potential (the first partial derivative of the free energy with
respect to number of particles (Ni )) for component i is given by:

3

µi = µ0i + kT ln(ρi ) + 2kT



n
X

Bij ρj 

(3.11)

j

For a mixture with n distinguishable components, the second partial derivatives can be
represented by a n × n matrix of the first partial derivatives of the chemical potential of
each component.
This results in the following general stability matrix:





∂µ1
∂µ1
···


 ∂N1
∂Nn 
 .
.. 
...
M1 = 
. 
 ..


∂µn 
 ∂µn

···
∂N1
∂Nn

1
···
2B1n
2B11 +

ρ1

..
..
...
=
.
.




2B1n

1
· · · 2Bnn +
ρn










(3.12)

The mixture is stable when all eigenvalues are positive (Solokhin et al., 2002), when
on the other hand one of the eigenvalues is not positive, the mixture becomes unstable.
The limit of stability is reached when the matrix has one zero eigenvalue and is otherwise
positive definite, and is referred to as the spinodal (Heidemann and Khalil, 1980).
When there are only two components in the mixture (n = 2), the spinodal is defined by
the condition det M1 = 0. When the number of components is larger (n > 2), det M1 = 0
can have more than one solution (Solokhin et al., 2002). The spinodal can be found
by checking whether det M1 changes sign for small changes in the concentrations of the
components.
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3.2.3

Critical points

In a binary mixture, the critical point is a stable point which lies on the stability limit
(spinodal) (Heidemann and Khalil, 1980) and where the phase boundary and spinodal
coincide. In mixtures of more components these critical points become plait points. Critical
points and plait points are in general concentrations at which two phases are in equilibrium
and become indistinguishable (Heidemann, 1994).
There are two criteria that can be used to find critical points. The first one is det(M1 ) = 0,
which is the equation for the spinodal. The other criterion is based on the fact that at
the critical point, the third derivative of the free energy should also be zero. For a
multicomponent system, this criterion can be reformulated using Legendre transforms as
det(M2 ) = 0 (Beegle et al., 1974; Reid and Beegle, 1977), where:




∂µ1
∂µn
···


 ∂N1
∂Nn 
 .
.. 
..
M2 = 
.
. 

 ..

∂M1 

 ∂M1
···
∂N1
∂Nn

(3.13)

Matrix M2 is matrix M1 with one of the rows replaced by the partial derivatives of the
determinant of matrix M1 . Note: it does not matter which row of the matrix is replaced.

3.2.4

Phase boundary

When a mixture becomes unstable and demixes into two or more phases, the chemical
potential of each component and the osmotic pressure is the same in all phases (Hill, 1986).



βΠI






 βµI1

= βΠII = · · ·
= βµII
1

..



.





 βµI =
n

βµII
n

= ···
(3.14)
= ···

where the phases are denoted by I, II, ....
For a mixture containing n distinguishable components, that demixes into two phases,
this results in n + 1 equations and 2 × n unknowns. If the mixture demixes into three phases,
this results in 2 × n + 2 equations and 3 × n unknowns. To solve the set of equations
without having to fix the concentration of one component and the ratio between the other
components for at least one of the phases, we need extra equations. For the extra set of
equations, we build on the fact that no particles are lost and no new particles are created
during phase separation, and the fact that we assume that the total volume does not change.
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For a system that separates into three phases we then obtain:

ρ=

n
X

n
P

ρi =

i

n
P

Ni

i

V

=

NiI +

i

n
P
i

NiII +

n
P

V I + V II + V

NiIII

i
III

which can be rewritten as (Sturtewagen and van der Linden, 2019):

ρ=α

I

n
X

ρIi

+α

i

II

n
X

ρII
i

I

II

+ (1 − α − α )

n
X

i

ρIII
i

i

with

3

αI =

VI
f
P

Vi

i

in which f denotes the number of phases.
This results in the following set of equations:


βΠI =







βµI1 =






..


.







βµIn =
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(3.15)
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..
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ρn = αI ρIn + · · · + 1 −

fX
−1



αi  ρfn

i

With this set of equations, we have 2 × n + 1 unknowns and 2 × n + 1 equations for
mixtures that separate into two phases. For mixtures that demix into three phases, we have
3 × n + 2 unknowns and 3 × n + 2 equations. Therefore, this set of equations allows for
calculating the concentration of each component in each of the phases for any given parent
concentration, given that the mixture will demix at this concentration.

3.3

Results and discussion

In this work we calculated the phase diagram for a variety of binary non-additive mixtures of
a small hard sphere A and a larger hard sphere B with a size ratio q = σA /σB . Component
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B is sub-divided into two sub-components and is characterized by a degree in polydispersity
(P D), defined by:
qP

PD =

(σBi − σB )2 × NBi /NB
σB

× 100

We varied the non-additivity between particles of component A and B (∆AB ), and
between the sub-components of B (∆Ba Bb ). Next to that we varied the degree of polydispersity (P D) of component B and the distribution between the sub-components as well as
the size ratio (q) between component A and B.
For all particles, the concentrations are expressed as a dimensionless parameter according
πρσ 3
to η =
. We calculated the critical point, the phase separation boundary, and the
6
spinodal of the various mixtures. Next to that, we also investigated the composition of the
child phases, volume fraction of the phases (α), and the fractionation of the polydisperse
component B for a specific parent mixture (η = (0.010, 0.200)), for mixtures with a size
ratio q = σA /σB = 1/10 and ∆AB = 0, while varying the non-additive interaction between
the sub-components of B (∆Ba Bb ).

3.3.1

Non-additive interaction between component A and B (∆AB )

For the first set of mixtures (see Figure 3.2), we calculated the phase diagram for binary
mixtures with non-additive interaction between monodisperse component A and slightly
polydisperse component B, with two sub-components and a P D = 4.00. These two
sub-components are additive hard spheres in two sizes (both present in the same amount),
with the number average size of the mixture equal to 10 times the size of component A. The
mixture therefore consist of three components of different size. We varied the non-additivity
between component A and B (∆AB , the same for both sub-components) from -0.1 to 0.5
with a step size of 0.1. When ∆AB = 0, the interaction between all components equals
additive hard sphere interaction. We calculated the phase diagram using both the simplified
2 × 2 effective virial coefficient matrix described in the theory (we refer to this as the
effective mixture B) and the full 3 × 3 virial coefficient matrix (to which we refer as the
polydisperse mixture B). These mixtures are also compared to mixtures in which component
B is monodisperse with a size equal to the average particle size of component B (we refer
to this as the monodisperse mixture B).
With increasing ∆AB , the phase boundary, spinodal and critical point shifts towards
lower concentrations, for the monodisperse mixture, effective mixture, and polydisperse
mixture. This is in line with research on non-additive binary mixtures Hopkins and Schmidt
(2010). The difference between the phase boundary, spinodal and critical point of the
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Figure 3.2: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse
(P D = 4.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive, the non-additivity parameter ∆AB was varied from
-0.1 to 0.5 with a step size of 0.1 (the arrow indicates increasing ∆AB ). The interaction between
the sub-components B is additive. The spinodal (solid line) and binodal (dashed line) meet each
other at the critical point (diamond).

monodisperse mixture and the effective mixture is negligible, for all ∆AB . We see however
that the introduction of the polydispersity causes the critical point to shift to a higher
volume fraction of component B and that especially at lower volume fraction of component
B the phase separation boundary shifts towards slightly lower packing fractions. This effect
is more pronounced when ∆AB is small.
When the P D of component B is increased, or the distribution of the sub-components
of B is varied, we see the same pattern as in Figure 3.2 (see supplementary materials).
However, we see that, just like discussed in Sturtewagen and van der Linden (2019),
the critical point shifts towards higher concentrations of B for the polydisperse mixtures
depending on the size and concentration of the largest sub-component of B and the difference
between the effective and the monodisperse mixtures increases with the size of the largest
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Figure 3.3: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse
(P D = 4.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is additive, the interaction between the sub-components B is
non-additive, the non-additivity parameter ∆Ba Bb was varied from -0.1 to 0.1 with a step size of
0.05 (the arrow indicates increasing ∆Ba Bb ). The spinodal (solid line) and binodal (dashed line)
meet each other at the plait point (diamond), the three phase boundary is indicated with a dotted
line and meets the spinodal at the plait point (diamond).

sub-component of B.

3.3.2

Non-additive interaction within polydisperse component B
(∆Ba Bb )

In the next set of mixtures, we kept the interaction between the components A and B
as hard-sphere additive, but we introduced some non-additivity in the interaction between
the sub-components of B. We varied ∆Ba Bb from −0.10 to 0.10 with a step size of 0.05.
When ∆Ba Bb is small, the sub-components are more compatible with each other, when
on the other hand ∆Ba Bb increases and becomes positive, the compatibility between the
sub-components decreases. When ∆Ba Bb > 0 it becomes possible for components of similar
size to phase separate (Hopkins and Schmidt, 2010).
In Figure 3.3 we plotted the phase diagram for the binary mixtures with P D = 4.00,
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(a) P D = 8.00

(b) P D = 12.00

Figure 3.4: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse
(P D = 8.00 or P D = 12.00), plotted as a function of the partial packing fractions, ηA and
ηB . The interaction between components A and B is additive, the interaction between the
sub-components B is non-additive, the non-additivity parameter ∆Ba Bb was varied from -0.1 to
0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The spinodal (solid line) and
binodal (dashed line) meet each other at the plait point (diamond), the three phase boundary is
indicated with a dotted line.
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∆AB = 0 and we varied ∆Ba Bb . When ∆Ba Bb > 0, the compatibility between the subcomponents decreases and phase separation into three phases becomes possible (depicted as
the dotted line in the figure). Mixtures with a smaller ∆Ba Bb demix into two phases at lower
concentrations compared to the completely hard sphere mixture. Mixtures with a larger
∆Ba Bb demix into two phases at higher packing fractions compared to the completely hard
sphere mixture, and also have a three phase boundary. The three-phase boundary is at lower
concentrations for larger ∆Ba Bb and comes close to the two-phase boundary for the mixture
with ∆Ba Bb = 0.10. The critical point of the polydisperse mixtures changes depending on
the non-additivity of the sub-components: The critical point is at its lowest concentrations
of A for negative ∆Ba Bb , its lowest concentration of B is when the interaction between the
sub-components of B becomes more like HS, and the concentration of the critical point for
B increases with ∆Ba Bb .
In Figure 3.4 we increased the P D for component B to 8.00 and 12.00 respectively,
we kept ∆AB = 0 and we varied ∆Ba Bb as before. With increased P D, the two-phase
boundary of the polydisperse mixture shifts towards lower packing fractions for all mixtures.
The effect of ∆Ba Bb on the position of the two-phase boundary becomes smaller at lower
concentration of B, however at higher concentrations of B we see that the two-phase
boundary for positive ∆Ba Bb bends towards the y-axis and this effect is more pronounced for
higher P D. The polydispersity of B also has an effect on the position of the three-phase
boundary. With increased P D, the position of the three-phase boundary becomes less
dependent on ∆Ba Bb and the difference in the position of the two-phase boundary and the
three-phase boundary increases for the mixtures with ∆Ba Bb = 0.10. For the mixtures with
P D = 12.00, the difference between the three-phase boundary for the mixtures that phase
separate into three phases becomes negligible. We see similar trends in the critical points for
the more polydisperse mixture as in Figure 3.3, however, with increased polydispersity and
especially increased incompatibility between the sub-components (∆Ba Bb > 0), the critical
point shifts towards higher concentrations of B. For the mixtures with larger ∆Ba Bb , the
critical point can shift to ηBcrit > 0.5.
In Figures 3.5 and 3.6 we varied the ratio between the sub-components of B. The ratio
between the sub-components of B is 25/75 with a P D = 6.93 in Figure 3.5 (both left
and right skewed) and 10/90 with a P D = 4.80 in Figure 3.6 (both left and right skewed).
These mixtures can be seen as a model for mixtures that contain some impurities, from a
similiar material but at at different size when ∆Ba Bb = 0 or a material that is less compatible
with the main component (when ∆Ba Bb > 0) or more compatible with the main component
(when ∆Ba Bb < 0). The P D is the same for both the left skewed and the right skewed
mixtures. For both types of mixtures, we see that the two-phase boundaries are closer
to each other for the left-skewed mixtures (large amount of the largest sub-component)
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(a) Left skewed

(b) Right skewed

Figure 3.5: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse
(P D = 6.93), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is additive, the interaction between the sub-components B is
non-additive, the non-additivity parameter ∆Ba Bb was varied from -0.1 to 0.1 with a step size of
0.05 (the arrow indicates increasing ∆Ba Bb ). The spinodal (solid line) and binodal (dashed line)
meet each other at the plait point (diamond), the three phase boundary is indicated with a dotted
line.
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(a) Left skewed

(b) Right skewed

Figure 3.6: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse
(P D = 4.80), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is additive, the interaction between the sub-components B is
non-additive, the non-additivity parameter ∆Ba Bb was varied from -0.1 to 0.1 with a step size of
0.05 (the arrow indicates increasing ∆Ba Bb ). The spinodal (solid line) and binodal (dashed line)
meet each other at the plait point (diamond), the three phase boundary is indicated with a dotted
line.
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compared to the right-skewed mixtures. Next to that, these left-skewed mixtures also show
a larger bend in the two-phase boundary towards the y-axis for ∆Ba Bb > 0. The mixture
in Figure 3.6a with ∆Ba Bb = 0.05 does not have a three phase boundary, even though
mixtures with these sizes can phase separate into three phases: the distribution of the
sub-components makes these concentrations unattainable in the range of concentrations we
focus on.

3

For the right-skewed mixtures, we see that the three-phase boundary for mixtures
with ∆Ba Bb = 0.10 comes very close to the two-phase boundary and for mixtures with
∆Ba Bb = 0.05 the three phase boundary shows a bend back towards lower concentrations of
A at low concentrations of B. This is due to the shape of the three-phase surface and can
also be seen on a small level in the mixture ∆Ba Bb = 0.10 in Figure 3.3.
Also Bellier-Castella et al. (2000) found the possibility of three phase separation for
polydisperse components. According to them, the transition between the two phase and three
phase region proceeds via a second critical point. This second critical point is polydispersity
induced.

3.3.3

Mixtures with non-additivity between sub-components of B
(∆Ba Bb ), and between A and B (∆AB )

In Figure 3.7 we plot the phase diagram for mixtures with varying ∆Ba Bb , with a size
ratio between component A and B of q = 1/3, and a non-additive interaction between
A and B ∆AB = 0.075. This is in fact a combination of the case in Section 3.3.1 and
Section 3.3.2 at lower size ratio between A and B. The polydisperisty of B is 4.00 (for
mixtures with more variety in P D and ∆AB we refer to supplementary material). The
phase diagram of these mixtures shows a lot of similarities with the phase diagram of the
mixtures in Figure 3.3 though at different ηA due to the different size ratio. Since the
mixtures in Figure 3.3 have the same P D, we conclude that the three-phase boundary
position and shape is largely dependent on the interaction between the sub-components of
B. The interaction between the sub-components is determined by both the P D and the
non-additivity parameter ∆Ba Bb .

3.3.4

Fractionation

When a parent mixture demixes into two or more phases, each component (and also their subcomponents) in the mixture will find its preferential phase in order to minimize the Helmholtz
free energy of the system. This leads each phase to be enriched in one of the components,
whilst being depleted by the other component(s). The other component(s) are then present
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Figure 3.7: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 4.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.075, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.

73

Chapter 3. Effect of non-additivity

∆Ba Bb
(0.007, 0.323) η (0.011, 0.074)
PD: 3.35, Size:
α : 0.817

ηcrit

η (0.005, 0.733)
0.98, PD: 3.94, Size:
α : 0.138

η (0.006, 0.596)
0.97, PD: 3.84, Size:
α : 0.097

η (0.005, 0.767)
PD: 3.91, Size:
α : 0.201

η (0.004, 0.813)
1.01, PD: 3.65, Size:
α : 0.058

η (0.004,0.953)
0.99, PD: 2.62, Size:
α : 0.087

1.01,

1.01,

1.02,

1.03,

Table 3.1: Critical points for the different binary mixtures depending on the non-additivity of component B, see also Figure 3.3 and phase
separated concentrations and volume fraction α of the different mixtures for specific parent concentration (ηAparent = 0.010, ηBparent = 0.200),
depending on the non-additivity of component B see Table 3.2 for distribution of component B in each phase.

0.100

(0.007, 0.303)

η (0.011, 0.064)
PD: 3.39, Size:
α : 0.804

0.98,

η (0.004, 0.800)
PD: 3.94, Size:
α : 0.203

1.00,

Bottom phase

0.0875

(0.007, 0.294) η (0.011, 0.057)
PD: 3.42, Size:
α : 0.799

0.98,

η (0.004, 0.881)
PD: 3.97, Size:
α : 0.196

1.00,

-0.05

Middle phase

0.075

(0.007, 0.285)

η (0.011, 0.047)
PD: 3.44, Size:
α : 0.797

0.98,

η (0.004, 0.966)
PD: 3.98, Size:
α : 0.185
(0.006, 0.285)

Top phase

0.05

(0.007, 0.280)

η (0.011, 0.034)
PD: 3.45, Size:
α : 0.804

0.98,

1.00,

-0.1

0

(0.006, 0.281) η (0.011, 0.026)
PD: 3.45, Size:
α : 0.815

0.98,

η (0.003, 1.051)
PD: 3.99, Size:
α : 0.175
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η (0.011, 0.020)
PD: 3.45, Size:
α : 0.825
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only at low volume fractions. We investigated the phase separation for the mixtures in
Section 3.3.2 for a specific parent mixture (ηAparent = 0.010, ηBparent = 0.200) in terms
of the volume fraction of both components in each phase, the degree of polydispersity
of component B, the average size of component B in the child phases compared to the
average size of component B in the parent phase and the volume fraction of the phases
(α) see Table 3.1 for the mixtures from Figure 3.3 (mixtures with P D = 4.00). For
other mixtures we refer to the supplementary materials. The composition histograms for
each phase are given in Table 3.2 for the same mixture, for other mixtures we refer to the
supplementary materials. Since at this parent concentration the mixture with non-additivity
parameter ∆Ba Bb = 0.10 separates into three phases, we have also calculated the child
phases for mixtures with between ∆Ba Bb = 0.10 and ∆Ba Bb = 0.05 to investigate the
behavior of the sub-components B depending on the non-additivity.
For all mixtures, the top phase, which is also the largest phase in volume, is enriched
in component A. The volume fraction of the top phase is dependent on the non-additive
interaction between the sub-components of B. It increases with both more compatibility
between the sub-components as well as less compatibility, with a minimum volume fraction
at ∆Ba Bb = 0.05. We find this dependence in volume fraction on the non-additivity
parameter ∆Ba Bb also for the other mixtures, however the minimum volume fraction is
at different ∆Ba Bb depending on the sizes and the ratio of the sub-components a and b
of B. For the mixtures (∆Ba Bb > 0.075) that phase separate into three phases at this
parent mixture concentration, we conclude that it is mostly the bottom phase that demixes
into an additional phase (the middle phase). The bottom phase is enriched in the largest
sub-component of B, while the top phase (and middle phase to a lesser extent) is enriched
in the smaller sub-component of B. We see this behavior also for the other mixtures with
different composition of B.
The fractionation of the sub-components of B is dependent on the non-additivity
parameter ∆Ba Bb . When ∆Ba Bb < 0 the sub-components a and b are more compatible with
each other and this leads to less fractionation, as can be seen in Table 3.2, while on the
other hand ∆Ba Bb > 0 the sub-components are less compatible with each other and more
fractionation occurs, even leading to additional phase separation at higher ∆Ba Bb . This is
something we see also for the other mixtures (see supplementary material).

