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The movement of water in the capillary zZone ray be upward as well
as downward, It is commonly accepted that this flow may be described by

ar equation which is valid for diffusion as well as moi:sture flow

v = velocity of {low

v = -k %E ¢ = [Jlow potential
* 2 = length in direction
ol Ilow

For the upward flow this assumption will be vo1l.d, Yor the downward
iflow it is not certain whether not, in case cracks ure present, a flow
ttrough these crucks may occur, which satisfies other laws of moisture
flow, where no cracks and fissures are precent in {he soll, the assump-

sZon of a linear equation of flow will holcd,

The Poigeuille equation for mrsnular material

The capillary flow 1s governed by a coefficient Jor unsaturated per-
- meability, The formula of Poiseuille describes roi.tvre Jlow ir =ztraight

eylindrical capillaries of uniform radius as:
q="r‘:':"' ‘.’tr29-9-
The mean velocity Ve of this flow-may be obtnined by deviding the

cuanvity of flow q by the cross-sectional area of the c¢rnilliary mr’™,

thcrefore

‘ . = - v £ e s
. . 23.22 n visecoesity of the fluid
e 81 dz -r = radius of pore

This formula is valid for straight cvlindriczl czuillaries of uniform
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The shape of the capiliary system in soils however does not resemble
a system of straight uniform tubes, It differs wiih resvect to the variation
in pore size, the complicated network and the winding pathway,

The di’ference between uniformify anc distrituted pore size is met by
a distribuiion constant, The difference between unlini:ed parallel tubes
ané a network of tubes is met by a ramification e¢on~tont, The dilference
between strezight tubes and the winding tubes is met by twe tortuosity con-

staznis,

The inilucnce of pore size distribution

Mathematical conslderations as to the influence of the differences in
pore siie reveal that to the exponent 2 of r in the last equation has to be
added + b for p = 1 and b for p = 0, where p and b are parameters of the

cesornstion functiont

b(A - log ¥) = p log v - (1 = p} log (P - v)

B ¥ = moisture tension or
negnlblve pressure

v = mol. ture content

P = mai, molibire content

p

= conscants

The Ixnfluence of the ramified pore system

The ramified shape of the network of capillafies and voids is accounted
for by multiplying the added value of b with a recduction factor B which is

o the order of 0,5 for granular material,

The influence of torfuosity

The tortuosity of the flow path is accounted for by multiplying dz by
an elongation factor t, There are further indications in litterature that
the exponeni of r may be increased by a value ¢, accouniing for the ilncrease

in resistance due to the size of the bends of the winding flow path, The
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flow resistunce k of the diffusion eguation may tlicrefore be presented by

r2f-3b +1 a

ko= gnt -er

Here the conductivity factor k stands for the cu-illary velocity v

. . a¥ . ¢
at o sressure graclent iz equal to upity, _

In this formula the r has the meaning ¢! the radlus of the largest

pore which actually conveys water,

- The iuportonce of the air entry point

The eonductivity of the soil is obtained by intezr:uiting the guantity
o fiow over the whole range of pores present in £iec soil, Tor unsaturated
50ils the lower limit of integration is zerco, The upper limit is the value
of r of the largest pore contzining water, Saturated conductivity or per-
mebility requires integrationbvetween the limits of the suallest pore, which
is agzin zero, and the largest pore present in the scll of which the size
has a certain, often unknown value,

Intexration is performed over the pressure grndient expressed in 4¥
and dz, Now the diameter r is a function of ¥ and the fornula has to oe
ex;ressed in ¥, This poses the question what the value of ¥ is belonging
to the vaiue of r used as upper limit of integration,

In saturated soil it is the ¥ value ccrrespoﬁding with the largest
redius present in the soil, It is however not ¥ = C corresponding with r = ¢
In unscoturated soils it is the radius, belonging te the moicsture stress in
the seoil, In both cuses the value of ¥ may be colenleoted cocording the
formulet
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For the saturated permeability & the formula readss

n n
6 = o r or d o= 5/1‘
nax. nax.

rom this follows for the unsaturated permeability:s

r n

X =6
unsat, r
T2 Xe
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In order to integrate the formula over d¥ the exyrescion in r is

reduced to an expression in ¥ and reads:

’ T ..\
min
kunsat}t’ b (!‘Y )

nserted into the diffusior ecucrtion,
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sor.corison with the Garcner expression

Criticism on the formula k = J% has been nascsed and objection

unsat,

is maode that for ¥V = 0 the value of ksat becomes i1.:

to counter this result by assuming a formula {GARDI L.

rite, It was suggested

—
-

¢
[+

-
unsat, wn + 8

which for ¥ = 0 gives k_ , = x/a. This‘suggestiOn r3.es over at the fun-
duaentnl fact that the permeability is primarily » funciion of the pore
r-dius ang not of the tensior, .

