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Steilingen

1. In de uitdrukking voor de conditionele verwachte aankomsttijd van een toestand
bij een gegeven gedeelte van de rand van een domein is in Mangel (1979) ten
onrechte een deling door de aankomstkans achterwege gelaten.

Mangel, M. (1979, Smail fluctuations in systems with multiple steady states,
SIAM J. Appl. Math., 36, pp. 544-572.
Dit proefschrift.

2. Voor een een-dimensionale stroming met een kleine diffusie is de conditionele
verwachte reistijd naar een rand tegen de stroom in in eerste orde gelijk aan de
verwachte reistijd in omgekeerde richting.

Dit proefschrift.

(o)

3, ! expl-at - Bit]dt = Bl KQ2Jap ) - ?la_exp[—Z\/(xﬁ 1 (@B >0)
waarin K, een gemodificeerde Besselfunctie is.

4. In het wiskunde-onderwijs is het voor de overdracht van een nieuw begrip
noodzakelijk de definitie vooraf te laten gaan door een voldoende aantal
toepasselijke voorbeelden.

5. Eén van de belangrijkste problemen bij het wiskunde-onderwijs aan studenten uit
niet-wiskunde studierichtingen is het motiveren van deze studenten. Het gebruik
van toepassingen uit de desbetreffende richtingen is een belangrijk hulpmiddel bij
de aanpak van dit probleem.

Arnoldussen - van der Lugt, A., en O.A. van Herwaarden (1990), Wiskunde in de
landbouwwetenschappen, Euclides, 66, pp. 105-110.

6.  Analyse van schilderijen van Hollandse meesters uit de 17° eeuw laat zien dat
correcte toepassing van de lineaire perspectief zich bij de meeste schilders beperkt
tot het gebruik van één verdwijnpunt.

7. In de Bijbel gaat het niet om de vraag: wat is de waarheid?, maar: Wie is de
waarheid?

8. Het christelijke geloof is niet een religie, maar een relatie.

O.A. van Herwaarden
Analysis of unexpected exits using the Fokker-Planck equation
Wageningen, 11 maart 1996




Voorwoord

Dit proefschrift is het resultaat van het onderzoek dat ik vanaf september
1989 heb verricht als medewerker van de Vakgroep Wiskunde van de Landbouw-
universiteit Wageningen. Graag wil ik op deze plaats een aantal personen bedanken
die op verschillende wijzen hebben bijgedragen aan de totstandkoming wvan dit
proefschrift.

Allereerst wil ik mijn promotor Johan Grasman van harte bedanken. Zonder
zijn deskundige en stimulerende begeleiding zou dit proefschrift er niet zijn
gekomen. Ik dank hem dat hij mij de mogelijkheid heeft geboden om naast mijn
onderwijstaak ook onderzoek te doen. Niet alleen zijn inhoudelijke begeleiding wil
ik hier noemen. Hij was ook in staat om mij op de juiste momenten en op de juiste
wijze te inspireren en te motiveren. Bovendien heeft hij, toen het onderzoek naar de
verwachte uitsterftijd van een infectieziekte vast zat, zich uitermate ingespannen om
het weer vlot te trekken.

Mijn vrouw Elsa wil ik van harte bedanken voor haar grote steun en zorg.
Deze zijn onmisbaar geweest bij het tot stand komen van het proefschrift. Een groot
gedeelte van het onderzoek heeft plaatsgevonden buiten de reguliere werktijden. Dit
is slechts mogelijk geweest doordat Elsa de zorgen thuis, vooral die voor onze
kinderen Ada en Arjen, voor haar rekening heeft genomen. Ada en Arjen bedank ik
dat ze mijn afwezigheid zo vaak ’voor lief’ hebben genomen.

Mijn ouders wil ik bedanken voor hun zorg door de jaren heen. Mijn vader
zou het schrijven en voltooien van een proefschrift graag hebben meegemaakt.

Mijn collega’s en oud-collega’s van de Vakgroep Wiskunde dank ik voor de
goede werksfeer. Hun belangstelling voor het vorderen van het proefschrift heb ik
altijd gewaardeerd. Een aantal van mijn collega’s heb ik met name genoemd in de
acknowledgements van diverse hoofdstukken. Van mijn oud-collega’s wil ik hier
met name noemen Annie Arnoldussen-van der Lugt en Mat Hendriks, bij wie ik
zowel voor als na hun pensionering (resp. VUT) altijd met vragen over het werk
terecht kon.

Ook het plezier bij mijn overige werkzaamheden, vooral het verzorgen van
het onderwijs, is van grote invloed geweest op het werken aan mijn onderzoek. In
het bijzonder wil ik de studenten uit de studierichting Moleculaire Wetenschappen
bedanken voor de prettige verstandhouding. Ik beschouw het als een grote eer dat
zij mij het afgelopen jaar hebben verkozen tot hun *docent van het jaar’.




Graag wil ik ook Bea en Erwin van Wonderen-Tettelaar van harte danken.
Onze vriendschap en verbondenheid in geloof zijn mij ook bij het werk steeds tot
grote steun geweest. Ik ben dankbaar dat zij mijn paranimfen willen zijn. Verder
wil ik Pieter van Kampen en Henk Geertsema bedanken voor het doorspreken van
een aantal van de stellingen.

Bij dit alles besef ik hoe betrekkelijk de kennis uit dit proefschrift is. Graag
verwijs ik naar mijn beide laatste stellingen. Het is belangrijker, met de woorden
van de apostel Paulus, de liefde van Christus te kennen, die alle kennis te boven
gaat (Efeziérs 3:19a).

Wageningen, 27 december 1995




Abstract

In this thesis exit problems are considered for stochastic dynamical systems
with small random fluctuations. We study exit from a domain in the state space
through a boundary, or a specified part of the boundary, that is unattainable in the
underlying deterministic system. We analyze diffusion approximations of the
dynamical systems. The processes are described with a Fokker-Planck equation in a
continuous state space. Taking the diffusion parameter as the small parameter, we
determine asymptotic expressions for the probability of exit and the (conditional)
expected exit time.

We consider applications in groundwater flow and epidemiology. For a
contaminant in an advective-dispersive groundwater flow asymptotic expressions are
derived for the probability of arrival at a well and the expected arrival time. For a
stochastic STR-model describing the spread of an infectious disease in a population
we determine asymptotic expressions for the following quantities: the probability
that a2 major outbreak occurs upon the introduction of the disease into the popula-
tion, the probability of extinction of the disease at the end of a major outbreak, and
the expected extinction time of the disease for an initial state in the stable equilib-
rium. Finally, for an interval in a one-dimensional stochastic system we study the
expected exit time at precisely that end of the interval where exit is not likely,
including in our analysis initial states outside a boundary layer.
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Chapter 1

Introduction

A large number of phenomena in nature can be modelled as a dynamical
system. Frequently, an essential feature of these phenomena is formed by stochastic
fluctuations. In that case we incorporate these fluctuations in the model and study a
stochastic system. The stochastic system may explain features of phenomena that
the deterministic system can not account for. In this thesis we study stochastic
dynamical systems in which the random fluctuations are small.

In each chapter attention is focused on exit problems. A domain in the state
space of the dynamical system is considered and exit from this domain through the
boundary is studied. In particular, we are interested in exit through a boundary, or a
specified part of the boundary, that is unattainable in the underlying deterministic
system. For these ’unexpected exits’ the probability of exit and the (conditional)
expected exit time form the main points of interest.

In this study we analyze diffusion approximations of the dynamical systems.
The processes are described with a Fokker-Planck (or Kolmogorov) equation in a
continuous state space. The first order derivatives in this differential equation are
related to the deterministic motion. The second order derivatives correspond to the
(small) random perturbations. The probability of exit through a specified part of the
boundary of a domain in state space, and the (conditional) expected exit time, are
determined by Dirichlet problems for the backward Fokker-Planck equation. Using
the theory of singular perturbations, see, e.g., Eckhaus (1973), Kevorkian and Cole
(1981) and O’Malley (1991), we asymptotically solve these Dirichlet problems,
taking the diffusion parameter as the small parameter. The asymptotic solutions are
compared with resulis obtained by random walk simulations.

The research of this thesis can be seen as an extension of and a sequel to the
research of exit problems performed in the last twenty years, see, e.g., Ludwig
(1975), Schuss (1980), Gardiner (1983) and Roozen (1990). Chapters 2, 3 and 4
broaden the field of applications. Chapter 5 brings a new element in the more
theoretical aspects of exit problems. It opens a field of future research that is
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expected to be interesting both for its mathematical aspects and its applications in
other sciences.

We now give an cutline of the following chapters. In chapter 2 a study is
made of the transport of pollution in groundwater. It is not sufficient to model the
transport of particles by advection only. In addition macroscopic dispersion has to
be taken into consideration. This accounts for the random motion of individual
particles in the flow. Because of dispersion pollution may enter a region that is
unattainable for the advective flow only, e.g., a region with flow towards a well.
We formulate and asymptotically solve Dirichlet problems for the probability of
arrival and the expected arrival time of contaminated particles at a well in an
arbitrary background flow. Since dispersion contributes considerably less to the
displacement of a particle than advection, the analysis starts with the advective flow
pattern. In addition inside a boundary layer dispersion is taken into account. Using
the boundary layer solution and the advective travel time we also construct a
composite expansion for the expected arrival time that is valid in the region of
advective flow towards the well. We note that this study can be extended to include
loss of contamination by, for example, adsorption or radioactive decay, see Van
Kooten (1994). It is also noted that chapter 2 contains a derivation of the Dirichlet
problem for the (conditional) expected exit time through a specified part of the
boundary of a domain in a more dimensional state space.

This mathematical analysis of exit preblems can be used in a broad field of
applications. In chapters 3 and 4 we study a two-dimensional stochastic system
modelling the spread of an infectious disease. In this model we consider a popula-
tion that is divided in three classes: susceptibles, infectives and removed. The
population is renewed at a constant rate. We study the case where in the underlying
deterministic system the disease becomes endemic. In the stochastic system the
disease can disappear from the population because of stochastic fluctuations. In
chapter 3 we first study the probability that a major outbreak of the disease does
not occur upon the entry of one or a few infectives into the population. This
probability is determined by formulating and asymptotically solving an exit
problem. In the asymptotic analysis it is assumed that 1/N is a2 small parameter,
where N is the size of the population when the disease is absent. We also study the
expected extinction time of the disease given that it has become endemic. The
asymptotic solution of the Dirichlet problem for this expected extinction time
contains one unknown constant. To determine this constant the WKB-methed is
applied to the forward Fokker-Planck equation, the resulting ray equations are
numerically solved, and use is made of the divergence theorem.

In chapter 4 we study for this epidemiological model the following question:
given that 2 major outbreak occurs upon the entry of one or a few infectives into
the population, what is the probability that the disease will disappear from the
population (directly) at the end of the major outbreak? Of particular importance in
answering this question of epidemic fade-out is the rate at which the population is
renewed. For a large renewal rate it is likely that the disease will become endemic
after the major ontbreak. If the renewal rate is very small, the disease will die out at
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the end of the major outbreak with probability close to one. There is a range of
renewal rate values such that the extinction probability varies from close to zero to
close to one. In this chapter we deal with this transitional case. We first derive local
asymptotic expansions for the trajectories of the underlying deterministic system, in
particular for the deterministic trajectory starting in the saddle point. For small
renewal rate values the susceptible population is restored only slowly after the
major outbreak. At this stage of the process diffusion plays an important role and
extinction of the disease can occur in the stochastic system. Using an approximation
of the backward Fokker-Planck equation we formulate a boundary value problem
for the probability that the disease dies out during this part of the process. From the
solution we obtain an expression for the probability of extinction of the disease at
the end of the major outbreak.

After this analysis of exit problems in several, quite different applications,
we address a more theoretical aspect of exit problems in chapter 5. This aspect
came up in studying the expected arrival time of pollution at a well in a dispersive
groundwater flow, see chapter 2. For starting points outside the region of advective
flow towards the well the asymptotic solution for the expected arrival time derived
in that chapter is restricted to starting points inside a boundary layer along the
separating streamline. Qutside the boundary layer more refined asymptotic methods
are required to approximate the small probability that pollution enters the well and
the expected arrival time. The study of chapter 5 can be seen as a first step to
approach this kind of problems. For an interval in a one-dimensional state space
exit is studied at precisely that boundary where exit is not likely. Three fundamental
cases are considered, the interval containing, respectively, no equilibrium, an
unstable equilibrium and a stable equilibrium. It is noted that the asymptotic
expressions reveal essential features of the expected exit time that remain hidden in
the exact solutions.

Finally, we note that chapters 2, 3, 4 and § have originally been written as
independent papers. They are, therefore, self-contained and can be read indepen-
dently.
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Chapter 2

Spread of pollution by dispersive groundwater flow!

Abstract

A study is made of the transport of pollution in groundwater. The probability
that in groundwater 4 contaminated particle crosses the boundary of a protected
zone is computed by solving asymptotically the Dirichlet problem for the backward
Kolmogorov equation describing the random motion of the particle. The randomness
in the displacement of the particle is due to the dispersive properties of the flow.
The expected arrival time at the boundary is computed from a corresponding
nonhomogeneous Dirichlet problem.

1. Introduction

In this study we consider the flow of groundwater which is confined in a
layer, called aquifer. The thickness of this layer is assumed to be small, so the
transport will be modelled as a 2D-flow problem. For the study of groundwater
pollution it is not sufficient to consider the transport of particles by advection only.
We also have to take into consideration the mechanism of macroscopic dispersion.
This accounts for the random motion of individual particles in the flow. We assume
the dispersion to be proportional to the velocity with coefficients a; in the longitudi-
nal direction and a; in the transversal direction, see Bear and Verruijt (1987). In
general the value of a; is smaller than the value of a;.

A situation typical for the discharge of groundwater from the aquifer is
shown in Figure 1. The region of advective flow towards the well is bounded by
two separating streamlines which end in a stagnation point. When the groundwater
is polluted at a site outside the domain of advective flow to the well and far away

'Published in: SIAM Journal of Applied Mathematics, 54 (1994), pp. 26-41
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from the separating streamlines, the pollution will not reach the well, because the
advective component of the flow is much larger than the dispersive component.
When the site of pollution is just outside this stream domain, contaminated particles
may enter the well because of the dispersiveness of the flow. The probability for a
particle to reach the well changes rapidly from close to ¢ to close to 1 for starting
points within a boundary layer along a separating streamline. The asymptotic
method we present gives detailed results on this rapid change.

Figure 1. By dispersion a contaminated particle released in P may enter the well W,
The region of advective flow towards the well is bounded by two separating
streamlines ending in the stagnation point S.

Our analysis of the dispersion problem starts from the advection-dispersion
equation which can be seen as the Fokker-Planck equation corresponding with the
random motion of a particle, see Uffink (1989). The advection-dispersion equation
can be obtained, see Bear and Verruijt (1987), by constructing a macroscopic mass
balance equation and considering an average flux in which are included the
following macroscopic fluxes: an advective flux and a dispersive flux. It is assumed
that the dispersive flux can be expressed as a Fickian type law. The advective flux
is based on the average velocity of the flow; Bear and Bachmat (1990) determine
an equation of motion for this velocity by averaging the microscopic momentum
balance equation for a Newtonian incompressible fluid (i.e., Navier-Stokes equation)
filling the pores. When the advection-dispersion equation is used to model solute
transport at larger scales, the dispersion arises from heterogeneities of the hydraulic
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conductivity at a scale which may be large with respect to the macroscopic scale,
but which is small compared to the geometry of the region that is considered, see
Figure 1. This assumption is not realistic in all situations, see e.g. Dagan (1989).
The expression (2.2) for the elements of the dispersion matrix is obtained from Bear
and Verruijt (1987) for an isotropic porous medium.

Because dispersion contributes considerably less to the displacement of a
particle than advection, the dispersion problem is approached by perturbation
techniques. The advective flow yields a first order approximation. Inside the
boundary layer a second order approximation is computed by taking into account
the dispersion. The objective of this study is to compute the probability that
contaminated particles cross a boundary, e.g., are pumped up at a well. Moreover,
the expected time of arrival at the boundary is approximated asymptotically.
Compared with Van Herwaarden and Grasman (1991) the present paper yields an
improved asymptotic approximation of the problem. In particular, in the asymptotic
formula for the arrival time with leading order term of O(-In ay) it is important to
include the order unity contribution.

2, The Fokker-Planck equation

Let p(x, ¢) be the probability density function to find a particle at a point x at
time t. Then the function p(x, f) satisfies the forward Xolmogorov of Fokker-Planck
equation

ap

= = Mp, 2.1

T p (2.1a)
8 a a.

M=-Lw)y+ 2.2, 2.1b
= v,.) Bx!.( y ax].) (2.1b)

where v is the velocity vector and D is the dispersion matrix. With respect to the
indices the common summation convention is used. The entries of the symmetric
matrix ) are given by

Dy, = a|v[d; + (a, - apvy/|v|. 2.2)
Related to the forward operator M is the backward operator

d. d 4.
L=v,——+ (D, ). 2.3
*ox, ax‘.( Y axj) 23)

L is the formal adjoint of the forward operator: L = M™. It plays an important role
in exit problems. Let us consider a domain €2 with the boundary 692 composed of
two parts 682, and 9€},. We are interested in the probability u(x) that a particle
released in x € Q reaches 882 the first time at the part dQ,. This function u(x)

satisfies the Dirichlet problem
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Lu=0 in Q, (2.4a)
u=0 at 909, u=1 at 9Q, (2.4b)

see, e.g., Gardiner (1983). For a particle starting in x € Q we are also interested in
the expected arrival time T,(x) at 3Q with the condition that exit from € takes place
at Q. In order to solve this problem we make use of the probability density
function ~(%, x) of leaving  at X € 0Q and the expected arrival time (%, x} at 3Q
conditional that exit occurs at £ € 3 for a starting point x € Q. For these func-
tions it is shown in Gardiner (1983) that

L('l:r)‘ =-r in Q (2.52)

=0 at JQ. (2.5b)
Defining

T() = i oL, X, X)dS (2.6)
we derive from (2l.5) the nonhomogeneous Dirichlet problem

LT=-u in L, (2.7a)

T=0 at Q. (2.7b)

For the expected arrival time 7,(x) at dQ with the condition that exit from € takes
place at 9Q, we have

Tx) = i ok, X)r(F, x)/u(x) dS, (28)
so we find
Ty(3) = T()u(x) (29)

with T(x) satisfying (2.7) and wu(x) satisfying (2.4). It is noted that in other publica-
tions (Mangel (1979)) the term u(x) is not present in (2.9).

3. Symmetric flow near a stagnation point

As a starting point we consider the symmetric flow field with velocity vector

wx, ¥) = (=%, ¥), 3.D
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N

Figure 2, Symmetric flow near a stagnation point. The probability of arrival and the
expected arrival time at the boundary 8}, are computed.

which has (0, 0) as stagnation point, and the domain

Q={xyly>-R} (3.2)

with R > 0 and y = —R away from y = 0, see Figure 2. As a result of dispersion a
contaminated particle released in a point (x, y) with y > 0 may cross the separating
streamline y = Q and reach the boundary 9€: y = -R. The probability u(x, y) that a
particle starting in (x, y) € Q reaches y = -R satisfies the differential equation
du du ] Ju d du 3 du ] du
Xe— tyYy—+ —(D )+ —(D )+ (D Y+ —_(D.TY=0
ax yay 6x( “ax) ax( ”ay) ay( ”ax) ay( ”ay)

(3.32)
with boundary conditions
u(x, -R) = 1, lim u(x, y) = 0. (3.3b)
The dispersion terms ar: given by
D_ = alv| + (a, ~ apx?/|v|, (3.4a)

D, = ~(a, - a)xyilvl, (3.4b)
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D =alv| + (a, - apy*/Iv|. (3.4¢)

Since the dispersive component of the flow is of a smaller magnitude than the
advective component, we expect u to change from about 0 to 1 in a small region
along the x-axis. Therefore, we assume a boundary layer to be present at this place.
Outside this boundary layer we may neglect the dispersion and approximate (3.3a)
by its advective part

x4 4y %%~ (3.5)

For a particle released in a point (x, y) in the upper half plane outside the boundary
layer this yields the approximate solution # = 0 and for a particle starting in the
lower half plane outside the boundary layer @ = 1.

