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Summary — Best linear unbiased prediction (BLUP) can be applied to marker-assisted
selection. This application requires computation of the inverse of the conditional covariance
matrix (Gy) of additive effects for the quantitative trait locus (QTL) linked to the
marker locus (ML), given marker genotypes. This paper presents theory and algorithms to
construct G and to obtain its inverse efficiently. These algorithms are sufficiently general
to accommodate situations (1) where paternal or maternal origin of marker alleles cannot
be determined and (2) where the marker genotypes of some individuals in the pedigree
are unknown.

genetic marker / marker-assisted selection / best linear unbiased prediction / co-
variance between relatives / gametic relationship

ntés pour un locus de caractére quantitatif
ire sans biais (BLUP) s’applique d la sélection
verser la matrice (Gy) des covariances enire
du locus quantitatif lié au locus marqueur,
du marqueur. Cet article présente la théorie
et les algorithmes pour établir G, et pour obtenir son inverse d'une maniére efficace. Ces
algorithmes sont assez générauz pour prendre en compte des situations i) ou l'origine
paternelle ou maternelle des alléles marqueurs me peut pas étre déterminée, i) ou le
génotype marqueur de certains indwidus dans le pedigree m'est pas connu.

marqueur / meilleure prédiction linéaire

Résumé — Covariance entre appare
marqué. La meilleure prédiction linéa
assistée par marqueur. Cela demande d’in
apparentés des effets génétiques additifs
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INTRODUCTION

Theory for covariance between relatives provides the basis for use of data from rel-
atives in genetic evaluation. At present, genetic evaluations in animal populations
are primarily obtained by best linear unbiased prediction (BLUP; Henderson 1973)
using trait phenotypes (T-BLUP). Due to advances in molecular biology, genetic
markers are becoming increasingly available for use in genetic evaluation. Several
approaches for use in genetic evaluation using marker genotypes and trait pheno-
types have been discussed (Geldermann, 1975; Soller, 1978; Soller and Beckmann,
1982; Smith and Simpson, 1986; Kashi et al, 1990). In addition, Fernando and
Grossman (1989) described how BLUP can be used for genetic evaluation using
marker genotypes and trait phenotypes (TM-BLUP). Some strategies have been
proposed to make TM-BLUP computationally efficient (Cantet and Smith, 1991;
Hoeschele, 1993; van Arendonk et al, 1994). TM-BLUP has also been extended to
accommodate multiple markers (Goddard, 1992; van Arendonk et al 1994).

TM-BLUP requires computation of the inverse of the conditional covariance
matrix (Go) of additive effects for the quantitative trait locus linked to the marker
locus, given marker genotypes. To compute this inverse, Fernando and Grossman
(1989) provided an algorithm that required information on the parental (paternal or
maternal) origin of marker alleles, in addition to information on marker genotypes.
The parental origin of marker alleles in an individual, however, is not always known.
For example, if 2 parents and their offspring each has genotype A4; A, at the same
marker locus, marker allele 4; in the offspring could have descended from either of
the parents, thus the parental origin of A; in the offspring is unknown.

The objective of this paper is to present theory and algorithms to compute the
conditional covariance matrix and its inverse when parental origin of the marker
alleles may not be known. Theory and algorithms are developed for pedigrees
where the marker genotype of each individual is known (complete marker data).
Application of this theory is given for pedigrees where the marker genotype of some
individuals is unknown (incomplete marker data).

Wang et al (1991) presented, without proof, a recursive equation to construct
G, and an efficient algorithm to compute its inverse. This recursive equation has
been used by van Arenonk et al (1994) and Hoeschele (1993). In the present paper,
we prove that the recursive equation holds when marker data are complete, but
does not hold generally when marker data are incomplete.

Chevalet et al (1984) have described a method to compute G, given marker
phenotypes. This method does not require knowing the parental origin of marker
alleles and can accommodate missing marker phenotypes. The method, however, is
not computationally feasible for the large pedigrees typically encountered in animal
breeding. Computation of the conditional covariance matrix and its inverse become
feasible by conditioning on marker genotypes instead of marker phenotypes.

NOTATION AND ASSUMPTIONS

Copsider a single pol}{morphic marker locus (ML) closely linked to a quantitative
trait locus (QTL), which will be referred to as the marked QTL (MQTL). Assume
linkage equilibrium between the ML and MQTL. For individual i, let M} and M?
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denote 2 alleles at the ML, and let Q! and Q? denote MQTL alleles linked to M}
and M? as shown below

M} Q}

ME Q3

If the 2 marker alleles for individual i are known, then they will be arbitrarily
labelled as M} and M?. For example, suppose individual 7 has marker alleles A3
and A;, then A3 can be labelled as M} and A; as M7, or A can be labelled as M
and Az as M2. If the 2 marker alleles for individual 4, however, are unknown, M}
can be any of the marker alleles segregating in the population, and M? can also be
any of the marker alleles. For example, suppose there are 3 marker alleles (A1, Az,
and A3) segregating in the population, then M} can be A, Ay, or A;, and M? can
also be A;, Ag, or As.

Further, let v} and v? be the additive effects of Q} and @2, and let o} =
Var(v;) = Var(v?) be their variance, for i = 1,...,n. Observed marker genotypes
are denoted by Gops.

COVARIANCE OF MQTL EFFECTS GIVEN COMPLETE MARKER
DATA

The conditional covariances of additive effects of MQTL a'lleles .wil_l ]oe derived
separately for alleles between individuals and for alleles within an individual.

Covariance between individuals

Suppose s and d are parents of ¢, and j is not a direct descendani of 1 (ﬁ%'l).
The conditional covariance of the additive effects of MQTL alleles‘ Q;* and Q" in
individuals  and j, given the observed marker genotypes (Gobs), 1s

0w@hvamy=m@?sQﬂGmwg 1]

]

where k; and k; can be 1 or 2, and Pr(in = Q?" |Gobs) is the conditional probability
that in is identical by descent to Q?" given Gobs (eg, Fernando and Grossman,
1989).
Because individuals s and d are parents of 4,
Q?j in 1 of 4 ways:
k.
1. Q% descended from Q! and Q; was identical by descent to @, denoted by
(QF « Q1,0 =Qy") .
2. Q% descended from Q2 and Q3 was identical by descent to @;’, denoted by
(QF « Q2. = Q") . i
3. Q" descended from Q} and Qj was identical by descent to &, denoted by

@QF « Q40 =0Q5)

Q¥ can be identical by descent to
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J

Ml Q) Mj Q;

M? Q2 M Q2

Fig 1. Chromosome fragments containing the ML and the MQTL for individuals s, d, 1
and j.

