












 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 





 

 



 

 

… 𝐹 + 𝐹 …
𝑘𝑎

⇌
𝑘𝑑

 … 𝐵 …

 𝑘𝑎  𝑘𝑑

𝜏𝐵 =
1

𝑘𝑑

𝜏𝐵 → ∞



 

 

π π



 

 



 

 



 

𝜏𝐵

𝐿

𝑀𝑛+

𝑀𝑛+ + 𝑛𝐿
     𝑘𝑎    

⇌
    𝑘𝑑   

𝑀𝐿𝑛, 𝐾 =
[𝑀𝐿𝑛]

[𝑀][𝐿𝑛]

𝐾

𝑀2+ 𝑀3+

𝑛 = 2

 𝑛 > 2

2 < 𝑛 < 3



 

𝑛 → 2 𝑛 → 3

𝑛 = 3

π π

𝜏𝐵 = 1 𝑘𝑑𝑛⁄ = 𝐾𝑛/𝑘𝑎𝑛

𝑀2+

𝑀2+

𝑀3+ 𝑀3+



 

𝑘−𝑤 (𝑠−1) 𝑘−𝑤 (𝑠−1)

𝑃𝑏2+ 7 ∙ 109 𝐹𝑒2+ 4 ∙ 106

𝐶𝑢2+ 1 ∙ 109 𝐹𝑒3+ 2 ∙ 102

𝐶𝑑2+ 3 ∙ 108 𝑁𝑖2+ 3 ∙ 104

𝑍𝑛2+ 7 ∙ 107 𝐶𝑜2+ 2 ∙ 106

𝑘𝑎𝑖 = 𝑘−𝑤K𝑜𝑠

𝑘−𝑤

K𝑜𝑠

τ𝐵 =

1/𝑘𝑑𝑛 ≈ 𝐾𝑛/𝑘−𝑤K𝑜𝑠



 

 

𝐺’

𝑁 𝐺′ ∝

𝑁𝑘𝐵𝑇



 

 

𝐺∗ (𝜔) = (𝑖𝜔)𝛼  

α

𝐺′

𝜏0 ∝ exp (𝐸𝐴 𝑘𝐵𝑇⁄ ) 𝜏0  

𝐸𝐴



 

 



 

 



 



 

 



 



 

   



 



 



 





 

 

 



 

 

 



 

 

μ

μ

𝑓 = 𝑐𝑡𝑏 𝑐𝑡𝑜𝑡⁄



 

 

𝑞 =
4𝜋𝑛0

𝜆
sin (

𝜃

2
) 𝑛0 𝜆

𝜃

𝑅𝜃 

𝑅𝜃 =
𝐼𝑠𝑎𝑚𝑝𝑙𝑒−𝐼𝑠𝑜𝑙𝑣𝑒𝑛𝑡

𝐼𝑡𝑜𝑙𝑢𝑒𝑛𝑒
× 𝑅𝑡𝑜𝑙𝑢𝑒𝑛𝑒 ×

𝑛𝑠𝑜𝑙𝑣𝑒𝑛𝑡
2

𝑛𝑡𝑜𝑙𝑢𝑒𝑛𝑒
2

𝐼𝑠𝑎𝑚𝑝𝑙𝑒 𝐼𝑠𝑜𝑙𝑣𝑒𝑛𝑡 𝐼𝑡𝑜𝑙𝑢𝑒𝑛𝑒

𝑅𝑡𝑜𝑙𝑢𝑒𝑛𝑒

𝑛𝑠𝑜𝑙𝑣𝑒𝑛𝑡 𝑛𝑡𝑜𝑙𝑢𝑒𝑛𝑒

𝐾𝑅𝐶

𝑅𝜃
=

1

𝑀
×

1

𝑃(𝑞𝑅)
×

1

𝑆(𝑞)

𝑅 𝑃(𝑞) 𝑆(𝑞)

𝐾𝑅 𝐾𝑅 =
4𝑛𝑚

2 𝜋2

𝜆4𝑁𝐴𝑣
× (

𝑑𝑛

𝑑𝑐
)

2

𝑛𝑚
𝑑𝑛

𝑑𝑐

𝜆 𝑁𝐴𝑣

𝑃(𝑞𝑅) = 1   
1

𝑆(𝑞)
= 1 + 2𝐵2

𝐶

𝑀
𝐵2

𝐾𝑅𝐶

𝑅𝜃
=

1

𝑀
+ 2𝐵2

𝐶

𝑀2

𝐾𝑅𝐶

𝑅𝜃
𝑀

 𝐵2



 

 

  𝑔2(𝑡) = 〈𝐼(0)𝐼(𝑡)〉/〈𝐼〉2

𝑔1(𝑡) 𝑔2(𝑡) =  1 +  𝛽[𝑔1(𝑡)]2 𝛽

𝑔1(𝑡) = ∑ 〈exp(𝑖𝐪 ∙ [𝐫𝑗(0) − 𝐫𝑘(𝑡)])〉𝑗,𝑘

𝑔1(𝑡)

 𝑔1(𝑡) = ∑ 𝐴𝑖 exp (−
𝑡

𝜏𝑖
)

𝛼𝑖3
𝑖=1

𝐴𝑖 𝜏𝑖 𝛼𝑖

𝐴1 + 𝐴2 + 𝐴3 = 1

 



 

 

𝑅ℎ

𝑝 ≈ 53



 

 

𝜑 ≈ 0.78

𝑐𝑡𝑏 𝑐𝑡𝑜𝑡⁄

 

τR = 1 𝜔𝑐𝑟𝑜𝑠𝑠⁄ . 