To solve the dispersion problem for a particle released in a point (x, y) inside
the boundary layer we apply a coordinate stretching procedure (Kevorkian and Cole
(1981))

n = yiay. (3.6)

We will analyze this boundary layer problem for x > 0. The case x < 0 is treated in
the same way. In our analysis we exclude a small neighbourhood of the origin
where another approximation has to be made. Its outcome has only very lecal
importance and is therefore not analyzed. Substitution of (3.6) in (3.3a) yields for
ap a; =0
— - 2 =
28 g9, Ry, a7
ax an an?
Matching of the function &(x, m) to the outer solutions # = 0 and & = 1 along the
characteristics xy = constant of (3.5} leads to the solution

At M) = — exp[-1¥2] dt. (.8)
(23
We will now solve asymptotically problem (2.7) for the expected arrival time
at the boundary y = —-R. For starting points {x, y) in the upper half plane outside the
boundary layer we may approximate (2.7) by

ar ar
Xx—+y— =190, 3.9
* ax Y ay (3-9)
lim T(x, y) = 0, (3.9b)
y—>

where the boundary condition is obtained by applying (2.7b) to a boundary y = R
and letting K — . Eqgs. (3.9) are satisfied by
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T = 0. (3.10)

For particles starting in the lower half plane outside the boundary layer we have the
approximation

KT 9Ty (3.113)
dx dy
T(x, -R) = 0. (3.11b)

This is satisfied by
T(x, y) = -In{-y) + In R, (3.12)

which equals the advective travel time to the boundary y = -R. Inside the boundary
layer T is computed from

X + N + xa_n2 = -i(x, n), (3.13a)

where T must match with the outer solutions (3.10) and (3.12) along the character-
istics xy = constant. This leads to the matching conditions

Tx, ) =0 for nm—-o and xn=c¢>0, {3.13b)

T(x,n)--ln(-n)mélnar+1nR for m<< -1 and ¥ =c<0.

(3.13¢)
A particular solution for (3.13a) is easily found
T(x, m) = #x, n) In x. (3.14)
Setting
Tx, M) = T(x, m) + T,(x, M) (3.15)
and introducing new coordinates
T= %xS and ¥ =am, (3.16)
we obtain the following homogeneous initial value problem for the function 7,(t, &)
aT, T,
=2, (3.17a)
gt ace
T00,8)=0 for € >0, (3.17b)

T(0,8)=--Ina, + IR -In(-t) for T<0. (3.17¢)
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This is satisfied by
T8 =1 [ (-llna, +InR - In(-T + 120 ) exp[-r2] .
2 ey
(3.18)

Finally, returning to x, 1-coordinates and using (2.9), we find the expected arrival
time for starting points inside the boundary layer

Tooud® W) = -zlna. + In R + (3.19)

o

- J’ In(-n + ty/2x/3) exp[-t4/2] dt / f exp[-1%/2] dt.
n/V(2x/3) n(2ei3)
We remark that this solution substantially improves the result derived in Van

Herwaarden and Grasman (1991), where in the matching procedure not all terms of
order unity have been taken into account.

4. Arbitrary flow with a stagnation point

In this section we generalize the method used in the previous example for an
arbitrary flow near a separating streamline ending in a stagnation point. The
stagnation point is an interior point of the domain Q. We assume the flow to be
free of sources and sinks and irrotational in R, for which the streamlines leading
towards and away from the stagnation point are perpendicular. For example, in the
case of discharge of water from a well we may take £ as depicted in Figure 3a.
The well is excluded from £ by a circular domain with boundary 9Q,, away from
the separating streamlines. (For €2, the point dencting the position of the well may
be taken.) The solution u(x, y) of the Dirichlet problem (2.4) equals the probability
that a particle released at (x, y) € €2 reaches 9€2 the first time at the part 9Q,. If the
distance of 9€2, to the well is sufficiently large and (x, y) is not near 4S2, then
u(x, y) also equals the probability that a particle released at (x, y) ends in the well.

4.1 Probability of arrival at 5Q,

To analyze the probability x that a particle released at a point near a
separating streamline ending in a stagnation point reaches 42, we introduce new
coordinates p and v. The coordinate p > ( is the coordinate along the separating
streamline and v the one perpendicular to it, see Figure 3b. The stagnation point is
in (p, v) = (0, 0). Let the velocity vector near the separating streamline be given in
new coordinates by

p, v), wip, v)). (4.1)
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(a) (b)

Figure 3. Flow patterns near a well and a stagnation point. (a) Example of a flow
Jield with a stagnation point in the case of discharge of water from a well.
(b) Coordinates p and v along and perpendicular to the separating stream-
line, used for starting points near this streamline.

Along the separating streamline we assume a boundary layer of width O(Va,). For
starting points inside this boundary layer we introduce the local coordinate

N = viva,. 4.2)
Switching from the coordinates p and v to p and m we obtain from (2.4) after
letting a5, a; — 0 the asymptotic approximation
#a
ES
with ii(p, M) to be matched with the outer solutions @ = 0 and @ = 1 along the
characteristics of the advective equation

Yo, 02 + w(p, = - vp, 025 = 0 3)
P m

oi o
wp, vi— + wip, v)— = 0. 4.4
)ap P )av @4

Making use of the relation w, = v, at v = 0 for a flow that is free of sources and
sinks we find the solution

#p, M) = —— f exp[~142] dt (4.52)
2 nq(p)
with
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[ =172
) = [2 [®, 07 1veo, 0>2dr>] : (4.5b)
[

It is noted here that the problem of crossing a separatrix for starting points in
its neighbourhood is also considered by Mangel and Ludwig (1977) and by Mangel
(1979), who obtain comparable results for the probability of arrival by constructing
a formal asymptotic series solution suggested by the analysis of a one-dimensional
version.

4.2 The expected arrival time at 92,

Starting points outside the boundary layer. To find the expected arrival time at
98, we solve problem (2.7) asymptotically. For starting points in €2 outside the
boundary layer and not at the same side of the separating streamline as 982, we may
neglect the dispersion terms. Approximating u by & = 0 we obtain

T = 0. (4.6)

For particles starting in € outside the boundary layer and at the same side of the
separating streamline as §€2; we may neglect the dispersion terms and approximate
u by & = 1, which yields the advective travel time T,,, to the boundary &%, as
solution of (2.7). In particular, we are interested in the behaviour of T, near the
boundary layer. An expression for this behaviour will be needed for matching
purposes. To find this expression we will analyze T,,(p, v} for v close to 0. In the
analysis we also make use of new coordinates o and p near the streamline leading
away from the stagnation point in the direction of 3Q,, see Figure 4. The coordinate
o < 0 is the coordinate along this streamline and p the one perpendicular to it. The
stagnation point is in (o, p) = (0, 0) and the boundary 89, and this streamline
intersect in the point (o, p) = (o, 0). In these coordinates the velocity vector near
this streamline is given by

(@, W), 5(o, W). a.7)
We now divide T, (p, v) into three parts
T.=T,+T,+ T, (4.8)

where T} is the travel time close to the separating streamline, T}, the travel time near
the stagnation point and T the travel time near the streamline leading away from
the stagnation point, see Figure 4, where d and ¢ are close to 0. For -1 << v < 0
and p fixed and letting & | 0, ¢ 1 0 we then obtain

T, (0, V) = ﬁm(—v) + T, (p, 9,) (4.92)

with
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Figure 4. The contributions to the advective travel time T,.(p, ¥v) = T; + Ty + Ty for
small values of v, & and €.

I X P S S
T (p; 0,) = v.(0, 0) In v,(0, 0)p.-o, v -! vp, 0 v 0, 0)p P
a, 1 i 1 _
Hee e o

The boundary layer solution. Inside the boundary layer T is computed from
arT aT 8*T _
wp, 0)— + wip, On— - wp, 0)_2‘ = -a(p, M), (4.102)
ap an o

where T is matched with the outer solutions (4.6) and (4.9a) along the characteris-
tics -mw(p, () = constant of the advective equation. This leads to the conditions

Tp, M) =0 form = o and -Nvp, 0) =c > 0, {4.10b)
Tp, M) = Vp((i % In(-nva,) + T.(p, o)) form << -1 and -np, 0) = c < 0.

(4.10¢c)
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To solve this problem we can make use of the particular solution of (4.10a)

<]
1 ~

T, n) = ~| ————4dp.alp, n), 4.11

o ) jv(p 55 %50, W @11
where y is an integration constant. Setting

I(p, m) = T(p, m) + T,(p, M) (4.12)
we obtain a homogeneous problem for Ty(p, n). Introduction of the new coordinates

]

T = 1[ wp, 0)dp, (4.132)

€= -nvp, 0) (4.13b)
yields for T,(t, €) the following initial value problem

oT, &T,

_— (4.14a)

a2

T(0,D)=0 for T>0, (4.14b)

T(0,0) =g) for T<0 (4.14¢c)
with

1 ta, fo1 1
8@ = In + - _dp +
v, 0) v (0, Oy.-c, ! WP, 0)  v(0, O)p

G,

11 i
+ l’ 0 T8 ds. (4.14d)

This is satisfied by

Tt €) = — J 8 - /21 ) exp[-1¥2]dt. (4.15)
V2m gy

Bringing this solution in p, m-coordinates and using (4.12) we find the solution for

T{p, M). It is noted that by adding T,(p, n) the integration constant y is removed.

Applying (2.9) we finally obtain the boundary layer solution for the expected arrival
time

TondPs M) = ';'(—OIT)ID(JQT) + ng(p, o) +
p I




Spread of pollution by dispersive groundwater flow 17

L
70, 0),

with 7, (p, O;) given by (4.9b) and g(p) by (4.5b). We remark that this solution
only depends on the point of intersection of the boundary 9£2, with the streamline
leading away from the stagnation point, and not on the particular shape of 32, see
o, in (4.16). This may be explained intuitively by noting that starting points inside
the boundary layer are sitvated on streamlines that approach very closely the
streamline leading away from the stagnation point. It is expected that in higher
order approximations more properties of the boundary 4€), are contained.

J’ In(-1 + t/g(p)) exp[-t¥2] dt / J‘ exp[-12]dt  (4.16)
(P} )

A composite expansion of the expected arrival time. For particles released in £ in
the region of advective flow towards 9€2;, we now have found two approximations
for the expected arrival time at 8€2,. For starting points inside the boundary layer
we have the approximation T, given by (4.16). For particles starting outside the
boundary layer we may use the approximation 7,4, that is the advective travel time.
To avoid the difficulty of deciding whether a point is within or outside the bound-
ary layer, we construct a composite expansion which is valid both inside and
outside the boundary layer, see Van Dyke (1975),

Tomp = Lot + Tomns ~ 7T,

<ol match ?

4.17)

where T, is given by the right hand side of Eq. (4.9a). Inside the boundary layer
Toues cancels T,,, so T, reduces to T, outside the boundary layer T,
compensates T\,.e Which results in T, = T4,

5. A well in a uniform backgrouvnd flow

As an example the method developed in the foregoing section will be applied
to analyze the pollution of a well in a uniform 2D-background flow. The complex
potential for the flow field is

wz) =z -In(z + 1), zZ=x+iy. 5.1

The velocity vector of the background flow is (1, 0). The well is located in (-1, 0).
For the velocity components one can derive

dc _ x*+x+y?

vx = E (1 + x)z + yz, (5.2&)
=Y _ -y (5-2b)

R A A
7odt (1 +xP 4yt

The stagnation point is (0, 0) and the separating streamline is given by
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@

Y/
W/

Figure 5. Streamlines for a well in a uniform background flow. The well is excluded
from § by a small circular domain with boundary 3Q,.

= -1+ 2. 53
x Y (5.3)

For particles released inside the stream domain of the well the advective travel time
to the well is given by

T, 6= - (2 -x-1)-x-1, (54)
sin y tan y

see Van der Hoek (1992). We consider the region £, which is the x, y-plane from
which we have excluded an arbitrarily small circular domain with boundary 8Q,
containing the well, see Figure 5. Because of the symmetry we can restrict our
analysis to the upper half plane y = 0. A point (x, y) of the separating streamline
corresponds in p, v-coordinates with (p, 0), where

y

p=| (1+( - )’)‘”dﬁ 55)

A tan ¥ sin®y

We first consider the probability #(p, n) that a particle starting in a point
{p, n) of Q ends in the well. It is given by Egs. (4.5). Using (5.5) it is possible to
express g(p) in (4.5b) as a function of y. We obtain
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y -1/2
q(p) = [2 jQ(y‘)R(Y’)dﬁ/Q(v)) , (5.6a)
where
w2 11 2
Q@) = sin y(l + (; — y)) (5.6b)
and
_ 1 _ y 2 1/2
Ro) = (1 *( tany  sin® y)) ' (5:69)

For a particle starting in a point (p, n) of the boundary layer the expected
arrival time T, .4(p, ) at the well is given by Eq. (4.16) with o, = -1. It is
possible to express T ...(p, M) as a function of y and 1. We obtain

1 1 =2
Tra, M) = 310 0 - 22 - ;m(l G m—y)) +

- J’ In(-n + t/q(p)) exp[-+3/2] dt / f exp[-£2}dt.  (5.7)
na(p) ne«p)
This boundary layer solution may be used to construct a composite expansion T,

according to (4.17), which is valid in the stream domain of the well both inside and
outside the boundary layer. We obtain

Tomp = Toay = 510 a; + 1n(-v) +

- f In(-m + tig(p))exp[-t¥/2] dt / f exp[-13/2] dt. (5.8)
n49(p) n4(p}

For the region outside the stream domain of the well we may use the boundary
layer solution (5.7) as an approximation of the expected arrival time both inside and
outside the boundary layer.

6. The random walk model

In this section we will compare the results of random walk simulations for
the probability of arrival and the expected arrival time at a particular boundary 952,
with the analytical approximations derived in the foregoing sections. The position
(X, Y(1)) of a particle for which the probability density function p(x, y, ) of
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section 2 applies, satisfies the system of stochastic differential equations of Ito type

d ] v, v
X = (v, + ED"" + 5;'_)Jw)dt + y2a,v deL + y2av _vldwr, (6.12)

: a8 d 4 v,
dy = (v, + ED"’ + .é_).’.D”)dt + \/ 2av T’dWL - y2ay -v_dWT’ (6.1b)

where Wi{#) and W;(¢) are independent Wiener processes. From these equations a
system of stochastic difference equations can be derived. In Table 1 we give the
results from N = 1000 simulations at different starting points (X(0), ¥Y(0)) for the
symmetric flow problem of section 3. These results are compared with the probabil-
ities of arrival at the boundary y = -R obtained from the asymptotic approximation
(3.8) and with the expected arrival times obtained from (3.19). We remark that in
this special case the composite expansion T, of (4.17) equals the boundary layer
solution 7,4 of (3.19).

In Figures 6 and 7 we present simulation results for a well in a uniform
background flow. On the separating streamline the point C with coordinates (p, v) =
(2,958, 0) is considered, corresponding with (x, ¥) = (-1.915, 2). For a number of
starting points on the normal on the separating streamline through C a Monte Carlo
simulation run (¥ = 2000) has been made. In this way an approximation has been
found for the fraction of particles that reaches the well. In Figure 6 this fraction is
compared with the asymptotic approximation for the probability of arrival at the
well given by (4.5) and (5.6).

The simulation results for the expected arrival time at the well are presented
in Figures 7. In Figure 7a they are compared with values of the boundary layer
selution 7., given by Eq. (5.7) and the advective travel time T, given by Eq.
(5.4), which approximates the expected arrival time in the stream domain of the
well outside the boundary layer. In Figure 7b these simulation results are compared
with values of the composite expansion T, given by (5.8) for starting points
inside the stream domain of the well, and again with values of T, ,, outside this
domain. For increasing v > 0 the simulation results are based on a decreasing
number of particles that arrive at the well. Therefore the error in these results
increases. It is noted that outside the boundary layer T,,, and T, do not differ
much (see Figure 7a). This is due to the regular structure of the uniform back-
ground flow. It is expected that for irregular flow patterns this will not be the case.
Then the composite formula is indispensable for making an accurate approximation.
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Table 1.

Figure 6.

The probability of arrival u and the expected arrival time T at the boundary
y = -R with R = 2 for the symmetric flow problem of section 3. The values
of Uy, and T, have been obtained from N = 1000 simulations at each
starting point (x, y) with x = 4; a, = 125 and a, = .05. The asympiotic
approximations u.... and T .. have been computed from (3.8) and (3.19).

y

Usima  Hauympt

Taimul

T,

asympt
0.4 A3 .14 2.84 284
0.3 24 21 263 273
0.2 30 .29 2359 260
0.1 42 .39 244 247
0 51 50 235 232
=01 62 .61 220 217
-0.2 JgJo 7 201 201
-0.3 80 .79 1.84 184
-04 87 86 166  1.67
1.0 ; X,
x
\\
X
\
N
\
\X
]
3 \
N
N
A
x
N
2 1 Ny
N
1 ~x
"~
12 -06 06 12 v—

The probability of arrival at a well in a uniform background flow from
N = 2000 simulations at each point (p, v) with p = 2.958 (x); a; = .001 and
a, = .01. The asympiotic approximation (~-) has been calculated from (4.5)

and (5.6).
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Figure 7,

~72 -36 -12 0 .2 v—

(@

12 -36 20 a2z v—
&)

The expected arrival time at a well in a uniform background Jlow from
N = 2000 simulations at each point (p, v} with p = 2.958; a, = .001 and
a, = .01. Simulation resuits are compared with the asympiotic approxima-
tion Tyong, the advective travel time T, and the composite expansion y -
calculated from (5.7), (5.4) and (5.8), respectively. (a) Stmulatzon
resulls (x) compared with T, (—) and T, (—-). (b) Simulation results (x)
compared with T, (_} and T, ., (--).
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7. Conclusions

In this paper we have analyzed the dispersion problem by solving
asymptotically a Fokker-Planck equation. The advective flow yields a first order
approximation. In addition inside a boundary layer dispersion has been taken into
account. For a flow field with a stagnation point a formula has been derived for the
probability that a particle reaches a particular boundary, see Egs. (4.5). Also for
starting points inside the boundary layer an expression has been derived for the
expected artival time T, at the boundary, see Eq. (4.16). It is emphasized that
this sclution only depends on the point of intersection of the boundary with the
streamline leading away from the stagnation point, and not on the particular shape
of the boundary. The formula for T,,, may be used to construct a composite
expansion T, which is valid in the entire region of advective flow towards the
boundary, see Eq. (4.17).

For the example of a well in a uniform background flow Figures 6 and 7
show that there is a good correspondence between the simulation results obtained
by the random walk method and the values of the asymptotic approximations for
the probability of arrival at the well and the expected arrival time. For the symmet-
ric flow problem of section 3 the simulation results are also in accordance with the
asymptotic approximations, see Table 1. We note that in this example T,,,, equals
Touse- The advantage of the method we have presented above, e.g., the random walk
method is that the boundary layer structure is taken as starting point and that
analytical expressions are obtained. From Egs. (4.5) one can construct confidence
domains where, e.g., 5% or less of the released pollution reaches the boundary of
the protected zone.

The model described in this study may be extended to include loss of
contamination by, for example, adsorption or radioactive decay, see Van Kooten
(1994), who also considers the total flux of the polluting particles at the well. For
the calculation of such a flux, see also Naeh et al. (1990).

Finally, it is noted that also for numerically obtained advective flow patterns
the asymptotic solutions for the probability of arrival and the expected arrival time
are given by the formulas (4.5) and (4.16), which can be computed by numerical
integration. For that purpose only the velocity along the separating streamline has to
be taken into account.
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Chapter 3

Stochastic epidemics: major outbreaks and the duration of
the endemic period

Abstract

A study is made of a two-dimensional stochastic system that models the
spread of an infectious disease in a population. An asymptotic expression is derived
for the probability that a major outbreak of the disease will occur in case the
number of infectives is small. For the case that a major outbreak has occurred, an
asymptotic approximation is derived for the expected time that the disease is in the
population. The analytical expressions are obtained by asymptotically solving
Dirichlet problems based on the Fokker-Planck equation for the stochastic system.
Results of numerical calculations for the analytical expressions are compared with
simulation results.

1. Introduction

In this study we consider a two-dimensional stochastic system that arises in
epidemioclogy. It is a model for the spread of an infectious disease in which the
population is divided in three classes: susceptibles, infectives and removed. We
consider the case where in the corresponding deterministic system the disease
becomes endemic. In the stochastic system the disease can disappear from the
population because of stochastic fluctuations. With probability one this will happen
within a finite time. In this paper we are interested in answering the following
questions. If there are one or a few infectives in the population, what is the

'By O.A. van Herwaarden and J. Grasman. Published (in slightly abridged form) in:
Journal of Mathematical Biology, 33 (1995), pp. 581-601
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probability that a major outbreak of the disease will occur? And given that a major
outbreak of the disease has occurred, what is the expected extinction time of the
disease?

In the literature various stochastically perturbed dynamical systems with a
stable deterministic equilibrium have been described for the case that the stochastic
fluctuations are small. References are given in the introduction of Roozen (1989). In
that paper a two-dimensional stochastic system from population dynamics is treated.
The diffusion matrix of that system becomes singular at the boundary of the region
under consideration. There, the normal components of the diffusion and the drift
vanish linearly with the distance to the boundary. In our study the methods used in
Roozen (1989) are applied to derive asymptotic expressions for the probability that
a major outbreak of the disease will occur, and for the expected extinction time in
case it has occurred. In our system the normal components of the diffusion also
vanish at the boundary. It differs from the system described in Roozen (1989) at the
following points: the diffusion matrix is nondiagonal and, moreover, at part of the
boundary the deterministic vector field enters the region under consideration. It also
turns out that the method cannot be applied to every stochastic population problem
with a stable deterministic equilibrium.