4. Qf" descended from Qg and Qﬁ was identical by descent to Q;?", denoted by
(QF = Q% Q3 =0p)
Therefore, the probability in [1] can be written as

Pr(@} = QY |Gaps)

=Pr(QF « Q5 Q) = Q' [Guse) + Pr(QM « Q2,02 = 0 (Gope)

+ Pr(QF < Q1 Q) = QY |Goss) + Pr{(Q¥ « Q2,02 = Q¥ 1Goss) [2]
Because individual j is not a direct descendant of individual 4, and marker

genotypes of s and d are known, the conditiona] sampling of Qf" from s or d is

independent of alleles in J being identical by descent to alleles insord(figl
given Ggps. Thus, the probability in [1] can be computed recursively as

Pr(Qf" = Q?ﬂGobS)

= Pr(QI* = Q1lGoss)Pr(@} = Q| Gone) +Pr(Q% = Q2|Gope)Pr(Q? = Q57 |Grobs)

F PHQE = Q4G Pr(Q) = Q) |Guss) +PH(Q = Q3/Gope)Pr(Q3 = Q% |Gass)
3

Equation [3] was first given by Wang et al (1991). It will be shown later that (3]
does not hold generally when marker data are incomplete.

Generalizing in [3], Pr(Q% « Qlr |Gobs) is the conditional probability that allele
Q% in offspring ¢ descended from a]lele QI;” in parent p = s or d for ki kp =1or2.

This conditional probability will be referred to as the probability of descent for a

QTL allele (PDQ). There are 8 PDQs for each individual, as shown in Appendiz B,
and each PDQ can be expressed as

b

PrQE" = Q7 IGote) = (1~ PIPH(MF <= MY Gon) + pPH(M = M2 Gone) [
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for k; = lor 2 and p = s or d, where p = 7 when k, = land p = 1—-7
when k, = 2, and where r is the recombination rate between the ML and MQTL.
Further, Pr(Mik" = M,’f ?|G ops) is the conditional probability that marker allele Miki

in offspring ¢ descended from marker allele M,? ? in parent p, given the pedigree and
marker genotypes. This conditional probability will be referred to as the probability
of descent for a marker allele (PDM). There are 8 PDMs for each individual, and
their computations are explained in Appendiz A. Note that the PDMs and PDQs
associated with the unknown parent(s) are undefined.

Equation [4] explicitly shows the relationship between PDQs and PDMs in scalar
notation. For convenience, it is rewritten in matrix notation as

B, =S;R [5]
where

B, =
[Pr(@%<=Qg|Gobs) Pr(Q! < Q2|Gops) Pr(Q} <Q}Gobs) Pr(Q%«tQZIGom]
Pr(Q?‘{:QélGobs) Pr(Q1,2<=Q§|Gobs) PT(Q12<=Q¢11|Gobs) Pr(Q%¢Q§|Gobs)
[6]
S; =
Pr(Mi1<=M;|Gobs) Pr(Mi1<=M52|Gobs) Pr(Mil‘::M(%IGObS) Pr(Mil‘::MglGObs):l
Pr(M? <= M}|Gops) Pr(M7 < M?2|Gobs) Pr(M? < M}|Goss) Pr(M? <=M2|Gobs)
[7

0
r

Covariance within an individual

nd v? of MQTL alleles Q}

The conditional covariance between additive effects v; a ‘
can be written from [1] as

and Q% in individual ¢ with parents s and d, given Goops,
Cov(v},v?|Gops) = Pr(Q} = @F |Gobs )02 = fi0h [9]

where f; = Pr(Q} = Q?|Gops) is the conditional probability that 2 homologous
alleles at the MQTL in individual 7 are identical by descent, gIven Grops- Thus, f 1h 1s
the conditional inbreeding coefficient of individual ¢ for the MQTL_, given Gobs- Tl 15
is different from Wright’s inbreeding coefficient, which is t‘he cqndltlonal probab} ity
that 2 homologous alleles at any locus in individual 4 are identical by descent, given
only the pedigree. in indivi ]

The pair of 2 homologous alleles at the MQTL, Q; fmd 6123’ N md;Vldlfal :
descended from 1 of the following parental pairs: (Qg’Qd).’ (Qs ) Qa), ( sf’ Qd)tﬁr
(Q%,Q%). Let Ty, i, denote the event that the pair of alleles In 2 descended from the

parental pair (QFe, Q%) for ks, kg = 1 or 2. Now, f; can be written as
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2 2
fi= 37 37 Pr(Q} = QThuny, Gone) Pr(Ti s [Gone) [10]
ICS=1 kd=1
Mm%@z@mmﬂmmmm@&ammmmmmmm
2 2
fi= ) > Pr(Q" = Q5IGop)Pr(Tek,|Gop) [11]
ks=1kg=1

The Pr(Tx,k,|Goss) can be expressed in terms of PDQs (see Appendir C) as
Pr(T IG ) — Pr(Qzl <~ Q?slGobs)Pr(Q? <~ Qsleobs)
R PrQE = Q1 Gore) + PrQ] = QZIG.0)

Pr(Q < Q5*|Goba)Pr(Q? <= QF|Goyn)
Pr(Q; < QiIGoss) + Pr(Q] < Q2[Gopy)

(12]
For example,

_ _Bi(1,1)B;(2,3) Bi(1,3)B;(2,1)
Pmm%w—&@n+&mm Bi(1,3) + By(1, 4)

where B; (1, k) are elements of B; in [5]. If 1 of the denominators in [12] is zero, then
the entire corresponding term is set to zero.

Tabular method to construct covariance matrix G,

The conditional covariance matrix (Gy) between additive effects of MQTL allcles
can be written, from [1] and [9], as

G, = Ad? [13]

where A is the matrix of conditional probabilities that the 2 homologous allcles
at MQTL are identical by descent, given Gobs. The matrix A includes a row and
column for each of the 2 MQTYL alleles in each individual. Thus the order of A is 2n,
where n is the number of individuals in the pedigree. This matrix is the conditional
gametic relationship matrix (Smith and Allaire, 1985), given Gops. It follows that

cach diagonal element of this matrix is unity. The tabular method to construct A
is explained below.

1, for 1 =b+1,...,n, as follows:

Let 6} = 2(i — 1)+1and 62 = 2(1~ 1) +2 be the row indices of A corresponding
to the 2 MQTL alleles Q! and Q;F of individual 4. From (3], the elements of the 2

rows 6 and 82, corresponding to the 2 MQTL alleles of individual § with parents s
and d, are computed as
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A, = Balbiaa, - B.(1.2)As2 ; + Bi(1.3)As1; + Bi(1.4)As2 5
Mecy = BA2 11\, + Bi(2.2)Aa, + Bi(2.3)An, + Bil2.4)Asz [14]

for j =1..... &' = 1. where B,(l. k) were defined in [6]. Element As2 51 = fi. where
f is given in ‘111 Elements of columns & and 67 are obtained by symmetry. If 1
parent is unknown. terms involving the unknown parent are dropped from [14].