3.4

Conclusion

We find that when the compatibility between component A and B is decreased, the phase
diagram (the critical point, phase boundary and spinodal) shifts towards lower volume
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Table 3.2: Phase separation of different mixtures and fractionation of component B for specific
parent distribution (ηAparent = 0.010, ηBparent = 0.200), depending on the non-additivity of
component B, see also Figure 3.3.

∆Ba Bb

Parent dist.

Top phase

Middle phase

Bottom phase

0.1
0.0875
0.075

3

0.05
0
-0.05
-0.1

fractions. This is in line with literature on the phase behavior of NAHS binary monodisperse
mixtures. The interaction between A and B is driven by the size ratio (q) between A and
B and the non-additivity parameter ∆AB .
When the compatibility between the sub-components of the polydisperse component B
is altered, the phase diagram changes more drastically. When the compatibility between
the sub-components is decreased, the mixture can demix into three phases each enriched in
one of the (sub)components of the parent mixture. The shape and position of the three
phase boundary is mainly dependent on the interactions between the sub-components of B.
This means that it is dependent on the non-additivity parameter (∆Ba Bb ) as well as the size
ratios and distribution of the sub-components (the degree of polydispersity P D). Next to
that, depending on the size ratios and distribution of the sub-components we see also that
the the binodal and spinodal bend towards the y-axis for higher volume fractions of B when
∆Ba Bb increases. For the mixtures with a more pronounced bend in the phase boundary
and spinodal, we find that the critical point shifts to volume fractions ηBcrit > 0.5. This
behavior is driven to a large extent by the the non-additivity parameter (∆Ba Bb ) as well as
the size ratios and distribution of the sub-components (the degree of polydispersity P D)
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and to a lesser extent by the interaction between A and B. When the compatibility between
the sub-components is increased, the mixture demixes at slightly lower packing fractions
compared to the HS mixture. The fractionation of the polydisperse sub-components of B
is also dependent on the non-additivity parameter ∆Ba Bb . Less fractionation occurs when
∆Ba Bb < 0, more fractionation occurs when ∆Ba Bb > 0. At higher ∆Ba Bb this can even
lead to additional phase separation, creating a third phase.
The virial coefficient approach for polydisperse mixtures allows for the prediction of the
phase behavior of polydisperse or impure binary mixtures. Not only does it allow for plotting
the phase diagram, it also allows for the calculation of the composition and fractionation of
each component in each phase.
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A

Figures

A.1

Variation in ∆AB between component A and B

3
(a) P D = 8.00

(b) P D = 12.00

Figure 3.A.1: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse,
plotted as a function of the partial packing fractions, ηA and ηB . The interaction between
components A and B is non-additive, the non-additivity parameter ∆AB was varied from -0.1 to
0.5 with a step size of 0.1 (the arrow indicates increasing ∆AB ). The interaction between the
sub-components B is additive. The spinodal (solid line) and binodal (dashed line) meet each other
at the critical point (diamond).
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3
(a) Left skewed

(b) Right skewed

Figure 3.A.2: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse
(P D = 6.93), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive, the non-additivity parameter ∆AB was varied from
-0.1 to 0.5 with a step size of 0.1 (the arrow indicates increasing ∆AB ). The interaction between
the sub-components B is additive. The spinodal (solid line) and binodal (dashed line) meet each
other at the critical point (diamond).
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(a) Left skewed

(b) Right skewed

Figure 3.A.3: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/10, component A is monodisperse, component B is polydisperse
(P D = 4.80), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive, the non-additivity parameter ∆AB was varied from
-0.1 to 0.5 with a step size of 0.1 (the arrow indicates increasing ∆AB ). The interaction between
the sub-components B is additive. The spinodal (solid line) and binodal (dashed line) meet each
other at the critical point (diamond).
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A.2

Variation in ∆Ba Bb between sub-components B at lower size
ratio (q) between component A and B for different ∆AB

3

Figure 3.A.4: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 4.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.05, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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Figure 3.A.5: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 4.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.075, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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3

Figure 3.A.6: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 4.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.10, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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Figure 3.A.7: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 8.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.05, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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Figure 3.A.8: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 8.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.075, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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Figure 3.A.9: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 8.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.1, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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Figure 3.A.10: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 12.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.05, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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Figure 3.A.11: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 12.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.075, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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Figure 3.A.12: Phase diagram for binary (component A and B) non-additive hard sphere mixture
with size ratio q = σA /σB = 1/3, component A is monodisperse, component B is polydisperse
(P D = 12.00), plotted as a function of the partial packing fractions, ηA and ηB . The interaction
between components A and B is non-additive with a non-additivity parameter ∆AB = 0.1, the
interaction between the sub-components B is non-additive, the non-additivity parameter ∆Ba Bb
was varied from -0.1 to 0.1 with a step size of 0.05 (the arrow indicates increasing ∆Ba Bb ). The
spinodal (solid line) and binodal (dashed line) meet each other at the plait point (diamond), the
three phase boundary is indicated with a dotted line.
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Fractionation

Table 3.B.1: Critical points for the different binary mixtures depending on the non-additivity of
component B, see also Figure 3.4a and phase separated concentrations and fractionation of the
different mixtures for specific parent concentration (ηAparent = 0.010, ηBparent = 0.200), depending
on the non-additivity of component B, P D = 8.00.

∆Ba Bb

ηcrit

Top phase

0.100

-

η (0.011, 0.092)
η (0.003, 1.206)
PD: 4.65, Size: 0.93, PD: 3.10, Size: 1.07,
α : 0.903
α : 0.097

0.05

(0.006, 0.376)

η (0.011, 0.070)
η (0.003, 1.032)
PD: 4.77, Size: 0.93, PD: 6.63, Size: 1.04,
α : 0.865
α : 0.135

0

(0.006, 0.314)

η (0.011, 0.045)
η (0.003, 0.994)
PD: 4.86, Size: 0.93, PD: 7.58, Size: 1.02,
α : 0.837
α : 0.163

-0.05

(0.006, 0.300)

η (0.011, 0.033)
η (0.003, 1.043)
PD: 4.86, Size: 0.93, PD: 7.78, Size: 1.01,
α : 0.835
α : 0.165

-0.1

(0.006, 0.295)

η (0.011, 0.025)
η (0.003, 1.110)
PD: 4.84, Size: 0.93, PD: 7.86, Size: 1.01,
α : 0.839
α : 0.161

Bottom phase
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Table 3.B.2: Critical points for the different binary mixtures depending on the non-additivity of
component B, see also Figure 3.4b and phase separated concentrations and volume fraction α
of the different mixtures for specific parent concentration (ηAparent = 0.010, ηBparent = 0.200),
depending on the non-additivity of component B, P D = 12.00.
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∆Ba Bb

ηcrit

Top phase

0.05

-

η (0.011, 0.071)
η (0.002, 1.319)
PD: 4.80, Size: 0.89, PD: 6.08, Size: 1.10,
α : 0.897
α : 0.103

0

(0.005, 0.359)

η (0.011, 0.056)
η (0.003, 1.210)
PD: 4.84, Size: 0.89, PD: 9.58, Size: 1.06,
α : 0.875
α : 0.125

-0.05

(0.005, 0.322)

η (0.011, 0.041)
η (0.003, 1.184)
PD: 4.80, Size: 0.89, PD: 10.90, Size: 1.04,
α : 0.861
α : 0.139

-0.1

(0.005, 0.308)

η (0.011, 0.031)
η (0.003, 1.214)
PD: 4.73, Size: 0.89, PD: 11.37, Size: 1.03,
α : 0.857
α : 0.143

Bottom phase

B. Fractionation

Table 3.B.3: Critical points for the different binary mixtures depending on the non-additivity of
component B, see also Figure 3.6a and phase separated concentrations and volume fraction α
of the different mixtures for specific parent concentration (ηAparent = 0.010, ηBparent = 0.200),
depending on the non-additivity of component B, P D = 6.93.

∆Ba Bb

ηcrit

Top phase

0.100

(0.006, 0.374)

η (0.011, 0.055)
η (0.003, 1.024)
PD: 7.41, Size: 0.92, PD: 2.55, Size: 1.04,
α : 0.850
α : 0.159

Bottom phase

0.05

(0.006, 0.314)

η (0.011, 0.048)
η (0.004, 0.978)
PD: 7.62, Size: 0.92, PD: 4.28, Size: 1.03,
α : 0.837
α : 0.163

0

(0.006, 0.290)

η (0.011, 0.037)
η (0.004, 0.951)
PD: 7.92, Size: 0.93, PD: 5.57, Size: 1.02,
α : 0.822
α : 0.178

-0.05

(0.006, 0.279)

η (0.011, 0.028)
η (0.004, 0.967)
PD: 8.20, Size: 0.94, PD: 6.21, Size: 1.01,
α : 0.816
α : 0.184

-0.1

(0.006, 0.277)

η (0.011, 0.021)
η (0.003, 1.002)
PD: 8.35, Size: 0.95, PD: 6.53, Size: 1.01,
α : 0.818
α : 0.182
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Table 3.B.4: Critical points for the different binary mixtures depending on the non-additivity of
component B, see also Figure 3.6b and phase separated concentrations and volume fraction α
of the different mixtures for specific parent concentration (ηAparent = 0.010, ηBparent = 0.200),
depending on the non-additivity of component B, P D = 6.93.

∆Ba Bb

ηcrit

Top phase

Middle phase

Bottom phase

0.100

-

η (0.011, 0.065)
PD: 3.05,
Size: 0.97,
α : 0.819

η (0.005, 0.643)
PD: 4.43,
Size: 0.97,
α : 0.097

η (0.002, 1.376)
PD: 2.88,
Size: 1.11,
α : 0.04

0.05

(0.006, 0.325)

η (0.011, 0.050)
PD: 2.96,
Size: 0.97,
α : 0.813

η (0.004, 0.854)
PD: 7.35,
Size: 1.01,
α : 0.187

0

(0.006, 0.326)

η (0.011, 0.044)
PD: 2.36,
Size: 0.96,
α : 0.826

η (0.004, 0.941)
PD: 7.33,
Size: 1.01,
α : 0.174

-0.05

(0.006, 0.331)

η (0.011, 0.040)
PD: 1.84,
Size: 0.96,
α : 0.837

η (0.003, 1.025)
PD: 7.31,
Size: 1.01,
α : 0.163

-0.1

(0.005, 0.337)

η (0.011, 0.037)
PD: 1.42,
Size: 0.96,
α : 0.848

η (0.003, 1.106)
PD: 7.29,
Size: 1.01,
α : 0.142
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Table 3.B.5: Critical points for the different binary mixtures depending on the non-additivity of
component B, see also Figure 3.5a and phase separated concentrations and volume fraction α
of the different mixtures for specific parent concentration (ηAparent = 0.010, ηBparent = 0.200),
depending on the non-additivity of component B, P D = 4.80.

∆Ba Bb

ηcrit

Top phase

0.100

(0.007, 0.295)

η (0.011, 0.039)
η (0.004, 0.918)
PD: 8.51, Size: 0.94, PD: 1.77, Size: 1.01,
α : 0.817
α : 0.183

Bottom phase

0.05

(0.007, 0.284)

η (0.011, 0.036)
η (0.004, 0.904)
PD: 8.40, Size: 0.95, PD: 2.69, Size: 1.01,
α : 0.811
α : 0.189

0

(0.007, 0.276)

η (0.011, 0.032)
η (0.004, 0.895)
PD: 8.12, Size: 0.96, PD: 3.53, Size: 1.01,
α : 0.805
α : 0.195

-0.05

(0.007, 0.271)

η (0.012, 0.028)
η (0.004, 0.899)
PD: 7.58, Size: 0.97, PD: 4.11, Size: 1.00,
α : 0.803
α : 0.197

-0.1

(0.007, 0.270)

η (0.012, 0.025)
η (0.004, 0.914)
PD: 6.79, Size: 0.98, PD: 4.46, Size: 1.00,
α : 0.803
α : 0.197
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Table 3.B.6: Critical points for the different binary mixtures depending on the non-additivity of
component B, see also Figure 3.5b and phase separated concentrations and volume fraction α
of the different mixtures for specific parent concentration (ηAparent = 0.010, ηBparent = 0.200),
depending on the non-additivity of component B, P D = 4.80.

∆Ba Bb

ηcrit

Top phase

Middle phase

Bottom phase

0.100

(0.007, 0.262)

η (0.011, 0.040)
PD: 2.47,
Size: 0.99,
α : 0.791

η (0.005, 0.767)
PD: 3.71,
Size: 0.99,
α : 0.198

η (0.002, 1.472)
PD: 2.57,
Size: 1.14,
α : 0.011

0.05

(0.007, 0.279)

η (0.011, 0.037)
PD: 1.90,
Size: 0.99,
α : 0.795

η (0.004, 0.832)
PD: 5.10,
Size: 1.00,
α : 0.205

0

(0.006, 0.304)

η (0.011, 0.036)
PD: 1.20,
Size: 0.98,
α : 0.807

η (0.004, 0.885)
PD: 5.13,
Size: 1.00,
α : 0.193

-0.05

(0.006, 0.335)

η (0.011, 0.036)
PD: 0.75,
Size: 0.98,
α : 0.818

η (0.004, 0.935)
PD: 5.15,
Size: 1.00,
α : 0.182

.-0.1

(0.006, 0.369)

η (0.011, 0.037)
PD: 0.47,
Size: 0.98,
α : 0.828

η (0.003, 0.982)
PD: 5.17,
Size: 1.00,
α : 0.172
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4
Effect of third component on
the phase behavior of a binary
mixture of hard spheres in
solution

This chapter is based on: Luka Sturtewagen and Erik van der Linden. Effect of third component on
the phase behavior of a binary mixture of hard spheres in solution. (to be submitted)

Chapter 4. Ternary mixtures of hard spheres

Abstract
We study the liquid phase behavior of ternary mixtures of monodisperse
hard spheres in solution. The interactions are modeled in terms of the second
virial coefficient and can be additive hard sphere (HS) or non-additive hard
sphere (NAHS) interactions. We give the set of equations that defines the
phase diagram for mixtures of three components. We calculate the theoretical
liquid-liquid phase separation boundary for two phase separation (the binodal)
and if applicable the three phase boundary, as well as the plait points and the
spinodal. The sizes of the three components are fixed. The first component
(A) is the smallest one, the second component (B) is four times the size of
the smallest component, and the third (C) component is three times the size
of the smallest one. The interaction between the first two components are
fixed, this AB sub-mixture shows phase separation. The interactions for the
component C with the other two components is varied. The component C
can be compatible or incompatible with components A and B. Depending
on the compatibility of the components the phase diagram is altered. The
addition of the third component has an influence on the phase boundary, plait
points, stability region, fractionation and volume ratio between the different
phases. When all sub-mixtures (AB, AC, and BC) show phase separation,
a three-phase system becomes possible when the incompatibility among all
components is high enough. The position and size of the three-phase region is
dependent on the interactions between the different sub-mixtures. we study the
fractionation off all components depending on specific parent concentrations.
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4.1

Introduction

A lot of research, both theoretical and experimental, has been focused on the phase behavior
of two components in solution. However, most products consist out of more components.
The investigation of multicomponent phase behavior has a considerable amount of challenges.
From an experimental point of view, the number of samples to prepare to get an insight into
the phase behavior at different concentrations in the phase diagram increases significantly
with the number of considered components. From a theoretical point of view, the number
of pairwise interactions for a mixtures with n components taken into account increases
n(n + 1)
according to
. The number of interactions increases even more when higher
2
order interactions are taken into account. Depending on the interactions between all the
components, the theoretical number of possible phases that can be formed will increase
as well, as follows from the Gibbs phase rule. The Gibbs phase rule gives the relationship
between the number of possible phases and the degrees of freedom (dof ) for a system:
dof = n + 2 − f , in which n is the number of components and f is the maximum number
of phases in equilibrium. The degrees of freedom for the system are for example the mole
fraction of the components, the temperature or the pressure.
When looking at multicomponent systems, one may distinguish chemically different
components and chemically equivalent components that only differ in size. The latter is often
met in experimental conditions since many components show polydispersity in their size,
e.g. mixtures containing polymers such as poly-ethylene glycol, dextran, gelatin,...(Edelman
et al., 2003, 2001; Zhao et al., 2016; Chu et al., 1996). In this work we will focus on
mixtures containing three distinct types of hard spheres in solution with non-additive pairwise interactions. They can be seen as a model for a system containing different components,
e.g. colloids in solution.
Depletion interactions in systems with more than two components become more complicated. This has been shown by Ji and Walz (2013), who investigated the depletion
interaction in a highly asymmetric ternary system. They found out that the energy profile
between two particles is significantly altered due to the addition of bi-disperse depletants:
the pair-potential has an additional attractive energy well and an extended repulsive barrier
that are of significant magnitude to alter the stability of the dispersion of the larger particles.
Also Park and Conrad (2017) studied the depletion interaction in a system of colloids and
bi-disperse polymers. They report that the bi-disperse polymers could not be treated as
homogeneous depletants. Both sizes of the polymers contributed to the effective interactions.
Theoretical work on the phase behavior and stability of solutions with more than two
components has also been important in understanding cellular systems. Cells contain a large
number of components in solution and it has been hypothesized that demixing and phase
101
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separation leads to the organization within cells (Harmon et al., 2017). Sear and Cuesta
(2003) investigated the instability in these kind of mixtures with many components. They
approximated the second virial coefficients of the pairwise interactions of the components in
the system using random matrix theory. A positive virial coefficient indicates a repulsive
interaction between the two components. A negative virial coefficient on the other hand
indicates an attractive interaction between the two components, leading to aggregation and
complex formation. Since the virial coefficient matrix is filled in randomly from a distribution
it is possible that the matrix contains negative values. An unstable mixture will therefore
not necessarily stem from depletion interaction, but might be caused by the formation of
complexes and aggregates.