In section 2 we describe the stochastic system, formulate the corresponding
Fokker-Planck (or Kolmogorov) equations and analyze their use in exit problems. In
section 3 a boundary value problem is formulated and solved asymptotically for the
probability that a major outbreak of the disease will take place in case the initial
number of infectives is small. Moreover, for the probability of a major outbreak a
discrete approximation is given. In section 4 we formulate a boundary value
problem. Its asymptotic solution forms an approximation of the expected extinction
time of the disease in case a full epidemic has developed. In section 5 the analytical
expressions are compared with results obtained by random walk simulations.

2. The stochastic model and the Fokker-Planck equations
2.1 The deterministic model

In the epidemic model of this study, the population is divided in three
classes: susceptibles, infectives and removed. The sizes of these classes are S, I and
R, tespectively. In the deterministic version of the model (see, e.g., Edelstein-Keshet
(1988)), it is assumed that the rate of transition from susceptibles to infectives is
proportional with § and 7 with transmission rate constant p. The rate of transition
from infectives to removed is proportional with I with rate constant y, and renewal
takes place with rate constant p. The size of the total population is constant:
N =8 + I+ R. Our asymptotic analysis is based on the assumption that ¥ is a large
parameter. See Figure 1 for a diagram of this model. We write
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N ps7 174

—— s I R

Al

Figure 1. Subdivision of the total population (N) inio three classes: susceptibles (S),
infectives (I) and removed (R). Transitions and renewal take place with rate
constants B = B/N, y and .

R

B
= I 2.1
P=F5 @1
and assume P, y and p to be of order O(1), where O(.) denotes the order symbol
introduced by Landau. Thus, we compare the size of these three parameters with the
large parameter N and fix them while increasing N indefinitely.
The dynamics of the deterministic system is, therefore, given by

dS _ v _ Bo

S=u - Loy, (2.20)
dl _ B

= TSy, (2.2b)
% =y - uR. (2.2¢)

From these equatioms, it is easily seen that the total population N is constant,
indeed. We can, therefore, eliminate one vatiable, say R, and restrict our attention to

the Eqs. (2.2a) and (2.2b) in the two unknowns § and [I. Introducing the scaled
population sizes

S I
x = A X, = N 23)
and a new time scale by substituting ¢ for uf, we obtain
dxl
— - 1 - xxpx, - x, (2.4a)
de
— =(xx, -v - 1), (2.4b)
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where x and v are dimensionless parameters

k=L, -1 @5)
N M

We now consider the state space D with

D = {(xi, x) | x;, > 0, x, > 0}. (2.6)

It is noted that at the boundary x, = 0 the deterministic vector field enters the region
D, and that at the boundary x, = 0 the normal component of the deterministic vector
field vanishes. The system (2.4), in which the number of parameters has been
reduced to two, has two equilibria:

v +1 1
XK v+l

- 1

P=(L0), P=(%)=( - o) @7
In this study, we are interested in values of the (positive) parameters x and v for
which the critical point P, is situated in the first quadrant, that is, we assume

K>v+l 2.8)

By this assumption, P, is a saddle point and P, is a stable equilibrium. Depending
on the values of x and v, the stable steady point P, is a node, an improper node or
a focus. This means for the deterministic model, that, once the number of infectives
is not equal to 0, the state of the population will develop towards this steady state
and the disease will not die out. We remark that for the unscaled populations S and
I the critical points P, and P, correspond with the equilibria

@, 0), (-Y—Es—". Y—'i-NF - %)- (2.92,0)

2.2 The stochastic model

In this subsection a stochastic model is introduced corresponding with the
deterministic model described above. In this model we consider deterministic
inflow, as above, but the outflow and other transitions are considered to be
stochastic. To be precise, we assume that in the small time interval (¢, { + A §
decreases by one and [ increases by one because of a transition from the suscept-
ibles to the infectives with probability fSIA¢. Furthermore, in the small time interval
of length At, I decreases by one because of a transition from the infectives to the
removed with probability y/Az, and because of cutflow of an individual the sizes of
the classes S and I decrease independently by one with probability wSAr and pfAs,
respectively. The probability of more than one transition is of order O((Af)%), and is
neglected for small Ar. The deterministic inflow into the class of susceptibles in the
time interval Az is WNAt with N fixed. We remark that in this stochastic model the
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parameter N takes a slightly different role: it is the size of the population if the
disease is absent. Moreover, it is remarked that the method we use cannot be
applied to a system with deterministic outflow pSAz In that case the type of
singularity of the probability density function in (N, 0) is such that the divergence
theorem does not hold for that function.

Introducing again the scaled population sizes (2.3), and using (2.1), we
obtain the following transition probabilities in the small time interval As:

BNxx,At  for the transition x, = x, - I/N, x,—>x, + I/N,

YNx,At for the transition  x, = x, ~ 1/N, because of removal,
pNx,At  for the transition x; = x; — 1/N, because of outflow,
pNx AL for the transition x, — x, — 1/N, because of outflow.

This yields for the first moments of the changes of x, and x, over the time interval
At

E(Ax) = pAt - %Bleszt - % 1N, AL, (2.10a)

1 1 1
E(Ax) = W_Bleszt - S WNKAL - S uNcAL, (2.10b)

and for the second moments

14 1

E((Ax)) = (pAs) + Fﬁleszt + Fpmclm, (2.11a)
1 1 1

E((Ax?) = Fﬁlesz: + _&_znyzAt + Tv_zuNx’N' (2.11b)

We observe that the variances of Ax, and Ax, equal the second moments up to
O((A?). So the stochastic process is approximated by the system of stochastic
differential equations of Ito type

dx, = (u - P, - weddr - P, /N dW, - Jux /N aW,, (2.122)

dr, = (fxx, - yx, - we)dr + Bxx, /N dW, - \fyx /N dW, - ux /N dW,

(2.12b)
with dW, the increments of the independent Wiener processes W(¢), i =1, ... , 4.
From these equations we can obtain the forward Fokker-Planck (or forward
Kolmogorov) equation, which is a differential equation for the probability density
function p(x,, x, f) of finding the system in state (x,, x;) at time ¢t. The Fokker-
Planck equation that corresponds with the system of stochastic differential equations
of Ito type
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dx = b(x)dt + 3(X)dW(2), (2.13)
is given by

Py 3G+l & @ 2.14

> .- ax,.( P) + 5 x Bx‘.axj(a"jp)’ (2.14)
where

a; = (83", (2.15)

see, e.g., Gardiner (1983). Here &' denotes the transpose of &. Writing (2.12) in the
form (2.13) with x and b(x) vectors in R? W(¢) a 4-dimensional Wiener process and
3(x) a 2x4 matrix, we obtain the forward Fokker-Planck equation

gp _ _ @ - Brx - Y T
=5 - Fx_l{(“ frx, - ux,)p} a—xz{(ﬁxl Yo upt v (216)

1,8 P &
+ ﬁ[gf{(ﬂxz + W, p} ZW(&M’) + :’E{(ﬁxl + ¥ + p,phl.

1

Introducing again the new time scale ¢ instead of pf and the dimensionless parame-
ters (2.5), we obtain the forward Fokker-Planck equation

P oo Mpu-% 2 iboopt+ L B tacop), @17)
3t =1 ox, ' 2N i Ox,0x; Y

where the elements a; of the diffusion matrix are given by

ay =K+ 1), ap=ay=-xxx, ap=(q+v+x, (2.18)
and the elements b; of the drift vector by

by=1-wxx,~x, by=(@x-v-1)n, (2.19)
corresponding with the associated deterministic system (2.4).
23 The boundary value problems

Related to the forward operator M in (2.17) is the backward operator L,
which is the formal adjoint of M. It plays an important role in exit problems. Let us
consider a domain £ with boundary 4 and let 7(%, x) be the probability density
function for the state of leaving € the first time at & € 3£, if starting in x € Q.

Then between the stationary backward Fokker-Planck (or backward Kolmogerov)
equation
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o ou 1 ¢ u
O=LumXb(x)— +_— X ax)—— in Q (2.202)
i=1 ox, 2N ip * aix, o,
with boundary condition
u(x) = h(x) at aQ, (2.20b)
and r(#, x) the following relation exists
u(r) = [ s, b ds, (221)
0

see Schuss (1980). If the boundary 9Q is composed of two disjoint parts 9€2, and
992, this information can be employed to calculate the probability that the state
reaches 9€2 the first time at the part 982,, if starting in x &€ . This probability u(x)
is given by Eq. (2.21) if A = 1 at 8€}, and h = 0 at 9Q,. Therefore, u(x) satisfies the
Dirichlet problem

Lu=0 in (2.22a)
u=0 at 9Q, u=1 at Q. (2.22b)

Eqs. (2.22) will be used in section 3 to formulate a boundary value problem for the
probability that a major outbreak of the disease will occur in case the number of
infectives is small. The backward operator L can also be used to determine the
expected time T(x) for the state to leave the domain € with boundary 4<, if starting
in x € Q. This expected exit time satisfies

IT=-1 in Q, (2.23a)
T=0 at a9, (2.23b)

see Schuss (1980). Eq. (2.23a) is the Dynkin equation. The Dirichlet problem (2.23)
will be used in section 4 to determine the expected extinction time in case the
number of infectives in the population is not small anymore.

3. The probability of a major outbreak

In this section we formulate a Dirichlet problem that answers the question
about the probability of a major outbreak of the disease, if initially there is a small
number of infectives. In the deterministic model described above a major outbreak
of the disease definitely occurs and the disease becomes endemic as soon as there is
at least one infective. In the stochastic model the disease may disappear from the
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population before a full epidemic develops. In this section we derive an asymptotic
expression, for large N, for the probability that a major outbreak of the disease does
not occur in case the number of infectives is small. For that purpose we consider
the domain

v +1

Q={{x,x)|x > , %, > 0} G.1)
and the Dirichlet problem

Lu=0 in Q (3.2a)

u=1l at x,=0, u=0 at x;=(v+ 1)k (3.2b)

with the elliptic operator L defined in (2.20a). The solution #(x) of (3.2) equals the
probability that the state of the system reaches the boundary 952 the first time at the
part 88};: x; = 0, if starting in x E Q. If x € Q is close to x; = 0 (and not near
x; = (v + 1)), then u(x) also equals the probability that an epidemic does not
develop for a small initial number of infectives. In particular, we are interested in
u(x) for x close to the saddle point P,(1, 0) of the deterministic system, correspon-
ding with a population in which the infection has just been introduced. Because of
the direction of the characteristics of the deterministic vector field and because of N
being large, we expect 4 to change rapidly from 1 to about 0 in a small region
along the x,-axis. Therefore, a boundary layer is expected to be present at this
place. From boundary layer theory (see Kevorkian and Cole (1981)) it is concluded
that there is a boundary layer of width O(1/N) along the x,-axis. Inside this bound-
ary layer another boundary layer region of width O(1/N"*)xO(1/N) is contained near
the critical point P, of the deterministic system; see Figure 2. In our analysis we
exclude a small region near the point ((v + 1)/, 0). Tt requires a separate
asymptotic analysis, which is not important for the problem we presently address.

To solve problem (3.2) in the outer region we may neglect the diffusion
terms and approximate (3.2a) by the equation with drift terms only:

% b3 = o, (3.3a)

i=1 ox,

e=0 at x =(v+1)k, (3.3b)
which has the solution

u(x) = 0. (3.4

Inside the boundary layer near P, we introduce the stretched coordinates

E=(x, - YN, m=Nx, : (3.5
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|
X, Q
P
=0 O(I/N'?)
I I A1 lon)
0 (v+l)x u=1 1 X, =

Figure 2. Boundary layer regions for the Dirichiet problem (3.2), used to determine
the probability that a major outbreak of the disease will not occur.

Substitution of (3.5) in (3.2) yields for N — «

2
Su 1B ey em®% o0, (e
2 6112

Ea_§+(lc v l)nan o=

with the boundary condition
uEm=1 at n=0 (3.6b)
and the matching condition with the outer solution (3.4)

Iim (&, n) = 0. (3.6c)

n—+o

Separation of variables leads to the boundary layer solution

u(€, n) = exp[-om] (3.72)
with

_2c-v - 1)

@S -,
k +v +1)

(3.7b)

see Roozen (1989), where an analogous problem is solved. Inside the boundary
layer along the x,-axis, not near P,, we introduce the stretched coordinate

n = Nx,. (3.8)

Substitution in (3.2) yields for N — o
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du du | 1 8%u
1l -x)— +(kx, -v-1m—+_(xx, +v + I m—— =0, 3.9a
(-t + (e Mo+ 30 "y (3.92)
with the boundary condition

ux,M=1 at n=0 (3.9b)
The matching condition with the outer solution (3.4) is

lim u(x, ) = 0. (3.9¢c)

'rI—DQ

Substitution of the similarity solution

u(x,, n) = exp[-¢(x, ] (3.10)
in (3.9a) yields
(L -x)p" + (o, = v - 1) - —(cx, +v + 197 = 0. (3.11)

Dividing this equation by ¢* we obtain a linear differential equation in 1/¢, which
can be solved by the method of variation of constants. The solution of this first
order differential equation contains an integration constant, which we determine by
matching (3.10) with the solution (3.7) near P,, that is by the condition

lim ¢(r) = 2X -V - D

o ol 3.12
x—+1 ('I( + v + 1) ( )
In this way we obtain
A1 - x)e™
ox) = — - (3.13)

f (ks + v + D{(L - YL - x)}* """ %e™ds

&

We note that the sclution (3.7) in the boundary layer region near P, is contained in
the solution (3.10), because of the relation (3.12). Therefore, the asymptotic solution
(3.10) is valid in the boundary layer along the x -axis, the neighbourhcod of P,
included. For the probability U(S,, I;) that a major outbreak of the disease will not
oceur, we now obtain from (3.10) the asymptotic approximation in the original
population variables

UGS, 1,) ~ exp[-$(S,/N),] (3.14)

where S, and I, are the initial numbers of susceptibles and infectives, respectively,
with I, small and §, larger than and not close to (y + pny/p.
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We remark that, for large values of N and S, »>> (y + pw)/p, we can find
another approximation for this probability, using the discrete instead of the continu-
ous model. Assuming that, for sufficiently large S,, we can take § initially constant,
we consider the probabilities p and g that I decreases and increases, respectively, by
one individual. Using the transition probabilities given in subsection 2.2, we obtain

arwr o B (3.15)
BS, + v+ py (BS, + v + il

so p and g are independent of 7. This process can be compared with a linear birth
and death process with an absorbing state for I = 0; see, e.g., Karlin (1966) or Goel
and Richter-Dyn (1974), who also refer to Kendall (1956) for the result (3.17),
(3.19) below. For the probability R(J,) of extinction of the disease we find the rela-
tion

p:

R(ly) = pR{I, - 1) + qR(I, + 1), (3.16)

which is a linear second order difference equation in I, with constant coefficients.
Its solution is

Pk
RQ) = A(—é) + B, (3.17)

where the relation ¢ = 1 - p has been used. The coefficients A and B are determ-
ined by the conditions

ROy =1, lim R{) = 0. (3.18)
o
Using p < g for S, > (y + n)/p, we obtain
A=1, B=0 3.19)

Assuming that, for small values of [, the extinction probability R(I;) of the disease
approximates the probability U(S,, {,) that 2 major outbreak of the disease will not
oceur, we find the approximation

U, 1) ~ & I;S By for S, 5> (v + wB. (3.20)

]

4, The expected extinction time

In this section we derive an asymptotic expression for the expected extinction
time of the disease in the stochastic model for large values of N. In particular, we
are interested in the expected extinction time for initial states in the neighbourhood
of the stable equilibrium of the corresponding deterministic system, i.e., after a
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major outbreak of the disease has occurred and the disease has become endemic. In
subsection 4.1 we asymptotically solve the Dirichlet problem (2.23) for the expected
exit time. The solution contains an unknown constant. This constant is determined
by solving the forward Fokker-Planck equation for the probability density function
of the quasi-stationary state of the system in subsection 4.2, and applying its sol-
ution in the divergence theorem in subsection 4.3.

4.1 The backward equation

We consider the state space D with D = {(x,, x,) | x,, x, > 0}. For starting
points x € D, we study the expected exit time 7(x) at the exit boundary x, = 0. We
assume T(x) to be of the form

T(x) = CN)T(x) (4.1)

with C(N) exponentially large. Substitution of (4.1) in the backward Fokker-Planck
equation (2.23a) with L defined in (2.20a) yields for N — < the reduced equation

i‘. b_.(x)%f = 0. (4.2)

This equation is satisfied by a constant, that we can take 1 (any other constant can
be taken up in C(N)):

T(x) = 1, (4.3a)

corresponding with

T(x) = CN). (4.3b)

This is the outer sclution, valid away from x, = (. We can explain this solution as
follows. For a starting peint x, away from x, = 0, we expect the state of the system
to approach first the stable equilibrivm and next to circle in the neighbourhood of it
for a long time. Large excursions from this equilibrium take place with small prob-
abilities. Exit of the state at x, = 0 occurs during such an excursion and is indepen-
dent of the starting point x.

Boundary layer analysis reveals the existence of a boundary layer of width
O(1/N} along the x,-axis, in which is contained a boundary layer region of width
O(1/N'"*)xO(1/N) near the saddle point P(1, 0) of the deterministic system; see
Figure 3. Inside the boundary layer region near P, we introduce the stretched
coordinates £ and n, given by (3.5). Substitution of these coordinates and (4.1) into
(2.23a) yields for N — o
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O(1/N'?)
1 Y . P, O(IIN)
0 1 Xy —

Figure 3. Boundary layer regions used for the determination of the expected exit time
T(x) at the boundary x, = 0. The (dashed) line x, =0 with 0 <d << 1/N is
used in the divergence theorem in subsection 4.3.
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The boundary condition (2.23b), T(x) = 0, at the exit boundary x, = 0 leads to

(4.42)

TE =0 at n=0, (4.4b)

and matching with the outer selution (4.3a) requires that the following matching
condition is satisfied

lim 7, ) = 1. (44¢)

With T replaced by 1 - u, these equations are similar to the Egs. (3.6). We thus
obtain the solution

TE, ) = 1 - exp[-am], (4.52)
corresponding with

T(x,, x,) = C(N)(1 - exp[-aNx,]) (4.5b)
with a given by (3.7b). Inside the boundary layer along the x,-axis, not near P,, we

introduce the stretched coordinate m, given by (3.8). Substituting this coordinate and
(4.1) into (2.23a), we obtain for N = o
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(A - x)e + e, - v - l)n—g% + 1o, +v e l)n%f =0, (460)
1

with the condition at the exit boundary
T(x,m)=0 at =0 (4.6b)

and the matching conditions with the outer solution (4.3a) and the boundary layer
solution (4.5a) near P,, respectively,

lim T(x, n) = 1, {4.6¢c)
“—PN
lim T(x, m) = 1 - exp[-om]. (4.6d)

In section 3 this problem is solved with T replaced by 1 - u. We obtain the bound-
ary layer solution

T, m) = 1 - exp[-9(xm] 4.7
with ¢(x,) given by (3.13). We note that the solution (4.5a) in the boundary layer

region near P, is contained in (4.7). Therefore, summarizing (4.1), (4.5a) and (4.7),
we have the expression for the expected exit time

T(x), x,) = CIN)(1 - exp[-¢(x,)Nx,]} (4.8)

valid in the boundary layer along the x,-axis, the neighbourhood of P, included. The
subsections 4.2 and 4.3 concern the determination of the unknown constant C(N).