For convenience. the tabular algorithm described above can be written in matrix
notation. Let A,_; be the upper left submatrix of A expanded up to 7 — 1. For
individual i. with parents s and d. A,_; is expanded to A; as

[ A A 15
A= |:q;Ai-1 C, ] [ ]
where
1 f
= ' 16
and

r |0 ... 0 Bl

U= 10 0 B(2.1) Bi(2.2)
In [17], @} is a 2 x 2(i — 1) matrix with at most 8 non-zero elements, which are from
B; and are located in columns 8!, 62, 6} and 63.

The above tabular algorithm to construct A is similar to that used to construct
the numerator relationship matrix (Emik and Terrill, 1949; Henderson, 1976).
Further, A plays the same role in prediction of MQTL effects as the numerator
relationship matrix, A.. does in prediction of breeding values.

) Bil.2) 0.0 B(L3) BiL,4) 0...07 .o
0..0 Bi2.3) Bi(2.4) 0...0

ALGORITHM TO INVERT COVARIANCE MATRIX OF MQTL
ALLELE EFFECTS

Theory

Tier and Sélkner (personal communication, 1994) and van Arcndonk et al.(199f1)
used partitioned matrix theory to develop rules to invert tho numerator relat‘lonbhx.p
matrix cfficiently for populations with unusual relationships. A similar approach is
used here to invert A efficiently.

From [13], G;' = A™' /7. In general, the inverse 0
can be obtained as

f A;, partitioned as in [15],

Al =

7

_ —1 A ‘—1

~ 0], [aDrd —aDi 18]
0 0 ~-D; q; D;

where D; = C; —q}A;—1q; is 2 x 2 matrix (Scarle, 1982). From [18], the contribution

of individual 7 to A ! is given by the second term on the right-hand sidet ?f this
equation, for which, as shown below, there arc at most 36 non-zero elements.
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Because of the sparse structure of q; as shown in [17], qiA;_1q; can be written
as B;C; 4B, where Cs,q is the 4 x 4 conditional gametic relationship matrix for
parents of ¢, s and d, the elements of which are in A;_;, and B; is the matrix of
PDQs defined in [6]. Thus

D; =C; - B;C, 4B; [19]
If fi, fs and f; are nulle, then
D; =1, - B;B; [20]

where I is a 2 x 2 identity matrix.

The submatrix q;D; 'q in [18] is & square matrix of order 2(i —1) that contains
only 16 non-zero elements, which are given by B;D} lBé. The submatrix D; 1q§ is
a matrix of order 2 x 2(i — 1) that contains only 8 non-zero elements, which are
given by D; 'B.. Thus, there is a total of 36 non-zero elements contributing to A;*
from individual ¢. For convenience, these 36 non-zero elements are collected into a
6 x 6 matrix:

— [BiDngg —BiDi‘lJ

—B.
i ‘il = “ID7M-B; X 21
_])Z 1B; D1, 1 l: } 3 [ 2] [ ]

I

Because W contains all contributions to A;! from individual 4, we refer to it as
the ‘contribution matrix’. The position of contribution element W.(l,k) is given by
element II;(l, k), so we define the corresponding ‘position matrix’ for W, as

[(55,83) (&5,82) (&3,83) (6%,83) (6%,61) (6%,62)]T
(6,6) (85,63) (83,83 (82,63) (63,61) (62,6
= | G68) (85,60 (65,61 (65,63 (64,61) (53,62)
(63,6) (93,63) (53,83 (83,63) (63,61) (62,6
(61,83) (81,63) (61,8%) (65,63 (61,61) (61,62)
L(&,63) (63,63) (6%,63) (82,83) (82,6} (82,62)]

where 62 = 2(a—1)+bfor o = 8,d, oréand b =1 or 2. If both parents of individual
i are known, then all elements in II; are defined. If at least 1 parent is unknown,
then elements in II; associated with the unknown parent(s) are not defined.
Because q; has at most 8 non-zero elements, and the positions of these elements
are simple functions of s and d, [18] leads to an efficient algorithm to invert A, where
the number of arithmetic operations for inverting is proportional to 2n, the size of
A. Tt is noteworthy that any symmetric positive definite matrix can be inverted
using [18]. Unless q; is sparse and the positions of the non-zero elements can be
determined easily, this approach will not be efficient. Note that [19] requires Cs,a,
Which is from A;_;. Thus for an inbred pedigree, Cs,q needs first to be computed,
similar to the situation where inbreeding coefficients need first to be computed

wheg Henderson’s rapid algorithm (Henderson, 1976) is used to invert a numerator
relationship matrix.
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Algorithm

1. Set A™! equal to the null matrix.
2. For individual i, i =1..... n:

(a) if both parents are unknown, then add 1s to A;_II’ 5 and A6'21 52

(b) if at least 1 parent is known, then:
i) compute B; according to [5]
ii) compute D; according to [19] for inbreeding or [20] for non-
inbreeding
iii) compute W; according to [21]
iv) for each ‘defined’ element in 1I;, add element W;(l, k) to A?
at the position given by I;{l, k)

NUMERICAL EXAMPLE WITH COMPLETE MARKER DATA

Consider the pedigree of 5 individuals in table I. These 5 individuals are numbered
sequentially so that parents precede their offspring, and are assumed to be from
a population with marker allele frequencies of p(A;) = 0.7, p(42) = 0.1, and
p(As) = 0.2. For convenience, we assumed that 02 = 1.0 and r = 0.1. For this
example, genotype AgA, is assigned to individual 2, so that marker data are
complete.

Table I. Pedigree of 5 individuals with marker genotypes.

Individual Genotype Parent s Parent d
ArA

Unknown

0
0
A1A (1)
3

A1Ay
A1As

Ut W N
BN OO

Zeros indicate unknown parent.

