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ABSTRACT

ScheutJens,JanM.H.M.,Laboratory for Physical and Colloid Chemistry,
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MACROMOLECULESAT INTERFACES;a flexible theory for hard systems.
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A statistical theory for flexible macromolecules at interfaces has been developed. The theory is based on a lattice model inwhich the equilibrium set of
molecular conformations ina concentration profile isevaluated, using a selfconsistent procedure. In this way, the Flory-Huggins theory for polymer solutions is extended to inhomogeneous solutions of macromolecules without any
additional assumption. Apart from the Flory-Huggins polymer-solvent interaction parameter x% a similar parameter x s is used to describe the interaction
of polymer segmentswith a solid interface.The average number ofmolecules in
each particular conformation can be computed, so that a very detailed picture
of the interfacial structure is obtained. Thus also the train, loop,and tail
size distributions of adsorbed polymer can be calculated. In principle, there
are no adjustable parameters in the theory. Moreover, there are no restrictions on the system parameters such as polymer concentration, chain length,
number of species in a mixture or solvent quality, although in some cases
numerical problems may occur. Results are given for adsorption of homopolymers, polydisperse polymer, polyelectrolytes, and star-branched polymer, for
the structure of lipid bilayers and of the amorphous phase of semicrystalline
polymer, and for the interaction between surfaces due to the presence of
adsorbing or nonadsorbing polymer. Available experimental data on adsorption
isotherms, bound fraction, layer thickness, surface fractionation, steric
stabilization, and polymer bridging agree very well with the theoretical
predictions.

Free descriptors: polymer adsorption theory, lattice model, polymer chain
statistics, step weighted walk, adsorbed chain conformation, macromolecular
interfacial structure, segment density distribution, polymer concentration
profile, polymer adsorption isotherm, surface tension, steric stabilization,
flocculation,polymer bridging, surface fractionation.
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INTRODUCTION

1.1 GENERAL

The subject of this study is the behaviour of linear, flexible polymer
molecules at interfaces.A new statistical theory has been developed, which
gives a very detailed picture of the equilibrium state of the interfacial
region. The basic concept of this theory is applicable to all systems involving concentrated inhomogeneous distributions of polymer molecules in
thermodynamic equilibrium.
Polymer adsorption from solution is a very universal phenomenon. Many
applications are based on the repulsive or attractive forces between two
polymer layers•
In food technology and pharmacy the utilization of natural polymers like
polysaccharides and proteins as stabilizers for emulsions is widespread.
Other examples where the stabilization of colloids plays a major role are
pesticides, cosmetics,paints and inks.
Destabilization of dispersions occurs often at low concentrations of
polymer and is important in mineral processing and water purification. This
phenomenon is called flocculation, since one of the essential steps is the
forming of large floes with a loose but stable structure.The capability of
inducing floe formation makes polymer very helpful for the improvement of
soilstructure.
Polymer adsorption and adhesion are operative in biological systems and
interfere with many processes used in polymer technology. It is crucial in
the production of magnetic tapes, rubber coatings for tires, and for the
operation of gumerasers.
Most applications have been developed without insight into the underlying mechanisms. Some 30 years ago the knowledge about polymer adsorption was
2

very poor, but it has increased steadily over the last decades •In view of

the diversity of materials, the lack of suitable experimental techniques and
the complexity of polymer adsorption, it is not surprising that in most
cases a comparison between theoretical and experimental results show only

qualitative agreement. A detailed description of polymers at interfaces is
therefore of extreme importance for all applications mentioned above. A
quantitative prediction of the forces between two polymer covered colloidal
particles hinges on the knowledge of the exact shape of the polymer layers
in interaction. Due to the thermal motion of the flexible polymer molecules,
this shape is statistically determined and hence, a theory for polymer adsorption isnecessarily based on statisticalmethods.

1.2 POLYMER STATISTICS

1.2.1 Polymers

A flexible, linear polymer molecule consists of a chain of monomer
3
units. A variety of polymers exists .The number of units in a chain may be
as large as 10 , but is usually between 10 and 10 .Molecules with less
thanaround 100units are called oligomers.
For homopolymers the repeating units are all identical, whereas copolymers have two or more different types of monomer units in sequences that
are either systematically (synthetic alternate and block copolymers, but
also natural macromolecules like DNA, RNA, and proteins) or statistically
(random and blocky copolymers)arranged. Polyelectrolytes contain units that
are electrically charged. According to the nature of the charges the polyelectrolyte iseitherweak or strong.
The primary structure of flexible polymers is not always strictly
linear. Some polymers are branched (irregular, star- or comb-like) and a
special class is formed by the ringpolymers.
In a homodisperse polymer sample all chains have the same number and
type of monomer units.Most synthetic and many biological polymers are polydisperse: they have a statistically determined chain length distribution.
The term heterodisperse is used to refer to a distribution in monomer
sequences in randomand blocky copolymers.
Solution and adsorption properties of polymers depend largely on the
characteristics of the chains and a general theory for macromolecules at
interfaces must be able to incorporate the main features of each polymer
type inorder topredict its behaviour in realsystems.

1.2.2 Polymers In solution

The solubility of macromolecules is low, due to their high molecular
weights. A polymer chain in solution interacts simultaneously with a very
large number of solvent molecules. Because of the rotational freedom of the
chemical bonds between the monomer units the chain can assumea large number
of different spatial arrangements and its shape is continually changing by
thermal motion.For sterical reasons each bond has a small number of preferred rotational angles which determine the main permissible distributions,
called conformations, of the chain.The number of conformations is extremely
large. For example, if for a chain of x monomer units each bond has on the
average three preferred angles, the number of conformations is 3 ,which
x/2
is approximately 10 • Even for polymers with only 100 monomer units per

x—1

molecule this number is already as high as 2.10 .Since it is impossible to
consider every permissible conformation individually, a statistical approach
must be adopted.
The shape of the macromolecules is a weighted average of the shape of
their conformations. Energetically favourable conformations have a relatively high probability. Specific interactions between monomer units, such as in
proteins, have a strong influence and reduce the number of significant conformations considerably. Therefore, proteins are relatively rigid, whereas
most homopolymers are flexible.
Much theoretical work has been done on the average shape of homopolymers .To some extent, they can be described as a sequence of identical
and rigid segments with bond angles that can assume any value.The length of
a segment and the number of segments per chainareadjusted such as tomimic
the length and flexibility of a real chain. Thus,with increasing flexibility of the real chain, the number of segments increase and their length decreases.Typically, each segment represents 2 to 5monomerunits.
If the segments are infinitely thin,there isno excluded volume for the
segments and the conformations of the chain can be simulated by random
walks. The average shape of such a chain is that of a random coil. The
radius of gyration of such a coil, for a chain of rsegments, isproportional to r

.However, a real polymer chain has a finite thickness and it is

clear that two monomer units will never occupy the same volume.Hence, selfavoiding walks are more appropriate. Computer simulations indicate that a
chain of r spherical segments has a radius of gyration proportional tor

ïata
0.6

For finite chains the exponent depends on the ratio between length and
thickness of a segment and, for various geometries, it has a value between
0.5 and 0.6. The volume of the chain acts as a repulsive force between the
segmentswhich causes the coil to expand.
Although locally the chains are always self-avoiding, the overall conformation of the chain depends also on the solvent quality. There are two
cases in which a polymer coil has the dimensions of a random walk: in pure
liquid polymer and in an ideally poor or G-solvent at low concentrations of
polymer •In liquid polymer the repulsive force between segments of the same
chain equals that between segments of different chains. Coil expansion does
not decrease the total repulsion, but merely the number of conformations.
Only the entropy determines the average conformation. At low concentrations
in a 0-solvent the hard core repulsion between the segments is compensated
by a mutual attraction, or equivalently, by a repulsion between segments and
solvent. Obviously, this latter repulsion decreases with decreasing solvent
concentration, hence, with increasing polymer concentration. Consequently,
in a 0-solvent, the coil expansion as a function of polymer concentration
exhibits a maximum and it is zero in very dilute solutions and in pure
liquid polymer.
The solvent quality is determined by the net interaction between segments and solvent.The free energy of mixing of polymer and solvent has been
extensively examined by Flory and Huggins, who approximated the solution by
a semicrystalline lattice. They introduced the parameter x> which gives the
interaction energy difference (in kT units) when a solvent molecule is
transferred from pure solvent to liquid polymer . For an athermal solvent
X =0 and it increases with decreasing solvent quality. The entropy of
mixing was calculated by evaluating the number of distinguishable ways in
which a given number of solvent molecules and sequences of segments can be
placed in the lattice. It appeared that x= 0.5 for a 0-solvent. In a worse
than 0-solvent (x>0.5) the polymer is not soluble at all concentrations
leading to phase separation domains. For x<0.5 the solution is thermodynamically stable at allconcentrations.
A lattice model is especially suitable for quantitative comparisons
between free energies under different conditions. The set of possible configurations on a lattice comprises a representative sample of the infinite
number of spatial distributions ina real system.

1.2.3Polymer adsorption

Flexible polymer molecules are able to adjust their conformation in the
presence of an interface such as to maximize short range interactions
between polymer segments and the surface.The attraction between segment and
surface is multiplied by the large number of adsorbed segments per polymer
chain so that a strong attractive force per molecule is present, even when
the contribution per segment is only small.If enough surface area isavailable, each single chain in the system will be adsorbed. In this case the
adsorbed macromolecules are so far apart that they do not affect each other
(isolated chains). The spherical shape of the polymer coils in solution
changes drastically upon adsorption ' .
A very elegant model for the description of the adsorption of isolated
chains is that of DiMarzio and Rubin »,who developed a matrix method for
the generation of all conformations, with their appropriate probabilities,
of a chain near a wall. As in the Flory-Huggins model, they represent the
conformations of the chain by random walks on a lattice. Each step in or
towards a lattice layer adjoining the wall simulates a segment in contact
with the surface and hence, is assigned a weighting factor exp(xs)> where
-% is theadsorption energy per segment (inkT units).
This and other models predict that most of the segments of isolated
adsorbed homopolymers form long sequences, 'trains', in contact with the
surface. The trains are interconnected by short 'loops' of segments sticking
into the solution. The chain ends are either adsorbed or form dangling
'tails'. The average conformation of an adsorbed chain depends on the adsorption energy. If x s is below a critical value x sc » the polymer does not
adsorb, whereas a value slightly above x s c causes the chain to adsorb in a
very flat conformation with long trains, short loops, and hardly any tail.
The critical adsorption energy x s c i s

the

energy per segment that just com-

pensates the conformational entropy loss of the chainwhen its shape changes
from a 3-dimensional coil to a 2-dimensional conformation parallel to the
surface.
If the surface is saturated with polymer, the segments have to compete
for surface sites. With increasing polymer concentration, the fraction of
segments in loops and tails will increase •The first theories on polymer
adsorption at high concentrations calculate the number and lengths of loops
by minimizing the free energy of an adsorbed polymer layer with a predeter-

mined shape of the segment density profile in the loop region.For instance,
a

o

Silberberg used a constant loop density and Hoeve an exponential decay.
For computational reasons,tailswere not taken intoaccount.
A few lattice models allow for the computation of segment density profiles at high concentration: that of Mackor and Van der Waals
sorption of rigid rods, of Ash et al.

for ad-

for adsorption of very short flex12

ible oligomers, and that of Roe

for flexible homopolymers. The most ad-

vanced theory is that of Ash et al., but it suffers from severe computational problems. Only results for chains not longer than tetramers have been
obtained. The Roe theory applies for relatively thin adsorbed polymer
layers, with most of the segments in trains.This theory is not adaptable to
copolymers or special chain structures like branches and it gives no information on the average conformation of the adsorbed polymer in terms of train,
loop,and taildistributions.

1.2.4 Reversibility of polymer adsorption

Theories that are based on equilibrium thermodynamics are not very useful for systems in which the establishment of equilibrium is very slow. A
rather common opinion is that adsorption and desorption of polymer are very
slow processes. Evidence that seems to support this view isamply available:
the adsorbed amount often increases slowly in time, even on a time scale of
weeks and once adsorbed, polymers are difficult to desorb by dilution. Another problem is that the amount adsorbed per surface area often increases
with increasing volume of the equilibrium solution. Because of these 'artefacts' many experimental data were not very reproducible and polymer adsorptionwas considered tobe irreversible.
Fortunately, it has been shown recently that many of the apparent irreversibility effects are now quantitatively explainable using simple argu13
ments .The most important parameter which has often been overlooked is the
polydispersity of the polymer. From dilute and semidilute solutions of a
polydisperse sample, long chains adsorb preferentially over shorter ones.
When the surface is saturated with polymer, the chains are competing for
surface sites and small differences in chain length will discriminate
between 'winners' (long chains) and 'loosers' (short chains). The resulting
fractionation process may take a long time, because thediffusion of asmall

fraction of very long chains towards the surface through a high concentration of lower molecular weight polymer is slow. Thus, the average molecular weight of the adsorbate increases slowly with time, due to the displacement process. The variation in adsorbed amount reflects the molecular
weight dependence of the adsorption. If the latter is weak, displacement
still occurs,but itdoes not lead toahigher adsorption.
Adding more polymer, either by increasing the solution concentration at
constant volume or increasing the solution volume at constant concentration,
is tantamount to introducing new winners and the composition of the adsorbate will change again. On the other hand, removing polymer from the solution, which contains only loosers,does not affect the interface.Hence, the
hysteresis after addition and removal of the same amount of polymer is
caused by a difference in composition of these polymer fractions and consequently, this hysteresis does not detract from the reversibility of polymer
adsorption.
Strong evidence that polymer adsorption is reversible is also available.
Apart from the quantitative prediction of polydispersity effects while assuming complete equilibrium, polymer adsorption is usually reversible with
respect to changes in solvent type,pH,and salt concentration.Hence,theories on equilibrium thermodynamics are in most cases appropriate and polydispersity effects should be taken into account when the polymer is not
homodisperse.

1.2.5 Steric stabilization and flocculation

Polymer adsorption has a very pronounced effect on the stability of
colloidal systems • A strong interaction between polymer covered particles
arises as soon as adsorbed polymer layers overlap each other. In a better
than 9-solvent this interaction is repulsive and increases the stability of
the dispersion, whereas in a worse than 0-solvent the force is attractive
and flocculation ensues.
Loops and tails protuding from one particle may form bridges by adsorbing on free surface of another particle, inducing an attraction between
these surfaces.For flocculation to be effective the net interaction between
the particles must be attractive. If the particles are stabilized by electrostatic forces, the loops and tails must protude beyond the double layer

in order to reach the opposite surface. A thick polymer layer is not consistent with free surface on the particles, hence flocculation occurs only
over a limited range of surface coverages. Bridging works most efficiently
when fully covered particles are mixed with an equal portion of uncovered
14
particles
For a quantitative evaluation of the interaction between two adsorbed
polymer layers, the segment density profiles and the conformations of the
polymer must be known as a function of the particle separation.
DiMarzio and Rubin

have adopted their matrix model for one chain be-

tween two plates and showed that the interaction between the surfaces is
repulsive for non-adsorbing polymer (xs <X s c ) and attractive for adsorbing
polymer (x >Xqf.)> independent of the interplatedistance.
For real systems one expects a repulsive force at small surface separations if the amount of polymer between the surfaces remains constant, since
polymer occupies a certain volume. Hence, a single chain model is not able
to predict essential characteristics of a many chain system. A quantitative
model should give information for high surface coverages.

1.3 PURPOSEAND BASIC CONCEPTSOF THIS STUDY

The aim of the present study is todevelop a theory that gives adetailed description of the behaviour of macromolecules at interfaces.For polymer
between two surfaces, the model must be able to predict steric stabilization
and flocculation quantitatively.
The lattice model of DiMarzio and Rubin

is chosen as a starting point,

since it allows to obtain all relevant information about the chain conformations, is not restricted to homopolymers, and the generation of conformations ismuch simpler than in the theory ofAsh et al. .
The most important problem is to incorporate the volume of the segments
so that each lattice site is not occupied by more than one segment at a
time. In the model of DiMarzio and Rubin, this volume exclusion is neglected. Consequently, all steps have the same probability, except steps in or
towards a surface layer where the adsorption energy is operating. In a sophisticated model, all steps into a lattice site already occupied by a segment have to be prohibited. An exact solution of this problem is not yet
feasible. An approximate solution is possible by using a mean field ap-

proach. Then the assumption is made that the probability that a site on
distance i from a surface is occupied is equal to the average volume fraction (t>jof segments at distance i. This leads to a weighting factor 1-<J>.
for each step in or towards layer i. In this way a step into a region of
high segment density becomes less probable and the generation of conformations via random walks is shifted, to some extent, towards that via selfavoiding walks.The volume fraction fy* is to be obtained by thematrixmethod, where the matrix is now a function of all <t>.:'s.A self-consistent solution can be found numerically.
When two surfaces approach each other and the polymer remains adsorbed,
the volume fractions $^ increase and eventually the step probabilities decrease rapidly. The result is that the force between the surfaces is always
repulsive at short separations. At the minimum possible distance there is
only polymer in the gap (<j>j •*1 ) , the step probabilities are essentially
zero and the force isinfinite.
Physically, the relation between step probability and volume fraction
simulates segments competing for surface sites. An interesting consequence
is that adsorption of many chains on one plate can be studied using the same
model. For example, adsorption isotherms can be computed over the entire
concentration range, from zero up to liquid polymer, and for any chain
length.
The model as given above, applies to athermal solvents, i.e., when the
energy of a segment does not depend on the local concentration of other
segments. For other solvents the net interaction energy between segments
gives rise to another Boltzmann factor in the step probabilities, similar to
the factor exp(x„) for the adsorption energy. According to the theory of
Flory and Huggins
-X<<t>i>kT, where x i s

the interaction energy of a segment at i equals
tn

e polymer-solvent interaction parameter and <<t>i>is

the average volume fraction of segments around a site at i. In fact,a segment competes with a solvent molecule for a lattice site. Since a step corresponds to the replacement of a solvent molecule by a segment the total
energy change is -2x<<l>.|>kT and hence, the Boltzmann factor becomes
exp(2x<<t>j>). As discussed in section 1.2.2, in a 0-solvent the interaction
energy compensates the repulsive volume forces between the segments at low
concentrations. In such a solvent x=0.5 and if the step probabilities for
steps not touching the surface are set equal to (l-((>i)exp(2x<<t>i>)the exponent indeed compensates the decrease of the factor !-<)>..at low concentra-

10

tions in a 0-solvent. In this way the solvent quality as expressed by the
X-parameter is incorporated in the theory.
In order to give the theory a sound thermodynamic basis, a partition
function has been derived from which the step probabilities can be found
directly,using a statistical thermodynamic procedure (see chapter2 ) .

1.4 COMPUTATIONAL PROBLEMS

The first computer program that solved the implicit equations was based
on a primitive iteration scheme and performed several hundreds of iterations
for polymer chains up to 40 segments long. For a chain of r segments, a
2
series of r /2 matrix-vector multiplications was necessary for each iteration. Fortunately, a considerable simplification of the DiMarzio-Rubin equations was possible (see the appendix of chapter 2) that reduced the number
of matrix-vector multiplications to rper iteration.
The number of iterations could bedecreased by using the Newton-Ralphson
method, for which a good initial starting point is necessary. Such a starting point can be obtained from the polymer adsorption theory of Roe .With!
increasing chain length r, anumber of problems occur.
i)

For adsorption on one plate the number of iteration variables increases, because the thickness of the adsorbed layer and hence, the
distance for which the segment density is higher than the solution
concentration increases proportional to /r.On the average, a totalof
3/r variables is required,

ii)

A total of 3r/r quantities is to be stored during the matrixmultiplications. As this is currently impossible on most computers for
r£ 1000 an overlay structure, using a disk as backing store, or repeatedly recomputing of data isunavoidable,

iii) The sequence of r matrix multiplications may induce floating point'
overflows or underflows. A careful renormalisation of vectors solves
this problem,
iv)

The Roe theory is not valid for long chains and provides in that case]
a poor starting point,leading toa large number of iterations.

Calculations have been performed for r< 10 ,which covers almost the whole
molecular weight range of available polymers.
The exchangeability of computer programs between different computers is

11

still poor. The software crisis forces one to rediscover most of the computational tricks and to develop a new program for almost each desired variation of a model. A suitable programming language for the type of calculations in this study would have facilities for structured programming, dynamic memory allocation, vector processing, on-line debugging, and access to a
mathematical library, including optimization routines. Currently, widely
used programming languages in science are Fortran, Basic, AlgolóO, and
Pascal. Of these, only Algol has the dynamic array facility which is very
suitable for this study. Unfortunately, it is impossible to write portable
Algol programs,since the input and output statements are not standardized.
The first program of this study has been written in AlgolóO and all
subsequent programs in Simula67. Simula is based on AlgolóO with the addition of many facilities such as pointer structures. It is available on many
computers and is well standardized, but the number of users is not large.
Some simplified versions of our programs have been translated into Fortran.

1.5 OUTLINEOF THIS STUDY

In chapter 2 the new theory is introduced and its derivation is given
starting from the partition function. The theory requires only 5parameters,
all having a clear physical meaning. In principle, they are experimentally
accessible. A number of numerical results for adsorption of homopolymers is
shown and, where appropriate, compared with predictions from other theories.
It is demonstrated that the tail fraction of adsorbed polymer ismuch larger
than has been expected before. The assumption in other theories that end
effects can be ignored isnotwarranted at finite solution concentrations.
In chapter 3 the principles of the theory are explained inamore physical way and it is shown how to obtain more information about the structure
of the adsorbed polymer, such as the train, loop, and tail size distributions. In addition, the thickness of the adsorbed layer is shown to be proportional to the quare root of the chain length inallsolvents.
Comparison with experimental results in chapter 4 shows excellent agreement for adsorption of homodisperse polymers.Preferential adsorption from a
solution of polydisperse polymer is examined theoretically and a transition
from preferential adsorption of long chains to preferential adsorption of
short chains is predicted when the concentration of polymer in the solution

12

increases beyond avolume fraction of the order of10%.
In chapter 5 the interaction between adsorbed polymer layers is studied
in detail. It is predicted that the force is always attractive for systems
where polymer is allowed to desorb when two particles come close (full thermodynamic equilibrium). When the amount of polymer between the surfaces is
constant, the force is repulsive at high concentrations of polymer and attractive at low concentrations, even in good solvents. This prediction
agrees with experimental evidence. The attraction originates from bridging
of polymer between twoparticles.
The principles of the new theory are applicable to many other systems
involving flexible polymers. In chapter 6 a number of examples are given:
adsorption of polydisperse polymer, of star-branched polymer, and of polyelectrolytes; the structure of lipid bilayers and of the amorphous phase of
semi-crystalline polymer; and depletion flocculation in the presence of nonadsorbing polymer.
The advantage of the new concept is that it can handle the entire molecular weight range, from monomers up to very long polymers, thewhole concen-i
tration range, all types of solvent, all sequences of different segments
within the polymer chain, all types of branches along the chain and all
mixtures of different (chain) molecules. Recent interest from technical and
industrial laboratories indicates that this study is not only of theoretical
importance.
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Statistical Theory of the Adsorption of Interacting Chain Molecules.
Function, Segment Density Distribution, and Adsorption Isotherms

1. Partition

J. M. H. M. Scheutjens* and G. J. Fleer
Laboratory for Physicaland-Colloid Chemistry, De Dreijen 6,Wageningen, TheNetherlands (ReceivedJuly 17, 1978;
Revised Manuscript Received December 29, 1978)

Wepresentageneral theory for polymer adsorption usingaquasi-crystalline lattice model. The partition function
for a mixture of polymer chains and solvent molecules near an interface is evaluated by adopting the
Bragg-Williams approximation of random mixing within each layer parallel to the surface. The interaction
between segments and solvent molecules istaken into account by use of the Flory-Huggins parameter x; that
between segments and the interface isdescribed in terms of the differential adsorption energy parameter x8Noapproximation wasmade about an equal contribution ofall the segments ofa chain to the segment density
in each layer. Bydifferentiating the partition function with respect tothe number of chains having a particular
conformation an expression isobtained that givesthe numbers ofchains in each conformation in equilibrium.
Thus also the train, loop,and tail size distribution can becomputed. Calculations are carried out numerically
by a modified matrix procedure as introduced by DiMarzio and Rubin. Computations for chains containing
upto 1000segmentsare possible. Data for theadsorbed amountT, thesurface coverage 0,and thebound fraction
p =d/V are given as a function of x9. the bulk solution volume fraction <f>., and the chain length r for two x
values. The results are in broad agreement with earlier theories,although typical differences occur. Close to
the surface the segment density decays roughly exponentially with increasing distance from the surface, but
at larger distancesthe decayismuchslower. Thisisrelated tothefact that aconsiderable fraction ofthe adsorbed
segments ispresent in the form of longdangling tails,even for chains aslong asr = 1000. In previous theories
the effect oftailswasusually neglected. Yetthe occurrence oftails isimportant for many practical applications.
Our theory can beeasily extended to polymer in a gap between two plates (relevant for colloidal stability) and
to copolymers.

I. Introduction
The adsorption of polymers at interfaces isan important
phenomenon,.both from a theoretical point of view and
for numerous practical applications. One of the areas
where polymer adsorption plays a role is in colloid science,
since many colloidal systems are stabilized or destabilized
by polymeric additives. In these cases, not only the adsorbed amount isan important parameter, but alsothe way
in which the polymer segments are distributed in the
vicinity of a surface. An adsorbed polymer molecule
generally exists of trains (sequences in actual contact with
the surface), loops (stretches of segments in the solution
of which both ends are on the surface), and tails (at the
ends of the chain with only one side fixed on the surface).
If two surfaces are present at relatively short separations,
bridges (of which the ends are adsorbed on different
surfaces) may also occur. The properties of systems in
which polymer is present depend strongly on the length
and distribution of trains, loops, tails, and bridges.
Many of the older theories 1 " 6 on polymer adsorption
treat the case of an isolated chain on a surface. These
treatments neglect the interaction between the segments
and have, therefore, little relevance for practical systems,
since even in very dilute solutions the segment concen-

tration near the surface may beveryhigh. Other theories7-8
account for the interaction between chain segments but
make specific assumptions about the segment distribution
near the surface which are not completely warranted, such
as the presence of a surface phase with only adsorbed
molecules7 or the neglect oftails.8 For oligomers up to four
segments a sophisticated theory has been presented 9 but
its application to real polymer molecules is impossible due
to the tremendous computational difficulties involved.
The most comprehensive theory for polymer adsorption
as yet has been given by Roe,10 although here also a
simplifying assumption ismade, namely, that each of the
segments of a chain gives the same contribution to the
segment density at any distance from the surface. Roe
arrives at the segment density profile near the surface, but
does not calculate loop, train, and tail size distributions.
Recently, Helfand 11 has shown that Roe's theory is also
incorrect on another point, since the inversion symmetry
for chain conformations is not properly taken into account.
Helfand corrects this by introducing the so-called flux
constraint, but his calculations apply only to infinite chain
lengths.
Less work has been done on the problem of polymer
between two plates. DiMarzio and Rubin 12 givean elegant
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matrix procedure for this case, but are not able to incorporate the polymer-solvent interaction. In two other
recent theories13,14 this was done for terminally adsorbing
polymers. The paper by Levine et al.14 can be considered
as a combination of the matrix method of DiMarzio and
Rubin and the self-consistent field theory.15 However, here
also the loop, train, and tail size distributions were not
calculated.
In this series of articles,wedescribe how the probability
of any chain conformation in a lattice adjoining one or two
interfaces is found from the partition function for the
mixture of polymer chains and solvent molecules in the
lattice. The crucial difference with the theories of Roe and
Helfand is that the partition function is not written in
terms of concentrations of individual segments, but in
terms ofconcentrations of chain conformations; throughout
the derivation the chains are treated as connected sequences of segments. The interaction between segments
and solvent molecules is taken into account by using the
Bragg-Williams approximation of random mixing within
each layer parallel to the surface, in a way similar to the
well-known Flory-Huggins theory for moderately concentrated polymer solutions. The segment density near
the interface isfound from a modification of DiMarzio and
Rubin's matrix formalism.12 Since the probability of each
conformation can be calculated, the distribution of trains,
loops,and tails (and for the two-plate problem also bridges)
can be found.
In this first paper we derive the adsorption isotherms
and the segment density distribution for polymer adsorbing on one plate. In a second article, the loop, train,
and tail size distribution will be treated in more detail.
The general trends are in agreement with earlier theories,7^10but an important difference occurs concerning the
segment density at relatively large distances from the
surface. In this region, the main contribution to the
segment concentration appears to be due to the presence
of long dangling tails. This outcome was not found by
former theories and may be considered as one of the most
interesting results ofthe present treatment. It is certainly
very important in the stabilization and flocculation of
colloidal particles by polymers.
In a subsequent publication weshall treat the problem
of polymer between two plates which is, among other
applications, relevant for flocculation. Our method can
easily be extended to (block and random) copolymers, to
heterogeneous surfaces, etc. In later contributions these
aspects will be dealt with.

Figure 1. Some examples of different arrangements for a chain of
10 segments (r = 10). All the indicated arrangements belong to the
conformation (1,1)(2,2X3,2)(4,3)(5,3)(6,4)(7,4)(8,5X9,6X 10,6). This
example applies to asimple square two-dimensionallattice (z= 4, X,
= 1/4, X0 = 1/2). The number of different arrangements inthe given
conformation is z9X,5X04 = 16. Only four of them are indicated.

fractions 0.° and 0., respectively.
If z is the coordination number of the lattice, a lattice
site in layer i has z nearest neighbors, of which a fraction
Xj_,is in layer ;'. Thus, X;_,= X0ify= i and A,_< = Xj = X_!
if j = I ± 1. As there are no nearest neighbors in nonadjacent layers, Xj,, = 0 if \j - i\ > 2, and we may write

E v, = l

n° + rn = ML

$? = n<>/L fr = nJL

E V i = 1 - X,

wherert;°and n,arethe numbers of solvent molecules and
polymer segments in layer i. Far from the surface these
volume fractions approach the equilibrium bulk volume

1, M

(4)

The segments of a polymer chain are labeled s = 1, 2,
..., r. Each chain can assume a large number of possible
conformations in the lattice. We characterize a conformation by defining the layer numbers in which each of the
successive chain segments find themselves. We denote
such a conformation by
(l,0(2j)(3,fc)...(r - l,i)(r,m)

(1)

(2)

(3)

For the twoboundary layers (i = 1and i = M), a correction j
has to be applied since there is only one adjacent layer,
and a segment has only z(X0 + XT) = 2(1 - X:) nearest
neighbors. Thus

II. Theory
A. Formulation of the Model. We consider a mixture
of n polymer molecules, each consisting of rsegments, and
n° solvent molecules distributed over a lattice such that
each solvent molecule occupies one lattice site. In the
present paper, we consider only homopolymers of which
each segment has the same size as a solvent molecule and
also occupies one lattice site. The lattice adjoins an adsorbing surface and isdivided intoM layersofsites parallel
to the surface, numbered i = 1, 2, ..., M. Each layer
contains L lattice sites. Therefore
The volume fractions ofsolvent in layer i are indicated by
<£i° and 0;, respectively, and are given by

1 < i <M

indicating that the first segment is in i, the second inj ,
the third in k, etc.
We have to realize that a conformation defined in this
way is actually a set of many different arrangements. If
segment s isplaced in iand segment s + 1in j , the number
of different positions of segment s + 1 with respect to
segment s is zX0ifj =i and zX,iij =i±l. Adimer with
conformation (l,i)(2J) can assume LzX;_, different positions; a trimer with conformation (l,i')(2j')(3,fe) can be
arranged inLz2\j^Xb_j different ways,at least if backfolding
of the chain is allowed. For example, in a simple cubic
lattice (zXt = 1) backfolding occurs in the conformation
(1,2)(2,3)(3,2). In section II.D, we shall correct partly for
this backfolding effect. Figure 1 illustrates for a simple
case some different arrangements in a conformation.
We label the different conformations by c, d, .... If
conformation c for an r-mer is characterized by the sequence given above,the number ofdifferent arrangements
in this conformation is given by LzrlA;_;Xt_y...Xm-|. More
generally, we can write for the number of arrangements
LÜJCZ1"1 where aic is given by
aic= I l (Xw+1)c
Here (X w+1 ) c = XQif, in conformation c, segments s and s
+ 1are in the same layer, and (As^+1)c = X: if these two
segments are in neighboring layers. Since z r_1 is the

(5)
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number of arrangements for a chain in bulk polymer, of
which one of the segments is fixed, wcmay be considered
as the ratio between the number of arrangements of
conformation c and that in bulk polymer.
If the number of polymer molecules in conformation c
is nc, we have
n =Y, nc
(6)
c

where the summation extends over all possible conformations c. Obviously, the number of terms in the summation of eq 6 increases sharply with r. In a few cases we
will consider all the possible arrangements of only a part
of the chain. Then, we will use the symbol u>c(s,t) to indicate the relative number of arrangements of the chain
part from segment s up to and including segment t.
Similarly, a summation Hew)specifies that all the possible
conformations of that part of the chain have to be taken
into account. In this terminology, a>c in (5) could be written
as o)c(l,r) and Y.cin (6) as T.c(i,r)For the further elaboration it is expedient to introduce
the symbol ric for the number of segments that conformation c has in layer i. Then the number of segments in
layer / is given by
nt = E rliCnc

(7)

c

In the following sections we need a symbol to indicate
the layer number in which segment s of conformation c
finds itself. For this we use k(s,c). Here, k is one of the
layer numbers 1,2
M and is completely determined if
conformation c is specified.
One remark on the use of conformations as defined
above is in order. This definition corresponds to one
particular way of grouping the possible arrangements of
individual chains in a set. Other ways of grouping are, in
principle, possible. Also, a procedure could be used in
which the individual chain arrangements are not combined
in sets but are all treated separately. It is easily proven
that, although the partition function to be derived below
is slightly changed, the equations obtained after maximization ofthe partition function are identical. Therefore,
the grouping of chain arrangements in conformations as
defined above is only a matter of convenience.
B. Partition Function. Roe 10 gives an approximate
expression for the canonical partition function Q(M,L,T,|rt;°|) for a given concentration profile |n;°| of solvent
molecules in a lattice of M layers with L lattice sites each.
From this partition function, the equilibrium distribution
of solvent molecules and thus also the overall distribution
of polymer segments can be derived. Roe made no attempt
to calculate the distribution of trains, loops, and tails.
Roe's approach involves the assumption that the distribution of a polymer segment does not depend on its
ranking number s. The contribution ofeach ofthe r chain
segments to the segment concentration 0, in each layer is
considered to be equal to 4>i/r. This iscorrect in bulk but
not near an interface, because the interface imposes restrictions which are not necessarily the same for end and
inner segments. As Helfand11 has shown, Roe's derivation
contains another error because the inversion symmetry is
not obeyed. This is the requirement that conformation
c, defined as (l,i){2J)...(s,k)...(r,l), should have the same
probability as the inverted conformation c', characterized
by the sequence (1,1)...(r - s + l,k)...(r - 1J)(r,i). Helfand
maintains this symmetry by introducing an extra constraint, the flux constraint. His results apply only to
infinitely high chain lengths. The flux constraint is only
necessary if the partition function is written in terms of,
and maximized with respect to, the concentrations of

indiuidual segments in each layer. It may be considered
as a correction which is necessary to account fully for the
connected nature of the segments in a chain.
An alternative derivation is possible if the partition
function is maximized with respect to the numbers of
polymer chains in each conformation, i.e., with respect to
concentrations of chains in each conformation. This has
the additional advantage of giving immediately the
probability of every chain conformation in the equilibrium
situation, so that the train, loop,and tail size distribution
can beeasily evaluated. Moreover, aswill be shown below,
the inversion symmetry is an automatic result of this
approach. Thus, wewant the canonical partition function
Q(M,L,T,|n c |) for an arbitrary but specified set of conformations |nc). We have to realize that a given overall
segment distribution can be the result of a great number
of different combinations of trains, loops, and tails.
We now give a derivation of QCM,X.,T,|nc|). Since the
numbers of chains in each conformation and thus the
numbers of solvent molecules in each layer are specified,
the energy Uof the system for each of the possible ways
of arrangement is the same, at least if we adopt the
Bragg-Williams approximation. Therefore, the partition
function can be written as the product of a combinatory
factor (representing the configurational entropy) and
exp(-U/kT). In accordance with Flory16and Roe10we take
as the reference state disoriented bulk polymer and pure
solvent. Then
Q(M,L,7\K|) = ^e-uiOT
Here Qis the number of ways of arranging nc, n d , nt, ...
polymer molecules in specified conformations, and nf,
...nf, —nu° solvent molecules over M distinguishable layers
of L lattice sites each. S2+ is the number of ways of arranging n polymer chains over nr lattice sitesin amorphous
bulk polymer.
The combinatory factor f! has to be evaluated according
to the assigned distribution of conformations \nc\. Naturally, if this set of conformations \nc] is specified, the
concentration profile |nj is completely determined.
We use the Bragg-Williams approximation of random
mixing within each layer. This implies that the polymer
segments in each layer are considered to be randomly
distributed over the L lattice sites. The number of ways
of placing a chain in conformation c in the empty lattice
is Lw^'1 (see eq 5). If part of the lattice sites is already
occupied, a chain can only be placed if all the appropriate
sites are vacant. Then we have to apply r correction
factors, onefor eachof the chain segments. The correction
factor for each segment isthe vacancy probability of the
site to be occupied. According to the Bragg-Williams
approximation, we assume that all sites in layer i have the
same vacancy probability, equal to 1- v,/L, where v,is the
number of previously occupied lattice sites in layer i.
Obviously, ^ = 0 for an empty layer. The number of
possibilities ofplacing onechain in conformation ccan now
bewritten asLa^1U..,lr(l
- nkMID = wc(z/ LTlY[„{(L
- yfe(SiC)),where vk^c), isthe number of previously occupied
sites in the layer where segment s of conformation c is
placed. For example, if conformation c of a hexamer is
given by (l,j')(2>/)(3,t)(4j)(5,/e)(6J), OJC= A,6and the number
of possibilities of placing this conformation in a lattice
where a^a,,and ak lattice sites in the layers i',), and k are
already occupied is (Aiz/L)5(I/ - a,)(L - aj)(L - a, - 1)(L
- a, - 1)(L - ak)(L - a,- 2). Generally, since rif segments
are placed in layer i, this layer contributes r i c factors,
namely, (L - a^L - a— 1)(L - ai - 2)...(L -at- rix + 1),
to the multiple product W,^{(L - Kk(sc)). The product over

(8)

18

J. M. H. M. Scheutjens and G. J. Fleer

1622 77ie Journal of Physical Chemistry, Vol. S3, No. 12, 1979

molecule contacts isz22,=iMn,<0iO>, where the site

the segment numbers can thus be replaced by a product
over the layer numbers. The number of arrangements u
of placing the first chain (in conformation c) in the empty
lattice (a, = 0 for all i) becomes

volume
fractions (4>,)for segments and (0,°> for solvent molecules
are defined as
M

<«,-> = T. Xj.

