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ABSTRACT ARTICLE HISTORY
The estimation of a precision matrix has an important role in several Received 10 July 2018
research fields. In high dimensional settings, one of the most prom- Accepted 4 February 2019

inent approaches to estimate the precision matrix is the Lasso norm
penalized convex optimization. This framework guarantees the spars-
ity of the estimated precision matrix. However, it does not control Hannan-Quinn information
the eigenspectrum of the obtained estimator. Moreover, Lasso penal- criterion; D-trace; gene
ization shrinks the largest eigenvalues of the estimated precision expression; trace

matrix. In this article, we focus on D-trace estimation methodology penalization

of a precision matrix. We propose imposing a negative trace penal-

ization on the objective function of the D-trace approach, aimed to

control the eigenvalues of the estimated precision matrix. Through

extensive numerical analysis, using simulated and real datasets, we

show the advantageous performance of our proposed methodology.

KEYWORDS
Gaussian graphical model;

1. Introduction

The estimation of a high dimensional inverse covariance or precision matrix has
attracted significant interest recently. It is an important problem in genetics (Stifanelli
et al. 2013), medicine (Ryali et al. 2012), climate studies (Zerenner et al. 2014), finance
(Goto and Xu 2015), etc. Moreover, it has a crucial role in various machine learning
methodologies, such as classification and forecasting (McLachlan 2004).

Under the assumption of multivariate normality of data, the zero entry of the preci-
sion matrix at the position (i, j) indicates the conditional independence between the
variables X' and X/, given all the other variables X~ (@) (Dempster 1972). In other words,
the precision matrix represents the statistical dependency among normally distributed
variables. In high dimensional settings, the precision matrix is usually sparse, since
some of the variables do not interact.

The sparse precision matrix is related to the Gaussian Graphical Models (GGM)
(Lauritzen 1996). It is an undirected graph G = (N, E), where the set of nodes, N =
{1,...,p}, contains the indexes of the variables. The set of edges, E C N x N, consists of
the pair indexes (i,/), that correspond to w;; # 0, for 1 <i,j < p. Thus, the GGM is a
useful framework for illustrating the structure of dependencies among normally distrib-
uted variables.
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In this article, we focus on estimating a high dimensional precision matrix and the
selection of corresponding GGM (known as covariance selection). Throughout the art-
icle we assume that observed sample data matrix, X,.,, is mean centered, where each
row X; = (Xi, ..., Xjy) is a p-variate normal random vector, i.i.d. for i = 1,...,n, and has
a covariance matrix X with corresponding precision matrix Q = X',

A considerable research is devoted to the estimation of precision matrices in high
dimensional settings, where the number of variables may potentially exceed the number
of observations. The regularization framework has gained a substantial attention. The
most popular approach is the Lasso or ¢; norm regularization (Tibshirani 1996), which
is convex and addresses the sparsity requirement of the estimated matrix. Banerjee et al.
(2006) proposed the ¢; norm penalized log-likelihood maximization approach, which is
known in literature as Graphical Lasso or GLASSO estimator (see also Yuan and Lin
2007; Friedman, Hastie, and Tibshirani 2008; Rothman et al. 2008). On the other hand,
Fan, Feng, and Wu (2009) proposed to employ adaptive ¢; norm and SCAD (Smoothly
Clipped Absolute Deviation) penalties to reduce the bias of the GLASSO estimator. van
Wieringen and Peeters (2016) proposed the estimation of the precision matrix through
¢, norm penalized log-likelihood maximization. Finally, Avagyan, Alonso, and Nogales
(2017) proposed to improve the performance of the GLASSO estimator through k-root
transformation of the sample covariance matrix.

Several authors studied non-likelihood based approaches for estimating either the
precision matrix or the GGM. Meinshausen and Bithlmann (2006) introduced the
Neighborhood Selection approach to estimate the GGM. Yuan (2010) proposed a simi-
lar approach to estimate each column of the precision matrix by using a Dantzig
selector. Cai, Liu, and Luo (2011) proposed the constrained ¢; norm minimization esti-
mator known as CLIME. Zhang and Zou (2014) proposed a precision estimation
method through ¢; norm penalized D-trace loss minimization (hereafter, DT estimator)
and Avagyan, Alonso, and Nogales (2016) proposed DT estimator using adaptive ¢,
norm penalization.