Computing PDMs

The PDMs arc undefined for individuals 1 and 2, because their parents are unknov&gn.
Individual 3 has parents 1 and 2. Thus, as shown in Appendiz A, the 8 PDMs for

individual 3 can be computed as
Pr(Mf < MF|Gops) = Pr(MEs < M}?|G1, G2, Gs) [23]
. £
for ks, k,,p = 1 or 2, where Gi, G, and G3 represent marker gcnotypcs. 0
individugls 1, 2, and 3. The right-hand side of [23] can be computed f‘roml Mengf)hl\z/}n‘
principles (sce example after equation [A.l]in A ppendiz A), and the resu ting s
are stored in matrix Sg, defined in [7], as

12 1/2 0 O 4
3=[(/) 0 1/2 1/2 24
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For individual 4, the paternal pareht is unknown. Thus, PDMs for individual 4 can
be computed as

Pr(Mf* <« MF|G o) =

3 3
> S Pr(Mb < MPIG, = Aidj, G2, Gy)Pr(Gy = A;A;(G2,Gy)  [25]

i=1 j=1

for k4,ks = 1 or 2 where Gy = A;A; is the ordered marker genotype for the
unknown paternal parent. The upper limit of the summation is the number of
marker alleles segregating in the population. The resulting PDMs are

S“:[: _ 1?2 1(/)2}

The first 2 columns in S, are undefined because the paternal parent is unknown.

For individual 5, both parents are known. Thus, computation of PDMs for
individual 5 is similar to that for individual 3, and the resulting PDMs are

_[1/2 0 172 o
S""‘[o 1/2 0 1/2}

Constructing A

Individuals 1 and 2 are unrelated and non-inbred (table I), thus the upper left
submatrix of the conditional gametic relationship matrix A is an identity matrix of
order 4. This submatrix will be expanded by the tabular method for individuals 3,
4, and 5, as shown below.

The matrix Bj of PDQs for individual 3 with parents 1 and 2 is computed using
S3 according to [5):

B._[1/2 12 0 o
8 0 0 1/2 1/2
Now, from [14], elements As,; and Xgj, for j = L,...,4, which correspond to

individual 3, are computed as linear functions of elements in the first 4 rows, which
correspond to the parents 1 and 2:

)00 5 ol [

Dia}gor%al elements As,5 and A6 for individual 3 are unity. Off-diagonal element 26,5,
which is defined as the conditional inbreeding coefficient in (10], is null because the
parents of individual 3 are unrelated. For individual 3, therefore, numerical values
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of elements A5 ; for j =1,...,5 and Ag; for j =1,...,6 are
F 1 2 3 4 5 6
Xs; 12 12 0 |
26,5 0 0 1/2 1/2 0 1

The corresponding column elements are obtained by symmetry.
The PDQs for individual 4 are computed using [5]:

Ba=|_ _ 1(/)2 1?2
For individual 4, numerical values of elements A7 ; for j = 1,...,7 and g ; for
ji=1,...,8 are
J 1 2 3 4 5 6 7 8
Mj 0 0 0 o o0 o0 1

o 0 0 12 12 0 12 0 1

The PDQs for individual 5 are computed using [5]:

B. = [9/20 1/20 9/20 1/20
57 11/20 9/20 1/2 9/20

To compute f5 defined in [10], we need Pr(Q%® = Q5*|Gobs) and Pr(Thsk, |Gobs) for
k3, ks = 1 or 2. Probabilities, Pr(st = QZ“ |Gobs) have already been computed as
Pr(Q3 = QilGobs) = As,7 =
Pr(Qs = Q5|Gobs) = As8 =
Pr(Q2 = Q}[Gobs) = Yo7 =0
Pr(Q2 = Q2|Gobs) = Aos = 1/2

Probabilities, Pr(Tk,k,|Gobs), can be obtained according to {12] as

Bs(1,1) Bs23) . Bs(LHBsL)__ g0
Br(l 1)+B5(1,2) B5(1,3)+B5(1,4)

+

Pr(T11|Gobs) =
Similarly, Pr(T1s|Gops) = 41/100, Pr(T21|Gobs) = 41/100, and Pr(Tp2|Gobs) =
9/100. Thercfore,

2 2
fs= Z Z Pr(Qéca = Q,ZA]GobS)Pr(Tksk4|GobS) = 9/200

ka=1ks=1
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For individual 5, numerical values of elements Ag,j for j =1,...,9 and Ayq; for
j=1,...,10 are

7 1 2 3 4 5 6 7 8 9 10

Ao 0225 0.225 0.050 0.050 0.450 0.075 0.450 0.075 1.000
Ao,; 0.025 0.025 0450 0.450 0.050 0.675 0.050 0.675 0.045 1.000

The conditional gametic relationship matrix (A) is

1 2 1

2
U1 U1 V3

v2 1 2

7191, ”g Uy Uy 5

vs Uy
v% 1.000 0.000 0.000 0.000 0.500 0.000 0.000 0.000 0.225 0.025
v% 0.000 1.000 0.000 0.000 0.500 0.000 0.000 0.000 0.225 0.025
vy 0.000 0.000 1.000 0.000 0.000 0.500 0.000 0.500 0.050 0.450
vg 0.000 0.000 0.000 1.000 0.000 0.500 0.000 0.500 0.050 0.450
’l)% 0.500 0.500 0.000 0.000 1.000 0.000 0.000 0.000 0.450 0.050
'U§ 0.000 0.000 0.500 0.500 0.000 1.000 0.000 0.500 0.075 0.675
vi 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.450 0.050
vZ 0.000 0.000 0.500 0.500 0.000 0.500 0.000 1.000 0.075 0.675
v% 0.225 0.225 0.050 0.050 0.450 0.075 0.450 0.075 1.000 0.045
v§ 0.025 0.025 0.450 0.450 0.050 0.675 0.050 0.675 0.045 1.000

Inverting A

Set A™! to the null matrix. For each of the 5 individuals, the contribution matrix
W, and corresponding position matrix II; are computed as described below. The
inverse of A is obtained by adding elements W,(, k) to A~! at positions indicated
by elements II,(l, k).

For the first 2 individuals, the parents are unknown. Thus, add 1s to Al_i, As, 3
Az ;13 and AZ’}}. For individual 3, PDQs (B3) can be obtained as shown carlier.

Because individual 3 is not inbred, D3 = I — B3 B}, from [20]. Matrix W is in
table IT and II3 is in table IIL.

Similarly, for individual 4, matrices W, and I, are in tables II and III. Note
that 1 parent of individual 4 is unknown. Those elements in W, and I, associated
with the unknown parent are undefined.

From the previous section, individual 5 is inbred (fs = 0.045). Thus, [19] is used

to <;btain Dy =Cq —B;5C34Bf, where Cs and Cs,4 were computed in the previous
section:

1 0 0 o0
1 9/200 0 1 0 1/2
Cs = -
5 [9/200 1 ]’03’4‘ 0 0 1 ¢
0 1/2 0 1

Matrices W5 and Ils are given in tables II a,nci II1.
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Table I1. Contribution matrices W, for i = 3,4.5.