M I,.-'

»J,z/LT

1

",->

n n (L

(14)

<0,°>

(9)
In the bulk solution (0.) = 4>. and (0.°) = 0.°. For 1 <
i < M, (<t>,) + (0,°> = 1;for i = 1and i = M, <<A,>+ (0,°)
= 1 - X] (compare eq 4).
Using the familiar Flory-Huggins polymer solvent interaction parameter, 16 we can write for the energy part of
InQ:

where layers in which conformation c has no segments
(thus for which ric = 0) do not contribute to cu.
Placing all the nc chains of conformation cgives a factor
Ü>C"'(ZILY'~l)n' in (9) while the multiplication extends up
to Vi = ncric - 1. Similarly, the number of arrangements
for n = £ c rc c chains is

M

U = rc,us + f ^ V + kTx T.n,°<0,>
(10)

w(n) = (Z/LY'-»« n << n n (L- ^
because rc, = £„/•;crcc segments are placed in each layer.
Next, solvent molecules have to be arranged over the L Riremaining lattice sites, giving for each layer n„,=„/' HL
- vi) possibilities. Thus,wefind for SÎ the simple expression
a=

(V.)u(z/L)*-'

•n^ft

1

(11)

since II„i M L! = (L\)M. The factorials nc\ and n,-°!in (11)
correct for the indistinguishability of the nc chains in each
conformation cand of solvent molecules within each layer.
It may be noted that the order of placing chains and
solvent molecules is irrelevant for the final result. Similarly, it does not matter which of the r chain segments of
a chain is placed first.
The combinatory factor Q+ has been derived by Flory16
and can be written as
(rn)\
-(z/rnY'
(12)
a*
This combinatory factor can also be found by a procedure
similar to the derivation of our eq 11. In the bulk all the
layers iare identical, sothat the distinction in lattice layers
is irrelevant. Since rn isthe total number of (equivalent)
lattice sites in bulk polymer, the factor (L!)M in (11) has
to be replaced by (rn)! and the factor Llr~1,n by (rn) < r l ) ".
Moreover, all possible conformations are equally probable,
and we can group them together in only one conformation.
Substitution of nc =n, u c = 1,and n? =0 in (11) gives the
Flory expression (eq 12),demonstrating that our eq 11 is
in complete agreement with earlier theories.
Combination of (11) and (12) gives for the entropy part
of In Q:
In H/ST = ML In L - L nc In njwc - T. n,-°In n/> n\nr-

( r - l)n In L (13)

if Stirling's approximation for the factorials is applied.
The energy of the system contains a contribution due
to the adsorption energy and a mixing term originating
from the polymer-solvent interaction. We assume that in
both cases only nearest-neighbor interactions are involved.
The mixing term depends on the number of contacts
between segments and solvent molecules. Each solvent
molecule in layer i has zX;_,contacts in layer j , a fraction
tt>j of which are with polymer segments, according to the
Bragg-Williams approximation. Since a site in i has
neighbors in the layers j - i - 1, j ,i + 1the number of
unlike contacts per solvent molecule in i is zL ; .i M X ; _;0,.
The total number of contacts is found by multiplying with
ni"and summing over all layers i. Thus, the total number
of contacts of solvent molecules with segments is
z£; = i W rij O (0j) and the (equal) number of segment-solvent

(15)

i=i

In this equation, us and us° are the adsorption energies of
a segment and a solvent molecule, respectively. They
represent the energy change corresponding to the transfer
of a segment (or solvent molecule) from bulk polymer (or
solvent) to the surface. Equation 15 has also been given
by Roe.10
It may be noted here that the energy terms in eq 15also
contain the thermal entropy, i.e., the additive part of the
entropy proportional to the number of segments or solvent
molecules. This thermal entropy includes vibrational and
rotational contributions; the adsorption energy us may
contain entropy terms due to orientation of solvent
molecules near the surface (hydrophobic bonding). In this
sense, the energy terms us,us°,and kTx may be considered
as free energies. Obviously, the configurational part of the
entropy is accounted for in In ii/ii + .
C. Conformation Probability. Equations 13and 15give
the logarithm of the partition function at a given distribution of conformations {ncj, which in general does not
correspond to the equilibrium distribution. In order to find
this equilibrium distribution, i.e., the number of chains n d
in a particular conformation d in the equilibrium situation,
we have to find the derivative of In Q with respect to nA.
The free energy of mixing is given by F/kT =-In Q. At
constant temperature and volume the variation in F is
given by dF = Y.cl'c dn c + )ü.i*Vi 0 dre/l In equilibrium
the chemical potentials ßc = ßä = ...Mchain of a chain with
respect to that in bulk polymer, and n;° =(*ƒ
/of a
solvent molecule with respect to that in pure solvent are
constant throughout the system. Adding one chain in
conformation d (and removing r solvent molecules to
maintain constant volume) changes F by an amount
(aF/än d ) M i i T „^„„, so that
~hT

I a In Q \

V m*

= Mchain +

)M

M/anA

"°E 1 ^T )

= "•*•»-r"° (16)

Roe 10 derived an analogous expression using the grand
canonical partition function. In eq 16 Mchain ~ rM° is a
constant at given temperature and overall composition.
The derivative dn®/dndin (16) isobtained by realizing that
the differentiation has to be performed at constant volume.
This implies that on addition of one chain in conformation
d, r solvent molecules are removed from the system, of
which the spatial distribution is given by
r

i,A '

-(snP/and)M:LX„^ni

because in each layer r,d solvent molecules are displaced
by the r, d segments that conformation d has in layer i.
Obviously

(17)
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(18)
The logarithm of the partition function is given by eq
13and 15. The derivative of eq 13iseasily found with the
help of (17), (18),and sn/dnd =d(Y.sJ/^ni - 1- The result
is
a In (ÎÎ/Q+)
dnd

rcd
= - In — + In uid - In r + r - 1 +
L
M

Y. r , d l n 0 , ° (19)
i=i

For the differentiation of (15) we use also relation 17.
We obtain
s(-U/kT)
M
= £ rjxfiu + X«0,> - <0,°»l (20)
and

i-i

Here x« is the adsorption energy parameter, defined as
(21)
Xs = -(u, - ufl/kT
X,corresponds to the difference between the free energy
of the transfer of a segment from bulk polymer to the
surface and that of the transition of a solvent molecule
from pure solvent to the surface. xs ispositive ifa segment
is adsorbed preferentially to a solvent molecule. It is
identical with the x»parameter used by Silberberg 7 and
Roe. 10
Combining eq 16, 19, and 20, we obtain
M

In nJL = In C + In ojd + £r,- d In P,

njh

(22)

= Ca) d n P{"

ü! d n,.i M P, , ; d , which we will call the conformation probability. From this probability, all information on the
segment density distribution and other equilibrium
properties (such as the train, loop, and tail size distribution) may be obtained.
Equation 23 leads immediately to the conclusion that
any conformation has the same probability as its inverted
conformation (in which the segments are placed in reverse
order), since all r, d values are the same for both conformations. Thus the inversion symmetry discussed in section
II.B isan automatic result of our derivation and need not
be introduced as an extra constraint, as was done by
Helfand." Asdiscussed before, this isdue to the fact that
the partition function is maximized with respect to the
number of chains in every conformation, which accounts
completely for the connected nature of the chain segments.
D. Segment Density Distribution. In this section we
calculate the equilibrium segment density distribution
from the conformation probability P(r)„ which according
the the previous section can be defined as

In P, = xAi + X«0,> - <0,°>> + In 0,°

(25)

Here we have used the fact that a product of P, over the
consecutive layer numbers imay be replaced by a product
over the consecutive segment ranking numbers s. In both
products the free segment probabilities corresponding to
each chain segment are taken once, and only the order in
which the P^'soccur isdifferent. Pk{s,c)isthe free segment
probability for a segment in the layer where segment s of
a chain in conformation cfinds itself. This layer number
is completely specified if c is given.
We define the chain probability as the summation of
P(r)c over all possible conformations:

(23)

P(r) =T. P(r)c

i=i

where the constant C is given by C = (1/r) exp(Mchair.
rit°)/kT and the quantity P; is defined as

: /y- = uc n Pu

P(r\

(26)

-

(24)

P, is a very important parameter determining the probability offinding a free segment (monomer) in layer i. This
can beconcluded from (23). For r = 1,this equation reads
(t>i = nJL = P, exp(ji - ß")/kT. As for monomers P, is
proportional to 0;, we may call P, the free segment
probability. According to eq 24, P, may be written as
^,.oe-Vi/dr w n e r e \f/ [s the difference in free energy
(excluding the configurational entropy) between a free
segment and a solvent molecule in layer i. A/,' contains
an adsorption energy contribution -kTx* for the first layer
and a mixing term &Tx(<0,°) - (0,)) arising from the
segment-solvent interaction. The Boltzmann factor
exp(-A///&T) has to be corrected by a factor 0,°, the
fraction of the volume in layer i not occupied by segments.
This factor 0,°= 1 - 0 , originates from the configurational
entropy term of In Q; 0, represents the volume fraction
which is excluded due to the presence of other segments.
This effect ispartly analogous to the well-known excluded
volume effect for polymer chains in solution. If 0,° ~ 1,
this "exclusion factor" is not important. That 0,° is an
entropy contribution may also be seen by writing P, as
exp(-A/,/feT) where A/, = A/;'- kT In 0,°now also includes
the configurational entropy term k In 0,°.
The starting point for further analysis iseq 23. It gives
the relation between the number of chains in each conformation (of which the number of segments in each layer
r l d is known) and the free segment probability P, in each
of the layers. Equation 23tells us that the probability of
a conformation d is proportional to the quantity

P(r) will be needed as a normalization factor.
It is useful to consider the probability P(s,i',r)that the
sth segment of any chain of r segments finds itself in i.
The probability P(s,i;r)c of a conformation c of which the
sth segment is in i is equal to P(r)c with the additional
condition that Pj, ( „) = P ; :

P(s,i;r)c = u>c i t P»„,dP, n P w ,, c) =
(=1

(=s+l

£ n pku,ct n p t( ,„ (27)
ri (=i

(=s

The last part of eq 27 is obtained by including Pk(s,c) = Pi
in both multiple products and is written in this way for
later convenience. Note that P(s,i;r)c equals P(r)c if
segment s in conformation c is in layer i, and zero if s is
not in i. Obviously, the probability of finding the sth
segment of any chain in layer i, P(s,i;r), is obtained by
summing over all possible conformations:
P(s,i;r) = E P(s,i;r)c

(28)

c

Summation of P(s,i;r) over all layers givesjust the chain
probability P(r):
M

M

L P(s,i\r) = E E P ( w ) c = E P(r)c = P(r) (29)
i=l

c i'=l

c

As mentioned above, the summation of P(s,i;r)c over all
layers gives only one nonzero term P(r)c.
A special case of P(s,i;r) is the probability P(r,i;r) that
the end segment of any chain of r segments is in layer i.
We use an abbreviated notation for this quantity: P(i,r)
= P(r,i;r). We can write P(i,r) as E</V)c w i t n the addi-
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P ( i » = E X,-,P;P0>-1)

tional condition that P*(riC) = P;. According to (25):
P(i,r) = P, E wc A PkM

(30)

From (29) it follows:
E P(i,r) = P(r)

(31)

We designate P(i,r) as the end segment probability.
The segment density in layer i is proportional to the
summation of P(s,i;r) over all the r chain segments:
E P(s,i;r)
E E P(s,<»

-H7T E P(s,i;r)
rP(r) ,.i

(32)

1-1 s - l

Thus, if we are able to evaluate the probabilities P(s,i;r)
we can calculate the segment volume fraction $, in each
layer. This weaccomplish in two steps. First weshow that
P(s,i;r) for any s can be expressed in the end segment
probabilities P(i,s) and P(i,r-s+l), and next we use a
well-known matrix procedure 12 to obtain the end segment
probabilities P{i,s).
The first step starts from eq 28in which the summation
over all the possible conformations of the entire chain,
Ec(i,r). 'S replaced by a summation over all the possible
conformations of the first part ofthe chain, Ec<u)>and o n e
for the second part, Ec(»,r)- If segment s is in layer i, the
possible conformations c(l,s) are independent of the
conformations c(s,r) because for any conformation of the
first s segments all conformations for the last r - s + 1
segments are possible. Thus, we may use the relation
E.E,«,*, = ( E A M E A ) - Substituting (27) for P(s,j;r)c and
splitting the multiple product wc= oic(l,r) = 11,.f "'(X,, +1 ) c
in the factors o!c(l,s) and ojc(s,r) (compare eq 5), we may
write:
P(s,i;r) = E

c(l,s) c(s,r)

U E aai,«) n pkUc)H E o>c(S,r) n p k U j
t=l

c(s,r)

t=s

Since Pfe(SlC) = Pi,the first factor between brackets equals
P(i,s), according to (30); the second factor is equal to
P(j>-s+l) because the number ofconformations ofthe last
r - s + 1segments should be equal to that of the first r
- s + 1 segments. Therefore we have
P(s,i;r) = PU',s)P(i',r-s-rl)/P;
(33)
Thus, through eq 32 and 33$, for r-mers can be expressed
asa function of end segment probabilities ofshorter chains.
The second step for the calculation of 0; is to find a
procedure to evaluate P(i,s). If the end segment of an
r-mer is in layer i, the (r-l)th segment can be in layer j
(1 < j < M), with a nonzero probability only if; = i - 1,
i, i + 1. The probability P ( i » that the end segment of an
r-mer is in i can then be expressed in the probabilities
P(j,r-1) that the end segment of an (r-l)-mer is in layer
j . Using eq 30, we can again split the summation in two
parts: Eed/) = Ec(i^-i)EC(r-u(- As the rth segment is fixed
in layer i,the summation E<*-i/-iincludes only the possible
positions of the (r-l)th segment and may be replaced by
a summation over ; if oi c (r-l,r) is replaced by X;, and
, by Pj. Thus
P(i,r) = EV.-P. P ;

It may be noted here that in this derivation it was
assumed that the free segment probabilities Pj for the last
segment, Pj (j = i, i ± 1) for the penultimate ((r-l)th)
segment and Pk (k = j ,j ± 1) for the antepenultimate
segment are independent of each other. P„ Pp and Pft
include a factor for the average solvent volume fractions
in the layers ;',j ,and k. This assumption implies that
backfolding of the chain (i.e.,k = i in the example given)
is allowed under the constraint of the average excluded
volume in each layer. In other words, if segment r - 2 is
placed in iand segment r- 1in i + 1,segment r may fold
back to i with a probability P; in which the presence of the
(r-2)th segment is accounted for in the same way as the
presence of all other segments in i. Segment r- 2 is, like
all the previously placed segments, considered to be
"smeared out" over all the lattice sites L in i. A similar
approximation is made in the familiar Flory-Huggins
lattice theory. 16
Equation 34can be expressed as a matrix multiplication
by defining a vector P(r) with M components P(j',r), whose
sum according to (31) equals P(r), and a matrix Wof which
the elements Wy are equal to X;-;P,. Therefore
P(r) = WP(r-l) =

WrlP(l)

(35)

where the components of the vector P ( l ) are the "end"
segment probabilities of a monomer and are thus simply
equal toP, asdefined by (24). The matrix Wis,apart from
a different interpretation of P, (in which the polymersolvent interactions are included), identical with that used
by DiMarzio and Rubin. 12 '
Thus wecan calculate all the end segment probabilities
P(i',s) for s = 1, 2
r. Substituting (33) into (32) and
realizing that Ei=i*V; = nr/L, we obtain

n J_

E P(i',s)P(;,r-s-rl)

(36)

LP(r) P,

E P(s,i»c =

" i c(l,s>

(34)

E

*>c(l,r-l) n PH,.C)

(l.r-D

In this expression we recognize P(j,r-1), so that we can
write

From these M implicit equations the M 0 ; 's and the
equilibrium values for P, can be solved by an iteration
procedure (see section III). We can arrange all the necessary information in the array shown in eq 37,where the
P(l,l) . ..P(l,s) . .. P(l,r)
/>0,1)

...P(i,s)

. P(i,r)

(37)

P{M,l) . ..P{M,s). ..P(M,r)
components ofthe first column are equal to PP-.PJ.-.PJM and
the components of the sth column P(t,s) are found from
the first after s - 1matrix multiplications. The sum of the
components of the last column is equal to P{r) according
to (31). For the calculation of 0, we need the ith row of
array P , and wehave to add the rproducts of the first and
the last, the second and the penultimate, the third and the
antepenultimate element, etc.
All the probabilities P(i>;r), P(i',r), and P(r) used in this
section depend on the lattice size M and on the average
segment concentration rn/ML. We shall need these
quantities in a following paper where we shall discuss the
case of a polymer between two plates at relatively short
separation and a constant amount of polymer. For the
adsorption on a single plate we relate the concentration
of polymer to the bulk volume fraction <t>.. It appears
advantageous in this case to use probabilities related to
those in the bulk solution.
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E. Adsorption Isotherms. In calculating adsorption
isotherms and related properties, the state of a chain or
a segment near the interface has to be compared to that
in the bulk of the solution. Consequently, it is useful to
define the probabilities of any configuration near the
interface with respect to those in bulk. We shall denote
bulk properties by an asterisk.
The free segment probability P . for a segment in the
bulk solution is analogously to eq 24 given by
In P. = x ( 0 . - <t>.°) + In

fa

(38)

We now define the free segment probability p, with respect
to the bulk solution as

• PJP.

(39)

It is easily verified that p, can be written as (0,°/0. 0 )exp(-A/;*/fcT), where Af* is the free energy difference
(excluding the configurational entropy) for the exchange
of a solvent molecule in layer i and a free segment in the
bulk. The entropy factor fa°lfa" accounts for the difference in the "volume exclusion1' effect for a segment in
layer iand a segment in bulk. It isobvious that p . equals
unity.
With eq 39 we define the vectors p(r) and the matrix
p(r) = P ( r ) / P /
w=

W/P,

p(i,l) = Pi
'u = h-iPi

(40)
(41)

It may be noted here that the error introduced by allowing
backfolding (accounting for the average volume fraction)
is eliminated here to a large extent if this effect is equally
important in the bulk and in layer i,because probabilities
in layer i are now compared with those in bulk. Now eq
35 becomes
p(r) = wp(r-l) = w' 'p(l)

(42)

In a more explicit form, (42) can be given as shown in eq
43. Equation 36 can be written in a simpler way by re-

*>(!.'•)

X0<>| *i/>l ° :

X,p2 ' • • / ' •
0.

pd.r)
piM.r)
"(43)

alizing that from (34),which remains valid if P, and P(i,r)
are replaced by p ; and p(i,r), follows that p ( V ) = p(*,r-l)
= p(*,l) = p . = 1. Equation 36 applied for bulk solution
gives
*. = nr/Lp(r)
(44)
This can be substituted in (36), giving the result
<t>. i

'

i= — — L p(i',s)p(i,r-s+l)
r Pi j»!

(45)

Also the components p(i,s) can be arranged in an array p
(eq 46). The sum of the components of the last vector
p(l,l) ...p(l,s) .. .p(l,r)
P ( i , l ) • • P(i,s)
p ( M , l ) . . .p(M,s).

• P(',r)
. .p(M,r)

of p is indicated by p(r), analogously to eq 31.

(46)

Figure 2. Illustration of thedefinitionof theexcessadsorbedamount
r w c andthe adsorbedamount T. r w c is equalto area A, while T
equalsthesumof Aand B. Inorder to showthedifference between
Tandrexcmoreclearly,arather highbulkvolumefraction{tj>.=0.1)
was chosen inthis example. The concentration profiles have been
calculated for r = 1000, x 5 = 1.X - 0.5, and \ 0 = 0.5 (hexagonal
lattice).

The simplest way of defining the adsorbed amount is
to consider only the excess concentration of segments in
each layer with respect to the bulk concentration. Then
the excess adsorbed amount per surface site is
M

(47)

••)

This definition was used by Roe. However, another
definition is sometimes useful. If we want to know the
number of chain segments belonging to adsorbed chains,
subtracting 0. from <^ for all layers is not the correct
procedure, since the volume fraction fa in the layers close
to the surface is predominantly (or completely, for i = 1)
due to adsorbed chains. In order to find the number of
adsorbed molecules,wehave to correct only for the volume
fraction 0 / of free (i.e.,nonadsorbed) chains that have not
a single segment in the first layer (see Figure 2). In the
surface layer ((' = 1),<p' = 0 / = 0, for the other layers 0,f
< 0., so that eq 47 gives an underestimation of the adsorbed amount. Therefore wedefine the adsorbed amount
T as

r = £ to -.*/)

(48)

r thus gives the number of segments of adsorbed chains
per surface site; if r = 1, one equivalent monolayer is
adsorbed. This definition of T was also used by Silberberg.7 Note that the summation of (48) contains only
nonzero terms for i < r.
The problem now is to find <t>'. A free chain has only
one extra restriction: no segment of the chain may be in
the first layer. This is equivalent to the statement that
for the segments of free polymer molecules the free segment probability p t in the first layer equals zero
(equivalent to x s = -co)> while in the other layers the free
segment probability pj is the same for segments of adsorbed and nonadsorbed chains. Naturally, the value of
Pifor i > 1is based on the total segment density fa. We
may therefore define a vector P((l) with components Pfd',1)
= (1- rjyJpO'.l) and a matrix w, with elements wtij — (1
- &ij)\j-jPi. The end segment probability vector for free
chains is then given by
Pr(r) = WfP,(r-l) = w r ' P r d )

(49)
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As before, we can write these vectors p f (r) in an array
where the sum of the components of the last vector is
denoted as pt(r) (eq 50).
0
P,

0
Pf(2,2)

0
Pf(2,s)

0
Pf(2,r)

PfO',2)

/>(('>)

Pt(i.r)

P(M,2)

Pf(M,s)

n p/-

L
which can be substituted into (13), giving after some rearrangement

(57)

-In Q = n In 4,. + E re,0 In •p," + Y. n, In p, + U/kT
(58)

PM

(50)

P,(M,r)

7a
kT

Comparing (50) with (46), we note that Pf(i,s) = p(i,s)
for i>s,P((i,s)<p(i,s) for 2 < i <s, whilePf{l,s) = 0. For
each i, the value of 0,f can now be found from (45), substituting pr\i,s) for p(i,s). For the calculation of Twe need
E.-i M 0i'which can be derived directly from Pf(r). To that
end, we realize that according to (44) nr/L = £,-=i*'0; =
p(r)4>,. Analogously, Li-i M 0; f = PfM0., so that (48) may
be written as
T = |p(r) - p f (r)|0. = p a (r)0.

(52)

(53)

Combining (52) and (53),and introducing a = AjL as the
area per surface site, we find
TO

ft Mchain

Vchtin/kT

n°/kT

= 1

=1-0

r0.° + In 0. + r x 0.°(l - 0.)
,./r + In 0.° + X0.(1 - 0.°)

M

0,° In —- + 0, In Pi - (0,° -

(59)

where Mchain and ju°are the chemical potentials ofa polymer
molecule and a solvent molecule with respect to the reference state, 7 is the interfacial free energy, and A is the
interfacial area. The free energy F - F" of the bulk phase
is then

InQ
L ~kf
L kT
kT '
The term In Q is given by eq 13and 15. Expressions for
feh«in and *<0have been derived by Flory:16

kf

This equation can easily be extended for systems with
more than two components. For a binary system (0, + 0j°
= 1) the term - £ , - i M |(0,°- 0.°) + (0, - 0.)/r| reduces to
[1- (l/r)]r c > c . Apart from the 0, In p, term, all the terms
of eq 59 also appear in Roe's equation (eq 36 of ref 10).
In section V wegive a more detailed comparison between
Roe's and our theories.

(51)

F - F" = (n - n")Mch„i„ + ("° - " " " V

4>iUs + 4>i u v

0.°) - (0; - i,.)/r\ + x L |0,°(<*,> - 4") - -A-V, - <MI

where pa(r) = p(r) - Pf(r) is the adsorbed chain probability
which we shall need as a normalization constant for the
adsorbed chains. It may be noted that, unlike P(r) as used
in the previous section, the adsorbed chain probability pa(r)
= r/<t>, is independent of M, at least for large M.
Thus, for the calculation of F at given 0. we need the
normalization constant p(r), which isfound by the iteration
procedure to be described in section III, and Pf(r). Once
the iteration process has given the free segment probabilitiesPi=p(i,l),Pi<r)and thus pt(r) are simply the result
of r - 1 matrix multiplications according to (49).
F. Interfacial Free Energy. Using the Gibbs convention
(see, e.g., ref 17),we assign to the Gibbs dividing plane a
surface excessfree energy F", a surface excess n' of polymer
molecules, and a surface excess n°"of solvent molecules.
The relation between these surface excesses isgiven by17
F- = yA + r » c h a i n + nV

Thus the nc In nc term in In Q is replaced by a term
containing the free segment probability pr The energy
term of (58) isgiven by (15). Combining eq 54,55,56,and
58, we derive the following expression for 7:

(54)

(55)
(56)

Equation 55 can also be derived by differentiating In Q
with respect to rcc at constant T, n,°, and n d (d ^ c);
similarly, eq 56 follows from the derivative of In Q with
respect to n®at constant T, nc, and n ; ° (j ^ i).
Before substituting (55) and (56) into (54), we rewrite
nc in eq 13. With the equilibrium condition (25) and the
normalization condition (26), we obtain njn =
UcOli-fPM/Plr).
Using P(r) = P.rp(r) (eq 40) and eq
44, we find

III. Method of Computation
Equation 45 comprises M implicit simultaneous
equations from which the M unknown 0 b 0 2 , ..., 0M can
be solved by an iterative procedure. If for a given 0. an
initial estimate for the concentration profile {0j is used,
the vector p(l) follows from (40) in combination with (38)
and (24) and the matrix wfrom (41). In principle, a new
value for \4>,\ could then be calculated using (45),and the
procedure could be repeated by finding new values for the
components p(i,l), for w a n d again |0j|. It turned out,
however, that in this way the iteration usually does not
converge. Therefore, a slightly more complicated method
was applied, in which Xi =In 10,/U - 0,)}instead of 0;was
chosen asthe iteration variable and Newton's method (see,
e.g., ref 18) was used to improve the convergence of the
iteration. This method is easier to apply if the variables
are unconstrained, and therefore the variable X; was
preferred to the variable 0 ( , which is constrained within
0 and 1.
The procedure was as follows. We indicate the initial
estimate by |0J ( " and the /ith solution by \<f>i\m. From | 0 j w
the vector p(l)fÄ) and the matrix wfk) were calculated using
(41). Then a new set I0;)1" was found from (45). The (k
+ l)th solution follows from
X«<+i> = x ' " - [G l *'r'g , * >
where X w is a vector whose ith component X/*' = In
|0i ( *'/(l - 011")),g*"is a vector with components g,'*1 = In
(0i(*')/0,-(*)), and the matrix Gm is the Hessian, 18 with
elements G;/*' = dg^/dXj. In order to avoid the complex
differentiation which isnecessary to find G;/*1 differences
where used for the derivatives: G,/*' =; Ag^/AXj.
The
initial estimate | 0 j a ) was found from Roe's approximate
10
expression and is itself the result of a short iteration.
If wewant to calculate the segment density distribution
and the adsorbed amount for an r-mer, it is in principle
necessary to use a lattice with more than r layers, i.e., M
> r, since then all the possible conformations, including
the completely perpendicular ones, can be taken into
account. This would require a large amount of computing
time and an enormous storage capacity in the computer.
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TABLE I: Numerical Example of t h e Free Segment Probability pit the Polymer Volume Fraction <s
Fraction due t o Segments of Adsorbed Chains 0, 0 / , as a Function of the Layer Numberi"
i

Pi

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

1.6251
0.8343
0.9400
0.9697
0.9823
0.9888
0.9925
0.9949
0.9964
0.9974
0.9982
0.9987
0.9991
0.9994
0.9996
0.9998
0.9999
1.0000
1.0001
1.0001

4.0815X
1.7409X
6.9353X
3.9993X
2.7510X
2.1089X
1.7388X
1.5084X
1.3569X
1.2531X
1.1798X
1.1267X
1.0878X
1.0589X
1.0374X
1.0214X
1.0096X
1.0010X
9.9499X
9.9087X

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

1.5412
0.8982
0.9843
0.9889
0.9935
0.9958
0.9972
0.9981
0.9986
0.9990
0.9992
0.9994
0.9995
0.9996
0.9997
0.9998
0.9998
0.9999
0.9999
0.9999

6.7976X
4.2532X
2.5583x
1.8157x
1.3752X
1.0880X
8.8726X
7.4009X
6.2835X
5.4120X
4.7177X
4.1550X
3.6925x
3.3078x
2.9846X
2.7109x
2.4776X
2.2775x
2.1053x
1.9565X

i, and t h e Volume

«,R

0i-*,-'

*i

x=0
10-'
10-'
10-'
10-'
10'
10-'

io- !
10-'
10'
10-"
10-"
10-'
10-'
10-'
10-'
10'

10-'
10-'
10-'
10-'
x-0.5
10-'
10"

10-'
10-'
10-'
10'
10-"
10-'
10-'
10-'
10-'
10'
10-'
10-'
10'
10'

10-'
10'

10-'
10'

1.7409X10-'
6.9342X1 0 '
3.9958X10-'
2.7428X10-'
2.0931X10-'
1.7117X10-'
1.4661X10-'
1.2950X10-'
1.1672X10-'
1.0656X 10-'
9.8037X10-'
9.0560X1 0 '
8.3785X10-'
7.7506X1 0 '
7.1603X10-'
6.6009X1 0 '
6.0964X1 0 '
5.5645X1 0 '
5.0858X10-'

4.1979X10-'
1.8029X1 0 '
6.6164X10-'
2.8415X10-'
1.5078X 10"'
1.0068X1 0 '
8.3540X10-'
8.0960X10-'
8.4583X10-'
8.9942X10-»
9.4711X l u 3
9.8014X10-»
9.9854X 10»
1.0062X10-'
1.0076X10-'
1.0061X 10"'
1.0039X I C '
1.0020X10-'
1.0007X10-'
1.0000X10-'

6.7976X10-'
4.2531X10-'
2.5579X10-'
1.8146X10-'
1.3731X10-'
1.0845X10-'
8.8197X10-'
7.3261X10-'
6.1831X10-'
5.2828x10-'
4.5569x10-'
3.9603X10-'
3.4619X1 0 '
3.0400X10-'
2.6786X10-'
2.3662X10-'
2.0940X10'
1.8554X 1 0 '
1.6451X10"'
1.4592X10-'

6.8544X10-'
4.3667X10-'
2.4809X10"'
1.4778X10-'
9.2992X10-'
6.1294x1 0 '
4.2082X1 0 '
3.0050X10-'
2.2351X10-'
1.7363X10-'
1.4123X 10"'
1.2034X1 0 '
1.0719X1 0 '
9.9288X10-'
9.4943X 10"'
9.2974X 10-'
9.2534X 10-'
9.3013X10""
9.3978X 10-'
9.5133X1 0 '

4.0815x 1 0 '

a

In the last column the volume fraction as calculated from Roe's theory, 1 0 0 , R , is shown,
solvent (x = 0>and a Wsolvent <x = 0.5). Hexagonal lattice (\ ( , = 0.5), Xs ~ 1, r = 1000, 0*

Fortunately, a faster computation with much less storage
requirements is possible. With increasing i the elements
p(i,s), the end segment probabilities, converge to unity
since far from the surface the probability of finding an end
segment is equal to that in bulk. This convergence is
rather slow for high s. However, it turned out that the free
segment probabilities p, = p(i,l) approach unity at much
smaller i (see also Table I). Therefore, the complete
calculations were only carried out for the first m layers,
where m isdefined as the number of the last layer where
p, differs more than a predetermined value (e.g., 10"4) from
unity. Then all the components p, for i > m may be set
equal to 1. According to eq 34:

p(i,s) =p^pd-l^-l)

+\0p(i,s-l) + XypU+lj-l)}
(60)

The tth component of the sth vector follows from the
(i-l)th, ith, and (i+l)th component of the (s-l)th vector.
AsPi= 1for i> m, all the elements in the lower left corner
(i > m + s) of the array p are equal to 1 (see Figure 3).
In order to get the complete segment density distribution for the first m layers,the elements p(i,s) for i < m
are required. By inspection of eq 60 it appears that the
elements ofgroups I, IIA, and IIB (seeFigure 3)are needed
to calculate these elements. Thus in the computation

Data are given for an athermal
0.01.

routine for s < r/2 the first m + s - 1components of the
sth vector were calculated from the first m +s components
ofthe (s-l)th vector, after which the elementsp(i,s-l) with
i > m were discarded by the computer and only the first
m elements were stored. Similarly, for s > r/2 the first
m + r-s components of p(s) were calculated from the first
m + r - s + 1components of p(s-l); again only the first
m components were stored.
In this way allthe elements of the first m layers and thus
the complete segment distribution for these layers could
be calculated within a reasonable computing time, without
the need of excessive storage capacity.
For the calculation of the adsorbed amount we rewrite
eq 47 as r exc = <*>*(p(r) - M) = (t>*Y,i=iMkr where 5(> is
defined asp{i,r) - 1. The problem now is to find the sum
Sir) of Ô,-,for i > m: S(r) = Y,l=m+im+\r (see Figure 3).
It can be shown that this sum can be expressed as a
function of the elements ofthe mth and (m+l)th row only:
S{r) = XiL s =i r l\pim,s) - p(m+l,s)j. To prove this relation
we realize that Ô,s = 0 for i > m + s, i.e., for the elements
of group III in Figure 3. Next weapply (60) for i> m (thus
Pi = 1). Since \ 0 + 2\x = 1we have
5

i> = V i u-i + Mv-i + V.'+i,*-i

0'> m ) (61)

Starting with 5m+hr we find ôm+1,r = X,ô mprl + X ^ - H ^ +
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Figure3. Schematicrepresentationofthearray p. Inthelayersbeyond
mthecomponents p/(/> m)of thefirstvector p(1)maybesetequal
to 1. We candistinguish four groups of elements inthe array. The
elementsof group1(/< m)arecalculatedandstoredinthecomputer
memory. Those of group II (m< /< m+ sfor II.A, m< /'< m +
f - sfor II.B)areneededfor the calculation of p(m,s); once p(m,$)
has beenobtainedthe elements of the(s- 1)thvector for which / >
m can be discarded. All the elements of group III (i> m+ s) are
equalto 1. The elements of group IV {m+ r- s< i< m+ s; r/2
< s < r) are not required inthe computation. The sum p(r) of the
componentsof thelastvector p(r)isneededfor thecalculationofthe
adsorbedamountT. Itturnsoutthat H;= m +i' n+f P('.'') can beobtained
fromthetwosetsof elements p(m,s) andp(m+1,s) of the mthand
(m + 1)th row of the array.
^l^m+2,^1 - M ^ m . r - 1 ~ ^ m +ij--i) + ( X : + Ao)^m+l/- 1+ ^m+2f

1-

Applying (61) for ô m+2r it follows that ôm+i,r + 5 m+2 , r =
Repeating this procedure, and using 5 m+rr _! = 0 we find
S(r) = X^ôjn^! - ôm+1>r_i) + S(r-l). In the same way this
last sum can be expressed in the components ofthe <r-2)th
vector, giving S(r) = \x(&m>r-i- Öm+I>M + ô m / . 2 - 6 m+u _ 2 )
+ S(r-2). Proceeding to the left in Figure 3we finally end
up with the relation
S(r) = Xi L (Ämg, - ô m + u ) = X, E \p(m,s) - p{m+l,s)\
(62)
Here we made use of the fact that S(l) = 0.
Thus an accurate value for p(r) and Texcis found, using
only the elementsp(i^) for i <m + 1. The same procedure
can be applied for P({r), from which T is found according
to eq 51.
It may be noted that this procedure of setting p, = 1for
i > m is not the same as a step function approach. The
procedure enables us to find the sums H ( = m+ i r+m 0, and
H(=m+ir+m0if o v e r the layers beyond m to a good approximation, although the individual 0,'s for i > m are not
calculated. This isequivalent to the evaluation of the part
of the areas A and B (Figure 2) that is beyond m. The

accuracy of this extrapolation was shown for r = 1000, </>.
= 10"2,Xs= 1(see alsoTable I). Using m = 20, calculated
adsorbed amounts are T = 0.91498 and T = 2.4455 for \
= 0and x ~ 0.5,respectively. Extending mto 35 (the limit
for r = 1000 on our computer) gave V = 0.91565 and T =
2.4442 for the same conditions. The differences are below
0.1% so that, in order to save computing time, in most
cases m = 20 was chosen.
All the calculations were carried out with a DEC system-10 Model 1060 computer using a program written in
Algol. The iteration procedure according to Newtons
method was usually completed in five cycles with an accuracy of better than 0.01% in <t>. The computing time
increases roughly quadratic with increasing r. Calculations
were possible for chains up to 1000segments, in which case
about 0.5 h of computation time is required.
On request the computer program will be made available
by the authors.
IV. Results and Discussion
In this section wepresent a selection of numerical results
which show the dependence of some characteristics of the
adsorbed layer on parameters related to the polymersolvent-surface system. For the latter parameters we
choose the chain length r, the polymer-solvent interaction
parameter x, the adsorption energy parameter xs,and the
equilibrium bulk volume fraction 0,. For the adsorbed
layer characteristics wetake properties which in principle
can be measured, as, e.g., described in the following references. Thus, we give results for the adsorbed amount 19
r, the fraction $of the surface covered by segments 20 (6
= 4>i), and the fraction p of segments of adsorbed chains
which is on the surface21 (p = 8/T). Results for another
experimental variable,the layer thickness,will be discussed
in another paper.
First we have to choose the type of the lattice as expressed in the fraction X0of neighbors in the same layer.
As has been shown by Roe, 10 theoretical results are
qualitatively independent of the lattice type, while only
minor quantitative differences occur. Unless otherwise
stated, we confine ourselves to a close-packed hexagonal
lattice: X0 = 0.5, X: = 0.25. In a few cases a comparison
will be made with a simple cubic lattice: X0 = 2/3, \x =
1/6. More results for a cubic lattice have been published
elsewhere.22 Most of the data presented are for x s - 1or
3, and for two values of x: X = 0, corresponding to an
athermal solvent, and x = 0.5, equivalent to a 6 solvent.
The value for 0. is usually taken in the (semi-) dilute
solution region, since in that region most experimental data
are available; only when a comparison with other theories
is desirable, we give results for composite adsorption
isotherms extending over the whole range of 0.. Although
a more detailed comparison with other theories will not
be made until the next chapter, we refer occasionally to
results of other authors in the discussion of the following
figures.
Table I gives a typical example of the free segment
probability p, and the concentration profile 0, for r - 1000,
0* = 10 2, Xs~ 1. anc ^ X= 0 and 0.5. Also the volume
fraction due to adsorbed chains, 0, - 0/, is shown. To
facilitate comparison with Roe's theory, the concentration
profile as calculated from his eq 29 is given. Data for x
= 0.5 are plotted in Figure 4.
The dependence of p, on 0, is given in eq 24 and 39.
Using the relation (0,) + <0,°) = 1- X^,, (see text following eq 14), we can write
In Pi = (x, + Xix)*u + 2x«*,-> - 0.) + In (0 r °/0.°) (63)
In the first layer the adsorption energy dominates p, and
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Figure 4. Segment density profile 0,andfree segment probability pt
asafunction of thedistance fromthe surface. Hexagonal lattice(X0
= 0.5), x s = 1. X = 0.5, r= 1000,and0 . = 0.01. Thedottedline
is the concentration profile calculated from the theory of Roe.1D

the free segment probability is higher than 1. In the other
layers the factor 4>i°/<P-0 is the most important one and
causes p, to be smaller than 1 and to increase with increasing i. (In other cases, e.g., at very low </>., the interaction term in (63) may be dominant, so that p, then
decreases continuously with increasing L) A very important feature of Table I and Figure 4 is that pt approaches unity much faster than <£, approaches the bulk
value 0.; this is the basis for the procedure described in
section HI for the evaluation of the amount of adsorbed
polymer present in the layers beyond i =20. In some cases
(e.g.,x = 0.iaround 20inTable I),0( isslightly lower than
4>. (and thus pt slightly higher than 1),an effect which is
related to the buildup of the adsorbed layer in terms of
loops and tails. This will be discussed more extensively
in the next paper. 23
The segment density </>,decreases continuously with
increasing distance from the surface (except when 0(
approaches 0. from below, as mentioned in the previous
paragraph). In the layers close to the surface 0, is slightly
lower than predicted by Roe's approximate theory,10 while
further from the surface the latter theory gives a serious
underestimation for the segment density. Aswill be shown
in the next paper, the segment density at larger distances
is mainly due to the presence of long dangling tails, which
have been neglected in previous polymer adsorption
theories.8'24 These theories predict an exponential decay
of <{>i with distance for homopolymers. Table I and Figure
4 show that this is approximately correct for the layers
close to the surface, but not at larger distances where tails
become important. The presence of tails and the concomitant occurrence of segments at relatively large distances could be very important in the application of
polymers for the stabilization or destabilization of colloidal
particles.
Figure 5a shows adsorption isotherms, Figure 5b the
occupancy of the surface layer (0),and Figure 5cthe bound
fraction p = 6/V as a function of 0*. The adsorption
isotherms have a Langmuir character for low values of r
(for r = 1and x = 0,our equations reduce to the Langmuir
equation), whilethose for high chain length are of the high
affinity type often found in experiments. These features
show up more clearly if the adsorbed amount Vis plotted

e

:

^"jo^^jö-

o

Figure5. Theadsorbedamount T(a),thesurfacecoverage6(b),and
theboundfractionp= 6/T(c)asafunctionofthebulkvolumefraction
0.. Thedataapplytoahexagonallattice(XQ= 0.5)andanadsorption
energy parameter x* ~ 1- Thechainlength ris indicated. Fulllines
arefor a6 solvent (x = 0.5),brokenlinesfor anathermalsolvent (x
— 0). ThetwodottedlinesinFigure5aapplyfor r — 1000inasimple
cubic lattice (X0 = 2/3) and x = 0and 0.5, respectively.

against a linear scale for <j>*. The overall shape of the
isotherms is similar to that of the curves given by, e.g.,
Silberberg7 and Hoeve8'25 and similar trends with respect
tothe effects ofsolvent quality and molecular weight occur:
the adsorption increases with decreasing solvent power and
increasing chain length.
To illustrate the influence of the lattice type, two
(dotted) curves for X0 = 2/3 (simple cubic lattice) and r
= 1000are shown in Figure 5a. The differences are small.
For x = 0.5, T is slighly higher for the hexagonal lattice
{\y = 1/4) as compared to the cubic one (Xi = 1/6). For
X= 0 the adsorption is slightly lower for the hexagonal
lattice for low <£.,but higher for high 4>,. The effect at x
= 0can be explained by realizing that if Xiincreases there
are more possibilities for a segment to "cross over" to a
neighboring layer, giving rise to a slightly flatter concentration profile, a lower bound fraction, and thus to a
lower adsorption energy per chain. For low0. this implies
a lower adsorbed amount, while for high 0»there are more
possibilities for loop and tail formation due to the lower
volume fraction in the outer layers. For x - 0.5,an extra
effect occurs in that the "effective" adsorption energy
parameter x*+ ^iX (see,e.g., (63)) increases with increasing
Xt;hence the adsorbed amount ishigher for the hexagonal
lattice.
Figure 5b demonstrates that the fraction 6ofthe surface
which is covered by segments increases with 0, for short
chains but is hardly dependent on 0. for higher chain
lengths. As expected, 6is higher in poorer solvents, since
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Figure 6. Theadsorbed amount T (full lines) andthe excess adsorbed
amount r^M(broken lines)asa function ofthe chain length r, for three
values of the bulk volume fraction 0 . and for a 6 solvent (x = 0.5)
andanathermal solvent (x = 0). Hexagonal lattice, x s = 1- The inset
applies to Xs = 3 anc * <t> • = 0-01- The dotted lines give rexc as
calculated from the theory of Roe.10

the segments prefer other segments to solvent molecules
as immediate neighbors. The dependence of 9on r will
be discussed further in connection with Figure 7.
Figure 5c gives the dependency of the bound fraction
p (i.e., the fraction of segments of adsorbed chains in
contact with the surface) on the bulk volume fraction 0*.
The bound fraction decreases slightly with increasing 0*
and decreases with increasing molecular weight. Both
these trends have been found experimentally.20,21 For short
chains the effect of solvent power on p is only of minor
importance (for r = 1, p = 1 under all conditions), for
higher chain lengths p increases with decreasing x- This
is because in good solvents the extension of the adsorbed
layer is smaller than in poor solvents (at the same 0.).
In Figure 6 the adsorbed amount r is plotted as a
function of chain length at 0. = 10~2, 10"3,and 10 6, and
for x = 0 and 0.5. The dashed curves give the excess
adsorbed amount r exc (see eq 47 and Figure 2). At low 0,
and lowrthere ishardly any difference between Vand rexc,
but as 0. and r increase, Fexc becomes progressively smaller
than r, as isto be expected. The most conspicuous feature
of Figure 6 is that, at x = 0, V levels off at high chain
lengths, while,at x = 0.5,Y (but not Texc)increases linearly
with log r. Both Silberberg7 and Hoeve8,25 predict that in
athermal solvents the adsorbed amount reaches a limiting
value at high chain lengths, in accordance with our results.
For 9 solvents, Silberberg finds again a leveling off while
Hoeve predicts an increase without bounds. Although we
are as yet only able to make computations up to r = 1000,
our results seem to support Hoeve's view. However, we
find for high chain lengths an important contribution of

Figure 7. Thesurface coverage 0= 0, as a function of chain length
r, for three values of the bulk volume fraction 0 •and x = 0.5 and
0. Hexagonal lattice, x s = 1-

long dangling tails, and these are neglected in Hoeve's
treatment.
A more quantitative comparison is possible with Roe's
results. 10 This is shown in the inset of Figure 6 for x s =
3 and 0. = 10~2. Roe presents only data for r exc . It is
obvious that both for x = 0 and x = 0.5 Roe's theory
underestimates Texcat high r, the difference increasing to
about 25% for r = 1000 (in 0 solvents) and probably much
more for higher chain lengths. Thus, the sharp leveling
off which Roe shows in his Figure 16 is too pronounced,
and is probably due to the approximations used in his
theory.
If plotted on the same scale, the curves for x s = 1 a n c '
Xs= 3in Figure 6run nearly parallel. Apparently the slope
of the lines depends on x.not on xs- This is related to the
fact that upon increase ofthe chain length the additionally
adsorbed amount isaccomodated not in trains,but in loops
and tails, and is thus determined mainly by the polymer-solvent interaction.
Figure 7 shows 6 as a function of chain length, at
constant 0.. At lowrthe adsorbed amount and the surface
coverage are small, and there is only little effect of the
solvent quality. With increasing r the surface coverage
increases until a plateau isreached where 9is independent
of chain length and 0.. In that region, the adsorbed
amount F still increases, but the extra segments are accomodated in layers further from the surface. The plateau
of 9at high r is higher in 0 solvents, since the segments
attract each other, and this attraction balances the unfavorable entropie situation at a higher 6 than in good
solvents.
From experiments, the surface coverage 6and the bound
fraction p are often obtained not as a function of 0. (see
Figure 5b and 5c),but as a function of V. In Figure 8a and
8b the dependence of 9on V is given for x = 0 and x =
0.5, respectively, and in Figure 8cand 8d the corresponding
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Figure 8. The surface coverage 8(a,b)andthe boundfraction p(c,d)asa function of the adsorbedamount T, for x = 0(a,c> andx ~ 0-5
(b,d). Thechainlength ris indicated. Hexagonallattice, x s = 1 (fulllines)andx s = 3(broken lines). Theshadedareas areinaccessible regions
{8> T or 8> 1). Notethat there exists a maximum adsorbed amountTmAK (when (p. = 1)whichis independent of x or x s - For r = 1, P"**
= 1;for r = 10, I " " " = 2.36; for r = 100, T""™= 6.25 (not indicated inthe figure); andfor r = 1000, T™" isgreater than 18.

curves for p =8/T are shown. There are several interesting
features in these graphs. For monomers, 8 = T (corresponding to the straight lines in Figure 8a and 8b) and p
= 1. The shaded areas in Figure 8are inaccessible regions,
since there 8would be higher than Tor greater than 1. For
chain molecules (r > 1) only part of the segments is adsorbed, and 8 increases more slowly than T so that p
decreases. As expected, the shape of the adsorbed molecules becomes less flat as the adsorbed amount increases.
At relatively low Tthe curves for different chain lengths
nearly coincide. One has to realize, however, that greatly
different equilibrium bulk volume fractions are involved.
At high T (and thus high 0*)the lines diverge and reach
8 = 1(full surface coverage) at 4>. = 1(i.e.,bulk polymer).
At that point the adsorbed amount reaches its maximum
value r™"which depends on r (and slightly on \,), but not
on x or Xs- Clearly, T™"should lie in between 1 (completely flat chains) and r (only one end segment adsorbed).
For r = 10, r m " = 2.36; for r = 100, P " " is 6.25 (not
indicated in the figure) and for r = 1000, the maximum
adsorbed amount could not yet becalculated precisely due
to convergence problems of the iteration, but it is around
19. That r ma * is independent of x or x$is due to the fact
that in bulk polymer the configuration ofthe chains isonly
determined by entropie factors, since the energy of all the
segments on the surface is the same, and all segments in
the other layers are in an identical environment. Asiswell
known, 2627 chain molecules assume unperturbed dimensions in bulk polymer.
At intermediate values for I\ the surface coverage 8is
nearly independent of Tand r. At Xa= 1this applies only
for longer chains, but for higher adsorption energies (x s
= 3) this is true for chains as short as ten segments and
up. In this region p decreases steadily with increasing r .

These effects are related to the accommodation of segments in the outer regions of the adsorbed layer, without
altering the segment concentration in the surface layer.
Again it has to be realized that for different chain lengths
this region of constant 8occurs at different <t>..
It can be seen from Figure 8that 8and p increase if xt
becomes higher. This is easily understood. Similarly, 8
and p increase with increasing x»an effect which is more
pronounced at low x, and for high molecular weights.
Naturally, the influence of the parameters x and Xs l s
strongest in the intermediate range of T since, for given
r, all 8(T) curves converge to the same starting point (at
T = 0) and end point (at r = r™"). It isinteresting to note
that at agiven adsorbed amount the occupancy of the first
layer is smaller in good solvents, so that the amount in
loops and tails and the average layer thickness is greater
than in poor solvents. However, in order to get the same
T in a good solvent, much higher polymer concentrations
are needed than in a poor solvent (see Figure 5a).
Koopal et al.20 obtained experimental curves of 0 and
p as a function of T which are similar to those of Figure
8. They found that 8increases with T and then reaches
a plateau, and is independent of molecular weight. Other
experiments 21 gave also results corroborating the picture
given in Figure 8.
Figure 9 shows the effect of the adsorption energy
parameter x, on F (Figure 9a) and 8 (Figure 9b). For
infinitely long chains,adsorption occurs only if x s exceeds
the "criticaladsorption energy"1012xx = ~ln (1- Xi)which
for a hexagonal lattice equals 0.288. For finite chain
lengths the critical adsorption energy is smaller. With
increasing \s the adsorbed amount and the surface coverage increase until, around x«= 3,a semiplateau is found.
The overall shape of the curves in Figure 9a strongly
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These theories are only valid for very good solvents and
in systems so dilute that no measurements are possible.
Their relevance for practical systems is therefore small.
In these treatments the interaction between the segments
is neglected, which in our terminology is equivalent to
writing eq 63 simply as In p, = x.A,i- Indeed our model
reduces completely to that of DiMarzio and Rubin 12 if we
make this simplification (for a proof of this see Appendix
I). All"isolated chain" theories predict that, for reasonable
adsorption energies, polymers adsorb on a surface in a very
flat conformation, such that the bound fraction p is close
to unity. However, even if the bulk volume fraction 0, is
quite small the segment density in the surface region may
be quite high. Therefore, the polymer-solvent interaction
has to be taken into account.
The first attempts to incorporate this interaction are due
to Hoeve8,25 and Silberberg. 7 Hoeve's theory involves
drastic approximations, but the general trends seem to be
predicted reasonably well asshown in the previous chapter.
An apparent drawback of his treatment is the neglect of
tails. A quantitative comparison of his results with the
present theory isdifficult. Silberbergs starting point is the
assumption ofan "adsorbed phase" in which only segments
of adsorbed chains are present, and the segment concentration profile is considered to be a step function. In
this way no distinction between loops and tails can be
made. Nevertheless his results, showing the same general
trends asHoeve's theory, are in broad agreement with ours.
Also in this case a more detailed comparison is not easy.