In this article, we focus on the DT estimator. As mentioned earlier, the ¢, regulariza-
tion induces sparsity in the estimated precision matrix. However, this framework does
not control the eigenvalues of the estimated matrix. Moreover, as the penalty parameter
increases (i.e., the matrix becomes sparser), the largest eigenvalues of the estimator
decrease considerably and the smallest eigenvalues increase insignificantly. As a result,
the eigenspectrum of the estimator shrinks. Therefore, it would be natural to expect
that by controlling the eigenvalues of the estimated precision matrix through an add-
itional constraint we may potentially improve the performance of the estimated matrix.
Moreover, in practice, one may require the estimated precision matrix to have proper
determinant, condition number or trace.

We propose an extension of DT estimator with an eigenvalue constraint. We employ
an additional regularization of the objective function of the DT estimator through nega-
tive trace penalization. This penalty sustains the stability of the eigenvalues and dimin-
ishes the significant decrease of the largest eigenvalues. Thus, the estimator becomes
sparse without having to shrink its eigenspectrum significantly. Through extensive simu-
lation study, we show that the proposed methodology outperforms the DT in terms of
several measures. Further, we propose a new penalty parameter selection procedure
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based on Hannan-Quinn Information Criterion (HQIC). In the simulation study, we
employ BIC and HQIC approaches to select the penalty parameters.

The rest of the manuscript is organized as follows. In Sec. 2, we describe the proposed
methodology. In Sec. 3, we describe the penalty parameter selection process. In Sec. 4, we
exhaustively evaluate the statistical loss and GGM prediction performance of the proposed
methodology and compare them with that of DT and GLASSO methods. In Sec. 5, we
apply the proposed methodology to an empirical application: prediction of breast cancer
state using Linear Discriminant Analysis. Finally, we provide the conclusions in Sec. 6.

2, Proposed methodology

Before proceeding with the proposed methodology, we introduce the following nota-
tions. For any vector a= (a,...,a,) € RP, we define the ¢, norm by |a||, =

\/ le a;. For any symmetric matrix A = [a;],; ., we denote the Frobenius norm by

A, = />0, le aizj, the /. norm by ||A|| = max<;j<, |a;|, the matrix /; norm

by [|All, = maxi<jcp 7, |ay], the componentwise £ norm by [|Al, = Y0, Y., [ay],

and the spectral norm by [[A[|g, = sup|y <, |[Ax||,. For any two symmetric p x p matri-

ces A and B, we write A>B if the matrix A — B is positive semidefinite.
Zhang and Zou (2014) have proposed the D-trace loss function, defined as:

for(Q, %) = %trace(QZZ)—trace(Q). (1)

By regularizing the fpr(Q,X) function through a ¢, norm of Q, Zhang and Zou
(2014) proposed the ¢; penalized D-trace loss minimization estimator or DT. This esti-
mator is defined as the solution of the following optimization problem:

Qpr = arg minltrace(QzS>—trace(Q) +7/19Q]l,, (2)
Q=el 2

where S = (1/n) >, X;X[ is the sample covariance matrix, t>0 is the associated pen-
alty parameter and € is a small positive value (we fix ¢ = 107%). The constraint Q>el
guarantees the positive definiteness of the matrix Qpr. In this article, we also penalize
the diagonal entries of Q. To solve the problem (2), Zhang and Zou (2014) developed
an algorithm based on the Alternating Direction Method.

As discussed in Sec. 1, this article addresses the eigenvalue control of DT estimator.
The ¢; norm penalization guarantees the sparsity of the estimated precision matrix for a
well-selected parameter 7. However, as t increases (i.e., QDT becomes sparser), the
eigenspectrum of the estimated matrix shrinks, i.e., the largest eigenvalues decrease sig-
nificantly and the smallest eigenvalues increase insignificantly.