Assuming a value of ¥ equal to zero which seers reasonable, in fact
very unreasonzbly means assurming maximum pore ¢irseter of inflinite size,
The intesration liwmit, however, should be r X or g:in. and taking this
insc consideration, complications of our formula for I with an extra con-

stizt may be zvoiaed,

The eavation of capillary flow

The pressure gradient deserves some attention, The water flows under
influence of the gradient due to the degrée of uns:tur-~tedness and the in-
fluence of gravity, By upward flow the two pradients onartly nreutralize each
otier, by downward flow the iwo gradients add up, The ;radiént due to grav-

ity is, in case water is the moving liquid, egual tc unity,

Jhe differential egquztlion

llow we may write:

Upward {low Downward ilow
' oy )
. n 1 ey . n {ax .}
vc =57 'min.ih dz 1 3 v, =oi An, ?n.zdz + 15 -
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The simplest solution, obtained for n = 2, readst

“? -V’%\ tg(\ﬁ?— z\) ¥ -\[;—é;‘tgh(v‘rg- %-

Intications for Lhe construction of a nomogram . - .

The integration of these equations, simple 1n oase the value of n is
e ual to 2, becomes more complicated for other vilues oi n, The integrations
were solved und the relation between ¥ and z computed, The solution is
ovtninec by euzuating n to p/q with p and q whole nunbers, How calculation

i done with new varisbles

I3 v ;/ y / v K P ’
r : 'i'p/q’ = 5 and :l ‘p/q I’{-"‘ = T
\ ot min,  / , o¥ mir,

A pomegram of thne ejuations for various vilues of n ¢ould be made

by drawing up a nunmber of curves for ithe relatlion
& =17

28 the moin nomogram  and by constructing a network with which the values
ol 5 and T csn be computed separately, In this nomorram - the value of :
5?zin. is contracted to d, In cases where wmin is not known its value best
mey be assumed to 0,1 or log ¥ . = 1,0.(see loose nomogram sheets added a%

the end of the paper)

Tow Lo use the nomogram

The nomogram consists of two sheets 4 and 3 whioh should be laid
unoen each other in such a way that the curves on sheet A for upward and
downward movexent are brought in the corrett position with respect to the

eoordinate system o sheet B for log ¥ - the horizonial coordinates - an?
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leg 2 - the veftical coordinate axis, The coordinzte axis for log 2z is
plotted on a logarithmic scale, but is numerated with the values of z,

Here z indicates the height of the point of observation in the profile above
the groundwater table, for which the log ¥ of the solution of the eguation

found with the nomogran is valid,

Then two sheets take up the pfopér position with respest to each other
when the oblique lines AB and A'B' coincide, But them a shift along the
line is still possible.{The»exaCt.;pogition.is found as follows:
. A vglue of the exponent n is selected, say 1,8, AISQIa value of éwzin\,
= d is selected, say 0,50 m, On sheet A this peirt is marked,
Then a value for the capillary velocitjjis chosen, say 1 mm. a day,

 On sheet B the point for v, = 1 mm. and the exponent n = 1,8 is also marked,

i i e
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Now the lines AB and A'B' are shifted along eaoh‘qthar ti}l the two
points coincide. In this phsifion the curved lines of shpot A and the ¢oordi-
nate systém of sheet B match and the valués for log ¥-and z belonging to-~

;gether maj be read by using thé curves for the exponent 1,8 which is visu-
" ally interpolated between the lines given. '




In the example chosen we read the foliowing solution, using the two

loose sheets of the nomogram added to this paperi

Upward Ilow

leg¥ = ,. 0,5 1,0 1,5 2,0 2,5 30 35 4,0
z cr, = 3 10 23 40 48 52 53 54

Downward flow

Z o, = 1 5 10 30 50 70 100 150
log ¥ m 0 0,66 0,95 1,34 1,42 1,46 1,48 1,48

The guestion what the situation is at 70 em, 2t log¥ = 3 sbove the
wzter table may be read by shifting the sheets to a peosition where the
interpolated curve for n = 1,8 intersects the loé ¥ » 3 ond -the z = C,70 m,
soordinate lines, In the network the lines for d = €,50 and n = 1,8 intersec!
on the lire for v_ w C,58 mm, At this height of 70 em, and with the suction .
value cselected, the upward capillary flow reduces irom 1 mm, to 0,58 am, a
day,.