Figure9. Theadsorbedamount Y(a)andthe surface coverage 0 (b)
asafunctionof theadsorptionenergy parameter xs> for x = 0.5 (full
lines)andx = 0(brokenlines). Hexagonallattice,</>.= 0.001. The
chain length r isindicated.

resembles that of Roe's Figure 1510(where r „ c , not r , is
plotted), although some quantitative differences occur: at
higher chain lengths the adsorbed amount is significantly
higher than that according to Roe's results, and the
molecular weight dependence, both for x = 0 and x = 0.5,
isstronger than that predicted by Roe. Asdiscussed above,
these differences may be due to the fact that Roe's theory
underestimates the contribution of tails. From Figure 9b
it may be concluded that for longer chains Ö is very close
to unity if xs ^ 3. The effects of solvent power and chain
length on 6have been considered already in connection
with Figure 7.
Other results on the structure of the adsorbed layer, such
as the root-mean-square thickness of the layer, the fraction
of segments present in tails and loops, and the train, tail,
and loop size distribution, have been obtained. These
aspects will be dealt with more extensively in a forthcoming publication. 23 At the present moment we just
mention two significant results. First, the root-meansquare thickness appears to increase proportionally to the
square rootof the chain length. Secondly,the contribution
of tails is dominant over that of the loops in the outer
regions of the adsorbed layer. In dilute solutions (<p. =
1(T3) up to 15% of the segments may be present in (on
average) one tail per adsorbed molecule. These effects are
very important in systems where polymer is used to
stabilize or destabilize colloidal suspensions.
V. Comparison with Other Theories
Many of the earlier theories 1-6 on polymer adsorption
treat the case of an isolated macromolecule on a surface.

There are two recent treatments which can be compared
with the present theory in more detail. One is due to
Levine et al.,14 the other is that of Roe 10and has already
been mentioned several times.
We became aware of the theory by Levine et al. while
preparing this manuscript. Asdiscussed more extensively
elsewhere 22 the basic idea of these authors is nearly the
same as ours: both treatments extend DiMarzio and
Rubin's 12 matrix procedure by incorporating the interaction between segments and solvent. However, Levine
et al. apply their model only to the concentration profile
of terminally adsorbing polymer in a cubic lattice between
two plates; the authors do not attempt to use it for adsorption on a single plate or to derive the loop, train, and
tail size distribution, and they do not consider a different
lattice type. Apart from that there is a fundamental
difference with our theory in the underlying equations.
While in the present treatment the free segment probability Piisderived from the partition function (see section
II.C), Levine et al. adapt a method due to Whittington 28
to find p, (denoted by them as the weighting factor g({)).
The result iseq 63,in which (<t>,) issimply replaced by #,.
From a physical point of view this seems to be not warranted, since a segment in layer i interacts not only with
segments and solvent molecules in i but also with those
in adjoining layers. In a forthcoming publication on the
two plate problem we shall make a more detailed comparison with the results of Levine et al.
Roe10 treats the adsorption of polymers in a way similar
to our theory by setting up the partition function of the
mixture of chains and solvent molecules near an interface.
He uses the approximation that the distribution of a
segment is the same for all the r segments of a chain. In
the further elaboration he can then avoid the rather
cumbersome matrix procedure necessary in our (and
Levine's) theory. Helfand 11 has shown that Roe's treatment contains another error, because the inversion
symmetry isnot properly taken into account. As discussed
in section II.B, Helfand corrects this by introducing a flux
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TABLE II: Comparison of Numerical Results for r e x c for Oligomers {r =1,2, 4) around the Maximum in the Composite
Adsorption Isotherm,0 as Obtained from the Theories of Ash et al. (AEF),b Roe (R), c and the Present Theory (SF)
i =1
r= 2
r= 4
0«

AEF

0.1
0.2
0.4

0.64
0.71
0.61

a
Hexagonal lattice {Ku
computer program.

R/SF
0.6341
0.7108
0.6119

AEF

R

SF

AEF

R

SF

0.94
0.95
0.76

0.9508
0.9591
0.7587

0.9553
0.9681
0.7639

1.27
1.28
0.94

1.3123
1.3027
0.9166

1.3333
1.3396
0.9337

0.5), xs = 2.3, x = 0.92.

b

Data read from Figure 13of ref 9.

constraint which can be expressed as the condition that
the number of bonds from layer ito layerj should be equal
to that in opposite direction. Since Helfand formulates
this flux constraint only for infinite chain lengths, his
results apply only for r—»«>and cannot be compared directly with ours.
Below, we describe in some detail the differences between the results of Roe (R),10Ash,Everett, and Findenegg
(AEF),9and the present treatment (SF). The AEF theory
is an extension to oligomers of the theory for monomer
adsorption from regular solutions 2930 and considers the
statistical mechanics of oligomers in all possible orientations. Our theory differs from that of AEF in two respects: (1) backfolding is allowed, enabling us to use the
matrix method; (2) any segment pair has a contact energy
described by the x parameter, even if two neighboring
segments belong to the same molecule. The AEF theory
is thus more exact than ours, but due to computational
difficulties it has only been used up to r = 4.
For monomers (r = 1),our eq 45 is identical with Roe's
eq 29 and to the equations given by Ono and Kondo 29 and
Lane 30 for monomer adsorption from a regular solution.
Our numerical results are identical with those of AEF.
Roe's own calculations are slightly but consistently higher,
but this isdue to numerical errors,asRoesuspects already;
when we programmed Roe's equations (using also here
Newton's method for the iteration) we obtained identical
results. This isshown in Table II. The data in this table
apply to x s and x values as given in Figure 13of ref 9 (xs
= 2.3 corresponds to log K = 1, x = 0.92 to w = 0.92&T
in AEF's terminology).
For dimers {r = 2), the numerical results of Roe's
equations deviate slightly from ours. This is probably due
to the lack of inversion symmetry in Roe's theory since the
approximation that all chain segments are equally distributed should not be relevant for dimers. If this equal
distribution of segments werethe only assumption in Roe's
treatment, his equations should reduce to ours for r = 1
and r - 2. For dimers, this is not the case.
Comparing our results for dimers and tetramers with
those of AEF (see Table II), we see that there is a small
difference. For dimers, this can only be caused by the
overestimation of the interaction energy in our treatment,
as discussed above. This effect is apparently not very
important, considering that the data of Table II apply for
a high value of x- For tetramers, the backfolding effect
may also play a role, and differences of the order of 5%
in r e w occur. It is possible that for high r the errors are
less.
For longer chain lengths wecan compare our results only
with those of Roe. Figure 10showsa few results. Forshort
chains the differences in Fexe are very small but for longer
chains the differences increase, especially in poor solvents.
For r = 1000, x ~ 0.5 and in the range 0. = 0 to 0. = 10~\
F exc is about 30% higher than according to Roe. The
higher adsorbed amount is mainly caused by the higher
segment concentration in the outer regions of the adsorbed
layer, stemming partly from loops but mainly from long

c

Results obtained by our own

Figure 10. Comparisonof composite adsorptionisotherms calculated
with the present theory (SF, full lines) and with the theory of Roe10
(broken lines) for x = 0 5 (a) and x = 0 (&)• Hexagonal lattice, x s
= 1. The chain length ris indicated.

dangling tails. This point will be worked out in our next
paper. 23 It is in this outer region that Roe's treatment
underestimates the segment density, and it is just that
region which contributes most strongly to the interaction
of polymer covered particles. Thus, although Roe's approximation works surprisingly well for the adsorbed
amount of not too long chains, it is likely to predict far too
low forces of interaction between colloidal particles in the
presence of polymers. For problems in the area of colloid
stability the action of relatively long tails has to be taken
into account, even for adsorbed homopolymers.
Weconclude with some final remarks on the dependence
of the results on the type of lattice. One of the obvious
drawbacks of a lattice theory isthat it is not easy to relate
the results to realcontinuous systems. Onejust hopes that
the general trends will be described with sufficient accuracy. Fortunately these general features do not depend
strongly on the lattice type chosen. This was demonstrated
for a few cases in the previous section, and has been shown
more extensively by Roe. In recent years there have been

30

J. M. H.M. Scheutjens andG.J. Fleer

1634 The JournalofPhysicalChemistry, Vol. 83,No. 12, 1979
1315,31

a few attempts
to derive a continuum theory for
polymer adsorption. To our knowledge, only one paper
has been published 13 in which results for polymer adsorption accounting for the polymer-solvent interaction
were obtained. These results are for terminally adsorbing
polymers between two plates,and may be compared to the
work of Levine et al.14 (using essentially the same procedure as ours). It turns out that the calculated concentration profiles and the effect of the interaction on them
are very similar, the differences being of the same order
of magnitude as what istypical when different lattices are
used. Thus, it seems that the continuum and lattice
theories give, generally speaking, similar results. In a
future paper on the interaction of two plates in the
presence of polymer, we shall discuss these points in more
detail.
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Appendix I
Relation between Our Procedure and the Model of
DiMarzio and Rubin. In our terminology, the combination
of eq 2.5 and 2.11 of the paper of DiMarzio and Rubin 12
can be written as
*,-(r) '

1
ip.-u'Tp.-tr-l) + Z u T p I -(s-l)p(i,r-s+l)|
rp(r)
(A.l)

Here u T isthe rowvector (1,1,..., 1)and p,-(s) = wsA„ with
A(a column vector with the ith component equal to 1and
all the other components zero. According to our notation,
the symbols N + 1and 0,- of DiMarzio and Rubin have to
be replaced by r and Inp, = xs^u>respectively. Equation
A.l can be simplified by writing the matrix was a product
of two symmetrical matrices x a n d y, of which the elements are x i; = p,-ô(j (only nonzero elements along the
diagonal) and yi} = X;_r Then w = xy and the transpose
of w equals w T = yx. Using elementary matrix algebra
u T p,-(s-l) = u T w s - 1 A [ = (u T w'- l A,) T = A, T (yx) s 'u =
l
A, T (x/pi)(yx) s l u = p^à^ixyY
xu =
P; 1 A 1 T w* 'p(l) = p(i,s)/Pi
Thus eq A.l can be written much more simply as
»i(r)= —7T £ p(i,s)p(i,r-s+l)/p,
rp(r) .,=i
n

nit n"
n"

n°

P„ P.
Pk s.c)
P(i,s)
Pis)
P(r)
P
P(r) c
P(s,r,r)

P(s,i';r)c
P
P,

p(i,s)
p(s)
P(r)
P

p(s,i;r)
Pr(i,s)
Pf(s)
PrW
Pi

P.ir)
Q(M,L,T,\nc\)

(A.2)

=

Since vi=nJY,i i Lfyjnr this equation is identical with
our eq 44 and 45 combined.
Appendix II
List of Symbols. In the following list the most important
or most frequently used symbols have been collected.
A
area
a
A/L, area per lattice site
c, d, ... specification number for chain conformation
a
F, F
free energy of the system with respect to the
reference state, surface excess free energy
i, j , ...
layer number
k
Boltzmann's constant
k(s,c)
number of the layer in which the sth segment
of a chain in conformation c finds itself
L
number of lattice sites per layer
M
number of lattice layers
m
number of layers for which complete calculations have been performed
n, n°
number of polymer molecules, number of sol-

s,t, ...
T
U

w

'". I'm
7

(\s,.v +1 >c

vent molecules, in the system
number of polymer molecules in conformation
c
number of polymer segments, number of solvent molecules, in layer i
surface excess of polymer molecules, surface
excess of solvent molecules
free segment probability in layer i, in bulk
solution, and in the layer where the sth
segment of a chain in conformation c is
present (eq 24)
end segment probability, i.e., the probability
that the end segment of an s-mer is in layer
t
column vector with M components P(i,s)
chain probability, i.e., sum of the components
of P(r) (eq 26 and 31).
array of all the r vectors P(s)
conformation probability (eq 25)
probability that the sth segment of an r-mer is
in layer i
probability of conformation c of an r-mer of
which the sth segment is in i
bound fraction 6/T
P,/P., free segment probability in layer i with
respect to the bulk solution
P(i,s)/P.s, end segment probability of an s-mer
with respect to the bulk solution
column vector with M components p(i,s)
chain probability with respect to the bulk solution, i.e., sum of the components of p(r)
array of all the r vectors p(s)
probability (with respect to bulk solution) that
the sth segment of an r-mer is in i
end segment probability (with respect to bulk)
for free, nonadsorbed s-mers
column vector with M components Pf(/,s)
chain probability (with respect to bulk) of free
chains, i.e., sum of the components of p f (r)
array of all the r vectors p f (r)
p(r) ~P((r)i chain probability (with respect to
bulk) of adsorbed chains
partition function at given distribution of
conformations
number of segments per chain
number of segments that a chain in conformation c has in layer i
segment ranking number
absolute temperature
energy of the system with respect to the reference state
adsorption energy ofa segment, and of a solvent
molecule
matrix with elements Wi} = A,,P,
matrix with elements wi{ = X,tpr
matrix with elements w{.
Aj,-Pi(l -&U)
coordination number of the lattice
adsorbed amount, and excess adsorbed amount
(eq 47 and 48)
surface tension
Kronecker delta; if i = j , 5(J = 1;if i ^ ;', t5,j =
0
fraction of nearest neighbors in layer j around
a site in i;A,, = 0 if \j: - i\ > 2
fraction of nearest neighbors in the same layer,
and in an adjacent layer
fraction of nearest neighbors that a site in the
layer, where the sth segment of conformation
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c isfound, has in the layer where the (s+ l)th
segment is; thus (As-S+I)c equals X0if s and s
+ 1are in the same layer, and X!if s and s
+ 1are in adjacent layers
6
0,, surface coverage or segment volume fraction
in the first layer
Mchain.M° chemical potential of a chain, and a solvent
molecule with respect to the reference state
vt
number of previously occupied sites in layer i
(eq9)
</>,-,0 .

s e g m e n t v o l u m e fraction in layer i, a n d in t h e
bulk solution

</>/
0,°, 0.°

volume fraction due to nonadsorbed chains
solvent volume fraction in layer i, and in the
bulk solution
site volume fraction of segments, and solvent,
in layer i (defined in eq 14)
Flory-Huggins polymer-solvent interaction
parameter

(0,-),
<0i°)
X
Xs
Q, Q*
w, tt)(n)

o;c

differential adsorption energy p a r a m e t e r (eq 21)
c o m b i n a t o r y factor for t h e m i x t u r e of polymer
a n d solvent, a n d for a m o r p h o u s bulk polymer
n u m b e r of w a y s of placing t h e first c h a i n , a n d
t h e first n c h a i n s , in a n e m p t y lattice (eq 9
a n d 10)
r a t i o b e t w e e n t h e n u m b e r of a r r a n g e m e n t s of
a chain in conformation c a n d t h a t of a chain
in b u l k p o l y m e r (eq 5)
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Statistical Theory of the Adsorption of Interacting Chain Molecules. 2. Train,Loop,
and Tail Size Distribution
J. M.H.M. Scheutjens' and G.J.Fleer
Laboratory for Physical and Colloid Chemistry, Agricultural University, De Dreijen 6, 6703 BC Wageningen, TheNetherlands
(Received May 31, 1979)

On the basis of an improved matrix model for polymer adsorption, in which the volume of the segments and
the segment-solvent interaction istaken intoaccount, the conformation ofadsorbed chainsiscalculated. Results
are obtained for the distribution of individual chain segments,the concentration profile due to loopsand tails,
the root-mean-square layer thickness,the numbers and average length oftrains,loops,and tails,and the train,
loop,and tailsizedistribution. The distribution ofend segments isquit«different from that ofmiddlesegments.
Ignoring this difference, which is done in older theories, is equivalent to the assumption that end effects are
negligible,and ismostly incorrect. The concentration profile due to loopsegments decaysexponentially with
increasing distance from the surface, in agreement with previoustheories. However, except for the layers close
to the surface, the contribution of tails isdominant over that of the loops. Alsointhe root-mean-square layer
thickness the main contribution isdue to tail segments;the layer thickness in all cases isproportional to the
square root ofthe chain length. At reasonable adsorption energies,the conformation of isolated chains isvery
flat, with most segments in trains,asmallfraction inloops,and anegligible fraction intails. In evenvery dilute
solutions the length of tails becomes significant, while that ofloops increases and that of trains decreases. At
semidilute concentrations, more than 20% of the segments may be in tails,with an average tail size of about
15% of the chain length. In bulk polymer, a chain in contact with the surface consists,on the average,of two
tails of roughly 1/3 chain length each, while in the middle section short trains and longer loops alternate. As
far aspossible,our resultswillbecompared with other theoretical predictions and with experiment. One result
isthat the spread ofthe train sizearound itsaveragevalue isidentical with the train sizedistribution asderived
by Hoeve et al.

I. Introduction
In a variety of practical applications, such as colloid
stability, adhesion, biology, polymer technology, etc., the
conformation of polymer chains in the vicinity of an interface is of considerable interest. Adsorbed polymer
molecules have only part of their segments on the surface
while a substantial fraction ofthe segments are protruding
into the solution. The segments on the surface are present
in trains of variable length, the others are in loops (with
both ends in contact with the surface), and in one or two
tails at the end of the adsorbed molecule. The way in
which the polymer segments are distributed over trains,
loops, and tails largely determines the physical properties
of the system.
In the first article 1 of this series, it was shown that a
well-known matrix formalism2,3 for a random walk near a
surface can be adapted to include the competition between
the segments and the segment-solvent interaction. Each
segment of a chain can be assigned a weighting factor, the
free segment probability, which must be introduced into
the matrix. This weighting factor depends, within the
limits of the Bragg-Williams approximation for random
mixing in each layer parallel to the surface, on the local
concentration, on the local concentration gradient, and on
the energy parameters x,and X- The twolatter parameters
describe the interaction of segments with the surface and
the solvent, respectively. From the matrix the number of
chains in any given conformation can then be found. In
this paper we calculate the fraction of the segments in
trains, loops,and tails,the average train, loop,and tail size,
and the train, loop, and tail size distribution. Moreover,
the concentration profile and the root-mean-square extension due to loops and tails are obtained.
Unlike previous theories, 4-6 our model considers the
chains as connected sequences of segments throughout the
derivation. In this way it is possible to avoid the usual
approximation 48 that any chain segment, whether it is in

the middle part ofthe chain or near one of the chain ends,
gives the same contribution to the segment density at any
distance from the surface. In this article it is shown that
this approximation, which isclosely related to the neglect
of end effects, isoften not valid in practical systems. On
the contrary, even at very dilute bulk concentrations tails
play a very important role and largely determine the
segment distribution in the outer regions of the adsorbed
layers. In this respect there is a fundamental difference
with isolated molecules near a surface9-12 where end effects
can be safely neglected.
From recent experiments on polymer stabilized free
liquid films13 it was concluded that the interaction in the
film extends over such large distances that long dangling
tails are probably present in the adsorbed polymer layer.
This article confirms that, even for homopolymers, a
considerable fraction of the segments may be present in
tails, especially if the system is relatively concentrated.
This is certainly important in the stabilization and flocculation of colloidal systems by polymers.
II. Theory
A. The Matrix Formalism. In the preceding article 1 it
has been shown how the segment density distribution and
the adsorbed amount for polymer chains in a lattice adjoining an adsorbing surface can be calculated. The lattice
consists of M layers of lattice sites parallel to the surface,
labeled i = 1, 2,..., M, where i = 1 is the layer adjacent
to the surface and i = M is a layer in the bulk solution.
Alattice site hasz nearest neighbors, a fraction \ , of which
are in the same layer and a fraction Xt in each of the
adjoining layers. In a simple cubic lattice z =6, Ao = 2/3,
and \ ! = 1/6; in a hexagonal lattice z = 12, \Q = 1/2, and
\i = 1/4. Obviously X0+ 2X, = 1.
A central quantity in the theory is the free segment
probability pit expressing the preference of a free segment
(monomer) for a site in layer i over a site in the bulk
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solution. More accurately, p, is the equilibrium constant
for the exchange of a segment in the bulk solution with
a solvent molecule in layer i, or -kT Inp, isthe free energy
associated with this exchange. In the case of noninteracting segments and a nonadsorbing surface, p, = 1for any
layer i. In the first layer adjacent to an adsorbing surface
Pi= p1 > 1 since the adsorption energy difference between
segments and solvent molecules favors the presence of a
segment in this layer. If the segments interact with each
other and with the solvent, p, contains (for any layer i) an
entropy factor accounting for the fact that a fraction of
sitesin layer iisoccupied by segments and an energy factor
originating from the segment-solvent interaction.
For polymer chains, the quantity p; has to be used as
a weighting factor for each of the chain segments that is
in layer i. In other words, the probability that a chain of
r segments has a given conformation (specified by indicating the layer number where each of the chain segments
is situated) is proportional to the multiple product of r
weighting factors p„ pp p t , ...; the number of times that
the weighting factor p, occurs in this multiple product is
equal to the number of segments of this conformation in
layer i.
DiMarzio and Rubin 2,3 have shown that for the calculation of the statistics of polymer chains in a lattice a
matrix method is very useful. A chain of r segments is
considered as a random walk of r - 1 steps, in which a
weighting factor may be assigned to each segment.
Through the matrix the end segment probability p(i,r),
i.e., the probability that the end segment of a chain of r
segments isin layer i, can be easily evaluated. Let us first
consider the end segment probability p(i,2) of a dimer. If
the end segment, in this case the second segment, is in
layer i, the first segment can be in layers i - 1,i, or i + 1.
The probability that the first segment is in i - 1and the
end segment in i is equal to p M XiP;. Similarly, the probability that both segments of the dimer are in layer i is
P;XoP„ that, of the first being in i + 1and the second in
i is P.+IXLP;. Therefore, we find that p((',2) = p,(XiP M +
XoPi+ XiPi+i). In the same way, the end segment probability for an rmer can be written in terms of end segment
probabilities for an (r-l)mer:
p(i,r) = Pi|\j3(i-l,r-l) + AoP(v-l) + X,p(i+l,r-l)| (1)
Any term p(i,r) in (1) is zero for i < 0 since then p, = 0.
Equation 1applies for each of the M layers,sothat we have
M simultaneous equations which can be expressed conveniently in a matrix formalism:
p(r) = wp(r-l) = w ^ ' p d )

(2)

where the column vector p(r) has M components p(i,r), the
column vector p(l) has M components p(i,l) = Pi,and w
is an M XM matrix with elements
ivy = \hlp,
(3)
with \j-i = X, if [ƒ- i\ = 1and X;_, = X0if; = i. For [/ i\ > 2, X;_,= 0. More explicitly, eq 2and 3may be written
as shown in eq 4. Equation 1is part of one matrix multiplication and p(r) follows from p(l) through r - 1matrix
multiplications.
Equation 4, as written, suggests that a second surface
is present just beyond layer M. If M is large enough, this
is irrelevant. Asshown previously,1 only a limited number
of layers has to be taken into account in order to obtain
an accurate description of a polymer solution in equilibrium with one surface.
B. The Free Segment Probability. Before weshow how
the segment density distribution can be derived from the
end segment probabilities we consider the free segment

p{\.r)

l

oA

X

./°i

\ °

\ \
plM.r)

>PM

X

0PM

(4)

probability p, somewhat more closely. If p, = 1for each
i we have a purely random walk between nonadsorbing
surfaces. If the surface has a higher affinity for segments
than for solvent molecules we can define a differential
adsorption energy4-8xBwhich isthe difference in adsorption
energy (in units of kT) of a segment and a solvent molecule. The preference of a segment over a solvent molecule
in the surface layer can then be expressed by a Boltzmann
factor ex'. Polymer chains of which the segments do not
interact with each other or with solvent may then be described as a random walk in which a segmental weighting
factor ex' is assigned to each visit to the surface layer: p t
= ex; p, = 1 for ( > 1. This case has been described in
detail by DiMarzio and Rubin 3 for polymer chains between
two surfaces.
For interacting chains the polymer-solvent interaction
and the occupation of part ofthe lattice sites in each layer
by other segments have to be incorporated in p,. Both
effects depend on the volume fractions 0;and 0,° = 1 - 0 ,
of segments and solvent molecules, respectively, in layer
i, and on the corresponding volume fractions 0. and 0.°
in the bulk solution. The derivation of p; from the partition function of the system has been given before.1 For
an adsorbing surface in equilibrium with a bulk solution
the free segment probability may be written as
„2x(<*i)-«.)„(x.+»ix»u

(5)

where x isthe well-known Flory-Huggins polymer-solvent
interaction parameter,14 and the Kronecker delta 5 U equals
unity for i ~ 1and zero for i > 1.
The factor 0;°/0.° originates from the difference in the
configurational entropy of a segment in layer i and that
ofa segment in the bulk solution, sincethe number of ways
inwhich an extra segment can be placed ina layer in which
a fraction 0,° of the sites is not occupied by segments is
proportional to 0,°. For the layers close to the surface, the
factor 0;°/0.° is smaller than unity.
The first Boltzmann factor in (5),e2xi*>/e2"'t', represents
the interaction between a segment and its nearest neighbors. The site volume fraction (0,) is defined as
4>,) ~ Xl0,-l + XO0, + X,0;+1
and has to be used because a segment has a fraction X0 of
its contacts in the same layer and a fraction XTin each of
the adjoining layers. Since the bulk solution is homogeneous, (0.) = 0.. For athermal solvents x = 0 and this
Boltzmann factor reduces to 1. In poor solvents the exponent is positive for layers where the segment concentration (averaged over the layersi-l,i, and i+ 1) is higher
than in the bulk solution, expressing the net attraction
between segments.

(6)
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The last factor in (5) isdue to the adsorption energy and
differs from unity only for i = 1. The term \^x in the
exponent stems from the fact that for a segment in the first
layer \lz contacts in the solution have been exchanged
against \tz surface contacts. Even if x s = 0 (e.g., for a
liquid-air interface) there is a remaining energy contribution in the first layer due to the segment-solvent interaction.
C. The Overall Segment Density Distribution. For
monomers the segment density profile can be easily
evaluated. From the definition ofp, it follows that in this
case p, = <t>i/<p; or
0, = P,<t>-

(7)

This gives with eq 5 a set of M implicit equations in M
unknown <t>j's. For x = 0 the Langmuir equation 15 results;
for nonathermal solutions the equations are identical with
those given by Ono and Kondo 16 and by Lane 17 for adsorption of monomers from a regular solution.
For polymers the situation is more complex because the
r chain segments are not independent of each other. The
segment density depends on the number of chains in each
conformation, and isthe result of contributions of all the
r chain segments. First, we consider the volume fraction
<t>i(s) due to the segments with ranking number s (s = 1,
2,..., r). In the bulk solution each of the r chain segments
gives the same contribution to <£.: </>.(s)= 4>*/r. Near the
surface not all the conformations are equally probable,
resulting in a different spatial distribution for end and
inner segments. If we define p(s,i;r) as the probability
(with respect to the bulk solution) that the sth segment
of an rmer is in layer i we may write p(s,i;r) =</>,(s)/0.(s)
or
0,(s) = (4>./r)p{s,ïf)

(8)

The quantity p(s,i;r) can be expressed in end segment
probabilities of shorter chains ending in i. Any conformation of an rmer with the sth segment in i can be described as the result of two walks ending in i, starting at
the chain ends, and having s - 1and r - s steps, respectively. The corresponding end segment probabilities are
p(i,s) and p(i,r-s+l), where the appropriate weighting
factors Pj ij = 1, 2, ..., M) for the first s segments are
included in p(i^) and those for the last r- s + 1segments
in p(i, r - s+1). Thus, the weighting factor p, for the sth
segment occurs in both end segment probabilities. The
probability that the sth segment of an rmer is in i is then
equal to the joint probability that both chain parts end
in i, divided by p<:
p(s,i';r) = p(i,s) p(j',r-s+l)/p,

rPi

P\ — -plLs
p,
•
i

p„

)

pi i ,s)

p(l. r)
,r)

p{

i
I

p(M.s)

(12)

i
I

p{M, r)

The sth column of p isthe end segment probability vector
p(s); it isfound from the first vector p(l) after s - 1matrix
multiplications, according to (4). The array p contains all
the end segment probabilities and, hence, all the information on the distribution of polymer molecules in the
system. For example, according to eq 11the overall segment distribution <£; is found from the elements p(i,s) of
the ïth row of the array by summing the products of the
first and the last elements, of the second and penultimate
elements, etc. In order to calculate properties of adsorbed
chains (such as the distribution of segments of adsorbed
polymer molecules, the distribution of segments over
trains, loops, and tails, and the train, loop, and tail size
distribution) it is necessary to differentiate between free
and adsorbed polymer chains.
D. Free and Adsorbed Chains. Free chains do not have
a singlesegment inthe first layer. If weassign a segmental
weighting factor p / to each segment of a free chain which
is in layer i, we have for the surface layer p / = 0, while
for the other layers (i > 1) p / = Pi. The end segment
probabilities Pr(i,r) for free chains can then be calculated
from eq 2 and 3 which now read
PfW = w f p f (r-l) = Wf'^prfl)

(13)

where the elements of the matrix wf are given by
u>Ui = V i P i d - *u)

<!4)

and the components of the vector Pf(l) are
(9)

This isa very important relation,which weshall use several
times.
Note that in this derivation the inversion symmetry is
automatically accounted for, since a segment situated s
segments away from one chain end has the same probability ofbeing in layer ;asone that iss segments away from
the other end (i.e., with ranking number r + s - 1).
Helfand 5 has shown that this symmetry is not always
obeyed in other theories.
Substituting (9) into (8) we obtain
0,(s) = —p(i,s) p(i,r-s+l)

probabilities, and the subsequent summation over all the
chain segments to obtain <^, has been used previously, e.g.,
by Hoeve,18 Helfand and Tagami, 19 and Levine et al.20
It is easily shown that in the bulk solution p(*,s) = p.*
= 1so that eq 10 reduces to <p.(s) = <t>-/r; near a surface
p(i,s) differs from unity and the volume fraction <fo(s)
depends on the ranking number s. Equation 11is a generalization of (7). The combination of eq 4, 5, and 11
constitutes a set ofM implicit equations in theM unknown
0,'s, from which the concentration profile and the M p / s
may be solved numerically by an interative procedure as
described previously.1 Equation 11for M layers contains
M X r end segment probabilities p(i,s), which may be
arranged in an array p :

p f (U) = p, f = P i ( l - a,,,)

(15)

For i = 1,the elements of w f and Pf(l) are zero, while for
j> 1they are identical with those of w and p(l), respectively.
Analogously to eq 12the vectors pf(s) may be arranged
in an array p f . If only the first r components ofeach vector
are indicated, p f can be represented as shown in eq 16
- - 0 —
-P,iZ.s)-

(10)

Pi

p , -- p{ /./- \ ) ~ - pf( /,s)

-- 0
•

P^.r)

-P,Uy)

p(s'+\,s)

-Hp(i>s)

rPi,

p(i,r-s+\)

This procedure of deriving the segment density due to
each individual chain segment from two end segment

(11)

p,

p[r,s)---p{r.r-\)

p^r.r)

where p f (l,s) = 0,Pi(i,s) =p(i,s) if i > s (lower left corner

(16)
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of p f ) and Pf(i,s) <p(i,s) for 2 <i <s. The sth vector of
the array is found from the first after s- 1 matrix multiplications. The segment distribution of free chains may
be found in the same way as in eq 10 and 11.
Next, we consider the end segment probabilities pt(i,s)
and the array p a for adsorbed chains. Since achainis
either adsorbed or free, we may write
p(<» =P a d » + Pf(>,s)

(17a)

p(s) = p,(s) + pf(s)

(17b)

P = Pa + Pf

(17C)

pB(i,s) is the probability that the end segment of an adsorbed smer is in i. The array p a can be represented as
shown in eq 18 where p,(l,s) = p(l,s), pa(j,s) =0 if i >s
p,

pi \.s) -

cules. The first term of (22) gives the contribution ofa
segment belonging to aloop, the two middle terms that
of a segment in one of the two tails of an adsorbed chain,
and the last term represents the contribution of a segment
of a free chain. The quantity pji,s) gives the probability
that the end segment of an adsorbed smer is in i; it contains all the conformations for which atleast one of the
previous segments is in the first layer. Analogously to eq
9,the product p, ' pji,s) pjif-s+l) isthe probability that
the sth segment is in layeriwhile at least one of the first
s - 1segments and at least one of the last r- s segments
are adsorbed. In other words,the first term of eq 22 gives
the contribution of the segments with ranking numbers
which are in aloop. The volume fraction 0 t ' due to the
loops is obtained after asummation overs

-pi\.r)

(i > 1)

0. r
0,1= — Lp.d» p,(i,r-s+l)

(23)

rPi.-i
1

N

s

pait./)--p0i'.s)-

-p,d.r)

(18)
•^P^s.s)

?<?•'

(end segments of adsorbed smers cannot be outside the
first slayers) and pa(i,s) < p(i,s) for 2 < i <s.
The sum ofthe components ofthe last vector p a (r),
denoted as pjir), gives the probability that the end segments of adsorbed rmers are somewhere in the system:
(19)

P.M = L P a ( v )

Thus pjir) gives the probability that a chain is adsorbed.
The quantitypjr) will beneeded asa normalization factor.
For example, the fraction of adsorbed chains that have
their end segment in layer i is given by pji,r) I pjr).
For the calculation of the properties of adsorbed chains
the array p , plays a central role,and it isnecessary to have
accurate values for its elements pji,s). They can be calculated from eq 17, but the accuracy of the numbers obtained for relatively largeiislowsince in the outer regions
of the adsorbed layer the difference between p{l,s) and
Pf(i,s) isvery small. More accurate values for pji,s) may
be obtained by adifferent procedure, which is givenin
AppendixI.
E. The Segment Density Distribution in Trains, Loops,
and Tails. The overall volume fraction 0, is the sum of
the contributions of free chains 0 / and that of adsorbed
chains 0;". In turn, the latter is the sum of the contributions due to trains (fa"), loops (0,1),and tails ($;'). All the
segments inthe first layer belong totrains. Therefore
(i = l)

(20)

(i>l)

(21)

As shown in section IIC, the segment density is the result
of the contributions of all individual chain segments.
Substituting (17a) into (10) we find
0.
<t>i(s) = —|p a (i,s)p a (i,r-s+l) +pji.s) p ( (i,r-s+l) +
'Pi

p.(i,r-s+l) p,(i,s) +p,(i,s) p,U,r-s+l)\

(22)

Since segments in the surface layer cannot belong to free
chains,Pf(l,s) = 0 and p a (l,s) = p(l,s). Thus for i= 1the
last three terms of (22) vanish and the equation reduces
to (20), after summation overs.
Segments in the other layers {i> 1)may belong to loops
or tails of adsorbed chains or to nonadsorbed free mole-

Segments for which s<i cannot belong to loops; thisis
automatically accounted for in (23) since pji,s) =0 fori
>s.
By similar reasoning the product p{~'p,(i,s) p,(i,r-s+l)
is the probability that segment s is iniwhile at least one
of the first s- 1segments and none of the last r-ssegments isadsorbed. Thus the second term of (22) gives the
contribution of a segment s inatail at the end of an adsorbed chain, and the third term that of a segment ina
tail at the beginning of the chain. Since the summation
over alls for these twoterms givesthe same result, we have
20. r
0,' = —Ep„U',s) p f (i>-s+l)
(24)
rPm-i
Analogously, the volume fraction due to free chains isgiven
by
•>,' = —E P f d » p f (i,r-s+l)
r

(25)

Pis=l
tr

1

In this way the volume fractions 0! , 0; , 0^, and 0 / can
be calculated from the elements ofthe ith rowofthe arrays
p , and p f .
From the concentration profile the root-mean-square
layer thickness t follows immediately:
t'

Y.U,"

(26)

M

Here Y = £i-i 0i* is the adsorbed amount expressed as
the number of segments belonging to adsorbed chains per
surface site, r isproportional to the probability pt(r) that
a chain is adsorbed 1
T =0.p a (r)
(27)
This relation follows from T = £s-i r H 1 -i*Vi , (s), where
0,i'(s) is the volume fraction in layer idue to segments of
adsorbed chains with ranking number s. Analogously to
eq 8,0,a(s) may bewritten asrM0,pa(s,i;r) in which pa(s,i;r)
isthe probability that the sth segment ofan adsorbed rmer
is in layer i. Since T.i-iMP„(s,i;r) = £;.i M p,(f\r) (the
probability that the sth segment issomewhere in the
system, is equal to the probability that the end segment
is somewhere in the system), eq 27 follows.
In the same way we can define the root-mean-square
thickness due to the loops t[ and that due to the tails ( t

tf = EiV/Efc'

(28)

t,2 = T.i2t>i'/T.4>i'

(29)
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Anequivalent expression for n,isfound by realizing that
any chain has two tails, unless an end segment is on the
surface. The latter probability is 2p,(l,r)/p a (r) per adsorbed chain, so that we may write immediately

VF7;

n t = 2 - 2p.(l,r)/p.(r)

loop
(b)
Figure 1. Schematic representation of chainconformations wherethe
sth segment is the last of a tail (a) or a loop (b).

<V= 0 i / r = 0,/0.p.(r)

Obviously, the rms thickness tt, due to trains equals 1.
F. Average Train, Loop, and Tail Size. Tail Size
Distribution. For the calculation of the average train, loop,
and tail size we need the number of trains (n tr ), loops (n{),
and tails ( n j per adsorbed molecule. We can obtain these
numbers by counting the number oftransitions from layers
2 to 1. At each of these transitions a loop or a tail ends
and a new train is formed. If the sth segment of a chain
is in layer 2 and the (s + l)th in layer 1, s is the last
segment of a loop if at least one of the previous segments
is adsorbed (see Figure lb), while s is the last segment of
a tail ifnone ofthe first s chain segments are adsorbed (see
Figure la). The probability of the conformations in which
the bond between two consecutive segments s and s + 1
is from the second to the first layer is equal to X1; multiplied by the probabilities that the first chain part of s
segments ends in the second layer and that the last chain
part of r - s segments starts (or ends) in the first layer.
Let us begin with the calculation ofthe number of loops.
We consider a chain of which the sth segment is the last
of a loop and is in layer 2, while the (s + l)th segment is
the first of a train and is in the surface layer (Figure lb).
The probability that the first chain part of s segments is
adsorbed and ends in the second layer is p,(2,s), the
probability that the bond between s and s + 1isfrom the
second to the first layer is X1?and the probability that the
second chain part of r - s segments starts (or ends) on the
surface equals p(l,r-s), which is identical with p,(l,r-s).
Thus the probability that the sth segment is the last of
a loop isp a (2^)X!p a (l,r-s). The number of loops per chain
ending at the sth chain segment isfound after dividing by
pt(r). Summation over s gives
P.W

Ep„(2,s)p a (l,r-s)

(34)

Equations 33 and 34 give identical results.
Having obtained ntI, nt, and nh we can calculate the
fraction of segments in trains (»„), tails (»J, and loops (i/|).
For the fraction in trains we have

(30)

The first term in (30) gives no contribution, since p a (2,l)
= 0; a loop cannot end at s = 1.
The number of trains is easily found from
nu = n, + 1
(31)
because a loop is always situated between two trains.
Analogously, the probability that the first s segments
of a chain form a tail of s segments, with the sth segment
in layer 2and the (s + l)th chain segment in the surface
layer, is given by p f (2,s)X 1 p 1 (l,r-s). Normalization with
P,(r) gives the number of tails per chain with length s
2\!
(32)
P„(n
where the factor 2 accounts for the fact that a tail of s
segments may be formed at both ends of the chain.
Equation 32 represents the tail size distribution. After
summation over s we obtain the total number of tails per
chain:
2X, r-i
——-Epf(2,s)p a (l,r-s)
(33)
P.Ms-i

(35)

For the fraction of segments in tails we use the result
for nt(s) as given in (32)
ir-l
(36)
~Esn,(s)
Finally, for the fraction in loops we have
"1 = 1 ~ "u - "t

(37)

The average length of trains, tails, and loops is now
easily obtained. The average train length lu is given by
the number of segments in trains divided by the number
of trains:
'n = rnu/nu

(38)

Similarly, we may write for the average tail length lt and
for the average loop lengthlt

k= m/nt

(39)

'i = " V " !

(40)

G. Train and Loop Size Distribution. In eq 32we have
obtained the tail size distribution n,(s), i.e., the number
oftailswith length s. The derivation ofthe analogous train
and loopsizedistribution isslightly more complicated. We
start with the trains.
We consider an adsorbed rmer ofwhich the rth segment
is in the second layer and the (t + l)th is in the surface
layer and isthe first segment of a train ofs segments long.
Then the (( + s)th segment isthe last segment ofthis train
and the (t +s + l)th segment isagain in the second layer.
The probability that the end segment ofthe first chain part
of t segments isinthe second layer isp(2,t), the probability
of s consecutive train segments is XQ*~'p ^ , and the probability that the first segment of the last r - s - t chain
segments isinlayer 2isp C r - s - t ) . Including the transition
probabilities from the first to the second layer at the bonds
t,t + l and ( + s, t + s + l w e find for the probability of
this chain conformation
p(2,!)XiX 0 *' 1 Pi^iP(2,r-s-t)
This expression applies for t = 1up to and including t =
r - s - 1. A train starting at the first segment would
correspond to ( = 0, but then the factor p(2,t)X! should
be equal to unity. We may include this situation in the
above expression by defining formally p(2,0) =1/X^ (Note,
however, that p(2,0) may not be identified with the second
component of a vector p(0) for which the relation p(l) =
wp(0) holds.) Similarly, a train at the end of the chain
may be included if we allow for t the (maximum) value r
- s. The number of trains of length s per chain is now
found by summation over ( and normalization with p,(r)
itr(s) =

X^Xo* 'p/r-«
7T—Ep(2,t) p(2,r-s-t)
Pa(r)

1-0

where p(2,0) = 1/X[. Thus the train size distribution can
be calculated from the elements of the second row of the
array p, given in (12).