- 0500 0.500 0.000 0.000 —1.000 0.0007
0.500 0.500 0.000 0.000 —1.000 0.000
W, = 0.000 0.000 0.500 0.500 0.000 —1.000

) 0.000 0.000 0500 0500 0.000 -1.000
~1.000 -1.000 0.000 0.000 2.000  0.000
L 0.000 0.000 —1.000 -1.000 0000  2.000.

W, = - - 0.500 0.500  0.000 1.000

- - 0.500 0.500  0.000 1.000
- - 0.000 0.000 1.000  0.000
- - 1.000 1.000 0.000  2.000J

- 0372 0.160 0.372 0.160 —0.797 —0.2681
0.160  0.551 0.160 0.551 —0.223 —1.200
W = 0.372 0.160 0.372 0.160 —0.797 —0.268

5= 0.160 0.551 0.160 0551 —0.223 —1.200
—0.797 -0.223 -0.797 -0.223 1737 0.303
| —0.268 -1.200 -0.268 —1200 0.303 2.6334

Table III. Position matrices II; for ¢ = 3,4,5.

-y 12 1,3 (L4) (1,5)  (1,6)

2,1 (22 (@3 @49 & 5 (2,6)

M= | & 1) (3,2) (3,3 (3.4 (35 (3,6)
3= | w1 (42 @43 (44 (@5 46
(5,1) (5,2) (53 (54) (5,5)  (5,6)

L6y 62 6.3 (64 (65 (66
. - - - - =]

I - - (3,3) (374) (3’7) (3a8)
S - @3 (44 @n 49
- - (7, 3) (7v 4) (7’ 7) (7’ 8)
LT - (833) (8’4) (877) (878) J
5.5 (5.6 (.7 (68 (59 (5,10) 7

65 (66 (67 68 ©9 6 10)

.| @y @ @0 7.8 (19) (1,10
5= @5 36 @7 (8 69 610
05 ©6 @7 ©8 69 O 10)
Lo, (10,6) (10,7) (10,8) (10,9) (10,10)
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The A~! matrix is
R R R B T B S S v

»} 1500 0.500 0.000 0.000 —1.000 0.000 0.000 0.000 0.000 0.000
v 0.500 1.500 0.000 0.000 —1.000 0.000 0.000 0.000 0.000 0.000
vi 0.000 0.000 2.000 1.000 0.000 —1.000 0.000 —1.000 0.000 0.000
v2 0.000 0.000 1.000 2.000 0.000 —1.000 0.000 —1.000 0.000 0.000
U% —~1.000 —1.000 0.000 0.000 2.372 0.160 0.372 0.160 —0.797 —0.268
v 0.000 0.000 —1.000 ~1.000 0.160 2.551 0.160 0.551 —0.223 —1.200
v; 0.000 0.000 0.000 0.000 0.372 0.160 1.372 0.160 —0.797 —0.268
v; 0.000 0.000 —1.000 —1.000 0.160 0.551 0.160 2.551 —0.223 —1.200
vi 0.000 0.000 0.000 0.000—0.797 —0.223 —0.797 —0.223 1,737 0.303

v 0.000 0.000 0.000 0.000 —0.268 —1.200 —0.268 —1.200 0.303 2.633

COVARIANCE OF MQTL EFFECTS GIVEN INCOMPLETE
MARKER DATA

Algorithms to construct and invert the conditional gametic relationship matrix (A),
given complete marker data, are based on the recursive equation [3]. In deriving 3]

from [2], it was assumed, given complete marker data, that events in < @} and
= j" , for example, are independent. They may not always be independent,

s =
however, when marker genotypes of the parents are unknown. Thus, although 2]
holds for complete and incomplete marker data, [3) may not hold for incomplete
marker data. Therefore, algorithms developed for complete marker data cannot
be directly applied, in general, to pedigrees with incomplete marker data. In this
section, we first demonstrate that [3] may not hold when marker genotypes of
parents are unknown. A strategy to accommodate pedigrees with incomplete marker
data is then presented.

The pedigree in table I is used to demonstrate that [3] may not hold when
marker genotypes of the parents are unknown. In this pedigree, marker genotype
of individual 2, the maternal parent of individuals 3 and 4, is unkown. Thus, as

shown below, Pr(Q} = Q%) cannot be computed using [3].
From (2], .

Pr(Q1 = Q) = Pr(Qf < Q5, Q5 = Q3|Gobs) + Pr(Q} — Q3,05 = Q§|Gobs)+0[;r60

The last 2 terms in [26] are null because the QTL alleles in the unknown parent
of individual 4 cannot be identical by descent to QTL alleles in individual 3. In

deriving [3] from [2], it was assumed, given G, that Q) < Q3 and Q} = Q3, for
example, are independent, ‘e

Pr(Qy < @3, Q3 = Q8[Gobs) = Pr(Q} « Q}/Gass) Pr(Qh = Q3|Gobs)

Because the marker genotype for the maternal parent of individual 4 is unknown,
however, the above equality does not hold. This is illustrated numerically.
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Given the parents’ genotypes, the genotypes of offspring are independent.
Therefore, Pr(Q) < Q3,Q} = Q%|Gops) can be computed by conditioning on the
genotype of individual 2 (parent of individuals 3 and 4) as

PI‘(Q}; « Qév Q% = Q%lGobs)

3 3

= ZZPI(Q}t = Q3,Q3 = Q3,G2 = AiA;|Gobs)
3 3

=35 Pr(Q} « @b, QL = Q3IC2 = AiAj, Gops)Pr(Ga = Aidj|Gobs)
i

3 3
= Z Z Pr(Q} < Q}|Gz = A;Aj, Gobs)Pr(Q; = Q3|G2 = Aidj, Gobs)
i

X PI‘(GQ = AiAjIGobs)
= 3/400

The probabilities required in the above computation are

Gy = AiAj Pr(Qi <= Q%|G2 Pr(Q% = Q§|G2 Pr(Gy = AiAleobs)
= A;A;, Gobs = AiA;, Gobs)
AlAl 0 0 0
A1 A, 9/80 1/10 1/3
A As 0 0 0
Az A, 1/80 9/10 1/3
Ay A, 0 1/2 1/6
Ay A, 0 9/10 1/12
AsA, 0 0 0
AgAy 0 1/10 1/12
AgA, 0 0 0 -

From the above table, Pr(Q} < Q3Gobs) and Pr(Q} = Q3|Gobs) can also be

computed as

3 38 — Ay 4| Goss)
Pr(Q} < Q3|Gaps) = > 5 Pr(Q} < Q5Ga = Aidlj, Gops)Pr(Ga = Aiflj{ete
i
=1/24
3 3
Pr(Q} = QlIGu,) = 3 > Pr(@} = Q3G = Aidj, Covs)Pr(Gz = Aifj[Gon)

i
=1/2
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The values of Pr(Q} < Q3 Gos) = 1/24, Pr(Q} = Q%Gops) = 1/2, and
Pr(Q} < Q3, Q) = Q3|Gops) = 3/400 illustrate that

Pr(chl A Q%a Qé = leGobs) 7é Pr(Qi <~ Q;'Gobs)Pr(Qé = Q?’,'Gobs)

Because [3] may not hold when marker genotypes of parents s and d are unknown,
the tabular algorithm for complete marker data cannot be applied directly to
construct A, given incomplete marker data. The tabular algorithm can be used,
however, to construct A given incomplete marker data, as described below.