4.2 The forward equation
In this subsection we analyze the forward Fokker-Planck equation
Mp=0 (4.9

with the elliptic operator M defined by (2.17). A solution p(x) of this equation will
be used in the divergence theorem in subsection 4.3. The function p(x) we choose
approximates, if appropriately scaled, the quasi-stationary distribution away from
the boundary. With the quasi-stationary probability distribution we mean the dis-
tribution given the system has not reached the boundary of D.
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The WKB-approximation. For the function p(x) we use a WKB-approximation, see
Ludwig (1975),

P, %) = Wi, %)exp[-NQ(, 1)) (4.108)

for large values of N. The positive functions Q(x;, x;) and w(x,, x,) satisfy the fol-
lowing conditions in the stable equilibrium P, of the deterministic system:

Qx,, ) = 0, (4.10b)
w(E, &) = 1, (4.10¢)

where %, and %, are the coordinates of P,, see (2.7). Since P, is the most likely
place for the state to be found, ¢ should have a minimum in P, Substituting the
WKB-approximation into (4.9) and rearranging the terms, we obtain to leading
order O(N) the equation

> b(x)_ + 1T a2 90 30 _ 4.11)
=t X, Wt X, ax
which compares to the eikonal equation of the ray theory in optics. Next the terms
of order O(N") constitute the transport equation

2

> ._{b(x)w} + B ["Q 8 {a (oW} + lafx )w ] 0. (412)

=1 - ij=1 ;

The eikonal equation is a Ham11ton~Jacob| equation and can be written in the form

H(x, x,, p, p,) = E bp, + = E a,p,p; = 0 (4.13)
with
p = (4.14)
ax;

and Hamiltonian H. The corresponding system of ordinary differential equations is
(see, e.g., Courant and Hilbert (1962))

dx; oH

—_= b + E a.p., 4.15a
" o, P (4.15a)
dp, oH 2, ob, 2

—_—=-—=-X p E s 4.15b
ds ax, i1 ox, p =1 p iPr ( )

where 5 is a parameter along the characteristics. For the rate of change of O with s
we have
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a _ _ A
s H(x, p) + E EP; =3 i,‘fl a.p.p; (= 0). (4.15¢)

The projections of the characteristics on the x,x,-space are called rays. The Eqs.
(4.15) are called the ray equations. From Egs. (4.15a), (4.15b) it is seen that the
state variables x and p do not depend on Q. The dynamical system (4.15a), (4.15b)
for the state (x,, x,, Py, P,) has an equilibrium

v +1 1 1
’ -—’O’O. 4.16
K v +1 K ) ( )

(

The projection of this equilibrium on the x,,x,-space coincides with the stable equi-
librium P, of the deterministic system. The rays can be interpreted as paths of
maximum likelihood jeining P, with points of the x ,x,-space, see Ludwig {1975). It
is noted that two other equilibria of the dynamical system (4.15a), (4.15b) are given
by

(1,0,0,0) and (1, 0,0, -0) (4.17a,b)

with o given by (3.7b). The projections of these equilibria on the x,x,-space
coincide with the saddle point P, of the deterministic system.

Local analysis near the stable equilibrium. Since the function Q(x,, x,) has a mini-
mum in the stable equilibrium P, of the deterministic system, its first order deriva-

tives p, and p, vanish in P,. Therefore, we can approximate Q(x,, x,) in the neigh-
bourhood of P, by the quadratic form

2
Ox,, x,) =~ %,E; Cy(x; - Z)x; - %), (4.18)

see also {4.10b). In this formula %, and £, are the coordinates of P,, the coefficients
C; are the elements of a symmetric matrix C. Differentiation of (4.18) yields the
approximation for p,

2
P - El C,x; - £). (4.19)

Values for C; are obtained as follows. In the neighbourhood of P, the drift vector
may be approximated by

2
b, =~ ,El B,x, - £), (4.202)

where the elements B;; of the matrix B are given by
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ab.
st = (%, %), (4.20b)
ox,

]

and the elements a; of the diffusion matrix may be approximated by their values in
P 2

a; =~ afi,, i,). {4.21)

The a,(%,, %) are the elements of a symmetric matrix A. Substituting the approxima-
tions (4.19), (4.20) and (4.21) into the eikonal equation (4.11) and setting the coeffi-
cients of the products (x; - £)(x; - %) equal to zero, we obtain the matrix equation

CAC + CB + B'C = 0, (4.22)

where we used the symmetry of A and C and introduced BT denoting the transpose
of matrix B. Left and right multiplication of (4.22) by the inverse G = C! yields

A+BG+GB"=0. (4.23)

This matrix equation can be seen as a system of linear equations in the elements of
the matrix G. Solving this system and inverting G yields the elements C;; of matrix
C. It can easily be verified that these two operations can be carried out, indeed.
From this local analysis near P, initial values for Q, p, and p, may be
obtained in case a numerical solution of the ray equations is desired. We note that,
since p; and p, vanish in P,, the rays cannot be chosen to emanate from P,. Instead,
the starting points of the rays (for s = 0) are chosen in a small neighbourhood of P,.
From Eq. (4.15¢) it is seen, that the function 0 is nondecreasing along each ray.

The boundary x, = 0. To determine the behaviour of Q(x,, x;) in the neighbour-
hood of the boundary x, = 0, we substitute the expansion for small x,

O, 1) = Ofx) + Qx)%, + 20,5 + . (4.24)

into the eikonal equation (4.11). Rearranging terms and setting the coefficient of x)
equal to zero we obtain

dQ, 1

— =201 - = 4.25
with solution

0O4(x,) = 2x, — 2In x, + constant. (4.26)

From these equations we infer that the only extremum of the function Q(x,, x,)
along the boundary x, = 0 is a minimum for x, = 1, that is in the saddle point of the
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deterministic system P,(1, 0). Therefore, along the x,-axis the probability density
function p, given by (4.10a), is peaked at x, = 1, as is expected from a physical
point of view. Asymptotically for N — oo, exit at the boundary x, = 0 takes place
near the point P,. The solution is in agreement with the solution of a one-dimen-
sional variant of our model (x, = 0) that can be calculated explicitly, using the posi-
tivity of the probability density function for x, > 0. We note, that substitution of
(4.24) into (4.11) also admits the relation dQy/dx, = 0, yielding Q,(x,) = constant.
This solution does not lead to a probability density function that is in agreement
with the one-dimensional variant and is, therefore, discarded.

Local analysis near the saddle point. To determine the behaviour of the WKB-
approximation (4.10a) in the neighbourhood of the saddle point P,, we substitute the
expansion for small values of (x;, - 1) and x,

Qx, x,) =0+ Q)(x, - 1)+ Qyx, + %Q:‘(xl - 172+ ... 4.27)

into the eikonal equation (4.11). Rearranging terms and setting the coefficients of
the powers of (x;, — 1) and x, equal to zero, leads to

0,=0, Q=-0 Q=2 | .28)

with a given by (3.7b). This expansion for @(x,, x,) near P, is in accordance with
the expansion (4.24) along the x,-axis with Q(x) given by (4.26), which can be
seen by expanding (4.26) in a Taylor series around x, = 1

Qu(x) =2 + (x, = 1) + .... + constant. (4.29)

The expansion (4.27), (4.28) corresponds with the equilibrium (1, 0, 0, —a), see
{4.17b), of the system (4.15a), (4.15b) of ray equations for the state (x,, x,, p;, p,).
It is noted, that substitution of (4.27) into (4.11) also admits the values ¢, = 0 and
0, = 0. The solution @5 = 0 is omitted, because it does not agree with O(x,), see
(4.29). The solution O, = 0 corresponds with the equilibrium (1, G, 0, 0) of the
system (4.15a), (4.15b), see (4.17a). In numerically solving this system for starting
points in the neighbourhood of the stable equilibrium P,, as described above, the
equilibrium (4.17b) is attained, and not the equilibrium (4.17a). Therefore, the sol-
ution Q, = 0 is discarded. We note that the numerical solution of the ray equations
yields the value of @, = Q(1, 0), that is undetermined by the substitution of (4.27)
into (4.11).

We next study the transport function w near the saddle point P,(1, 0). Intro-
duction of the stretched coordinates € and v, given by (3.5), yields for N —

2@ - -V - D ew) + -ggﬁ P ey s l)aa—:,(np) - 0,

(4.30)
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which is satisfied by

const.

p= exp[-E® + on]. (4.31)
The exponential function in this solution is in agreement with the leading order part
of the WKB-approximation near P,, which is given by {4.10a) with the expansion
(4.27), (4.28) for O(x,, x,). This indicates a singular behaviour of the transport func-
tion w

w~ L. (432)

*

This is in accordance with the singularity found in the analysis by Roozen {1989).
Substitution of the expansion for small values of (x, - 1) and x,

w, + wix, - 1)+ wx, + 2wix, - 17 + ...
Wx, %) = (3 1% %2 T Wl (4.33)

%,

and (4.27), (4.28) into the transport equation (4.12), leads to recurrence relations for
the coefficients w, leaving the constant w, undetermined. We conclude that near P,
the behaviour of the WKB-approximation is given by

P 1) = 2D explN((s, - 17 - ax) (434

2
with

k(N) = w,exp[-NQ,] (435)

and a as in (3.7b). It is noted that w, and Q, are computed by integration of the
eikonal and the transport equation along the ray that connects the stable equilibrium
with the saddle point.

The boundary x, = 0. At the boundary x, = 0 the drift vector is pointing inward
into the region D with normal component b, = 1, see (2.19), and the normal compo-
nent of the diffusion vanishes, see (2.18). Therefore, the probability density function
p(x) is small near this boundary compared with the boundary x, = 0, where the
normal components of both the drift vector and the diffusion vanish. In Rough-
garden (1979) criteria have been described for a boundary classification for one-
dimensional stochastic systems, originating from Feller (1952). Application of these
criteria on our stochastic model for fixed values of x,, indicates that the part of the
boundary x;, = 0 with x; < (2¥ - 1)/k is an entrance boundary. Such a boundary is
unattainable from the interior of the domain, from which we conclude that p = 0 at
this part of x; = (. The other part of the boundary x;, = 0 is at order O(N) distance
from the initial states of the stochastic system, which in view of the deterministic
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vector field leads to large values for O at that part of the boundary. We note that
application of the criteria for boundary classification at the boundary x, = 0 for
fixed values of x, yields, indeed, that x, = 0 is an exit boundary.

43 The divergence theorem

In this subsection the constant C(N) in the expected extinction time (4.1) is
determined. Using the divergence theorem, the following integral relation can be
derived, see Schuss (1980),

b[ (PLT - TMp)dD, =

1 ¢ oT ap 2 1 2 oda,
= — X na(p— -T-=) + L a(b - — X —LyT}dS (436
al tgg I malpgy ~ T30) + Entb, - 55 % ZpT)ds (436)
with n; the components of the outer normal on the boundary 8D, of the region D,.
The region D, is taken slightly smaller than D:

Dy = {(x, %) | x, > 0, x, > 8} 437
with
0<d<< L (438)
N

(see Figure 3) to aveid evaluating the integrand at the right side of (4.36) at the x,-
axis, where p and its derivatives are singular, see (4.34). We first consider the inte-
gral at the right side of (4.36) for the boundary x, = 8. The significant contribution
to this integral comes from the neighbourhood of P,. Using the expressions (4.34)
for p and (4.5b) for 7, and taking the limit & | 0, yields after some calculation the
integral

-=k(N)C(N)ex J’ (kx, + v + Dexp[-N(x, - 1)}]dx, (4.39)

approximating asymptotically the right side of (4.36) for N — co. Application of the
method of Laplace (Erdélyi (1956)) on this integral and using (3.7b), yields the
expression

-kNCW)Y(x = v - I a/N . (4.40)

The contribution of the boundary x, = 0 to the integral at the right side of (4.36) is
negligible. The part of that boundary with x, < (2N — 1)/k, where p = 0, gives a
zero contribution, as can easily be verified. The contribution of the other part of the
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boundary x, = 0, where Q is large, is not significant compared with the contribution
(4.40). Using (2.23a) and (4.9) the integral at the left side of {4.36) reduces to the
integral of —-p over the region D,. The main contribution to this integral comes from
the neighbourhood of the equilibrium P,, where p is peaked. Using the method of
Laplace for double integrals and the expressions (4.10), we obtain the result

2n

NA
where A is the determinant of the Hessian matrix of @ in P,. Combining (4.40) and

(4.41), and using the fact that w,, A and (x — v — 1) are of order O(1), we find that
C(N) is of the order

(4.41)

1
CWN) ~ —exp(Q,N]. (442)
YN

For the expected exit time T for initial states in the neighbourhood of the determin-
istic stable equilibrium we now obtain by (4.3b) the asymptotic expansion, up to
terms of order O(ln N)

In T(x) = Q,N - 2ln N. (4.43)

This answers the question about the expected extinction time of the disease in case
a majot outbreak has occurred. The expansion (4.43) can be improved by adding an
order O(1) term containing w,.

5. A comparison with stochastic simulations

In this section we compare results of stochastic simulations with the analyti-
cal approximations derived in the foregoing sections. The simulations have been
carried out for the discrete stochastic model described in subsection 2.2, by follow-
ing the path of the state (S, J) for initial states (S, [,). For the parameters the values
u=0.2, B = 0.8 and y = 0.2 have been used, corresponding with x = 4 and v = 1.

In Tables 1 and 2 we give results for the probability that a major epidemic
does not develop for small initial numbers of infectives. For initial states (Sy, I,} an
approximation U, for this probability has been found by carrying out simulation
runs. For each starting point (S, f,) 7500 runs have been made. In Table 1 the
initial states (S,, f,) have been chosen in the neighbourhood of the saddle point
(N, 0), for different values of N. The values of I, vary from 1 to 5; 5, = N - I,.
The simulation results I/, are compared with the asymptotic approximation U,
computed from (3.14) and (3.13), and the discrete approximation U/,, computed
from (3.20). We observe that for sufficiently large N the simulation results are in
good correspondence with the analytical approximations. In Table 2 the analytical
approximations are compared with simulation results for initial states (S,, f,) near
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the S-axis, not only near the saddle point (N, 0). The simulations have been carried
out for N = 104 and [, = 2; the stable equilibrium of the corresponding determin-
istic model is given by (S, f) = (52, 26). For the parameters used in these simula-
tions, we see that the asymptotic approximation U7, is in good accordance with the
simulation results. For the discrete approximation Uy, this is only true for large
values of §,, as expected. We remark that the initial states (S, 7,) which are not in
the neighbourhood of the saddle point, do not correspond with a population in
which the disease has just been introduced.

In Figure 4 results are given for the expected extinction time of the disease
for initial states in the deterministic stable equilibrium. For different values of N, an
approximation T, for the expected extinction time has been found by carrying out
simulation runs. For each starting point {2.9b) 2000 runs have been made. In order
to compare the simulation results with the asymptotic expansion (4.43), values of
In T, + (In N)/2 have been plotted as a function of N. For sufficiently large values
of N, these points fit well with a line, as is expected from (4.43). The slope of the
line fitted through these data points for N > 60 is 0.059. By numerically solving the
ray equations (4.15) as follows, a value of Q, = Q(1, 0) is obtained. A ray ending in
the saddle point P,(1, 0) is found by a shooting method. Initial points (x,, x,) for the
rays are chosen on a small circle around the stable equilibrium P,. Corresponding
initial values for p,, p, and Q follow from the local analysis near P,, as described in
subsection 4.2, By systematically varying the initial points a ray is found ending in
(close to) P,. In this way the value 0.061 is obtained for Q,, which is in good ac-
cordance with the simulation result.

Table 1. The probability U that a major outbreak of the disease does not occur for
small initial numbers of infectives I, in the neighbourhood of the determin-
istic saddle point (N, 0). The values of U, have been obtained from 7500
runs for each initial state (Sy, 1), S, = N - I, The analytical approxima-
tions U, and U have been computed from (3.14), (3.13) and (3.20); p =
02, f=08andy =02

N=60 N=120
Usim Uu Udn Usim Un Uda
I, = 55 52 51 S1 .52 .50

L=2|31 21 21 |27 27 26
L=3|.19 a5 .15 | .15 14 .13
I, = A1 .08 .08 .08 .08 .07
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Table 2. The probability U that a major outbreak of the disease does not occur for
Iy = 2 and N = 104. The values of Uy, have been obtained from 7500 runs
Jor each initial state (Sy, 1,). The analytical approximations U, and U,
have been computed from (3.14), (3.13) and (3.20% p = 0.2, f = 0.8 and
y=02.
5, 74 80 86 92 98 104 110 116 122
Ui 39 37 34 32 30 .26 25 .24 21
U 37 35 32 30 28 26 25 .23 22
U, 49 42 37 32 28 25 22 .20 18
12
10 In T, + (In N)2
8
6
st
2 R .
0 20 40 60 80 100 N —
Figure 4. The expected extinction ime of the disease for initial states in the determin-

istic stable equilibrium. Values of In To, + (In N)/2 have been ploited as a
function of N. The values of T, have been obtained from 2000 runs for
each initial state. The plotted line has been fitted through the data points
for N>60; n =02, p = 0.8 and y = 0.2. The slope of this line agrees with
the value (), from the asympiotic approximation.
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The disadvantage of simulations is that for each set of parameter values large
scale simulation runs have to be made. If ¥ is the only parameter that varies, we
can use the theoretical results of the previous sections, because the expected extinc-
tion time is approximated by

In7 = AN - LInN + B. (5.1)

Thus, carrying out two sets of simulation runs for two different large values of N,
we are in the position to estimate A and B without going through the rather compli-
cated analysis of the ray equations.

6. Conclusions

In this paper we have studied a two-dimensional stochastic system medelling
the spread of an infectious disease. In this model the population is divided in three
classes: susceptibles (8), infectives (I) and removed (R). In our asymptotic analysis
it is assumed that there is a large parameter N, the size of the population when the
disease is absent.

By asymptotically solving a Fokker-Planck equation we have derived an
approximatijon for the probability that a major outbreak of the disease will occur in
case the number of infectives is small. For fixed values of N, this approximation is
valid for a larger range of values of § than the approximation based on the discrete
model. We have also obtained asymptotic approximations for the expected extinc-
tion time of the disease. The value for @, = Q(1, 0) in these expressions is obtained
by numerically solving the so-called ray equations, Using initial conditions that
follow from a local analysis near the deterministic stable equilibrium P,, a ray is
found that ends in the deterministic saddle point P,. The asymptotic expression we
have derived for In T can be improved by including an order O(1) term involving
w,, which is to be obtained by integrating the transport equation along the ray.

Because of the similarity of the present study with the analysis of Roozen
(1989) for the closely related stochastic prey-predator equations, one would expect
that the method and the result in the form of the asymptotic formula for the extinc-
tion time hold for a wide class of problems. However, for the case that both the
inflow and outflow are deterministic in our epidemic model, we did not succeed in
applying the divergence theorem in the present way, because of the resulting singu-
lar behaviour of the probability density function p near P,. We remark that diffusion
along the x,-axis is absent in that case.

Finally, it is noted that, for the model analyzed in this paper, there is a good
correspondence between the resuits obtained by stochastic simulations and the
values of the asymptotic approximations we have derived for the probability that a
major epidemic develops and the expected extinction time in case it has developed.
The coefficients in the asymptotic formula for the extinction time can also be esti-
mated from two sets of simulation runs for two different values of N. Then it is not
necessary to solve the ray equations, see section 3.
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Chapter 4

Stochastic epidemics: the probability of extinction of an
infectious disease at the end of a major outbreak!

Abstract

The aim of this study is to derive an asymptotic expression for the probabil-
ity that an infectious disease will disappear from a population at the end of a major
outbreak (‘fade-out’). The study deals with a stochastic SIR-model. Local
asymptotic expansions are constructed for the deterministic trajectories of the corre-
sponding deterministic system, in particular for the deterministic trajectory starting
in the saddle point. The analytical expression for the probability of extinction is
derived by asymptotically solving a boundary value problem based on the Fokker-
Planck equation for the stochastic system. The asymptotic results are compared with
results obtained by random walk simulations.

1. Introduction

In this paper we study a two-dimensional stochastic system modelling the
spread of an infectious disease. In this model we consider a population that is
divided in three classes: susceptibles, infectives and removed. The population is
renewed at a constant rate. We consider the case where in the corresponding
deterministic model a stable equilibrium with coexistence of susceptibles and
infectives is possible. Then the disease may become endemic. In the stochastic
model the disease can disappear from the population because of stochastic fluctu-
ations. With probability one this will happen within a finite time. In Van Herwaar-
den and Grasman (1995) the following questions have been studied for this
stochastic system. What is the probability that a major outbreak of the disease will

'Submitted for publication
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occur upon the entry of one or a few infectives into the population? And, given that
the disease has become endemic, what is the expected extinction time of the
disease? In that paper asymptotic expressions have been derived answering these
questions.

In the present paper we study the probability of an epidemic ’fade-out’. We
are interested in answering the following question: given that a major outbreak of
the disease occurs upon the entry of one or a few infectives into the population,
what is the probability that the disease will disappear from the population at the end
of the major outbreak? In the literature the problem of a stochastic fade-out is
touched upon in, eg., the classic work by Bartlett (1960); Bailey (1975), and
Anderson and May (1979, 1991). The analysis in the present paper not only
answers the question of the extinction probability of the disease at the end of a
major outbreak following the introduction of the disease into a disease free popula-
tion, but also shows how to determine the extinction probability for other initial
situations.

Of particular importance in answering the question of epidemic fade-out is
the rate at which the population is renewed. For a large renewal rate the disease
will become endemic after a major outbreak with probability close to one. In case
of a very small renewal rate extinction of the disease at the end of a major outbreak
is almost certain. There is a range of renewal rate values for which the probability
of extinction varies from zero to one. The study deals with this transitional case.