(41)
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For the loop size distribution we consider a chain of
which the tth segment is the last of a train and the (f +
l)th segment isthe first of a loop ofs segments. Thus the
(t + l)th and the (t + s)th segments are both in the second
layer, the (th and (t + s + l)th are on the surface. The
probability of this chain conformation can be written as
p.(l,t)XiP,(2,s)\ 1 p.(l,r-s-t)

tllil' N.
1 ••
\
(42)

«V'
m,

where p t (2,s) is the probability that a tail of s segments
ends in the second layer. Here a loop is considered as a
special case of a tail (of which not a single segment is on
the surface), i.e., as a tail ending in the second layer. The
quantity p t (2,s) may be identified with the second component of a tail end segment probability vector p t (s). For
s = 1, the tail is only one segment long and the tail end
segment is necessarily in the second layer: p t (2,l) = p 2 ,
p t (i,l) = 0 if i 9^2. Hence, we have for the components
of the vector p t (l)
p,(i,l) = p 2 a w

«Vil 1 1 ,

My,\i> ij ; l

'fmk

(43)

7/

Analogously to eq 13we find the components pt(i,s) for
longer tails after s - 1 matrix multiplications
p,(s) = Wf'-'p.U)

(44)

---0

~

p,(2,s)--

p

(Z.r

,i-\)--p,{i.s)--

p

li'.r

I)

(r.r

l)J

-I)

(45)

p

p t (l,s) = 0 and pt(i,s) = 0 if i > s + 1, since a tail of s
segments starting in the second layer can maximally extend
up to layer s + 1. Note that this array contains only r 1 vectors; at least one segment of the chain should be on
the surface.
The factor p t (2,s) in (42) can now be taken from the
second row of p t . The loop size distribution is obtained
after summation over t

i|(s) =

X,2p,(2,s)'-»-i

,,

P,(r)

T. p.(l,0 p.(l,r-s-t)

yVL
Figure 2. Therelative contribution of segments withrankingnumber
sto thevolume fraction 0,in layer /, r0,(s)/</>,,asafunction of layer
number /(from frontto back)andrankingnumber s(fromleft toright).
Onelooks from the surface (front plane)towardthe solution. Eighty
layers areindicated,correspondingto 80 linesparalleltothesurface.
Therelative contribution of every 10thsegment isplotted(s = 1, 11,
21
501,510, 520
1000)sothat 101lines run perpendicular
to the surface. See also Figure 3.

where the matrix wt has to beused because no tail segment
can be in the first layer. The tail end segment probabilities
may again be arranged in an array p , as in eq 45 where
pz
C ~~~
' - J>,0

MfcY''" '' ''

(46)

i-i

Since the loop is preceded by a train segment (ranking
number t) and the (t + s + l)th segment should again be
on the surface, the summation extends up to t = r - s 1.
From (41)and (46),the numbers of trains and loops and
the average train and loop length could be obtained in a
way similar to the derivation for tails, as given in eq 32,
33, 36,and 39. However, in the previous section an easier
method was given for these quantities. The results are
identical, as should be expected.
III. Results and Discussion
In the previous paper 1 several examples were given of
the dependence of the adsorbed amount f, the surface
occupancy 0(=<l>i), and the bound fraction p (=xtr) on the
bulk solution volume fraction 0. and the chain length r,
for different values of the interaction parameters x and
X8. Here we concentrate on the structural aspects of the
adsorbed layer, such as the distribution of individual
segments and the buildup of the layer in terms of trains,
loops, and tails. All of the results apply to a hexagonal
lattice (\ 0 = 0.5) and an adsorption energy parameter x s

= 1. For the polymer-solvent interaction parameter x we
use the values 0.5 (0 solvent) and 0 (athermal solvent).
While the previously reported calculations were for maximally 35 lattice layers, most of the present data are for
80 layers. This high number isnecessary if accurate values
for the root-mean-square layer thickness are to be obtained.
A. Distribution ofIndividual Segments. We begin with
the distribution of individual chain segments. In Roe's
theory 4 the approximation was made that any chain segment (ranking number s — 1,2,..., r) would give the same
contribution <£((s) to the volume fraction <£,in any layer
i. This isequivalent to the assumption <&(s)= 0,-/rfor any
s. The extent to which the ratio r0,-(s)/0,-deviates from
unity gives a measure of the validity of this assumption.
Figure 2shows a computer drawing of the dependence of
r<j>i(s)/4>i on s and i,in perspective view, for r = 1000,<£.
= 10"3, and x = 0.5. The segment ranking number s is
plotted from left to right, and the layer number i from
front to back. Thus one looks from the surface toward the
bulk solution. Eighty layers (i = 1,2,..., 80) are indicated,
corresponding to 80 lines parallel to the surface. Every
10th segment is taken (s = 1, 11,21,..., 501,510, 520,...,
1000) so that 101 lines run in the direction perpendicular
to the surface.
This figure shows that, for i = 1,rfais)/4>i issmaller than
1 for end segments (left and right in the figure) and higher
for middle segments. Further away from the surface the
relative contribution of end segments increases and that
of middle segments decreases; around i = 20 the relative
probability of finding end segments is maximal and that
for middle segments minimal. At still greater distances
4>i(s) becomes more weakly dependent on s, until about i
= 60,when all of the segments contribute equally to the
overall volume fraction <£,. This last result istobe expected
for polymer chains in bulk solution.
More quantitative detail isseen in a projection of Figure
2 in the r0,(.s)/^,-.s plane. This is shown in Figure 3 for
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Figure3. Projectionof Figure2forthefirst21layersinaplaneparallel
tothe surface. Inthiscasethe relativecontribution n/>,(1)/</>,for end
segmentshasitsmaximumvalue 2.42 inlayer 21. Hexagonallattice.
X, = 1.X = 0.5, r= 1000, <t>- = 0.001.
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Figure4. Maximum values for / ^ ( l y ^ f s e e Figure 2)asa function
of chainlength/-forfour bulkvolumefractions 0.. Forseveralvolume
fractions the layer /', where the maximum occurs, is indicated.
Hexagonal lattice, x s = 1- X = 05'

the first 21layers. In this example i =21isthe layer where
the ratio r<^(l)/'<^for end segments has its maximum value
2.42;for the layers further away this ratio decreases again.
In the first layer the ratio of volume fractions due to end
and middle segments, ^-(D/^SOO), is 0.600; for layer 21
it is 5.01.
We have obtained graphs like Figure 3for other chain
lengths and other bulk volume fractions. They all look
similar, exhibiting a minimum value for r0,(l)/0, in the
first layer and a maximum value in a layer i = i' some
distance away from the surface. In order to give an idea
of the trends, we have plotted in Figure 4 the maximum
value r0,v(l)/0;. as a function of r for some values of 0..
The layer i'where the maximum occurs is indicated for
various combinations of r and </>..
The above results allow an evaluation of the validity of
the assumption of an equal distribution of all chain segments, as made by Roe. Roe4 states that (1) the conformational constraint imposed by the presence of a surface
is less severe to end than to inner segments, and (2) the
assumption of an equal contribution 0,/r for all segments,
independent of the segment ranking number, is better for
smaller chain lengths. The first point seems to be incorrect, as shown in the Figures 2-4;except for very high $.,
the probability of finding end segments closeto the surface
is lower than that for middle segments, implying that the
conformational restrictions are higher for end segments.
(However, we found for 0 , - * l a small preference for end

segments in the surface layer, of the order of 18% for r
= 1000.) The second point iscorrect for chains up to r m
100, as indicated by the rising portions of r0;.(l)/<£,. in
Figure 4. For longer chains the maximum deviation from
a uniform segment distribution becomes nearly independent of chain length (although the layer number i'
where this maximum occurs increases with r).
The fact that end segments occur more frequently than
middle segments,at somedistance from the surface, points
clearly to the importance of tails,since only segments that
are closeto the chain ends can bein tails. Thus end effects
may probably not be neglected, as was done in previous
theories4"8. This conclusion will be corroborated by the
results discussed below.
One special feature of Figure 3 deserves attention.
Segments with ranking number around s =0.18r (or 0.82r)
have a distribution which is in all layers nearly equal to
the average value 0,/r, as indicated by the fact that all the
lines for different i intersect around this ranking number.
This (approximately) common intersection point at s =
0.18r is also found for other chain lengths and concentrations. Thus it seems that, regardless of chain length,
about 36% of the segments (at both chain ends) show an
"end segment behavior". We have no indication that this
fraction decreases drastically for chains longer than r =
1000. Also, from the nearly constant value of r0,-(l)/4>;.
for r > 100 (see Figure 4) it seems that end segments in
the layers further away from the surface are dominant,
independent of r. Therefore, even for long chains (r >
1000) tails probably playan important role inthe adsorbed
layer.
Figure 4 shows that the plateau value of r0,.(l)/0;. at
high chain lengths increases if the bulk solution becomes
more dilute. This may not be interpreted as an increase
of the tail fraction, but says merely that at i = i' the
contribution d),-(l) due to end segments is much higher
than thé average segment contribution 0,-/r, but <bt can
be quite low in dilute solutions. Actually, it will be shown
below that for isolated chains the effect of tails becomes
negligible, in accordance with previous theories. 910 A high
ratio r(t>f/(t>f means only that the (few) segments occurring
in layer Tare nearly exclusively tail segments. Similarly,
the effect that the layer i' (where end segments have their
maximum relative contribution to <t>i) shifts further away
from the surface for lower bulk concentrations may not
be interpreted as an increase of the layer thickness with
decreasing <£,. The high values for i ' a t low <p, are related
to the fact that the (few) segments at distance i'belong
predominantly to adsorbed chains. For higher 0. the free,
nonadsorbed chains contribute significantly to the segment
concentration at large distance, thereby decreasing the
value for rfc(l)/<t>?since this ratio is an average over adsorbed and free chains.
B. Concentration Profile and Layer Thickness. Figure
5 shows the overall concentration profile and those due to
loop and tail segments, for r = 1000, 4>.= 10"6, and x =
0.5. The volume fractions, </>;, <t>' and <£,' are plotted on a
logarithmic scale. In this example, 38% of the segments
are in trains, 55.5% in loops,and 6.5% in tails (see Figures
10 and 11). Previous theories' predict an exponential
concentration profile. Figure 5shows that this isnot true
for the adsorbed layer as a whole (i.e.,<£,),but very nearly
so for the loop segment contribution: log 4»,1 vs. i is
practically a straight line. Thus, Hoeve's theory 7 would
describe the concentration profile correctly if end effects
were to be negligible. From Figure 5 it is clear that this
is not the case, even if the tail fraction is as low as 6.5%;
in the region from i — 20to i =40,0, is nearly completely
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TABLE I: Root-Mean-Square Layer Thickness Due t o
Loops (j and Tails ft, and the Overall rms Thickness t
Due t o All Segments of Adsorbed Chains for r = 1 0 0 0 :
Hexagonal Lattice, x s = 1
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Figure5. Thevolumefraction 0y(fullline)anditscomponents </>,-' due
to loops (brokenline)and0 / duetotails(dottedline)onalogarithmic
scale asa function of the distance fromthe surface. Theloop contribution 0 / decreases essentially exponentially with /.

1000
Figure6. Theroot-mean-squarelayerthickness Xasafunctionofthe
square root of the chain length r, for four values of the bulk volume
fraction 0 . . Hexagonal lattice, x s = 1- Full lines, x = 0.5; broken
lines, x = 0; dotted line,bulk polymer.

determined by the tails. Only at very small distances
(below i — 5) do the loops dominate over the tails. In the
outer regions of the adsorbed layer (beyond i = 50) the
contribution 0 / due to free chains (not indicated in the
figure) is the most important; beyond i = 60 0; a* 0..
The tail contribution 0/ showsa maximum around layer
5. Around the 10th layer the concentration due to tail
segments is equal to that due to loop segments. These
features are approximately the same under conditions that
the tail fraction is considerably higher (e.g., if 0. = 10~2).
The fact that loops are not found at some distance from
the surface is of considerable practical importance. It
implies that the interaction between colloidal particles in
the presence of polymers (e.g.,in flocculation or protection
experiments) is to a large extent determined by long
dangling tails.
Hoeve 7 calculated that for 9 solvents the root-meansquare layer thickness should be proportional to the square
root of molecular weight. In Figure 6 the rms layer
thickness t isplotted as a function of r 1 ' 2 for isolated chains
(0. —* 0), for a dilute and a semidilute concentration (0.
= 10 -6 and 10"2),and for (practically) pure bulk polymer
(0. —* 1). In the caseof isolated chains t issmall and nearly
independent of chain length. However, for finite concentrations and x = 0-5, t increases linearly with r 1 ' 2 (apart

x = 0.5
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from some irregularities for very short chains,r ;$20); the
slope of the line increases with increasing 0.. For x = 0,
the line for 0. = 10"2 is not completely straight and lies
somewhat below that for x = 0.5. In bulk polymer (0- —*
1)the conformation ofthe adsorbed chains is independent
of x and Xs» a s discussed previously.1
The similarity between our results and Hoeve's prediction for x = 0.5 isat first sight surprising, since Hoeve's
theory considers only loops and, as we have seen above,
tail segments are dominant in the outer regions of the
adsorbed layer. However, if we calculate the rms thicknesses due to loop and tail segments separately, we find
that both ti and tt are practically proportional to r 1/2 .
Values of t,tband tt for r — 1000are given in Table I. The
overall thickness t is some average of t[ttt, and the contribution ttl due to trains (( tr - 1),weighted according to
the fraction of segments in loops, tails,and trains. For 0.
—0 t is only slightly above t tr , in dilute solutions £a*th
while for higher 0. t ismainly determined by the tails. The
linear relationship between t\and r 1/2 is in agreement with
Hoeve's theory for x = 0.5, but that between tt and r 1 ' 2
has not been found before, at least for interacting chains.
In this context it isworthwhile noting that Roe12 derived,
for isolated chains with xs close to the critical adsorption
energy, also a proportionality of tt with r 1/2 .
It isinteresting to compare the adsorbed layer thickness
with the dimensions of a chain in solution. For chains in
a 2-choice lattice it has been found 21 that the radius of
gyration RG, expressed inthe length ofa step in the lattice,
can be written as
Rc? = (r/6)(l + zl)(l-zl)

(47)

If this relation holds for a hexagonal lattice where backfolding is allowed (z = 12) we obtain, for r = 1000, RG =
14.03. From Table I we see that in bulk polymer the rms
thickness t is somewhat higher than RG, while in dilute
solutions it isa factor 2-3 lower. Naturally, these numbers
depend on x and x9 (except if 0- -* 1). Layer thicknesses
of the order of magnitude of RG have often been reported
in the literature, but in most cases the measured layer
thickness is not easily converted to the rms thickness.
Recent ellipsometric data of Killmann et al.22 and Smith
et al. 23 for polystyrene adsorbed on metal surfaces from
different solvents show that in all cases the square root
dependency holds; for a concentration of 5 X 10"3 (w/w)
these authors find that t/RG =*0.6-1 (depending on the
metal used as substrate) for a 0 solvent and t/RG ^ 0.3-0.6
for a better solvent. These trends are in satisfactory
agreement with our theoretical results, considering that
the conversion of ellipsometric thicknesses to rms thicknesses was based on an exponential concentration profile,
which is not valid if tails are present. Moreover, the xB
values that apply to the metal surfaces used in the experiments are not known.
Aconspicuous feature of the results shown in Figure 6
isthat with increasing 0. the rms thickness increases much
more strongly than the adsorbed amount T, as a consequence of the increasing tail fraction at high 0* (see also
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7 gives a plot of t against Tfor x = 0and 0.5,and r = 100
and 1000. In order to show the usual experimental range
more clearly, the curves are dotted for bulk volume fractions 0. > 10~2.
We can distinguish three regions in each curve: at low
r the layer thickness is small and nearly constant (flat
conformation), at intermediate values of Y the layer
thickness increases with increasing T (formation of longer
loops and tails), while at high r the layer thickness levels
off, slowlyapproaching the thickness corresponding to bulk
polymer (compare Table I). In this latter region the
molecules penetrate each other (thereby increasing D
without changing their conformation drastically. The interesting part of Figure 7is in the region below 0. = 10"2
where the layer thickness is indeed a function of r only,
and doesnot depend on chain length. Thus it is reasonable
to conclude that, at given x and x»>the conformation is
only determined by T, independent of 0. and r.
For intermediate values of r , the layer thickness increases more strongly with T (and is higher) in good solvents than in poor solvents. Naturally, in good solvents
a much higher 0. is necessary to attain the same Tas in
poor solvents. This higher thickness and steeper rise of
c(r) in good solvents are due to the stronger mutual repulsion of the segments, as compared to the situation in
poorer solvents.
C. Number and Length of Trains, Loops, and Tails.
In Figures 8-11 we consider the contributions of trains,
loops, and tails to the composition of the adsorbed layer,
as a function of chain length. In all cases x s = 1a n d X =
0.5 (solid lines) or 0 (broken lines). As in Figure 6, four
bulk volume fractions are chosen: 0. -* 0, corresponding
to a purely random walk as treated in the model of DiMarzio and Rubin, 23 two (semi)dilute concentrations 0.
= 10-6 and 10~2, and (nearly) pure bulk polymer near a
surface (0. -*• 1). Figure 8 gives the average number of
loops n| and tails n, per chain (note that nu = n, + 1),
Figure 9 the average length of trains lt„of loopslband of
tails /„ and Figure 10 the fraction of segments in trains
i>„, in loops vh and in tails vt. In all these figures a linear
scale for r isused. In order to showsome interesting details
for short chains, Figure 11gives vu and vt against r on a
logarithmic scale.
For isolated chains of not tooshort a length, the number
of loops (and trains) is proportional to chain length, and
the number of tails is independent of r. The loop size is

Figure7. Theroot-mean-square layerthickness ras afunctionofthe
amount adsorbed r, for two values of the chain length r, at x = 0
and 0.5. Hexagonal lattice, x s = T The lines are dotted for 0 . >
0.01.

Figures 10and 11). For example, for r = 1000and x =0.5,
r increases by 37% and t by 120% in the range 0. =
ÏO^-IO"2; for x = 0 these differences are even more pronounced, namely, 32and 182%. Similar trends have been
found experimentally.22,24,25 It isclear that the explanation
isfound in the progressively increasing fraction of segments
in tails with increasing bulk concentration, at least for
homodisperse polymers. For heterodisperse samples, often
used in experiments, the preferential adsorption of long
chains over shorter ones should alsobe taken into account.
We have reported recently on the consequences of polydispersity in practical systems. 26
In the preceding article, 1 we have shown that, at given
X and x„ the conformation parameters p (=i>u) and 8(=0,)
are a function of only the adsorbed amount T, at least in
the usual measuring range for 0. and T. In other words,
in this range p and 6depend on I\ but not on the chain
length r provided the concentration is adapted such that
Tremains constant. If the adsorbed amount is the same,
short chains, at high 0., have the same conformation as
longer chains at lower 0. (if the conformation is characterized byp and 6). Another measure for the conformation
isthe layer thickness t, and one may wonder if also in this
respect the conformation is a function of T only. Figure
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Figure 8. The average number of (a) loops per chain n,, and(b)tails per chain n,. as a function of chain length r. The bulk solution volume
fraction 0 . is indicated. Hexagonal lattice. xa = 1- Full lines, x = 05; broken lines, x = 0; dotted line, bulk polymer.
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Figure9. Theaverage length of (a)trains /fr, (b) loops /,,and(c)tails /„ asa function of the chain length r. The bulk solution volume fraction
0 . is indicated. Hexagonal lattice, x8 = "I- Full lines, x = 0-5; broken lines, x — 0; dotted line,bulk polymer.
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Figure 10. Thefraction of segments in(a)trains iv (often denoted as p), (b) loops f,,and(c)tails c,,asa function of the chain length r. The
bulk solutionvolumefraction <t>. isindicated. Hexagonallattice,x , = 1- Fulllines,x = 0.5; broken lines,x = °: dottedline,bulk polymer. The
fraction of segments intails c,for bulk polymer is shown in Figure 11b.
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Figure 11. Thefraction of segments in(a)trains iv (=p). and(b)in
tailsvxagainstthechainlengthronalogarithmicscale. Thebulksolution
volume fraction4>. isindicated. Hexagonallattice,x s - 1- Fulllines,
X= 0.5;brokenlines,x = °;dottedline,bukpolymer. SeealsoFigure
10, where the same data are plotted against r o n a linear scale.

small (only 1.50 for x = 0.5),the train size isrelatively large
(about 10 for x = 0.5) and the tails are very short (/t = 2).
Train, loop, and tail sizes are practically independent of
chain length for r £ 50. Thus the adsorbed molecules
assume a very flat conformation. More than 85% of the
segments are intrains and lessthan 15% in loops;tails play
hardly any role. The only effect of an increase in chain
length is an increase in the numbers of trains and loops
of constant size. All these trends have been predicted by
previous theories;9"12 unless the difference between x9 and

the critical adsorption energy is quite small, isolated
polymer chains lay practically flat on the surface.
The situation changes drastically if only a very small
equilibrium concentration (e.g.,<t>. = 10"6)ispresent in the
solution. Then competition between the adsorbed molecules takes place and the adsorbed layer becomes more
extended. Let usfirst consider the effects at relatively high
chain lengths (r i. 50) and compare, for a 9 solvent, </>.=
10^ with extremely dilute solutions (<>.—* 0).
The numbers of trains and loops are slightly higher than
for isolated molecules, but the increase with r is less (the
line for (f>. = 10"6 in Figure 8a comes below that for </>. -»
0 above r = 1000). The number oftails per chain increases
up to about 1.5. The train size is about 4.3 and independent of r, the loop length exceeds the train length and
increases with r, and the tail size is nearly (but not completely) proportional to r and reaches a value of 43 for r
- 1000. The fraction of segments in trains decreases with
r and is only 0.38 for r = 1000,that in loops increases up
to 0.55, and the tail fraction is about 0.07 for any r. The
shape of adsorbed molecules is dramatically changed,
compared to isolated coils at a surface, even for 0. = 10-6.
For higher bulk volume fractions these trends are more
pronounced: there are fewer trains (of about the same
length as for 0, = 10-6), longer loops, and more tails of
considerably greater size. For example, for a chain of r =
1000at <t>. =W2 and x = 0.5 the average tail length is131,
and 2 1 % of the segments are in the tails. In athermal
solvents adsorbed chains are flatter than in 0 solvents, at
the same bulk volume fraction. However, the contribution
of tails is only slightly smaller.
In pure bulk polymer (<t>. -» 1) the average shape of
chains in contact with the surface is only determined by
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entropie factors, sincethetransfer ofachain segment from
one lattice site toanother does notchange theenergy;the
results donotdepend on x orxs- Theconformation ofthe
adsorbed chains isvery extended; thenumber oftrainsand
loops issmall, the trains are short (about 3.4 segments)
and theloops long (21 segments forr =1000),and there
are nearly two tails per molecule of a length which increases (practically) proportionally tochain length; forr
= 1000 the average tail size is 344. Fora chain of1000
segments only 5% of the segments are present in the
trains, 30%arein loops, and65% in tails. This conformation resembles closely that described byRoe12for isolated molecules with x, equal to the critical adsorption
energy. Forthis case Roeconcluded that onaverage an
adsorbed chain is divided up into three roughly equal
sections, i.e.,twolong tails and a middle part in which
trains oflength 3 (hexagonal lattice) andloops of length
(r/3) 1 / 2 (18.3forr = 1000) alternate. Thereason for this
similarity isprobably that both inbulk polymer andina
random walk near asurface atthecritical adsorptionenergy theconformation isonly determined bythe entropy.
It isinteresting tonote one other peculiar feature ofthe
resultsfor0.—* 1. InFigure6itwasshown that t increases
linearly with thesquare root ofchain length,forall0.. We
find that forbulk polymer T,thenumber of monolayers
that can be filled with segments belonging to adsorbed
chains, also shows this dependency onr1/2: forr ä 5 we
obtain r ( 0 , - ^ l ) = 0.64+ 0.562r" 2 , while thetail contribution can be written as rui|,(0.—-1) = 0.374r'/2. This
T-rl/2 dependence issurprising in view of the fact that,
at low0.,Tislinear inlogr,which implies amuch weaker
dependency on chain length. Wecanonly give a qualitative explanation. At0. = 1allthelattice sites are occupied bypolymer. Thevolume fraction <t>'due to chains
with undisturbed bulk conformations increases from zero
at the surface to 1at a distance from thesurface that is
proportional to r" 2 . The remaining lattice sites, the
number ofwhich isproportional tor1^2, areoccupied by
segments ofdisturbed (i.e.,adsorbed) chains, sothat r is
expected to increase linearly with thesquare root ofthe
chain length.
Sofarwehave restricted thediscussion about train, loop,
and tail sizes to relatively long chains. Foroligomers (r
5 20) a few typical effects occur as maybe seen inthe
Figures 9aand 11. Figure 9aexhibits a maximum inthe
train size (around r = 20)forlowconcentrations (0.= lO'*).
For chains shorter than about 15segments thetrain size
isthe sameasforisolated chains (0.—*0);forchains longer
than 30 segments the train size decreases and becomes
independent ofchain length for high r. Themaximum in
lu corresponds tothepoint where thesurface occupancy
6isabout 0.1; below that value trains canbeeasily formed
and have about the same sizeasinisolated chains,butas
the surface becomes more occupied it isincreasingly difficult toform long trains sothat ltidecreases. Inprinciple,
this effect occursalsoathigher 0, (e.g., 10"2)butsince then
a surface occupancy of 0.1 is attained at lower r the
maximum is suppressed.
Figure 11a shows anS-shaped curve fori>t, asa function
of rat low0,. Theminimum of vtI at r - 5isduetothe
fact that around this chain length loop formation has
become possible sothat more than one train canbe formed
and hence uu canincrease again. Themaximum around
r = 20isduetothedifficulty of forming long trains ona
surface which becomes more occupied, asdiscussed above.
Figure l i b shows that a maximum in ct occurs around
r =4at low concentrations (0.= 10^). Forshorter chains
only tails maybeformed andnoloops;for longer chains

Figure 12. (a)Thetrainsizedistribution nj,s)lnt, (b)loopsizeattribution
n^s)fnlt and(c)tailsizedistribution n^s)/nt. Ontheright-hand side
figuresthefractionof(d)trainsegments sn^s)/ltnt intrainsoflengths
s,thatof(e)loopsegmentssn^s)//^,,andof(f)tailsegmentssn,(s)//tn,
aregiven. Hexagonallattice,x s = 1.X- °- 5 . r= 1000,0 . = 0.001.
ThebrokenlineinFigure 12bgivestheloopsizedistribution according
to Hoeve's theory (see text).

the increasing number of loops makes the tail fraction
decrease. At higher r (^ 20)the surface becomes more
crowded andthetail fraction again increases. Forhigher
volume fractions (0.= 10"2)a relatively high surfaceoccupancy isalready attained forr= 5,sothat themaximum
is notpronounced (x = 0)or disappears altogether (x =
0.5).
D. Train, Loop, and Tail Distribution. Inthe previous
section wehave considered theaverage valuesforthetrain,
loop, andtail sizes. Inthis section wediscuss theway in
which thetrain, loop,andtail sizesaredistributed around
their averages. Figure 12agives thefraction oftrains of
length s, nu(s)/nt„ Figure 12b the analogous fraction
ni(s)/n, for loops,andFigure 12cnt(s)/nt for trains. In
parts d-f ofFigure 12thefraction ofsegments snü{s)/ltlnü
in trains oflength s,thecorresponding fraction snt(s)//irti
for loops,andsnt(s)/ltnt for tails aregiven. Thedata of
Figure 12 apply tor = 1000,0. = 10~3,andx = 0.5. The
average values forthe train, loop, and tail sizes areltT =
4.315, J,= 7.531, and /, = 89.001.
Short trains arethemost abundant, andthenumberof
trains decreases strongly with increasing train length
(Figure 12a). Thetrain segment distribution curve displays a maximum at s = 4,which isclose tothe average
train length 4.3(Figure 12d). Trains longer than 25segments hardly contribute tothenumber oftrains ortothe
number of segments in trains.
The loop size distribution (Figure 12b) is,forsmall loop
sizes, steeper than thetrain size distribution, sothat no
maximum occurs intheloop segment distribution (Figure
12e) andonly a faint shoulder isobserved. However, for
larger loop sizes thedecay is much slower; long loops (s
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= 50 or more) contribute significantly to the number of
loop segments.
Also in the tail size distribution (Figure 12c) the smaller
tails occur most frequently, and the initial decay is slow
enough to give a maximum in the segment distribution
curve (Figure 120 around ,s= 80 (close to the average tail
length 89). For long tail sizes, the number of tails decays
very slowly with increasing $, and tails up to 800 segments
still give a significant contribution to the number of tail
segments. Note the truncation of the tail segment distribution curve just below s = 1000; obviously tail sizes
above the chain length are impossible. Parts c and f of
Figure 12show that the tail size distribution is very broad.
E. Comparison with the Hoeve Theory. Hoeve7-10 has
given approximate expressions for the average train and
loop size,and for the train and loop size distribution. His
expressions apply to long chains in which the loops have
Gaussian distribution and where end effects are negligible.
Although our theory does not use these approximations,
it is instructive to compare a few results. As discussed in
section III.B, both models predict an exponential loop
segment concentration profile and a layer thickness which
is linearly dependent on the square root of chain length.
Hoeve's results are expressed in terms of a parameter
Xdefined such that Xris the difference in free energy (in
units oîkT) between an adsorbed chain and a chain in the
bulk solution. The parameter X, which has negative value
for adsorbing chains,occurs in the final equations through
the Truesdell functions27 /-i/2(X) and f 3/2(X), where fm(\)
= £ Ä » i n ' V \ For Xapproaching zero, these functions
approach the limits /_1/2 = (TT/-X) 1/2 and /_3/2 = 2.612.
According to Hoeve's theory, the average train and loop
sizes are given by
/tr<H> = 1 + 1/cf

V

;

3/2(X)

(48)

/-i / 2 (M// y / 2 (X)

(49)

where c is a flexibility parameter which for flexible chains
in a five-choice cubic lattice is equal to 16/(75TT 1/2 ) =
0.120.18 In a recent paper,28 Hoeve gives for an exact model
(in which the Gaussian approximation for loops is avoided)
a value c = 0.102 for the same system.
From eq 48and 49 it follows that for long chains (X —0) / tr (H) is nearly insensitive to X,in contradistinction to
VH). Since -X decreases with increasing chain length and
solution concentration, the loopsbecome longer when r and
0. increase, while the train size is practically independent
of r and <£.. Our theory predicts the same trends (see
Figure 9), showing qualitative agreement between both
models.
The absolute numbers for the loop and train size are
more difficult to compare. Since the precise value to be
used for Xisunknown, a direct comparison between ^ and
^(H) is impossible to make. For the train size we can use
its limit for long chains. For X-*•0, Ztr(H| depends only on
the flexibility parameter c (thus on the lattice type). For
the two c values given above, /tr{H) equals 4.2 and 4.8, respectively. We find ltr = 4.3 for a hexagonal lattice and
7.5 for a six-choice cubic lattice. Considering the different
approaches in both models, the agreement is satisfactory.
Another comparison is possible for the train size and
loop size distribution. In this case we do not consider the
average train and loop size, but the spread around the
average values. By rearranging Hoeve's equations 710 we
obtain for the train size distribution
«*(«)

l/ftr-lV1

showing that nlt(s) can be given as a function of s and its

average value (s) = /lr only. For the loop size distribution
Hoeve obtains
where X follows from /[through eq 49.
It turns out that, if we use the value obtained with our
model for /lr, eq 50 gives results for r Z 100 that are numerically identical with the train size distribution as
calculated by our method, both for a hexagonal and a
simple cubic lattice. This surprising result, which is apparently independent of the lattice type, is probably related to the fact that a train may be considered as a
two-dimensional random walk in which each step has the
same weighting factor px. Factors like the surface occupancy, the adsorption energy, the segment-solvent interaction, and the lattice type obviously affect the average
train length ltr, but not the distribution of chain lengths
around this average value.
For the loop sizedistribution we have calculated X,using
(49), from our value for l\, and substituted this in (51); the
results are plotted in Figure 12b (dashed line). The
agreement is less good than that for trains, but the differences are still not very great. Complete agreement
cannot be expected since in the derivation of (51) even the
small loops are supposed to have Gaussian distribution.
Moreover, in our model each step in or toward layer i is
weighted with a weighting factor p, which isnot the same
for different layers, in contradistinction to Hoeve's random
walk treatment. Nevertheless, it is gratifying that similar
results are obtained.
IV. Conclusions
We have obtained a detailed picture for the structure
of the adsorbed layer for interacting polymers.
In the limit of extremely dilute solutions, our theory
reduces to earlier models for isolated chains near an adsorbing surface. In this case,the conformation isvery flat,
at least if xa is n ° t too low; most of the segments are in
trains, loops are short, and tails are negligible.
Even for very small equilibrium concentrations the
competition between the adsorbed molecules becomes so
strong that only a small fraction of the segments can find
a place on the surface and a substantial part has to be
accommodated in loops and tails. As a consequence, the
train size decreases, the loops become longer, and, most
importantly, the length of the tails is considerable. Even
in dilute solutions around 20% of the segments may be
present in one or two dangling tails. The segment concentration in the outer regions of the adsorbed layer is
largely due to these tails. Thus the tails determine to a
large extent the average layer thickness and the interaction
between polymer covered colloidal particles. It was found
that the root-mean-square layer thickness is proportional
to the square root of the chain length, also if tails are
present.
In bulk polymer near a surface the tails become so long
that they contain about two thirds of the segments belonging to adsorbed chains. Molecules incontact with the
surface consist of three parts of roughly equal size: two
longtails and a middle part in which very short trains and
longer loops alternate. This type of conformation was also
found by Roe,12 not for bulk polymer, but for isolated
molecules with an adsorption energy which isclose to the
critical value. In both casesthe chain conformation isonly
determined by entropie factors.
In our model computations for chain lengths up to
slightly more than 1000segments are possible. One may
wonder whether longtails occur alsofor longer chains. We
cannot rule out the possibility that for infinite chain length
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the (relative) contribution of tails is small, as assumed in
previous theories. However, our results give no indications
that for chains up to, e.g., 104 segments tails may be neglected. This conclusion is based on the nearly linear
relationship between tail sizeand chain length, and on the
fact that the fraction of segments in tails hardly decreases
with increasing molecular weight. Moreover, the similarity
of our results for bulk polymer with those for isolated
chains under conditions close to the critical adsorption
energy suggests strongly that tailsshould also be taken into
account for very long chains. Also the essentially linear
relationship between the root-mean-square layer thickness
due to tail segments and the square root of the chain length
points in the same direction. Hence, we are led to believe
that in all systems of practical importance tails do play
an important role. This conclusion seems to be in agreement with recent experimental data. 13
Appendix I. Accurate Calculation of the End
Segment Probabilities for Adsorbed Chains
From eq 17 follows
Pa(s) = P(S) - PfU) = WP(S-I) - W f Pf(S-l)
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SUMMARY
Thebasic ideasofarecently developed polymer adsorption
theoryarebriefly outlined and some implications of this
theory arediscussed.
Forchains inatheta-solventwhicharenottoo short,the
amountadsorbed fromdilute solutions,asexpressed bythe
total surface coverage 9,increases linearlywith thelogarithmof thechain lengthr,whereas inabetter solventthe
chain lengthdependence issmaller.Boththese trendsarein
excellentquantitative agreementwithrecentexperimentalresults forhomodisperse polymers.Alsobound fractiondata,
previouslypublished, agreeverywellwith the theoretical
predictions.
Thetotal surface coverage,6,isthe sumofanexcess
contribution6 e xand adepletionpart6,3.Whereas6 e xincreasesapproximately linearly with logr, 63isproportional
to /r. For infinitely longchainsor inhighly concentrated
systems,9^islarger than6 e x ,sothatunder theseconditionsasquarerootdependence of theadsorbed amountonchain
length isexpected.
Resultsaregiven fortheconcentration dependence of9,
overaverywiderangeofconcentrations,from extremely dilute solutionswhere theadsorbedmoleculesbehave asisolated
chains ((fi^-HD)uptobulkpolymer (^-»-l).From such 8-<t>tplots
a transition concentration <j>Jcanbederived,whichcharacterises thetransition fromthelinear initialpartofthe
isotherm tothepseudoplateau region.<j>^isaquantitative
measure forthehighaffinity character oftheadsorption.
Tails,whichhavebeenneglected inprevioustheories,
playanimportantrole forallchain lengths encountered in
practice.Theresultsforther.m.s.layer thickness,and the
contribution oftailstoit,arepresented asa functionof
[Reprinted with permission from "The Effect of Polymers on Dispersion
Properties",Tadros,T.F.,Ed.,AcademicPress,London,(1982).]
Copyright:AcademicPressInc.(London)Ltd.
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thesolutionconcentration and comparedwith recentexperimentaldata.
Finally, someconsequencesofthetheory fortheadsorptionofamixtureofpolymer chainshavingdifferentchain
lengthsarepointedout.Indilute solutionslongchainsadsorbpreferentially over shortones,whereas inconcentrated
systemsthereverse istrue.A simpleequation isderived
whichallowsthecomputationoftherelative contributionof
eachcomponent intheadsorbed layer fromthetotaladsorbed
amountand the solution concentration.
INTRODUCTION
During thelastfewdecades,considerableprogresshasbeen
made inthedevelopmentoftheories forpolymer adsorption at
aninterface.The firsttheories (Silberberg, 1962,1967;DiMarzio, 1965;DiMarzioand McCrackin, 1965;Hoeve et
al.,
1965;Rubin,1965,1966;MotomuraandMatuura, 1969;Motomura
et al., 1971a, 1971b)treattherelatively simplecaseofan
isolated chainonasurface.Although these theoriesprovide
a suitable startingpoint formorerealisticmodels,they
have littlerelevance forpractical systems sincetheinteractionbetween the segments isneglected.Eveninverydilute
solutionsthesegmentvolume fraction near theinterface is
usuallyoftheorderof0.5, sothattheinteractionbetween
thesegmentsplaysavery importantrole.Later theories
(Hoeve, 1966,1970,1971;Silberberg, 1968;Roe,1974)accountforthis segment-solvent interactionbutuse seriousapproximationsinorder toobtainmanageable equations:Hoeve
(1966, 1970,1971)and Silberberg (1968)neglect theoccurrenceoftailsandmakeana priori assumptionaboutthesegmentconcentrationprofile intheloopregion (Silberberg
(1968)usesastep function andHoeve (1966,1970,1971)an
exponential decay),whereasRoe (1974)assumesthatthespatialdistribution ofeachofthechain segments,whetherin
themiddlepartof thechainornearoneofthechain ends,
isthe same.Ineffect,aswehave shownbefore (Scheutjens
andFleer, 1980),thislatterassumption ismoreor less
equivalent totheneglectoftails.
Recently,wehavepresented anewtheorywhichavoids
theseapproximations (ScheutjensandFleer, 1979,1980).In
ourmodelallthepossiblechainconformations,including
thoseencompassing tails,arecompletely taken intoaccount
withtheirproper statisticalweight,andnoa priori assumptionsaremadeabout thesegmentconcentrationprofile.Chain
conformations aredescribed asstep-weighted randomwalksin
alattice.The lattice isdivided intolayersparallel tothe
surfacewhich arenumbered i= 1,2,3 ... ,where i=1. corr-
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esponds tothelayer adjacent tothesurface.Theweighting
factor pi foreach step inor into layer idepends onthe
solvent volume fraction <j>°inthis layer andonthat inthe
two neighbouring layers, <b1_i and<f>°+i•Foralllayers except
the first wemaywrite:

t°
(i>2)

p. = —

-2X«£>
—

*

(1)

e

where <J>*isthesolvent volume fraction intheequilibrium
solution, x is thewell-known Flory-Huggins polymer-solvent
interaction parameter, and<(|>5>istheweighted averageof
the volume fractions inthelayers i-1, iand i+1:

<*°>=M i - ! +Vi+Vi
1+

<2)

Theparameters A and A^aredetermined by thegeometryof
thelattice:X isthe fractionofneighbouring siteswhich
are inthe samelayer,and Ajthat foreachofthetwoneighbouring layers (2A^+A 0 = 1).Inahexagonal lattice A 0 =5
and A^=5.
Thetwo factors inequation (1)arebothdue totheinteractionof segmentswitheachother andwiththesolvent.The
entropy factor <t>°y<j>°.accounts for thelowerprobability ofa
stepinortowards layer iascompared toastepinthebulk
o o
—2X<4)?> -2x4>*
solution if <t>i<<|>*.The factore
/e
originates from
the segment-solvent interaction:inasolventwhich ispoorer
thanathermal (x>0)therepulsionbetween segmentsand solventmolecules favoursastep intoalayerwithlowcf>?.
These two factorsplayalsoarole inthe surface layer
(i= 1)but,inaddition,theadsorption energy difference
betweenasegmentandasolventmolecule (expressedbythe
adsorptionenergyparameter xs)makesastepinor towards
thislayermoreprobable:
(i= 1)

p.=-r
1

<0° -2X<*?> x-A.X
73- e
,0
-2X<t>°

(3)

With thehelp ofequations (1)and (3)thestatistical weight
for anychain conformation canbeeasily evaluated: theconformation probability fora chain ofr segments isproportional totheproduct ofrweighting factors Pj/P-wPt ••• •In
this product theweighting factor p^ forlayer ioccursas
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many timesasthenumber of segmentsthatthegivenconformationhasinlayer i.
Inthisway the statisticalweight foranychainconformationcanbecalculated foragiven solventconcentration profile i>\, <j>°,4"°••• i $*• Using amatrix formalism firstintroduced byRubinandDiMarzio (Rubin,1965;DiMarzioandRubin, 1971), thessstatisticalweights canbeused tocalculate theoverallsegmentconcentrationprofile tfij, (jig,
<t>3... ,<j>*intheadsorbed layer (whichistheresultofthe
contribution ofallpossible chainconformations).Withthe
boundary constraints <t>°+<j>i= 1 (forany i),asetof implicit
equations inall 4>?'sisthusobtainedwhichcanbe solved
numerically.Aderivationofequations (1)and (3)frommaximizing thepartition function and afullaccountof thematrix formalism and thenumerical evaluation hasbeengivenbefore (ScheutjensandFleer, 1979,1980). Inthispaperwe
showafewtypical resultsanddiscuss some implications
whicharerelevant fromatheoretical aswell asanexperimentalpointofview.Allthenumerical results inthispaper
are forahexagonal lattice (A =0.5).
MOLARMASSDEPENDENCEOFTHEADSORBEDAMOUNT
ANDTHEBOUNDFRACTION
Alltheavailable theories for theadsorption oftheinteractingpolymer chainspredict thattheadsorbed amount isan
increasing functionofthechain length,atleast fornottoo'
longchains.Inpoor solvents thisdependence isstronger
than ingood solvents.Although inthisrespect thereis
qualitative agreementbetween thevarious theories,thequantitativeaspectsare fairlydifferent.Silberberg'stheory
(1968)predicts thatatveryhighchain lengththeamountadsorbed froma0-solventlevelsoff,whereasHoeve'stheory
(1966)givesasquarerootdependence onmolarmass,evenfor
very longchains.According toour theory (Scheutjensand
Fleer, 1979), fora0-solvent,theadsorbedamountincreases
linearlywith logr,atleast fornottooshortchains.Until
recently,therewashardly accurate experimental dataon
well-defined systems forwhich acomparisonwith theorywas
feasible.Fortunately, inthe last fewyears twoexperimentalstudies (VanderLindenand VanLeemput,1978a,1978b;
Kawaguchi et al., 1980)became availablewhich enablesucha
comparison.Theydealwith theadsorptionofnearlyhomodispersepolystyrene (PS)samples froma©-solvent (cyclohexane
at35°C)onto silica,covering averywiderangeofrelative
molarmass (M=600upto2x 10,corresponding tor=620,000). Figure 1givestheexperimental points (filled symbols) fortheadsorbed amount Y (inmg-m 2 ) asa functionof
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Fig. 1. Comparison of experimental data for the adsorbed
amount V (in mg-m , left hand scale) as a function of chain
length with our theoretical
predictions
for the total surface coverage 8 (in numbers of equivalent monolayers,
right
hand scale). The experimental points are for nearly homodisperse polystyrene
from cyclohexane (Q-solvent) and carbon
tetrachloride
on silica as reported by Vander Linden and Van
Leemput (1978a) (circles),
and Kawaguchi etal. (1980)
(triangles),
at a solution concentration
around 1 g-dm~3. The
theoretical
curves are for a hexagonal lattice (\n= 0.5),
<j>*= 10 ° and for x and xs values as
indicated.
logr.Thecurvesinthisfigurerepresenttheoreticalresultsaccording toour theory,adopting the specified values
ofXsa n ^ assuming thatatheoretical segmentcorrespondsto
amonomer unit;theamountofpolymer isexpressed asthe
total surface coverage 9 (i.e.,thenumberofequivalentmonolayers,or 6= r / r m o n ) . TheopencirclesinFig. 1areexperimental adsorption results (VanderLindenandVanLeemput, 1978a) fromCC5.4at35°C.For thissystem x=0.396at
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25°C (BristowandWatson, 1958).We used 0.4 at35°C.
Qualitatively,theagreementbetween theresultsofVanderLindenandVanLeemput (1978a)andour theory isexcellent.ThedataofKawaguchiet al. (1980)showmorescatter,
butstillthetrend isthesame.The T-logrdependency for
X=0.5 isstrongly corroborated by theseexperiments.Quantitativeagreementbetween theory andexperimentwouldbeobtained ifthemonolayer capacity ofpolystyrene on silica
wouldbe 1mg-m -2 ,iftheadsorption energyparameterx swould
be0.6 (bothforcyclohexane andCCliJ,and ifonemonomer
unitofPSwould correspond toone theoretical segment inthe
lattice.Although Vander Linden andVanLeemputassumeda
monolayer capacityof0.52mg-m~2,avalueof 1mg-m -2 agrees
verywellwithcalculations frommolecularmodels.'The same
value for x s i-nboth solventswouldbe fortuitous,sincethe
energyassociated with theexchangeofone segmentofPSwith
onesolventmoleculedepends,ingeneral,onthesolvent
used.Astothethirdpoint,onewould expect thatonetheoretical segmentwould comprisemore thanonemonomerunit.
Despite theseuncertainties and theincompleteagreement for
veryshortchains inFig.l,theoverallagreementbetween
theoryand experiment isgratifying.Moreover,adifferent
1
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Fig.2. Comparison of experimental bound fraction data as a
function of chain length with theoretical
predictions.
The
experimental points are from the same references as in Fig.1,
and the symbols have the same meaning.
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choice for thenumber ofmonomer unitsper segmentwould not
affect the linear dependency on logr; the theoretical curve
couldbeeasilymade tofittheexperimentalpointsbysimultaneously adjusting thevalueofxsFigure 2givesexperimental results forthebound fraction
p, i.e.,the fractionof segments incontactwith thesurface,asa functionof logr, forPSfromcyclohexane as
measured by the same authorsusing IR-spectroscopy.Although
considerable scatter ispresent intheexperimentalpoints,
there isagainaverygood agreementbetween theory (solid
curve) and experiment forr^ 50.Forvery shortchainssome
discrepancy occurs,asinFig.l.Thismightberelated toa
poorer degreeofmonodispersity for shortchains (leadingto
someadsorption fractionation),tothepresenceofendgroups
inthepolymer (thatare relatively importantinshort
chains),or totheheterogeneity ofthe silica surface (which
would tend toincrease theadsorption,especially atlowadsorbed amounts).
Vander Lindenand VanLeemput (1978a)alsogaveafewresults forpasmeasured inCCl^asthesolvent.Wehavenot
included these inFig.2,since these fewdata showmore
scatter than those for cyclohexane.Contrary tothepredictionsofall theories (assuming nottoodifferent X o _ v a l u e s ) •
thebound fraction inthisbetter solvent seemstobelower
than incyclohexane.
LIMITINGBEHAVIOUROFTHEADSORBEDAMOUNTFOR
VERYLONGCHAINS
As stated intheprevious section,for long chainsadsorbed
froma9-solventthe theoriesofHoeve (1966,1970,1971)and
Silberberg (1968)contradict eachother astothechain
lengthdependence of V.Silberberg findsaplateau for rat
highr (6 % 3.9monolayers forhighXsan(^r & 101*''whereas
Hoevepredicts that V "» vr. Itisinteresting tonotethat
for solventsonly slightlybetter thanG-solvents,Hoeve's
treatment also leadstoalevelling-off forlongchain
lengths (e.g.,forx=0.495Hoeve'stheorygives 6^ 4.4
monolayers forhighx s an(3r> 10).
Onemightwonderwhether thereisanyphysical background
fromwhich thelimitingbehaviour oflongchainscanbepredicted.Frompolymer solution theory itisknown that,for
infinitely longchains,G-conditionslead tophaseseparation.Itseemsreasonable thatthisphase separation ispromoted near asurfacebecause theextra freeenergygaineduponadsorption increasesthetendencyofthepolymer toaccumulatenear the surface;thiswouldbethe first stepinthe
phase separationprocess.Onthisbasisalimitfor 9atx =