In order to illustrate the shrinkage of the eigenvalues, we consider a simple example.
Assume that the true precision matrix has a known sparse structure given by Model 2
described in Sec. 4.1. We set the values p=100 and n=100. Figure 1(a) shows the
eigenvalues of DT estimator for different values of 7. Note that, as the parameter t
increases (i.e., the matrix becomes sparser), the largest eigenvalues of the DT estimator
decrease significantly towards a constant. As a result, the trace of the matrix decreases
significantly due to ¢; norm penalization (see Figure 1(b)).
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Figure 1. (a) Eigenvalues of DT estimator for different penalty parameters, where 7;<...<7s, (b)
Trace of DT estimator for t € [0.03;0.3].

In order to control the eigenspectrum of the estimator QDT, an additional constraint
is required (see Liu, Wang, and Zhao 2014, for covariance matrix estimation). We note
that the decrement of the largest eigenvalues of the estimated matrix is associated with
the decrease of its trace. We propose to impose an additional penalization in the prob-
lem (2) through a negative trace of Q. In this way, we propose the DT estimator with
Eigenvalue Control (or shortly, DTEC). Our proposed estimator is the solution of the
following optimization problem.

Qprec = arg gl)ig%trace(QZS)—trace(Q) + 7/|Q||, —ytrace(Q), 3)
where 7>0 and y>0 are penalty parameters. More specifically, the additional penalty
term —ytrace(Q) in problem (3) endorses the trace (and, therefore, the largest eigenval-
ues) of the estimated precision matrix not to decrease significantly. Thus, the eigenval-
ues (especially the largest ones) of the matrix QDTEC will be closer to the true ones,
than those of the matrix Qpr. Even though in practice the true eigenvalues are
unknown, the estimated precision matrix will have more proper eigenspectrum (or con-
dition number, determinant, etc.) if we employ an additional constraint. This in turn
will lead to better performance of the estimated precision matrix. Note that a similar
approach (although with a different reasoning) has been considered to improve
GLASSO estimator (Maurya 2014). In this context, the results indicated that the joint
penalization provides better results than standard GLASSO estimator.

Furthermore, we can write our proposed estimator as the solution of the following
optimization problem:

Qpric = arg nggétrace(QZS)—(l + 7)trace(Q) + ||Q]|,. (4)

Note that we can solve the problem (4) using a the same algorithm as for the prob-
lem (2), with minor modifications. We illustrate the performance of the proposed meth-
odology on a particular example. Assume that the true precision matrix has the
structure used above. In Figure 2, we present the eigenvalues of true matrix Q and the
eigenvalues of the estimators DT and DTEC. Figure 2(a) illustrates the eigenvalues of
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Figure 2. Eigenvalues of the true precision matrix and estimators DT, DTEC obtained through (a) opti-
mal penalty parameters, (b) BIC selection approach.

the optimal (i.e., oracle) estimators in terms of the Frobenius norm loss (see Sec. 4.2 for
a formal definition). In other words, DT and DTEC estimators are obtained using the
penalty parameters that minimize the Frobenius norm loss assuming that Q is known.
Figure 2(b) shows the eigenvalues of DT and DTEC estimators obtained through BIC
approach described in Sec. 3. From both figures we can see that the eigenvalues of
DTEC estimator are larger than those of DT estimator. Moreover, the largest eigenval-
ues of DTEC estimator are much closer to the eigenvalues of Q than those of DT.
Therefore, the trace penalization diminishes the significant decrease of the largest eigen-
values of DT estimator.

In Sec. 4, through an exhaustive simulation study, we show that our proposed DTEC
estimator outperforms the DT estimator in terms of several statistical performance
measures including those for graphical models.