With the aid of the desorption curve these recsullis for ?,ﬁay be con-

verted to moiszture contents,

Conciderations for the cholce of the constants

Under pracfical circumstances no accurate informatiéﬁ generally will
be available as:to the valge of !;in'and of the exponent n, It may be as-
sumed that values for the constants A, b and p of the desorption curve
are obtzinable from laboratory determinations or gorrelotion with profile
deseriptions, The value of !min! B and v will have to be estimated in an

other way, Consideration of soil texture and soil structure may be helpful.,

Considerations as to ¥ .
min,

Ls approximastion may be used that the largest pore diametier will be of
the order of 20% of the diameter of the largest particles which gre still

present in such a quantity.that they have an influence on the pore space
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distribution, A particle size might bé selected whieh is exoceded by only
- 20% of the particles with respect to volume, The granatar analyses may prov-
ide thess data, This consideration is only valid for sandy soils, In clay

soils the water primarily flows through cracks,

Gonsideration as to B

The ramification factor will be of the order of 0,5 in soils, where the
60il meisture flows through the network of pores between thé soil partiéles.
‘This is the ease by sandy soiis. In densely packed soils with tetrahedral '
particele arrangement the ramification factor will be.qomewhat higher than
in leosely packed soils, with éubical arrangement, In the latter case more
héénching off is possible, In clay soils, where the water-flows through cracks

the flow path is not very ramified:and the value of P may be nearer to unity,

“Gonsiderations as to £t and 7

The itortuosity factor t, accounting for the lengthening of the flow pnfh,
diéappéars by bringing the saturated permeability into the formula, The facﬁor
t ‘will depend on the itype of flow path,; using craelks or pores in granularrh
meterial, A certain correlation between‘the ramificrtien faetor B and the 7
tortuosity fastor t may be assumed, For § = 1 the valuc'af 1 will thereforg
be zeroy for f = O,S this value will decrease %o 0,5« This may be dascribe§
by T @1 = By If the flow path is straight there is no branching off,

'GOnsidprations as to the distribution ef pore sizgs

The pore space distribution, as described by ihe desorpiion cupve in- |
fluences the exponént in such a way, fhat - as earlier is stzted in this
péper =, by the value of p = O for A the value 2 = b + T matches, For p = 1
this value becomes 2 + Pb + 1, Linear interpolation for intermediate values

" of p may be done by using
nw?2a4+pB(2p=1) ba4r

what gives the same results for p = 0 or 1,
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Fina) estimate of the exponent

By inserting in this formula the expected correlation between f and T,

just mentioned, the exponent might be given as

ne2+ B(2p-1)b + (1)

or

Beoouse b and p follow from the
curve, the problem how to use of the

of estimating ¥ ard B, The value

min,
of the so0il structure being fissured

Alse information on the permeability

a3 83210 1)

-

analyées o constants for the desorptior
nomograr, simplifies to the problen
of P may bve chosen uvon the impreséion
or of a structureless granular type,

in horizontal or wvertieal direction

may support this impression of soil structure in onse of straight line

flow in erientated granular material,

It‘will be clear that all these

and a direet laboratory determination of ?ml

estimates may prove to be inaccurate

and n will nake these conside:
[ ]

retions superfluous, The determination of the unsaturzted conductivity is

however difficult and the aim of the

paper is to make eapillary problems

aocessable to the project etgineer and the agricultural advisor often lackin

laberatory suppert in the field,

Gonsiderations as to the errors of the estimates

The flow equation is based on the value of ¥, Ymin

and n according

()
ij.n.

The procentual error due to incorrect estimctes of ¥

Y= proportionaii%y factor

and n now is

Ui,
Y . 16 2. ¥
¥ Tmin° “ming ming

On first sight it will be clear

én = error of =
av

« grror of ¥
mn. '4

min, -

that the largest influence on the
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ascecurcoy is exerted by d¥f min The logarithm will have a valuc of X.or 2

and af¥ . will be - though variable - not much smaller than 9,8, An tqual

-influence of the errors of n and ’min. would be obtained for dq équal to -

10% of a¥ min,* Ve suppose that the error of len will often be twic. as much
This shows that any activity to increase the accurasy should at fxrst concen~
trate on a more accurate description of the desorptien curve at its ittu*
rated lower end by assessing the maximum pore size, This is of more impor- ,'i
tance than éssessing the expoment n by the rather difficult determination '

of the unsaturated permeability.

An example may give an indication of the magnitudc of the error,

T maxy  min, . n; - ¥ _
assuried value in cm. 0,015 10 2 100
potual value in cm, 0,030 5 2,5
ragnitude of error 'dmin o5 dn = 0,5
. B R TYE ’°° % (+0,5) - . B x (=5)

Y
=+ 1,0x0,5+1,0
‘ ¢
-+15
~ The error should be calculated with respecis to thet valne - assumé&
or observed - that yields a positive error,g? -
In the sguationt

-\n
el 2 Vol e,
3 wmin. L

the error of ¥ is equal to:

In ease the value of z in the nomogram is given' a value of 1 2 times
Y will be compensated by a value of v /1 5. A result for vc is obtained which'
is only 67% of what it in reality should be, : ks

Considerations as to the propasgation of the errors_andfsomé £éntati§a

caleulutions will be valuable to make to justified uce of the nomogram,