54

SCHEUTJENSandFLEER
0.5 isnottobeexpected. Inalaterpublication,Silberberg
(1972)discussed thepossibilityofmultilayer formation
around x = 0.5.
Duetocomputational problems,wecannotapplyour theory
toverylongchains.Asyet,calculations forr<5000have
beenmade.Nevertheless,theresultsobtained sofar suggest
thatanextrapolation tolongerchainsispossible.
According toourdefinition,theadsorbed amount 9ismade
upfromtwocontributions,theexcessadsorbed amount 9 and
thedepletionadsorbed amount9^ (seeFig.2ofScheutjens
andFleer (1979)and theinsetofFig.3 ) .Fornottoolong
chains indilute solutions,9jisnegligiblewithrespectto
9 ex .Theexcessadsorbed amountincreases strongly atlow<)>*,
passesthroughamaximum atintermediate <(>*,anddecreasesat
stillhigher <j>*untilat<J>*= 1 (bulkpolymer)9 e x-0.We
find the following approximate equations forthechain length
dependence of 8 e x and 63:
e

ex ^ (1-<t>*)(a+b logr) (X =0.5)

9 d % <(>A(0.64+0.562/r)

(4)
(5)

Theseequations arevalid fornottooshortchains.Theparameterb inequation (4)dependsessentially onlyonX'whereasaisa functionof <}>*andx •T n e numerical coefficients
inequation (5)arenearly independentof (J>*,xar>dX=- F o r
(j>*-*• 1 (where 9= 63),theadsorbed amount for longchainsis
proportional to vr. This suggeststhatunder these conditions
polymersalsohaveaGaussiandistribution near theinterface,inaccordancewithpublished data (Benoit,1976;De
SantisandZachmann, 1977)which showthatchainsinbulk
polymerbehave asundisturbed Gaussian coils.This istobe
expected sinceunder theseconditionsonlyentropy factors
playarole;for<$>*->•1theadsorption energyparameter Xs
losesitssignificance.
The factthatequations (4)and (5)arevery accurately
obeyed,inthewholeaccessible rangeofchain lengthsabove
r1 50,suggests thatanextrapolation tolonger chain
lengthsisallowed.Results for <(>*= 10 - 3 and <J>*= 1aregiveninFig.3. Asdiscussed above,8 =0and 8= 8J forc(>*
= 1 (notethata 8-vr dependencebecomesanexponential curve
if9isplotted asafunctionoflog r). For $+ = 10 - 3 ,9 e x
isthedominating termuptor'v10 5 ,while forlonger chains
therelativeweightof 83isincreasing rapidly.For <(>*>10~3,
8 â isalready important for shorterchains;for lowervolume
fractionsthecurve for9 dshiftstohigherchainlengths.
Ifthisextrapolationprocedure isvalid,theconclusion
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Fig. 3. The total surface coverage 9 and its components Qex
and9^ as a function of chain length, for 4>*= 1 (bulk polymer) and <(>*=I0 -3 . Hexagonal lattice
(\ = 0.5), xs ~ 1'
X= 0.5. The inset gives a qualitative
picture of the segment
concentration
profile in the adsorbed layer. The hatched
areas correspond to the excess surface
coverage
and the
depletion surface coverage 8,,
respectively.
isthatforveryhighchain lengthsthereisnolimitforthe
adsorbed amount.Thehigherthepolymer solutionconcentration,themore9will tendtobecomeproportional to /r.
Note,however,thattheapparentagreementwithHoeve'smodel
isnotreal,sincehistheory appliesonlytodilutesolutions,inwhichthecontributionof9 isnegligible.
CONCENTRATION DEPENDENCEOFTHEADSORBEDAMOUNT
Experimental adsorption isothermsforhomodisperse polymers
areusuallyoftheso-called high-affinity type,i.e., for
verylowconcentrations (<f>A<10 -6 )theisotherm coincides
withtheordinateaxiswhereastheadsorbed amountlevelsoff
rapidlyoncetheconcentrationinsolutionbecomesmeasurable.
Atveryhighconcentrationsexperimentaldeterminationofthe
adsorbed amountisverydifficult,sincethentherelative
differencebetweentheinitialandtheequilibriumconcentrationissmall.Therefore,theaccessible experimentalconcentrationrangeisrather limited.
Our theoryis,inprinciple,applicabletothewholecon-
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entrationrange,fromextremely dilute solutions (wherethe
adsorbedmolecules behaveasisolated chains)upto<f>*=1
(bulkpolymer).Itisillustrativetoshowsome typical resultsoveraverywiderangeofconcentrations.Figure4gives

Fig. 4. Adsorption isotherms over a very wide range of concentrations,
for chains of 100 segments from an athermal and
a O-solvent. Both the total surface coverage 9 and the solution volume fraction <|>* are plotted on a logarithmic
scale.
The values Bc and <j>Jat the intersection
of the two
straight
lines are a measure for the transition
between the
isolated
chain region (left below) and the region where the surface
becomes covered to a considerable
extent. Hexagonal
lattice
(\0 = 0.5), xs =Ithetotal surface coverage6asafunctionof $+withboth
quantitiesplottedonalogarithmic scale,forarelatively
shortpolymer (r=100)adsorbing fromanathermalandfroma
9-solvent.
Inextremely dilute solutionsthecurvesarelinearwitha
slope equalto1:inthatregion9isjustproportionalto
<f>*. Thisisthedomainwhere theoriesforisolated chains
(Silberberg, 1962,1967;DiMarzio,1965;DiMarzioandMcCrackin, 1965;Hoeve et al., 1965;Rubin, 1965,1966; Roe,
1965;MotomuraandMatuura,1969;Motomuraet al., 1971a,1971b)
arevalid,butwhichisnotinteresting fromanexperimental
pointofview.Assoonasthesurfacebecomescoveredtoan
extentofmore thanafewpercent,excluded volume effects
starttoplayaroleandtheincreasein9with increasing $+
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becomesmuch smaller.Intheintermediate region thecurves
are againapproximately linearwithanincrease in 8ofafew
per centperdecadeof <(>*(forr= 100,Xg= 1an(^X= 0-5/6
isproportional to tt>°-03intherange 10 _ 1 5 <<}>*< 10 - 5 ; for
longerchainsorhigher x thisrange ismuchwider towards
moredilute solutions).At stillhighervolume fractions8
gradually increasesmore stronglywith <}>*until at <$>+ =1the
valuegivenbyequation (5)isreached.Forvolume fractions
higher thana fewtenths theadsorbed amount isfound toincrease linearlywith<j)*.
Intheregionapplying to isolated chains themolecules
lierather flat,withpvalues typically around 0.8.Thedifferencebetween thecurves forx= 0and x= 0.5, inthis
region,isdue totheterm À^xi n theexponentofequation
(3). Ifthechainswould liecompletely flat,the segmental
weighting factorspj (withrespect tothebulkofthesolution)forall segmentsofadsorbed chainsare the same,so
that 8= <t>.<\<<|>*p5.Inextremely dilute solutions <j>?^1,
X
o
o
s 1X
^.i 1and <4|i>^ 1-Xj.Therefore,p %e
and

r(x +\ x)

8 ^ <j>4e s 1 ,showing clearly thatthedifferences in
Fig. 5between x= 0and x= 0-5aredue toadifference in
the "effective"adsorption energyparameter x s +X<X.
An indication forthetransition regionbetween isolated
adsorbedmolecules andchains thatarecompeting foradsorption sitesisobtainedby extrapolating thetwolinearregionsinFig.4anddetermining thecoordinates (fjan(38 Cof
the intersectionpoint.Themagnitudesof 8 Cand <)>Jhave some
relevance forexperimentalists.For 8>8 C ,<f> ><j><?theadsorbed amountdependsonly slightly onthe solutionconcentration.Ifone triestomeasuredesorption,onehastodilute
the solution toconcentrations oftheorderof <j>+,whichcorrespondstoanextremely lowconcentration even forrelatively shortchains.Thisisprobably thereason for thewidely
heldbeliefthatpolymer adsorption isanirreversiblephenomenon:only ifthe solution isdiluted toanextremely large
extent,appreciable desorptionmaybeexpected.Thisanalysis
showsthatsuchanexperimental finding isnot contradictory
tothecriterium forarealthermodynamic equilibrium; it
merelydemonstrates thatindilutepolymer solutionstheadsorptionequilibrium issituated nearly completely ontheside
ofthe surface,onaccountofthehighnumberof segmentsper
chain.Someconsequencesofthisidea fortheadsorptionof
heterodisperse polymershavebeenpointedoutinaprevious
paper (CohenStuartet al., 1980).
InFig.5thedependenceof fy^onchainlength isshown
fortwovaluesofxandxs- Thevalueof <|>^decreasesexponentiallywith increasing chainlengthanddepends stronglyon
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1molecule/dm 3

^ \^

v

1molecule/km 3

300r400

500

Fig. 5. Dependence of the transition
concentration fy^ on the
chain length, for x s= 1/ X = °and 0.5, and for xs=2,
X= O.S. The nearly horizontal curves correspond to the low
concentrations
1 molecule/dm^ and 1 molecule/km3 . Hexagonal
lattice (X
0.5)
X s . Inorder toemphasizehow lowthevaluesof <j>^usually
are,theconcentrations corresponding to "1moleculeperm 3 "
and "1moleculeperkm 3 " are indicated inFig.5as (onthis
scale)nearlyhorizontallines.
LAYERTHICKNESSANDTAILS
Inapreviouscontribution (ScheutjensandFleer,1980)we
havereported someresults fortheroot-mean-square layer
thicknesstasafunctionofchainlength,foraconstant
solutionconcentration.Themostconspicuous feature turned
out tobethelineardependence oftonthe squarerootof
chainlength,even ifaconsiderable fractionofthe segments
arepresentinlongdangling tails.This squarerootdependencehasalsobeen foundexperimentally severaltimes,most
recentlybyTakahashiet al. (1980), foraverywiderangeof
chainlengthsofpolystyrene adsorbed fromcyclohexaneonto
chrome.Inthissectionweconsider thelayer thicknessasa
functionofthe solution concentration and thecontribution
oftailsand loopstothisthickness.
Theroot-mean-square (r.m.s.)layerthicknessesdueto
tailsegmentstfc,duetoloop segmentst ,andduetoall
segmentsofadsorbed chains (including trains)t,arecalcul-
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ated fromthe followingequations:
L

i' *i
r ,t

t2
t

t

< -

l

.2,a

<P.

k

»r

2
i

(6)

t,

where §^_and <(>£arethecontributionsoftailsandloops,
tothesegmentvolume fraction <f>adue toadsorbed chainsin
layer i.According tothesedefinitions,thethicknessesare
expressedwiththe lengthofastepinthe latticeasthe
unit.
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Fig.6. The root-mean-square layer thickness t as a function
of the solution concentration,
for chains of 1000 segments
with Xs ~ 0-5 an^ 5, and X = 0 (dashed curves) and 0.5 (solid
curves). Hexagonal lattice (\ = 0.5). In the inset a comparison is given between experimental and theoretical
layer
thicknesses as a function of concentration
for chains of 6500
segments. The values for texp (in nm, right hand scale) were
reported by Takahashi etal.,(1980), and apply to
polystyrene
from cyclohexane (Q-solvent) on chrome, the theoretical
curve
for t (in units of a lattice step length, left hand scale)
was computed for a hexagonal lattice (\0 = 0.5), with xs = 1
and x = 0.5-
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Figure6showstheoverallr.m.s.layerthickness tasa
functionof d>. (onalogarithmic scale) foralow (v =0.5)
*
s
andhigh (xs= 5)valueof theadsorption energyparameter
and forx= 0ar>d0.5. Indilute solutions tisrather low
(approaching t% 1for fy^.%<j>£);itincreases rather steeply
intheregion 10"£ <j>A< 10 - 1 , whereasabove <j) =0.1 it
flattenstoattain finally thevalue forbulkpolymer which
isindependentofxant^x,Avery interesting aspectofFig.6isthat the layer
thicknessdependsonlyweaklyonxo r X S 'despite the fact
thattheadsorbed amountisarather stronglyvarying functionoftheseparameters.Moreover,thetrends intand 9do
notruninparallel.Withachangeof \ from 0.5 to 5the
adsorbed amount increases (for <j>^ = 10 and x=0.5 bya
factorof2,for<j>+= 10 - 3and x=0byafactorof 5),but
thelayer thickness decreases.
Apparently theincreasing numberof segmentsofadsorbed chains isaccommodated inthe
layersclosetothe surface,withoutextending the adsorbed
layer.Similarly,forx s = 0-5theadsorbed amount froma0solvent ishigher than fromanathermal solventby afactor
ofabout6 (around <J>A= 10~3),yetthe layer thicknessis
hardlydifferent from thetwosolvents.Only forx s =5,at
nottoohighconcentrations,the trends intand 6coincide.
Very littleexperimental data areavailable for theconcentrationdependence oft.Only inavery recentarticle
(Takahashi, 1980)didwe find somemeasurementsover awide
concentration range.The insetofFig.6showsthatthereis
quitereasonable agreementbetween theory and experimentas
tothegeneral trend,forpolystyrene consistingof6500monomerunits.The theoretical curve for thischain lengthwas
obtainedby extrapolating thecalculated results for lowerr
according tothe squarerootdependencementionedabove.
Itisverydifficult tocompare theabsolutevaluesofthe
measured thicknesswith thecalculated ones:quantitativeagreementwould exist ifthethicknessofalattice layerwould
correspond to2ran,butwehave,asyet,no solid arguments
for suchaconversion factor.Apart fromthat,thereisconsiderabledoubtwhether theellipsometric r.m.s.thickness,
obtained byassuming anexponential segmentdistribution,
givesthe correctresultsiftailsarepresent,inwhichcase
theconcentrationprofile ismorediffuse.
InFig.7wehaveplotted ther.m.s.thicknessdueto
tailsand loopsseparately.Thegeneral trendsare thesame
asinFig.6,withtfcconsiderably higher thant ,asexpected.A theoryneglecting tailsunderestimates the layer thicknessseriously.Comparisonoftheeffectoftailsonthelayerthicknesswiththefractionof segmentsintails (seeinsetinFig.7)demonstrates thatinallcases,even ifvfcis
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Fig. 7. The contribution
of loops (tç) and tails (t.) to the
overall layer thickness t , for the same conditions as in Fig.
6 (where t was given). The inset shows the variation in the
fraction vfc of segments of adsorbed chains that belong to
tails,
as a function of <j>#.
low, tailsgivethedominantcontributiontotheextensionof
anadsorbed layer.Moreover,alsoherethethicknessisrather invariant forachangeinxo r Xs'whereasthe
fraction
(vfc)andevenmore stronglythe number oftail segments (vt6)
areconsiderably influencedbytheseparameters.
PREFERENTIALADSORPTION
Itisgenerallyaccepted thathighmolarmasspolymer adsorbs
preferentially over lowermolarmassmaterial.Several studieshave givenexperimental evidenceforsuchapreference
(Felteret al., 1969; FelterandRay, 1970;HowardandWoods,
1972; SadakneandWhite,1973;VanderLindenandVanLeemput,
1978b;CohenStuart et al., 1980).Inapaperaboutthe effectofpolydispersityonpolymer adsorption (CohenStuartet
al., 1980)wedidalreadypresentafewcalculationsbased
uponthetheoryofRoe (1974). Inarecentarticle,Roe(1980)
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gave some m o r e r e s u l t s of this t y p e .
Here w e shall d i s c u s s the p h y s i c a l b a c k g r o u n d and the u n d erlying p r i n c i p l e s in a s e m i q u a n t i t a t i v e w a y .T h e e q u i l i b r i u m
for p o l y m e r s a d s o r b i n g from s o l u t i o n is governed b y the b a l ance b e t w e e n e n e r g y and e n t r o p y . The e n e r g y terms a r i s e from
the a d s o r p t i o n energy (x s kT p e r a d s o r b i n g segment) andthe
m i x i n g energy (as expressed b y the x ~ P a r a m e t e r ) . F o r the sake
of simplicity, w e w i l l n e g l e c t this latter term (i.e., w e
c o n s i d e r a n a t h e r m a l s o l v e n t ) . I n c l u d i n g them i x i n g e n e r g y in
the equations b e l o w is s t r a i g h t f o r w a r d , b u tn o t n e c e s s a r y for
the illustration o f thep r i n c i p a l p o i n t s .
E n t r o p y c o n t r i b u t i o n s stem from the e n t r o p y o f m i x i n g and
from the loss o f c o n f o r m a t i o n a l e n t r o p y upon a d s o r p t i o n . T h e
entropy of m i x i n g is just the c o n f i g u r a t i o n a l p a r t o f the
F l o r y - H u g g i n s e x p r e s s i o n . If <J>« is the p o l y m e r v o l u m e f r a c tion in the first l a y e r , this term c a nb e a p p r o x i m a t e d as
k£n(<j)./<j)+) p e r m o l e c u l e , r e g a r d l e s s o f the chain l e n g t h ,b e c a u s e only thep o s s i b l e p o s i t i o n s of the centre o f g r a v i t y of
the chain h a v e to b e c o n s i d e r e d . T h e r e f o r e , the e n t r o p y o f
m i x i n g is r e l a t i v e l y i m p o r t a n t for short c h a i n s . F o r s o l v e n t
m o l e c u l e s d e s o r b i n g from the surface the e n t r o p y o f m i x i n g is
-k In (<(>/<f>^)p e r m o l e c u l e .
For p o l y m e r c h a i n s a d s o r b i n g a t the i n t e r f a c e , the e n t r o p y
loss o f the first s e g m e n t is a c c o u n t e d for in the e n t r o p y o f
m i x i n g . A l l the o t h e r chain s e g m e n t s a t t a c h i n g to the surface
lose a fraction \, o f their p o s s i b l e p o s i t i o n s . H e n c e ther a tio b e t w e e n the number o f p o s s i b l e p o s i t i o n s in the free a n d
adsorbed state is 1 / ( 1 - À j ) , c o r r e s p o n d i n g to a c o n f o r m a t i o n al entropy loss o f -k In (1-A<) p e r adsorbed s e g m e n t .
If a m o n o m e r is exchanged a g a i n s t a s o l v e n t m o l e c u l e o n
the s u r f a c e , the r e s u l t i n g free e n e r g y c h a n g e p e r m o n o m e r c a n
b e w r i t t e na s :

A f m A T = - x s + ln(* lfm /* Sn )-in (4°/*°)

(7)

w h e r e the second a n d third t e r m s r e p r e s e n t the e n t r o p y of
m i x i n g of them o n o m e r and the s o l v e n t m o l e c u l e , r e s p e c t i v e l y .
P u t t i n g A f m = 0 leads i m m e d i a t e l y to a L a n g m u i r type e q u a t ion.
For the a d s o r p t i o n o f a p o l y m e r m o l e c u l e o f w h i c h p r s e g m e n t s are in c o n t a c t w i t h the s u r f a c e , the a n a l o g o u s free e n ergy change p e r c h a i n is
Af A T = - p r X < = - (pr-1) In (1-X )+ln((|)1
P
S
1

/<|>* )-prIn {$°/<t>°)
1fP
rP
1

x

(8)
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Note thatthefactorproccursintheentropyofmixingfor
the solvent,butnotinthatforthepolymer.From thisequationitfollowsdirectly thatlongpolymer chainswillonly
adsorbifx s exceedsacriticalvalueXsc- I n dilutesolutionsofweakly adsorbing polymerthelasttermofequation
(8)vanishes,theratio dn„/(t^„isoforderunity,andAf„
canonlybecome zeroiftheadsorption energy compensatesthe
lossofconformational entropy.Thisoccursifx s > Xsc =
-Jlnd-A}).Atequilibrium,<I>1,p/<l>*,p=1/d-A^ atX=Xsc» in
agreementwithpreviousresults (DiMarzioandRubin, 1971).
Foradiscussionofpreferential adsorptionwehaveto
consider theadsorption freeenergydifferencebetweenapolymer chainandprmonomers.From equations (7)and (8)weobtain:
(Af-prAf )AT=-(pr-1)In (1-AJ
p
m
1

+

^^l,/**^'"

P rln (

*l,m / ** f m )

(9)

Sincetheadsorption energyisthesameforamonomerandone
polymer segment,onlytheconformationalandmixing entropies
determinewhetherthepolymer adsorbspreferentially.Preferential adsorptionofpolymeroccurswhenatequilibrium
(Afp=prAfm)( ^ p / ^ p >4ll,m/<l)*m - W e w i l 1 n o w analyse this
situation.
'
Thefirsttermofequation (9)representstheconformational entropyandisalwayspositive.Forx s > X s c both
<t>l,p/<l>*fpand $i m/^*ma r e 9 r e a t e r thanunity,sothatthe
secondtermispositiveandthelastonenegative.Theconfigurational entropy lossforthemonomers (lastterm)is
larger thantheconformational entropy lossforthepolymer
(firstterm)because<t>i,m/<j>*m >e s c = l/d-Aj).Thesumofthe
firstandlasttermsofequation (9),whichisnegative,has
tobecompensatedbyapositive second term.Asthisterm
doesnotcontainthelarge factorpr,<|>«D/<l>*D »<\>\rn/^*mHence,indilute solutionspolymersadsorb preferentially
withrespecttoshorterones,thereasonbeing thattheconfigurational (ortranslational) entropy lossoftheshort
chainsisthelargestcontributiontothefreeenergy.
With increasing bulk concentrationsofmonomerandpolymer,theratios ^ ^ p / ^ ^ p and(jijm/<!>*,mbothdecrease.Then
thefirstterminequation (9)becomesrelatively important,
eventhoughpdecreases slightly.Thistermhastobecompensatedbythesumofthesecondandlastterms.Asthelogarithminthelasttermismultipliedbypr,<j>ip/<t)*,pmustdecreasemuchmore strongly than $\ m/41*m'indicatingaless
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pronounced preference forpolymer.Assoonasifj m/$* m becomessmaller than 1/(1—Ai),the second termbecomeseven
negative (4>l,p < 4>*,p)- Hence, inconcentrated solutions
monomersadsorbpreferentially withrespect topolymers,and
shortchainswith respect tolonger ones. Inthisconcentrationregion theconformational entropydominates thefreeenergy,disfavouring theadsorptionoflongchains.
Atsome intermediateconcentrationboth speciesmusthave
thesameaffinity for thesurface.Ifwe takethe samebulk
solutionconcentration forpolymer andmonomer (<(>i(m=<f>*rp=
hty*) we find from (9)that,atthetransitionpointwhere
$\,m =4>l,p'theratio <f>i,p/^<(>+equals \/{\-\y)
=es c . As
"H/P+<J>1m isonly slightlybelow 1 (fornottoolowx) w e
conclude thatthe transitionpointissituated around<^<fc0.7.
Amorequantitative relationbetweentheadsorbed amounts
6 a and Öfc,oftwopolymersa andb,adsorbing fromasolution
withconcentrations $^ a and <J)fc,
canbe found inthe follA
owingway.Asasimplemodel,weconsider themixed adsorbate
layer asaregionwhere theaverageweighting factorpersegmentisp timesashighasinthebulkofthesolution.Obviously,p isanaverageover thelayersclose tothe surface
ofthe factorsp^ asgiven inequations (1)and (3).Itdependsonthesolventprofile intheadsorbed layerwhichis
determined by theparameters xa n d Xsan<3onthetotalsolutionconcentration cj)^= ())+a + <j>+b ,butisindependentof
theindividual volume fractions <j>*a arid ty^ j3.Theratio
6a/<j)A isproportional topa sothat
6 a =A**,aPS

9 b=A ^ # b i b

(10)

whereA isaproportionality constant.Amathematical proof
bymeansofthematrix formalism showsthatequation (10)is
rigorouslyvalidprovided thatr aandr^arehighenough (see
Appendix I). Byeliminationofp fromthetwoequationsabove
wefindarelationbetween 6a/<j>ta and 9k/<t>*]-,,
6

b

P*,a l>*,b

b

A<(> *,b

Experimentally,oneusuallymeasures thetotaladsorbed
amount Vwhich isproportional tothetotal surface coverage
9 =8 a+9^.Thecontributionofcomponentatothetotaladsorbedamountcanbe foundby substituting9^=9-9 aso
thatanimplicitequation in9 aisobtained.Wetested this
equation forpreviouslypublisheddata (CohenStuart et
al.,
1980)baseduponthetheoryofmulticomponent systemsbyRoe
(1974). (Ourowntheorycanalsobeextended tomorethantwo

(11)
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components,butasyetwehavenotmade computations).Figure
8 showstherelative contribution 8a/6ofcomponentaasa
functionofthechain lengthratio ra/rj-,,both forr,=100

ea

.«
/

Roetheory
-eq.(11)(A=5)

/

0.5

X=0.5

/
©

/
y
'al'b

Fig. 8. The fractionation effect occurring uponadsorption of
a mixture of two polymer chains a and b, with different chain
lengths r and r-u. The figure gives the fraction 8a/8of component a in the adsorbed layer as a function of the chain
length ratio r^r-^, at an equal volume fraction (10~^) in the
solution for both components. The points were calculated with
the theory of Roe (1974), the solid line with our equation
(11) using A = 5. In both theories the values for 8a/8as a
function of ra/r-foare independent of r^. Hexagonal lattice
(\0 =0.5), X s=i,x= 0.5.
andr^=1000,at
anequal solution concentration foreach
polymer.Forr^=100,thetotal surfacecoverage 9varied
from 1.151 monolayersatr a=50to1.338atr a=200;forr b
= 1000thevaluesfor
eranged from 1.636atr a=500to
1.725atr a=2000.Although thetotal surface coveragedependsonchain length,therelativecontributionofeachcomponentto8turnsoutto
beindependentofthisparameter:
one singlecurveappliestobothvaluesofrj-,.Thepointsin
Fig.8werecomputed usingRoe's theory,thesolid linewas
calculated from8accordingtoequation (11)after substituting Qy.=8-8 a ,usingA=5.Theresultsareratherinsensitivetothevalue taken for theadjustableparameterA:variationof
Aintherange4-6hardly affects theresults.
From theexcellentagreementbetween thepointsandthe
solid lineinFig.8wemay conclude thatequation (11)gives
averygooddescriptionoftheadsorption fractionation.It
allowstheevaluationofthecontributionofeach component
inthemixtureifthetotaladsorbed amountisknown.Wenote
thatequations (10)and(11)applytothetotal surfacecoverage8=8 e x+8 d .InthecomparisonwithRoe's theory (Fig.
8)only 9 e xcouldbeused since 8^ (and 8)cannotbeobtained
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fromthismodel.Fordilute solutionsandnottoolow9,the
differencesbetween9 e xand 9are smallbut for low9 aor9jj
(leftandright inFig.8)63isnotcompletely negligible
withrespectto 9.Forrelatively high <f>A,equation (11)can
onlybeapplied ifthecontributionof 63istakeninto
account.
Equation (11)hasoneother interesting consequence.Considerasystematlow(^whererjD/ra>2,sothattheadsorbed
layer consistsmainlyof longchains (componentb ) . Ifone
addstothissystem someof the short chaincomponenta,
^b/^*bw m remainessentially constant.Thenalso9a/<(>+a
isconstant,or9 a^ (ji^a , asfor isolated chains (seeFigure 4 ) . Thustheminor componentonthe surfacebehavesas
isolated chain "islands"inthe "sea"of longchains,exhibiting lowaffinity forthesurface.
Concludingthissectiononpreferential adsorption,weob..;rvethataclearpicture isemergingastothephysical
Background of thisphenomenon,with longchainspredominantly
onthe surfaceatlowandmoderate solutionconcentrations,
whereasinveryconcentrated solutionsthe shortchainshave
apreference forthe surface.Inthefirstcase,thedriving
force isthetranslational entropyof theshortchainsin
solution,inthelatter situation theconformational entropy
lossforthe longchains isthemain factor.A simpleformula
(equation (11))givesanaccuratequantitativedescriptionof
therelativeadsorption inmixturesofnottooshortpolymer
chains.
APPENDIXI
According tothematrix formalism,thestep-weighted random
walkcanbemathematically described as:
p (r)=wp (r-1)=w r - 1 p (1)
~a
«a~a
«a ~a

(Al)

Theend segmentprobabilityvectorpa(r)containstheunnormalized statisticalweights foradsorbed chains (seeequation
(8)ofScheutjensand Fleer (1980))and theoperatorw a is
defined inequation (A3)of thesamepaper.For longchains
(Al)canbewritten as
p (r)=A r _ 1 p
~a
^,e
whereg e istheeigenvector belonging tothelargesteigenvalueAofw,a. Thetotal surface coverage isfound froma
summation0?pa(r)overalllayers (ScheutjensandFleer,
1979):

(A2)
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Ep (i,r)=(|>.Ar Zp (i)
i a
*
-ie

(A3)

This equation isidentical toequation (10),withp=Aand
A=A _1 Z p (i).
i
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DISCUSSION
Killmann: We found asquarerootdependenceoftheellipsometricthicknessonmolecularweightatthechromium -gold
andplatinum surfacesoutofdifferent solvents.Thevalues
ofthethicknessesarelowerwith lower netadsorption
energy.Haveyouanexplanation fromyour theory?
Scheutjens
and Fleer: Ourresults showthattheroot-meansquarethicknessofadsorbed polymer increases linearlywith
thesquarerootofthechain length,both for9-solventsand
forathermal solvents.The effectoftheadsorption energy
is,except forx s£0.5,rather small (seealsoourFig.6 ) .
However,inallcases studied asyetwe find thatther.m.s.
thickness increaseswithdecreasing netadsorption energy,in
contradistinction toyour experimental results forthe
ellipsometricthickness.Apossiblereason forthisdiscrepancycould bethattheproportionality constantbetween the
ellipsometric thickness,which isafunctionofthe excess
concentrationprofile,and ther.m.s.thickness,calculated
from the segmentdensityprofileduetoadsorbed chains
(compare thedifference between theexcesscoverage6 e xand
thetotalcoverage 8), dependsontheadsorptionenergy xsWe intend tocheck thisconjecture infutureworkby including
theellipsometric thickness,which iseasilycomputed froma
givenconcentration profile,inournumericalresults.
Silberberg:
Indefenseofearlier theories Iwould liketo
pointoutthattheyarelattice theoriesmuchasyourcalculationsare.Infactwhatwasdone inthoseearlier theorieswas
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toapproximate thesurface layerby zonesnothoweverbya
largenumber,asinyour case,butbythree zones.The layer
ofcontacting segments,alayerdefined by theloopsand the
bulk solution.Thecontributionmoreover of tailswaswritten
intotheequationsbut finally ignored for computational
reasons.Thismade theresultsofintrinsicvalidityonlyin
thecaseofextrememolecular weight,molecularweightsmuch
inexcessoftheonesused inyour computations.Yetmostof
thefeatureswhichyoupointoutare (rather unsurprisingly)
alsopredicted by theearlierwork.Ofcourse,itcannotbe
expected thatthedetailed effectsofchain tailscanbe
compared sincethesewerenotconsidered. Ithink themost
important inputofyourbeautifulwork isthediscussionof
finitebulk concentrations.Thiswas (againforreasonsof
computational convenience) ignored inearlierwork,butthe
contribution of theunadsorbed polymer coilsbecomesvery
significantassoonasthere ismeancoiloverlapin
solution.
Forpractical separationsbyadsorption,kinetic effects
are important.Someof theearliestresultsonpolymer/
surface interactions erroneously suggested thatlowmolecular
weight fractionsarepreferably adsorbed simplybecauseover
a limited period ofcontactthefasterdiffusing speciesgets
therefirst.
Scheutjens
and Fleer: Itisdefinitely notour intentionto
blame thoseearlier theoriesthattakeintoaccountthe
interactionbetweenpolymermolecules.Weconsider them still
veryuseful,especially for theircomputational convenience.
Weonlywarnagainstextrapolationofresultsobtained with
isolated
chain theories toreal systemswherehighconcentrationsatthesurfaceoccur.For instance,averypersistent
butincorrect ideaisthatstrong adsorption impliesaflat
conformation,even inthe (semi)plateauoftheadsorption
isotherm.Thisidea isrefuted notonlybyour theory,but
alsobyearlier many-chain
theories.
Weagree thatmanyofthefeaturespredicted byour theory
arealso foundbyprevioustheoriesformutually interacting
polymer chains.Formanypurposesthoseearlier theoriesare
appropriate.However,forthecalculationofthe segment
densityprofileandthelayer thickness theybreakdownif
end effectsareignored.
Your statementthatinthecaseofextremelyhighmolecular
weightthetailscanbeneglected is,for finite solution
concentrations,notyetproven.Ourcomputations indicate
thattailsarestillvery important foranychain length
encountered inpractice.Therefore,yourpointisonlyof
theoretical interest:evenifforextremely longchainstails
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weretobenegligible,thiscannotbemeasured experimentally
sincesuchextrememolecularweightsdonotexist.
Weagreewithyourcommentonthekinetic effectsof
adsorption fractionation.Acommercial fractionationmethod
basedonadsorption ishard to imagine.However,ifoneneeds
a smallveryhomodisperse fractionofaparticular polymer
forexperimental work,fractionation byadsorptionmightbe
worthwhile toconsider.After equilibrium (=24hours?)the
polymer insolution isfreeofhighmolecularweightspecies.
Adsorbed polymerofhighMmaybedesorbed byadding asuitable lowmolecularweightcompoundwithahighaffinityfor
thesurface.
Cohen-Stuart:
Foam fractionation (R.Lemlich (ed.) (1972).
"AdsorptiveBubbleSeparationTechniques",AcademicPress,
NewYork.) isatechniquewherepreferential adsorption ata
gas/liquid interface isthefractionatingmechanism.Since
thegas/liquid interface isverymobile,exchange ratesare
inthiscaseprobably fastenough toestablish theexpected
preferential adsorptionofthelargermoleculesover the
smaller ones.
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5 INTERACTION BETWEEN TWOADSORBED POLYMER LAYERS*

SUMMARY

The effect of adsorbing homopolymer on the interaction between two parallel surfaces is examined in some detail.The results are relevant for the
stabilization and flocculation of colloids by adsorbed polymer. The free
energy of interaction is derived directly from the partition function using
a previously developed lattice model for adsorption of polymers from solution. Comparison with other theories shows partial agreement as well as
remarkable discrepancies. Results are presented for a system in full equilibrium with a polymer solution of constant concentration and for a system
with a constant amount of polymer between the surfaces.At full equilibrium
the force between the surfaces is always attractive due tobridging polymer.
With decreasing surface separation a part of the polymer molecules leaves
the gap, an increasing fraction of the remaining polymer adsorbs on both
surfaces simultaneously, and eventually a monolayer of polymer segments
sticks the surfaces together.When the polymer is unable to leave the gap,a
strong repulsion between the surfaces appears at small separations and the
interaction free energy is mainly determined by the adsorbed amount of polymer, irrespective of chain length. With a large amount of polymer between
the surfaces the force is always repulsive, except in a very poor solvent.
At smaller surface coverages a minimum in the free energy of interaction
develops as a function of surface separation. Recent experimental data confirm our prediction that bridging attraction can also occur in good solvents. As the adsorption of polymer increases with increasing chain length,
high molecular weight polymer is a better stabilizer than low molecular
weight polymer.

* Submitted for publication in Macromolecules
in coauthorship withG.J. Fleer
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5.1 INTRODUCTION

Polymer adsorption is a very effective tool for controlling thestabili1—3
ty of colloidal suspensions . For instance, high molecular weight flocculants rapidly remove the last submicroscopic particles in one of the last
stages of water treatment. In this case uncovered particles are caught by
tails and loops extending from covered ones, so that polymer bridges are
formed. The same mechanism is operating in particle separation by flotation *. Bridging can occur only when the adsorbed amount of polymer is
below saturation. At high polymer concentrations all particles are fully
covered and the dangling tails and loops form a steric barrier against flocculation. Steric stabilisation has important applications in paint industry
and food technology. In all these phenomena, steric and/or bridging interactions constitute an important contribution, but in most cases it is not the
only one. In addition, Van der Waals forces and electrostatic interactions
may play arole.
A variety of polymers, including copolymers, polyelectrolytes, and proteins, are applied to obtain the desired effects. In most instances the
compexity of these materials,usually commercial products, is such that even
the trends cannot be predicted. For monodisperse homopolymers, however, a
detailed picture becomes feasible.The interaction between two polymer layers of this type is the result of a subtle balance between entropie repulsion, free energy of mixing, and bridging attraction. To quantify this interaction the segment density distribution of the polymer between two approaching particles, especially in the overlap region, is required. It can
be obtained from a suitable polymer adsorption theory. In such a theory
several factors have to be taken into account: the interaction of segments
and solvent molecules with the surface, that between segments and solvent in
the concentrated surface region, and the loss of configurational entropy of
the adsorbed polymer chains.
The first theories that incorporate all these effects to a reasonable
approximation divide the adsorbed layer into a train layer in contact with
the surface and an adjacent loop layer with a predetermined shape of the
segment profile, for instance a step function or anexponential decay .For
computational convenience the tailfractionwas neglected in thesetheories.
A complete multilayer theory for adsorption of chain molecules from high
Q

solution concentrations was developed by Ash at al. and also used for the
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Q

calculation of interaction forces between parallel plates . Unfortunately,
the numerical computations were limited to chains of only four segments per
chain. Although currently for most computers a chain length of 10 segments
seems tractable with this model, itwill be long before the polymer range is
reached. Therefore some modifications are necessary in order to obtain results for longchains.
A considerably simpler multilayer theory for all chain lengths was developed by Roe .A crucial step in its derivation is the assumption that
the ranking number of a segment in the chain is irrelevant for its spatial
distribution. This boils down to density distributions for "loops" and
"tails" that are of identical shape,which is more or less equivalent to the
neglect of end effects.Therefore, a correct predition of the segment density beyond the loop region cannot be expected when tails arepresent.
The self-consistent multilayer theory of ScheutJens and Fleer

is more

accurate, because this simplifying assumption is avoided. This theory accounts fully for all possible polymer conformations, including those with
tails. The generation of the extremely high number of different conformations was possible by adopting the elegant matrix procedure developed by
1213
DiMarzio and Rubin » . Results for almost the whole range of relevant
molecular weights can be obtained with this theory. For short molecules the
results of Ash et al. are recovered, whereas the densities in the train and
loop region agree with the results of Roe.For longer chains,a substantial
fraction of the segments are found in tails,which extend far into thesolution.
The development of scaling analyses '

might give additional informa-

tion about adsorbed polymer layers. This technique was first introduced in
polymer statistics by De Gennes

and employs the analogies between magnetic

systems andpolymers.
Monte Carlo approaches are still in the state of the single chain prob17 18
lern » .For a system of many competing polymer molecules,the introduction
of a Flory-Huggins type of mixing energy seems promising for more realistic
results .
The structure of an adsorbed polymer layer at finite solution concentrations is now well established »> » •

and quite different from the

properties of single chains. Below, we give a summary of the most important
results.
In dilute and semidilute solutions, the adsorbed amount depends only
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very weakly on the concentration in the bulk solution, i.e., the adsorption
isotherms are of the high affinity type with a nearly horizontal pseudoplateau. Adsorption from good solvents is low and hardly dependent on molecular
weight. In poor solvents, the adsorbed amount increases with increasing
chain length. The extension of the polymer layer depends on such parameters
as the segmental adsorption energy, the solvent quality, the solution concentration, and the chain length, but it is found that, for a given adsorption energy and solvent quality, the layer thickness is a function of the
adsorbed amount only. In other words, the layer thickness is the same for
relatively short chains at high concentrations and for longer chains at
(much) lower concentrations, provided the adsorbed amount is the same
Similarly, for a given chain length and solution concentration, the layer
thickness is rather insensitive to both adsorption energy and solvent quality. In this case the adsorbed amount increases with increasing adsorption
energy or decreasing solvent quality,without affecting the extension of the
adsorbed layer, because only the segment densities close to the surface
2223
change"* .
When the adsorbed amount is below the pseudoplateau value the polymer
lies flat on the surface, forming long trains and short loops. Tails are
absent in this case and the solution concentration is extremely low (below
an experimentally detectable level). In the pseudoplateau region the fraction of occupied surface sites is essentially independent of the solution
concentration and the molecular weight; its magnitude is determined by the
adsorption energy and solvent quality. Already at semidilute concentrations
00 0^ 0£

the tails protude far into the solution ' * , determining completely the
layer thickness, whereas the loops remain rather small. The train size and
the fraction of segments in trains decrease steadily with increasing bulk
solution concentration.
For heterodisperse polymers many of the properties given above are dif27
ferent . The reason is that the chains with the highest affinity for the
surface (high molecular weight, high adsorption energy) will ultimately
displace all other polymer from the surface. Thus, the composition of the
adsorbed layer is a function of the available area and the total amount of
polymer in the system. Therefore, in order to check theoretical predictions,
it is essential to have experimental data for monodisperse polymers.Unfortunately, the availability of such polymer is very poor, and only very few
experimental studies are amenable to comparisonwith theory.

22
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The statistical mechanical treatment of the interaction between two
particles covered with polymer was initially restricted to the case of a
io oft 9 Q

single chain between parallel plates ' ' .The neglect of lateral interactions led to results which are of very limited validity for the many chain
30
problem. Mackor and Van der Waals
introduced separate surface and bulk
phases to overcome this problem. They studied the interaction due toterminally adsorbing rigid rods (dimers and tetramers)in equilibriumwith abulk
solution and found a repulsive force. The application of self-consistent
field theories has improved the models considerably . Most of the results
are obtained for grafted polymer, i.e., chains with one or both ends bound
O1_ QC.

to the surface

. Unfortunately, in some cases incorrect free energy

equations were used, mainly because these theories did not lead to the complete partition function.
Dolan and Edwards

obtained the excluded volume parameter which deter-

mines the self-consistent field strength, by comparing their free energy
equation with the Flory-Huggins equation for the free energy of mixing
They supposed that the free energy is only determined by the change in configurational entropy of the chains. As we will show in the theoretical section, their excluded volume parameter is too small. Apart from that, they
neglect higher order terms which become dominant at very high segment densities.
Levine et al.

used a similar model as ours to calculate the force

between two plates due to grafted polymer. For adsorbing polymer they found
qualitatively the same trends as we find. They came to the correct conformational entropy, but missed the accompanying correction to the free energy
equation ofDolan andEdwards.
For the important case of (non-anchored) homopolymers we must distinguish between full thermodynamic equilibrium, when the chains can leave the
gap, and restricted equilibrium, when for instance during the Brownian collision of two particles the adsorbed polymer is trapped between them. In the
latter case the individual segments might still adjust themselves toa local
thermodynamic equilibrium, i.e., may adsorb or desorb, whereas the total
amount of polymer in the gap remains constant. Insuch arestricted equilibrium, an exchange between trains, loops, tails, and bridges occurs within
the requirement of minimum free energy of the (constant) amount of polymer
and the (changing) amount of solvent in the gap, but the chemical potential
of the chains inthe gap isno longer the same as inthe solution.
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o
For adsorbing tetramers in full equilibrium, Ash and Findenegg founc
attraction between the plates when all segments are of an adsorbing type.If
some of thesegments are non-adsorbing, repulsion is predicted.
OQ

De Gennes
Cahn

elaborated an equation for the surface free energy fron

to study the interaction due to adsorbed homopolymer. He arrived at

the conclusion that the net force is always attractive when the polymer maj
leave the space between the plates. The chains will escape when the plates
are approaching each other, so that the segment density in the gap will
never increase. The attractive force originates from the bridging effect.
When the polymer is not able to escape, the density between the plates will
increase with decreasing plate distance and an extra repulsive force results. Using a mean field approximation De Gennes found a cancellation be
tween volume repulsion and bridging attraction in good solvents. Applying
scaling concepts, however, led to the conclusion that the net force is
always repulsive.
Using the same (mean field) Cahn-De Gennes analysis, Klein and Pincus
found the interaction force in poor solvents to be attractive in a distance
region comparable with the radius of gyration of the chain in solution, and
repulsive at shorter plate separations. The attractive force occurs if the
concentration between the plates passes the biphasic region of the bulk
phase diagram. Experimental work by Klein •

has shown a similar shape of

the interaction curve for polystyrene adsorbed onmicasheets.
1122
In this paper we apply our adsorption model *->" to compute the interac
tion force between parallel plates under different conditions. In the full
equilibrium case we find always attraction, in agreement with other theo9 38
43
ries » .This result differs from that in an earlier paper by us ,which
contains a serious error .At restricted equilibrium a minimum in the free
energy is found at low solution concentrations in all solvents.This contradicts De Gennes' mean field result and even more his scaling approach for
38
good solvents , but it is consistent with recent results of Klein and coworkers -1»*". The attractive force is attributed to an increase of the
entropy by bridging.We feel that the Cahn-De Gennes approach underestimates
the restrictions imposed by the walls on the conformational entropy of the
chains, at least in the onewall problem. In this analysis,even the sign of
the force becomes mainly determined by the solution properties of the polymer.
At high concentrations we find always repulsion in good solvents. We
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will also apply the theory of Roe

and show Interaction curves obtained

fromthismodel.