4

Some experimental work on mixtures with more than two components that demix into
multiple phase systems has focused on methods to aid in the partitioning of proteins or
cell contents. Each of the phases in these systems has a different density and relatively
low surface tension aiding in the separation. An example of such a system is the system
containing the high-molecular colloids dextran, ficoll and poly-ethylene-glycol (Hartman
et al., 1974; Albertsson and Birkenmeier, 1988). Similar results were obtained by Ruan et al.
(2006) for the system of the colloids dextran and polyethylene-glycol with the surfactant
Triton X-100. Mixtures with an even higher number of components (both colloids and
surfactants) and a corresponding higher number of phases in equilibrium were studied by
Mace et al. (2012). They report systems of up to six phases, each enriched in one of the
polymers and depleted in the others.
A more in depth experimental study on the phase behavior and phase diagram of a
mixture of three components and the three-phase dynamics was done by Beck-Candanedo
et al. (2007). They studied the phase behavior of rods in the presence of two types of
dextran. At high enough concentrations, rod-like particles such as cellulose nano-crystals
form a two phase system of an isotropic and an nematic phase. The addition of the different
types of dextran leads to a widening of the two phase coexistence region or the formation
of an additional isotropic phase, resulting in a three-phase system.
In our current study we aim to get a better understanding of how the addition of a third
component influences the phase behavior of two components that show phase separation.
We will study the position of the phase separation boundary, the spinodal the plait points,
and the fractionation. We model the interactions between the components using the first and
second order virial coefficient (Section 4.2.1). In Section 4.2.2 we describe the equations
for the stability boundary, the spinodal, in Section 4.2.3 we describe the equations for
the plait point line and finally in Section 4.2.4 we describe the equations defining the
phase boundary. With the expressions in Section 4.2 we have enough to calculate the
full phase diagram for a variety of mixtures described in Section 4.3. We add a third
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component C to a binary mixture AB that phase separates. First the component C is
compatible with both A and B (Section 4.3.1). In the next section (Section 4.3.2),
C is incompatible with A or B, and compatible with B or A respectively. In the third
section (Section 4.3.3) C is incompatible with both A and B. Subsequently we investigate
the concentration of each component in the phase separated mixtures at specific parent
concentrations (Section 4.3.4). In the last section we compare three component systems
with a different particle size and different interactions that show three phase separation
(Section 4.3.5).

4.2

Theory

We show the equations used for the calculations of the ternary phase diagram of the different
studied systems: the set of equations defining the stability boundary, the plait points, and
phase boundaries of a mixture. All sets of equations are solved in Matlab R2017b. For
a more detailed derivation of the equations, we refer to Sturtewagen and van der Linden
(2019) and references therein. The set of equations determining the phase diagram originate
from expressions for the osmotic pressure and chemical potentials which should be equal
among the coexisting phases in equilibrium.

4.2.1

Osmotic virial coefficient

The osmotic pressure, Π, of a solution at a temperature T , can be written as a virial
expansion, similar to the virial expansion of the universal gas law for real gases (Hill, 1986):
βΠ = ρ + B2 (T, µs )ρ2 + B3 (T, µs )ρ3 + ...

(4.1)

1
with β =
, k the Boltzmann’s constant, ρ the number density of the component
kT


Nν
, B2 the second virial coefficient, and B3 the third virial coefficient. The second virial
V
coefficient accounts for the increase in osmotic pressure due to particle pairwise interaction.
The third virial coefficient accounts for the interaction between three particles in a variety
of configurations. The equation can be expanded for higher densities with Bn , the nth virial
coefficient, which accounts for the interaction between n different particles.
In this work we will limit the virial expansion to the second virial coefficient, which is
given by (Lekkerkerker and Tuinier, 2011):
B(T, µs ) = 2π

Z ∞
0

r2 (1 − exp [−βW (r, µs )])dr

(4.2)
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in which µs is the chemical potential of the solution, W (r) is the interaction potential
between the particles, and r is the distance between them.
For additive hard sphere (HS) interaction, the interaction potential for two particles (of
the same species or different species) is given by:
(

W (r)HS =

0, r > σij
∞, r ≤ σij

(4.3)

with σij = (σi + σj )/2, the distance between the centers of the two particles, and σi
and σj their respective diameter.

4

For non-additive hard spheres (NAHS), the distance of the closest approach of the centers
of the two particles of different species can be closer or further than the distance between their
centers (Roth et al., 2001). The closest distance then becomes: σij = ((σi + σj )/2)(1 + ∆),
in which ∆ (≥ −1) accounts for the non-additivity of the interaction between the particles.
When ∆ > 0 the distance of closest approach of both spheres increases and when ∆ < 0
the distance of closest approach decreases compared to that due to HS interaction only. For
additive hard sphere interaction ∆ = 0.
In a mixture with n distinguishable components in a solution, there are two main types of
two particle interactions that can occur: between particles of the same species and particles
of different species. For the system we are studying, n = 3 (Figure 4.1).
For the second virial coefficient given by Eq. (4.2), using the interaction potential
defined in Eq. (4.3), we find:

2π
(σx )3
3


3
2π
σx + σy
=
(1 + ∆)
3
2

Bxx =

(4.4)

Bxy

(4.5)

where Bxx is the second virial coefficient for particles of the same species (assumed to
be HS) and Bxy is the second virial coefficient of particles of different species, which can be
HS or NAHS.
The general equation for the osmotic pressure for a dilute mixture of 3 components,
limited to the second virial coefficient, is given by (Sturtewagen and van der Linden, 2019):

βΠ = ρA + ρB + ρC + BAA ρ2A + 2BAB ρA ρB + 2BAC ρA ρC + BBB ρ2B
+ 2BBC ρB ρC + BCC ρ3C
= ρA + ρB + ρC +

3 X
3
X
i
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j

Bij ρi ρj

(4.6)
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Figure 4.1: Graphical representation of a simple ternary mixture ABC, second virial coefficients
are indicated.

4.2.2

Stability of a mixture

The stability of a mixture is dependent on the second derivative of the free energy. If the
second derivative of the mixture becomes zero, the mixture is at the boundary of becoming
unstable. Unstable mixtures have a negative second derivative (Heidemann, 1975; Beegle
et al., 1974).
The differential of the free energy of a mixture is given by (Hill, 1986):
dA = −SdT − pdV +

n
X

µi dNi

(4.7)

i

in which µi , the chemical potential (the first partial derivative of the free energy with
respect to number of particles (Ni )) for component i is given by:


µi = µ0i + kT ln(ρi ) + 2kT 

n
X



Bij ρj 

(4.8)

j

For a mixture with 3 distinguishable components, the second partial derivatives can be
represented by a 3 × 3 matrix of the first partial derivatives of the chemical potential of
each component.
This results in the following stability matrix:
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∂µA

 ∂NA
 ∂µ
B

M1 = 
 ∂NA

 ∂µC
∂NA

∂µA
∂NB
∂µB
∂NB
∂µC
∂NB

1
2BAA +
ρA


∂µA
∂NB 

∂µB 


∂NC 

∂µC 
∂NC

2BAB

2BBB +

2BAC

2BBC



=

4












2BAB

2BAC
1
ρB

2BBC
2BCC +

1
ρC










(4.9)

The mixture is stable when all eigenvalues are positive (Solokhin et al., 2002). When
on the other hand one of the eigenvalues is not positive, the mixture becomes unstable.
The limit of stability is reached when the matrix has one zero eigenvalue and is otherwise
positive definite, and is referred to as the spinodal (Heidemann and Khalil, 1980).

4.2.3

Plait points

In a binary mixture, the critical point is a stable point which lies on the stability limit
(spinodal) (Heidemann and Khalil, 1980) and where the phase boundary and spinodal
coincide. In mixtures of more components these critical points become plait points. Critical
points and plait points are in general concentrations at which two or more phases are in
equilibrium and become indistinguishable (Heidemann, 1994).
There are two criteria that can be used to find plait points. The first one is det(M1 ) = 0,
which is the equation for the spinodal. The other criterion is based on the fact that
at the critical point, the third derivative of the free energy should also be zero. For a
multicomponent system, this criterion can be reformulated using Legendre transforms as
det(M2 ) = 0 (Beegle et al., 1974; Reid and Beegle, 1977), where:
∂µA

 ∂NA
 ∂µ
B

M2 = 
 ∂NA

 ∂M1
∂NA


∂µA
∂NB
∂µB
∂NB
∂M1
∂NB

∂µA
∂NC 

∂µB 


∂NC 

∂M1 
∂NC


(4.10)

Matrix M2 is matrix M1 with one of the rows replaced by the partial derivatives of the
determinant of matrix M1 . Note: it does not matter which row of the matrix is replaced.
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1
2BAA +
ρA






M2 =









2BAB
P1

2BAB
2BBB +
P2

2BAC 

1
ρB





2BBC 




(4.11)

P3

with

!

2
−4BBC
ρB ρC + 2BBB ρB + 2BCC ρC
+ 4BBB BCC ρB ρC + 1
P1 = −
ρ2A ρB ρC
!
2
−4BAC
ρA ρC + 2BAA ρA + 2BCC ρC
+ 4BAA BCC ρA ρC + 1
P2 = −
ρA ρ2B ρC )
!
2
ρA ρB + 2BAA ρA + 2BBB ρB
−4BAB
+ 4BAA BBB ρA ρB + 1
P3 = −
ρA ρB ρ2C

4

In general, Pi can be found using the following equation (Sturtewagen and van der
Linden, 2019):

Pi = −

1
M1,(ii)
ρ2i

(4.12)

in which, M1,(ii) is the minor of matrix M1 at the ith -row and ith -column.
We note that for some of the mixtures, the set of equations (det(M1 ) = 0 and
det(M2 ) = 0), especially when all three components are incompatible, has solutions that
are not on a phase boundary. We consider this a mathematical solution to the set of
equations, but not a physical solution for a plait point, since plait points are defined to be
concentrations on the phase boundary where two or more phases become indistinguishable.
Therefore these solutions will be ignored when depicting the phase diagram.

4.2.4

Phase boundary

When a mixture becomes unstable and demixes into two or more phases, the chemical
potential of each component and the osmotic pressure is the same in all phases (Hill, 1986),
yielding.
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βΠI






 βµI1

= βΠII = · · ·
= βµII
1

..



.





 βµI =
n

= ···
(4.13)

βµII
n

= ···

where the phases are denoted by I, II, ....

4

For a mixture containing 3 distinguishable components, that demixes into two phases,
this results in 4 equations and 2 × 3 unknowns. If the mixture demixes into three phases,
this results in 2 × 3 + 2 equations and 3 × 3 unknowns. To solve the set of equations
without having to fix the concentration of one component and the ratio between the other
components for at least one of the phases, we need extra equations. For the extra set of
equations, we build on the fact that no particles are lost and no new particles are created
during phase separation, and the fact that we assume that the total volume does not change.
For a system that separates into three phases we then obtain:

ρ=

3
X

3
P

ρi =

i

3
P

Ni

i

V

=

NiI +

i

3
P
i

NiII +

3
P
i

NiIII

V I + V II + V III

which can be rewritten as (Sturtewagen and van der Linden, 2019):

ρ = αI

3
X
i

=

3
X

ρIi + αII

3
X

I
II
ρII
i + (1 − α − α )

i

i

ρi

i

with

αI =

VI
f
P

Vi

i

in which f denotes the number of phases.
This results in the following set of equations:
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βΠI







βµIA







βµIB







βµIC



































= βΠII = · · ·
= βµII
A = ···
= βµII
B = ···
= βµII
C = ···


ρ1 = αI ρIA + · · · + 1 −

fX
−1



αi  ρfA

(4.14)

i



ρ2 = αI ρIB + · · · + 1 −

fX
−1



αi  ρfB

i



ρ3 = αI ρIC + · · · + 1 −

fX
−1



αi  ρfC

i

With Eq. (4.14), we have 2 × 3 + 1 unknowns and 2 × 3 + 1 equations for mixtures that
separate into two phases. For mixtures that demix into three phases, we will have 3 × 3 + 2
unknowns and 3 × 3 + 2 equations. Therefore, the set of equations given by Eq. (4.14)
allows for calculating the concentration of each component in each of the phases for any
given parent concentration.

4.3

Results and discussion

We calculate the phase diagram for a variety of ternary mixture of hard spheres (A, B, and
C) with non-additive interactions. For all particles, the concentrations are expressed as a
πρσ 3
dimensionless parameter according to η =
. We define a specific binary mixture of
6
components A and B, to which we add a third component C. The size ratio between the small
sphere A and the larger sphere B is qAB = σA /σB = 1/4 and the non-additivity parameter
∆AB = 0.1. The critical point for the binary mixture AB is at ηcrit = (0.037, 0.229). To
this mixture we add a component C, with size ratio qAC = σA /σC = 1/3. The size of C is
therefore in between the sizes of A and B. We vary the non-additivity parameters (∆AC
and ∆BC ) between components A and C, and B and C respectively, from ∆ = −0.1 to
∆ = 0.1, simulating a range of thermodynamic compatibility and incompatibility between
the three components. The phase diagram of this binary mixture of A and B can be found in
Figure 4.2. We calculate the plait points, the phase separation boundary, and the spinodal
of the various ternary mixtures (see Figures 4.3 to 4.11).
Mixtures are able to demix when the stability matrix (Eq. (4.9)) has a negative eigenvalue
at low enough concentrations (in our case we look at concentrations η < 0.5). An easy way
to check for the possibility of phase separation for binary mixtures is using the following
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4
Figure 4.2: Phase diagram for monodisperse binary (component A and B) non-additive hard
sphere mixture with size ratio q = σA /σB = 1/4 and ∆AB = 0.1, plotted as a function of the
partial packing fractions, ηA and ηB . The spinodal (solid yellow line) and binodal (dashed blue
line) meet each other at the critical point (black diamond).

2
B12
> 1 (Ersch et al., 2016). The parameter is a measure for the
B11 B22
compatibility between the two components. The higher the value, the more incompatible
they are. The binary mixture AB has a Bcrit of 6.76. For mixtures with more than two
components we have to find another criterion to check for the possibility of two or three phase
separation. We will therefore first investigate a number of different mixtures depending on
the interactions in the binary sub-mixtures. We start with mixtures (section Section 4.3.1)
for which the component C does not show any phase separation at concentrations η < 0.5
with A or B. In this case C shows thermodynamic compatibility with both A and B. In
the next section (Section 4.3.2), C is incompatible with A or B. The binary mixture AC
or BC will phase separate and have a critical point at concentrations η < 0.5. In the third
section (Section 4.3.3), C is incompatible with both A and B. The binary mixtures AC
and BC both have a critical point at concentrations η < 0.5. For this type of mixtures we

parameter: Bcrit =
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hypothesize that it becomes possible that the mixture will phase separate into more than
two phases inspired the hypothesis put forward by the work of Mace et al. (2012), who
report on multiphase systems containing polymers and surfactants.

4.3.1

C Compatible with both A and B

In the first mixture (Figure 4.3) we set the non-additivity parameter for both the interactions
with C to −0.1 (∆AC = −0.1 and ∆BC = −0.1). In this case the sub-mixture BC will
not demix at any concentration, because BcritBC < 1 (see Table 4.1); the size difference
between B and C combined with the negative non-additivity is not enough for phase
separation. The sub-mixture AC can theoretically phase separate (BcritAC > 1), however
the critical point is at unattainable high concentrations (ηcrit > 1). For the ternary mixture,
we see that the addition of the third component C to the binary mixture AB has little
effect on the phase behavior of the two components. With increasing concentrations of C
the plait points shift to slightly higher concentrations of B and the spinodal shifts towards
lower concentrations of B at higher concentrations of A. There is no difference in the
position of the binodal. With increasing concentration of C, the two phases will have the
same volume fraction (α) and the same demixing of A and B, independent of C (see also
Figure 4.B.1c). Component C is present in both phases with concentrations similar to the
concentration in the parent phase. For this system the tielines show very little rotation, so
they are relatively parallel to the xy-plane.
For the next mixture (Figure 4.4) we kept the interaction between A and C the same,
but we increased the non-additivity parameter between B and C to hard sphere interaction
(∆AC = −0.1 and ∆BC = 0). Now it is theoretically possible for B and C to phase
separate (BcritBC > 1) (see Table 4.1), however just as for A and C the critical point
is at unattainably high concentrations. For this mixture we see an increased shift in the
position of the plait points, again towards higher concentrations for B with an increase in
concentration of C. For this mixture, the binodal also starts to shift towards slightly lower
concentrations of A at higher concentrations of C.
The fact that the plait points shift to different concentrations of A and B with the
addition of the third component C, is an indication that the volumes of both phases will
be different for specific mixtures of A and B with the addition of C. Not only will the
volumes change, also the preferential fractionation of the components in both phases will be
different. The more the plait points shift to different concentrations, the more the tie-lines
between phases will show rotation with the addition of the third component. This can be
seen in Figure 4.B.2c, where component C has a preference of going to the top phase
(phase enriched in A) and the volume fraction (α) of the bottom phase (phase enriched in
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4
(a) 3D ternary plot

(b) Cross-sections

Figure 4.3: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with nonadditivity parameters: ∆AB = 0.1, ∆AC = −0.1, and ∆BC = −0.1, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), (b) Phase diagram of component A and B at
specific concentrations of component C, yellow lines are the spinodal, blue lines are the binodal,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed
line at concentration ηC = 0.15, and dotted line at concentration ηC = 0.30, with increasing
concentration of C, the critical point shifts to higher concentrations of B.
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4
(a) 3D ternary plot

(b) Cross-sections

Figure 4.4: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with nonadditivity parameters: ∆AB = 0.1, ∆AC = −0.1, and ∆BC = 0, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), (b) Phase diagram of component A and B at
specific concentrations of component C, yellow lines are the spinodal, blue lines are the binodal,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed
line at concentration ηC = 0.15, and dotted line at concentration ηC = 0.30, with increasing
concentration of C, the critical point shifts to higher concentrations of B.
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B) decrease slightly with an increased addition of C. The tielines in this system start to
show some rotation.