In section 2 the deterministic model is described. In section 3 we construct
local asymptotic approximations for the trajectories of the deterministic system, in
particular for the deterministic trajectory starting in the saddle point. In section 4
the stochastic model is presented, the corresponding Fokker-Planck (or Kolmogo-
rov) equations are formulated and their use in an exit problem is described. In
section 5 a parabolic boundary value problem is formulated and asymptotically
solved, using the results of section 3. The solution yields an asymptotic approxima-
tion for the probability of extinction of the disease at the end of a major outbreak.
In section 6 we compare results of numerical calculations for the asymptotic
approximation with simulation results. In section 7 we indicate how to determine
the extinction probability of the disease for other initial situations.

2. The deterministic model

The population in the epidemic model of this study is divided in three
classes: susceptibles, infectives and removed, with sizes S, I and R, respectively. In
the deterministic version of the model (see e.g. Edelstein-Keshet (1988)) the rate of
transition from susceptibles to infectives is assumed to be proportional with § and I
with rate constant f. The rate of transition from infectives to removed is proporti-
onal with I with rate constant y, and renewal takes place with rate constant . The
size of the total population is constant: ¥ = § + I + R. A diagram of the model is
shown in Figure 1. We assume that the dependence between f and ¥ is given by
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N psz 1
s I R

A&

Figure 1. Diagram of the epidemic model. The total population (N) is divided in
susceptibles (S), infectives (I) and removed (R). Transition and renewa! rate
constants are B = B/N, y and .

_B
P=x 21)

with f independent of N; B, y and p are (strictly) positive.
The deterministic system, therefore, satisfies the differential equations

s _ o Bo _

= =uN - S -, (2.2a)
A _Bg y-w (2.2b)
dd N ’ ‘
% =yl - uR. (2.2¢)

By adding these equations it is easily seen that the total population N is constant.
We can, therefore, eliminate one variable, say R, and restrict our attention to the
Eqgs. (2.2a) and (2.2b) in the two unknowns S and I. Introducing the scaled popula-

tion sizes

_ S _ I
x= A y= N (2.3)
we obtain
dx = —_ -
== po- fBry - ux, (2.4a)
B = @x -1 - . (2.45)

The system (2.4) has two equilibria:
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Yy tu K p
P = (1’ 0)’ P, = (_’ —_ " T)' (2‘5)
' 2 B oY+e B
We are interested in values of the (strictly posiiive) parameters B, y and u for which
the critical point P, is situated in the first quadrant, that is, we assume

B>y+n (2.6)

By this assumption, P, is a saddle point and P, is a stable equilibrium. Depending
on the values of B, y and &, the stable equilibrium P, is a node, an improper node
or a focus. The equilibrium P, is a focus if

uf’ - 4B - v - Wy ¢ PP <0 o)

At the boundary x = ( the deterministic vector field enters the first quadrant, and at
the boundary v = 0 the normal component of the deterministic vector field vanishes,
We note that, once the number of infectives is not equal to zero, the state of the
deterministic system will develop towards the stable equilibrium and the disease
will not die out.

In this paper we are in particular interested in the development of the disease
when one or a few infectives are introduced in a population that until then is free of
the disease. In the deterministic system this development is given by the trajectory
starting in the point (1, 0), assuming that ¥ is sufficiently large. The aim of this
paper is to determine the probability that in the related stochastic system the disease
will die out at the end of a major outbreak following the introduction of one or a
few infectives into the population. In the deterministic system we, therefore, intend
to study the case that the trajectory starting in (1, 0) closely approaches the x-axis at
the end of its first cycle. This case occurs for small values of the parameter .

Let us first consider the limit case g = 0, i.e., the Kermack and McKendrick
model (see, ¢.g., Edelstein-Keshet (1988)), in which no renewal takes place. From
Eqgs. (2.4), that are also valid in the limit case p = 0, we can obtain an explicit
expression for the trajectory of the Kermack and McKendrick mode] starting in
(1, 0):

y=1-x+Yinx (2.8)
p

This trajectory starts at (1, 0), attains a maximum value for x = y/§ and approaches
again the x-axis on the interval (0, y/B). It is noted that in the Kermack and McKen-
drick model the vector field vanishes in all points of the x-axis. In the deterministic
systern with 0 < p << 1 the trajectory starting in (1, 0) closely approaches the x-
axis. In section 3 it will be seen that for small values of u Eq. (2.8) is a first order
approximation of this deterministic trajectory up to a distance of order O(u) from
the x-axis.
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3. The deterministic trajectories

In this section we study the trajectories of the deterministic system intro-
duced in secticn 2, in particular the trajectory starting in the saddle point P,. We
construct local asymptotic approximations for these trajectories. Our asymptotic
analysis is based on the assumption that w is a small parameter: 0 < p << 1. The
parameters § and y are assumed to be of order O(1). For fixed positive values for f
and y and sufficiently small values for p the stable equilibrium P, is a focus, as
follows from (2.7) and (2.6). It is noted that the distance of P, to the x-axis is of
order O(w).

By introduction of the coordinate

j=2 @3.1)
T
and a new time scale ¢ instead of pt the system (2.4) is transformed into
dx _
—=1-pxy - x, 3.2a
=1 by (3.22)
pD - @ -y - wy (3.2b)

We analyze the deterministic trajectories in the (x, y)-plane. In this plane the stable
equilibrium P, is given by P, = ((y + w/f, 1/y + w) - 1/f). Its distance to the x-
axis is of order O(1). We note that a Volterra-Lotka system in which one of the
derivatives is multiplied by a small parameter, is studied by Grasman and Veling
(1973). In that paper local asymptotic expansions for the closed trajectories are
derived from the implicit solution, which is available, because the equivalent of the
inflow term is absent in the Volterra-Lotka system. We derive local asymptotic
approximations for the trajectories of (3.2) by substituting formal expansions in the
differential equation for the trajectories

Q = (ﬁx - Y - Wy (3.32)
& (- By - %)

or
dr _ ul - Bxj - x) (3.3b)
G (fx-y-py

The first two cycles of the trajectory starting in (1, 0) are divided in different
segments. In the region § >> (1 - x)/(Bx) we distinguish the segments A and E, in
the region 0 < § << (1 - x)/(fx) the segments C and G, and in the intermediate
regions the segments B, D and F, see Figure 2. The solutions for these segments
obtained by substitution of formal expansions into the differential equation, contain



36

constants that will be denoted by A, B,

Chapter 4
determine these constants using matching and initial conditions.

bt

Vy+u)-1/814

0
Figure 2.

., depending on the segment. We will

oY

deterministic trajectory are vertical,

The deterministic trajectory starting in (1, 0) is divided in segments A, B, ...
The dashed line is the graph of § = (1 - x)/(Bx), where the tangenis of the

Local expansions. For segments A and E substitution of the expansion

0 = y"l(x)% F 5+ G+, O<pecl

into (3.3a) yields differential equations for the functions y{(x). For segment A we
obtain to leading order the sclution

J = -x+ Linx+ A

and for the higher order terms

fz(x) = Az
and
/B
7@ = |

(1 -A)Bs +y(s - slns - Ddls'

B's’(-s + @/PB)Ins + A)

+ A

3°

(3.42)

(3.4b)

(3.4¢)

(3.4d)
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For segment E the solution can be written as (3.4) with the integration constants A,
replaced by E,. We note that the O(ln k) term in the expansion (3.4a), that is not
suggested by the differential equation, is needed for matching purposes.

For segments B, D and F we substitute the expansion

x(3) = x,(0) + x,(Nulnp + x,(0Hp + ..., O<p<<l (3.52)
into (3.3b). Solving the resuiting differential equations we obtain for segment B

x(7) = B, (3.5b)

x(¥) = B, {3.5¢)

and

pB, . 1-B
1307) s - = - y+ =
BB, - ¥ BB, - ¥
For the segments D and F the expansions can be written as (3.5) with the constants
B; replaced by D, and F,, respectively.
For the segments C and G we substitute into (3.3a) the expansion
F(x) = exp[f(x)/p + P Inp + 9(x) + ... ], 0<pu<<cl, (3.6a)

For segment C the solutions of the resulting differential equations can be written as

! Iny + B,. (3.5d)

3

ﬁl(X) = —6x - (B - Y) ]ﬂ(l - x) + Cp (S'Gb)
i) = C,, (3.6c)
509 =In(l -9 + C,. (3.6d)

For segment G the expansion can be writien as (3.6) with the integration constants
C; replaced by G,

Analysis of an integral. We first analyze the integral

1B

I = J- (1-a)[§s+y(s—sh1s-1)ds 37
Bis?(-s + G/BHins + o)

that appears in the function yy(x) in (3.4d). For matching purposes we need the
behaviour of I(x) for a > y/f - (y/B)in(y/p). For these values of o the function

f) = -~s+{/Pns +a (3.8)

in the denominator of the integrand has two zeros x; and x,, satisfying
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O<x,<_\; and l<xr.
B
The behaviour of /(x) near x, and x, can easily be found using Taylor expansions.
We obtain

(3.9a,b)

1 -x 1-x
In(x - x;) -

] )

I(x) =

ln(% -x) + J(x;) for x| x; (3.10a)

and, foro =1,

1 -x -x,

1
In(x, - x) -

r r

I(x) = In(x, - %) +J(x) for x1tx (3.10b)
with
J@b) = ti‘ﬁ {1 -— a)fis + y(s - slns - 1) + 1-5 1 ds. (3.100)
B's’(-s + @/BIns + @) pp s-b

For a = 1 we have x, = 1. In that case the integral /(x) is convergent for x = x,.
We now match the expansions for the segments obtained above,

Matching A and B. We match the expansion ji(x) for segment A given by (3.4)
with the expansion x(y) for segment B given by (3.5), considering (3.4) as the inner
expansion. Expressing (3.4) and (3.5) in the inner variable

n=w 3.11)
we obtain, respectively,

M= (-x+ %mx +A)+ AR+ FOU + (3.12)
and
x= Bl(l + Eﬂ) (3.13a)
with
A B 1-B B
= - _ﬁ_n + Fz.plnu 7 am 3 e s
BB, - v 1 B (BB, - V) H

(3.13b)
We match (3.4) and (3.5) for n | 0, u | 0, n/(-pln p) — by requiring that
substitution of (3.13) into (3.12) yields the identity. Using E, | 0 the following
matching condition is readily found

-B, + %m B +A =0, (3.143)
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50
B =x, (3.14b)

that is the smaller zero of function f{s), see (3.8), with a = A,. Then using the
behaviour of ¥,(x) for x } x,,, which follows from (3.10a), we obtain the matching
conditions for the higher order terms

-1 +1
B, = @4, - Dx, , (3.14¢)
ﬁxm -Y
1-x, In B2xm . Pr,,
Bxb( - (&M - Y)z Bxu, -y
with J(x,,) given by (3.10c) with a = A,.

B, =

@A, + J&,), (3.14d)

Matching B and C. We match the expansion x(§) for segment B given by (3.5)
with the expansion j(x) for segment C given by (3.6). Expressing (3.5) and (3.6) in
the intermediate variable

n = §/n (3.15)
we obtain, respectively,
x=B(1+E) (3.16a)
with
B 1-B B B
= ulp+ — ' plam + e - —P s,
B B
1 B1(BBl - Y) 1 pBl - Y
3.16b
and ¢ )

Y = .:Texp[(-ﬁx @B -Pin(l -9 + C)/u+ Clnp + Il - x) + C,].

(3.17)
We match (3.5) and (3.6) by requiring that substitution of (3.16) in (3.17) yields the
identity for = O(1), p | 0. Using E, | 0 we obtain

C,=BB + (P - yh( - B, (3.18a)
BB, - v

c, = - 1'__3132, (3.18b)

_fBi - B, - In(1 - B). (3.18¢)
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Matching C and D. 'We match the expansion for segment C, given by (3.6), and
the expansion for segment D, given by (3.5) with the constants B; replaced by D,
analogously to the matching of B and C. This yields the relations

D, + @ - N1 -DY =C, (3.19a)

D,=- _1_'ﬂc2, (3.19b)
D, - v

D, =- 1'_"“)1«:3 + In(1 - D)), (3.19¢)
BD, -y

determining the constants I); when the constants C; are known.

Matching D and E. The expansions for the segments D and E, given by (3.5) and
(3.4) with the constants B; and A, replaced by D, and E, respectively, are matched
analogously to the segments B and A. Expressing the expansions in the inner
variable 1 = Wy we obtain expressions analogous to (3.12) and (3.13). Now
matching to leading order, using &, { 0, yields the relation

E =D -XmD,. (3.20a)
P
We find that D, is a zero of function f{s), see (3.8), with o = E,. Writing
D =x, (3.20b)

we have x t x,z. Using (3.10b) we obtain the matching relations for the higher order
terms

fx . -yD, +x, -1
E, = P~ DD+ % 7 1 (3.20¢)

Br;

1-x x Px . -
E, = - £ In Px ¢ B 1'D.,'-J(xg

Bx,-z .(Bx,g - Y)2 Bx,g e

with J(x,z) given by (3.10c) with a = E,.

(3.20d)

Matching other segments. The different types of matching needed to determine the
deterministic trajectory starting in (1, 0) have now been worked out. The relations
thus obtained can be used to complete the matching of the expansions for the other
segments.

Matching of the expansions for the segments £ and F, given by (3.4) and
(3.5) with the constants A; and B, replaced by E; and F,, respectively, yields analog-
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ously to the matching of A and B the following relations
-F, + %m F +E =0, (3.21a)

that is

F =x,, (3.21b)

1
the smaller zero of function f{s), given by (3.8), with o = E,;

E, - Dx, + 1
F,= BE, - Dxp + 1 (3.21¢)

ﬁxu: i

2
1 -x X
F,= £ n P + B (E, + J(x,)), (3.21d)

B‘x,rg -y (B‘xJE - V)z wa - ¥
with J(x,;) given by (3.10c) with a = E|.
Matching of the expansions for the segments F and G, given by (3.5) and

(3.6) with the constants B; and C; replaced by F; and G, respectively, yields the
relations

G, =fF, + (@ - ph(i - F), (3.223)
EF1 - Y
G,=-+1+"'F, 3.2%
2 T-F, ° (3.220)
-
G, = - %FS - In(1 - F). (3.22¢)
1

Initial condition. The constants A,, A, and A, of the expansion (3.4) of segment A
can be determined from the initial condition

1) = 0. (3.23)
We obtain
A=1, A,=0 (3:24a,b)
and
1
A= | v - sins - 1) g (3.24¢)

2 -
7 Bs?(-s+ (¢/Bylns + 1)
where A, is a convergent integral. We note that in the original x, y-coordinates, see
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(2.3), the leading order term of expansion (3.4) for segment A corresponds with
expression (2.8) for the trajectory of the Kermack and McKendrick model starting
in (1, 0).

We can combine the matching relations derived above. In particular, we
obtain the following expression for the expansion of segment C:

#x) = Kexpl(-fx - (B - v)In(1 - x))/p + In(1 - x)] (3:25a)
with

K= &exp[(ﬁxu + B - Dh( - 5/ + G, (3.25b)
where x,, = 1 satisfies

-x, + %mxM +1=0 (3.25¢)
and

C,=-In -'ﬁxm _ j‘ Xia _ (s - s]11~s - 1) + 1 ds.

Br, -y &1 -%uBsi-s+@/Plns+1) $-x,
(3.25d)

This expression will be used in section 5, when we determine an approximation for
the probability that in the stochastic model the disease dies out at the end of a
major outbreak following the introduction of one or a few infectives into the
population.

4, The stochastic model and the Fokker-Planck equations

In this section a stochastic model is introduced corresponding with the
deterministic model described in section 2. In this model we consider deterministic
inflow, as abowve, but the outflow and other transitions are considered to be
stochastic. Te be precise, we assume that in the small time interval (s, ¢ + Af) §
decreases by one and I increases by one because of a transition from the suscept-
ibles to the infectives with probability BS/A¢. Furthermore, in the small time interval
of length Ar, I decreases by one because of a transition from the infectives to the
removed with probability y/A¢, and because of outflow of an individual the sizes of
the classes § and I decrease independently by one with probability wSAr and pfAf,
respectively. The probability of more than one transition is of order O((Af)?), and is
neglected for small At. The deterministic inflow into the class of susceptibles in the
time interval At is WNAr with N fixed. We remark that in this stochastic model the
parameter N takes a slightly different role: it is the size of the population if the
disease is absent. Introducing again the scaled population sizes (2.3), and using
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(2.1), we obtain the following transition probabilities in the small time interval Az

PNxyAt  for the transition x —>x-1/N, y =y + /N,

TNyAt for the transition y — y - 1/N, because of removal,
uNxAt for the transition x — x ~ 1/N, because of outfiow,
uNyAL for the transition y — y - 1/N, because of outflow.

This yields for the first conditional moments of the changes of x and y over the
time interval Az

E(Ax) = pAr - %ﬁnyAt - % uNxAL, (4.12)
EAY) = —BNayAr - LyNyAr - Luapar, (4.1b)
N N N
and for the second moments
o1, 1
B9 = A + L BNAe + e (4.23)
E(Axty) = - fNoa, (4.2b)
E((AyP) = —~ fNgar + L Wyar + L pivpar (4.2¢)
Yy = F xy FY ¥ _]\E yat. .

We observe that the variances of Ax and Ay equal the second moments up to
O((A)%). So, under the assumption of continuity, the stochastic jump process is
approximated by the system of stochastic differential equations of Ito type

de = (p - Pry - woydt - {Pay/N dW, - Jux/NdW, (4.3a)

dy = (Py - vy - w)dt + YBry/N dW, - yyy/N dW, - Juy/NdW, (4.3b)

with dW, the increments of the independent Wiener processes W{f), i = 1, .... , 4,
see Ludwig (1975).

From these equations we can obtain the forward Fokker-Planck {or forward
Kolmogorov) equation, which is a differential equation for the probability density
function p(x, y, ) of finding the system in state {x, y) at time ¢. When we write the
system (4.3) in the form

dz = b(z)dt + o(Z)dW(P) (4.4)
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with z = (x, ¥)" and b(2) = (b,(2), b(z))" vectors in R’ W(¢) a 4-dimensional Wiener
process and o(z) a 2x4 matrix, and define the 2x2 diffusion matrix a(z) by

1
a, = _}v(coT)‘.j, 4.5)
then the function p(z, f) satisfies the forward Fokker-Planck equation
ap _ 22: 9 1 &
£ = —{b@p} + — ¥ " _{a.(Dp}, 4.6
o = D en o B o) (4.6)

see, e.g., Gardiner (1983). Introducing again the new time scale ¢ instead of ut and
the coordinate § = y/u, see (3.1), we obtain the forward Fokker-Planck equation

P o-Mp=- 2 - By -ph - i -y - wppl+ (4D
oy
b 02 @+ b - 22 @uyp) + L@ v+ wen.
2N ox? W 3xay 2 o

Related to the forward operator M in (4.7) is the backward operator L, which
is the formal adjoint of M:

Ln(l—Bxf—x)%+l(ﬁx-y—u)yf_‘~+ (4.8)
X L oy
1 4 F. 25 &
+ [Py + De— EEncy e (Bx ty+ u)y—yz]

It is noted that the coefficients of the first order derivatives correspond with the
deterministic vector field (3.2). The operator L plays an important role in exit
problems. Let us consider a domain §2 with the boundary 32 composed of two
disjoint parts d€2, and 452,. We are interested in the probability #(z) that the state of
the system reaches 3% the first time at the part 89,, if starting in z € Q. This
function u(z) satisfies the Dirichlet problem

Lu=0 in Q, (4.9a)
u=0 at 09, wu=1 a 3Q, (4.9b)
see Schuss (1980). Eqgs. (4.9) will be used in section 5 to formulate a boundary

value problem for the probability that the disease will die out after a major outbreak
has occurred.
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5. The probability of extinction after a major outbreak

In the stochastic model the disease can disappear from the population
becaunse of stochastic fluctuations. In this section we study the probability that the
disease will die out at the end of a major outbreak. In particular, we are interested
in the probability of fade-out after a major outbreak following the introduction of
one or a few infectives into a disease free population. In the development of the
disease several stages can be distinguished. In the initial stage after the introduction
of one or a few infectives it is possible that the disease directly dies out. In x, j-
coordinates this stage corresponds with the state of the stochastic system remaining
in the neighbourhood of the deterministic saddle point (1, 0), where diffusion plays
an essential role. The probability of extinction of the disease in this stage of the
process is studied in Van Herwaarden and Grasman (1995). In case the disease has
survived this initial period it is likely that a major outbreak of the disease takes
place. This part of the process is dominated by the deterministic vector field. For
small values of u the deterministic trajectory starting at (1, 0) closely approaches
the x-axis at the end of its first cycle, see section 3. Here diffusion again plays an
important role and extinction of the infection can occur at this stage of the process.
We will formulate and solve a boundary value problem for the probability that the
disease dies out during this part of the process. From the solution we obtain an
expression for the probability of extinction of the disease at the end of a major
outbreak. In our asymptotic analysis we assume that 0 < 1¥N << p << 1.

y
Y(y+)-1/8 \ N
@ N\ _AM) VA
&/ u=1 \P1
0 (r+u)p 1 x

Figure 3. Domain Q for the boundary value problem (5.3), divided in boundary layer
and outer region. The solution approximates the probability that the disease
dies out before a major outbreak occurs.
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Boundary value problem. 1In the x, y-plane we consider the domain

1 1
T+ B
see Figure 3. On Q we can approximate Lu, see (4.8), by

Q={(xH|0<F< }s (5.1)

- 5 du 1 4 _ du 1 . 0%u

Lu=(1- “x)— + —(Px -y - Wy— + +y+ Wi—.