Let 2 be the set of all possible marker genotype configurations for individuals
with unknown genotypes, and let Gy be the observed marker genotypes for
individuals with known genotypes. The conditional gametic relationship matrix
given incomplete marker data, A, can then be computed as

MiGope = D A Gy Pr(w] Gogs) (27]
wed

where Ay, G,,, is the conditional gametic relationship matrix given marker geno-
types w for.individuals with unknown genotypes and Gps for individuals with
known genotypes, and Pr(w|G ) is the conditional probability of individuals with
unknown genotypes having marker genotypes w, given marker genotypes Gps for
individuals with known genotypes. The matrix Aw.G,,, can be constructed using

the tabular method given complete marker data, and the probability Pr(w|Goss)
can be computed as

Pr(w, Gops)
>0 Pr(w, Gops)

Wher)e Pr(w, Gops) can be computed efficiently (Elston and Stewart, 1971; Bonney,
1984).

The conditional gametic relationship matrix (A) for the pedigree in table I,
computed using [27], is

Pr(w|Gops) =

v} v? va v3 v} v2 v} v3 vi vZ
v} 1.000 0.000 0.000 0.000 0.500 0.000 0.000 0.000 0.225 0.025
’U% 0.000 1.000 0.000 0.000 0.500 0.000 0.000 0.000 0.225 0.025
v} 0.000 0.000 1.000 0.000 0.000 0.500 0.042 0.458 0.067 0.433
v 0.000 0.000 0.000 1.000 0.000 0.500 0.042 0.458 0.067 0.433
vy 0.500 0.500 0.000 0.000 1.000 0.000 0.000 0.000 0.450 0.050
v3 0.000 0.000 0.500 0.500 0.000 1.000 0.015 0.698 0.092 0.765
vi 0.000 0.000 0.042 0.042 0.000 0.015 1.000 0.000 0.451 0.057
v 0.000 0.000 0.458 0.458 0.000 0.698 0.000 1.000 0.085 0.764
vy 0.225 0225 0.067 0.067 0.450 0.092 0.451 0.085 1.000 0.069
v 0.025 0.025 0.433 0.433 0.050 0.765 0.057 0.764 0.069 1.000

Computing A using [27]

s not efficient when a large number of individuals have
unknown genotypes becaus

e the summation in [27] is over all combinations of the
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unknown genotypes. Further. an efficient algorithm to invert Ag,,, has not been
found. Therefore. 2 approximate methods to compute Ag,,, and its inverse are
presented:

1) We have already shown that [3] may not hold for incomplete marker data because,
given Gpe, QM <= Q! and Q! = Qf’ in [2], for example, may not be independent.
If we ignore this dependency. then [15] and (18], which are based on [3], can be
used to approximate A and its inverse. This approximation will require PDMs for
individuals with incomplete marker data. For individual i, with unknown marker
genotypes for parents s and d. PDMs can be computed as

Pr(M} < M} Gops) = D > > Pr(M} & M;|Gs, Ga, Gi)Pr(Gs, Ga, Gi|Gobs)
Gy, Ga G
(28]

where each summation is over all possible genotypes at the ML. If G, Gg, or
G; is not missing, then the corresponding summation should be dropped from
[28]. The computation of Pr(Gs, G4, Gi|Gobs) can be very time-consuming w}}en
a large number of individuals have unknown marker genotypes. An approximation
for Pr(Gy, G4, Gi|Gops) can be obtained, however, by conditioning only on markelz
information of ‘close’ relatives of i, s and d, where, for example, a set of “c.lose
relatives for an individual could be its parents, sibs and offspripg. Tl.le cond1t1_onal
gametic relationship matrix (A), for the pedigree in table I, using this approxima-
tion is
S A T . A B S A
vl 1.000 0.000 0.000 0.000 0.500 0.000 0.000 0.000 0.225 0.025
v? 0.000 1.000 0.000 0.000 0.500 0.000 0.000 0.000 0.225 0.025

v3 0.000 0.000 1.000 0.000 0.000 0.500 0.042 0.458 0.067 0.433
v3 0.000 0.000 0.000 1.000 0.000 0.500 0.042 0.458 0.067 0.433

v 0.500 0.500 0.000 0.000 1.000 0.000 0.000 0.000 0.450 0.050
v3 0.000 0.000 0.500 0.500 0.000 1.000 0.042 0.458 0.092 "0.658
vy 0.000 0.000 0.042 0.042 0.000 0.042 1.000 0.000 0.452 0.069
v; 0.000 0.000 0.458 0.458 0.000 0.458 0.000 1.000 0.073 0.656
vi 0.225 0.225 0.067 0.067 0.450 0.092 0.452 0.073 1.000 0.058
vZ 0.025 0.025 0433 0.433 0.050 0.658 0.069 0.656 0.058 1.000

The consequence of this approximation is that the summation in [27] has been
brought, into inside of A and performed on B; (or S;, sce 5])- '
uration in § with the largestAprobgb.iiitx. Given
Wmayx and an be used to approximate A and LS inverse.
Shgghan et(fl‘ibziQ[Ql??)] ;;Céo[bleﬂ ; sampling scheme to compute the probability of
genotype conﬁguratioﬁs. For the pedigree in table I, g‘ivgn Gops, G2 = AlAéz hqs
the largest conditional probability (2/3) among all possible genotypis ,4{0;1 Q’f gz
Wimax = (G = A1 Ag). Thus, [15) can be used to constcruct A v&{lth C_?g = A 2.
conditional gametic relationship matrix (A) using this approximation is:

2) Let wpayx be the genotype config
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1

2
V1

v1
v} 1.000 0.000 0.000 0.000 0.500 0.000 0.000 0.000 0.225 0.025
»Z 0.000 1.000 0.000 0.000 0.500 0.000 0.000 0.000 0.225 0.025
vs 0.000 0.000 1.000 0.000 0.000 0.100 0.113 0.088 0.060 0.090
vZ 0.000 0.000 0.000 1.000 0.000 0.900 0.013 0.788 0.090 0.760
vi 0.500 0.500 0.000 0.000 1.000 0.000 0.000 0.000 0.450 0.050
vZ 0.000 0.000 0.100 0.900 0.000 1.000 0.023 0.718 0.096 0.774
vj 0.000 0.000 0.113 0.013 0.000 0.023 1.000 0.000 0.451 0.060
v; 0.000 0.000 0.088 0.788 0.000 0.718 0.000 1.000 0.086 0.773
v 0.225 0.225 0.060 0.090 0.450 0.096 0.451 0.086 1.000 0.074
vZ 0.025 0.025 0.090 0.760 0.050 0.774 0.060 0.773 0.074 1.000

1 2

2
v v2 1 2 1

1 2
U3 V3 Vg Vg Vs Us

The consequence of this approximation is that the resulting A is conditional on
Wmax.