5.2THEORY

5.2.1Model
In deriving the relevant equations, we follow roughly refs.(10)and
(11). Consider a lattice between two parallel plates,see figure5.1.Each
lattice site has zneighbors,
a fraction

XQ of which isin

the same layer and afraction
1 in each of the adjacent
layers.Inasimplecubiclat%

ij

a

4/6, and
v
tice
0
X^=1/6. The latticelayers,

M—

1/1

beingparalleltothesurface,
arenumberedi=1,2,...,Mand
i= 1

haveLlatticesiteseach.For

Figure5.1.A chain of 20segments ina

thesakeofgeneralization,we

lattice between two surfaces.Thispar-

define a parameter X-j_4such

ticular conformation has 4 segmentsad-

that Z\J_j,givesthenumberof

sorbed on surface 1and 3onsurface2.

immediate neighbors that a

According to eqs.(5.12)and (5.17)the

site in layer ihas inlayer

totalnumber ofchainsinthisconforma-

j.

tionis

^1-j•\)i f i =J>
if i=j+1, and

9

4

5

1

3

2

2

3
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It

is

obvious

that
x

i-j • H

otherwise. Forasiteinlayers 1

z(l-\i). More

and M the total number of neighbors is Z\Q+z\^

formally,wecanwrite
M
i-J

11,1

where the Kronecker d e l t a

1i,M

(KKH)

6( 1is1wheni=jandzerootherwise.Alattice
X

9 JJ
^>

site isoccupied either byasolventmoleculeorapolymer segment.Apoly

(5.1)
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mer molecule is represented by a chain of connected segments numbered
s=1,2,...,r. Segments and solvent molecules in the layers 1 and M are
considered tobeadsorbed.
The polymer chains and solvent molecules are distributed over thelatticeinsuchaway thatthefreeenergy isatitsminimum.Sinceinequilibrium the various conformations of the chains are not equally probable,we
must at least distinguish all conformations which differ in energy. The
energy of aparticular conformation is determined by thenumber of itsadsorbed segments and the interaction with neighboring segments and solvent
molecules,which depends onthe localconcentration.Asyet,itisnotpossible toaccount forall localfluctuations whichmayoccur.Obviously,the
most important fluctuations are expected in the direction normal to the
plates.Weneglect thevariationswithineachlattice layeranduseanaveragevolume fraction §* of polymerand afraction $?= 1- §• ofsolventin
layer i.Let thetotalnumber ofsegments and solvent molecules inlayeri
be m
n^ar
and n?, respectively, and the total number of chains between the
platesn:
*i=nt/L ; <)>°=n?/L

(5.2)

M
nr+Z n?=ML
i=l 1

(5.3)

Using eq.(5.2)for the local concentration ineach layer isequivalentto
thewell-knownmeanfieldorBragg-Williamsapproximation,i.e.,thedistri
butionwithinalayer isnot affectedbymutualinteractions.Thus,forthe
energy of a conformation c it is sufficient to specify the number ofsegments r^c that this conformation has ineach of the lattice layers.Obviously,

S r , n =n.
i,c c i

(5.4)

Er -r
i=l 1 , c

(5.5)

c

wheren isthenumberofchainsinconformationc.
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5.2.1.Partition function

The grand partition function S of the system in equilibrium with a bulk
solution is given by a summation of canonical partition functions Q,weightedwith theappropriate Boltzmann factors:

H=

S
Q({n},V,A,T)exp(u°En?/kT)exp(uEn /kT)
alln 's
i
c

(5.6)

c
where u° and \i are the chemical potentials of the solvent molecules and the
polymer chains with respect to the reference state, respectively, V is the
volume between the plates,A the area per plate, and T the temperature. We
replace the sum by the maximum term,which isobtained by differentiating In
S with respect ton<j:
(5

rT^ SV^Jl {n
r ,...„
0 «-0
},V,A,T++(uU-ru°)/kT
- r » D=/
c#d

The

second
o

term

of

eq. (5.7)

follows

from

the

' 7)

substitution

of En.=ML -rEn . The physical process corresponding to the differentiation of In S is transporting one chain from the bulk solution to the gap
between the surfaces, placing r^^ segments in each layer i,while the same
number of solvent molecules from each layer i is brought to the bulk solution.
ForQ({nc},V,A,T)we may write
Q -Q+Q + [ Q ( { n c }> / Q +]exp(x s n 1 +x s n M )exp(-xLn j < « 1 »
i

(5.8)

where Q+ is the partition function of n polymer chains in pure polymer liquid and Q £ the same for n° solvent molecules between two plates of area A
each. The first exponential factor accounts for the surface interactions of
n-i and n™ adsorbed segments, displacing n-,and n M adsorbed solvent molecules. The adsorption energy of solvent on the plates is included in Q?. The
difference in adsorption energy is -x kT per segment-solvent exchange.The
second Boltzmann factor contains the energy of mixing the solvent and polymer chains in accordance with the concentration profile.The totalnumber of
segment-solvent contacts is En.<<|>.>z,where <$.> is the fraction of contacts with segments for a solvent molecule in layer i. With the Bragg—
Williams approximationwithin each layer, <$j> is givenby
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The Flory-Huggins parameter x enters because foreach solvent moleculewhich
is transferred from pure solvent toasite surrounded bysegments (<<t>^>=1)
theenergy ofmixingisx ^T.
The combinatory factor Q({nc})ineq.(5.8)gives thenumber ofwaysof
arranging n polymer molecules and n° solvent molecules in accordance with
the conformation profile {nc>. It replaces Q + , the configurational partof
0., representing the number of ways of placing n polymer molecules onrn
lattice sitesinliquid polymer. Q, hasbeen derivedbyFlory :
(r-l)n . ..

o = [*-)
+

i™li

K

mJ

(5.10)

n!

The factorial (rn)!accounts forthenumber of ways of placing rn distinguishable monomers; z/(rn)isa correction factor forther-1monomersof
a chain that arelinked toapreviously placed monomerand,hence,have only
z instead ofrnapriori possible locations.Strictly speaking,zrepresents
the effective number of bond directions for each additional segment and
decreases somewhat with the number of bonds per chain if a correction is
made fortheexclusion of conformations with internal overlapping segments.
The factorial n! corrects for the indlstinguishability of then chains.
Applying a similar equation forthen°solvent molecules (r=1)would give
Q°=1.Hence,acorrectionforQ°ineq.(5.8)isnotnecessary.
The combinatory factor Qhasbeenderived before :
n
c
O d n j ) - ^ ) ^

1

) ^ ^ - I I —
c c
in.!

(5.11)

l

There isa close analogy between eqs.(5.10)and (5.11).TheM factorials L! give the number ofways of placing r£n

distinguishable monomers

and 2n. solvent molecules. The correction factor forthe(r-1)linking
segments of a chain in conformation c isa>(z/L) r ~ ,where w c z r

isthe

number ofarrangements within conformation cwhen thefirst segment (orthe
centre of gravity)ofthechain isfixed.Forinstance,when step reversals
are allowed, each bond parallel tothesurface canpoint into \QZ directions
and each bond crossing toanadjacent layer has X-,z choices.Then, ifqis
the number of bonds inconformation c that areparallel tothesurface,we
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have (\QZ)1(\Iz ) r

1 arrangements within this conformation and OÜC is given

by

<o =X n q X 1 r _ 1 " q
c
0 1

(5.12)

Note that many arrangements exist with the same segment distribution
{r., }, but with a different order of bond directions. According to the
1,c
current definition, they are grouped into different conformations, because
we define aconformation by a specific order of X Q ' S and Xi's.

5.2.3 Conformation probability

The equilibrium distribution of conformations is given by the value of
{n c } corresponding to the maximum term in the grand partition functionS and
is obtained from eq. (5.7) after substitution of eqs. (5.8), (5.10) and
(5.11). The logarithm of Q({n c })/Q + can be approximated using Stirling's
formulaby
o

ln(Q/Q+)=ML InL -£n ln(n /ü>c)- En°Inn°
c

"

r
i

- n Inr- (r-l)n InL

(5.13)

While performing the diffentiation indicated in eq. (5.7)it must berealized that n?=L -Er. n and £n?<<|>.>= EnJ<<b?> .The result is
i
c i,cc
i l
i l
M
ln(n7L)= InC+ InM + E r. .InP,
d
d
i,d

(5.14)
i

where

InC•r- 1- Inr+ (ii- r^°)/kT

(5.15)

InP. =X s ( ô 1 } 1 +ô M ) 1 )+ x « * ± > - <*°» + In<t>°

(5.16)

and

From eq. (5.14) it follows that the number of chains in conformation c is
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givenby
M
n /L= Ca) n P. 1 , c
c
c .., 1

r.
(5.17)

Hence, n Is proportional to a multiple product of weighting factors. According to eq. (5.12), the factor u is a product of r- 1 bond weighting
factors \Q (for each "parallel" bond) or X.i (for each "perpendicular" bond)
and accounts for the relative number of arrangements inconformation c. Each
segment in layer i contributes a segmental weighting factor P^, which is a
Boltzmann factor accounting for the free energy change when a solvent molecule in layer i is replaced by a single segment.This Boltzmann factor comprises a contribution for the adsorption energy ~x_ kT when i= 1 or i=M,
a factor for the interaction energy between segments and solvent (~x<<t>i>kT
for removing the solvent molecule and x ^ i ^ kT for inserting the segment)
and a factor for the local entropy -k In<)>?of the solvent molecule (see
eq. (5.16).

5.2.4 Normalization constant

The value for the normalization constant C is given in eq. (5.15) and
can easily be found if u,and u° are constant. This is the case when the
polymer between the plates is in full equilibrium with an infinitely large
bulk solution of constant composition. The chemical potentials p.and \i° have
37
been derived byFlory :

u/kT = 1-** -r<)>°+ In^ + rX<t>*(l-<|>*)

(5.18)

u°/kT = 1-<t>°- t j r + In*°+ x<t>*(l-<l>*)

(5.19)

where <t>^and fy^ are the bulk solution volume fractions of polymer and solvent, respectively. Substitution of eqs. (5.18)and (5.19)into (5.15)gives
**
C=

(5.20)
r

The quantity P* is the segmental weighting factor in the bulk solution, and

i s given by P^?*
==<**
j>Aex
exp{x(<t>*
- <!>*)}
p{x(**-**)

(compare eq. 5 . 1 6 ) .
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In practical situations, it may be impossible for the polymer chains to
diffuse out of the gap when the plates are brought closer. It is useful to
define a restricted equilibrium by the condition that the total amount of
polymer between the plates is constant. Then the chemical potential of the
polymer changes with varying plate separation. The normalization constant
may now be found from the boundary condition n =£n . Summation of
eq. (5.17)over all conformations gives
C = S _ = _§
u
LP(r) rP(r)

(5.21)
^'"-)

where 9 =£<)>. is the total amount of polymer between the plates, expressed
inequivalent monolayers,and P(r)is the chainweighting factor:
P(r)=Su

n
c

M
r.
P.1 , C
1=1

(5.22)

In restricted equilibrium, the value for C as calculated from eq. (5.21)
may be substituted in eq. (5.20) to obtain an implicit equation for the
pseudo-equilibrium concentration $*, i.e., the bulk solution concentration
that would be in full equilibrium with the polymer between the plates.
Clearly, this pseudo-equilibrium concentration is now a function of the
plate separation M.

5.2.5 Free energy of interaction
In full equilibrium the free energy of interaction between the plates is
30
determined by the change in the surface free energy y .2k . From standard
thermodynamics we have 2yA=-kT In S. For our system it ismore convenient
to derive y from dF= 2ya5L + n°E9n? + u£6nc, where a=A/L is the area
of

a

surface

site,

giving

(ÔF/ÔL)r i

= 2ya+ uM

because

n. =L- £r. n .Taking the derivative of F =-kT In Q with respect toL
gives, after substitution of eq. (5.13) into eq. (5.8) and using eq. (5.19)
for u°:
2 ( Y -Y°)a/kT = (1-^ ) e e X C + E In (*°/<t>°)+ X £(<l'i<*i>-<t>*2) (5.23)
i
i
Here, y is the surface tension of pure solvent and 9

= E(4. -<t>j.) the
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excess amount of polymer between theplates.Eq. (5.23)hasbeen derivedbefore

in terms of ln(P./P*) for adsorption on a single surface, hence,

without thefactor2.
The largest term of eq. (5.23) is the second, which is negative if
<t>j><]>*.Upon expansion of the logarithm, the linear term cancels exactly
against theterm6 e x c .Hence,forx <0theright-hand-side ofeq. (5.23)is
negative, as is to be expected for adsorbing polymer. For x> 0 t n e last
term of eq. (5.23) gives a positive contribution to thequadratic term of
the logarithmic expansion, butthe same conclusion astothesign of y - y
applies. (Note: for pure bulk polymer, $£•*•1 and <t>°•*0,EIn (<t>./<]>a)is
not zero).
In

restricted equilibrium

the system

is open

with respect

to

solvent butnot with respect to polymer. Inthis case thefree energy
of interaction is given by F=-kTInY, where

¥({n},u,V,A,T)=

Q({n },V,A,T)exp(p,En./kT)isthesemi-grand partition function.
The characteristic function Fat constant amount of polymer En isfound
from the characteristic function 2yA at constant chemical potential u
(eq.5.23) via the relationF=2yA+ uEn =2yA+ (u- rn°)L9 /r+u°L9.
From eq.(5.15)we have(^-ru-)/kT=InC- (r-1)+ Inr,hence, substitionofeqs.(5.21)and (5.23)gives
t
t9 C
(F-F°)/LkT=| -In^ y +EIn<t>°+ X £O X * ^ " ^°(M-e Ü )
P(r)

(5.24)

Here, F° is the free energy of pure solvent between the plates. The term
- u°(M-9 C ) is a very small attractive term accounting for the osmotic
pressure of the solution outside the plates and will be neglected in the
calculations in order to avoid theparameter $*. When necessary, itcanbe
evaluated fromeq. (5.19).

5.3 COMPARISONWITH OTHER THEORIES

5.3.1 Full equilibrium
30
formulated a theory for stiff rods that maybe
oq
compared with the present model for dimers. Ash et al. ' developed the

Mackor andVan derWaals
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statistics for flexible oligomers (up to r= 4 ) . They excluded conformations
with bond angles less than 90°.Both theories account for the fact that one
or two of the z contacts per segment are chemical bonds with other segments
rather than physical contacts. Their equations reduce to ours for z -*• •».In
our model the above mentioned refinements are not taken into account.It has
been shown that these extensions hardly affect the adsorbed amount ofoligomers ,whereas the complexity of the equations increases considerably.
The theory of Roe

has, in principle, only one more simplification than

ours: it assumes that all segments have the same density distribution,independent of their ranking number in the chain. This assumption is valid for
monomers, dimers, and two-dimensional chains parallel to the surface. It
appears that Roe's equations are identical to ours for r= 1, \Q = 1, or
M = 1, but not for r=2. This discrepancy is due to the lack of inversion
symmetry in Roe's model,and has been discussed before .However,his equation for the surface tension (eq. (36) of ref. (10)) for one surface is
identical to eq. (5.23) (without the factor 2) after some substitution and
rearrangement. For instance, shift all terms of his eq. (29) to the left
hand side and call the sum of these terms zero(i), which is zero. Then
add E<)>.zero(i)to his eq. (36)for the surface tension and after some rearrangement

our eq. (5.23) appears. In doing

so, one must

realize

that E$.<*./<<!>.»= E<<t>.><t>./<<)>.>= E <t>.«The numerical results for the
l l

l

l l

l

l

surface tension depend on the segment density profile and are not the same
for both theories.
A similar rearrangement is possible for Roe's eq. (36'), representing
the surface tension of a multicomponent mixture. For such a system
the

last

two

terms

by - E{n Inr - (r - l)n InL}

X X
n

X

of

eq. (5.13)
and

the

are

to

be

interaction

replaced
energy

XVX v

is- Ex( i+ ni)+ iî ïX n, <$.>>

where x and y are the component

indices. The double summation over x and y extends over all components,
including solvent. By definition x** =0. Differentiation of -kT InQ with
respect toLand addition of n°M gives
2(Y- Y°)a/kT = E(l-- i ) 9 X ' e X C + EIn ($°/*°)
x
r
i
+ \ EE (x X 0 + X y °-X* 7 )£(**<*?> - **<t>£)
xy
i

(5-25)

Eq. (5.25) (without the factor 2) follows from Roe's eq. (36') after addi-
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tion of ï E è . (f.- Y . ) where Y? is given by Roe's eq. (41).Hence,Roe's

l x i

i l

i

°

equations for the surface tension in terms of fy* are identical to our equations, although the segment density profiles and, hence, the numerical
values are different.

5.3.2 Restricted equilibrium

Many theories have been developed for interactions in restricted equilibrium. For a single chain between two plates (n= 1)eq. (5.24)reduces to
F - F°+ kT In (L/r)= - kT In P(r)which is the free energy equation used
by DiMarzio and Rubin .For a single chain ($. •*0and <|>?•*1)and athermal
conditions (x=0) our weighting factors P^ are identical to their factors
exp(9 i ).
Meier

and Hesselink et al. '

expressed the free energy of interac-

tion for a system of nonadsorbing, terminally attached chains (or loops,
tails) between two surfaces as a sum of a volume restriction term
2
- kT(n/L) ln(Eu ) and an osmotic term kT (\ - x)£ <t>•» W e will show that
this approximation is consistent with eq. (5.24)when all weighting factors
PJ are equal, hence, at low concentrations of nonadsorbing chains (xg «• 0 ) .
For that case,we may approximate (n/L)InP(r)= (n/L)InJu + £4,ln PJ,
c
see eq. (5.22).
Substitution into eq. (5.24)gives

„t

t

(F - F°)/LkT
= — rIn ( T 2v-E) w- ' E *.In
P. + E In
$?, + x£ <t>.<<|
>.>
'
. i
l
l
* .
c

l

i

l

i

T

(5.26)
i

t
2
A Taylor expansion of- E<|).lnP. =x9 ~ E \p-X§* + <|).ln(l- $.)}, retaining
1
2
t
1
terms up to order <|>., givesx9 + 2(h - x)S<|). • Similarly, the last two
t
2
terms of eq. (5.26) can be approximated by -9 - (.h ~ x) K<(>. when <(|)J>
is replaced by <t>..Since 9 is constant we may conclude that the sum of the
last three terms represents Hesselink's osmotic term and that his approach
is correct for low concentrations. A similar conclusion has been drawn by
Gaylord 47 .
For a comparison with the model of Dolan and Edwardswe rewrite the last
two terms of eq. (5.26) as(^x_ 1)9+ \ E<t>InP . Addition of the second
term (- E<t>.lnP.) and rcombination with the first term gives (F- F°)/kT
* ic
=-n ln(Eu I I P .
') + constants,which is essentially the free energy

i

i

function used by these authors .Hence, also their free energy function is
correct

for

low

concentrations,
s

factor P. =exp{(^-x)<t>-} i J

ust t n e

but

their

weighting

square root of our weighting factor

P., i.e., their distribution functions arewrong.
Levine et al.

derived nearly the same weighting factor as we found

(using §A for <<>.;>,except for i = 1 and i = M ) . However, they adopted the
analogous free energy function - kTn In P(r),probably taken from DiMarzio
and Rubin

or Dolan and Edwards ,and thus missed the middle two terms of

eq. (5.24) which are approximately zero in the latter theories. Note that
- £In<j>. is infinite for pure polymer between the plates (<t>^* 0 ) , whereas the free energy must remain finite (compare eq. 5.26 for <t>?•*• 0). In
fact, for pure polymer P^=0 and therefore -n InP(r)is infinite aswell,
compensating the sumEIn$. in eq. (5.24). Since this compensation is
absent in Levine's equation, his free energy function is qualitatively
wrong.
It is interesting to observe that the term - (n/L)In P(r) contains twice
2
the osmotic term V& - x) %$•
°f Hesselink.. The last two terms of
eq. (5.24) constitute a correction for one of them. Neglecting this correction (asLevine did)overestimates the osmotic termby a factor of about 2.
In the term -(n/L) InP(r)as used by Dolan and Edwards,P.^is replaced
by P* ; hence the osmotic term occurs only once in their expression and
correction terms are not necessary in their free energy function.
A detailed comparison with the theory of De Gennes

is more difficult

because of the differences in the underlying assumptions. In this theory,
the free energy is written as a sum of local energies which are a function
of the local concentration and concentration gradient only. There are three
contributions: i)a term for the adsorption energy, ii)a term for theenergy of a homogeneous system of concentration c^, iii) a positive gradient
2
term K (9<j>./ôi) which accounts for the spatial variations of the concentration.
A crucial assumption is that K does not depend on the chain length. It
can be shown that the choice K= (24$.)

as used by De Gennes isconsis-

tent with the theory of Helfand for infinite chain length, because in this
theory each segment of a chain has the same spatial distribution .In our 48
notation this would apply when P(i,s) =P(i,s-1) for most of the segments
(see eq.5.29 below). However, we have shown that end effects are usually
22
not negligible, except in special cases • Clearly,
end effects decrease

with decreasing plate distance, so we expect that the gradient methodworks;
best when M <R ,where R is the radius of gyration of the polymer molecules insolution.
The most important result of De Gennes1 method is that in full equilibrium the interaction force ôy/ôM follows the free energy of a homogeneous
solution of concentration IKJ/O (the concentration midway the plates where
the gradient is zero), and is always attractive. In restricted equilibrium,
the interaction force follows nearly the osmotic pressure of a solution of
concentration «KJ/?»

an

d hence, is always repulsive in good solvents. In bad

solvents an attractive region occurs when <t>M/9passes the region of biphasic
concentrations 40
•
In section 5.6.3 we will compare the predictions of several theories
mentioned abovewith the outcome of ourmodel.

5.4. SEGMENT DENSITY DISTRIBUTIONS

The conformation profile {n }is a function of the weighting factors P^
via eq. (5.14) and the weighting factors are a function of the segment density profile

(<|>}= {l-<|>} via eq. (5.16). In turn, the segment density

profile is given by <t>.= Er. n /L ,see eq. (5.4). Thus, the M weighting
l c i,c c
factors or volume fractions are implicitly given by M simultaneous equations. In a following section we will discuss these equations in more detail.
Alternatively, one may look for a conformation profile {n c } which gives
a segment density profile {<)>.}that is consistent with eq. (5.17) for each
conformation. In this way, the number of implicit equations is equal to the
number of different conformations and hence, of order 3 r ~ » 10 r ' per lattice layer. This method has been used by Mackor and Van der Waals

and Ash

o

et al., who reduced the number of conformations by forbidding bond angles
lower than 90°. It will be clear that this method breaks down for chains
longer than a few segments. It is much more economical to have only one
equation per lattice layer.
In this section we will show how to compute the segment density profile
from a given set of weighting factors via the generation of all conformations, i.e., via eqs. (5.17)and (5.4).
For monomers (r=1) there is only one "conformation" per layer and the
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segment density is just$. = C Pj, where C isgiven by either eqs. (5.20)or
(5.21). From eq. (5.27) it follows that P(l)=£ P. in this case. As the
monomer distribution is proportional to {P.}we may call P^ the free segment
probability.
For symmetric dimers (r =2) the distribution of the first segment is
equal to that of the second, i.e.,<t>.= 2C P(i,2). We define P(i,r)as the
end segment probability of an r-mer in layer i.For monomers we have

P(i,l)=P ±

(5-27)

The quantity P(i,r) is a subset of the chain probability P(r),since the
number of end segments is equal to the number of chains (for convenience we
distinguish the first segment from the last segment of a chain):

P(r)= Z P(i,r)
i

(5.28)

For dimers there are three different conformations with the second segment in layer i. From eq. (5.17) it follows that their relative probabilities are P. A , P . , P A . P . , and P.,,\.P., respectively. Summation gives
l-l 1l i0 l
l+l 1l
P(i,2)=P.<P.> =P.<P(i,l)>, where the notation with angular brackets denotes aweighted average over three lattice layers,compare eq. (5.9).
For chains longer than dimers the spatial distribution of the segments
is a function of their ranking number in the chain. The distribution of the
last segment (and that of the first segment) is given by C P(i,r). To avoid
a considerable amount of computing time and complexity, we approximate
P(i,r) by assuming that the position of the last segment of a chain is determined by its predecessor and not by the position of other segments, i.e.,
we generate the chain conformations by a step weighted random walk adding
one segment (s) per step. Thus, P(i,s) follows from the end segment probabilities (P(i,s-1)} of a chain of s- 1segments by the recurrent relation
P(i,s)=P. <P(i,s-l)>

(5.29)

where P^ accounts for the weighting factor of segment s and the angular
brackets for the bond weighting factor of the bond between segement s and
s - 1. We note that eq. (5.29) is an alternative representation of the
13
matrix notation developed by DiMarzio and Rubin . Starting from a monomer,
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for which P(i,l)= P J , the end segment probabilities of longer chains are
calculated by applying eq. (5.29)for each additional segment.
With a step weighted random walk it is easy to compute the distribution
of segment s in a chain of r segments, because the conformations of the
first subchain of s- 1 segments are independent of the positions of the
last

r-s segments

all

conformations

of the chain. Consequently, the total weight of
with

segment

s

in

layer

i

is

given

by

<P(i,s-l)> P. <P(i,r-s)> =P(i,s)P(i,r-s+l)/P .The contribution to the
segment density distribution due to all segments s is obtained afternormalization:

<t>.(s)=C P(i,s)P(i,r-s+l)/P.

(5.30)

Note that segment s has indeed the same distribution as segment r-s+ 1,
i.e., <t>.(s)= <|>.(r-s+l): the inversion symmetry is obeyed. Summation over
all segments gives the overall segment density distribution.
r
<t>.=C Z P(i,s)P(i,r-s+l)/P
1
s=l

(5.31)

5.4.1 Adsorbing, bridging, and free polymer

Once the weighting factors {P.} are known for a given system, it is
possible to obtain a very detailed picture of the structure of the polymer
between the plates, because the number of chains in each conformation is
given by eq. (5.17). We will subdivide the amount of polymer 9 between the
plates into five groups of chains: i) nonadsorbed chains, 9 , ii) chains
a'
adsorbed on the first plate only, 9 , i.e., with segments in layer 1 and
none in layer M, iii) chains adsorbed on the second plate only, 9 a , iv)
bridging chains with the last chain end leaving from the first plate, 9 ,
and v) bridging chains with the last chain end leaving from the second
plate, 9 .Bridging chains have segments in layer 1aswell as in layerM.
If the plates are identical the segment distribution will be symmetric
andhence,9 a '=9a'and 9 b '=9b'.Obviously,

Z9G= 9C

(5.32)

91

where G denotes f, a',a", b', orb".Foreach group defined above wecan
define a chain probability P(r)which represents thesumoftheweightsof
all conformations belonging togroupG,sothat

Ï.P G (r)=P(r)
G

(5.33)

Normalization ofP(r)gives thenumber of chains ingroupG.Hence,similar
toeq.(5.21):

9 G =CrP G (r)

(5.34)
p

The chain probabilities P(r)canbeexpressed asasumofendsegment probp

abilities P (i,r), compare eq. (5.28):

P G (r)=2P G (i,r)
i

(5.35)

The generation of end segment probabilities P(i,s) of chains of s
segments is straightforward. From eq.(5.29) and the condition that
Q

P(i,s)=£P(i,s) itfollows that
G
P(i,s)= P1<Pf(i,s-l)>+P 1 <P a '(i,s-l)>
+ P.<P a ( i , s - l ) > + P 1 <P b ( i , s - l ) > + P ± <P b ( i , s - l ) ) >

(5.36)

The q u a n t i t y P ( i , s ) i s the end segment p r o b a b i l i t y of a l l c h a i n s , s s e g ments long, ending i n l a y e r i and never touching one of the s u r f a c e s . From
t h i s d e f i n i t i o n i t i s easy t o see t h a t the term F^ <P ( i , s - l ) > i n eq. ( 5 . 3 6 )
gives P ( i , s ) , except for i = 1 and i = M:

Pfd,s) =0
P £ ( i , s ) = Pt <Pf(i,s-l)>

(KKM)

(5.37)

f

P (M,s) = 0

For i=1wehave P <P(l,s-l)>=P \ P(2,s-l) which istheprobability of a chain part ending in layer 1andwith thefirst s-1segments in
the layers 1<i<M,i.e.,thechain part isadsorbed, with its lastsega'
ment only, on plate 1 and belongs to P (l,s). Similarly, P M<P(M,s-1)>

f

92

contributestoP a (M,s).
ThetermP i<P (i,s-l)> ineq.(5.36)represents thes-mersofwhichat
least one of the first s-1 segments isadsorbed onplate 1and noneof
them on the second plate.This is only possible when M>1.The chainbeat
longs toP (i,s)wheni<M.Wheni=M,thechainformsabridgewiththe
last segment of the bridge (segment s) on the second plate, i.e.,
P M <Pa (M,s-1)>contributestoP b (M,s).Thus,wecanwrite
Pa'(l,s)= ?1 <Pa'(l,s-l)+Pf(l,s-1)>
a

(M>1)

a

P '(i,s)= V±<P '(i,s-l)>

(Ki<M) (5.38)

a

P '(M,s)=0
and asimilar reasoning applies for theendsegmentprobabilitiesofs-mers
adsorbedonthesecondplateonly:
Pa"(l,s)=0
Pa"(i,s)=P±<Pa"(i,s-l)>
a

a

(Ki<M)
f

P "(M,s)=P M<P "(M,s-l)+P (M,s-l)>

(5.39)

(M>1)

The last two terms ineq.(5.36)belong tobridging chains.Asdefined
above, such a chain belongs to P (i,s) when the last adsorbed segment
(i.e., the adsorbed segment with thehighest rankingnumber)is inlayer1
and toP b(i,s)otherwise.Obviously,P b(M,s)=P (l,s)=0,exceptwhen
M=1. When the last segment (s) is in layer 1 the chain contributes to
P (l,s),whenitisinlayerMitcontributestoP (M,s).Theresultis
Pb'(l,s)=Pj_<Pb'(l,s-l)+Pb"(l,s-1)+Pa"(l,s-1)> (M>1)
Pb'(i,s)= ?t <Pb'(i,s-l)>

(Ki<M)

b

P '(M,s)=0

(5.40)

(M>1)

and
Pb"(l,s)=0

(M>1)

b

b

b

b

P "(i,s)=P ±<P "(i,s-l)>

(Ki<M) (5.41)
b

a

P "(M,s)=PM<P "(M,s-l)+P '(M,s-l)+P '(M,s-l)> (M>1)
ForM=1allchainsbelongtoeitherPb'(l,s)orPb"(l,s).
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Pb'(l,s)=Pb"(l,s)= ?x <Pb'(l,s)>

(M=l)

(5.42)

Most of thestarting values P (1,1)are zero.The nonzero values are

Pa'(l,l)= ?x

(M>1)

P f (i,l)=P t

(Ki<M)

Pa"(M,l)=P M

(M>1)

Pb'(l,l)=Pb"(l,l)= h?l

(5.43)

(M=l)

since a monomer in layer 1 is adsorbed on plate 1, a monomer in layer M is
adsorbed on plate 2, and it forms a bridge when M = 1. A monomer in one of
the layers 1<i<M isnot adsorbed andhence contributes toP (i,l).
The above equations can be used to calculate the end segment probabilip

ties P (i,s) of the various types of chains by repeatedly extending the
chain with one segment, starting from a monomer. The 5M values of P (i,2)
are calculated from the various values of P (1,1)as given in eq. (5.43)by

c

c

applying once each of the eqs. (5.37-42). From P (i,2) we obtain P (i,3),
n

etc. The sum of P (i,r) over the 5 values of G equals P(i,r) as defined in
eq. (5.28).

5.4.2 Segment distributions of loops,tails and bridges

In the previous section we have subdivided the polymer between the
plates in adsorbing, bridging, and free chains. The same subdivision was
made for the end segment probabilities P(i,s)of s-mers, giving

P(i,s)=P f (i,s)+Pa'(i,s)+ Pa"(i,s)+ Pb'(i,s)+ Pb"(i,s)

(5.44)

where f denotes free chains; a' and a" chains adsorbed on plate 1 and plate
2, respectively; and b' and b" bridging chains with the last chain end
leaving from plate 1 and plate 2, respectively. Here, we will show a very
simple procedure to obtain segment distributions of trains, loops, tails,
and bridges from these end segment probabilities.
Substitution of P(i,s) and P(i,r-s+l) from eq. (5.44) into eq. (5.30)

c

c

and performing the multiplication {sP (i,s)}{SP (i,r-s+l)} gives 25 terms
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which are listed in the second column of table 5.1, where we have dropped
the indices i and s. After multiplication by C/P^, these terms give the
distribution of segment s in a free chain, or in a loop, e t c In the third
column of table 5.1we have indicated for each term towhich volume fraction
segment s contributes, and the corresponding polymer fraction is shown in
the fourth column.
For instance, the first line in table 5.1 represents P (i,s)P (i,r-s+l)
and gives the distribution of segment swhen both of the chain parts meeting
at segment s are not adsorbed, i.e., when segment sbelongs toa free chain.
Summation over all segments and normalization gives <)>.,the volume fraction
of free chains in layer i.
r
f
f
f
•.= C Ï P (i,s)P (i,r-s+l)/P.
s=l

(5.45)

Similarly, the second line in table 5.1 refers to conformations inwhich
the first part of s segments of the chain aswell as the second part of r s+ 1 segments are adsorbed on plate 1 only, i.e., segment s is part of a
loop in a chain adsorbed on plate 1 (wheni> 1 ) ,or part of a train in such
a chain (when i= 1 ) .For i=M both P (i,s)andP a (i,r-s+l)are zero (see
eq. 5.38).
The third line in the table corresponds to the distribution of segment s
when it belongs to a tail of a chain adsorbed on plate 1, because segment s
forms a link between a chain part which isnot adsorbed and onewhich is adsorbed on plate 1. The first term of line 3 accounts for a tail at the beginning of the chainand thesecond term fora tailat the end.
Lines 4 and 5 account for the chains adsorbed on the second plate and are
analogous to lines 2and 3.
The volume fractions of trains, loops, and tails of chains adsorbed on
one surface are found after summation over all segments

<t>a''tr=C J P a '(l,s)Pa'(l,r-s+l)/P
s=l

(5.46)

..
r
,.
())a' = CÎ P a (M,s)P a (M,r-s+l)/P
s=l

«l^''1= C Z P a '(i,s)Pa'(i,r-s+l)/P1
s=l

(5.47)

(i>l)

(5.48)
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Table5.1. Contribution of segments in trains, loops, tails, bridges,and
freechainstothesegmentdensity.Forexplanationseetext.
scontributesto

lineterm

1

pfpf

2

Pa'pa'
p f p a+p a' p f

3

freechains
trains(i=l)orloops(i>l)
tails

4

trains(i=M)orloops(i<M)
tails

6

PfPa"+Pa"pf
p b' p a'

7

pb'pf

tails

5

8

chainbelongsto

trains(i=l)orloops(i>l)

pâ pä ipD pâ

bridges

9

pb"pa"

10

pb"pf

tails

11

p a p a+pbp a

bridges

12

pa'pb'+pb'pb'

trains (i=l)orloops(i>l)

13

pa"pb"+pb"pb"

trains(i=M)orloops (KM)

14

pfpb'

tailsattachedtoplate1

15

pfpb"

tailsattachedtoplate2

16

ph'pb"+pb"pb'+pa'pb"+pa"pb'

bridges

trains(i=M)orloops(i<M)

PP

4>a' =C T,P a(i.s)P a
s=l

(.±,r-s+l)/?i

(i<M)

(5.49)

l>a 'Z =2CE Pa'(i,s) Pf(i,r-s+l)/Pi
s=l

(i>l)

(5.50)

|ia",t=2CE Pa"(i,s) Pf(i,r-s+l)/Pi
s=l

(i<M)

(5.51)

where the indices tr,1,and t indicate trains,loops,and tails,respectively.

96

Lines 6-16 in table5.1 contain 18 terms corresponding to bridging
chains. Eight of them (lines 8,11and16)contain twochain probabilities
a
b
P orP referring tothetwodifferent plates, and give thevolume fraction <)>. ofbridges.Because ofthechain symmetry, these canbecombinedin
four terms:
<t>br=2C2 (Pa'(i,s)+Pb'(i,s)}{pa"(i,r-s+l)+pb"(i,r-s+l)}/P.
1
s=l

1

(5.52)

The sumbetween thefirst pair ofparentheses ineq. (5.52) representsthe
first part of thechain connecting segment swith plate 1,thesecondsum
the other chain partwhich somewhere meets thesecond plate.
Of theremaining tenterms intable 5.1,sixcontainaproduct ofP aand
P referring tothesame plate; they represent trains (fori=1 orM)or
loops (for1<i<M )ofbridging chains (lines6,9,12,13).Thelast four
terms (lines 7, 10,14,15)areof the type PbP and correspond to tails
belonging to bridging chains. Following a similar reasoning as applied
above, thevolume fractions of trains, loops,andtails of bridging chains
canbewrittenas

<t> b ' , t r = C T, P b ' ( l , s ) { 2 P a ' ( l , r - s + l ) + P b ' ( l , r - s + l ) } / P 1
s=l

<t>b

, t r

= C Z P b (M,s){2P a ( M , r - s + l ) + P b ( M , r - s + l ) } / P
s=l

<t> b '' 1 = C Ï. P b ' ( i , s ) { 2 P a ' ( i , r - s + l ) + P b ' ( i , r - s + l ) } / P 1
s=l

<|>b 'X = C £ P b ' ( i , s ) { 2 P a ( i , r - s + l ) + P b " ( i , r - s + l ) } / P
s=l

<t>b',t: = 2 C S P b ' ( i , s ) P f ( i , r - s + l ) / P
1
s=l
••
r
„
<t>b ' C = 2 C £ P b ( i , s ) P f ( i , r - s + l ) / P
1

(5.53)

8=1

(5.54)

(i>l)

(i<M)

(5.55)

(5.56)

(5.57)

(5.58)
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In this way, the segment distributions of trains, loops, tails, and
bridges are obtained from the end segment probabilities derived in the previous section.

5.4.3Train, loop, tail, and bridge size distributions

The end segment probabilities P (i,s)contain much more information than
we have used above. Of special interest are the numbers and lengths of
trains, loops, tails,and bridges in a given system.These quantities can be
Q

obtained from P (i,s) in different ways, but we will give only the simplest
expressions here.
Let us start with the non-bridging chains. Obviously, the expressions
22
for these chains will not differ from those of the one plate model .Hence,
a'1
the average number of loops, n *, per chain adsorbed on plate 1, is obtained by following the chain from the first adsorbed segment and counting
the number of bonds from layer 2 to layer 1.The total number of such bonds
a'
a'
between segment s and segment s+ 1 is C P (2,s)\. P (l,r-s). Since the
number of adsorbed chains on the first plate is CP a (r),wehave
n aM

_ H
Pa ( r )

r-1
P a (2,e)P a (l,r-s)

(5.59)

P a (M-l,s)P a (M,r-s)

(5.60)

s=2

and s i m i l a r l y ,
1\

_a ••, 1i

Pa ( r )

r-1
s=2

The summation starts from s=2, because the smallest possible loop is one
segment long, and ends at s=r- 1, since the longest possible loop has
r - 2 segments.As each end of a loop is connected toa train, the number of
trains,n

per adsorbed chain is given by

a'.tr
n

=n

a',1
+ 1;

n

a",tr
=n

a",l
+1

...
(5.61)

Finally, the number of tails, n , equals the number of chain ends
(s =r)not ending on theplate.

n 3 '''= 2- 2Pa'(l,r)/pa'(r) ; i?"^

= 2- 2P 3 "(M,r)/p a "(r)

(5.62)
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We nowexamine bridging chains. Their number isC{P (r)+P (r)}and
they form notonly bridges,butalso trains onboth of theplates,and,if
the chains arelong enough, loopsandtailsaswell.
Following the backbone of each chain, we obtain just half the total
number ofbridges bycounting each entry of layer 1ofachain part thathas
a previous segment in layer M. That chain part, consisting of s segments,
a"
belongs either to the group P (no previous segment in layer 1)orP
(having aprevious bridge).Theother chain part ofr-ssegments iseither
«I

b"

LI

adsorbed onplate 1only (P )orforms another bridge (P ) .Analogouslyto
eq. (5.59)weobtain theaverage number n ofbridges perchain after summationandnormalization:
2\

,
nb

r-1
„
.
,
a
a
P°.(2,s)}{p
+P D (l,r-s)}
_ Ï r_a{P
,„ (2,s)
. ,„b+,„
M - a 1 , , (l,r-s)
. ,_b',
P (r) +P (r)s-M-1
1

(5.63)
The number of loops onthefirst plate, n ',ofbridging chains consists of three contributions. The first bond in such a loop connects two
subchains, each coming from the first plate, of which either i) only the
first subchain is a bridging chain, or ii)only the second subchain isa
bridging chain, oriii)both subchains arebridging chains.Thecorrespondb1
a!
ing

number

of

a

loops

ending

at s is CP (2,s)\ P (l,r-s),

b

C P (2,s)\ P (l,r-s), andCP '(2,s)\j_ P b '(l,r-s), respectively. From
symmetry it follows that the sum of contributions i) and ii)are equal.
Hence,theresultis
X
r—1
nb,,1=-rT
TT.
E Pb'(2,s){2Pa'(l,r-s)+Pb'(l,r-s)} (5.64)
P (r)+P (r)s=M+l
and e q u i v a l e n t l y ,
... 1
*-,
r-1
„
,
n ' X = -r-,
r^
£ P D ( M - l , s ) { 2 P a (M,r-s) + P D (M,r-s)}
P ( r ) + P b ( r ) s=M+l

The number of trains on plate 1, n° » t r , per bridging chain is most
easily found bycounting thenumber oftrain ends.Thisnumber isdetermined

(5>65)
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by thenumber of loops (twotrain ends perloop)andthenumber of bridges
(one train end on each surface per bridge). In addition, each chainend
corresponds to one train end.The number of chain ends with the lastadsorbed segment on plate 1 and belonging to bridging chains is2CP(r).
Since thenumber of train ends is twice thenumber of trains,we findfor
the last number
b',tr
b',1 ,, b ,
n ' =n ' + %n H—r-,

P b (r)
\s'

csfifii
(5.66)

P D (r)+P D(r)
and
b",tr
n

b",l,, b ,
P b (r)
=n
+ \ a +—r-j
,,.
P D (r) +P (r)

,,. ,7.
(5.67)

The number of tails equals thenumber of chain ends minus those which
are adsorbed (seealso eq.5.62). The number of chain ends on plate 1of
bridging chains is2CP (r),of which 2CP (l,r)are adsorbed. Consequently,thenumber oftailsonplate1,n ',perbridging chainis
n

b .t

,P

b

"P

b

- P b d,r)
b
(r) + P ' (r)

(5.68)

- P b ' (M,r)
b
( r ) + P "' ( r )

(5.69)

(r)

and , s i m i l a r l y ,

b'
n \t

,P

V

V

(r)

The average fraction of segments, v, in trains, loops, tails, and
bridges canbefound from
M

v G,S _z $ G,S / Q G

i=l

(5>70)

X

where G (=a', a", b) refers to one of the chain fractions: adsorbed on
plate 1,adsorbed onplate 2,orbridging chains,andS(=tr,1,t,b)denotes either trains, loops, tails, or bridges. For example, the fraction
v a'»1 of segments in loops of chains adsorbed on plate 1 is the ratio
a'1inthese chainsand
between thesumofallvolume fractions <)>?' of loops
theamountofpolymer adsorbed onplate1.
1 between thenumThe average length of such a loop,1 ',isthea'
ratio
a'1 of loops
ber of segments perchain inthese loops,rv ',andthenumber
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«i 1

n o

per chain, n ' . Generally, the length 1">J of a chain part S of the chain
f r a c t i o n G is given by
-|G,S
l = r

v

G,S. G,S
/ n

/c

-,, >
(5.71)

It is also possible to obtain thesize distributions of trains,loops,
tails, and bridges,i.e.,thenumber of chain parts of length s.Forexample, thenumber of tails oflength sperchain adsorbed onplate 1isgiven
by
n a , , t (s)- a , 1 Pf(2,s)Pa'(l,r-s)
P a(r)

(5.72)

whereas thetrain size distribution ofthesame polymer fractionis
. 2^s-1 s
a

n '

,tr

(s)- - M
— Z {pa'(2,t)+Pf(2,t)}{pa'(2,r-s-t)+Pf(2,r-s-t)}
P (r) t=0
(5.73)

For loop and bridge size distributions, the generation of other end
segment probabilities arenecessary. Theprocedures areequivalent to those
given in ref. (22)and the reader is referred to that paper formoredetails. An obvious check for the correctness of these equations is the
GS
GS
(numerical)checkofn ' =En' (s).