4.3.2

C Compatible with A or B and incompatible with the other
one

4

For the mixture in Figure 4.5 we switched the non-additivity parameters from the previous
mixture to: ∆AC = 0 and ∆BC = −0.1. The sub-mixture AC can phase separate at
concentrations η < 0.5, but the sub-mixture BC cannot demix at all (see also Table 4.1).
For this three component mixture, we see that the binodal-surface at ηB = 0 intersects with
the xz-plane, indicating phase separation between the binary mixture of A and C. The
mixture yields a plait-point line that has broken up into two sections. These sections meet
at very high concentrations of C. In the cross sections (Figure 4.5b), we see that the plait
points, as well as the spinodal at high concentrations of A, shift towards lower concentrations
of B with increasing concentration of C. There is little difference in the phase separation
boundary for an increasing concentration of C, however the tielines do rotate, one end being
at slightly lower concentrations of C, the other end at higher concentrations of C compared
to the parent phase.
In the mixture in Figure 4.6 the interactions between both A and C, and B and C
is additive hard sphere interaction (∆AC = ∆BC = 0). The sub-mixture AC can phase
separate at concentrations η < 0.5, but the sub-mixture BC cannot demix at this low
concentration, because the size difference between B and C is not large enough (see also
Table 4.1). For this three component mixture, we see that the binodal-surface at ηB = 0
intersects with the xz-plane, indicating phase separation between A and C, just as in the
previous mixture. The mixture has two sections of plait-point line, again just as the previous
mixture, here however the plait point line first bends away from the short section, to meet the
other section at very high concentrations of C. In the cross-sections (Figure 4.6b), we see
that the plait points shift towards higher concentrations of B with increasing concentration
of C and the spinodal at high concentrations of A shifts towards lower concentrations of B.
For the next mixture (Figure 4.7), the non-additivity parameters were set to ∆AC = 0.1
and∆BC = −0.1. Due to the increased incompatibility between A and C, compared to
Figure 4.5, the sections of plait pint line meet each other at lower concentrations. In the
cross-sections (Figure 4.7b), the cross-section at the highest concentration of C intersects
this line twice, leading to two plait-points at ηC = 0.30. Because component C has higher
compatibility with B compared to A, this component now preferentially goes to the bottom
phase upon phase separation. With increased concentration of C, the volume fraction
(α) of the bottom phase increases as well (see also Figure 4.B.5c), indicating the more
114

4.3. Results and discussion

4
(a) 3D ternary plot

(b) Cross-sections

Figure 4.5: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with nonadditivity parameters: ∆AB = 0.1, ∆AC = 0, and ∆BC = −0.1, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), (b) Phase diagram of component A and B at
specific concentrations of component C, yellow lines are the spinodal, blue lines are the binodal,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed
line at concentration ηC = 0.15, and dotted line at concentration ηC = 0.30, with increasing
concentration of C, the critical point shifts to lower concentrations of B.
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(a) 3D ternary plot

(b) Cross-sections

Figure 4.6: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with
non-additivity parameters: ∆AB = 0.1, ∆AC = 0, and ∆BC = 0, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), (b) Phase diagram of component A and B at
specific concentrations of component C, yellow lines are the spinodal, blue lines are the binodal,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed
line at concentration ηC = 0.15, and dotted line at concentration ηC = 0.30, with increasing
concentration of C, the critical point shifts to higher concentrations of B.
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(a) 3D ternary plot

(b) Cross-sections

Figure 4.7: Phase diagram for monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = 0.1, and ∆BC = −0.1, plotted as a function of the partial
packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface) meet
each other at the plait point-line (black line), (b) Phase diagram of component A and B at
specific concentrations of component C, yellow lines are the spinodal, blue lines are the binodal,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed
line at concentration ηC = 0.15, and dotted line at concentration ηC = 0.30, with increasing
concentration of C, the critical point shifts to higher concentrations of B.
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pronounced rotation of the tielines connecting the child phases with the parent phase in a
straight line.
With increased incompatibility between B and C (∆AC = 0.1 and∆BC = 0), the
sections of plait point line meet each other at even lower concentrations (Figure 4.8). In
the cross-sections (Figure 4.8b), the cross-section at the highest concentration of C does
not have a plait point anymore. Component C still has more affinity with component B
and prefers the bottom phase upon phase separation (Figure 4.B.6c), however due to the
increased incompatibility between B and C, the volume fraction (α) of the bottom phase
increases more upon phase separation compared to the previous mixture.

4

In the mixture in Figure 4.9, A and C have a negative non-additivity parameter and
B and C have a positive non-additivity parameter (∆AC = −0.1 and ∆BC = 0.1). The
sub-mixture AC does not have a critical point at low enough concentrations to phase
separate, however the sub-mixture BC does phase separate. For the ternary mixture, the
plait points shifts towards higher concentrations of B with increasing concentration of C,
until the critical point of the sub-mixture BC is reached. With decreasing concentration
of A, the binodal and spinodal bend towards the yz-plane, until the surfaces meet with
the binodal and spinodal of the binary BC mixture. In the cross section (Figure 4.9b)
this can be seen as with increasing concentrations of C, the binodal shifts towards lower
concentrations of A. Component C is most compatible with component A, therefore upon
phase separation component C preference the top phase. With increased concentration of
C, the volume fraction (α) of the top phase increases (see also Figure 4.B.7c).

4.3.3

C Incompatible with both A and B

The three sub-mixtures of the mixture in Figure 4.10 (with ∆AC = 0 and ∆BC = 0.1)
all show phase separation as can be seen from both the binodal and the spinodal surfaces
shifting towards the xz-plane and yz-plane (see also Table 4.1). We hypothesized that
this type of mixture can demix into three phases, however as can be seen in the graph, this
mixture does not show three-phase separation. The lowest concentration of the three-phase
boundary is at concentrations η > 1 and therefore unattainable. There are again two
sections of plait point lines for this mixture, just as in some of the mixtures in the previous
section. These two sections of plait point lines do not meet each other, not even at very
high concentrations of C. In the cross-sections, Figure 4.10b, we see that with increasing
concentration of component C, the plait point shifts to lower concentrations of A and
higher concentrations of B.
The three sub-mixtures of the mixture in Figure 4.11 (with ∆AC = 0.1 and ∆BC = 0.1)
all show phase separation. For this mixture both the binodal and the spinodal surfaces
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(a) 3D ternary plot

(b) Cross-sections

Figure 4.8: Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with
non-additivity parameters: ∆AB = 0.1, ∆AC = 0.1, and ∆BC = 0, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), (b) Phase diagram of component A and B at
specific concentrations of component C, yellow lines are the spinodal, blue lines are the binodal,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed
line at concentration ηC = 0.15, and dotted line at concentration ηC = 0.30, with increasing
concentration of C, the critical point shifts to higher concentrations of B.
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(a) 3D ternary plot

(b) Cross-sections

Figure 4.9: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with nonadditivity parameters: ∆AB = 0.1, ∆AC = −0.1, and ∆BC = 0.1, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), (b) Phase diagram of component A and B at
specific concentrations of component C, yellow lines are the spinodal, blue lines are the binodal,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed
line at concentration ηC = 0.15, and dotted line at concentration ηC = 0.30, with increasing
concentration of C, the critical point shifts to higher concentrations of B.
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(a) 3D ternary plot

(b) Cross-sections

Figure 4.10: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with
non-additivity parameters: ∆AB = 0.1, ∆AC = 0, and ∆BC = 0.1, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), (b) Phase diagram of component A and B at
specific concentrations of component C, yellow lines are the spinodal, blue lines are the binodal,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed
line at concentration ηC = 0.15, and dotted line at concentration ηC = 0.30, with increasing
concentration of C, the critical point shifts to higher concentrations of B.
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4
(a) 3D ternary plot

(b) Cross-ssections

Figure 4.11: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with nonadditivity parameters: ∆AB = 0.1, ∆AC = 0.1, and ∆BC = 0.1, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), the mixture also has a three phase boundary
(red surface), (b) Phase diagram of component A and B at specific concentrations of component
C, yellow lines are the spinodal, blue lines are the binodal, red lines are the three phase boundary,
and the black diamonds are the critical points. Full line at concentration ηC = 0.05, dashed line
at concentration ηC = 0.15, dashed dotted line at concentration ηC = 0.227, and dotted line at
concentration ηC = 0.30.
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Table 4.1: Virial coefficient ratios (Bcrit ) for binary mixtures with C depending on the nonadditivity parameter ∆ and critical point for binary mixtures that phase separate (the interaction
between A and B remains the same for all mixtures).

Mixture

∆AC

BcritAC

∆BC

BcritBC

4.3

-0.10

1.26

-0.10

0.57

4.4

-0.10

1.26

0

1.06

4.5

0

2.37

(0.147,0.442)

-0.10

0.57

4.6

0

2.37

(0.147,0.442)

0

1.06

4.7

0.10

4.20

(0.069,0.253)

-0.10

0.57

4.8

0.10

4.20

(0.069,0.253)

0

1.06

4.9

-0.10

1.26

0.10

1.88

(0.386,0.295)

4.10

0

2.37

(0.147,0.442)

0.10

1.88

(0.386,0.295)

4.11

0.10

4.20

(0.069,0.253)

0.10

1.88

(0.386,0.295)

ηcritAC

ηcritBC

shift towards the xz-plane and yz-plane as well. In this case the incompatibility between
all three components is large enough for the mixture to demix into three phases at low
enough, physically relevant, concentrations. The lowest concentration of the three-phase
boundary is at ηcrit = (0.067, 0.028, 0.227). This point is on the spinodal, the plait point
line and also the binodal. This is a special plait point, where all three phases become
indistinguishable. Small deviations in one of the concentrations of the three components
will result in the formation of one homogeneous phase, two phases (depending on the
perturbation, these phases are enriched in different components), or three phases. There are
again two sections of plait point lines for this mixture, just as in some of the mixtures in the
previous section. These two sections of plait point lines do not meet each other, not even
at very high concentrations of C, since one section terminates at the three phase boundary.
The two phase boundary has a bend where the surface meets with the three phase boundary.
Depending on the concentrations of A, B, and C, the two phases will have very different
fractionation.

4.3.4

Fractionation

In the previous sections we saw the phase diagrams of nine different mixtures for which
we altered the interaction between a third component C and two components A and B
that phase separate. In this section we will qualitatively compare the phase behavior of the
different mixtures at specific parent concentrations of the different components to get more
insight into the phase separation dynamics. In all the fractionation figures, each component
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(a) η(0.05, 0.20, 0.10)

(b) η(0.05, 0.20, 0.25)

Figure 4.12: Fractionation of monodisperse ternary (component A, B, and C) non-additive
hard sphere mixtures with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with
non-additivity parameters: ∆AB = 0.1, ∆AC and ∆BC varying from −0.1 to 0.1, label referring
to Figures 4.3 to 4.11, at fixed parent phase, A is red , B is green , and C is blue , table
with concentrations in supplementary materials.
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4

(a) η(0.10, 0.20, 0.10)

(b) η(0.05, 0.10, 0.10)

Figure 4.13: Fractionation of monodisperse ternary (component A, B, and C) non-additive
hard sphere mixtures with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with
non-additivity parameters: ∆AB = 0.1, ∆AC and ∆BC varying from −0.1 to 0.1, label referring
to Figures 4.3 to 4.11, at fixed parent phase, A is red , B is green , and C is blue , table
with concentrations in supplementary materials.
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has a different color: component A is red, component B is green, and component C is
blue (see supplementary materials for a table). Depending on the concentration of each
component in each phase, the color in the figure will be a combination of the different
colors. In Figure 4.12a the parent phase has a concentration of η(0.05, 0.20, 0.10). For all
mixtures, component A, being the smallest component in the mixture, preferentially goes
to the top phase, while component B, the largest component in the system, remains at
the bottom. The volume fraction of the bottom phase (α) is largest for the mixtures from
Figures 4.5, 4.7 and 4.8. For these mixtures, A and C were more incompatible than B
and C, as can be seen in Table 4.1 from their Bcrit values. Component C preferentially
goes to the bottom phase (more blue in bottom phase compared to top phase) at this parent
concentration and the volume fraction of the bottom phase correspondingly increases.

4

Looking at a lot higher concentrations of C, (η(0.05, 0.20, 0.25), Figure 4.12b), we
see that for most mixtures component C prefers the top phase, but for the two mixtures
with the highest incompatibility between A and C and low to moderate incompatibility
between B and C (the mixtures from Figures 4.7 and 4.8), clearly component C moves
to the bottom phase. The higher the concentration of C in a phase, the more the volume
fraction α shifts towards this phase. The bottom phase of the mixture from Figure 4.8 is
the largest, whilst the bottom phase of the mixture from Figure 4.11 is the smallest.
When increasing the concentration of component A on the other hand (η(0.10, 0.20, 0.10),
Figure 4.13a), we see that for the mixture from Figure 4.11, a third phase appears. At
the higher concentration of A, component C demixes from the top phase forming the new
middle phase.
Finally we look at a parent concentration with a lower amount of B (η(0.05, 0.10, 0.10),
Figure 4.13b). At this concentration the mixture AB does not show phase separation yet.
However due to the addition of component C some of the mixtures demix at this parent
concentration. This is especially true for the mixtures with more compatibility between B
and C and higher incompatibility between A and C, the mixtures from Figures 4.7 and 4.8.
The mixture from Figure 4.11 has the same incompatibility between A and C, however due
to the increased incompatibility between B and C, the mixture remains stabilized. When a
mixture demixes into two or more phases, the concentration of one or more components is
higher in one of the phases compared to the other, while each of the phases has a smaller
volume compared to the parent volume. Systems with less incompatibility among some of
the components tend to demix at slightly lower concentration, compared to systems with
high incompatibility. This was also shown experimentally by Johansson and Walter (1999)
for the system polyethylene glycol and dextran, where a third polymer added to a dilute
one phase mixture of polyethylene glycol and dextran caused the system to demix into two
phases. At low concentrations, this third polymer distributes between the two phases.
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4
Figure 4.14: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/5, with
non-additivity parameters: ∆AB = 0.1, ∆AC = 0.1, and ∆BC = 0.1, plotted as a function of
the partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue
surface) meet each other at the plait point-line (black line), the mixture also has a three phase
boundary (red surface).

See also AppendixSection B for the phase separated sequences of increasing concentration of components A, B and C in the parent phases for the mixtures from Figures 4.3
to 4.11.

4.3.5

Three-phase systems

In the previous sections we saw one three-phase system. We changed the size of C and
the non-additive interaction parameters ∆AC and ∆BC to investigate the dynamics in
three-phase systems. First we changed the size ratio between A and C. The mixture in
Figure 4.14 the size ratio is qAC = 1/5, and the non-additive interaction between C and
the other components is: ∆AC = 0.1, and ∆BC = 0.1 (the same as for Figure 4.11).
When looking at the Bcrit (see Table 4.2) we see that this change in size resulted in more
repulsive interaction between A and C, while BcritBC remains more or less the same. This
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Table 4.2: Virial coefficient ratios (Bcrit ) for binary mixtures with C depending on the nonadditivity parameter ∆ and size ratio of A and C and critical point for binary mixtures that phase
separate (the interaction between A and B remains the same for all mixtures). All systems show
three-phase separation at concentrations η < 0.5.

4

Mixture

qAC

∆AC

BcritAC

ηcritAC

∆BC

BcritBC

ηcritBC

4.11

1/3

0.10

4.20

(0.069,0.253)

0.10

1.88

(0.386,0.295)

4.14

1/5

0.10

10.33

(0.022,0.219)

0.10

1.84

(0.318,0.391)

4.15

1/3

0.15

5.48

(0.052,0.208)

0.10

1.88

(0.386,0.295)

can also be seen in the concentration of the critical points of their respective binary mixtures,
e.g. for the mixture BC the total volume fraction at the critical point remains more or
less the same, however their respective fractions are flipped due to their flip in size ratio.
Compared to Figure 4.11 the three-phase boundary is rotated. The critical point of the
three-phase boundary is at η(0.035, 0.188, 0.052). Since component C is now the largest
component in the system (and therefore the heaviest of the three, assuming the density of
the components is larger than the density of the solution), this component preferentially goes
to the bottom phase, component B preferentially goes to the middle phase and component
A is most abundant in the top phase. When we navigate through the phase diagram on a
straight line with increasing component A while keeping the concentration of components
B and C the same, the system first demixes into a large top phase enriched in component
A and B and a small bottom phase enriched in component C. This is due to the higher
incompatibility of C with A compared to the incompatibility between A and B. When more
of component A is added, component B demixes from the top phase, forming the middle
phase.
In Figure 4.15 we used again the same size of C as in the first series of mixtures
(qAC = 1/3) and we increased the incompatibility between A and C. Compared to
Figures 4.11 and 4.14 the three-phase boundary is rotated. The critical point of the threephase system is at η(0.027, 0.412, 0.169). When gradually increasing the concentration of
component C, the two phase system of one phase enriched in A (the top phase) and the
other phase enriched in B, when reaching the three-phase boundary, component C demixes
from the top phase, forming the middle phase enriched in component C.
Experimental three phase systems of for example the colloids dextran, ficoll, and
polyethylene-glycol (Hartman et al., 1974) and dextran, polyethylene-glycol, and gelatin
(unpublished work) show similar phase behavior. Depending on the concentrations of each
component, the system will form 1 phase or demix into two or three phases, each phase
enriched in one of the components.
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Figure 4.15: (a) Phase diagram for monodisperse ternary (component A, B, and C) non-additive
hard sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with nonadditivity parameters: ∆AB = 0.1, ∆AC = 0.15, and ∆BC = 0.1, plotted as a function of the
partial packing fractions, ηA , ηB , and ηC . The spinodal (yellow surface) and binodal (blue surface)
meet each other at the plait point-line (black line), the mixture also has a three phase boundary
(red surface).

4.4

Conclusion

The addition of a third component C to a binary mixture AB that demixes has a different
impact depending on the pairwise compatibility between the third components and the two
other components. Depending on the pairwise interactions for the three components, the
volume fractions and compositions of the three phases are altered. If the third component
is compatible with both components, the phase boundary and spinodal are nearly vertical
surfaces. The third component therefore then does not decrease the incompatibility between
the components A and B. The component C is present in both phases in the same amount
and the volume fraction between the phases is not altered by the addition of the third
component. The plait point line of the mixture will shift to lower or higher concentrations of
the components A and B with increasing concentration of C depending on the interaction of
C. The sum of the volume fractions of A and B is however always equal or lower compared
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to the sum of the volume fractions at the critical point of the binary mixture.
When C is incompatible with one of the components A or B, the binodal and spinodal
will bend towards one of the planes (either the xz-plane or yz-plane) of the phase diagram.
The plait point line forms a curve that connects the critical points of the binary mixtures that
demix. When all three components are incompatible, it becomes possible for the mixture to
demix into three phases. The lowest concentration of the three phase boundary, lays also
on the spinodal and for some of the mixtures on the two phase boundary as well. For these
mixtures, small perturbations in the concentrations of one the components at this critical
point will result in either one homogeneous phase, two phases or three phases. Depending
on the different pairwise interactions between the components, the three-phase boundary
has a different shape and rotation.
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A

Tables

Table 4.A.1: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixtures with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC and ∆BC variying from −0.1 to 0.1, label refering to Figures 4.3
to 4.11, fixed parent phase: η(0.05, 0.20, 0.10), see also Figure 4.12a.