3. Penalty parameter selection

The performance of the estimated precision matrix greatly depends on the penalty par-
ameter. Moreover, the penalty parameter controls the sparsity pattern of the estimated
matrix. In this article, we suggest the use of a criterion based on the log-likelihood func-
tion of the Gaussian model. We define the score function as

SE(t) = —log detf)(t) + trace (SQ(I)) +k x nz(1), (5)

where nz(t) = card{(i,j) : 1 <i<j<p, [Q(T)],] # 0} and k is degrees of freedom. We
select the parameter by 7 = argmin,SF(7). The advantage of the suggested criterion is
twofold. First, it is more effective than the techniques based on the cross-validation in
terms of the computational time. Second, it accounts the sparsity characteristics of Q.
Further, we consider the following degrees of freedom:

logn
ke = —2° 6)
n
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2log logn
—_—. 7
" (7)

kyqic =
The choice kgic corresponds to the Bayesian Information Criterion (BIC) which is pro-
posed by Yuan and Lin (2007) for precision matrix estimation methodologies. On the
other hand, the choice kyqc corresponds to the Hannan-Quinn Information Criterion
(HQIC) (Hannan and Quinn 1979), which is consistent and asymptotically well-behaved
(van der Pas and Griinwald 2014). This is a novel criterion in this framework (to the
best of our knowledge, it has not been employed for selecting the penalty terms of the
precision matrix estimation methods) and a little attention has been paid to the HQIC,
in general.
We note that our proposed methodology requires selection of two parameters,
7 and y. For this reason, we define the following multivariate score function to select
these parameters simultaneously:

MSF(z,7) = —log detQ(r, 7) + trace (SQ(T,V)) + k x nz(1), (8)

where Q(t,7) is the estimated precision matrix for given values = and 7. We select the
parameters 7 and J by (%,9) = argmin.,MSF(z, y).

4. Simulation study

In this section, we conduct a simulation analysis to evaluate the performance of our
proposed methodology. In Sec. 4.1, we detail the considered models (i.e., patterns) for
the true precision matrix Q. In Sec. 4.2, we describe the performance evaluation.
Finally, in subsection 4.3, we provide the discussion of the results.

4.1. Considered models

We perform a simulation study through six different patterns for the precision matrix
with varying sizes. The considered models for the matrix Q are the following:

i.  Deterministic patterns

ii. Model 1. Tridiagonal design: w; = 1, w;;—1 = w;—1; = 0.45 and others are 0.

iii. Model 2. Tridiagonal design with varying entries: Q = D'/2Q,D'/? where D is a diag-
onal matrix with entries Dj; :%J =1,...,p and € is a matrix defined in the
Model 1.

iv.  Model 3. Light-tailed (decaying) design: w;; = 0.6/,
v. Model 4. A block-diagonal matrix, with four equally sized blocks along the diagonal,
with a light-tailed model in each block.
vi. Random patterns (generated using the MATLAB command sprandsym)
vii. Model 5. A random p.d. matrix, with approximately 20% of non-zero entries.
viii. Model 6. A random p.d. matrix, with approximately 50% of non-zero entries.

For each precision matrix model, we simulate multivariate normal random samples
with zero mean. We set =100 and p =100, 200 and 300. The number of replications
is 100.
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4.2. Performance evaluation

To evaluate the performance of a precision matrix estimator, we use several losses and
measures. In particular, we consider the Kullback-Leibler loss (KLL) and the Reverse
Kullback-Leibler loss (RKLL), defined as

KLL(Q, Q) = trace(Qflfl)flog det(Qflfl)fp, 9)
RKLL(Q, Q) = trace(Qf)il)— log det(QQfl)—p, (10)

respectively. We also consider matrix losses: the Frobenius norm, the spectral norm and
the matrix ¢; norm, defined respectively as

6(Q,0) = 1Q-Ql|,, (11)
ESP(Q7Q) = HQ_Q”sp» (12)
6(Q,9) = 1Q-9l|,. (13)

In order to evaluate the sparsity pattern of the precision matrix estimator (i.e., GGM
selection performance), we compute Specificity, Sensitivity, Matthews Correlation
Coefficient (Matthews 1975) and F; score (Powers 2011), defined as

TN

ificity = ———— 14
Specificity TN 7 FP’ (14)
Sensitivit P (15)

nsitivity = ————

VY = TP N

TP x TN—FP x FN

MCC = - . (16)

\/(TP -+ FP)(TP + FN)(TN 4+ FP)(TN + FN) ’
Precision x Recall

Fi=2 (17)