A measure of how well an approximation compares to the exact method is the
correlations coefficient, Texact,approx, Detween upper off-diagonal elements of NGy
computed exactly by [27], and corresponding elements computed by approximate
methods. For the pedigree in table I, Texact,approx1 = 0.9877 for approximation 1
and Texact,approxz = 0.8735 for approximation 2.

To further examine these approximations Texact,approxl 8Nd Texact approx2 Were
computed for a pedigree of 99 individuals with 3 generations. The first generation
consisted of 3 grandsires, each mated with 12 granddams. The second generation
consisted of 2 sires and 10 dams from each grandsire for a total of 6 sires and
30 dams. Each sire was randomly mated with 4 dams, avoiding full-sib and halfsib
matings. The third generation consisted of 2 grandsons and 2 granddaughters from
each sire for a total of 12 grandsons and 12 granddaughters. Marker genotypes
were assumed missing for the 30 maternal granddams. Thus covariances were only
computed for the remaining 69 individuals in the pedigree. Marker genotypes for
these 69 individuals were generated randomly. Granddaughters and dams without
progeny were assigned missing marker genotypes with probability 0.6.

Exact and approximate covariances were computed for 20 randomly generated
marker genotype configurations. The average fOr Texact,approx1 Was 0.8923 and for

Texact,approx2 Was 0.8939. The effect of these approximations on marker-assisted
genetic evaluation needs to be studied.

DISCUSSION

Theo'ry and algorithms are presented here to construct the conditional covariance
matrix jbetween relatives for a marked quantitative trait locus (G, = Ac?) and
to obtain its inverse efficiently. These algorithms extend those of Ferna,n&)o and
Grossman (1989) to accommodate situations (1) where paternal or maternal origin
of marker alleles cannot be determined and (2) where marker genotypes of some
individuals in the pedigree are unknown. The exact procedure presented here to
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construct A|g,,, for incomplete marker data may not be efficient for large pedigree.
Therefore, we presented 2 alternative strategies to approximate Ajg,,, and its
inverse. Simulation results indicate that the 2 approximations are similar because
they have similar correlations with the exact method (Texact,approx1 = 0.8923,
Texact,approxz = 0.8939). Approximation (1) is preferred, however, because it may
be difficult to search for wmax When a large number of individuals have unknown
marker genotypes.

We also presented an algorithm to compute the conditional inbreeding coefficient
(fi) for a QTL given Gops, which is different from Wright'’s inbreeding coefficient.
This conditional inbreeding coefficient is the probability that the 2 homologous
alleles at the MQTL in an individual are identical by descent given the pedigree
and marker information, whereas Wright’s inbreeding coefficient is the conditional
probability that the 2 homologous alleles at any locus in an individual are identical
by descent given only the pedigree. A numerical example is used to show that
equation [3], which is the basis of tabular method to construct G,, does not hold
generally when marker data are incomplete.

In most practical situations, marker information will not be available on distant
ancestors. Thus, TM-BLUP cannot be computed. One of the 2 approximations
presented in this paper, however, can be employed to compute Mg, Thus
available marker information can be used to obtain improved genetic evaluations
by approximate TM-BLUP. Further, in general, information on distant ancestors
has little impact on genetic evaluations. _

If the ML and MQTL are in linkage disequilibrium, marker data prov_lde
information on the first moment of MQTL effects. In this situation, regression

techniques can be used for genetic evaluation using marker and trait information

(Lande and Thompson, 1990; Zhang and Smith, 1992). If the ML and MQTL are
in linkage equilibrium, marker data do not provide information on the first mom(?nt
of the MQTL effects. Even with equilibrium, however, marker data do provide
information on covariances of MQTL effects. In this situation, TM-BLUP can be
used for genetic evaluation by fitting MQTL effects as random effects within animal
(Fernando and Grossman, 1989; Cantet and Smith, 1991; Goddard, 1992; Hoeschele,
1993).

Genetic evaluation by TM-BLUP requires knowledge of genetic parameters,
such as 7 and o2. This is also true for T-BLUP, which requires .kHOWIGdge of
genetic variances and covariances. In practice, true values of genetic parameters
are unknown and estimates are used in their places. Both res?rlcted maximum
likelihood and maximum likelihood approaches can be used to estimate parameters
required for TM-BLUP (Weller and Fernando, 1991). '

Ideally, marker-assisted selection will be based on multiple rparker loci. Wheri
the linkage phase between flanking marker loci is known in addition to the parenta
origin of marker alleles, the method presented by Goddard (1992) for multlple
markers can be used for TM-BLUP. Further research is needfed for TM-BLUP uSll;lg
multiple markers when both the linkage phase between flanking marker loci and the
parental origin of marker alleles are unknown.
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APPENDIX A

Theory for computation of PDMs

Let G, = MIM2, G4 = M}M? and G; = M}M}? be the marker genotypes of 2
parents s and d and their offspring i. Given Gs, Gq and G;, the probability that
M} descended from ]\/’I:” does not depend on other information in the pedigree.
Thus, Pr(M¥ < M*|Gops) = Pr(M} < My?|Gs, Ga, Gi), which can be obtained
as

Pr(MF < M7, Gi|Gs, Ga)
ki kp N = i Al
Pr(MF « M}*|G,,Ga,G:) Br G0 Ca) [A1]

The numerator and denominator of [Al] are easily computed from Mendelian
principles. For example, if 2 parents and their offspring each has malrker2 genotype
A14y, ie Gy = MIM? = A1 Ag, Ga = M}M? = A Az and G; = M}ME = A1 As,
then

Pr(G;|Gs, Gg) = 1/2, and Pr(M} < M}, Gi|Gs,Ga) = 1/4

ThUS, Pr(Mil <~ M.g‘GS)GdaG'i) = 1/2
_ Other examples are listed below. Eight
into matrix S;, which is defined in [7].