4

134

Mixture

Top phase

Bottom phase

4.3

η (0.061, 0.054, 0.104)
α: 0.733

η (0.021, 0.602, 0.089)
α: 0.267

4.4

η (0.060, 0.046, 0.117)
α: 0.770

η (0.017, 0.716, 0.043)
α: 0.223

4.5

η (0.063, 0.044, 0.087)
α: 0.682

η (0.022, 0.534, 0.127)
α: 0.318

4.6

η (0.060, 0.055, 0.107)
α: 0.749

η (0.020, 0.633, 0.080)
α: 0.251

4.7

η (0.069, 0.020, 0.049)
α: 0.611

η (0.020, 0.483, 0.180)
α: 0.389

4.8

η (0.066, 0.034, 0.073)
α: 0.622

η (0.024, 0.473, 0.145)
α: 0.378

4.9

η (0.060, 0.027, 0.126)
α: 0.779

η (0.014, 0.808, 0.010)
α: 0.222

4.10

η (0.059, 0.040, 0.121)
α: 0.790

η (0.015, 0.803, 0.020)
α: 0.210

4.11

η (0.059, 0.057, 0.113)
α: 0.787

η (0.017, 0.731, 0.052)
α: 0.213

A. Tables

Table 4.A.2: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixtures with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC and ∆BC variying from −0.1 to 0.1, label refering to Figures 4.3
to 4.11, fixed parent phase: η(0.05, 0.20, 0.25), see also Figure 4.12b.

Mixture

Top phase

Bottom phase

4.3

η (0.060, 0.054, 0.257)
α: 0.742

η (0.020, 0.619, 0.230)
α: 0.258

4.4

η (0.059, 0.040, 0.284)
α: 0.813

η (0.013, 0.894, 0.105)
α: 0.187

4.5

η (0.065, 0.037, 0.223)
α: 0.644

η (0.023, 0.495, 0.298)
α: 0.356

4.6

η (0.059, 0.057, 0.265)
α: 0.788

η (0.018, 0.715, 0.195)
α: 0.217

4.7

η (0.084, 0.003, 0.086)
α: 0.468

η (0.020, 0.373, 0.394)
α: 0.532

4.8

η (0.085, 0.007, 0.103)
α: 0.406

η (0.026, 0.332, 0.350)
α: 0.594

4.9

η (0.059, 0.012, 0.300)
α: 0.827

η (0.009, 1.097, 0.013)
α: 0.173

4.10

η (0.058, 0.023, 0.294)
α: 0.838

η (0.009, 1.116, 0.023)
α: 0.162

4.11

η (0.057, 0.048, 0.284)
α: 0.855

η (0.011, 1.095, 0.050)
α: 0.145
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Table 4.A.3: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixtures with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC and ∆BC variying from −0.1 to 0.1, label refering to Figures 4.3
to 4.11, fixed parent phase: η(0.10, 0.20, 0.10), see also Figure 4.13a.

4

Mixture

Top phase

4.3

η (0.116, 0.001, 0.102)
α: 0.852

η (0.009, 1.345, 0.089)
α: 0.148

4.4

η (0.115, 0.001, 0.113)
α: 0.864

η (0.007, 1.461, 0.015)
α: 0.136

4.5

η (0.119, 0.001, 0.070)
α: 0.823

η (0.010, 1.125, 0.240)
α: 0.177

4.6

η (0.116, 0.001, 0.104)
α: 0.854

η (0.008, 1.367, 0.080)
α: 0.146

4.7

η (0.126, 0.000, 0.013)
α: 0.774

η (0.010, 0.886, 0.398)
α: 0.226

4.8

η (0.127, 0.000, 0.026)
α: 0.766

η (0.013, 0.855, 0.344)
α: 0.234

4.9

η (0.114, 0.001, 0.115)
α: 0.866

η (0.007, 1.489, 0.001)
α: 0.134

4.10

η (0.114, 0.001, 0.114)
α: 0.869

η (0.007, 1.517, 0.005)
α: 0.131

4.11

η (0.123, 0.001, 0.051)
α: 0.778

136

Middle phase

η (0.035, 0.044, 0.636)
α: 0.087

Bottom phase

η (0.008, 1.451, 0.036)
α: 0.135

A. Tables

Table 4.A.4: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixtures with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC and ∆BC variying from −0.1 to 0.1, label refering to Figures 4.3
to 4.11, fixed parent phase: η(0.05, 0.10, 0.10), see also Figure 4.13b.

Mixture

Top phase

4.3
4.4

Bottom phase
η (0.050, 0.100, 0.100)
α: 1

η (0.051, 0.083, 0.102)
α: 0.964

4

η (0.021, 0.561 0.050)
α: 0.036

4.5

η (0.050, 0.100, 0.100)
α: 1

4.6

η (0.050, 0.100, 0.100)
α: 1

4.7

η (0.056, 0.047, 0.082)
α: 0.803

η (0.027, 0.315, 0.172)
α: 0.197

4.8

η (0.051, 0.091, 0.099)
α: 0.956

η (0.032, 0.289, 0.132)
α: 0.044

4.9

η (0.053, 0.047, 0.108)
α: 0.915

η (0.016, 0.675, 0.014)
α: 0.085

4.10

η (0.052, 0.067, 0.104)
α: 0.944

η (0.018, 0.661, 0.026)
α: 0.056

4.11

η (0.050, 0.098, 0.100)
α: 0.996

η (0.021, 0.573, 0.057)
α: 0.004
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Figure 4.B.1: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = −0.1, and ∆BC = −0.1, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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Figure 4.B.2: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = −0.1, and ∆BC = 0, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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4

Figure 4.B.3: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = 0, and ∆BC = −0.1, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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Figure 4.B.4: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = 0, and ∆BC = 0, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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Figure 4.B.5: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = 0.1, and ∆BC = −0.1, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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Figure 4.B.6: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = 0.1, and ∆BC = 0, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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Figure 4.B.7: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = −0.1, and ∆BC = 0.1, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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Figure 4.B.8: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = 0, and ∆BC = 0.1, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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Figure 4.B.9: Fractionation of monodisperse ternary (component A, B, and C) non-additive hard
sphere mixture with size ratio qAB = σA /σB = 1/4 and qAC = σA /σC = 1/3, with non-additivity
parameters: ∆AB = 0.1, ∆AC = 0.1, and ∆BC = 0.1, fixed parent phase: η(0.05, 0.20, 0.10),
adjusting A, B, resp. C with η = 0.01, A is red , B is green , and C is blue .
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Improving predictions of phase
behavior of binary mixtures by
taking polydispersity into
account

This chapter is based on: Luka Sturtewagen, Belinda P.C. Dewi, Paul Venema and Erik van der Linden.
Improving predictions of phase behavior of binary mixtures by taking polydispersity into account. (to be
submitted)

Chapter 5. Polydisperse colloids

Abstract
We study the phase behavior of two polydisperse hydrocolloids, dextran and
polyethylene oxide. We combine the experimental osmometric virial coefficients
of the pure components with the experimental critical point of their aqueous
mixture and the size distribution of each component from a previously published
study by Dewi et al. (2020) in order to predict the phase boundary, spinodal
and fractionation upon demixing of the polydisperse mixture. We compare
our results to the experimental phase diagram. This method shows a higher
accuracy in predicting the binary phase behavior combined to modeling each
component as monodisperse. The polydispersity of the hydrocolloids causes the
phase separation boundary to shift to lower concentrations and the miscibility
region to decrease. The shape of the phase boundary shifts from a rotated
U-shape to a W-shape.
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5.1

Introduction

Aqueous mixtures of polymers such as polyethylene oxide (PEO) and dextran form liquidliquid two phase systems at certain concentrations. These systems are often used as a
model system for the phase behavior of macromolecules in solution (Kang and Sandler,
1988; Edelman et al., 2003; Dewi et al., 2020). They also have practical applications as
they are often used to aid in the partitioning of biological materials such as proteins and
cell materials (Johansson and Walter, 1999; Johansson et al., 1998).
For the prediction of their phase behavior, the polymers are often considered monodisperse.
Experimental work by Edelman et al. (2003), however, has shown that there is considerable
fractionation for both PEO and dextran upon demixing. Not only is there an effect of the
polydispersity of each component on the fractionation, also the concentration in the parent
phase plays a role. At lower total polymer concentrations in the parent phase, the depleted
colloids have a broader distribution, i.e. there is less fractionation. This results in molar
mass averages of both components in their depleted phases increasing and approximating
the molar mass of the parent polymers, when the initial polymer concentration is decreased.
Changes in the distribution are mainly prevalent in the depleted phase, as the average
molar mass in the enriched phase does not change considerably depending on the parent
concentration. Changes in the amount of fractionation depending on the concentration
along a dilution line where also reported by Zhao et al. (2016). Also Gaube et al. (1993)
showed that the polydispersity plays a role in the phase behavior and phase composition.
They compared mixtures of PEO and dextran with various molecular sizes and found that
for each polymer the short chain molecules preferentially partition to the phase enriched in
the other polymer.
There has been some effort on incorporating the polydispersity of these polymers in the
prediction of their phase behavior. Kang and Sandler (1988) incorporated the polydispersity
in their prediction by using a universal quasi-chemical (UNIQUAC) model and found that the
polydispersity of the polymers enlarged the two-phase region considerably near the critical
point and resulted in smaller miscibility regions far from the critical point. They also found
significant fractionation and the difference in average molecular weight of the components
in each phase increased with larger polydispersity.
Most often when the phase behavior of binary mixture is studied experimentally, one
or more dilution lines are used to obtain the concentration of each component in each
phase. These concentrations are then used to form a binodal (Albertsson, 1970). This
approach allows for finding the position of the binodal. However, this approach does not
shed light on the polydispersity, nor does it give insight into the demixing in the metastable
region, a concentration that demixes into multiple phases, but that is outside of the unstable
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spinodal region. It is also hard to quantify the impact of the polydispersity and the according
distribution on the phase behavior (Dos Santos Tada et al., 2004). In order to get more
insight into the transition between one and two phases, Larsson and Mattiasson (1988)
determined the experimental phase boundary for polydisperse PEO and dextran. They found
a significant broadening of the phase boundary compared to the approach of Albertsson
(1970). The broadening increased with increasing polydispersity at the depleted side of said
polydisperse component (Larsson and Mattiasson, 1992).
In our previous work (Sturtewagen and van der Linden, 2019a,b) we predicted the
phase behavior of a polydisperse binary mixture of hard spheres in solution using the virial
coefficient approach, based on the theory of McMillan and Mayer (1945). Polydispersity was
incorporated into the system by means of sub-components. The spheres had an asymmetric
size ratio to aid in demixing (Dijkstra et al., 1999). Polydispersity of the largest component
caused significant changes to the phase diagram. With increased polydispersity, the critical
point shifted to higher concentrations while also at the same time the miscible region
decreased. Not only the polydispersity played a role, also the type of distribution had an
influence. We found that the largest components of the distribution impacted the phase
diagram the most. Demixed mixtures showed also significant fractionation. The smallest
sub-components of the large polydisperse components favored to top phase enriched in the
small monodisperse component.

5

In recent work the phase diagram for the macromolecules PEO and dextran was determined using the osmotic virial coefficients and the experimental critical point of the binary
mixture (Dewi et al., 2020). The method allowed for predicting the phase behavior of the
mixture. However, some points of the experimental phase diagram remained unexplained
by the theory. Mainly at low concentrations of dextran the experimental system showed
thermodynamic incompatibility and demixed into two phases, while the theory predicted a
homogeneous mixture for these concentrations. We hypothesize that this discrepancy is due
to the polydispersity of the macromolecules. In this work we will take the polydispersity of
both these components into account (by sub-dividing each polymer into sub-components
of different size) when predicting the phase diagram based on the experimental data from
Dewi et al. (2020). We will study the position of the phase separation boundary, the
spinodal, the critical point, and the fractionation. We model the interactions between the
different polydisperse sub-components using the second virial coefficient (Section 5.2.1).
In Section 5.2.2 we describe the equations for the stability boundary, the spinodal, in
Section 5.2.3 we describe the equations for the critical point and finally in Section 5.2.4
we describe the equations defining the phase boundary. In Section 5.3 we explain how we
fitted the virial coefficients of the polydisperse sub-components to the experimental data.
With the expressions in Section 5.2 and the fitted virial coefficients we have enough to
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calculate the full phase diagram Section 5.4. In this section, we treat the experimental
polydispersity of PEO (Section 5.4.1) and dextran (Section 5.4.1) separately before
analyzing their combined effects in Section 5.4.3.

5.2

Theoretical expressions

We show the equations used for the calculations of the phase diagram for polydisperse
binary mixtures: the set of equations defining the stability boundary, the critical point, and
phase boundaries of a mixture. All sets of equations are solved in Matlab R2017b. For
a more detailed derivation of the equations, we refer to Sturtewagen and van der Linden
(2019a). The virial coefficients used to calculate the phase diagram are obtained from fitting
experimental data from earlier published work (Dewi et al., 2020).

5.2.1

Osmotic virial coefficient

The osmotic pressure, Π, of a solution at a temperature T , can be written as a virial
expansion, similar to the virial expansion of the universal gas law for real gasses (Hill, 1986):
βΠ = ρ + B2 (T, µs )ρ2 + B3 (T, µs )ρ3 + ...

(5.1)

1
with β =
, k the Boltzmann’s constant, ρ the number density of the component
kT


Nν
, B2 the second virial coefficient, and B3 the third virial coefficient. The second virial
V
coefficient accounts for the increase in osmotic pressure due to particle pairwise interaction.
The third virial coefficient accounts for the interaction between three particles in a variety
of configurations. The equation can be expanded for higher densities with Bn , the nth virial
coefficient, which accounts for the interaction between n different particles.
In this work we will limit the virial expansion to the second virial coefficient, which is
given by (Lekkerkerker and Tuinier, 2011):
B(T, µs ) = 2π

Z ∞
0

r2 (1 − exp [−βW (r, µs )])dr

(5.2)

in which µs is the chemical potential of the solution, W (r) is the interaction potential
between the particles, and r is the distance.
For additive hard sphere (HS) interaction, the interaction potential for two particles (of
the same species or different species) is given by:
(

W (r)HS =

0, r > σij
∞, r ≤ σij

(5.3)
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with σij = (σi + σj )/2, the distance between the centers of the two particles, and σi
and σj their respective diameter.
For non-additive hard spheres (NAHS), the distance of the closest approach of the centers
of the two particles of different species can be closer or further than the distance between their
centers (Roth et al., 2001). The closest distance then becomes: σij = ((σi + σj )/2)(1 + ∆),
in which ∆ (≥ −1) accounts for the non-additivity of the interaction between the particles.
When ∆ > 0 the distance of closest approach of both spheres increases and when ∆ < 0
the distance of closest approach decreases compared to that due to HS interaction only. For
additive hard sphere interaction ∆ = 0.
In a mixture with n distinguishable components in a solution, there are two main types of
two particle interactions that can occur: between particles of the same species and particles
of different species.
For the second virial coefficient given by Eq. (5.2), using the interaction potential
defined in Eq. (5.3), we find:
2π
(σx )3
(5.4)
3


3
2π
σx + σy
Bxy =
(1 + ∆)
(5.5)
3
2
where Bxx is the second virial coefficient for particles of the same species (assumed to
be HS) and Bxy is the second virial coefficient of particles of different species, which can be
HS or NAHS.
The general equation for the osmotic pressure for a dilute binary mixture of polydisperse
components, as represented in Figure 5.1, limited to the second virial coefficient, is given
by (Sturtewagen and van der Linden, 2019a):
Bxx =

5

βΠ = ρA1 + ... + ρANA + ρB1 + ... + ρBNB
+ BA1 A1 ρ2A1 + 2BA1 A2 ρA1 ρA2 + ... + BANA ANA ρ2AN

A

(5.6)

+ 2BA1 B1 ρA1 ρB1 + 2BA1 B2 ρA1 ρB2 + ... + 2BANA BNB ρBNB ρBNB
+ BB1 B1 ρ2B1 + 2BB1 B2 ρB1 ρB2 + ... + BBNB BNB ρ2BN

B

The number averaged second virial coefficient of a polydisperse component can be written
as, this corresponds to the osmometric virial coefficient as measured by an osmometer Ersch
et al. (2016):
Bpd = B11 x21 + 2B12 x1 x2 + 2B13 x1 x3 ...
=

m X
m
X
i

152

j

Bij xi xj
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Figure 5.1: Graphical representation of a mixture of colloids, second virial coefficients are indicated.
Colloid A is indicated in green, colloid B is indicated in blue.

in which Bii is the second virial coefficient of the component of the ith size, Bij is the
second cross virial coefficient of particle the ith size and the particle of the j th size, and xi
X
is the fraction of the particle of the ith size,
xi = 1.
This results in the following simplified equation for a binary mixture of polydisperse
components:
βΠ = ρA + ρB + BApd ρ2A + 2BABpd ρA ρB + BBpd ρ2B

5.2.2

(5.8)

Stability of a mixture

The stability of a mixture is dependent on the second derivative of the free energy. If the
second derivative of the mixture becomes zero, the mixture is at the boundary of becoming
unstable. Unstable mixtures have a negative second derivative (Heidemann, 1975; Beegle
et al., 1974).
The differential of the free energy of a mixture is given by (Hill, 1986):
dA = −SdT − pdV +

n
X

µi dNi

(5.9)

i

in which µi , the chemical potential (the first partial derivative of the free energy with
respect to number of particles (Ni )) for component i is given by:
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µi = µ0i + kT ln(ρi ) + 2kT



n
X

Bij ρj 

(5.10)

j

For a mixture with n distinguishable components, the second partial derivatives can be
represented by a n × n matrix of the first partial derivatives of the chemical potential of
each component.
This results in the following general stability matrix:





∂µ1
∂µ1
···


 ∂N1
∂Nn 

 .
.
..
.. 
M1 = 
.

 ..

∂µn 

 ∂µn
···
∂N1
∂Nn

1
···
2B1n
2B11 +

ρ
1

..
..
..
=
.
.
.




5

2B1n

1
· · · 2Bnn +
ρn










(5.11)

The mixture is stable when all eigenvalues are positive (Solokhin et al., 2002). When
on the other hand one of the eigenvalues is not positive, the mixture becomes unstable.
The limit of stability is reached when the matrix has one zero eigenvalue and is otherwise
positive definite, and is referred to as the spinodal (Heidemann and Khalil, 1980).