Precision + Recall’

where TP, TN, FP and FN are the number of correctly estimated non-zero entries (true
positives), the number of correctly estimated zero entries (true negatives), the number
of incorrectly estimated non-zero entries (false positives) and the number of incorrectly
estimated zero entries (false negatives), respectively. In (17), we define Precision =
TP/(TP + FP) and Recall = TP/(TP + FN). The values of MCC are in [-1,1], and the
closer the MCC to one is, the better the classification is. On the other hand, the values
of F; score are in [0,1], and the closer the F; to one is, the better the classification is. It
is worth to note that both MCC and F; are commonly used to evaluate the performance
of binary classifiers (in our context, we consider these measures for the overall evalu-
ation of the GGM selection). However, we put MCC above F, score, because MCC
takes into account all four classification categories (thus, it is more informative),
whereas F; score highly depends on the specification of positive categories
(Chicco 2017).

We compare our proposed estimator with DT and GLASSO. We select the penalty
parameters of these methods using univariate BIC and HQIC criteria. On the other
hand, the parameters 7 and y of the proposed estimator DTEC are selected using multi-
variate BIC and HQIC criteria. Moreover, since the trace of the estimated matrix
decreases when 7 increases, we consider y = 7 in the proposed problem (3) as a naive
case. We call the obtained estimator simplified DTEC or SDTEC, which is defined as
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the solution of the following optimization problem:
A 1
Qsprec = arg ngl}itrace(QZS)—(l + 1)trace(Q) + 1||Q|[,. (18)

In this way, we can calibrate only one parameter instead of two, which leads to sav-
ing the computational time.

4.3. Discussion of results

Tables 1-6 summarize the simulation results. Each table reports the averages over 100
replications and the standard deviations of the corresponding measures. We organize
the discussion of our results as follows. First, we compare our proposed estimator
DTEC with DT and GLASSO estimators when the penalty parameters are selected using
the BIC approach. Next, we discuss the same comparison when the parameters are
selected using the HQIC approach. Finally, we compare BIC and HQIC approaches
through the corresponding measures.

First, we observe that when the parameters are selected through BIC approach, the
estimator DTEC outperforms DT in terms of all statistical losses for almost all the mod-
els (except of model 3, in terms of KLL). The estimator DTEC outperforms DT for
models 2, 4, 5, 6 in terms of MCC, for model 2 in terms of F;. On the other hand, DT
outperforms DTEC for model 1 in terms of MCC, for models 1, 3, 4, 5, 6 in terms of
F;. Furthermore, we observe that GLASSO provides high statistical losses and low GGM
prediction measures.

Second, the results show that when the parameters are selected through HQIC
approach, the estimator DTEC outperforms DT in terms of all statistical losses for
almost all the models (except of model 2, in terms of KLL). On the other hand, DTEC
outperforms DT for models 1, 2, 4, 5 in terms of MCC, for models 1, 2 in terms of F,.
DT method outperforms DTEC for models 3, 4, 5 in terms of F,. Furthermore, we
observe that GLASSO outperforms all the other estimators for model 6 in terms of F;.
However, for the other models GLASSO provides poor results.

Finally, we conduct a comparison BIC and HQIC based on the corresponding losses
and measures. We observe, that BIC provides higher statistical losses, whereas HQIC
provides lower statistical losses for all considered approaches (including DT and
GLASSO methods). Moreover, estimators obtained through BIC provide higher MCC
than those for HQIC, and higher F; for models 1, 2. Estimators obtained through
HQIC provide higher F,; for models 3, 4, 5, 6 than those for BIC.

In sum, the proposed DTEC estimation method provides better performance than
DT and GLASSO methods for most of the models in terms of several statistical losses
and GGM prediction measures. Moreover, we observe that this conclusion holds if we
consider the simplified SDTEC method (i.e., when y = 1), since it performs as good as
DTEC estimator. This finding leads to saving significantly the computational time with-
out sacrificing too much the performance.
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5. Real data application

In this section, we conduct an empirical analysis through real-data example. In particu-
lar, we focus on the problem of predicting breast cancer patients (subjects) with patho-
logical complete response (pCR) using Linear Discriminant Analysis (LDA). For this
application we use a dataset which contains gene expression levels of subjects with dif-
ferent stages of breast cancer. The dataset consists of 22,283 gene expression levels of
271 subjects. There are 58 subjects with pCR and 213 subjects with residual disease
(RD). The applied dataset is available in the website of the National Center for
Biotechnology Information (http://www.ncbi.nlm.nih.gov/).