=By - 0=+ (e -y - Wi 2Nuz(Bx 7
(5.2)

We now consider the parabolic boundary value problem
fu=0 in @ (5.3a)
1
u=1 for =0, u=0 for j-= ! —-_—,x>7t"
Y+uH B B

(5.3b)

The solution u(x, ¥) of this problem approximates the probability that the state of
the system reaches the boundary of € the first time at j = 0, if starting in (x, ) €
£2. We asymptotically solve (5.3) for 0 < x < 1, where the solution u(x, 7) yields an
approximation for the probability that the disease dies out before a major outbreak
takes place. We are in particular interested in the value of u(x, ¥) on the determin-
istic trajectory starting in (1, 0), at the part where it enters Q at the end of its first
cycle, that is where segment B (see Figure 2) enters £2. We note that the stochastic
state is expected to enter £2 after a major outbreak along this trajectory. This value
of 1 can be used as an approximation for the probability of extinction of the disease
directly at the end of the major outbreak.

Solution of the diffusion equation. Boundary layer analysis (see Kevorkian and
Cole (1981)) reveals the existence of a boundary layer of width O(1/(u¥)) along the
x-axis. In the domain Q outside the boundary layer Lu = 0 reduces to

a - py - x)? # L@e -y -wp =0, 54)
X 1} dy

which is satisfied by u = constant along the segments of the deterministic trajec-
tories contained in this outer region. In particular, # = 0 along the segments of the
deterministic trajectories that meet the part of the boundary of Q with boundary
condition u = 0.

Inside the boundary layer we introduce the local coordinate

n = uhNy. (5.5
Substitution of (5.5) in (5.3) yields for N —
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ou 1 ou 1l Fu
1 -20)—+ — -y - —_—t —(fx+ v+ — =0 (5.6a
(1 -0— p(Bﬂr v G = (5.6a)
with the boundary condition
ux,n) =1 for n=0. (5.6b)

Matching the solution with the outer solution & = 0 along the deterministic trajec-
tories, which have the form (3.6), leads to the matching condition

u(r, M) = 0 for nexp[(Bx + (B - Y)ln(l - x))/u - In(1 - x)] = const,

+

¥

N —+ o« and x > B, (5.6¢)

-

Introduction of new coordinates

T= —l—f(ﬁs + 1+ wWexp[(Bs + B - NIn(l - 5))/u - 2In(1 - s)]ds,
N2 )

(5.7a)

a)
]

Niunexp[(ﬁx + @ - in(l - H)/p - In(l - 1) (5.75)

transforms (5.6) into the initial value problem on the domain {(tr, T) |t > 0, § > 0}

- ;g_; (5.82)

w0, =0, ur, 0)=1 (5.8b,¢)
with solution

u(x, ) = exp[-t/t]. 5.9
Bringing this solution in x, 1-coordinates we obtain

u(x, ) = exp[-2und(x)] (5.10a)
with

o) = t‘;XP[(Bx + (B -pind - )/p - In(1 - )] (5.10b)

f (Bs + v + w1 - 9P Y~ @ exp[Bs/u] ds

As mentioned above we are in particular interested in the value of u where the
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deterministic trajectory starting at (1, 0) enters £2 at the end of its first cycle, that is
where segment B of the deterministic trajectory (see Figure 2) enters £2. This value
is given by the (constant) value of « along the part of the deterministic trajectory
contained in the outer region. It is obtained by matching the boundary layer solution
(5.10) with the outer solution u = constant along this deterministic trajectory. Inside
the boundary layer the deterministic trajectory is given by

nexp[(fx + (B - Yin(l - N)/p - In(1 - x)] = KNp, (5-11)

see (3.25). Matching along this trajectory for 1 — ®, x < (y + W/p yields for the
outer solution the value

1
u = exp[-2KNW/ [ (Bs + v + pX1 - ) 1M ehhgs). (512)

The integral in (5.12) can be expressed in a gamma function. We thus obtain the
following approximation for the probability of extinction of the disease at the end
of a major outbreak following the introduction of one or a few infectives into the
population, given that a major outbreak cccurs,

u = exp[-KNW@E/WE 1w e By + W@ - v - W/ (.13)
with K given by (3.25b,c,d).

6. A comparison with numerical results

In this section some numerical results are presented for the models described
above. In particular, the analytical approximation (5.13) for the probability of fade-
out at the end of the first epidemic cycle is compared with results of stochastic
simulations. For the parameters we use the values f =1, y = 0.8, p=0.01 and
N = 50000. The initial numbers of infectives and susceptibles in the population are
J(0) = 10 and S(0) = 49990, respectively.

Deterministic trajectories. By numerically solving the deterministic system
(2.2a,b) with the above initial values we obtain the trajectory depicted in Figure 4a.
This deterministic trajectory starts close to the saddle point P,. In Figure 4b the
number of infectives 7 in the deterministic system is given as a function of time ¢.
The periods with small numbers of infectives are large compared with the periods
needed to complete the epidemic peaks.

Stochastic simulation.  For the values of the parameters given above we have
carried out simulations for the discrete stochastic model of section 4 by following
the path of the state (S, I), starting in (S(0), 7(0)). For this initial state 10000
simulation runs have been made. For each run the extinction time T, of the disease
has been determined. Results are given in the histogram of Figure 4c.
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Figure 4. Occurrence of epidemic peaks in the deterministic system compared with
extinction of the disease in the stochastic system for the initial state I{0) =
10, §(0) = 49990; p = 0.01, p = 1, y = 0.8, N = 50000. The total number of
simulation runs s 10000. (@) Deterministic trajectory starting near P,.
{b) Number of infectives from deterministic model. (¢} Number of simulation
runs F with extinction in the specified time intervals. Not shown are 276
simulation runs with T, > 500.
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Probability that a major outbreak does not occur. Extinction of the disease can

take place in the initial period after its introduction into the population. Analytical

approximations for this extinction probability are given by Van Herwaarden and

Grasman (1995). Using the expression given in that paper (cf. Goel and Richter-
Dyn (1974), Kendall {1956))

U(S(0), K0y ~ (£ ), 6.1

(S(0), 1) (BS(O)/N) (6.1)

we obtain the probability of extinction in the initial stage

Pr{T,_ < 32} = 0.1218  (0.1215). (6.2)

The value between brackets is obtained from the stochastic simulations. In the
histogram a peak can be distinguished corresponding with extinction in the initial
period.

Probability of epidemic fade-out. If a major outbreak takes place, the disease can
die out at the end of the outbreak. Using expression (5.13) we obtain the (condi-
tional) probability of extinction

Pr{32 < T, < 204} = 0.89  (0.92). (63)

The value between brackets, obtained from the stochastic simulations, is in good
accordance with the analytical result. We note that in the histogram a peak can be
distinguished corresponding with extinction in this period, as well as a (smaller)
peak corresponding with fade-out at the end of the second cycle.

7. Extinction probability for other initial states

Until now we have mainly dealt with a population in which the infection has
just been introduced. We may also be interested in the extinction probability of the
disease for other initial situations, e.g., when the disease has survived the first
epidemic cycle. In that case the state is expected to arrive in the neighbourhood of
segment D, see Figure 2. We will show how to determine the extinction probability
if the state is found in the neighbourhood of that segment.

Say, the state has arrived in (x,, ¥,) near D. We first determine local expan-
sions for the deterministic trajectory starting in (x,, ¥,). In particular we need the
expansion near the x-axis. Proceeding along the lines of section 3, we divide the
trajectory in segments D, E, F, G, with (x,, #,) € D, segment E in the region
# >> (1 = x)/(fix), segment G in the region 0 < § << (1 - x)/(fix), and the segments
D and F in the intermediate regions. The expansion for segment D is given by
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< pp, = 1-D, .
@ =D +Dplnp+ (- — ¥+ — Ing +Du+ ...,
BDl - Y ﬁbl - .D
as follows from (3.5). By substitution of (x, ¥,) in (3.3b) and in the derivative
dx/dy of (7.1) the constant D, can be determined. Then using (7.1) we can obtain
D,ln p + D,. The expansions for the segments E, F and G are given by (3.4), (3.5)
and (3.6) with the constants A, B; and C; replaced by £, F, and G, respectively.
The matching relations between the constants are given by (3.20), (3.21) and (3.22)
with the appropriate renaming of the constants: D, E, F; and G; for D, E, F; and
G; x; and xz for x, and x;, respectively. Inspection of these relations and of the
form of the expansion (3.6) for segment G shows that knowledge of D, and
DjJn p + D, suffices to determine the expansion for segment G. We obtain the
following result for the expansion for segment G

#x) = Kexp[(-fx - (B - Y)In(1L - x))/p + In(1 - x)] (7.2a)
with
K = exp[(Bx, + (B - YYIn(1 - x))/u + G,lnp + G,], (7.2b)
where
x,é 2 x’_,:. = D-1 (720)
satisfies
-%+lm%+%-%m%=m (7.2d)
G- - Nele " Dp | %o (712¢)
er.(l - x.l’f) xrﬁ"(l - xI'E)
é:., - —1In ﬁzx-pg(l = xfE') _ x}E(Bx,E - Y)ljs +
Bx; - ¥ x:(1 - x;)

xe(1 - x,;) I B, . Bx;z
el - X)) Pr-yP 1 -x

with J(x,2) and J(x;) given by (3.10c) for o = x; - (y/f)ln x; We can now
determine the probability of extinction of the disease at the end of the cycle starting
in (x;, ¥,). We note that (7.2a) has the same form as (3.25a) for the deterministic
trajectory starting near P,. Proceeding along the lines of section 5 we obtain the
approximation (5.13) with K replaced by K, where K is given by (7.2b-f).

For other initial states the extinction probability can be determined in a
similar way. By monitoring the state of the system this can be used to forecast if
the disease will die out at the end of the following cycle.

Ulxg) = Jx,z)) (7.2f)
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8. Conclusions

In this paper we have studied a two-dimensional stochastic system modelling
the spread of an infectious disease. In this model the population is divided in three
classes: susceptibles, infectives and removed. We have been dealing with an
approximation of the probability of an epidemic fade-out. For that purpose we have
considered a small renewal rate of the population, which causes the susceptible
population to be restored only siowly after a major outbreak. Extinction of the
disease by stochastic fluctuations is probable at that stage of the process. The case
studied in this paper with the range of renewal rate values such that the extinction
probability varies from close to zero to close to one, can be seen as a transitional
case. It connects the Kermack and McKendrick model with the deterministic SIR-
model with renewal. Due to the risk of fade-out, the model is inherently stochastic.

For the probability of extinction of the disease at the end of a major outbreak
following the introduction of one or a few infectives into the population we have
derived an analytical approximation, see Eq. (5.13). In deriving this expression
several approximations have been made. It is expected that the inaccuracies caused
by the asymptotic approximation of the deterministic trajectories are negligible
compared with the inaccuracies introduced by the diffusion approximation of the
Fokker-Planck equation in section 5. In computing the extinction probability we
need the value of x,,, which has to be calculated by numerical methods. We remark
that x,, represents the final fraction of susceptibles in the corresponding determin-
istic Kermack and McKendrick model (renewal rate p = 0).

Finally, it is noted that there is a good correspondence between the results
obtained by stochastic simulations and the asymptotic approximation derived for the
probability of fade-out at the end of the first epidemic cycle.
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Chapter 5

The expected exit time of unexpected exits

Abstract

A study is made of the expected exit time from an interval for a one-
dimensional stochastic dynamical system at precisely that boundary where exit is
not likely. For three fundamental cases the conditional expected exit time is
determined by asymptotically solving Dirichlet problems based on the Fokker-
Planck equation for the stochastic system for small values of the diffusion parame-
ter. The asymptotic approximations reveal interesting features that remain hidden in
the exact solutions. As the usual method of matched asymptotic expansions with
local solutions of boundary layer type fails, use has been made of WKB-expansions.
The analytical expressions are compared with simulation results and with numerical
values for the exact solutions.

1. Introduction

In this study we consider stochastic dynamical systems with small stochastic
fluctuations. These fluctuations may drive the system against the deterministic flow
and considerably influence its long time behaviour. Because of the stochasticity, the
system can leave the domain of attraction of a stable steady state. This exit problem
has been the subject of many investigations, see e.g. Naech et al. (1990) and the
references mentioned in that paper. Because of stochastic fluctuations, the system
can also leave a domain in the state space at a part of the boundary that can not be
reached in the corresponding deterministic system. In this study we are interested in
the (conditional) expected exit time at precisely that part of the boundary of the
domain where exit is not likely. This problem came up in studying the expected
arrival time of pollution at a well in a dispersive groundwater flow, see Van
Herwaarden (1994), for starting points outside the region of advective flow towards
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the well. This problem is also considered in the appendix of Mangel (1979), where
the deterministic system of interest contains two stable steady states and a saddle
point. Mangel focuses his attention on the bifurcation behaviour as two or three of
the steady states coalesce.

In the present paper we determine asymptotic solutions for the expected
(first) exit time at one of the boundaries for three fundamental one-dimensional
cases. The asymptotic solutions reveal essential features of the expected exit time
that remain hidden in the exact solutions. Moreover, the methods we present may
be extended to higher dimensional problems where exact solutions are not available,
We describe the stochastic process in terms of a Fokker-Planck (or Kolmogoerov)
equation. In section 2 the equations and the boundary conditions for the exit
problem are formulated for exit of a stochastic process from the interval D =
{x€R|0<x< 1} at the boundary x = (. In the next sections we determine
asymptotic solutions for the {(conditional) expected exit time at x = 0. In section 3
the underlying deterministic flow is directed towards x = 1, so in the stochastic
process the boundary x = 0 is the unlikely exit point for initial states away from this
boundary. An asymptotic formula for the expected exit time is obtained that is
simple and intriguing. In sections 4 and 5 the deterministic flow vanishes in one
point of D. The deterministic steady state in section 4 is unstable. In section 5 we
consider a stable steady state in D that is chosen such that the boundary x = 0 is the
unlikely point of exit for initial states away from this boundary. In section 6 the
asymptotic expressions are compared with numerical results obtained from random
walk simulations or from the exact solutions.

2. The Fokker-Planck equation
We consider a stochastic dynamical system on the domain
D={xeR|0<x< 1} 2.1)
Let p(x, £) be the probability density function to find the state of the system at a

point x at time ¢, if initially it is in £ € D. The function p(x, t) satisfies the forward
Fokker-Planck (or forward Kolmogorov) equation

% =Mp, px, 0) = ¥x - %), (2.2a)
=-9 12 & a(x
M= 0@+ 36 e, (2.20)

where b(x) and e’a(x) are the drift and diffusion coefficients, respectively. The
parameter £ is small, 0 < ¢ << 1, indicating that the stochastic fluctuations are
small. We suppose that a(x) is a positive function. The system can also be described
by a stochastic differential equation of Ito type
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dx = b(x)dt + £ya(x) dW, (2.3a)
x(0) = £ (2.3b)

with W(r) a Wiener process, see Gardiner (1983). A discretised version of the
stochastic differential equation can be used to generate simulations for the stochastic
process, see section 6.

Related to the forward operator M is the backward operator

L= b(x)_g?' s Le? a(x)%, 2.4)

which is the formal adjoint of M. It plays an important role in exit problems. We
use L to formulate boundary value problems for the exit of the system through a
particular end of the interval D. Say the system starts in x € D, what is the
probability that it reaches the boundary D the first time in x = 0? Let u(x) denote
this probability. It can be shown that u(x) satisfies

_ du 1.2 dzu - .
Lu = b(x)z + o€ a(x)F =0 in D, (2.5a)
u=1, u(l)=0. (2.5b)
For an initial state x € D we are in particular interested in the expected (first) exit

time 7,(x) from D with the condition that exit takes place at x = 0. It can be
derived, see Gardiner (1983), that

T(x) = T)u(x) 26)
with the function T(x) satisfying the boundary value problem
— dr 1.2 d2T - _ :
LT = b(x)E + o€ a(x)? =-u in D, (2.7a)
T0y=0, I1)=0. (2.7)

These boundary value problems can be extended to higher dimensional state spaces,
It is noted that in Mangel (1979) the denominator u(x} in (2.6) is not present.
3. Flow without steady states

In this section we consider a stochastic system on the domain D given by
(2.1). We suppose that the deterministic flow
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dx

— = b(x 3.1

= b(x) (B.1)
is a positive function independent of &:

x>0 for x€D, 3.2)

so the flow is pointing towards x = 1 and has no equilibria on D. Because the
fluctuations we consider are small, the boundary peint x = 1 instead of x = 0 is
most likely reached for starting points away from x = (. The solutions u(x) and
Ty(x) of Egs. (2.5) - (2.7) 1epresent the probability of exit and the (conditional)
expected exit time, respectively, at the unlikely exit point x = 0 for starting points
x €D, We are interested in deriving an asymptotic approximation for T(x) for
small values of e.

3.1 An asymptotic expansion of the exact solution

In this subsection we derive an asymptotic approximation for T,(x) by
expanding the exact solution with the method of Laplace (Erdélyi (1956)). Egs.
(2.5a) and (2.7a) are first order differential equations in du/dx and dT/dx, respective-
ly, and can be solved exactly. Defining

) = ! 256) g, 33)

the solution u(x) of the boundary value problem (2.5) can be written as

u(x) = % [expl-Tyet) ds (3.4a)

with the constant R given by

1

R = ! exp[-I(s)/e?] ds. (3.4b)

For small values of ¢ the main contribution to the integral in (3.4a) comes from a
neighbourhood of the minimum of I(s), where the integrand is peaked. For the
deterministic flow b(x) considered in this section, this minimum is found in the end
point s = x of the integration interval. Applying Laplace’s method, by expanding
I(s) in a Taylor series near s = x, the integral in (3.4a) is approximated. Treating the
integral (3.4b) for R in the same way, we obtain for x away from 1

u(x) ~ %% % exp[-I(x)/e?]. 3.5)

The solution of (2.7) is given by
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o) = 2 fcxp[ -Ks)e?] 1[ MO ex[Ie)e?]deds +

- 11? 2 cxp[—I(s)/ez]ds 1[ exp[-I(s)/é?] 1‘ u()exp[f(t)/ez]dtds' (3.6)

After some mampulatlons T(x) can be written in a form that is more convenient to
expand for the present flow field b(x):

11
Ty = L2 J' 1‘ (s, r) exp[-((s) + I(r)y/e?]drds (3.72)
ReJ
with
fs, P) = j.;((_g_exp[l(t)fez]dt. (.75

The exponential function in (3.7a) is peaked in (s, r) = (x, 0), whereas fis, r)
behaves regularly, see Eq. (3.5). Therefore, the largest contribution to the double
integral in T(x) comes from a vicinity of (x, 0). Applying Laplace’s method for
double integrals and using the approximation for R, we find

ORI PP 3.8
T ~ 25 b | o PO, (38)
and, wvsing T,(x) = T(x)/u(x) and (3.5),
I3
T(x) = E‘Eds (3.9)

for x away from 1. This simple result for the expected exit time at x = 0 for a
starting point x € D, is very intriguing. We note that the integral in (3.9) also
represents the deterministic travel time from x = 0 to the point x € D, as can easily
be derived from (3.1). So the first order approximation for the expected exit time
for diffusion against the flow equals the travel time with the deterministic flow in
opposite direction. We are not familiar with an explanation for this relation from a
physical point of view. It is seen that, if we let the deterministic flow increase, the
expected exit time for diffusion against the flow decreases. This apparent contradic-
tion is taken away by considering that T is a conditional expected exit time. For an
increasing deterministic flow, less particles reach the boundary x = 0. An interpreta-
tion is that, if we let the deterministic flow increase, the "average pacticle" that
reaches the boundary point x = 0 has to travel against the flow faster in order to be
able to reach that boundary at all.
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We note that the result (3.9) is in agreement with the following result that
can be derived for a stochastic process with constant drift p and variance o and
one absorbing barrier at a > 0. For the initial state x = 0 the moment generating
function of the first passage time at a is given by

g'(s) = !g(t)exp[—st] dt = exp[a(p - Y12 + 2502 )/0?], (3.10)

see Cox and Miller (1965), with g(¢) the (possibly defective) probability density
function of the first passage time. Expression (3.10) is valid both for drift towards
the barrier (u > 0) and for drift away from the barrier (n < 0). The conditional
expected exit time T, at the barrier a is given by —d(in g')/ds, evaluated for s = 0,
and can easily be calculated. The result is

_ @&

T
Expression (3.11) also equals the deterministic travel time from x = 0 to x = @ with
drift p > 0 or vice versa from x = a to x = 0 with drift p < 0. So we see that in this
case with one absorbing barrier the conditional expected exit time for diffusion
against the flow exactly equals the travel time with the deterministic flow in
opposite direction. From (3.9) we conclude that adding a second absorbing barrier
can be seen as the introduction of a perturbation that does not affect the first order
approximation for the expected exit time for diffusion against the flow. We note
that Cox and Miller (1965) state the result (3.11) explicitly only for u > 0. There-
fore, the remarkable fact that the result also holds for diffusion against the flow has
remained unnoticed. Moreover, we note that the first order approximation (3.9) for
T,(x) is independent of the diffusion coefficient a(x).