5.2.3

Critical point

In a binary mixture, the critical point is a stable point which lies on the stability limit
(spinodal) (Heidemann and Khalil, 1980) and where the phase boundary and spinodal
coincide. In mixtures of more components these critical points become plait points. Critical
points and plait points are in general concentrations at which two or more phases are in
equilibrium and become indistinguishable (Heidemann, 1994).
There are two criteria that can be used to find plait points. The first one is det(M1 ) = 0,
which is the equation for the spinodal. The other criterion is based on the fact that
at the critical point, the third derivative of the free energy should also be zero. For a
multicomponent system, this criterion can be reformulated using Legendre transforms as
det(M2 ) = 0 (Beegle et al., 1974; Reid and Beegle, 1977), where:
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∂µ1
∂µn
···


 ∂N1
∂Nn 
 .
.. 
..
M2 = 
.
. 
 ..


∂M1 
 ∂M1

···
∂N1
∂Nn

(5.12)

Matrix M2 is matrix M1 with one of the rows replaced by the partial derivatives of the
determinant of matrix M1 . Note: it does not matter which row of the matrix is replaced.

5.2.4

Phase boundary

When a mixture becomes unstable and demixes into two or more phases, the chemical
potential of each component and the osmotic pressure is the same in all phases (Hill, 1986).



βΠI






 βµI1

= βΠII = · · ·
= βµII
1

..



.





 βµI =
n

= ···
(5.13)

βµII
n

= ···

where the phases are denoted by I, II, ....
For a mixture containing n distinguishable components, that demixes into two phases, this
results in n + 1 equations and 2 × n unknowns. To solve the set of equations without having
to fix the concentration of one component and the ratio between the other components
for at least one of the phases, we need extra equations. For the extra set of equations, we
build on the fact that no particles are lost and no new particles are created during phase
separation, and the fact that we assume that the total volume does not change.
For a system that separates into two phases we then obtain:

ρ=

2
X

2
P

ρi =

i

2
P

Ni

i

V

=

i

NiI +

2
P
i

NiII

V I + V II

which can be rewritten as (Sturtewagen and van der Linden, 2019a):

ρ = αI

2
X
i

=

2
X

ρIi + (1 − αI )

2
X

ρII
i

i

ρi

i

with
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Table 5.1: Virial coefficients and critical point of polyethylene glycol (PEO35) and dextran (D100)
from experiment by Dewi et al. (2020) used in the fitting for polydisperse virial coefficient matrix.

BPEO35 (m3 /mol)

BD100 (m3 /mol)

Critical point (mol/m3 )

4.74

1.31

(0.40, 1.06)

αI =

VI
f
P

Vi

i

in which f denotes the number of phases.
This results in the following set of equations:


βΠI =







βµI1 =






..


.







βµIn =






























5

βΠII = · · ·
βµII
1 = ···

βµII
n = ···


ρ1 = αI ρI1 + · · · + 1 −

fX
−1



αi  ρf1

(5.14)

i

..
.


ρn = αI ρIn + · · · + 1 −

fX
−1



αi  ρfn

i

With this set of equations, we have 2 × n + 1 unknowns and 2 × n + 1 equations for
mixtures that separate into two phases. Therefore, the set of equations given by Eq. (5.14)
allows for calculating the concentration of each component in each of the phases for any
given parent concentration, given that the mixture will demix at this concentration.

5.3

Methods

Size exclusion chromatography with multi-angle laser light scattering (SEC-MALLS) for both
polyethylene oxide (PEO35) and dextran (D100) was performed by NIZO Food Research to
obtain the molar mass and size distribution (size distributions in Figure 5.2, SEC-MALLS
molar mass plots in appendix). The experimental critical point and the osmotic virial
coefficients for the pure components PEO35 and D100 were taken from Dewi et al. (2020),
see Table 5.1. The cross-virial coefficients used in the calculations are the result of a fitting
including the polydispersity as follows.
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Both components exhibited polydispersity (see Figure 5.2). The size distributions for
both components were binned (the number of bins (N) were 1,2 and 5 for PEO and 1,2
and 10 for dextran). The obtained radii and fractions were taken as a starting point for
the fit for the polydisperse virial coefficients. For the fitting, non-additive hard sphere
interaction was assumed, where cross-interactions among the (chemically equivalent) PEO
sub-components was considered the same for all sizes (∆P EO35 ), as was also assumed for
the polydisperse (chemically equivalent) dextran (∆D100 ). The cross-interactions between
sub-components of PEO and the sub-components of dextran was also considered the same
for all sizes (∆P D ). The virial coefficients for both polydisperse components were fitted to
the osmometric measured virial coefficients and the critical point from Table 5.1, using
Eqs. (5.7), (5.11) and (5.12) and the sub-component fractions obtained from the binned
size distribution, while adjusting the sizes of the sub-components (within a small range) and
the non-additivity parameters (∆P EO35 , ∆D100 , and ∆P D ). The obtained matrix of virial
coefficients was used to calculate the phase boundary and fractionation of the polydisperse
mixture. The resulting phase diagram was compared to the experimental phase diagram
from Dewi et al. (2020). A fitting was considered good when the critical point of the
polydisperse mixture was on the two-phase boundary and the dilution line trough the critical
point reached equal volume at the critical point.

5.4

5

Results and discussion

Both PEO and dextran showed significant polydispersity. The distribution for PEO is
relatively narrow, slightly bimodal and has a small tail, while the distribution for dextran
has more peaks and a considerable fat tail. Based on the research we did on the effect of
polydispersity on the phase behavior of a binary mixture of hard spheres (Sturtewagen and
van der Linden, 2019a) we hypothesize that especially the larger components of the dextran
will influence the phase behavior. The osmometric number average virial coefficient of PEO
is considerably larger than the number average virial coefficient of dextran (Table 5.1), even
though the radius of the PEO molecules was not larger. This indicates that the repulsive
depletion interaction between PEO molecules is larger than the repulsive interaction between
dextran molecules.
In order to determine which effect has a stronger influence on the phase behavior (the
large size difference between dextran molecules, or the higher repulsive interaction between
PEO molecules), we stepwise introduce more polydispersity into our theoretical calculations
of the phase diagram. We will compare these calculations to the experimental phase diagram
from Dewi et al. (2020). First we introduce polydispersity only for PEO (Section 5.4.1),
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Figure 5.2: Size distribution of PEO 35 (dashed line) and Dextran 100 (dotted line).

subsequently we introduce polydispersity only for dextran (Section 5.4.2), and finally we
introduce polydispersity for both PEO and dextran (Section 5.4.3).

5

5.4.1

Only PEO polydisperse

We started by subdividing the distribution from Figure 5.2 for PEO into two bins with the
same bin width. Because the distribution for PEO has a small tail, this resulted in a slightly
skewed distribution, see Figure 5.5. The spinodal bends towards the x-axis, indicating
that it would theoretically become possible for PEO to demix into two phases without the
addition of dextran, creating a system with a phase enriched in the smaller component of
PEO and a phase enriched in the larger component of PEO. Closer to the critical point,
the spinodal matches the spinodal of the monodisperse fitting. The two-phase boundary
of the polydisperse fitting near the critical point is close to the phase boundary of the
monodisperse mixture. Further away from the critical point, things start to deviate. At
low concentrations of PEO, the phase boundary shifts to slightly lower concentrations of
dextran. This result is in line with our earlier work on polydisperse hard spheres in solution
(Sturtewagen and van der Linden, 2019a), where the larger components of a polydisperse
mixture push the phase boundary to lower concentrations of this component at the depleted
side of this component. At higher concentrations of PEO, the two-phase boundary bends
towards the x-axis. The boundary has a noticeable nod, indicating a drastic change in the
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Figure 5.3: Phase diagram for PEO (N=2) and dextran (N=1). PEO is sub-divided into two subcomponents, distribution in inset. Dextran is monodisperse. Blue lines are theoretical prediction
for the polydisperse mixture, black lines are from the fitting from Dewi et al. (2020). Circles are
from the experiment from Dewi et al. (2020). Open circles (#) indicate one-phase system, closed
circle ( ) indicate two-phase system. The diamond () is the critical point. Full line indicates the
spinodal. Dashed line indicates the two-phase boundary.

fractionation of the mixture upon demixing (discussed below in Section 5.4.4). Below the
nod, the system has a phase enriched in the small component of PEO and a phase enriched
in the large concentration of PEO. A mixture with pair-wise interactions such as in this
system can in general demix into three phases, however, not at this particular distribution
of PEO sub-components. This was found by Sturtewagen and van der Linden (2019b),
where three phase systems are described for polydisperse binary mixtures of hard spheres.
The change in the position of the binodal for this mixture, is not enough to explain the
experimentally demixed mixtures at low concentration of dextran.
Next we subdiveded the PEO into five bins of equal binwidth, see Figure 5.4. The
spinodal now bends towards the x-axis at lower concentrations of PEO, indicating that if PEO
would be the only polydisperse component in the system, the incompatibility among the PEO
sub-components would be high enough for the PEO to demix by itself at lower concentrations.
Compared to the previous fitting, the polydisperse sub-components push the binodal closer
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Figure 5.4: Phase diagram for PEO (N=5) and dextran (N=1). PEO is sub-divided into five subcomponents, distribution in inset. Dextran is monodisperse. Blue lines are theoretical prediction
for the polydisperse mixture, black lines are from the fitting from Dewi et al. (2020). Circles are
from the experiment from Dewi et al. (2020). Open circles (#) indicate one-phase system, closed
circle ( ) indicate two-phase system. The diamond () is the critical point. Full line indicates
the spinodal. Dashed line indicates the two-phase boundary. Three dilution lines are indicated
(discussed more in detail in the section Section 5.4.4, see also Table 5.2).

to the y-axis at the depleted side of the binodal. At the PEO enriched side of the binodal,
the binodal bends towards the x-axis. The considerable nod in the binodal indicates a
change in the fractionation among the sub-components (see also Table 5.2). A mixture
with pair-wise interactions such as in this system can demix into more than two phases,
however, the distribution of sub-components of this mixture make this phase boundary
unattainable within the considered concentration range. The fitting for this mixture explains
some more points of the phase boundary, however there are still a considerable amount of
experimental demixed samples that are not explained by considering the polydispersity of
PEO alone.
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Figure 5.5: Phase diagram for PEO (N=1) and dextran (N=2). Dextran is sub-divided two
sub-components, distribution in inset. PEO is monodisperse. Blue lines are theoretical prediction
for the polydisperse mixture, black lines are from the fitting from Dewi et al. (2020). Circles are
from the experiment from Dewi et al. (2020). Open circles (#) indicate one-phase system, closed
circle ( ) indicate two-phase system. The diamond () is the critical point. Full line indicates the
spinodal. Dashed line indicates the two-phase boundary.

5.4.2

Only dextran polydisperse

Just as in the previous section, we first sub-divide dextran into two bins with the same bin
width. Dextran has a larger tail compared to PEO (Figure 5.2), resulting in a more skewed
distribution (Figure 5.5). For this fitting, the difference between the monodisperse and the
polydisperse spinodal is negligible. The small polydispersity causes the binodal to shift to
lower concentration of dextran at the PEO enriched side and to slightly higher concentration
of PEO at the dextran enriched side. The differences are small and only explain a couple of
experimental points more compared to the previous mixtures. Mixtures with this pair-wise
interaction will at no concentration demix into more than two-phases.
When sub-dividing the dextran into ten bins of equal bin width (of a similar bin width
as the PEO sub-divided in 5 bins), we capture more details of the polydispersity into our
fitting. This causes the spinodal to bend towards the y-axis (Figure 5.6) at higher dextran
concentrations. Indicating that at higher concentrations of dextran the mixture can demix
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Figure 5.6: Phase diagram for PEO (N=1) and dextran (N=10). Dextran is sub-divided into ten
sub-components, distribution in inset. PEO is monodisperse. Blue lines are theoretical prediction
for the polydisperse mixture, black lines are from the fitting from Dewi et al. (2020). Circles are
from the experiment from Dewi et al. (2020). Open circles (#) indicate one-phase system, closed
circle ( ) indicate two-phase system. The diamond () is the critical point. Full line indicates
the spinodal. Dashed line indicates the two-phase boundary. Three dilution lines are indicated
(discussed more in detail in the section Section 5.4.4, see also Table 5.3).

into two phases of dextran. The binodal of the mixture with this fitting changes also quite
drastically. At the dextran enriched side, the phase boundary first shifts towards higher
PEO concentrations and bends then with increasing dextran concentrations towards the
axis. The curve has a noticeable nod. This indicates a regime change in the demixing. At
the PEO depleted side of the curve, the two-phase demixing is with a phase enriched in
PEO and a phase enriched in dextran, but a phase enriched in the smaller components of
dextran and a phase enriched in the larger components of dextran, similarly as described
for PEO above. At the PEO enriched side of the curve, the binodal shifts towards lower
concentrations of dextran while asymptotically approaching the x-axis. Also components
with this pairwise interaction can demix into more than two phases, however just as in the
previous cases, the concentrations required for multi-phase demixing are unattainable with
this particle distribution. The fitting captures more of the experimentally phase separated
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samples with low dextran concentration (filled circles in the plot), compared to the previous
fittings. This indicates that our hypothesis that the polydispersity of the dextran would be
a driving factor in the demixing of these samples is valid.
Döbert et al. (1995) constructed a consistent osmotic virial equation to predict the
phase behavior of a different type of polydisperse dextran and monodisperse PEO. They
obtained an average molecular weight osmotic virial coefficient for the different polymer
chains and compared their result to predictions assuming a binary monodisperse system.
They report a better fit when polydispersity is taken into account. When predicting the
phase separation for mixtures close to the phase boundary, they also report that the binodal
shifts closer to the axis in the dextran depleted side of the binodal. They report a strong
influence of the volume fraction of the phase enriched in dextran on the shape of the phase
boundary and the fractionation of the polydisperse dextran.

5.4.3

Both PEO and dextran polydisperse

Next we introduce polydispersity for both PEO and dextran into our fitting. We subdivided
the PEO and the dextran into two bins, of different bin width for each polymer. This
results in the same distribution as in Figures 5.3 and 5.5. The resulting phase diagram is
a combination fo the phase diagrams of the previous sections. The spinodal matches the
spinodal of the monodisperse fitting very closely. Only at increasing PEO concentrations,
the spinodal bends towards the x-axis. The higher repulsive interaction among the PEO
sub-components results in instability at higher PEO concentrations. Even without the
addition of dextran it becomes possible for PEO to demix. At both the PEO enriched side
of the phase boundary as well as at the dextran enriched side of the phase boundary, the
boundary shifts towards lower concentrations. This a combination of what we saw when
only one component was polydisperse. Mixtures with this type of pairwise interaction can
theoretically demix into multiple phases, but the concentrations required for this type of
multi-phase system are unattainable with these size distributions.
Finally we combine the more detailed distribution of sub-components from Figures 5.4
and 5.6. PEO is sub-divided into five sub-components and dextran is sub-divided into ten
sub-components. The resulting phase-diagram is again a combination from what we saw
before when we only considered the polydispersity of one component. At concentrations
where both components are present in a significant amount, e.g. near the critical point
and higher concentrations, the spinodal follows the spinodal of the monodisperse fitting.
At these concentrations the bulk interactions between all sub-components of PEO and
dextran govern the interaction and resulting instability of the mixture. At the PEO depleted
side of the phase diagram, the spinodal bends towards the y-axis, indication that at larger
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Figure 5.7: Phase diagram for PEO (N=2) and dextran (N=2). Both PEO and dextran are
sub-divided into two sub-components, distribution in inset. Blue lines are theoretical prediction
for the polydisperse mixture, black lines are from the fitting from Dewi et al. (2020). Circles are
from the experiment from Dewi et al. (2020). Open circles (#) indicate one-phase system, closed
circle ( ) indicate two-phase system. The diamond () is the critical point. Full line indicates the
spinodal. Dashed line indicates the two-phase boundary.

concentrations of dextran, dextran can become instable by itself resulting in demixing
between the smaller and larger dextran sub-components. When a small amount PEO
is added to dextran, first the larger sub-components of the PEO will result in demxing.
This causes the phase boundary to shift to lower concentrations compared to when both
components are considered monodisperse. Looking at the PEO enriched side of the phase
diagram, higher concentrations of PEO are required for PEO to become unstable by itself.
This is because when fitting the pair wise interactions for the system, the number average
virial coefficients, as well as the position of the critical point where taken into account.
Taking more sub-components into account for the whole system allowed for the distribution
of both components to play a more important role. When comparing the experimental phase
diagram to the phase boundary of the polydisperse fitted system, the polydispersity explains
a lot more of the experimentally demixed samples than the monodisperse fitted system. It
would be interesting to investigate also a bit more samples at high dextran concentration
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Figure 5.8: Phase diagram for PEO (N=5) and dextran (N=10). PEO is sub-divided into five
sub-components, Dextran is sub-divided into ten sub-components, distribution in inset. Blue
lines are theoretical prediction for the polydisperse mixture, black lines are from the fitting from
Dewi et al. (2020). Circles are from the experiment from Dewi et al. (2020). Open circles (#)
indicate one-phase system, closed circle ( ) indicate two-phase system. The diamond () is the
critical point. Full line indicates the spinodal. Dashed line indicates the two-phase boundary.
Three dilution lines are indicated (discussed more in detail in the section Section 5.4.4, see also
Table 5.4).

side of the phase boundary to compare to the theoretical predictions.