First, following the analysis by Cai, Liu, and Luo (2011), we divide the dataset into
training and testing sets with sizes 227 and 44 (almost 5/6 and 1/6 of the observations),
respectively. For the testing set, we randomly select 9 subjects with pCR and 35 subjects
with RD (roughly 1/6 of the subjects in each group). The training set contains the
remaining subjects. Second, based on the training set we perform two sample t-tests
between two groups and select the most significant 200 genes with the smallest p-values.
Third, using the training set, we estimate the precision matrix Q with the DT, DTEC,
SDTEC and GLASSO methods. Finally, we use the estimated precision matrix in the
LDA score function, defined as 6,(Y) = YTQﬂt—%ﬂtTQﬂ” where t=1, 2 (t=1 for pCR
and t=2 for RD) and [i, is the within group average, calculated using the training data.
We classify the subject Y through the classification rule ¢ = argmaxd;(Y). To measure
the prediction accuracy, we use Specificity, Sensitivity, MCC and F;. We consider TP
and TN as the number of correctly predicted RD and pCR, respectively, and FP and FN
as the number of erroneously predicted RD and pCR, respectively. We repeat this pro-
cess 100 times. We report the average measurements in Table 7.

Our findings show that for both selection criteria the GLASSO method provides the
highest Sensitivity, but it attains the lowest Specificity and MCC. On the other hand,
the DTEC approach provides the highest Specificity and dominates all the other estima-
tors in terms of MCC. We note that all methods provide very similar results in terms of
the F, score. However, as mentioned earlier, we find MCC more informative than F,;
score. The results also show that SDTEC performs as good as the DTEC estimator.
Furthermore, we observe that the obtained Specificity and MCC of the considered esti-
mators are higher for BIC than the same for HQIC, whereas the Sensitivity and F; of
the estimators are higher for HQIC than the same for BIC.

Table 7. Average pCR/RD classification measurements over 100 replications.

BIC
Method Specificity Sensitivity MCC Fi
DT 0.692 0.749 0.378 0.818
DTEC 0.719 0.742 0.392 0.816
SDTEC 0.713 0.744 0.389 0.817
GLASSO 0.461 0.790 0.232 0.816
HQIC
Method Specificity Sensitivity McCC Fi
DT 0.559 0.787 0.312 0.827
DTEC 0.606 0.778 0.341 0.827
SDTEC 0.606 0.777 0.340 0.826

GLASSO 0.443 0.802 0.231 0.823
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In sum, for the considered application our proposed DTEC method (and its simpli-
fied version SDTEC) provides better classification performance than DT and GLASSO
approaches. Therefore, employing additional penalization on the estimated precision
matrix eigenvalues improves the estimate, even though the true precision matrix eigen-
values are unknown in this example.

6 Conclusions

In this article, we develop a new approach for estimating high dimensional precision
matrices, using the ¢; penalization framework. The proposed method imposes a negative
trace penalization on the recently introduced DT estimator. The additional penalty term
controls the eigenvalues of the precision matrix estimator and diminishes the reduction
of its largest eigenvalues. We conduct an extensive simulation study where we use sev-
eral statistical losses and measures for the estimation evaluation. The results show that
our proposed methodology outperforms DT and GLASSO methods for most of the con-
sidered scenarios. In line with the popular BIC method we study the performance of
another technique based on HQIC for selecting the penalty parameters. In contrast to
its little use in practice, HQIC demonstrates lower statistical losses than BIC in the
simulation study. Moreover, we illustrate the performance of our proposed approach
through an empirical application aimed at predicting the patients with pCR using LDA.
Furthermore, we propose a simplified version of our methodology, which leads to sav-
ing the computational time without having to sacrifice the performance.
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