PDMs for each individual 7 are collected

8 d i Si(L,1) Si(1,2) Si(1,3) Si(L,4) Si21) 5i(2,2) Si(2,3) Si(2:4)

A1Ay A4, AA, 1/4 1/ 1/4 14 1/4 1/4 14 1/4
A1Ay A1A; AAy 12 12 0 0 0 0 0 L
A1y A1As AjAr 1/2 0 1/2 0 0 /2 0 1/2
A2A1 A1Ay A1Ar O 12 1/2 0 /2 0 0 1/

APPENDIX B
Theory for computation of PDQs

k
The conditional probability that allele Qf" of individual 4 descended from allele @p”

o+ k . .
of parent p (fig 1), given Gops, will be denoted by Pr(Q¥ < Qp|Goabs), which is
called PDQ. This conditional probability can be expressed as

2
PHQN « QF|Gu) = 30 > Pr(Mi < M7 QF = Q7| Gon) (B1]

p/E(S,d) kp"‘_‘l
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Because Q% and M} are on the same chromosome of individual i, each must have
: ks k. k .
descended from the same parent. Thus, Pr(Mik‘ <= M7, Q7 < Qp7|Gope) is null.

p'#p?
Now,
2 K
Pr(Qf < Q|G o) = > Pr(MF < My, Qb = QF? |G ops)
k;:l
2 , X
= D Pr(MF & My |Gop)Pr(QF = QM < A5 Gop) (B2
k! =1

P

There are 2 probabilities on the right-hand side in [B2]. The first probability
ki ky
Pr(M;" < Mp*®|Gops)
is a PDM for individual 4 (see [A1] for its computation). The second probability
Pr(Qf « Qb M} < M, Gy,

can be expressed in terms of PDMs and of the recombination rate r between the
ML and the MQTL as explained below.

Given Mi'“" & M:” y the probability that Qf" descended from Qg” does not
depend on other information in the pedigree. Thus,

) ) ! . ) k!
Pr(Qf* < Qi M < MY, Gop,) = Pr(Q} « Qb |MF « M) [BI]

If k, = ky, then recombination has not taken place, so that

Pr(QF « Q| MF = My Z1 _,

If ky, # ky, then recombination has taken place, so that

Pr(QF « Qbr|MP ey
For each combination of ki, ky, ky, = 1,2, we have
)=1-r, PrQ}«QlM}«M)=1—1r
Pr(Q < Q3M} < MY) =, Pr(Qf < QAM? « M}) =r
y=r
)=1

; Pr(Q} <« QiIM? < M2) =1
—n PQi e QM e M) =17
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The PDQs. PriQ¥ == Q;.‘ G ). for k,. k, = 1.2. can be obtained by using the
above in [B2}:

Pr(Q! < QLiGupat = (1= PriM) = MG ) + 7 Pr(M} <= M2|Gobs)
PrQ! & Q2 Gud = 1 PR} &= M} Gun) + (1-1) Pr(M} < M;|Gobs)
Pr(Q? <= QLGun) = (1 — 1) Pr(M? & M} Gan) + 7 Pr(MF < My|Gobs)
Pr(Q? &= QiiGue) = 1 Pr(M? & MlGon) + (1-7) Pr(M? < M2|Gobs)

where p = s or d.
In summary,

Pr(Q¥ < QM |Gu) = (1-pIPr(M" = Mp|Gons) +pPr(M} < MZ|Gops) [B4]

for k, = 1 or 2 and p = s or d. where p = r when kp =1 and p=1—r when k, = 2.
Note that PDQs are now expressed in terms of PDMs and .

APPENDIX C
Theory for computation of Pr(Ti,k,|Gobs)

The event that the pair of alleles (Q;. @Q?) in individual descended from parental

pair (Q*«, 2") (fig 1). is denoted by T,k for ks ka = 1 or 2. This event can occur

in 1 of 2 ways: )

1. Q} descended from Q%+ and Q? from Q" denoted (@ < Q’;*, QR? « di)

2. Q! descended from Q% and Q? from Q*:. denoted (Q} < Qhe,Q? « Q;‘). -
Given the pedigree and marker genotypes. the probability of T ka: which is

denoted by Pr(Tk,,|Gobs ). can be written as

Pr(Tr, k| Gobs) = Pr(Q! < Q. Q% <= Qu?|Gobs)
+Pr(Q) < @5, Q% = Q¥ |Gas) (O]

Consider the first probability on the right-hand side in [C1], which can be

expressed as

Pr(Q} « Q% Q% « Q"|Gas)

— Pr(Q? QY |Gu)PH(Q} = QF[QF = Q4 Gar) (2

ks |2 ka be
where Pr(Q? « QS"]G(,I,S) is a PDQ and Pr(Q} < Qs Q? = Qg , Gops) can
expressed in terms of PDQs for individual 7, as (*xplanllod below. ted from
Note that if Q? descended from QK¢ of parent d, Q; must have descende

. . N 1 . . ¢
the other parent s; ie Q? < Q% is equivalent to Q} < s. Therefore,

Pr(Q] = OF |0 < Qi Gope) = PHQ} & QLIQL =5 Gose)
_ PI‘(Q% <~ Q’;“»Q,} <~ 5|Gobs) [03]
- Pr(Q! < s|Gobs)
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Observe that event Q} < s is implied by Q} < Q%s; therefore,
Pr(Q; = Q5 Qi < 5|Gops) = Pr(Q} « Q| Gops)
Further,
Pr(Q; < 5|Gobs) = Pr(Q} < Q}|Goss) + Pr(Q} < Q?|Gops)
Thus, [C3] can be rewritten in terms of PDQs as

Pr(Q} < Q%+ |Gops
PGl = @10} = 93t Gon) = e arice T bt e TG

After substituting [C4] in [C2], the first probability on the right-hand side in
[C1] can be written in terms of PDQs. The same approach is applied to the second
probability in [C1]. Then, Pr(T},x,|Gops) can be expressed in terms of PDQs as

_ Pr(Q'il = Q?”lGobs)PF(Q? <~ delGabs)

Pkl Gere) = B oG] T PH(OT < GPIC)
Pr(Q} <= Q& |Gobs)Pr(Q2 <= Q5+ [Gops)

PI‘(Q% <« Q}ilGobs) + PI‘(Q,:LL <« Q?zlGobs)

If 1 of the denominators in [C5] is zero (indicating the event in 1 of the terms in
[C1] is impossible), then the corresponding term in [C5] is set to zero.

[cs]