(3.11)

3.2 An asymptotic treatment of the differential equations

In this subsection we derive an asymptotic approximation for T, without

using the exact solution. We consider the boundary value problem (2.7). Substitut-
ing T1(x) = T(x)/u(x), see (2.6), into (2.7a) and using (2.5a), we obtain the differen-
tial equation for T(x)
'tx). aT aT
0 + el O T tegn T 3.12a
(b) + Ca) =) + 3 al)— (3.122)
This equation must be supplemented by boundary conditions. It is seen from the
boundary conditions (2.5b) for u(x) that we impose sufficient conditions by
requiring

T(0) =0, Ty(l)< . (3.12b)

In our asymptotic treatment of (3.12) we use an approximation for u(x) that
is obtained by asymptotically solving (2.5). We note that solving (2.5) by the
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familiar method of maiched asymptotic expansions with regular expansions on
subdomains (see, e.g., Eckhaus (1973)), yields an approximation for u(x) that is
only sufficiently accurate in a boundary layer near x = 0 to be used for the determi-
nation of T,(x). Therefore, we use a WKB-expansion for u(x). Substitution of the
WKB-approximation

u(x) = w(x) exp[ -Q(x)/e’] (3.13)
into (2.5a) yields to leading order O(e™)

wx)Q'(x)(-b(x) + %a(x)Q ‘) =0 (3.19
and to order O(c")

B - AW - LamE”Cw) = 0. (3.15)

Egs. (3.14) and (3.15) are satisfied by Q(x) = I(x) and w(x) = a(x)/b(x). Using the
left boundary condition u{0) = 1 we obtain the WKB-approximation

= 5O D) oo 10xye 3.16
M) = 2oy TP @3.16)
which equals the approximation (3.5) found by expanding the exact solution. We
note that the right boundary condition u(1) = 0 is satisfied with an exponentially
small error.
Substitution of (3.16) into (3.12a) yields

_ a'(Rbx) - ab'), Ty | 1
(-b(x) + €* 5D )E +

valid away from the right boundary point x = 1. For the present flow field b(x) it is
possible to find a regular expansion in this part of the domain

(3.17)

T(x) = ): T, (). (3.18)

Substitution of this expansion in (3.17) yields the differential equation for the order
O(1) term

-b(x) “°> = -1. (3.19)

Using the boundary condition 7,4(0) = 0, see (3.12b), we obtain the first order
approximation

— ’ 1
T, = 1!’ ol ds, (3.20)

that is the same approximation as we have found above by asymptotically expan-
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ding the exact solution, see (3.9). Higher order terms of the regular expansion can
be successively obtained in the same way. It is noted that the expression (3.20) can
also be used as a first order approximation for T\(x) in the neighbourhood of x = 1.

4. Flow with an unstable steady state

We again consider a one-dimensional stochastic system on the domain D
given by (2.1). In this section we assume that the corresponding deterministic flow
b(x) has one unstable equilibrium x, in D:

bx)=0, bx)<0 for O0sx<x, bx)>0 for x,<x=s1. (41)

As before, the solutions u(x) and T;(x) of Eqgs. (2.5) - (2.7) represent the probability
of exit and the (conditional) expected exit time, respectively, at the boundary x = 0
for starting peints x € D. We are in particular interested in the behaviour of T(x)
for starting points x, < x < 1, where the deterministic flow points to x = 1 and exit
at x = 0 is unlikely. As in section 3, the exact solutions for u(x) and T,(x) follow
from the expressions (3.4) and (3.6). For the present flow field b(x) it is rather
complicated to derive an asymptotic approximation of T,(x) by expanding the exact
solution. Therefore, we proceed along the lines of subsection 3.2. We
asymptotically solve (2.5) for u(x) and, using this solution, determine a solution for
T,(x) by asymptotically solving the boundary value problem (3.12) for T,(x).

4.1 The probability of exit

For the flow field considered in this section it is expected that u(x) will
change rapidly from about 1 to 0 in a small region near the unstable steady state x,.
So a boundary layer is expected to be present at this place. An examination of
different stretchings of the coordinate shows the presence of a boundary layer of
width O(e) around x. This boundary layer divides D* in three subdomains: the
boundary layer D,, the region D; at the left of D,, and the region D} at the right of
D,. In particular for starting points x € D; the approximation for u(x) should be
sufficiently accurate to be used for the determination of T(x). The expression for
u(x) obtained by the familiar method of matched asymptotic expansions is not
accurate enough. Therefore, following Cook and Eckhaus (1973), we use WKB-
expansions for u(x) on subdomains.

We first consider the regions D, and D?. Substitution of the WKB-approxi-
mation u(x) = w(x)exp[-O(x)/e?], see (3.13), into (2.5a) again yields the equations of
the type (3.14) and (3.15). We note that these equations admit the solutions

Q) =J(x) and wx) = a(x)/b(x), (4.2a)

Q(x) = constant and w(x) = constant, (4.2b)
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with J(x) defined by

x

= [ 2
J(x) j = ds. (4.3)
Taking linear combinations of WKB-approximations we find
= a(x) - 2 : -
u(x) = B, + BZF(x_)exP[ J(x)/e] in D, (4.4a)
u(x) =B, + B i(x_)exp[ -Jx)/E*] in D;. (4.4b
) ’

To find the expansion of u(x) valid in the boundary layer D,, we introduce
the appropriate stretched variable

E=(x - x)e. 4.5)
Substitution into (2.5a) yields forg — 0
. du d’u
b(xe)EE + %a(xe)E =0, (4.6)
which has the solution
£
ug) = B, + B, J; exp[-c,v¥]dv  with ¢, = b'(x,)a(x,). (4.7a,b)

We note that for the present flow field ¢, > 0.

The constants B; are determined by matching the solutions (4.4a) and (4.4b)
with (4.7), and by applying the boundary conditions (2.5b). Using the asymptotic
expansion of the complementary error function, see Abramowitz and Stegun (1965),
we find that the inner solution u(E) behaves like

B
B, = _;Bﬁ nic, - 26"5 exp[-c, 8] for E ~» x. (4.8)

Expressing the outer solution (4.4a) in the inner variable & and expanding for
§ —» —o, we see that the outer solution behaves like

BZ
B + exp[-¢,E?] for E — -oo. (4.9)
ceE
Matching (4.4a) and (4.7), using (4.8) and (4.9), yields

B, = B, - B y/nic, , B,je = -B/2. (4.10a,b)

By matching (4.4b) and (4.7) we obtain in an analogous manner the relations
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B, =B + B nlc,_, B,je = -B,/2, (4.11a,b)

and by applying the boundary conditions (2.5b)

a(0) _ 21 = a(1) _ 21 =
B, + B, B0) exp[-J(0)/e’] = 1, B, + B, ) exp[-J(1)/e’] = 0.
(4.12a,b)
Solving Egs. (4.10) - (4.12) vields the constants B;. The expressions (4.4) and (4.7)
thus obtained for w(x) can be simplified by using appropriate approximations. The
following asymptotic approximation is then found

u(e) = 14+ Leyfeln %exp[—.}'(x)lez] in D, (4.132)
(x = x)e
u(x) = 5 - Jein ! exp[-c,v*]dv in D,, (4.13b)

u@) = Leyfefm (%exp{-l(x)/eﬂ - g((—gexp[-a'(l)/ezn in D;.

(4.13¢)
It is seen from these approximations that u(x) is exponentially small in D! and
equals 1 with an exponentially small deviation in D.

4.2 The expected exit time

We now asymptotically solve the boundary value problem (3.12) for T,(x).
Using Egs. (4.13) we determine solutions of (3.12a) valid on subdomains. The
unknown constants are obtained by matching the solutions and using the boundary
conditions (3.12b).

The region D,. On D the differential equation {3.12a) is approximated by

dT,
— =L (4.14)

dTl 1.2
b(.t)E + e a(x)

as follows from substitution of (4.13a). Taking € = 0 yields the reduced equation.
Solving this equation and using the boundary condition 7,(0) = 0, see (3.12b), we
obtain the first term of a regular expansion

X

1
T(x) = -~ | ———ds. 4.15
@ = [55 (415)

We note that this approximation equals the travel time with the deterministic flow,
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as is expected for starting points in this part of the domain. For matching purposes
we need the behaviour of expression (4.15) near the boundary layer D,. It is given
by

1

ey

In(x, - x) + T, (4.16a)

with
1 nx - 1 1 ds
ZER R 0 B T3 Ry

T; = (4.16b)

The region D;. In D we substitute (4.13c) into (3.12a). For x away from 1 we
find the approximation

(o) + LD '), Listeawili-a, @

equal to Eq. (3.17) for the flow field of section 3. Taking ¢ = 0 and solving the
equation we obtain

19 = - | T;(lT)ds + P, (4.18)

with the constant P to be determined by matching. For this purpose the behaviour
of (4.18) near the boundary layer D, is needed. It is given by

T = (ie)]n(x —x)+ T +P (4.193)
with
P 1 1
' = -B_,(len(l x.) J’ W T xe)ds. (4.19b)

For the neighbourhcod of x = 1 it can be verified that the differential
equation in the appropriate local variable is satisfied by T, = constant. Taking this
constant equal to P for matching purposes, we can conclude that near x = 1 the first
order approximation for T\(x) is contained in expression (4.18).

The boundary layer region D,. We now consider the region D,. Substitution into

{3.12a) of the approximation (4.13b) for #(x) and the boundary layer variable &
given by (4.5), yields for e — 0

’ 2 ’ 2 dTl 1 dle

(B'(x,)E - a(x,)exp[-c,&] / [exp[—c,v ldv) g + gat)— = L.

% (4.20)
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This first order differential equation in dT,/dE can be solved. Its solution is written
as

2 ; {exp[cetz](jexp[—cevz]dv)zdt / {exp[—cevz]dv +

T =
(&) a(

(4

E o
¢ 2 J.exp[cetz] Iexp[—cevz]dvdt +k / ‘[ exp[-c,v?]dv + k,, (4.21)
[

@

a(x,) 4

where the constants k, and k, follow from matching with the outer solutions (4.16)
and (4.19). The form {4.21) is convenient for matching with (4.19). We investigate
the behaviour of (4.21) for &€ — . It can be shown that the first term at the right
side of (4.21) tends to 0 for E — . For the second term at the right side of (4.21)
it can be shown that it behaves like

1 1 1 — o
b'(xe)ln E+ b,(xe)(s +ilnc) for & (4.22a)
with
t o
B = 1lim 2 .!:cxp['c’] I exp[~¢?] dpdv - In €. (4.22b)
;—om T

The value of  can be determined numerically, B = .982. The third term at the right
side of (4.21) behaves like

2kc Eexp[c E?] for E — =, (4.23)

Expressing the outer soluticn (4.19a) in the inner variable £ = (x — x_)/e and
expanding for § — o, it is seen that it behaves like

1 InE + 1
b'x,) bi(x,)

(4

Ine+7, + P for E — . (4.24)

From (4.23) we see that the third term at the right side of (4.21), which grows
exponentially for & — ¢, can not be matched for k, = 0. Comparing (4.22a) and
(4.24) it is seen that the second term in (4.21) shows the needed asymptotic
behaviour for § — . We are led to the matching conditions

k, =0, (4.252)
1 1
b(x,) b'(x,)

In order to match (4.21) with the outer solution (4.16} on D}, we rewrite
{4.21). After some manipulations and using (4.25a), we can write

@B +zlnc)+k = Ine + I, + P. {4.25b)



The expected exit time of unexpected exits 87

T(E) = 2 {exp[-cesz]‘!:exp[cetz]J'exp[—cevz] dvdtds /{exp[—cﬂvzldv +k,.
a(x,) }
(4.26)
Now one can show that TI(E) behaves like
b(x) In(-§) - X )(ﬂ - 4\'/\/E+—1n¢:) +k, for E— -
(4.27a)
with
y = !' exp[-0?) 1[exp[vcz] J‘ exp| -¢*] dp dr do. (4.27b)

The value of ¥ can be determined numerically, y = .307.
Substituting the inner variable £ into the outer solution (4.16a) and expanding
it for £ — -0, we find that the outer solution behaves like

- _ " Ine+ T f — -0, 4.28
T D gt T for E (“428)
Now matching (4.27a) and (4.28) yields
1
ky= -———Ine + B -4 /ym+ iinc)+ Ty (4.29)
PbRE) b( )
We note that, using (4.25b) and (4.29), we can write the constant P in (4.18) as
2
P=-——Ine+ (|5—27/JE+_1nc)+T T;. (4.30)
b'(x,) b'(x,)

We can summarize the results for T,(x). In D, we have the approximation
(4.15), that is the deterministic travel time. In D, we have the boundary layer
solution T,(E) given by (4.26), with E given by (4.5) and k, by (4.29). And in the
region D¢, that we are in particular interested in, T,(x) is approximated by (4.18),
with P given by (4.30). We note that it is possible to construct a composite
expansion T, to avoid the difficulty of deciding whether a starting point is within
or cutside the boundary layer, see Van Dyke (1975):

Teomp = Tower * Thound = Tt (431

Here T, is given by (4.26). For x < x, the function T, is given by (4.15) and
Toaea by (4.28), and for x > x, we have T, given by (4.18) and T, by (4.24).
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5. Flow with a stable steady state

In this section we study as third fundamental example a stochastic dynamical
system with one stable deterministic equilibrium. The stochastic system is given on
the interval D} defined by (2.1). We assume that the deterministic flow b(x) has a
stable equilibrium x, in D:

bix)=0, b(x)>0 for 0sx<x, bx)<0 for x,<x=s1, (5.1a)

and that the flow and the diffusion coefficient satisfy

1

'!‘ 263 4 > 0. (5.1b)

a(x)

The corresponding deterministic system will always approach the equilibrium x,
without reaching one of the boundary points x = 0 or x = 1. Because of the
diffusion, the stochastic system can leave the domain of attraction of the stable
steady state and reach the boundary. With probability one this will happen in a
finite time. Condition (5.1b) implies that for an initial state away from x = 0 the
boundary x = 1 is most likely reached before x = 0. So for starting points x away
from x = 0 the solutions u(x) and T(x) of Egs. (2.5) - (2.7) are the probability of
exit and the (conditional) expected exit time, respectively, at the unlikely point of
exit x = (. We are interested in an asymptotic approximation of T(x) for small
values of &. We note that the exact solution for T\(x) is known. It is given by
T(x) = T(x)/u(x) where u(x) and T(x) can be written as (3.4) and (3.6), respectively,
but it gives little insight in the behaviour of 7i(x). To find the asymptotic expansion
we proceed along the lines of section 4. We asymptotically solve (2.5) for u(x) and,
using the solution, asymptotically solve the boundary value problem (3.12) for

T\(x).
5.1 The probability of exit

We consider the boundary value problem (2.5) for u(x). Following Cock and
Eckhaus (1973), we again use WKB-approximations on subdomains. The same
subdomains as in section 4 are distinguished. Around the equilibrium x,, where the
coefficient of du/dx in (2.5a) vanishes, we have the region D, of width O(g). At the
left and at the right of D, we have the regions D] and D3, respectively.

First we find an approximation for #(x) in the regions D, and D} by substi-
tuting the WKB-approximation u(x) = w(x)exp[-Q(x)/e*] into (2.52). In the same
way as in subsection 4.1 we obtain approximations for u(x) that can be written as

u(x) = A, + Az% exp[-K()/e?] in D, (5.2)
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u(x) = A, + A4% exp[-K(ye?] in D!, (5.2b)
with the integral K(x) defined by
_ (20
K(x) = f = ds. (5.3)

In the region D, we substitute the appropriate stretched variable § = (x — x.)/e
and let € — 0. The resulting equation is of the form (4.6) and has the solution

£
u) = A, + A, 1!’exp[-cevz] dv  with ¢, = b'(x.)a(x,). (5.4a,b)

For the present flow field we have ¢, < 0. For matching purposes we need the
behaviour of (5.4) for E — =+». From the asymptotic expansion of Dawson’s
integral, see Spanier and Oldham (1987), it is seen that «(E) behaves like

A - A5 exp[-c.8?] for E — zoo. (5.5)
2c E

In the same way as in subsection 4.1 we can now determine the constants A,
by matching (5.2a) and (5.2b) with (5.4), and by using the boundary conditions
(2.5b). We find the following asymptotic approximation

us) = - 25 LK) (318 - S eml-Kaye?]) in D] and D,

b(1)  Bx)
(5.6a)
w(x) = - 2O exproye] (2L + 2 expl K )/ez](x_xe)hexp[-c v]dv) in D..
«0) D) e I [ el °
(5.6b)

We note that the approximation for u(x) that can be found by solving (2.5) with the
familiar method of matched asymptotic expansions and by using the divergence
theorem (see Schuss (1980)), is not sufficiently accurate to determine T,.

5.2  The expected exit time

Using the solution for u(x), we asymptotically solve the boundary value
problem (3.12) for T,(x). We first consider the coefficient b(x) + £%a(x)u'(x)/u(x) of
dT,(x)/dx in (3.12a). Because of the term exp[-K{(x)/e’] in the expression (5.6a) for
u(x), the coefficient vanishes in an order O(e®) neighbourhood of the point x, with
0 < x; < x, characterized by
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(2 4 . 5.
ldx) (5:7)

This can be seen from substitution of (5.6a) into the coefficient and considering that
exp[-K(x)/e?] changes from exponentially large to exponentially small in an order
O(e?) neighbourhood of x,. This region around x, divides the domain D in three
subdomains: the order O(e®) neighbourhood D, of x,, the region D at the left of D,,
and the region Dy at the right of D, see Figure 1. We will determine solutions of
(3.12a) valid on these subdomains. It is assumed that 7,(x) is of the form

Ty(x) = C(e)e(x) (5-8)

with C(g) exponentially large.

Figure 1. Subdomains for the solutions of u(x) and T(x) for a flow with a stable
steady state X,

5.2.1 Solutions on subdomains

We first consider the region Dj. Substitution of (5.6a), (5.6b) and (5.8) in
(3.12a) yields for x away from 1 the approximation for small values of

b(1) _ dt dr _ 1
(bs) + 200 L expl K@D + JEa) ST = - s (59
Taking the limit ¢ — 0 yields the reduced equation
dt
— =0. 5.10
B(x) — (5.10)

This equation is satisfied by a constant that we can take 1 (any other value can be
taken up in C(e)):

ox) = 1. {5.11)
It can be verified that this solution is also valid near x = 1, by asymptotically

solving the differential equation (3.12a) in the appropriate local variable.
In the region D; we obtain by substitution of (5.6a) and (5.8) in (3.12a) the
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approximating differential equation

- 2 @'()0(x) - a()b'(x), dv v __ 1
(-b(x) + & ) ) a(x)F m {5.12)

Taking the limit ¢ — 0 we find

dt
-b(x)— =0, 5.13
b — (5-13)
with the solution satisfying the boundary condition T,(0) = 0, see (3.12b),
wx) = 0. (5-14)

We note that in subsection 5.2.3 we will refine this solution.
We now consider the region D,. Substitution of (5.6a) and (5.8) into (3.12a)
yields, after introduction of the local variable

p = (x - x)/e? (5.15)
and taking the limit € — 0, the differential equation

1 dz‘t

1 - 201 - ¢, %) exp[2¢,p]) 147 _ 5.16
(1 - 201 - g expl2e,pl) ) 15 (5.162)
with the constant
= bixp)a(x,) > 0. (5.16b)
The solution of this equation is
1
wp) = d, + (1 - ZE ; PD. 617

Matching (5.17) with the solutions (5.11) on D and (5.14) on Dj yields the
constants

d.l = 1, dz = -1, (5.183,b)

respectively. The constant C(g) is yet unknown. Subsection 5.2.2 concerns the
determination of this constant.

52.2 The constant C(g)
To determine the constant C(g), we first solve the forward equation
Mp=0 (5.19)

with the operator M defined by (2.2b). A solution p(x) of this equation will be used
for the determination of C(g). The function p(x) describes, if appropriately scaled,
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the quasi-stationary distribution. With this quasi-stationary probability distribution
we mean the distribution given the system has not reached the boundary of the
domain D.