 𝐺0

𝐺’

𝐺0

𝑓



 

 

𝑓

𝑓 𝜏𝑅 𝑓

𝑓

𝐺0  𝑓

𝐺0 

𝐺0  ≈  𝑛𝑘𝑇 ~ 𝑛𝑡𝑜𝑡𝑓𝑘𝑇  𝑓 = 1



 

 

 

  𝑓

𝛼𝑓 = 1

𝜏𝑓

𝑓



 

 

  𝑓

𝑓 𝑞 = 0,018 𝑛𝑚−1)

𝑞

 𝑓 = 0.5



 

 

𝜏𝑓 𝑞−2 𝑞

𝑞

𝑞

𝑞

𝜏𝑓

𝐷𝑒𝑓𝑓 = 7.6 × 10−11

𝐷0 = 1.6 × 10−11

𝛼𝑖 ≈ 0.7

𝑞

𝜏𝑅 𝜏𝑅 ≫ 𝐷𝑒𝑓𝑓𝑞2

𝜏𝑅



 

 

𝑓 = 0.2 𝑓 = 1

𝑞−2

𝑓 𝑓

𝑓 < 0.5

𝛼𝑠 ≈ 0.8

𝐷𝑠 = 1/𝑞2𝜏𝑠



 

 

𝐷0 = 1.6 × 10−11

𝐷0/𝐷𝑠 𝜂0/𝜂 𝜂0

𝜂

𝑓

𝑞2

1/𝑞2.

𝐴𝑖

𝑞−1



 

 

𝑗 ≠ 𝑘

𝑔1(𝑡) = exp(−𝑞2〈∆𝑟2(𝑡)〉/6) 𝑞−1

𝑔1(𝑡)

𝛿1
2 = −6𝑞−2 ln(1 − 𝐴𝑓) 𝛿2

2 = −6𝑞−2 ln(1 − 𝐴𝑓 − 𝐴𝑖𝑛𝑡) 1 − 𝐴𝑓

𝑔1 1 − 𝐴𝑓 − 𝐴𝑖𝑛𝑡

𝑔1  𝛿1  𝛿2

𝛿𝑖

 𝛿1  𝛿2

𝑓 𝑓

𝛿1

𝑓

𝛿2
2 ≈ 𝑘𝑇/6𝜋𝑅𝐺0

1/𝛿1
2



 

 



 

 

   



 

 



 

 



 

 

𝑞 = 0,018 𝑛𝑚−1





 

 

𝐺0 𝑛

𝐺0 ∝ 𝑛𝑘𝐵𝑇

𝜏0

𝜏0 ∝  𝑒𝑥𝑝(𝐸𝐴/𝑘𝐵𝑇) 𝐸𝐴



 

 

 



 

𝑞 =
4𝜋𝑛0

𝜆
sin (

𝜃

2
) 𝑛0 𝜆

𝜃

μ

𝑅ℎ = 𝑘𝑇𝑞2 6𝜋𝜂Γ⁄

𝑞 ~0.023 nm−1 𝑘 𝑇

𝜂 Γ

𝑅𝜃 

𝑅𝜃 =
𝐼𝑠𝑎𝑚𝑝𝑙𝑒−𝐼𝑠𝑜𝑙𝑣𝑒𝑛𝑡

𝐼𝑡𝑜𝑙𝑢𝑒𝑛𝑒
× 𝑅𝑡𝑜𝑙𝑢𝑒𝑛𝑒 ×

𝑛𝑠𝑜𝑙𝑣𝑒𝑛𝑡
2

𝑛𝑡𝑜𝑙𝑢𝑒𝑛𝑒
2



 

 

𝐼𝑠𝑎𝑚𝑝𝑙𝑒 𝐼𝑠𝑜𝑙𝑣𝑒𝑛𝑡 𝐼𝑡𝑜𝑙𝑢𝑒𝑛𝑒

𝑅𝑡𝑜𝑙𝑢𝑒𝑛𝑒

𝑛𝑠𝑜𝑙𝑣𝑒𝑛𝑡 𝑛𝑡𝑜𝑙𝑢𝑒𝑛𝑒

 



 

M2+

𝑀2+: 𝑡𝑝𝑦

𝜏

M2+ − (tpy)2

τ ≃ 107 s τ ≃ 106

τ ≃ 103 s

τ <  1 s



 

 

𝐺′

𝐺′′

𝐺′ ∝ 𝐺′′ ∝ 𝜔𝑛

𝐺(𝑡)

 γ = 10% t =  0

𝐺(𝑡) ∝ 𝑡−𝑛

𝐺(𝑡)