5.4.4

Fractionation

We compare for three systems (Figures 5.4, 5.6 and 5.8) three dilution lines. One dilution
line with high dextran concentrations, one through the critical point, and finally one with
high PEO concentrations in Tables 5.2 to 5.4. We compare these dilution lines to the
experimental system of Dewi et al. (2020).
In Table 5.2, only PEO is considered as polydisperse. In general, when the phase is
enriched in PEO, the distribution resembles the parent phase more, while when the phase is
depleted in PEO, the distribution contains more of the smaller size PEO molecules. This
changes drastically at the lower concentrations of the third dilution line (last few samples of
165

5

Chapter 5. Polydisperse colloids

5

the table). For these samples, the mixtures contained only low concentrations of dextran.
The demixing for these samples is governed by the incompatibility among the polydisperse
PEO subcomponents, and not by the incompatibility between PEO and dextran. Both
phases contain nearly the same amount of dextran, but have a drastically different PEO
distribution. The volume of the phase enriched in the larger sub-components of PEO is only
very small. Gaube et al. (1993) varied the apparent polydispersity of PEO by combining
different PEO sizes in different ratios, while keeping the dextran type the same for a variety
of mixtures. They found that mainly the short-chain PEO distributes towards the dextran
rich phase upon demixing, while the average molecular weight of the phase enriched in PEO
does not significantly change. This results is in line with our theoretical predictions.
In Table 5.3, only dextran is considered as polydisperse. Also in this case, the phase
depleted in dextran contains mainly the smaller size sub-components of dextran. The
lowest dilution line has a relatively high concentration of PEO and a low concentration
of dextran. Here the polydispersity of dextran plays an important role in the demixing of
both components. A small amount of high molecular weight dextran becomes immiscible
with the concentrated PEO, this was also reported by Zhao et al. (2016). This results
in a large phase enriched in PEO and the low molecular weight dextran and a very small
(α < 0.15) phase enriched in the large molecular weight fraction of dextran (Table 5.3).
With decreasing parent concentration, the dextran enriched phase decreases in volume and
the fraction of large molecular weight dextran increases. While the distribution of dextran
in the PEO enriched phase starts to resemble the distribution of the parent phase more and
more.
In the last table (Table 5.4), both PEO and dextran are considered polydisperse. Just
as with the phase diagram (Figure 5.8), taking the polydispersity of both components into
account results in a combination of the patterns we saw when taking only the polydispersity
of one of them into account. A general pattern that returns here is that smaller components
more easily partition into the their depleted phase, while the larger components are more
incompatible with the other component and partition to the enriched phase. This is also
something that was experimentally shown by Gaube et al. (1993) and Edelman et al. (2003).
Especially when decreasing the concentration along the dilution line through the critical
point, the distribution in each phase continuously resembles the parent distribution more
and more. This pattern does not emerge when following a dilution line further away from
the critical point. Especially for the lower dilution line, with high PEO concentrations, this is
not true, as the phase enriched in dextran contains relatively more and more larger dextran
molecules when decreasing the concentration.
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Table 5.2: Phase separation of polydisperse PEO (N=5) and polydisperse dextran (N=10) for the
indicated dilution lines from Figure 5.4, distribution of polydisperse
component in each phase and

volume fracion of each phase (α), concentrations in mol/m3 , concentrations that also demixed
in two phases in the experiments of Dewi et al. (2020) are indicted by , mixtures that did not
demix are indiceted by #. Only compositions that demix according to the fitted interactions are
represented. Red line: number average particle size.

Parent phase

Phase enriched in PEO

Phase enriched in dextran

(0.34, 1.87),

(1.12, 0.36), α : 0.24

(0.09, 2.35), α : 0.76

(0.32, 1.73),

(0.98, 0.43), α : 0.23

(0.11, 2.13), α : 0.77

(0.30, 1.61),

(0.84, 0.51), α : 0.21

(0.14, 1.91), α : 0.79

(0.28, 1.51),

(0.70, 0.61), α : 0.18

(0.18, 1.70), α : 0.82

(0.26, 1.42), #

(0.57, 0.73), α : 0.10

(0.22, 1.49), α : 0.90

(0.56, 1.50),

(1.17, 0.34), α : 0.43

(0.08, 2.39), α : 0.57

(0.53, 1.41),

(1.06, 0.39), α : 0.44

(0.10, 2.20), α : 0.56

(0.50, 1.32),

(0.94, 0.46), α : 0.44

(0.13, 2.02), α : 0.56

(0.47, 1.25),

(0.84, 0.53), α : 0.45

(0.16, 1.84), α : 0.55

(0.45, 1.20),

(0.76, 0.59), α : 0.46

(0.18, 1.71), α : 0.54

(0.44, 1.18),

(0.72, 0.62), α : 0.46

(0.19, 1.65), α : 0.54
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Phase enriched in PEO

Phase enriched in dextran

(0.43, 1.13),

(0.65, 0.69), α : 0.47

(0.22, 1.52), α : 0.53

(0.42, 1.12),

(0.62, 0.72), α : 0.47

(0.24, 1.48), α : 0.53

(0.41, 1.08),

(0.53, 0.83), α : 0.44

(0.28, 1.32), α : 0.52

(0.40, 1.07),

(0.49, 0.89), α : 0.49

(0.31, 1.24), α : 0.51

(0.40, 1.06),

(0.44, 0.96), α : 0.49

(0.35, 1.15), α : 0.51

(1.39, 0.57),

(1.56, 0.21), α : 0.87

(0.04, 3.04), α : 0.13

(1.30, 0.55),

(1.44, 0.25), α : 0.89

(0.05, 2.81), α : 0.11

(1.25, 0.51),

(1.38, 0.26), α : 0.90

(0.06, 2.71), α : 0.10

(1.22, 0.50),

(1.32, 0.28), α : 0.91

(0.06, 2.61), α : 0.09

(1.15, 0.47),

(1.21, 0.33), α : 0.93

(0.08, 2.43), α : 0.07

(1.00, 0.41),

(1.08, 0.41), α : 0.95

(0.61, 0.41), α : 0.05

(0.89, 0.36),

(0.91, 0.36), α : 0.99

(0.62, 0.36), α : 0.01

5.4. Results and discussion
Table 5.3: Phase separation of monodisperse PEO (N=1) and polydisperse dextran (N=10)
for the indicated dilution lines from Figure 5.6, distribution of polydisperse
 component in each
phase and volume fracion of each phase (α), concentrations in mol/m3 , concentrations that
also demixed in two phases in the experiments of Dewi et al. (2020) are indicted by , mixtures
that did not demix are indiceted by #. Only compositions that demix according to the fitted
interactions are represented. Red line: number average particle size.

Parent phase

Phase enriched in PEO

Phase enriched in dextran

(0.34, 1.87),

(1.10, 0.61), α : 0.23

(0.12, 2.24), α : 0.77

(0.32, 1.73),

(0.96, 0.61), α : 0.21

(0.15, 2.01), α : 0.79

(0.30, 1.61),

(0.83, 0.76), α : 0.17

(0.19, 1.78), α : 0.83

(0.28, 1.51),

(0.70, 0.85), α : 0.09

(0.24, 1.57), α : 0.91

(0.56, 1.50),

(1.13, 0.58), α : 0.44

(0.11, 2.23), α : 0.55

(0.53, 1.41),

(1.02, 0.64), α : 0.45

(0.13, 2.03), α : 0.55

(0.50, 1.32),

(0.91, 0.69), α : 0.45

(0.16, 1.84), α : 0.55

(0.47, 1.25),

(0.81, 0.74), α : 0.46

(0.19, 1.67), α : 0.54

(0.45, 1.20),

(0.73, 0.78), α : 0.46

(0.21, 1.55), α : 0.54

(0.44, 1.18),

(0.70, 0.81), α : 0.46

(0.22, 1.49), α : 0.54

(0.43, 1.13),

(0.63, 0.85), α : 0.47

(0.25, 1.38), α : 0.53
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Phase enriched in PEO

Phase enriched in dextran

(0.42, 1.12),

(0.60, 0.87), α : 0.47

(0.26, 1.35), α : 0.53

(0.41, 1.08),

(0.52, 0.93), α : 0.48

(0.30, 1.22), α : 0.52

(0.40, 1.07),

(0.48, 0.96), α : 0.48

(0.33, 1.17), α : 0.52

(0.40, 1.06),

(0.44, 1.00), α : 0.49

(0.36, 1.11), α : 0.51

(1.39, 0.57),

(1.54, 0.35), α : 0.89

(0.04, 2.35), α : 0.11

(1.30, 0.55),

(1.43, 0.37), α : 0.91

(0.05, 2.10), α : 0.09

(1.25, 0.51),

(1.37, 0.37), α : 0.91

(0.05, 1.99), α : 0.09

(1.22, 0.50),

(1.22, 0.37), α : 0.92

(0.05, 1.89), α : 0.08

(1.15, 0.47),

(1.23, 0.37), α : 0.93

(0.06, 1.71), α : 0.07

(1.00, 0.41),

(1.04, 0.37), α : 0.96

(0.07, 1.37), α : 0.04

(0.89, 0.36),

(0.90, 0.35), α : 0.98

(0.06, 1.09), α : 0.02

(0.80, 0.33),

(0.80, 0.32), α : 1.00

(0.03, 0.81), α : 0.00

5.4. Results and discussion
Table 5.4: Phase separation of polydisperse PEO (N=5) and polydisperse dextran (N=10) for the
indicated dilution lines from Figure 5.8, distribution of polydisperse
component in each phase and

volume fracion of each phase (α), concentrations in mol/m3 , concentrations that also demixed
in two phases in the experiments of Dewi et al. (2020) are indicted by , mixtures that did not
demix are indiceted by #. Only compositions that demix according to the fitted interactions are
represented. Red line: number average particle size.

Parent phase

Phase enriched in PEO

Phase enriched in dextran

(0.34, 1.87),

(0.96, 0.45), α : 0.17

(0.21, 2.15), α : 0.83

(0.32, 1.73),

(0.85, 0.47), α : 0.15

(0.22, 1.95), α : 0.85

(0.30, 1.61),

(0.76, 0.50), α : 0.12

(0.23, 1.76), α : 0.88

(0.28, 1.51),

(0.68, 0.53), α : 0.09

(0.23, 1.61), α : 0.91

(0.26, 1.42), #

(0.61, 0.56), α : 0.05

(0.24, 1.46), α : 0.95

(0.56, 1.50),

(1.04, 0.61), α : 0.40

(0.24, 2.10), α : 0.60

(0.53, 1.41),

(0.93, 0.65), α : 0.40

(0.25, 1.91), α : 0.60

(0.50, 1.32),

(0.84, 0.69), α : 0.40

(0.26, 1.75), α : 0.60

(0.47, 1.25),

(0.75, 0.74), α : 0.40

(0.27, 1.59), α : 0.60

(0.45, 1.20),

(0.69, 0.78), α : 0.41

(0.28, 1.49), α : 0.59

(0.44, 1.18),

(0.66, 0.80), α : 0.41

(0.28, 1.44), α : 0.59

5

Continued on next page
171

Chapter 5. Polydisperse colloids
Continuation of Table 5.4
Parent phase

5

172

Phase enriched in PEO

Phase enriched in dextran

(0.43, 1.13),

(0.60, 0.85), α : 0.42

(0.30, 1.34), α : 0.58

(0.42, 1.12),

(0.58, 0.86), α : 0.42

(0.30, 1.31), α : 0.58

(0.41, 1.08),

(0.50, 0.93), α : 0.44

(0.33, 1.20), α : 0.56

(0.40, 1.07),

(0.47, 0.96), α : 0.45

(0.43, 1.16), α : 0.55

(0.40, 1.06),

(0.43, 1.01), α : 0.48

(0.36, 1.11), α : 0.52

(1.39, 0.57),

(1.48, 0.46), α : 0.92

(0.03, 1.80), α : 0.08

(1.30, 0.55),

(1.38, 0.44), α : 0.93

(0.03, 1.65), α : 0.07

(1.25, 0.51),

(1.33, 0.43), α : 0.93

(0.04, 1.58), α : 0.07

(1.22, 0.50),

(1.29, 0.42), α : 0.93

(0.04, 1.52), α : 0.07

(1.15, 0.47),

(1.21, 0.41), α : 0.94

(0.05, 1.41), α : 0.06

(1.00, 0.41),

(1.04, 0.37), α : 0.96

(0.05, 1.19), α : 0.05

(0.89, 0.36),

(0.90, 0.34), α : 0.97

(0.05, 1.19), α : 0.03

(0.80, 0.33),

(0.80, 0.32), α : 0.99

(0.06, 0.87), α : 0.01

5.5. Conclusion

5.5

Conclusion

Polydispersity plays an important role in the phase behavior of the colloids PEO and dextran.
The components with a larger than average molecular weight govern the transition between
one and two phases close to the phase boundary in their respective depleted concentration
ranges. This causes a decrease in miscibility and a shift of the phase boundary to lower
concentrations. This causes drastic changes to the shape of the phase boundary. When both
components are polydisperse, the phase boundary drastically changes shape and changes
from a U-shape to a W-shape. Not only the phase boundary changes shape, also the
spinodal has different boundaries depending on the polydispersity. Even though multi-phase
separation for mixtures with the fitted interactions are possible, the particle size distributions
make concentrations resulting in multi-phase systems unattainable.
Upon demixing, the distribution of polydisperse components changes in each phase. This
fractionation is dependent on the parent distribution, the pair-wise interaction between the
components of the same type, the pair-wise interaction of the components of a different
type, and the concentration of both components in the parent mixture.
Our method of incorporating polydispersity allows for a more precise prediction of the
phase boundary compared to assuming monodispersity, especially in the meta stable region.
Next to that our method allows for prediction of the concentration and fractionation of
each component in each phase depending on the parent concentration as well as the volume
fraction of said phases.
The best fit with the available data to the experimental data was when dextran was
polydisperse and PEO was monodisperse.
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Figure 5.A.1: Molar weight distribution from SEC for dextran (D100).
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Figure 5.A.2: Molar weight distribution from SEC for polyethylene glycol (PEO35).
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6.1

Introduction

Practically relevant aqueous solutions consist generally of many components. Depending
on the type of components in the solution, their interactions, and their concentration,
these mixtures form a stable, homogeneous mixture or they are unstable and demix into
two or more liquid phases. In the study of phase behavior of mixtures, these mixtures are
often assumed to be binary mixtures of two monodisperse components. In this thesis we
aimed to get a better understanding of the phase behavior of mixtures with more than two
components in solution. Figure 6.1 gives an overview of the topics of each chapter.

Figure 6.1: Schematic overview of thesis.

6

In Chapters 2 to 4 we studied the phase behavior of model systems of hard spheres.
We started in Chapter 2 with the study of an asymmetric binary mixture of additive hard
spheres (HS). This refers to spheres only interacting with their excluded volume, determined
only by the sum of their radii. The larger component of the two was polydisperse. We
took the polydispersity into account by sub-dividing this component into sub-components,
and we varied the distribution and the number of sub-components. In the next chapter,
Chapter 3, we continued building on this and incorporated so-called non-additivity into
the system (NAHS). This implies an extra interaction contribution on top of the additive
hard sphere interaction. Adding non-additivity to the subcomponents resulted into three
phase regimes for some of the systems. In Chapter 4 we looked in more detail into the
phase behavior of ternary hard spheres in solution. We studied how the addition of a third
component alters the phase behavior of a binary mixture that phase separates. Some of
the mixtures resulted in three phase systems. After having an understanding of the phase
behavior of mixtures of hard spheres in solution we moved on to practical colloidal systems
(Chapter 5) where we took the experimentally determined natural polydispersity of the
colloids into account in predicting their phase behavior. We compared the theoretical phase
diagram to already existing experimental results for the phase diagram.
180

6.2. Discussion and interpretation of results

6.2

Discussion and interpretation of results

We first briefly summarize the findings of the separate chapters and combine the results
with additional calculations in order to draw more general conclusions and compare these
to the literature. We’ll start by discussing the influence of size and size polydispersity
on the phase behavior of additive hard spheres (Section 6.2.1). Next we will discuss
the influence of non-additivity in mixtures of hard spheres (Section 6.2.2). In the third
section (Section 6.2.3) we will discuss polydisperse colloidal systems. In the last section
(Section 6.2.1) we will discus multi-phase systems in general.

6.2.1

Effect of size polydispersity on the phase behavior of a binary
mixture of hard spheres

Particle size plays an important role in whether a binary mixture of hard spheres will phase
separate and at what concentrations the mixture becomes unstable (Dijkstra et al., 1999).
Following the methodology of Chapter 2, the critical point for mixtures can be determined.
Figure 6.2 depicts the total volume of the particles at the critical point of a binary mixture
depending on the size ratio (q = σB /σA ) between the two monodisperse components.
The results are similar to the results of Ersch et al. (2016). The total particle volume
of the mixture at the critical point changes drastically depending on the size ratio of the
components. The plot is symmetric, indicating that it does not matter which one of the two
is the smaller component and which one is the larger. The only thing that matters is that
the size difference should be high enough. The lowest volume fraction of the critical point
is at size ratios of q = 1/12.6 and q = 12.6. The critical point of a monodisperse binary
mixture is the lowest concentration at which phase separation occurs. The particle size ratio
therefore plays an important role in the position of the phase boundary of a mixture of two
monodisperse components.
In Chapter 2 we studied the phase behavior of a polydisperse asymmetric binary mixture
of additive hard spheres with a size ratio of q = 10. The larger component of the two
was polydisperse, while the smaller component remained monodisperse. We modeled the
polydispersity using sub-components and considered a number of different distributions.
The number average particle size of the polydisperse mixture remained the same for all
considered mixtures. The polydispersity (P D) was defined as:
qP

PD =

(σBi − σB )2 × NBi /NB
σB

× 100

Depending on the chosen distribution and the degree of polydispersity the phase diagram
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Figure 6.2: Total volume fraction at critical point (ηcrit = ηcritA + ηcritB ) depending on size
ratio (q = σB /σA ) in binary HS mixture. Left side when B is the smallest of the two, right side
when B is the larger one of the two.

is altered. In general, when the size of the largest sub-component increased, e.g. due to a
broad distribution (higher P D) or a skewed distribution, the critical point moved to higher
volume fraction, with a higher packing fraction of the larger component B and slightly lower
packing fraction of component A. Next to that, the phase boundary shifts towards lower
packing fractions of component B at lower concentrations of B. The one-phase stable
region therefore decreased.