5.5 METHODOFCOMPUTATION
The M segmental weighting factors {p.}are obtained by solving numerically asetofM simultaneous equations.Thevalues forP^must bepositive.
It is therefore convenient tousetheunconstrained variables {x}defined
by
X±=InP t

(KKM)

Starting with X^=0 (1<i<M)we solve iteratively the following setof
equations:

(5.74)
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P(l,l)=P i =e 1
P(i,s)=P.<P(i,s-l)>
r
<t>.=C E P(i,s)P(i,r-s+l)/P.
1
s=l

(Ki<M)

(5.27a)

( K K M ; 2<s<r)

(5.29)

(Ki<M)

(5.31)

1

M
where C= <t>*/(rP^r)(fullequilibrium)or C=0t/{rE P(i,r)} (restricted
equilibrium)
$° =p.e

S

-X (ô .+Ô .)-x<2<j>.-l>
1
'X ,X

(Ki<M)

(5.16a)

until <)>.+ <|>.= 1 (or ln(<t> +<)).)= 0). In principle, several standard routines solving f({x.})=0are available. For example, aFortran listing ofa
powerful routine isgiven inref.(49).
An important reduction of computer time is possible by further exploiting the symmetry of the equations. For instance, segment s and segment
r -s+ 1 have the same distribution, so whenever G=G' we may replace
PG(i,s)PG'(i,r-s+l)byPG'(i,s)P G (i,r-s+l),or
r

c

c

r-s

r

E P (i,s)P (i,r-s+l)= 6(r)+ 2 EP (i,r-s+l)
s=l
s=l

(5.75)

where 6(r)= {p (i,^+r/2)} if ris odd and 6(r)=0otherwise. This reduces
thenumber of terms by50%.
In many cases the two surfaces are of the same type,giving a symmetric
segment density profile. Then, many of the variables are mirror images of
each other, for example Pa'(i,s)=P a "(M-i+l,s), Pb'(i,s)=P b "(M-i+l,s),
$. = <t>M_.+1, Pj^= P M-i+l' anc* X i= X M-i+l* T n e n u m l ' e r of simultaneous
equations and thenumber of variables {x.}is thus reduced to M/2.
Results given in the following section are obtained by aspecial program
written inSimula67 using aDEC10computer.

5.6 RESULTS AND DISCUSSION
In this section a typical collection of the results for a hexagonal
lattice (XQ = 6/12) will be shown. Occasionally, data for other lattice

102

types will be mentioned. The effect of molecular weight, adsorption energy,
solvent quality, solution concentration, and adsorbed amount on the interaction free energy will be examined in somedetail.
The adsorbed amount of polymer is a function of molecular weight, adsorption energy, solvent quality, and solution concentration. The same adsorbed amount can be obtained for different combinations of these quantities. The properties of adsorbed layers at constant solution concentration
are qualitatively different from those at constant amount of adsorbed polymer. For instance, at constant solution concentration the root-mean-square
thickness of the adsorbed polymer layer on a single surface is nearly independent of both the adsorption energy and the solvent quality, and proportional to the square root of the molecular weight of the polymer. On the
other hand, at constant adsorbed amount the thickness of the polymer layer
decreases with increasing adsorption energy and decreasing solvent power,
22
and is independent of the chain length
For the two plate problem, the two cases of constant solution concentration and constant amount of polymer represent important extremes. At full
equilibrium, the amount of polymer between the plates adapts itself to a
constant solution concentration, whereas at restricted equilibrium the polymer cannot escape from the gap between the plates and the amount of polymer
is constant. The former situation is relevant for non-adsorbing polymer or,
possibly, when the surfaces are flexible (allowing for lateral compression
or diffusion) as is the case for liquid films and liquid-liquid interfaces.
A constant amount of polymer is more probable when two polymer covered solid
surfaces approach each other. Obviously, in all cases the interaction will
be zero at large distances. Also, in restricted equilibrium the free energy
of the systemwill never be lower than that at full equilibrium. Hence,at a
given plate separation, the free energy of interaction between two surfaces
with a constant amount of polymer between them will be higher than that at
full equilibrium, whenever this amount deviates (positively or negatively)
from its equilibrium value. However, as we will show below, this deviation
is only substantial at small distances. At plate separations corresponding
to the minimum in the interaction free energy in restricted equilibrium, the
interaction is almost identical with that in full equilibrium. Therefore,we
first discuss the equilibrium forces.
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5.6.1 Full equilibrium
When the polymer is in equilibrium with a constant bulk,solution concentration the interaction between the plates is always found to be attractive.
38 equilibrium the
This result supports the analysis of De Gennes . At full
interaction free energy is equal to the difference Ay between the sumof the
two surface free energies y' + y" of the two surfaces at plate separation M
and that at infinite separation (M •*<»). In figure 5.2 the total amount of
polymer between the plates 9 (in equivalent monolayers) and Ay in units of
kT per surface site of one plate) are plotted as a function of the plate
separation M (in units of lattice layers) under various conditions. Unless
indicated otherwise, the parameters are \Q = 0.5, %= 0.5, x s= 1 »

r=

1000,

6

and <|>* =10" .
All interaction curves in figure 5.2 are indeed monotonically decreasing

Figure 5.2. Adsorption and interaction curves at full equilibrium. The top
figures show the total amount of polymer between the plates (in equivalent
monolayers), the bottom figures the free energy of interaction (in units of
kT per surface site), both as a function of the plate separation M (in lattice layers). In each graph the curve for \ Q = 0 . 5 , x= 0.5, X s = 1.
r = 1000, and <|>*= 10

is given together with two curves for which one

parameter has either a lower or a higher value, respectively. The effect of
chain length is shown in a and b, that of the adsorption energy in cand d,
that of the solvent quality in e and f, and the influence of the solution
concentration ingand h.
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with decreasing M, whereas the adsorbed amount of polymer in most cases
passes through a (sometimes weak) maximum and decreases at smaller M until
all the chains are squeezed out.We discuss the origin of the maximum in9
in connection with figure 5.4 below. However, the volume fraction of adsorbed segments (trains,not shown in figure 5.2) is nearly constant up tovery
smallM and even increases slightly going from M = 2 toM = 1.Therefore,it
is unlikely that the last monolayer of polymer will leave the gap. The
ultimate equilibrium situation, having the lowest free energy, will be a
sandwich structure of two plates with one layer of polymer segments in
between, the concentration ofwhich depends mainly on x andx*
In figures 5.2a and 5.2b the effect of the chain length r is shown. The
onset of interaction occurs at a separation comparable to the diameter of a
free coil in solution (=r ) and is determined by the extension of the
22
tails .Consequently, at large distances the free energy of interaction is
more negative for longer chains.When the plates come closer, the tails form
bridges and the segment density distribution becomes of the loop-bridge type
which is,for small separations, independent of r. The free energy of interaction does not become independent of the chain length, since the free energy of the reference state (ifatM +=•)depends on chain length. Because Y(°°)
decreases with increasing r, Ay at small M becomes more negative for short
chains.
The adsorption energy x s affects the adsorbed amount of polymer (and
hence 8, see figure 5.2c), without changing the thickness of the adsorbed
23
polymer layer very much .Consequently, the only effect of %

on tne

inter-

action curves is a small change in magnitude (see figure 5.2d). At x = 5
the

surfaces

are

almost

fully

covered

by

polymer

segments

(^= <t>M-0.995).
In figures 5.2e and 5.2f the effect of the solvent quality is illustrated. In a good solvent (e.g., %= 0) the adsorption is low, resulting in
a relatively short range interaction and the maximum in the adsorbed amount
is either weak or absent. In worse than 0-solvents (x> 0.5) the adsorption
and the range of interaction increase very rapidly with x a n d the adsorption
maximum ismore pronounced.Wewill return to this point below.
A last parameter which may be important is the solution concentration
(figures 5.2g,h). Polymer adsorption isotherms, having a nearly horizontal
pseudo- plateau, are of the high affinity type, implying only aweak dependence of the adsorbed amount on the solution concentration. With increasing
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<j>*the change in the number of train segments is much smaller than that in
loops and tails. Hence, at large plate separations the interaction is
stronger in more concentrated solutions due to more and longer loops and
tails. At smaller plate separations the opposite effect occurs because of a
different reference state: Y( œ )is smaller inmore concentrated solutions.
The main conclusion from figure 5.2 is that at full equilibrium both the
adsorption energy and the solution concentration do not affect the interaction substantially. The range of interaction is mainly determined by the
chain length and the solvent quality.
We now examine in more
detail the forces

in bad

solvents. In figure 5.3 binodal curves,giving the boundary between stable and metastable (bulk.) solutions are
shown

for three different
37
chain lengths . The minimum

10.000
stable

of each curve is the critical
point,

corresponding

to

Xcr - h(1+l//r)
T

cr
above

10"

10"

10

and

(1+ / r ) - 1 .
the

0.4
10"

At any x

critical point,

there is an unstable region

Figure 5.3. Binodals (full curves) for
different chain lengths and the spinodal
for r = 100 (dotted curve). A binodal

between the two critical com-

gives the boundary between stable and

positions of the solution,

metastable regions, whereas a spinodal

given by the spinodal (dotted

indicates the transition between meta-

curve for r= 100), and two

stable and instable regions. Binodal and

metastable regions between the

spinodals touch at their minimum (crit-

spinodal and the binodal. The

ical point). After phase separation, the

chemical potentials of polymer

concentrations of polymer in the two co-

and solvent (eqs.5.18 and

existing phases are given by the bino-

5.19) at the lower binodal

dal, e.g. $„and<)>p.

c o n c e n t r a t i o n ij>a are equal to
those a t the higher binodal c o n c e n t r a t i o n <t>g, i . e .
l

^°( t'^

=

^('l'ß)

-

These two equations

in

!*(*„)
u = |J-(*pa )

two unknowns (<|>a = 1 - <)>° and

(j)g = 1 - <t>g) are i m p l i c i t , but can be solved numerically. The spinodal i s
given by the c o n d i t i o n

ô(i/ô<t> = 0. The free energy of a s o l u t i o n of meta-

and
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stable composion is lower after phase separation in two phases with concentrations <)> and <)>,respectively.
oc
p
For solution concentrations corresponding to the lower stable region
T
* -'a
become thicker when the solution concentration is increased or the solvent

quality is decreased (higher x)* Here, we will examine the region near the
binodal by changing <)>*at constant x> since <)>*is less critical than %•

We

choose r= 100 and x= 0.7, giving binodal concentrations of <t> = 0.0015014
and <t>g=0.37136, respectively. In figure 5.4 the adsorption and interaction
curves are given for several concentrations of polymer in the bulk,solution.
At low concentrations the shapes of the curves are as shown before (compare x= 0.56 in figures 5.2e,f and <)>*= 10
§&= 10

in figures 5.4a,b). At

the amount 9 of polymer between the plates consists almost com-

pletely of bridging (8) and adsorbing (9 a +9 a ) chains, see the dashed
curves in figure 5.4a. The amount of free chains (9 ) is negligible. The
onset of interaction (figure 5.4b) is just at the distance (M= 15) where
bridges start to appear. The increase of bridging chains pushes the concentration of segments midway between the plates beyond the critical volume
fraction of polymer, but the composition between the plates is notunstable,
since the conformational entropy of the chains between the plates is less
than that in the bulk solution. The spinodal and binodal curves given in
figure 5.3 apply only for solutions which are homogeneous over distances of
several molecular diameters. However, the higher concentration midway
between the plates in combination with a high x - v a l u e increases the segmental weighting factors P^ (eq.5.16) in the loop regions of the adsorbed
chains, so that the adsorbed amounts 8

and 9

increase as well. This

effect is smaller at lower solution concentrations,where the bridges appear
at shorter distances.
In good solvents (x= 0) 9

and 9

decrease when bridges appear, but

not always enough to compensate the increase in 9 ,e.g., at low concentrations. Hence, also in good solvents a maximum in the adsorption curves due
tobridging chains may occur (not shown).
At concentrations close to the binodal, a linear part in the adsorption
curve appears with a slope which is equal to thevolume fraction <t>M/7midway
between the plates.This volume fraction is in themetastable region between
the higher spinodal and binodal concentrations, in this case between 0.266
and 0.371. For instance in figure 5.4a, the adsorption for <(>*= 10

in-
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Figure 5.4.Adsorption (a)and
interaction (b)curves at full

».=1/

* = 0.37 _ X /
0.0015X/

^ ^ f aoow -

equilibrium in a bad solvent
for different volume fractions
of polymer in the solution
0.7, v = 1,

<\„= 0.5,

I 0-0001

r = 100).The binodal concentrations are

AA / V .e°

$a = 0.0015014

©

and $0=0.37136, respectively.The curves for ()>*=A and

a37

/ToO,5

<|>*= i))R are essentially identical.

For

/ ^

*. =o;oo2p_jdl«——-

kT

concentrations
. y ) / /0.0001

slightly below <j>aa hysteresis
effect occurs. For $%= 10

,-4

®

the amount of bridging polymer, 9 , and the rest of adsorbing polymer,9 a +9 a ,is
indicated (dashed curves). For
(j>*= 10

the total amount of adsorbed polymer,

+ Qc

(dotted curve); the hatched area corresponds to the amount of nonadsorbed
f
—3
polymer,9 ,at$*= 10 .
creases linearly fromM = 8with a slope 0.36. This increase of 9 is mainly
due to the fraction 9 (indicated by the shaded area infigure 5.4a) ofnonadsorbed polymer which fills up the segment density of loops and tails midway the plates to a nearly constant value of 0.36. The interaction curve is
also linear beyond M = 8 with a slope that is a measure for the energy of
transfer of solvent and polymer from the bulk solution to the space between
the surfaces,where the composition isdifferent.
At large plate separations the overlap of adsorbed polymer layers is too
small to attract much free polymer and 9 may suddenly drop to a lower
level, so that the concentration <t>j4/2becomes equal to $* and the interaction between the plates jumps to zero. Thus, beyond M = 24, there are two
equilibrium states, of which the one with the highest free energy is metastable, and a hysteresis between these states occurs when the interplate
distance is successively increased and decreased. This process isvery similar tocondensation and evaporation inpores.

is shown
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Very close to the binodal concentration, at <|>*= 0.0015, the linear part
of the 9 C curve has a slope of 0.37 (^M/T = 0.37, the upper binodal concentration) and the interaction curve is nearly horizontal. In this case there
is essentially no difference between the two co-existing phases in a biphasic system and the solutions inside and outside the gap, respectively.
Obviously, the distance at which the jump occurs goes to infinity for a
concentration on the binodal, because that concentration would be in full
equilibrium with the higher concentration (also on the binodal)between the
plates. Also, there would be no difference in the chemical potentials and
hence, in the segment density between the plates, if also the solution concentration were at the higher binodal concentration. The only difference
would be a shift in the free energy reference point, y at M -><».Thus, the
adsorption curves for <|)*=0.0015 and <(>*= 0.37 in figure 5.4a coincide,
while the two corresponding interaction curves in figure 5.4b are identical
except for a vertical shift. When <)>* >0.37 and M£ 15 the volume fraction
of polymer midway between the plates is close to <j>*and the interaction free
energy is essentially zero.

5.6.2 Restricted equilibrium

When the polymer is unable to escape from the space between the plates
during the approach of the surfaces (9 = constant), the chemical potential
of the polymer will depend on the interplate distance, i.e., the polymer
would be in equilibrium with a bulk solution of continuously changing composition.Hence, the resulting interaction curve is a complicated cross-over
between many equilibrium curves which, in addition, are to be shifted to the
same reference point. However, it is easy to predict some trends.At large
distances the interaction between the surfaces will be zero, whereas at a
distance M = 9 , i.e., no solvent between the plates, the repulsion becomes
infinite. As stated before, the free energy of interaction of approaching
surfaces will be higher whenever the adsorbed amount deviates from its equilibriumvalue.This is illustrated in figure 5.5.
In figure 5.5b the interaction curves Ay (equilibrium) and AF (constant
d*-) areplotted,using the curve for cj)*= 10

from figure 5.4 forAy.At

large separations the equilibrium adsorption is such that 9 » 4 (see
figure 5.5a), so we used 9*-=4 for the restricted equilibrium curve to
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Figure 5.5.Comparisonbetween
adsorption

and

interaction

curves at full equilibrium
(dashed curves) and those at
constant amount of polymer
between the surfaces (full
curves). The amount of polymer
between the plates at large
separation is the same inboth
cases

(9 =4monolayers),

corresponding to0*=10
\)= 0 , 5 > X.= 0 , 7 > X s= 1 »
r =100.

and

obtain the same reference free energy. Since the full equilibrium curve
shows a maximum in 9*-,there is another point (at M»7) where 9 C is the
same for full and restricted equilibrium. At that point restricted equilibrium gives necessarily the same results as full equilibrium. In figure 5.5b
we see that this point is very close to the position of the free energy
minimum at constant 9 .At all other distances the non-equilibrium curve is
above theequilibriumcurve.
As we have seen in the discussion of figure 5.4,theadsorption ofpolymer from a bulk concentration approaching the binodal has essentially no
limit, since the surface acts as a nucleus for phase separation. Moreover,
under these conditions there is a region of plate separations at which the
free energy of interaction is independent of the plate distance, but nonzero. This applies only when full equilibriumwith aninfinite bulk solution
can be maintained. In reality, the bulk concentration will decrease when
adsorption sets in, limiting the adsorption at a certain level.The shapeof
the interaction curves in restricted equilibrium at other levels than6 e=4
is shown in figure 5.6. In order to reach high adsorbed amounts, the equilibrium bulk concentration at large distances has to approach the binodal.
At a constant amount of polymer between the surfaces, the segment density
midway between the plates must necessarily decreasewith increasing plate
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Figure 5.6. Interaction curves at dif-

linear regions or jumps inthe

ferent (constant) amounts of polymer be-

curves as in full equilibrium.
In practice the conditions

tween the surfaces (compare figure5.5).

\Q =0.5,x= 0.7, xs =1,andr=100.

which probably apply most often are a full equilibrium ad-

sorption at large plate separation and a constant amount of polymer between
the plates during the interaction. In figure 5.7 a series of interaction
curves is given for such a case. The equilibrium concentration for each
curve is the same as that for the corresponding full equilibrium curve in
figure 5.2, i.e., <|>*= 10" 6 except for two graphs with $*= 1 0 ~ 1 0 and
<t>*= 10

in each of the figures 5.7g and 5.7h. As in figure 5.2, the para-

meters are A

0.5,

X=0.5,

and

1000, unless indicated

otherwise.
Nearly all interaction curves in figure 5.7 show a distinct minimum.
This minimum is deeper and is situated at a shorter separation if themolecular weight of the polymer is lower (see figure 5.7b), mainly because of
the lower adsorbed amount (figure 5.7a). At this concentration (1 ppm) in a
0-solvent the minimum occurs at 0.27 /r which is about 60%of the radius of
gyration of a free coil insolution.
As discussed in connection with figure 5.2d, a change of the adsorption
energy %s affects the equilibrium adsorption at large plate separation (compare figures 5.2c and 5.7c) without changing the extension of the adsorbed
layer very much. The result is that the interaction curves given in
figure 5.7d are nearly independent of x s '
In figures 5.7e and 5.7f the effect of the solvent quality is shown. In
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M

Figure 5.7. "Adsorption" and interaction curves at constant amounts of polymer under various conditions. The top figures show the (constant)amount of
polymer between the plates, the bottom figures the free energy of interaction per surface site. In each graph the curve for \Q = 0.5, x= 0*5,
X s = 1, r= 1000, and 6 t= 3.5 is given. As in figure 5.2, the effect of
chain length is shown in a and b, that of the adsorption energy in c and d,
and that of the solvent quality in e and f, whereas curves for different
amounts of polymer are given in g and h. The amount of polymer between the
plates equals the equilibrium adsorption at large surface separation and
$*= 10" ,except for two curves for <j>*= 10

and <|>*= 10 ,respectively,

in graphs g and h. The minimum surface separation occurs at M =9 , i.e.,
when the gap is filled with pure polymer.

athermal solvents (x=0) the amount of polymer between the plates is low
and hence the interaction minimum is deep and occurs at a short separation.
With decreasing solvent quality this minimum shifts to larger distances
while its magnitude decreases.At phase separation conditions (x«"0.59 atr
—ft

= 1000 and <|>*= 10 ) the equilibrium adsorbed amount can increase without
bounds, but the magnitude of the interaction minimum is constant (compare
figure 5.6 forhigh e t ) .

minimum is present up to larger amounts or polymer, wnenx= u.o, very Close
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The adsorbed amount at large interplate distance (where full equilibrium
applies) is a slowly increasing function of the solution concentration.!
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Figure 5.9. Free energy minimum as a
for r= 100and r= 10000virfunction of the total amount of polymer
tually coincide. For x= 0.5
between the surfaces for different solthere is some chain length devent qualities. If the minimum is zero
(e.g., for Qt >1.45 at x=0) there is

pendence

at

high

adsorbed

amounts, mainly because the
only

repulsion

between

the plates.

\Q =0.5, X s - 1. r= 100 (full curves,

critical

% value decreases

with increasing chain length.
for 4 x~values), and r= 10,000 (dashed
curves, for x= 0and0.5).

For instance, for r= 10,000
the attraction minimum will
not disappear whenx> 0.51.

5.6.3 Comparison with results of other theories

Results for the interaction between two adsorbed layers in full equilibrium with a bulk solution are given by Mackor and Van der Waals and Ash
o
and Findenegg . These authors found repulsion for adsorption of asymmetric
dimers and tetramers.For oligomers with every segment of the same type,Ash
and Findenegg found an attractive force between the plates. A quantitative
comparison with this latter result is possible, because their model reduces
to ours for z •*•<°and a previous comparison of the adsorption isotherms
23
showed quantitative agreement .We have recalculated figure 2 of ref. (9)
using our model and found nearly the same shape of the interaction curves,
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both for dlmers and tetramers in different solvents, butwith the freeenergy a factor of two lower. We expect a mistake in their free energy axis,
because a transition from z= 12 to z•»•°°cannot explain such a large difference. Especially for dimers in athermal solvents the same result should
have been found.
We concluded already in section 5.6.1 that the prediction of De Gennes
that in full equilibrium always attraction occurs agreeswith our results.
For restricted equilibrium a quantitative comparison is possible with
the free energy equation of Levine et al.

and with that of Roe . The

latter theory has been developed for adsorption on one plate,but theapplication to two plates is straightforward. Figure 5.10 shows adsorption (top)
and interaction curves (bottom), both for x= 0 (left) and x=0.5 (right).
The adsorption curves (figures 5.10a,c) give also the amount of bridging
polymer. The interaction curves (figures 5.10b,d)are given according to the
theories ofLevine et al. (L),Roe (R),and Scheutjens-Fleer(SF).
As discussed in section 5.3.2,Levine et al. used <J>iinstead of <<t>^>for
the fraction of polymer segments around a site in layer i and used a free
energy

expression

in

- £(ln<(> +X<tl1<<t'.>)occurs

which,

implicitly,

the

osmotic

term

=

twice. For x 0 the osmotic force is always

repulsive (note that - E In<t>.= 9 +£^<t>. + . . . . and 9 is constant).
A comparison of the dotted curve and the full curve in figure 5.10b makes it
possible to split up the total free energy of interaction in the osmotic
term and the free energy due to bridging. The difference between dotted and
o
full curve is just the term - E In $
+ constants.This difference ismuch
larger than the total interaction energy according to the full curve,which
is the sum of the positive osmotic term and the negative bridging term.
Hence, the osmotic repulsion and the attraction due to bridging largely
compensate each other. In this case the (small) difference results in an
interaction curve with a minimum at M »2.We have shown in figure 5.8 that
this minimum disappears at a higher adsorbed amount. The onset of the
osmotic repulsion and the bridging attraction at M »30 in figure 5.10b
corresponds with the appearance of bridges at that plate separation in
figure 5.10a.
The dashed curve in figure 5.10b represents the interaction curve as
predicted by the Roe theory.Due to the neglect of tails in this theory, the
segment density profile is much steeper. The result is that the onset of
bridging occurs ata smaller plate separation than the onset of the osmotic
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-0.03

Figure 5.10. Comparison between interaction curves (bottom figures, b and d)
according to various theories.Full curves correspond to the present theory
(SF), dashed curves to that of Roe (R) and dotted curves to that of Levine
(L). The top figures (a and c) give the total amount of polymer 9 C and in
addition the contribution of bridging polymer 9 as derived from the present
theory. All curves have been calculated by the present authors. In order to
show more clearly the effect of the osmotic term, we have used <<)>•£>instead
of $, inLevine's equations where appropriate. Thus, the SF and L curves are
based on the same segment density profiles. \Q = 0.5, x s= 1 »
C

r=

1000; a

C

and b:x= 0,9 = 1.4; cand d :x= 0.5,9 = 3.

repulsion between the loop layers, giving rise to a free energy barrier. We
have shown in section 5.3.1 that no difference exists between Roe's theory
and ours for M = 1. In figure 5.10b we see that the curves deviate strongly
at M > 1. This difference in AF arises from the fact that the free energy is
very sensitive to small variations in the profile. A consequence is that
also the free energy of the reference state (at large plate separations) is
different. Despite this problem the existence of a minimum in the interac-
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tion free energy in good solvents is fully corroborated, also in Roe's
model.
Figures 5.10c and 5.10d give the results for x ~ 0.5. The adsorption is
much higher and the position of the free energy minimum isshifted to larger
plate separations. For the curve form Levine's equations we have used the
2
more correct form x^..^..^instead of x<K >i'e«>

we

have used the same seg-

ment density profile for the Levine (L) and Scheutjens-Fleer (SF)-curves.
The approximate osmotic term - E(ln 4>.+ Xb* )is always repulsive for
X <0.5, but the more correct form- £(ln <t> + X^^..^)>which is the difference between the dotted curve and the full curve in figure 5.10d (apart
from a constant), gives a strong attractive contribution in the region
between M = 10 and M =30. However, this contribution is compensated by a
bridging term which is in this case repulsive unlike at x= 0" For the
region between M = 5 and M = 10 the (correct) osmotic term is repulsive and
the bridging term strongly attractive. The dashed curve in figure 5.10d
shows that in this case the Roe theory predicts a small minimum without a
free energy barrier. The absence of the barrier is probably related to the
decreasing steepness of thesegment density profilewith increasingxA qualitative comparison with results from the Cahn-De Gennes approach
shows that there are some discrepancies. At constant amount of polymer, De
Gennes

found only repulsive forces in good solvents. Klein en Pincus ,

using the same type of analysis, found attraction in bad solvents when the
segment density between the surfaces is in the instable region given by the
binodal. We find a minimum in the free energy whenever the adsorbed amount
is lower than a critical value, and in bad solvents there is always a free
energy minimum. As discussed before, the model of De Gennes neglects end
effects. However, this cannot be the reason for the discrepancy at low
surface coverage, since for a given adsorbed amount we find the attraction
to be independent of the chain length, showing that end effects are not
dominant in this respect.

5.6.4 Comparisonwith experimental data

Currently, the only suitable experimental data for testing the theory
are those of Klein and c o w o r k e r s 4 1 ' 4 2 , 4 5 ' 4 6 ' 5 0 . Their results show
reversible interaction curves which all exhibit repulsive forces at very
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short plate separation. Hence the amount of polymer between the plates does
probably not change during compression. We will assume a restricted equilibrium. Qualitatively, all data support the results given in figures 5.7 and
5.8, i.e., there is a minimum in the free energy at a distance comparable to
the radius of gyration of a free coil in solution and thisminimum is deeper
for poorer solvents and lower adsorbed amounts. The minimum disappears for
high adsorbed amount in good solvents ' • For a quantitative comparison,
the knowledge of the adsorbed amount of polymer would benecessary. However,
the reported values are rather uncertain and sometimes contradicting. For
instance, in one case the average volume fraction of polystyrene between the
mica surfaces was 25% at a distance of 20 nm and 100% at 12 nm ,i.e., an
increase in adsorbed amount of 140%upon compression by less than a factor
2.These uncertainties make a quantitative comparison,asyet,impossible.
In our analysis of the theoretical data, we found, with varying 9 , a
—2
2
linear relation between A F m l n and M ^ n » such that (AF m i n -A)M m £ n =B,where
A is a positive constant for good solvents, zero for0-solvents and negative
for bad solvents.The value of B does not depend onxandxs> varies slightly with r and nearly proportional to the lattice constant \-,.For X-,= 0.25
(\0= 0.5) B is around -1.8 kT for r= 100 and B =•-1.4 kT for r= 1000.The
advantage of using B is that it is independent of the scaling of a lattice
layer, surface site, or segment lenth. Some experimental data of Klein et
al. indicate a B-value between -20 kT and -50kT,so that posssibly our free
energy minima are one order of magnitude too low. The number of available
experimental interaction curves for various amounts of polymer is too small
for a test on the linearity between A F m i n and M ^ n «

5.7 CONCLUSIONS

On the basis of a previously developed lattice model for polymer adsorption, the interaction free energy between two adsorbed polymer layers is
derived.
At full equilibrium, when the polymer can freely enter and leave the gap
between the surfaces, the interaction is always attractive. The minimum free
energy occurswhen a monolayer of polymer chains instrictly two-dimensional
conformations is sandwiched between the surfaces. A practical consequence
might be that stabilization of liquid films by adsorbing homopolymers is
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impossible.
If the polymer cannot enter or leave the gap during the time of interaction, the interaction force is attractive at large distances and repulsive
at short distances. The attraction is due to bridging of the chains between
the opposing walls. In bad solvents an additional osmotic contribution to
the attraction exists up to very large distances.The minimum free energy is
only slightly above the free energy at full equilibrium at the same plate
separation. The attraction is strong for low adsorbances, i.e., for low
molecular weight polymer or at low concentrations. This effect explains the
bridging flocculation,which isoften observed experimentally.
The interaction is determined by the adsorbed amount, rather thanby the
solution concentration or molecular weight. The range of adsorbed amounts,
inwhich flocculation may occur, decreases with solvent quality.The strongest attraction occurs when the adsorbance on each surface is slightly below
0.5 segments per surface site. However, this strong minimum occurs at a
short distance. For a given system, the minimum free energy is nearly inversely proportional to the square of the distance atwhich itoccurs.
At high adsorbed amount the free energy minimum is absent (except inbad
solvents) and a strong repulsion occurs.However, in order to obtain a high
adsorbed amount, a much higher solution concentration of low molecular
weight polymer is required than for longer chains.Hence, at the same solution concentration, high molecular weight polymer is a much better stabilizer.
Comparison with available experimental data of Klein et al. learns that
all predictions agree qualitatively, whereas quantitatively the position of
the minimum free energy is correct, but its value is possibly one order of
magnitude too low. Nevertheless,we have presented the first prediction that
both bridging attraction and steric stabilization are possible in good solvents aswell.
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6 MACROMOLECULES INVARIOUS INTERFACIAL SYSTEMS

6.1 INTRODUCTION

In the previous chapters the adsorption of homopolymers on a single
surface and the interaction between two adsorbed homopolymer layers have
been examined in some detail.Although adsorption of homopolymers is already
a complex phenomenon, the principles of the theory developed in chapter 2
can be succesfully applied to even more complicated systems.In this chapter
the following examples will be discussed. Full account of the details has
been orwill be givenelsewhere.
a.Adsorption of polydisperse polymer. Most polymers used in practice are
polydisperse. This fact has been ignored in many polymer adsorption
studies. Only recently, the profound effects of the molecular weight
distribution on adsorption phenomena have been realized. In (semi-)dilute
solutions long chains adsorb preferentially over shorter ones. This leads
to apparent irreversibilities, such as adsorption-desorption hysteresis
and sol concentration dependence of the adsorbed amount. The adsorption
behaviour of polydisperse polymer is quite different from that of homodisperse polymer. Results from the first theory for adsorption of polymer
having anarbitrary molecularweight distributionwill be given below.
b.Adsorption of star-branched polymer. Branching is an important chain
variable influencing the properties of polymers and of polymer solutions.
The effect of branches on the adsorption properties of polymers has not
been examined before. The capability of the new theory to account for a
nonlinear structure of the chains makes it possible to compute the adsorption of branched polymer. As an example, the adsorption of starbranched polymer will be compared with that of linear polymer of the same
molecularweight.
c.Adsorption of polyelectrolytes. The adsorption of this important classof
polymers is dominated by electrostatic interactions, even at very high
salt concentrations.A detailed picture inwhich the electrostatic interactions and the configurational properties are combined in a proper way
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isnow emanating.
d.The structure of lipid bilayers. An extension of the theory to account
for adsorption of copolymers will be discussed briefly. A special case of
a copolymer system is a lipid bilayer. The possibility of examining copolymers under phase separation conditions is exploited to study the
association of amphiphatic molecules into bilayer structures. Especially
the distribution of polar head groups across the bilayer and the water
content of the membrane have been neglected in previous theories for
bilayer structures.
e. The amorphous phase of semicrystalline polymer. The mechanical andphysical properties of semicrystalline polymer depend largely on the structure
of the amorphous polymer regions which interconnect lamellae of crystalline polymer. Segment density profiles as a function of strain have been
obtained.
f.Depletion flocculation and restabilization. Non-adsorbing polymer at high
concentrations affect the stability of colloidal systems by osmotic
forces. Using results from the present theory, a better quantitative
prediction of flocculation conditions is gained and a thermodynamic restabilisation mechanism could be proposed.
This list is only a small fraction of the diversity of systems that can be
tackled by the present theory. As will be shown below, the incorporation of
special properties of the system hardly affect the basic equations. The
flexibility and clearness of the model and the detailedness of the results
are comparable with those of Monte Carlo studies,whereas the required computing times are very much shorter.
In order to facilitate the explanation of the changes that are to be
made in the equations for each of the examples listed above, a summary of
the basic equations which have been treated extensively in chapters 2 and 5
will be givenfirst.
The chain conformations are enumerated using a lattice model in which
each walk along a series of r lattice sites corresponds to a particular
spatial arrangement of the polymer chain. The lattice layers parallel to the
surface are numbered i=1,2,...,M. Each step represents a segment-segment
bond and has a probability \± for crossing between adjacent lattice layers
and \Q for moving within the same layer, hence X Q + 2\^- 1. In addition,
for each visit in a layer i, thewalk isweighted by a factor P^^to account
for external fields and mutual interactions between polymer segments.Conse-
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quently, P- is a function of the local concentrations. A conformation is
defined as the order of lattice layers that are visited during thewalk.For
a convenient representation of the equations the notation i(s,c) will be
used for the layer number where segment s of conformation c finds itself.
For each specified conformation i(s,c)is fully known. Then,the probability
P of conformation c is givenby

P =A\ n q \,T
c
0 1

q

-l-

r

n P..
s=1

,
i(s,c)

(6.1)

In this equation, A is a normalization constant that depends on the total
number of chains in the system or on the equilibrium concentration of polymer in the bulk solution, q the number of bonds between segments in the same
layer,andP-jfgc ) theweighting factor of segments being in layer i(s,c).
A conformation c has r.

segments in layer i, hence he volume fraction

of segments in layer iis givenby

<t>,=£r. P
i
i,c c
c

(6.2)

In eq. (6.2) a normalization constant is omitted, since it can be included
in A. The evaluation of the segment density distribution {$A

from the

weighting factors {P-i}via eqs. (6.1)and (6.2)is most conveniently carried
out by using thematrixmethod (see chapters 2and3 ) .
The weighting factor P^,also called the free segment probability, gives
the unnormalized probability of a 'chain' of one segment in layer i. Such a
monomer differs from a solvent molecule by its interactions only and hence,
the preference factor for a monomer over a solvent molecule for a site in i,
Pj/<t>?, is given by the Boltzmann factor exp(-AU./kT) that accounts for the
energy differenceAIL whena solvent molecule ini is replaced by amonomer.
-AU /kT
P i =*°e

(6.3)

Again,any normalization constant is accounted for inA.
The exchange energy comprises contributions from external fields such as
the differential adsorption energy ~X s kT in layer 1 adjoining the surface or
the mutual interactions between segments and solvent. This latter contribution is conveniently expressed in the Flory-Huggins parameter x* T n e

net

interaction energy of a solvent molecule in i surrounded by an average vol-
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urnefraction <$/> of segments isx ^ i ^ kT an(l that of a monomer in a volume
fraction <<t>°> of solvent equals x^i'* kT. Consequently, in the absence of
otherinteractions,
-AU./kT =x Ô. .+x(<<t>.>-<*0>)
l

A

s 1,1

A

1

(6-4)

1

Eqs. (6.1-4) form a set of M simultaneous nonlinear equations in M unknowns <|>J (=1-<|>?) that can be solved numerically. Once the concentration
profile is known, the equilibrium probability of each individual conformation isavailable fromeq. (6.1).

6.2 ADSORPTION OF POLYDISPERSE POLYMER
Most polymer samples used in practice comprise a mixture of polymer
chains having different chain lengths. In chapter 4 itwas pointed out that
from (semi-)dilute solutions long chains adsorb preferentially over shorter
ones and a simple equation was derived for the relative adsorption from
polymer mixtures. In principle, the Roe theory can be used for adsorption
of polydisperse polymer.However, the total number of simultaneous equations
that are to be solved is proportional withM (the number of lattice layers)
and with the number of components present in the polydisperse sample. In
this way, the computational effort increases dramatically with increasing
number of species. Recently, some calculations have been done for a mixture
of eight monodisperse fractions•
The present theory is very suitable for adsorption of polydisperse polymer .Eqs. (6.3)and (6.4) remain valid, because they describe the interactions of a free monomer in a concentration profile.The chain length affects
only eqs.(6.1) and (6.2). In a polymer sample with chain length distribution {v(r)} a fraction v(r) of the chains are r segments long. For each of
these fractions eqs.(6.1)and (6.2) can be applied after a minor modification:
P c (r)=A v(r)X 0 <x / " 1 ^ £
<t>..(r)= 1 r ± c P c (r);
c '

P±(8>c)

4>±-E<t>.(r)
r

(6.1a)
(6.2a)
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With the help of the matrix method, the effort for the evaluation of
{it^} is only slightly larger than that for homodisperse polymer .Hence, a
general theory for adsorption of polydisperse polymer isnow available.
A few results are collected in figures 6.1-4. The degree of polydispersity is expressed as the ratio rw/r ,where r is the weight average and
r n the number average chain length. The polydispersity effects on the adsorption isotherms as predicted earlier on the basis of avery simple model
are fully corroborated.
Surface fractionation is illustrated in figure 6.1. The chain length
distribution of a polymer sample according to a (truncated)Flory distribution before adsorption (full curve, r w /r n= 2.06) is wider than that of the
adsorbate (dashed curve, r w /r n= 1.48) and of the polymer in the solution
(dotted curve, r w /r n = 1.65). The number average chain length r of the
adsorbed polymer is five times as high as that of the nonadsorbed fraction.
The overlap of solution and adsorbate distributions occurs over only half a
decade in chain length. This result agrees with experimental data of Vander
Linden and VanLeemput .

•n

r

w' r n

Figure 6.1. Adsorption fractionation for a polydisperse sample with a Flory
distribution. The weight distributions, rv(r), of the polymer before adsorption

(full curve, M w / M n = 2.06),

in the adsorbate

(dashed

curve,

^ A l n = 1.48), and in the solution (dotted curve,f^/Mjj= 1.65) are given.
In this case 87% of the total amount of polymer is adsorbed.
X= 0.5,x s = 1» V/A = 120lattice layers.

= 0.5,
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With increasing total amount of polymer (orwith decreasing surface area
at constant polymer dosage), a smaller fraction of the total molecular
weight distribution can find a place on the surface.Consequently, theaverage molecular weight on the surface shifts to higher values and since long
molecules adsorb with longer loops and tails, the adsorbed amount increases
as well. This is shown in figure 6.2 where adsorption isotherms are given
for two average chain lengths and different polydispersity ratios of polymer
samples having a Schulz-Flory molecular weight distribution. For nearly
homodisperse polymer (rw/r < 1.01) the adsorbed amount depends only very
weakly on the concentration (high affinity isotherms), but the slope of the
isotherm increases with increasing polydispersity ratio. Experimental observations confirm this prediction. The adsorption isotherm of a fractionated
polymer sample shows a sharp bend between the very steep initial rise and
the nearly horizontal plateau,whereas the adsorption of a polydispers sample increases more gradually with increasing solution concentration•

Figure 6.2. Effect of polydispersity on the shape of the adsorption isotherm. Isotherms with r n = 100 (dashed curves) and r n = 200 are given for
different degrees of polydispersity, rw/r (Schultz-Flory distributions).A
higher degree of polydispersity leads to a more rounded shape of the isotherm and a less horizontal (pseudo-)plateau.
V/A = 5000lattice layers.

X 0 = 0.5, x = 0.5,

Xc

129

i

i

i

i

r= 2 0 0 _ _ _ _
1.5

X =0.5
Xs=1
Xo=0.5

1.0

/mixture

/mixture
/ ^ =50006
/

y

'

A

0.5

r=10

V

1
1000

1
2000

1
3000

i

f*

4000 ppm

Figure 6.3. Adsorption isotherms for a bimodal mixture of short (r= 10)and
long (r= 200)chains,at two V/A ratios.The weight fraction of long chains
in the mixture is 0.25. For comparison, the isotherms for the homodisperse
samples arealso shown. \ Q = 0.5,x= 0.5,x s = !•

In figure 6.3 theoretical isotherms of a bimodal mixture of twohomodisperse polymer samples are given and compared with the isotherms of the unmixed samples. From the binary mixture, the long chains (r= 200) adsorb
preferentially over the short chains (r= 10).This results in a linearly
increasing isotherm section: in this linear region an increasing amount of
long chains displaces the short chains from the surface,until virtually the
entire adsorbate consists of long molecules and the short ones are all in
the solution. A further increase of the concentration does not change the
adsorbate composition and, hence, the adsorption levels off. The concentration of the displaced amount of polymer is proportional to the surface area
to solution volume ratio A/V. Consequently, the slope of the middle region
of the isotherm is proportional to V/A. In this model this ratio is MÔ, the
number of lattice layers times the thickness of a lattice layer.The general
shape of the curves isthe same as found experimentally » » .
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In figure 6.4 adsorption isotherms are compared with a desorption isotherm. The lower adsorption isotherm applies toaV/A of 50006, corresponding toa 1% (w/v)solution ofanadsorbent of20in/gif6* 1nm,andhasa
rounded shape: the adsorption increases with increasing amount of polymer.
At 1200ppm the total amount of polymer,6 ,inthesystem is7.7 equivalent
monolayers, the adsorbed amount, 8, is 1.6 monolayers. Desorption by dilution is simulated by increasing M (=V/A6) while keeping 9 constant. When
V/A =5.106 the low molecular weight polymer in thesolution is diluted by
a factor of 100,but the high molecular weight fraction on the surface is
hardly affected. Hence,thedesorption isotherm of polydisperse polymer does
not coincide with theadsorption isotherm, even ifthesystem isalways in

1
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Figure 6.4.Twoadsorption isotherms and one desorption isotherm forapolydisperse polymer sample with a Schultz-Flory distribution (M^MJJ = 1.36).
Although for each case the system is in full equilibrium, the isotherms do
not coincide because of surface fractionation effects. The adsorption isotherms (arrows pointing to the right) are given for V/A= 5000 lattice
layers (full curve) and V/A=500,000 lattice layers (dashed curve). The
desorption isotherm (arrow pointing to the left) simulates desorption by
dilution and is given for a constant amount of polymer in the system (7.7
equivalent monolayers) with from right to left increasing V/A. \ Q =0.5,
X=0.5,x s =1.
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full equilibrium. The dashed curve shows the increase inadsorptionwhen the
amount of polymer is increased again atV/A = 5.106.
The results show that fractionation effects dominate the adsorption of
polydisperse polymer. A detailed examination of these effects has become
possible by a simple modification of the present theory. Experimentally
observed trends for the adsorption of polydisperse polymer are accurately
predicted by thismodel.