 



 

𝐺′ 𝐺′′

𝐺(𝑡)



 

 



 

𝑅ℎ

𝑅𝜃(𝑞) 𝑞

𝑞

𝑅𝑒𝑥(𝑞)



 

 

𝑅𝜃(𝑞)

  𝑅𝜃
−1/2

𝑞2

𝑞

𝑅𝑒𝑥

𝑅𝑒𝑥(𝑞)  =
4𝜋𝐾𝜉3〈𝜂2〉

(1+𝑞2𝜉2)2 

𝐾 =  8𝜋2𝑛2𝜆−4 𝑛 =  1.333

𝜆 =  633 𝑛𝑚 𝜉

〈𝜂2〉



 

𝜉 = 169 ± 8

𝑂(5 nm)

(𝜏 > 106 s

𝑂(103 s)



 

 

𝐺′ 𝜔 =  100 𝑠−1

𝑅𝜃(𝑞)

𝜉



 

𝜉



 

 

 



 





 

 

 

𝐺∗ (𝜔) = (𝑖𝜔)𝛼  

α

𝜏𝑑𝑖𝑠𝑠 = 𝛺0
−1𝑒𝛥𝜇⁄(𝑘𝐵 𝑇) 𝛺0

𝛥𝜇



 

 



 

 

α ω

α ω



 

 

μ



 

 

  𝑓 =
[𝑀2+]

[𝑝𝑜𝑙]𝑛
𝑛



 

 

 

 

 

𝑓 = 1

𝑓 = 1.1

𝑓 = 1



 

 



 

 

𝑓 = 1

𝑓 = 1.1

10−2 103 𝑠−1



 

 

𝜏 ≃ 107 𝑠 𝜏 ≃ 106 𝑠

𝜏 ≃ 103𝑠 𝜏 < 1 𝑠

𝛾̇ < 0.1

  𝜕ln𝜎 𝜕ln𝛾̇⁄ = 0.8

𝑠−1



 

 

𝑓 = 1

𝑓 =

1



 

 

  1 rad/s

𝑘𝐷
′ = 𝑘𝐷 ∙ exp[𝑓𝛿 𝑘𝑇⁄ ] 𝑘𝐷

𝜏

𝛿

𝜉𝛾̇ 𝜉



 

 

𝑘𝑇/𝜉2

𝑓(𝑡) = 𝐾(𝑘𝑇/𝜉)𝛾𝑡̇

𝑘𝐷
′

𝑃(𝑡)

𝑃(𝑡) = 𝑒𝑥𝑝 {− ∫ 𝑘𝐷
′ [𝑓(𝑡)]𝑑𝑡

𝑡

0
} = 𝑒𝑥𝑝 {

𝜉

𝐾𝛿𝛾̇𝜏
[1 − 𝑒𝑥𝑝 (

𝐾𝛿𝛾̇𝜏

𝜉
)]}

𝜏 = 1/𝑘𝐷

〈𝜏0
′ 〉 = ∫ 𝑃(𝑡)𝑑𝑡 ≈ {

𝜏 (1 −
𝐾𝛿𝛾̇𝜏

𝜉
)     if 𝛾̇𝜏 ≪

𝜉

𝑘𝛿

𝜉

𝐾𝛿𝛾̇
𝑙𝑛 (

𝐾𝛿𝛾̇𝜏

𝜉
)  if 𝛾̇𝜏 ≫

𝜉

𝑘𝛿 

∞

0

𝑡𝑏
′ ≈ 〈𝜏0

′ 〉



 

 

𝛾𝑐 = 𝛾̇𝑡𝑏
′ ≈

𝜉

𝐾𝛿
𝑙𝑛 [

𝐾𝛿𝛾̇𝜏

𝜉
]

𝜉 = 160 nm

𝛿 = 0.5 nm 𝐾 = 9.33

 



 

 

 

   



 

 





 

 

 



 

 

∙



 

 

α ω

δ



 

 

   𝑔2(𝑡) − 1

 𝑔2(𝑡) − 1 = (1 − 𝐴) exp (−
𝑡

𝜏1
) + 𝐴 exp (−

𝑡

𝜏2
)

𝛼

𝐴 𝜏1

𝜏2

𝛼



 

 

 =  1.54Å

μ

𝑞 ≤ ≤ 𝑞 =

 4/(𝑠𝑖𝑛/2)

 

α ω



 

 

′ ′ ″ ′

𝑅𝑔 ≈ 4 nm

≈

𝐺″ 𝐺′



 

 

′ ″



 

 

𝜏1 𝜏2

𝜏1 𝜏2



 

 

𝜏1

𝜏2

𝜏1

𝜏2



 

 

𝐺′ ∝ (𝑐 − 𝑐𝑔𝑒𝑙)𝛼



 

 

 



 

 

 



 

 



 

 

 



 

 





 

 

𝑐∗



 

 

𝑘𝑇



 

 



 

 



 

 



 

 

 



 

 

 



 

 

 



 

 



 

 



 

 

 



 

 



 

 

 

   





 



 

 



 



 





 





 



 



 







 





 



 



 