6

In Chapter 2, we looked at a specific size difference between the large and the small
component and considered only the large component as polydisperse. In order to get a more
general understanding of the influence of size difference and polydispersity we calculated
the critical point for mixtures at different degrees of polydispersity and different size ratios.
In Figure 6.3 we varied the degrees of polydispersity (from 0.00, i.e. monodisperse, to
20.00 with a step size of 4.00) of the polydisperse component B. The size distribution of B
follows a Gaussian distribution. Comparing the plot to Figure 6.2, we see that the plot is
not symmetric anymore. When the polydisperse component is the smaller component of the
two (left side of the figure), the polydispersity does not significantly influence the position
of the critical point. When the polydisperse component is however the larger component
of the two, the critical point shifts towards higher volume concentrations with increasing
polydispersity.
The virial coefficients and also the excluded volume of the particles are directly related to
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Figure 6.3: Total volume fraction at critical point (ηcrit = ηcritA + ηcritB ) depending on size ratio
(q = σB /σA ) and polydispersity of component B binary mixture. The number of sub-components
of the polydisperse component was nine and the distribution is given in the inset. The polydispersity,
P D, was varied from 0.00 (monodisperse) to 20.00 with a stepsize of 4.00. Arrows indicates
increasing P D. Dashed line indicates P D = 0.00. Left side when B is the smallest of the two,
right side when B is the larger one of the two.

the volume of the particles, while the considered size difference are related to the diameter of
these particles. When the size difference doubles, the excluded volume changes by a factor
eight. Even smaller difference in diameter of larger particles therefore have a considerably
high effect on the depletion interaction. Another factor influencing the phase diagram, is the
choice of using the dimensionless parameter η as a measure for concentration instead of for
example a number based concentration. We kept the number average particle diameter the
same, however their volume average will significantly change with the degree of polydispersity.
The choice for the dimensionless parameter η was made because this makes the phase
diagram independent of the chosen radius, only the size ratio between particles matters.
We also found in Chapter 2 that the particle size distribution plays an important role
in the position of the critical point. The distributions that contained larger sub-components
shifted the critical point more. This can also be seen in Figure 6.4, where we compare
different distributions of the polydisperse component B with each the same number average
size. When we consider a left skewed distribution (Figure 6.4a), a distribution with more
small size sub-components, the critical point shifts to less high volume fractions at the
same P D and size ratio q compared to the Gaussian distribution from Figure 6.3. When
we consider a right skewed distribution (Figure 6.4b) the critical point shifts to even
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(a) Left skewed

(b) Right skewed

(c) Bimodal

6

Figure 6.4: Total volume fraction at critical point (ηcrit = ηcritA + ηcritB ) depending on size ratio
(q = σB /σA ) and polydispersity of component B binary mixture. The number of sub-components
of the polydisperse component was nine and the distribution is given in the inset. The polydispersity,
P D, was varied from 0 (monodisperse) to 20 with a stepsize of 4. Arrows indicates increasing
P D. Dashed line indicates P D = 0. Left side when B is the smallest of the two, right side when
B is the larger one of the two.

more extreme high volume fractions. The critical point of the mixtures with the bimodal
distribution (Figure 6.4c) has a lower effect on the shift in critical point of the mixture.
At relatively low polydispersity, the position of the critical point, is not significantly
affected, independent of the chosen distribution. However, at larger polydispersity, the
polydispersity as well as the particle distribution of the larger component have a considerable
effect on the position of the critical point and therefore also on the phase behavior of the
components.
For monodisperse mixtures the critical point can be used as a rule of thumb in predicting
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whether or not a mixture will demix. However, because the phase boundary shifts towards
lower concentrations at the depleted side of the phase boundary of said polydisperse
component (as we found in Chapter 2), it is still possible that a mixture demixes without
finding a critical point. At extreme high polydispersity, the size ratio between the smallest
and the largest particle of the polydisperse component might result in multi-phase behavior
as was also reported earlier by Bellier-Castella et al. (2000). Additionally, the addition of a
component to a polydisperse component might result in the demixing of the polydisperse
component (see also Chapter 4, where the addition of the third component for some
mixtures resulted in lower demixing concentrations).
Upon phase separation, particles will divide over the phases to minimize the Helmholtz
free energy. One phase is enriched in component A, whilst the other is enriched in component
B. Even though each phase is enriched in one component, the other component is still
present, albeit at lower concentrations. In Chapter 2 we investigated the phase separation,
in particular the fractionation and volume fraction of the phases (α), of a specific parent
mixture for different distributions of component B. The size polydispersity of component B
lead to significant fractionation of this component in the child phases. The phase enriched
in component A, which was the smaller component, contained also relatively more of the
smaller particles of B than the phase enriched in component B. This follows from the
relatively increased size incompatibility between the smallest particle and the largest particle
in the system. The polydispersity of component B influences both the composition in
each phase as well as the volume fraction of the phases. The volume fraction of the top
phase, the phase enriched in component A (the smaller and lighter component of the two),
increased with the polydispersity of component B. The fractionation of the polydisperse
component is not only dependent on the type of distribution, but also on the concentration
of both components.
The fractionation and the volume fraction of each phase is also dependent on the
parent concentration. Parent mixtures close to the critical point will show less fractionation
compared to mixtures further away. Mixtures with a relatively low concentration of the
polydisperse component B will have significant fractionation. This fractionation is even
more extreme when the concentrations are close to the phase boundary. For these mixtures,
a large phase enriched in component A will be formed and in this phase a small amount of
the polydisperse component B will be present. The size distribution of B will be relatively
similar to the distribution of the parent mixture. The other phase will be rather small and
is enriched in the largest sub-components of component B. This results in a significantly
different distribution and significantly larger average particle size. This is because the largest
sub-components of component B have the largest incompatibility with component A, which
forms a driving factor in lowering the phase boundary and in depleting from the phase
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Figure 6.5: Visual representation of the depletion layer for (non-)additive hard spheres. When
∆ > 0, the depletion layer becomes thicker compared to the additive model, while for ∆ < 0, the
depletion layer is thiner.

enriched in component A.
Until now we discussed the cases of hard sphere interactions. Now we extend to including
non-additive hard sphere interaction.

6.2.2

6

Effect of non-additivity

Not only the size difference between particles plays a key role in phase separation, also
their distance of closest approach is an important factor. For additive hard sphere mixtures
(∆ = 0), the distance of closest approach, i.e. the depletion layer is the sum of their radii
σij = ((σi + σj )/2)(1 + ∆). However, for non-additive mixtures, this distance can be larger
or smaller (Figure 6.5) (Roth et al., 2001). A positive non-additivity (∆ > 0) results in a
thicker depletion layer and therefore more repulsion between the particles, leading to easier
demixing (Hopkins and Schmidt, 2010). A negative non-additivity (∆ < 0) results in a
thinner depletion layer and therefore less repulsion between the particles, leading to more
compatibility and more stability (Roth et al., 2001; Santos et al., 2010).
To get more insight into the influence on non-additivity on the phase behavior of
monodisperse binary mixtures at different size ratios, we calculated the critical point for
different mixtures (Figure 6.6). We varied the non-additivity parameter ∆ from -0.1 to 0.5
with a step size of 0.05. The plot is again symmetric, indicating that it does not matter
which component is the larger one and which one is the smaller one. A negative non-additive
parameter results in higher volume concentrations at the critical point, while a positive
non-additive parameter decreases the particle volume at the critical point significantly. At
higher non-additive parameters, due to the increased inter-particle repulsion for particles
of different species, it becomes possible for particles of the same or similar size to phase
separate, and at the highest ∆’s it is even easier for same size particles to demix compared
to particles with very different sizes.
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Figure 6.6: Total volume fraction at critical point (ηcrit = ηcritB + ηcritA ) depending on size
ratio (q = σB /σA ) and non-additivity parameter ∆ in NAHS monodisperse binary mixture. ∆
from -0.1 to 0.5 with a stepsize of 0.05. Arrows indicates increasing ∆. Dashed line indicates
∆ = 0. Left side when B is the smallest of the two, right side when B is the larger one of the two.

In Chapter 3 we combined non-additivity with polydispersity. First we introduced nonadditivity between the monodisperse small component A and the larger (q = 10) polydisperse
component B. For a negative non-additivity, the critical point and phase boundary moved
to higher volume concentration, while a positive non-additivity moved the critical point and
phase boundary towards lower volume concentrations, just as for monodisperse mixtures
(Hopkins and Schmidt, 2010). With higher non-additivity, the difference in critical point and
phase boundary between the polydisperse mixture and the monodisperse mixture decreased.
Just as for the additive mixtures, the critical point of these polydisperse mixtures moved to
higher concentrations of the larger polydisperse component and slightly lower concentrations
of the smaller component. This difference between the monodisperse reference mixture and
the polydisperse system increased with polydispersity and with negative non-additivity.
Next we introduced a moderate (−0.1 ≤ ∆ ≤ 0.1) non-additivity between the polydisperse particles of component B, while keeping the interaction between A and B additive.
In order to limit the amount of interactions, we considered two sub-components of B, in a
variety of distributions with the same number average size as before, varying the degree
of polydispersity P D (the size ratio between the particles) and the the skeweness of the
distribution (the relative amount of each sub-component).
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Depending on the non-additivity, the polydispersity and the chosen distribution, the
critical point shifts to higher or lower concentrations. Contrary to previous mixtures, mixtures
with a negative non-additivity (increased compatibility between the sub-components of B)
had a lower concentration at the critical point, while the critical point for mixtures with
a positive non-additivity had higher concentrations at the critical point. For some of the
mixtures, the critical point shifted to concentrations η > 0.5. For mixtures with negative
non-additivity, the phase enriched in component B has a higher total particle volume
concentration compared to completely additive mixtures. Due to the increased compatibility
between the larger and smaller sub-components, it becomes easier for these components
to be packed closely together. The volume fraction (α) was larger with decreasing ∆
and less fractionation occurred. Mixtures with a positive non-additivity had a decreased
compatibility between the small and large sub-components of B. They demixed at slightly
higher concentrations compared to the additive mixtures. At higher concentrations, the
mixtures demix into a three-phase system. At low concentrations of B and high polydispersity,
the position of the phase boundary became independent of the non-additivity. However
at higher concentrations of B, increased polydispersity, and more positive non-additive
interaction, the binodal started to bend towards the axis. With higher polydispersity, the
shape of the three-phase boundary became independent of the non-additivity.

6

Parent mixtures demix into two or more phases, each phase enriched in one of the
components. In Chapter 3 we also looked into the composition of the formed phases. For
these mixtures, the smallest component A preferentially demixed into the top phase, the
phase with the largest volume. The volume fraction of both phases was dependent on the
non-additivity of the larger polydisperse component B. Both positive as well as negative
non-additivity increased the volume of the top phase. The non-additivity for which the top
phase was smallest was different depending on both the PD as well as the distribution of B.
The fractionation of the sub-components of B is dependent on the non-additivity. When the
sub-components are more compatible with each other, component B has less fractionation,
while on the other hand the sub-components are less compatible with each other and more
fractionation occurs, even leading to additional phase separation at higher non-additivity.
For mixtures that demixed into three phases, the bottom phase demixes into an additional
middle phase enriched in the smaller sub-component of B.
In Chapter 4 we looked into the influence of a third component C on a binary mixture
AB that demixes. We kept the interaction between A and B and the size of C constant,
while varying the non-additive interaction between A − C and B − C. When C had a
negative non-additivity with both components, C was more compatible with A and B. This
increased compatibility caused the phase-boundary between A and B to be independent
of the concentration of C. Upon demixing, component C is present in both phases in
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an amount similar to the parent phase. When the non-additive parameter is increased
for the interaction between C and one of the components, component C becomes less
compatible with this component. This causes the phase boundary to bend. Increasing the
concentration of C decreases the concentration of A and B required for demixing. Upon
demixing into two phases, component C preferentially goes to the phase enriched in the
component, which component C is most compatible with, increasing the volume of this
phase. When the interaction between C and both components is increased, component C
becomes less compatible with both A and B. At high enough incompatibility amongst all
three components, three-phase demixing becomes possible. In this case each of the three
phases is enriched in one of the three components.
In general, depending on the incompatibility between all three components and the
concentrations of the parent mixture, the composition of the demixed phase and the
volume of each phase will be different. Mixtures with less compatibility among some of the
components tend to demix at slightly lower concentration, compared to mixtures with high
compatibility. Components that are relatively more compatible with each other tend to demix
into the same phase increasing the volume of this phase. The addition of a third component
that is incompatible with one or both components of a dilute binary mixture that can demix
into two phases can cause the mixture to become unstable and demix. This was also shown
experimentally by Johansson and Walter (1999) for the system polyethylene glycol and
dextran, where a third polymer added to a dilute one phase mixture of polyethylene glycol
and dextran caused the system to demix into two phases. At low concentrations, this third
polymer distributes between the two phases (in general in non-equal amounts).

6.2.3

Polydisperse colloidal systems

In Chapter 5 we predicted the phase behavior of two polydisperse colloids, dextran and polyethylene glycol (PEO), based on their previously experimentally measured size distribution,
osmotic virial coefficient and critical point. Compared to hard sphere model systems we
studied before, the size difference between dextran and PEO was rather small and their size
distribution even showed a considerable overlap. We compared our theoretical predictions
to the experimental work from Dewi et al. (2020). The best fit to the experimental data
was when dextran was polydisperse and PEO was monodisperse.
Polydispersity causes the phase boundary to bend and broaden towards lower concentrations, especially at low concentration of the most polydisperse component (dextran). The
predicted shape of the phase boundary turns into a W-shape instead of a U-shape. This was
also experimentally shown by Larsson and Mattiasson (1988). They have shown that this
shift in the phase boundary to lower concentrations increases with increasing polydispersity
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at low concentrations of said polydisperse component (Larsson and Mattiasson, 1992).
Because of this broadening, the one-phase stable region for the mixture decreases (Kang
and Sandler, 1988; Döbert et al., 1995).
At concentrations where both components are present in a significant amount, e.g.
near the critical point and at higher concentrations, the spinodal follows the spinodal of
the monodisperse fitting. At these concentrations the bulk interactions between all subcomponents of PEO and dextran govern the interaction and the resulting instability of the
mixture. In the meta-stable region, the region between the spinodal and the binodal, the
demixing is determined by the components that are most incompatible, e.g. the largest
sub-component of dextran and PEO.
Upon demixing, a parent mixture demixes into two phases, each enriched in either
dextran or PEO. However, the size distribution of PEO and dextran in the demixed system
can differ significantly from the parent distribution. The change in the distribution is not
only dependent on the interactions between the components, but also on the chosen parent
concentration. In general, the phase enriched in dextran will contain more of the larger
dextran sub-components and relatively more of the smaller PEO sub-components. The
size distributions in the demixed phases resembles the one from the parent mixture more
along the dilution line through the critical point. Further away from the critical point, e.g.
samples with high PEO concentrations, the fractionation is significant as the phase enriched
in dextran contains relatively more and more larger dextran molecules when decreasing the
concentration. Experimental work by Edelman et al. (2003), Zhao et al. (2016) and Gaube
et al. (1993) are in line with these predictions.

6

6.2.4

Multi-phase systems

When the incompatibility among multiple components is high enough, demixing into more
than two phases becomes possible. In Chapter 3 we saw that the polydispersity or small
impurities of a mixture that is stable by itself could cause demixing into more than two
phases when an incompatible component was added. The position of the three phase
boundary was dependent on the polydispersity, the distribution of the components and the
non-additivity between the polydisperse sub-components. In Chapter 4 we looked in detail
into the interaction of three components in a system. We saw that the shape and the
position of the three phase boundary was dependent on the incompatibility among all three
components.
The lowest concentration of the three-phase boundary is on the spinodal, the plait point
line and also the binodal. This is a special plait point, where all three phases become
indistinguishable. Small deviations in one of the concentrations of the three components
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Figure 6.7: Theoretical three phase system. The three phase boundary lays on the two phase
boundary. Plait points are indicated in green. The two phase boundary is indicated in blue. The
three phase boundary is indicated in red. Some tie-lines for mixtures that result in three equal
phases are indicated in black.

will result in the formation of one homogeneous phase, two phases (depending on the
perturbation, these phases are enriched in different components), or three phases see also
Figure 6.7. The transition from two phases to three phases is along a tie-line of the two
phase boundary. Increasing the concentration slightly, results in demixing of one the phases
and forming the third phase. Which phase will become unstable is dependent on the relative
incompatibility between the phases. Depending on the position of the critical point of the
sub-mixtures, the three-phase boundary surface will rotate. In Figure 6.7, the sub-mixture
A − B had the highest critical point concentration of the three.
Experimental three phase systems of, for example, the colloids dextran, ficoll, and
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Figure 6.8: Three phase system of gelatin, dextran, and polyethylene glycol in a variety of
concentrations, the red mark indicates a phase boundary.

6

polyethylene-glycol (Hartman et al., 1974) and dextran, polyethylene-glycol, and gelatin
(unpublished work and Figure 6.8) show similar phase behavior. Depending on the concentrations of each component, the system will form one phase or demix into two or three
phases, each phase enriched in one of the components. Other examples of multi phase
systems are fore example for the system of the colloids dextran and polyethylene-glycol with
the surfactant Triton X-100 (Ruan et al., 2006). Mixtures with an even higher number of
components (both colloids and surfactants) and a corresponding higher number of phases
in equilibrium were studied by Mace et al. (2012). They report systems of up to six phases,
each enriched in one of the polymers and depleted in the others. The methodology developed
in this thesis may be further tested for these multi-component mixtures

6.3

Concluding remarks

In this thesis we used the virial approach to predict the phase behavior of polydisperse and
multi-component mixtures in solution. The theory allowed for predicting the critical point,
the phase boundary and the instability region (spinodal). Next to that the theory allows for
predicting the composition of demixed phases and the volume of each phase. Our approach
yields results in line with previous theoretical and experimental work on polydisperse mixtures.
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6.3. Concluding remarks
The virial theory allows for direct experimental testing using virial coefficients obtained
from membrane osmometry and can be a huge advantage in predicting the existence of
multi-phase behavior.
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Summary
In this thesis we aimed to get a better understanding of the phase behavior of polydisperse
and multi-component mixtures in solution. We approached this in a systematic way, starting
with model systems of hard spheres and ending with a system of polydisperse macromolecules.
In Chapter 1 we presented a short overview of the available literature on polydisperse
en multi-component mixtures that show segregative phase separation.
In Chapter 2 we reviewed the theory of interactions in systems of a solute component
in a solvent based on the second virial coefficient. The theory was expanded to allow for
multiple distinguishable types of solute components. This chapter describes the general
equations used in the thesis that define the phase boundary, stability of the mixture, and
critical point. Next to the theory, the chapter also dealt with the effect of polydispersity on
the phase behavior of a binary mixture of additive hard spheres. This chapter showed that
the largest species in the polydisperse component had the largest influence on the changes
in the phase diagram.
In Chapter 3 we deal with the effect of non-additivity on the phase behavior of a binary
mixture of hard spheres with slight polydispersity or impurities. Non-additivity between the
two polydisperse and monodisperse component shifts the phase boundary to higher (negative
non-additivity) or lower (positive non-additivity) concentrations. Negative non-additivity
within a polydisperse component decreased overall compatibility and lowered the phase
boundary. Positive non-additivity within a polydisperse component pushed the two-phase
boundary to slightly higher concentrations and made three-phase demixing possible.
In Chapter 4 we discussed the influence of a third component added to a binary mixture
that is incompatible. When the third component is compatible with both binary components,
the phase boundary is not altered and upon demixing, the third component is present in
both phase in similar amounts as in the parent mixture. When the third component is
incompatible with one of the other two components, the phase boundary bends towards
the axis-plane. Upon demixing, the third component preferentially goes to the phase
enriched in the component with highest relative compatibility. When the third component is
incompatible with both, three-phase demixing becomes possible.
In Chapter 5 we applied the gained knowledge from the model systems to a binary
mixture of the polydisperse polymers polyethylene glycol and dextran. The phase behavior
of the macromolecules was theoretically predicted, taking their experimental osmometric
second virial coefficients and size polydispersity into account, and compared to the previously
published experimental phase diagram. Taking polydispersity into account allowed for a
better prediction of the experimental phase boundary compared to assuming monodispersity.
In Chapter 6 we discussed our results from the different chapters and placed the current
work in a wider context of the available scientific literature, and discuss future research on
multi-component and polydisperse mixtures in solution.
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In conclusion, the virial approach we used has yielded results in line with previous
theoretical and experimental work on polydisperse mixtures and mixtures of more than two
components, and at the same time allows for direct experimental testing of the theoretical
approach using virial coefficients directly obtained from membrane osmometry.
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