We seck a solution of {5.19) in the form of a WKB-approximation

p(x) = r(x) exp[-S(x)/e?] (5.20a)

with the conditions in the equilibrium point x,
Sx)=0, rx)=1 {5.20b,c)

Since x, is the most likely place for the state to be found, S(x) should have a
minimum in x, Substituting the WKB-approximation inte (5.19) and rearranging
terms, we obtain to order O(c") two equations, that can be solved for the functions
S(x) and r(x). We obtain

a(x,)
p(x) = e

This function p{x) will be used in the following relation that can easily be
derived

exp{(K() - K(x,)Ve?]. (5.21)

1 1
1[ (LT - TMp)dx = [bpT + Le*(apT’ - ap'T - a'pT)] (5.22)
(1]

(divergence theorem). By (2.7a) and (5.19) the left side reduces to an integral that,
after substitution of (5.6) and (5.21), can be evaluated with the method of Laplace.
The result is

Zg; :8; J-nlc, & exp[K(O)/e?]. (5.23)

The right side of (5.22) can be simplified and expressed in 7\(x) with (2.7b), (2.6)

and (2.5b). Then using the results for u(x), T,(x) and p(x) derived in this section, we
obtain the approximation for the right side

- a(xe)% C(e) exp[(K(0) - K(x))/e?). (5.24)

Combining (5.23) and (5.24) we find

Cle) = - % « -n/(b'(x )a(x,)) € exp[K(x,)/e?]. (5.25)

Summarizing we have thus far obtained the following asymptotic results for
T,(x). In the region D; we have the approximation T,(x) = 0, see (5.14). In the
region D we have obtained Ti(x) = C(g) with C(g) given by (5.25), while in the
boundary layer D, we have the approximation T,(p) given by (5.8), (5.17), (5.18).
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We remark that the exact value for T (1), which is determined by the relation
T,(x) = T(x)}u(x) with u(x) and T(x) written as {3.4) and (3.6), respectively, can be
evaluated for small values of & using Laplace’s method. The result thus obtained is
equal to the value (5.25) for C(). In the following subsection the approximation for
T\(x) in D, will be refined.

5.2.3 A refinement of the solution in Dy

We are not content with the very rude approximation T\(x) = 0 we have
obtained thus far for the expected exit time at x = 0 for starting points in the region
Dy. This solution will now be improved. The solution (5.17), (5.18a) for ¥(p) in the
region D, behaves like

1+d,(1+c¢, Z((i; exp[2¢,p]) for p — -, (5.26)

This suggests an approximation for t(x) in the region Dj in the form of a WKB-
expansion

T(x) = v(x) exp[ -P(x)/ 82] . (527)

Substitution in the differential equation (5.12) for t(x) and comparison with the
value (5.25) of C(e) show that, as long as

P(x) < K(x,), (5.28)

the differential equation can be seen as a homogeneous equation for small values of
e. Under the assumption (5.28) we obtain in the way of subsection 4.1 the linear
combination of WKB-approximations

W) = d, + d, "Ex; exp[K(x)/e?]. (5.29)

To match this solution with (5.26) we express (5.29) in the inner variable p =
(x - x,)/¢* and expand it for p — —o. We find that this outer solution behaves like
d, + d,c exp[2¢,p] for p — -, (5.30)

So matching (5.30) and (5.26) yields two relations from which d; and d, can be
expressed in d,. We obtain the WKB-solution

W) =1+d,+d 20 ;((B ng; exp[K(/e2]. (5.31)

Now we can distinguish two cases.
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Casel. If

(220 4 o 2200 dx, (5.32)
FER e

then —-K(0) < K(x,) and assumption (5.28) is satisfied for x € Dj. In that case (5.31)
is valid for x € D, and the boundary condition T,(0) = 0, see (3.12b), determines
d,. Carrying out appropriate approximations we find that the solution for t{p) in D,
remains unchanged and is given by (5.17), (5.18), and that in D; we have the
improved approximation

_ a0 BO) ooy - PO ik
™x) = b(1) 20 exp[K(0)/e"] - ® exp[K(x)/e°]). (3-33)
Case 2. If
IE@mzf%wa (539
a(x) a(x)
then there is a point 0 < x, < x, characterized by
j 20 4y = [ 220 4y (5.35)
ACORRE e

In that case assumption (5.28) is satisfied for x; < x < x, and soluticn (5.31) is still
valid for x € D;, with x > x,. For x = x; we asymptotically solve the inhomogeneous
differential equation, that in I); is given by

(-b(x) + g2 a (x)b(x)b(_ )a(x)b (X))

see (5.12). Taking ¢ = 0 and using the boundary condition T,(0) = 9, see (3.12b),
we find for x < x, the first order approximation

-1, (5.36)

r 1
T = [—ds, 537
® =[5 (537)

in correspondence with expression (3.20) for the flow field without steady states.
This solution can be matched with (5.31) in x,. We obtain

*

b()

The asymptotic solutiont in D, remains unchanged and is given by (5.17) and (5.18),
whereas the solution in Dj, for x > x, is approximated by

—ds = CE)(1 + ). (5.38)




The expected exit time of unexpected exits 95

*,

T(x) = ! 1 a5 - )2 5D oo kixye?). (5.39)

Z6) B(1) a(x)

We can summarize the asymptotic results we have obtained for T,(x) in this
section. In the region D} we have found T,(x) = C(g) with C(e) given by (5.25). In
the boundary layer D, we have the approximation Ty(p) given by (5.8), (5.17),
(5.18). In the region D, we have in case 1 the approximation (5.8), (5.33), and in
case 2 we have in D, the approximation (5.39) for x > x, and (5.37) forx < x,.

5.2.4 A comparison of exit times at different boundaries

Above we have obtained results for the conditicnal expected exit time 7,(x)
at the unlikely exit point x = 0 for starting points x € . It is interesting to compare
these results with the conditional expected exit time Ty(x) at the other boundary
point x = 1. The function T(x) is determined by

To(x) = TEK(1 = u(x)) (5.40)
with 7{(x) satisfying the boundary value problem

LT=-(1-uw) in D (5.41a)

=0, I(1)=0. (5.41b)
Here u(x) denotes the exit probability at x = 0, determined by the boundary value
problem (2.5). The solution for u(x) is given by (5.6). In the same way as we
obtained a solution for T\(x) we can determine an asymptotic solution for Ty(x). A

boundary layer of width O(¢?) is found near x = 1. Qutside this boundary layer we
cobtain

T (x) = C(g), (5.42a)
inside this boundary layer
Tx) = Ce)(1 - exp[-2b(1)(x - 1)/(a(1)e?))). (5.42b)

Using the divergence theorem we obtain the same value (5.25) for C(e) as we found
for the expected exit time T,(x) at the unlikely exit point x = 0. So for starting
points x € Dg, away from x = 1, we have the interesting result that the (conditional)
expected exit times at the unlikely exit point x = 0 and the most probable exit point
x = 1 are equal in first order approximation. An interpretation is as follows. For a
starting point x € D;, away from x = 1, we expect the system to approach first the
stable equilibrium and to remain in the neighbourhood of it for a long time. Large
excursions from the equilibrium take place with small probabilities. Exit at the
boundary occurs during such an excursion. Now it is expected that the exit time at
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x = 0 equals the exit time at x = 1 in first order approximation, because if, say, the
exit time at x = 0 were considerably larger exit would already have occurred at
x=1.

We note that for the determination of T(x) it is not necessary to use a WKB-
approximation for u(x) as obtained in subsection 5.1, but that an approximation of
u(x) found by solving (2.5) with the familiar method of matched asymptotic
expansions and using the divergence theorem is sufficiently accurate.

The conditional expected exit times can also be compared with the expected
exit time T(x) at the boundary 8D regardless of the point where exit takes place, It
immediately follows from the information in section 2 that for a starting point
x € D the expected exit time T(x) from D where we do not distinguish between exit
at x = 0 or at x = 1, satisfies

LT=-1 in D, (5.43a)
T0)=0, T(1)=0. (5.43b)

Solving (5.43) we find boundary layers of width order O(e?) near x = 0 and x = 1.
In the boundary layer near x = 0 we obtain

Tx) = C(e)(1 - exp[-2b(0)x/(a(0)e*)D), (5.44a)
outside the boundary layers

T(x) = C(e), (5.44b)
and inside the boundary layer near x = 1

T(x) = Ce)(1 - exp[-26(1)(x - D/(a(l)e)). (5.44c)

The divergence theorem again yields the value (5.25) for C(e). We can use this
result to examine the asymptotic approximations we have derived in this section by
verifying the relation

Tu+ Tl -u=T. (5.45)

By substitution in the left side of (5.45) of the asymptotic solutions derived for u(x),
Ty(x) and T,{x) the approximation (5.44) for I(x) is obtained, indeed, with an
exponentially small relative error.

6. A comparison with numerical results

In this section the analytical approximations derived in the foregoing sections
are compared with numerical results, First we present results of stochastic simula-
tions for the flow without steady states. The stochastic differential equation (2.3a)
can be approximated by the stochastic difference equation
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Ax = BOA! + eya() E@O VAL, | 6.1)

where E(f) is normally distributed with zero mean and unit variance, see Gardiner
{1983). Using (6.1) the stochastic process can be simulated. In Tables 1 and 2 we
give simulation results for the one-dimensional flow of section 3. By carrying out
simulation runs for starting points 0 < x < 1, we have found approximations u, and
T\um for the probability that exit occurs at x = 0 and for the conditional expected
exit time at this boundary point, respectively. These simulation results are compared
with the asymptotic approximations u,, and T, computed from (3.5) and (3.9), or
(3.20), respectively. In Table 1 we are interested in the x-dependence of the
asymptotic approximations. For each starting point 25000 runs have been made;
e = .1, b(x) = .5 and a(x) = 1. In Table 2 we attempt to investigate the indepen-
dence of a(x) of the first order approximation (3.9) for the expected exit time T (x).
For each (constant) function a(x) 40000 runs have been made, with starting point
x =.13; €2 = .05 and b(x) = .5 + .5x. It is seen that the asymptotic approximations
are in good accordance with the simulation results.

Table 1. The probability u of exit and the expected exit time T, at the boundary point
x = 0 for a flow without steady states. The values of u,, and T, have
been obiained from N = 25000 runs at each starting point x with 0 < x < 1;
g% = .1, b(x) = .5 and a(x) = 1. The asymptotic approximations u,, and T,
have been computed from (3.5) and (3.9).

X 05 .10 15 .20 25 30 | .35 40 A5 50 55
o |57 35 21 A3 077 | 047 | 028 | 017 | .009 §.007 | .003
U, 61 37 22 14 082 | .050 [ .030 |.018 | .011 |.007 | .00M
Tigm | 11 21 30 [ .41 S50 162 |71 85 1.0 1.1 1.3
Ty |10 20 A0 .40 S50 |.60 | .70 80 9 1.0 1.1

Table 2. The probability u of exit and the expected exit time T, at the boundary point
x = 0 for a flow without steady states. For each (constant) function a the
values of 4y, and T, have been obtained from N = 40000 runs with
starting point x = .13; €® = .05 and b(x) = .5 + .5x. The asymptotic approxi-
mations u,, and T, have been computed from (3.5) and (3.9).

a .67 1.0 1.5
052 .13
056 | .14
23 22
24 24
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Figure 2,

Figure 3.
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The expected exit time at the boundary point x = 0 for a flow with an
unstable steady state x,. The composite expansion T, (—), calculated from
(4.31), is compared with the exact solution T, (—-), given by (2.6), (3.4)
and (3.6); £ = .04, b(x) = -sin((5x + \)n/4) and a(x) = 1.
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0 0z z,04 06% 08 1 x

The expected exit time at the boundary point x = 0 for a flow with a stable
steady state x,. The asymptotic approximation for T| () obtained in subsec-
tion 5.2, is compared with the exact solution T, (—-)}, given by (2.6), (3.4)
and (3.6); €% = .006, b{(x) = .5 - .75x and a(x) = 1.
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The asymptotic approximations we have derived for the conditional expected
exit time at x = 0 for the flow problems in sections 4 and 5 are compared with the
exact solutions. The exact solutions for Ty(x) are given by T\(x) = T(x)/u(x), see
(2.6), where u(x) and T(x) are of the type (3.4) and (3.6), respectively. In Figure 2
we have plotted the composite expansion T, given by (4.31), and the exact
solution for T,(x) for the flow field &(x) = —sin{(Sx + 1)x/4), which has the unstable
steady state x, = .6; €2 = .04 and a(x) = 1. The deviation near x = 1 is caused by
higher order terms. In Figure 3 we compare the asymptotic approximation obtained
for T (x) in subsection 5.2 with the exact solution for the flow b(x) = .5 - .75x;
&% = .006 and a(x) = 1. This flow field has the stable equilibrium x, = .67; x, = .33
and x, = .20. The difference between the functions for x > x, diminishes for ¢ — 0,
see the remark in subsection 5.2.2.

7. Conclusions

In this paper we have studied the (conditional) expected exit time from a
domain in a one-dimensional stochastic dynamical system at the unlikely exit
boundary. For three fundamental cases we have determined asymptotic solutions for
the expected exit time for small values of the diffusion parameter by solving
boundary value problems based on the Fokker-Planck equation for the stochastic
system. The asymptotic solutions reveal the essential features of the expected exit
time, whereas the exact selutions give little insight in the behaviour. Moreover, no
numerical problems are involved in calculating the asymptotic solutions. For the
fiow without steady states we have found the interesting result that the expected
exit time for diffusion against the flow equals in first order approximation the travel
time with the deterministic flow in opposite direction. This type of solution is met
again on a subdomain in the example of a flow with a stable steady state. In that
example the solution for the expected exit time at the unlikely exit point exhibits a
boundary layer at the rather unexpected place x, determined by the relation (5.7).
An other interesting feature of this example is that for starting points in the
subdomain containing the stable equilibrium the conditional expected exit times at
the unlikely exit point and at the most probable exit point are equal in first order
approximation.

We have determined the approximations by asymptotically solving the
differential equations. For the determination of the expected exit time at the unlikely
exit boundary an accurate approximation is needed for the probability of exit, which
is very small. The usual method of matched asymptotic expansions with regular
expansions on subdomains does not provide us with such an approximation.
Therefore, we have made use of WKB-expansions on subdomains. In the example
of flow with a stable steady state the divergence theorem has been used to deter-
mine the exponentially large value of the expected exit time for starting points in
the subdomain containing the stable equilibrivm. The method may be extended to
higher dimensional probiems. Finally, we note that the analytical results we have
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derived are in good correspondence with simulation results for the example without
steady states and with numerical values of the exact solutions for the examples with
a stable and an unstable equilibrium.
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Analyse van onverwachte uittredingen met de
Fokker-Planck-vergelijking

Vele verschijnselen in bijvoorbeeld de biologie of de natuurkunde kunnen
worden gemodelleerd als een dynamisch systeem. Dikwijls vormen toevalsfluctua-
ties een essentieel deel van deze verschijnselen. Het is dan wenselijk stochastische
dynamische systemen te beschouwen. Stochastische systemen laten gedrag toe dat is
uitgesloten in het corresponderende deterministische systeem. Zo kan de rand (of
een gedeelte van de rand) van een domein in de toestandsruimte bereikbaar zijn in
het stochastische systeem, maar onbereikbaar in het deterministische systeem. We
bestuderen in dit proefschrift stochastische dynamische systemen waarin de toevals-
fluctuaties klein zijn.

We gebruiken voor de stochastische systemen in dit proefschrift een diffusie-
benadering. De systemen worden beschreven met een Fokker-Planck-vergelijking.
De eerste-orde afgeleiden in deze differentiaalvergelijking corresponderen met de
deterministische beweging, de tweede-orde afgeleiden met de (kleine) stochastische
fluctuaties. Met behulp van de (achterwaartse) Fokker-Planck-vergelijking worden
vittredingsproblemen geformuleerd. Hierbij beschouwen we in het bijzonder
uvittreding uit een domein bij (een gedeelte van) een rand, waar in het deterministi-
sche systeem geen uittreding kan plaatshebben. Voor deze ’onverwachte uittredin-
gen’ bepalen we de uittredingskans of de verwachte uittredingstijd. Hiertoe lossen
we het bijbehorende Dirichlet-probleem asymptotisch op, gebruik makende van
singuliere storingsrekening, met de diffusieparameter als kleine parameter. We
vergelijken de asymptotische oplossingen met resultaten van random walk simula-
ties.

In hoofdstuk 2 bestuderen we het transport van vervuiling in grondwater.
Hierbij is het niet voldoende alleen advectief transport te beschouwen. We dienen
ook rekening te houden met macroscopische dispersie. Als gevolg van dispersie kan
vervuiling een gebied bereiken, dat onbereikbaar is voor de advectieve stroming. Zo
kan vervuiling worden opgepompt in een drinkwaterput, terwijl deze vervuiling in
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het grondwater is terechtgekomen buiten het advectieve aanstroomgebied van de
put. Voor een put in een willekeurige achtergrondstroming bepalen we asymptoti-
sche uvitdrukkingen voor de kans dat verontreiniging de put bereikt en voor de
verwachte aankomsttijd in de put. Omdat dispersie aanzienlijk minder bijdraagt aan
de verplaatsing van de verontreiniging dan advectie, gaan we uit van het advectieve
stroompatroon en nemen de invloed van de dispersie mee in een grenslaag langs de
separatrix in de richting van het stagnatiepunt. Voor het advectieve aanstroomgebied
van de put construeren we voor de verwachte aankomsttijd in de put bovendien een
composiete oplossing, die zowel binnen als buiten de grenslaag geldig is. Van het
Dirichlet-probleem voor de verwachte uittredingstijd bij een specifiek deel van de
rand van een domein in een meer-dimensionale toestandsruimte wordt in dit
hoofdstuk een afleiding gegeven.

In de hoofdstukken 3 en 4 beschouwen we een geheel ander toepassingsge-
bied van deze wiskundige analyse van uittiredingsproblemen. Het betreft een model
uit de epidemiologie voor de verspreiding van een infectieziekte. We beschouwen
een populatie, bestaande uit vatbaren, besmettelijken en herstelden, die wordt
vernieuwd met constante snelheid {vervangingsgraad). We bestuderen het geval
waarbij in het corresponderende deterministische systeem de ziekte endemisch
wordt. In het stochastische systeem kan de ziekte uitsterven als gevolg van de
stochastische fluctuaties. Wanneer de ziekte in de populatie wordt geintroduceerd,
heeft er in het stochastische model niet noodzakelijk een grote uitbraak plaats. In
hoofdstuk 3 bestuderen we de kans dat de ziekte uitsterft voordat een grote uitbraak
plaatsvindt. We bepalen voor deze kans een asymptotische uitdrukking voor grote
populatieomvang. Bovendien bestuderen we in dit hoofdstuk de verwachte uitsterf-
tijd van de ziekte, wanneer deze endemisch is geworden. De asymptotische oplos-
sing van het bijbehorende Dirichlet-probleem bevat een onbekende constante, die
we bepalen door de WKB-methode toe te passen op de voorwaartse Fokker-Planck-
vergelijking, de stralenvergelijkingen numeriek op te lossen en de divergentiestelling
toe te passen. Wanneer in dit epidemiologische model de vervangingsgraad klein is,
herstelt de vatbare populatie zich slechts langzaam na een grote uitbraak van de
ziekte. In deze fase is uitsterven van de ziekte zeer wel mogelijk. In hoofdstuk 4
bepalen we een asymptotische uitdrukking voor de kans dat de ziekte uitsterft na
een grote uitbraak volgende op de introductie van de ziekte in de populatie.

Hoofdstuk $ van dit proefschrift houdt zich bezig met een (vooralsnog) meer
theoretisch aspect van uittredingsproblemen, namelijk het probleem van de ’eigen-
wijze deeltjes’. We stootten hierop bij het bepalen van de verwachte aankomsttijd
van vervuiling in een put in hoofdstuk 2. Voor vervuiling die in het grondwater is
terechtgekomen buiten het advectieve aanstrcomgebied van de put, beperkt de door
ons afgeleide oplossing zich tot stortplaatsen in de grenslaag langs de separatrix.
Buiten deze grenslaag zijn meer verfijnde methoden nodig voor het bepalen van de
(kleine) kans dat vervuiling de put bereikt en de verwachte aankomsitijd. Hoofd-
stuk 5 is een eerste stap in het onderzoek van dergelijke problemen. Voor een
interval in een een-dimensionale toestandsruimte bestuderen we uittreding bij juist
die rand waar uittreding het minst waarschijnlijk is. Voor drie fundamentele
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gevallen bepalen we de verwachie uvittredingstijd, namelijk voor, respectievelijk, een
interval zonder evenwicht, een interval met een instabiel evenwicht en een interval
met een stabiel evenwicht. We merken op dat de afgeleide asymptotische uitdruk-
kingen meer inzicht geven in de verwachte uittredingstijd van de ’eigenwijze
decltjes’ dan de exacte oplossingen.
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