6.3 ADSORPTION OF STAR-BRANCHED POLYMER

Branches in a polymer chain may have various effects on the surface activity
of the polymer. For instance, their frequency and length distribution may
vary from molecule to molecule so that the branches broaden the molecular
weight distribution of the polymer. In addition, the branch points may have
a different affinity for the surface than other monomer units. Finally,
branch points decrease the local flexibility of thechain.
These effects can be eliminated by choosing an ideally flexible starbranched model chain of which all arms are equal in length and the single
branch point has the properties of one segment. A linear chain can be considered as a molecule with two arms. Thus, a first description of the influence of branching on the adsorption behaviour of polymer can be presented by
changing the degree of branching of an adsorbing homodisperse polymer sample,whilekeeping the totalnumber of segments per chainconstant.
The basic equations (6.1-4) need no modification for branched polymer,
but the set of possible conformations depends on the structure of the
q

chain . Since each arm of a star molecule is identical, the segment distribution of only one arm is to be computed (compare the inversion symmetry for
linear chains).
In figure 6.5 the adsorbed amount 9 is given as function of the number
of arms per molecule. The total number of segments per molecule is kept
constant (about 1000 segments). The effect of branching on the surface activity is very low.At x s = 1and $*= 10 ,aweak optimum can be observed
around 6 arms per molecule. The strongest effect can be expected when the
adsorption energy x s

is

J u s t beyond the critical value for adsorption

(X s c •0.29 if Xg = 0.5).Therefore, two curves are given for x s = 0*3

as

well. They show a slight increase of 9 with increasing degree of branching
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Figure 6.5. The adsorbed amount as a function of the number of arms per
chain for a star-branched polymer sample. The total number of segments per
molecule is about 1000. The adsorption energy and the concentration in the
solutionare indicated. X Q =0.5,x= 0.5.

at low concentrations (<|>*= 10 ) and a weak minimum at high concentrations
_3
(<|>*= 10 ) ,respectively.
The influence of branching on the structure of the adsorbed polymer
layer is illustrated in figure 6.6. The segment density distributions of
linear molecules and of chains with 50 arms are plotted on a logarithmic
scale. Clearly, branching hardly affects the segment density at very small
distances from the surface and decreases the segment density at larger distances, so that the overall shape of the molecules becomes more compact
(full curves). This is caused by a decreasing possibility of forming long
loops and tails.As the number of chain ends increases with increasing number of arms, the region over which the segment density of tails (dotted
curves) dominates is larger for branched molecules than for linear chains.
The distribution of loop segments (dashed curves) which is an exponential
function for linear chains, is no longer exponential but decreases more
strongly for branchedmolecules.
Density profiles of branch points (or middle segments) for different
degrees of branching are shown in figure 6.7. For linear chains the density
of middle segments decays gradually with increasing distance from the sur
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Figure 6.6. Segment density profiles for adsorbed linear (2 arms) and star
branched (50 arms) polymer. The total volume fraction (full curves), that
due to loops (dashed curves), and that due to tails (dotted curves) are
plotted on a logarithmic scale as a function of the distance from the surface. \ 0 = 0.5,x=0-5,X s - !» r= 10001,<)>*=10" 6 .

face. With increasing number of arms per chain the average position of the
branch points shifts towards the surface,until virtually allof themare in
the first two lattice layers. A further increase in number of arms causes
the branch points toprefer the second layer.
Obviously, a model chain in which one segment forms flexible joints for
10 or even more chain branches is not very realistic. However, from the
above results it follows that branching in itself does hardly affect the
surface activity of the polymer. Through its influence on, e.g., the degree
of polydispersity a much greater effect can be expected. For instance,
Kawaguchi and Takahashi

found that the amount adsorbed ontometal surfaces
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10 -

«P.

5.10

Figure 6.7. Segment density profiles for branch points of adsorbed star
molecules of 1001 segments. The number of arms per molecule is indicated.
\ 0 =0.5, %= 0.5,x £

1,<(,*= 10"

was twice as high when comb-branched polystyrene was used as compared to the
adsorbance of linear polystyrene of nearly the same average molecular
weight. The establishment of equilibrium was very slow (about two days)and
the isotherms show a rounded shape. These observations strongly suggest
that, contrary to their conclusion, the increase in adsorption isnot due to
branching as such,but is caused by surface fractionation.

6.4 ADSORPTION OFPOLYELECTROLYTE

Despite the widespread use of polyelectrolytes as adsorbates in many
industrial processes, such as in food technology, pharmacy, and paint production, a suitable theory for polyelectrolyte adsorption was lacking until
recently. Since electrostatic interactions extend over large distances, it
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is not easy to assess the shape of the equilibrium segment density profile
of adsorbed polyelectrolyte. Predetermined profiles, such as used by
1112
13
Hesselink >

and Silberberg ,restrict the validity of a theory severely.

In the present theory the segment density profile is found as the result of
the minimization of the free energy of the system and can assume any form.
Hence, after incorporation of electrostatic interactions, a promising approach for adsorption of polyelectrolytes becomes available. Such an ap2

proach has been worked out for strong polyelectrolytes by Van der Schee
extending the model described in the previous chapters. He found that a
similar extension of the Roe theory gives nearly the same results at low
salt concentrations. At higher ionic strength, the predictions of the two
theories diverge, due to the neglect of end effects in the Roe theory which
become more important when the polyelectrolyte charges are screened by the
counterions. A brief description of the theory and some preliminary results
will be presented here. The case of weak charged groups on the polyelectrolyte is included .
The main difference between polyelectrolytes and non-ionic polymer is
the presence of charges on the chains. In principle, the set of conformations is not different, hence eqs. (6.1) and (6.2) are not affected. The
only change to be made is in eq. (6.4), containing the energy difference Au,
between that of a segment and of a solvent molecule in layer i. For a
charged segment with valency z (sign included)and average degree of ionization oc^ (that may vary with increasing distance from the surface), and an
uncharged solvent molecule, eq. (6.4)becomes a function of the localpotentialc^:
-AU./kT =x Ô, ,+x(<<J>.>-<*?» -<x.ze4,,/kT
l
s l,i
l
l
l i

(6.4a)

In eq. (6.4a), e is the elementary charge. For strong polyelectrolytes
aj = 1, whereas for weak polyelectrolytes the degree of ionization is a
function of the local concentration CJ and valency z

of potential-

determining (p.d.)ions and, hence,of the local potential.For example,the
dissociation constant KJ for monovalent segments and one type of monovalent
p.d. ions (usually H or OH - ) isgivenby

K

d =r ^ V c i

(*-*c-±D

(6.5)
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Then,

a.

1+c./K,
l d

l

+ (l-ajc,/c 4

(z=z r

±1)

(6.6)

where a* and c* are the degree of dissociation of segments and the concentration of p.d. ions, respectively, in the bulk solution.For other cases or
higher valencies,eqs. (6.5)and (6.6)may be more complex but their dériva
tion is straightforward. The local concentration of p.d. ions of valency zQ
is related to the local potential by
-zce(<|,.-c|^)/kT

e

V *•

e

(6.7)

Thus, the weighting factors {P^} are now a function of both the concentra
tion profile {$s} and the potential profile {<p.t}, through eqs.(6.3) and
(6.4a-7).
Obviously, a relation between {<\>Aand {§A

is necessary to obtain a

unique relation between {P^} and {<().} such as in the case for uncharged
polymers. To accomplish this for strong polyelectrolytes, Van der Schee has
used a model of parallel charged planes, see figure 6.8. The charges of the
segments within each layer are smeared out over a plane through the centres
of the lattice sites. All other ions are thought as point charges that are

Figure 6.8. Schematic potential profile for a positive surface potential4>n
and an adsorbing positively charged polyelectrolyte.At each plate the plane
charge causes the field strength tochange discontinuously.
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distributed between the fixed planes according to the Poisson-Boltzmann (PB)
distribution. A few modifications of the model have been tested, in which
the plane charges of the segments are replaced by space charges or wherein
the small ions are of finite size. These modifications hardly affect the
results and complicate the calculations significantly.
If the plane charges are only due to the segmental charges, the plane
charge density a- of plate i is proportional to the segment concentration

a. =a.ze<t>./an

(6.8)

where ag is the cross sectional area of a lattice site. Across plate i the
field strength E(x)=ôiKx)/ox in the direction x, perpendicular to the
surface, changes discontinuously by anamount - O J / E :
a.
AE. =£._,_-E. =
l
i+
l-

(6.9)
e

where e is the dielectric permittivity and the notations E . + and E^_ stand
for Limg^QE i+ c and Limc^QE ^ c , respectively.
In the bulk solution the same (artificial) plane charges are used in
order to avoid any irregularities between the surface phase and the solution. Across each plate in the bulk solution, the field strength changes
sign,hence E * + =- E*_ = \ AE*, or

E

*+=-E*_--2F

The calculation of the potential profile for the layers i= 1,2

(6 10

' >
M

involves the following iteration, starting with an initial guess for(Jjw-^*.
Since (|>M-<I>*will be low, the Debije-HUckel (DH) approximation is applicable
for the field strength E M + at the solution side of plate M. Obviously,
E M + = E * +when(|>M=<|j*.Hence,

V *-K ' V M -2F

<6-ll>

The reciprocal Debije length K is given by the ionic strength in the solution:
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2
K 2 = — F 2z. 2 n.(*)
(6.12)
ekT . j j v
J
where z-and n.(*)are the valency and concentration in the bulk solution of
ion type j, respectively, and e is the dielectric constant. The summation
includes the p.d. ions, originating from the polymer, but not the polymer
segments since their presence isaccounted for in {a^}.
The field strength E M _ follows from eqs. (6.6-9). Starting with 4<M-(JJ*
and E M _, numerical integration of thePB-equation
2
ea
^-^f- ^
ox

-z e(<Kx)-^)/kT
Zz n (x)e
j

J

(6.13)

from x =M down to x =M-l gives 4>M_i-<|>*and E M _ ^ + at plate M-l. Here, x is
the dimensionless distance from the surface, expressed as the number of
lattice layers.Repeatedly applying eqs. (6.6-9)and (6.13)gives eventually
4>i-(|**and Ei_ in the first layer.This completes one cycle of the iteration.
At the surface a boundary condition applies. For instance E,_ = - O Q / E ,
if the surface charge density OQ is constant. Alternatively, the potential
at the surface must be equal to a constant potential I\IQ, see figure 6.8. The
iterations are continued with new values for <|H,until this boundary condition is obeyed. The potential profile {i\>A found in this way is substituted
into eq. (6.4a).
The same procedure may be followed for the incorporation of electrostatic interactions in the Roe theory, since the energy terms in eq. (6.4a)
can replace theenergy terms ineq. (29)of Ref.(1).
For strong polyelectrolytes (and polyelectrolytes with a constant degree
of ionization a, independent of the local potential) a number of results
15—18
have been given by Van der Schee et al. »
.At2low
salt concentration
the adsorbed chains lay essentially flat on the surface.The adsorbed amount
increases with increasing salt concentration, up to very high ionic
strength. Comparison with experimental data learns that for well-defined
systems asemi-quantitiativeagreement isfound '

2 15—iQ

.

The dielectric permittivity e depends on the local concentration of
polymer.As a first approximationwe may estimate e in layer iby
e. =e°+ (e P -e°)*.

(6.14)

where e p is the permittivity of pure polymer and e° that of water. Except

139

for the first layer (i= 1),it Is clear that for strong polyelectrolytes
e. » e°, since $^ is very low.The variation of s in the first layer can be
compensated by a small change in the adsorption energy, which gives also a
contribution per adsorbed segment. For weak polyelectrolytes the variation
of e in the first few layers is often significant.
Figures 6.9-11 show some preliminary results

forweak polyelectrolytes

as predicted by the modified Roe theory. It canbe expected that this theory
underestimates the adsorbance at high ionic strength, where the adsorbed
amount is relatively large. The data are calculated for e p /e°= 3/80, so
that e^ is mainly determined by the dielectric permittivity e° and volume
fraction <t>?ofwater.
In figure 6.9 adsorption isotherms are given for polyacids with different intrinsic dissociation constants K.of the segments, adsorbing on an
uncharged surface. The curves for pK=» and pK=-°>correspond to adsorption isotherms for non-ionic polymers and strong polyelectrolytes, respectively. No external acid or base is assumed to be present, so that the pH
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Figure 6.9. Adsorption isotherms of a polyacid adsorbing on an uncharged
surface. The pH depends on the concentration of polyacid (no other acid or
base is present). The intrinsic pK values of the segments are indicated.
\Q = 0.5, x =0.5, x s = 1. r= 500, z=- 1 ,

e P/e°=3/80,

OQ =0, salt concentration: 1M (monovalent).

a Q = 1nm 2 ,
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Figure 6.10. Adsorption of polyacid as a function of pH on an uncharged
surface for different (nonionic) solvent qualities. \ Q = 0.5, x i-s i-n~
0.5, r=500,

dicated,

10-4

-1, pK

,

e P / e °= 3/80,

a n = 1nm ,a n =0, salt
concentration: 1M (monovalent).
J

0

depends on the pK and concentration of the polyacid. A fixed pH would give
nearly horizontal adsorption plateaus,whereas in figure 6.9 the adsorption
increases with increasing concentration due to a decreasing pH and, hence,
decreasing dissociation of the polymer. Especially for a pK around 4 the
isotherm has a very rounded shape in this concentration region. The pH at
equilibrium determines the adsorbed amount at a given pK. Actually, the
adsorption is afunction of the difference between pH and pK.
The adsorption of a polyacid (pK= 4)from a solution inwhich thepH is
externally controlled is given in figure 6.10 as a function of the pH.Below
pH =3 the polymer is virtually uncharged, whereas beyond pH= 5the polymer
behaves like a strong polyelectrolyte. Since the surface is uncharged, the
adsorption at high pH is low due to mutual repulsion between the charged
segments. At low pH the adsorption increases strongly with decreasing
(nonionic) solvent quality (increasing x)ments phase separation occurs at <)>*= 10

For

uncharged chains of 500 seg-

when x >0.545. Polyelectrolyte

solutions are stable in a wider range of x values, because the charges on
the chain lead to an extra repulsion between the segments.From figure 6.10
it follows that for polyelectrolytes under the given conditions at x= 0*7
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Figure 6.11. Adsorption of polyacid as a function of pH for different values
of the surface chargecr(

0.5, x= 0.5, x s = 0.5, r=500,
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z =- 1 , pK= 4, e /e°= 3/80, a Q = 1nm , OQ is indicated, salt concenp

tration: 1M (monovalent).

phase separation occurs below pH= 3.4.At pH» 3.4 the degree of ionization
a*isaround 0.2.
Figure 6.11 gives the adsorption as a function of pH for different values of the surface charge 0 Q . The curve for O Q =0 is the same as that in
figure 6.10. Obviously, the adsorption is only affected at relatively high
pH, i.e., when the polymer is charged. When polymer and surface are oppositely charged, adsorption is favoured and may even pass through a maximum.
At the pH corresponding to the maximum the electrostatic attraction between
surface and polymer is stronger than the mutual repulsion between the polymer charges. For a high degree of ionization (at high pH) the adsorption is
proportional to the surface charge.
We conclude that a clear theoretical picture is emerging for theadsorption behaviour of polyelectrolytes. Experimental tests on well-defined systems and new applications of polyelectrolyte adsorption can now be developed
more systematically. Unfortunately, so far, experimental work in which all
the relevant variables (ionic strength, pH, surface charge, etc.) are completely controlled isvery scarce.

=10"
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6.5 STRUCTURE OF LIPID BILAYERS

The selective permeability of biological membranes for water, ions,
proteins, and other molecules is of vital importance for biological organisms, but the underlying mechanisms are not well understood. Much attention
has been paid on the capability of membrane proteins to act as carriers or
gates across the apolair centre of the lipid bilayer. However, a lipid bilayer is not a semicrystalline phase. Its structure is of a statistical
nature, such as that of micels and lipid monolayers. The apolar centre is
saturated with water and the distribution of other substances in the bilayer
depends on the local interactions between the molecules.On the other hand,
the amphiphatic lipid molecules are free to leave and re-enter the bilayer,
so that a finite equilibrium concentration of lipid molecules in the water
phase is present. For many molecules, the permeability of the membrane depends on the structure of the bilayer. The driving force for the stability
of the membrane is the net repulsion between the apolar lipid tails and
water. The polar head groups form a boundary between the apolar and hydrophilic phases. In a thin bilayer, the number of amphiphatic molecules, and
hence the number of head groups, per unit area is small and a significant
fraction of the apolar lipid tails is still in contact with water. With
increasing bilayer thickness, the boundaries become saturated with head
groups, so that some head groups are forced to enter the apolar phase. The
equilibrium thickness of the bilayer is a compromise between these two unfavourable effects.
Since lipid molecules are simple copolymers, only theories that distinguish between individual conformations and between different types of segments are able to predict equilibrium distributions of tail segments and
head groups in a membrane. In this case none of the previous theories, not
20
even the Roe theory, is applicable. The theory of Ash et al. would be a
candidate if the computational problems for molecules longer than a few
segments could be overcome. However, it is straightforward to adapt
21
eqs. (6.1-4)toobtain a theory for copolymers .
The set of possible conformations does not depend on the types of the
segments within a polymer chain, but the probability P c that a chain is ina
certain conformation c is a function of the local interactions, i.e., of the
weighting factor of each segment.The segmental weighting factors depend now
on both the layer number (i)and the type of segment (x).Hence,for copoly-
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mers eq. (6.1) becomes
p =A \nq \.r
c

lq

0 1

n PX,
g=1

r
,

(6.ib)

i(s,c)

and thevolume fractionofsegments oftypexinlayeriis
<|)X= Zr? P
v
i c i,c c

(6.2b)

If thematrix method is used fortheevaluation of <|>xthere isonematrix
for each type of segment andtheorder inwhich thedifferent matrix-vector
multiplications aretobeperformed isgiven bytheorder inwhich thetypes
of segmentsaredistributed along thechain.
The weighting factors P x follow from thecompetition between a monomer
of typexandasolvent molecule forasiteinlayeri:
-AU xo /kT
P X =<t>° e
i

X

(6.3b)

l

where AU X 0 is the exchange energy, depending on the local composition of
solvent and segments ofanytype around a site inlayer i.The interaction
energy with segments yofa solvent molecule ina layer i surrounded byan
average volume fraction <<t>3[>of these segments y isx^°<<t>f>kT. Similarly,
the interaction energy with other segments yofa segment x inthis volume
fraction <.§%> equals xyX<<l>?>k-T.In order tocover alltypes ofinteraction,
we have tosumover y where y stands forsegments ofanytype or solvent.
Replacing a solvent molecule inlayer ibyamonomer xinamixture ofdifferent volume fractions E<ifj>isaccompanied byanenergy change A U X 0 given
by
-AUX°/kT-x ^

±+

Z(xy°-xyX)<^>
'
y

(6.4b)

In eq.(6.4b) Xs°kT i-s t n e adsorption energy difference between a solvent
molecule anda monomer xandx^ XkT istheenergy changewhenamonomerxis
transferred from pure x towards pure y (or,equivalently, a monomer y from
pure y into pure x:x ^ = X yX )« It isassumed that allmonomers areofthe
same sizeandoccupy onelattice site.Thesummation overy includes solvent
molecules (y=o)andmonomers of type x(y=x ) ,sothat fora binary mixtureeq.(6.4)isrecovered. Obviously, yj^ iszero.
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Figure 6.12. Distribution of head

Figure 6.13. Distribution of tail

groups in a lipid bilayer of agb2

segments of different rank s in a

a

molecules. X Q = 0.5, % ° =X

ab

= 2.5,

lipid bilayer of agb2 molecules.

X b 0 =-0.5,<j>*= 10" 4 .

Only chains with theirhead group at
the right-hand side are counted. The
rank s is counted from the tail end.
Parameters as in figure 6.12.

The set of simultaneous equations (6.1b-4b) comprises per type of segment M
equations andM unknowns<t>^.
For bilayers, a real surface is absent, hence Xo°= ®' Nevertheless it
is necessary to fix spatially the position of the membrane,without affecting its composition, in order to allow the computation of a segment density
profile. This can be done by locating the lattice on themembrane by placing
a reflecting boundary at the centre of the bilayer, i.e., by setting explicitly P ^ =P*, (jiï^=(j>?,etc., so that i is counted upward or downward from
the centre of the membrane. In this way, a shift of the bilayer in a direction perpendicular to the reflecting boundary is transformed intoa thinning
or thickening of the bilayer and thus the equilibrium thickness is attainablewith a fixed position of themembrane.
A typical example of a distribution profile of head groups ina membrane
is given in figure 6.12. In this example, the lipid molecules have a tailof
9 segments (a)and a head group (b) of two segments occupying two adjacent
lattice sites in the same layer (i.e., for the bond between the two head
segments \ Q = 1and \^= 0 ) .The net interaction between a tail segment with
water or head groups is repulsive (x a °= X

=

2.5), whereas that between
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head groups and water is slightly
attractive (x

= -0.5). A volume

concentration <|>*= 10

in the bulk

solution and a hexagonal lattice
were chosen.
The maximum density of head
groups in figure 6.12 is only 25%
and their distribution

is very

broad. A nonzero head group density
is found in the apolair region,
which points to a high transition
Figure 6.14. Distribution of water

(flip-flop) rate of head groups

in a lipid bilayer of aç)b2 mole-

between both sides of themembrane.

cules.Parameters as in figure 6.12.

Figure 6.13 gives distributions
of tail segments of various rank s.

With increasing distance from the head group, the distribution of tail segments becomes wider and shifts towards the centre of the bilayer. Also this
figure indicates the strongly statistical nature of a membrane: the end
segment of theapolar tail (s=1)shows avery broad spatial distribution.
The distribution of water in the membrane is shown in figure 6.14. The
water content of the bilayer is rather high. Therefore, itmight be expected
that transport of water through a membrane, and also of many other polar
molecules, is possible without the need for special gates.This observation
is very relevant for the interpretation of biological processes that depend
on transport through membranes. Further work on the detailed structure of
membranes is inprogress.

6.6 AMORPHOUS PHASE OF SEMICRYSTALLINE POLYMER

A melt crystallized, semicrystalline polymer is believed to consist of
alternating amorphous regions and lamellar crystalline domains. In the crystalline regions the parallel polymer stretches are oriented perpendicular to
the lamellar surfaces. A polymer chain may traverse various crystalline and
amorphous zones.Most of the polymer stems that emerge from the crystalline
phase fold back into the crystal with a sharp fold or tight loop to give
other chain portions in the amorphous region free orientational possibili-
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ties. The portions of a chain in the amorphous phase are either loops
(subchains grafted with both ends in the same lamella), bridges (subchains
grafted in different lamellae), cilia (subchains grafted at one end only),
or part of a floating (unattached) chain. Here, the terms 'loops' and
'bridges' have a meaning that is slightly different from that used in the
previous chapters, where they represent subchains with adsorbed end segments.
The mechanical properties of semicrystalline polymer depend on themolecular structure of the lamellar regions.Most theoretical work has been done
on the crystalline lamellae. The structure of the amorphous region has re22—25
ceived much theoretical attention in the last few years
. However, in
this work the contributions of cilia and floating chains were neglected.
This approximation may be valid when the molecular weight of the polymer is
extremely high, but with decreasing chain length end effects become more
important.
The use of eqs. (6.1-4) for the amorphous phase provides unprecedented
possibilities. Not only the effect of cilia and floating chains,i.e.,molecular weight effects, but also the deformation of the amorphous phase canbe
studied. Although in amorphous polymer the concentration of solvent is
usually zero, these equations need no modification since theuse ofa finite
concentration profile of solvent in eqs.(6.3) and (6.4) has no effect on
the results when this concentration is very low.Only the shape of the solvent profile is important, as it determines the distribution of weighting
factors for the segments. Instead of solvent, it is more appropriate to
consider vacant lattice sites ("holes"). A change of volumeupon deformation
is then accompanied by a change in the number of holes in the amorphous
phase. As long as the volume fraction of polymer is nearly 1, the conformations of the chains are completely determined by entropie factors (volume
filling). However, a significant fraction of solvent or holes gives more
freedom for the segment density distribution, so that the x - P a r a m e t e * '
becomes important.
A simple model for the study of deformation is obtained as follows .
Consider the polymer just before crystallization and assume that instantaneous crystallization of the melt will take place in the layers i<1 and
i >M with no movement of the chains.Since themelt has a constant density,
all arrangements of the chains are equally probable (allP ^ s are the same,
independent of %) and it is easy to calculate the potential numbers and
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length distributions

7 f\

of loops, cilia, bridges, and floating chains in the

melt that occupy the layers 1 to M. For simplicity, these numbers are computed by placing reflecting boundaries between layers 0 and 1 as well as
betweenM andM+ 1.
Thus, during a walk of r steps,each step into layer 0 terminates either
a loop, or a cilium, or a bridge and the walk is continued from layer 1,
starting a new loop, cilium, or bridge. Similarly, each step during thewalk
entering layer M+ 1 terminates a subchain and is continued from layerM. In
this way, the correct distributions are obtained, since in the melt the
number of chains having e.g., segment s in layer 1 and segment s+ 1 in
layer 0, is equal to that having segment s in layer 0 and segment s+ 1 in
layer 1.
A few results are summarized

in

figures 6.15

and

6.16. Figure 6.15 gives the
fraction

of

loops, cilia,

bridges, and floating chains
as a function of the chain
length

when M = 20. Other

values forM givequalitatively the same picture. With
increasing chain length the

3000

number of floating chains de-

floating chains (F), cilia (C), loops

creases and is essentially
2
zero beyond r= 3M • The

(L), and bridges (B) in the amorphous

amorphous phase can accommo-

phase of a semicrystalline polymer as a

date floating chains with a

function of the chain length in the

length proportional to M ,

Figure 6.15. Fraction of segments in

original melt. The thickness of the

since their radius of gyration

amorphous phase is 20 lattice layers.

is proportional to /r. The

\ 0 = 2/3 (cubic lattice).

fraction of cilia has a maxi-

mum at r=M and decays very
2
slowly for long chains (~ M / r ) . The number of loops and bridges increase to
the limiting values predicted by Guttman et al.

» .

Figure 6.16 shows the corresponding segment density profiles for
r = 400. The bridges and floating chains are concentrated in the middle
section of the amorphous phase, the loops are close to thewalls and the

2
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cilia are found mainly between
each interface and the middle
section.
After crystallization, the
numbers

of

loops,

cilia,

bridges, and floating chains
are fixed and given by the
distributions obtained by the
method described above. Their
segment distributions can be
calculated by using absorbing
instead of reflecting bounda-

Figure 6.16. Segment density profiles

ries and normalization with

for floating chains (F), cilia (C),

the given number distribu26
tlons . For instance, for a

loops (L) and bridges (B). \ Q = 2/3,
r =400,M =20.

loop of tsegments starting in
layer 0, a generation of all walks starting in layer 0 and never visiting
layer 0 or M+ 1 during the walk, and ending with step t+ 1 in layer 0,
will give the segment density distribution of these loops after normalization. Obviously, all segment distributions remain the same before and after
crystallization, as long as all the segmental weighting factors do not
change. However, a deformation will affect all segment distributions and
weighting factors intheamorphous phase.
Deformation is simulated by increasing the separation between the walls
while keeping the number distributions constant, except that taut bridges
break randomly into cilia or increase their length by pulling segments out
of the crystalline regions. The increase in volume is filled up either by
floating chains moving from polymer regions under simultaneous compression
or by holes. In the latter case,which we will consider here, the fraction
of holes will increase substantially and hence, the % parameter becomes
important. In principle, this parameter can be estimated from vapour pressure data of oligomers. Since polymers are not volatile, x

is

certainly

greater than 0.5.
Segments density distributions at different stages of deformation are
given in figure 6.17. The initial value of M is 10 and it is assumed that
taut bridges break randomly into cilia. The curves for x = 0 are relevant
when a good solvent may enter the amorphous phase. In this case the segment
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density decreases homogeneously with increasing M, indicating that the polymer is soft and flexible. The curves for x = 1 show what happens when no
solvent or a very poor solvent is present.At high deformations a 'necking'
process takes place so that the segments retract towards the walls: the
amorphous phase breaks up. Clearly, the deformation is energetically controlled, rather than entropically: the x~P a r a m e ter plays a major role.
Hence, an extension of this simple model by incorporation of chain stiffness
will give essentially the same deformation results.
The examples given in this section are only illustrations of the capability of the theory when applied to concentrated systems.It ispossible to
obtain much more detailed information, such as bond directions and distributions of individual segments.
Other systems of bulk polymer with inhomogeneous distributions of segments are block copolymers and blends of immiscible polymers.The absence of
solvent in these systems does not prevent the application of the present
theory, which was developed for adsorption of macromolecules from solution.
In the contrary, the method looks very promising for these systems, since
the theory remains valid for any concentration of macromolecules, including
bulk polymer.
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6.7 DEPLETION FLOCCULATION AND RESTABILIZATION

The presence of nonadsorbing polymer has a destabilizing effect on dispersions. This effect is much weaker than that of adsorbing polymer and has
27
a different origin. In principle, the mechanism is simple .The conformational entropy of a polymer coil in solution decreases as soon as the chain
approaches a solid surface. For adsorbing polymer this entropy loss is
(over)compensated by the attraction between surface and polymer segments,
but for nonadsorbing polymer there is no such compensation. Therefore, the
centres of gravity of nonadsorbing molecules will avoid the surface region.
Consequently, the chains are depleted from the surface,and we may define a
depletion zone where only solvent is present.At low concentrations of polymer the thickness A of the depletion layer is approximately equal to the
radius of gyration R„ of the polymer coils. A more precise definition of A
exc
is given by the ratio-66 /(t>^,
where ô is the length of a segment,
9 e x c the (negative) excess adsorbed
amount, and (j>*the concentration of
the polymer in the bulk solution.
When two depletion zones overlap
each other, the total depletion
volume

is

decreased

(see

figure 6.18).
An equivalent description is

Figure 6.18. Change of depletion

that an amount of solvent, corre-

volume (hatched region) when two

sponding to the overlap volume, is

spheres of radius a and depletion

transferred from a depletion zoneof

thickness A come into close contact.

virtually pure solvent to thebulk
solution of concentration $%. Each solvent molecule contributes a free energy which is equal to the chemical potential u° of the solvent in the solution with respect tto the reference state (pure solvent). This chemical po2
tential is givenby „28

u°/kT =«u(l-l/x)+ ln(l-<tO + x** 2

where x is the volume ratio v^/v0 between polymer chain and solvent molecule. Hence, the osmotic pressure between depletion zone and solution is

(6.15)
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-u°/v°. This osmotic pressure is the origin of an attractive force between
two overlapping depletion zones. In other words, the osmotic pressure of the
homogeneous polymer solution pushes the particles together if these particles are surrounded by adepletion layerwhere only solvent ispresent.
The decrease in depletion volume when two particles of radius a come
into close contact is 2naA (l+2A/3a), so that the depletion free energy of
interaction Afj, due to nonadsorbing polymer, per particle in a floe with
co-ordination number zcan bewritten as

Af = (zna/v°)u°A2(l+2A/3a)

(6.16)

This expression is valid for A/a <,0.5, which is mostly the case.For higher
values of A/a,multiple overlap of depletion volumes may occur and acorrection is necessary.
With increasing polymer concentration, -\i

increases and A de-

creases until in pure bulk polymer
-\i is infinite andA iszero (since
6 e x c becomes zero). For a quantitative prediction of Afj, the effect
of the polymer concentration on the
depletion thickness Amust beknown.
The new theory, developed in this
study, cangive this information for
all conditions. For nonadsorbing
polymer the adsorption energy x s is
smaller than the critical adsorption
energy x sc « If the number of adsorbed segments is very low, the
exact value ofx s is irrelevant,and

Figure 6.19. Depletion thickness A

may be set equal to zero. The pro-

for different chain lengths as a

gram for adsorption between two

function of polymer concentration.

plates
Q exc/

The arrows indicate the concentra-

can be used

to

obtain

7<!>*.
In figure 6.19 thedependence of

tions where the polymer coils in
solution begin tooverlap. \ Q = 0.5,

A on the volume fraction <)>*for a

X = 0.5, the chain length r is

G-solvent is given for different

indicated.
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chain lengths r. At low concentrations A is independent of <J>*and proportional to /r,whereas at high concentrations A decreases to zero at <j>*= 1.
The concentration where A starts to decrease is close to the volume fraction
where the coils in the solution begin to overlap (<!>ov= l//r, indicated by
the arrows infigure 6.19).
Combining the results from
figure 6.19

0

025
I

075

0-5
1

*.

10

i

with eq. (6.16)

gives the attraction energy
-10

function of the

Afj

<l

solution concentration. This
4s s /k =-20

-20

is illustrated in figure 6.20
for r= 100 and r= 1000. At
low solution

concentrations

1

30

-Afj increases linearly with

r=100/ymo

$* and slightly with r. The

-40 -kT

attraction passes through a
maximum at <j>*ra0.6 and decreases again at higher con-

Figure 6.20. Osmotic interaction energy

centrations. The reason for

Afj per particle and the entropy loss

the maximum is the fact that
2
the decrease ofA isK stronger

-AS

per particle, when a particle is

transferred from the dispersion towards

than the increase of -u° when

the floe phase, as a function of the

<))*approaches unity.The exact

concentration of nonadsorbing polymer.

value of AfJ for^ + 1isnot

Flocculation occurs when <(>*< 4>*<$*•
0.5,

reliable, since at very high

v

concentrations

zita/6=500.

the

volume

0

0.5,

is

indicated,

fraction of segments inthe
depletion zone isnot negligible.
The free energy of attraction due to nonadsorbing polymer must be compared with other interactions between the particles in order to predict the
flocculation conditions. One of these is the decrease in entropy AS of the
particles upon flocculation which acts as a repulsion. In the solution the
entropy of the particles is linearly increasing with In <|)J,where <|)J is the
volume fraction of particles in the dispersion. In the floe phase the
entropy is only a function of the floe structure. Inabsence of other interactions, such as the Van der Waals forces, flocculation occurs whenever
AS S T > Af d .
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The horizontal line in figure 6.20 corresponds to AS g /k =-20 and crosses each attraction curve Af d at two concentrations,ij>*and <t>*,respectively. The dispersion is unstable in the range $*<<t>*<$* and stable for
other concentrations. Consequently, not only a critical flocculation concentration <|>*, but also a critical restabilization concentration $1 is predicted by this theory. This latter concentration is extremely high,at least
for hard spheres. For particles with grafted polymer chains ('soft
particles') it has been found experimentally that Q>% exists and is much
lower 2 9 » 3 0 . Calculations for soft particles are, in principle, possible with
the present theory, since incorporation of grafted chains is straightforward.

!

\ S6 1%

Figure 6.21. Critical flocculation
concentrations $* as a function of

-

008 -

the radius of gyration of the
polymer. The experimental values

*;

(points) are for silicas S6 and SB1
and polystyrene in cyclohexane at
006

34.5°C (9-conditions), taken from
ref. (31).The silica concentrations
ASB11%

\

004-

\«

are

indicated.

The

theoretical

curves are obtained by adjusting

SB1 5 % \ \

ASsT/z (»-2 kT).The dashed curve
^Ssr\^_

002

from Rg

gives the theoretical flocculation

~~ ^ s *

concentration when A is replaced by

^^^^h

V

'
20

50nm

A comparison with experimental values of <(>*is possible using data ofDe
Hek and Vrij . In figure 6.21 their results for hard silica spheres and
polysterene in cyclohexane under G-conditions (34.5°C)are indicated by the
points. The theoretical values are shown by full curves.The only adjustable
parameter is the entropy of the particles in the floe, for which a constant
value has been chosen. The dependence of <t>ion the chain length, expressed
by R ,on the particle radius a (21 nm for S6and 46 nm for SB1),and on the
particle concentration (1%or 5%) agrees quantitatively.
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De Hek and Vrij used a theoretical model inwhich Awas set equal toR,
independent of the solution concentration. The dashed curve in figure6.21
shows the prediction for ^ if A is assumed tobe independent of the polymer
concentration: the chain length dependence of <J>* becomes qualitatively
wrong, especially for low molecular weight polymer. Moreover, when A is
constant the increase of -Af. with increasing solution concentration persists at all concentrations. Hence, a restabilization concentration <)>*is
not predicted in this case.For a quantitative prediction of the phase separation conditions, the exact value of A under each condition is essential,
and the new theory canprovide this value.

6.8 CONCLUSIONS

The examples given in this chapter illustrate the flexibility of the new
theory of polymers at interfaces. Results are shown for adsorption of polydisperse polymer, star-branched polymer, and polyelectrolytes. The predictions for the structure of lipid bilayers demonstrate,the capability of the
theory for systems with copolymers or liquid-liquid interfaces. Amorphous
bulk polymer can be treated as well as low concentrations of polymer, and
adsorption as well as depletion. A particular useful feature of the theory
is that it takes into account the chain length (from monomers up to very
long chains), the solvent quality (including mixtures), and the polymer
concentration over thewhole experimental range.

A quantitative comparison between theoretical and experimental results
is only possible in a few cases, due to the lack of experimental data on
well-defined systems. The examples given in this study, and a few
2 15-19 32-35
others '
'
indicate that the agreement is excellent in most cases.
A considerable step forward is a new method for the determination of the
o/: -5-7

segmental adsorption energy X s '
the theory in the near future.

which allows for more accurate tests of
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SUMMARY

The aim of this study was the development of a theory for a quantitative
description of the behaviour of macromolecules at interfaces with special
attention to steric stabilization and flocculation of colloids. This has
been accomplished by extending the Flory-Huggins theory for homogeneous
polymer solutions towards inhomogeneous systems in which also the presence
of a surface isaccounted for.
In chapter 1 the general background of this study is given. The importance of polymer adsorption for technological applications is shown by several examples and the need for a statistical approach is emphasized. The
structure of polymers and their properties, both in solution and at interfaces, are discussed from a theoretical point of view and the limits of
applicability of the most important models are pointed out. Thereafter, a
short introduction to the basic concepts of the new theory is given and the
computational difficulties that may occur are summarized.
Chapter 2 gives a full statistical thermodynamical account of the
theory, starting with the derivation of the partition function. A novel
feature is that the partition function is expressed as a function of the
distribution of molecular conformations. By maximizing this partition function with respect to the numbers of chains in each particular conformation,
the equilibrium distribution of conformations is found. In this way a very
detailed picture of the system is obtained. The statistical weight of each
conformation in a concentration profile comprises a multiple product of
segmental weighting factors, one for each segment, accounting for the local
interactions of that segment with its surroundings. The actual calculations
involve the numerical solution of a set of simultaneous nonlinear equations.
Some details of the computational method are described.
A selection of results, including segment density profiles, adsorption
isotherms, and bound fractions, is given and compared with results from
other theories where appropriate. It turns out that the tails, which are
neglected in previous theories, are very important, determining nearly completely the segment density in theouter regions of the adsorbed layer.
In chapter 3 the potentialities of the theory are further elaborated.
The average conformation of adsorbed polymer is examined in some detail. In
the case of isolated chains, the conformation is nearly flat, with essentially all segments in (long)trains and (short) loops.Interacting adsorbed

158

polymers occur already in very dilute solutions. In that case a significant
fraction of segments form long dangling tails. With increasing solution
concentration the length of trains decreases,whereas loops and tails become
longer.For surfaces adjoining pure liquid polymer, the tails represent even
2/3 of the adsorbed amount.The density of segments in loops decreases exponentially with increasing distance from the surface, whereas that of tail
segments shows a maximum and dominates at larger distances. In all solvents
the root-mean-square layer thickness of adsorbed polymer is proportional to
the square root of the chain length.
Comparison of theoretical predictions with experimental data is made in
chapter 4. In a 0-solvent, the adsorption increases linearly with the logarithm of the chain length, whereas in better solvents the chain length dependence isweaker. Semiquantitative agreement between theory and experiment
is found. Also the fraction of adsorbed segments agrees with theoretical
predictions. The correspondence between theoretical data for the r.m.s.
layer thickness, in which the contribution of tails dominates, and experimental observations is another indication for the correctness of the analysis.
Simple equations are derived for the relative adsorption from a solution
of polydisperse polymer.At low concentrations, long chains adsorb preferentially over shorter ones, in agreement with experimental data.At very high
concentrations preferential adsorption of short chains is predicted.
The interaction between two adsorbed polymer layers is examined inchapter 5. As the partition function of the system isknown, the calculation of
the free energy of interaction is straightforward. Similarities and differences with other theories are discussed. When the polymer is free to leave
or enter the gap between the surfaces (full equilibrium) the interaction is
always attractive. This attraction is due to polymer chains that adsorb on
both surfaces simultaneously (bridging). When the polymer is unable to leave
the gap (restricted equilibrium) the force is attractive in (very) dilute
solutions and, except in very poor solvents, repulsive in concentrated systems. These predictions are compared with those of other theories and agree
with experimental data.
Some applications of the theory for other systems are illustrated In
chapter 6.
It is shown that branches in the chain do not drastically affect the
surface activity of the molecules, provided that the molecular weight remains thesame.
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Preferential adsorption from solutions of polydisperse polymer has important practical consequences, since polymer samples are always polydisperse. It is now possible to calculate adsorption properties of polymers
having any molecularweight distribution.
By incorporation of electrostatic terms in the segmental weighting factors, a theory for the adsorption of polyelectrolytes becomes available.At
low ionic strength the charged molecules adsorb in very flat conformations.
Only at very high salt concentrations or when the degree of ionization is
low, polyelectrolytes behave more like neutral polymers. Generally, polyelectrolyte adsorption is similar to adsorption of polymers in very good
solvents.
As an example of copolymers at liquid-liquid interfaces, the structure
of a lipid bilayer is studied. It is shown that a considerable concentration
of water is present in the centre of the bilayer and that the fluctuations
in theposition of,e.g., thehead groups are substantial.
Calculations on the structure of the amorphous phase of semicrystalline
polymer show that polymer systems without solvent can also behandled by the
developed theory. Even some deformation properties of the polymer can be
predicted.
Finally, predictions of the theory can be used for studying thestability of colloids in the presence of non-adsorbing polymer (depletion flocculationandrestabilization).

Generally, the agreement with experimental observations is very good and
it shows that the theory is essentially correct.Due to the lack of reliable
experimental data quantitative comparison is possible in only a few cases.
However, the capability and flexibility of the theory is clearly demonstrated and it is only a matter of time to elaborate the many applications
that are awaiting a closer examination.
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MACROMOLECULEN AAN GRENSVLAKKEN
Een soepele theorie voor moeizame systemen

SAMENVATTING

In dit proefschrift wordt een theoretisch onderzoek beschreven naar het
gedrag van flexibele macromoleculen aan grensvlakken met bijzondere aandacht
voor sterische stabilisatie en vlokking van kolloiden door polymeren.
Kolloiden zijn submicroscopische deeltjes die in een vloeistof zweven en
(synthetische) polymeren zijn het meest bekend in droge vorm onder de verzamelnamen plastic en kunststof. Het resultaat van dit onderzoek is een
theorie voor inhomogene (ongelijkmatige)systemen van polymeren (zoals inde
buurt van grensvlakken). Deze theorie vormt een uitbreiding vanhet roostermodel dat Flory en Huggins in de veertiger jaren hebben ontwikkeld voor
homogene polymeeroplossingen.
Hoofdstuk 1 is een inleiding in de achtergronden van dit onderzoek en
begint met het noemen van enkele belangrijke toepassingen van macromoleculen
(polymeren) aan grensvlakken. Natuurlijke of synthetische polymeren kunnen
schifting of uitzakken vankolloidale systemen tegengaan, zoals invoedingsmiddelen, geneesmiddelen, bestrijdingsmiddelen, cosmetica, verf en inkt,
maar ook bevorderen, zoals dat bijvoorbeeld in de mijnbouw en waterzuivering
wordt toegepast. Adsorptie (hechting aan grensvlakken) van polymeren komt
veelvulding voor in de natuur en is een bekend verschijnsel in de polymeerverwerkende industrie. Verder wordt gebruik gemaakt van polymeeradsorptie
bijde fabricage vanmagneetbanden enautobandenrubber en bijhet gummen.
Dertig jaar geleden was er nog nauwelijks iets bekend over het gedrag
van polymeren aan grensvlakken: alle toepassingen waren min of meer bij
toeval gevonden. Later zijn er theorieën ontwikkeld die verschillende eigenschappen kunnen verklaren, maar om een nauwkeurige voorspelling te kunnen
geven moet precies bekend zijn hoe de polymeermoleculen in een grensvlak
zitten.
Polymeren zijn in de regel lange draadvormige moleculen die zijn opgebouwd uit een aaneenschakeling van 100 tot 10.000kleine eenheden (segmenten
of monomeren). Er bestaat een groot aantal verschillende soorten. Als de
segmenten allemaal gelijk zijn spreken we van homopolymeren. Copolymeren
zijn opgebouwd uit een mengsel van verschillende segmenten, in een volgorde
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die voor elk.molecuul weer anders kan zijn. Verder zijn er vertakte polymeren en soorten die in oplossing electrostatisch geladen zijn (polyelectrolyten). Als alle moleculen even lang zijn spreken we van homodispers polymeer. In de praktijk zijn ze echter meestal van ongelijke lengte: ze zijn
polydispers.Een complete theorie moet met al deze variaties rekening kunnen
houden.
Een opgelost polymeermolecuul gedraagt zich als een zwevend draadvormig
kluwen dat steeds van vorm verandert. Het aantal mogelijke vormen (conformaties) is vrijwel onbeperkt, maar men kan statistisch de gemiddelde grootte
van het kluwen uitrekenen. Deze blijkt o.a. af te hangen van het soort
oplosmiddel. Hoe slechter het oplosmiddel, des te kleiner is het kluwen. In
een z.g. G-oplosmiddel lost het polymeer nog juist in elke concentratie op
en is de gemiddelde diameter van een kluwen evenredig met de wortel uit het
aantal segmenten vanhetmolecuulDe meeste polymeren hechten erg goed aan oppervlakken, vooral doordat
elk molecuul via zijn segmenten vele aanhechtingsplaatsen kan hebben. De
polymeerketen krijgt daarbij de vorm van een liggend kluwen, met in de oplossing zwevende lussen en staarten die worden vastgehouden door tegen het
oppervlak liggende delen van het molecuul, de zogenaamde treinen.Vergeleken
met de situatie voor opgeloste polymeren is het nu veel moeilijker om statistisch de gemiddelde vorm uit te rekenen, want de waarschijnlijkheid van
elke conformatie wordt nu mede beïnvloed door de neiging tot hechting aan
het oppervlak: er is een voorkeur voor conformaties met veel contacten tussen oppervlak en molecuul.Een kluwen probeert zich zoveel mogelijk overhet
oppervlak uit te spreiden,met lange treinen en korte lussen en staarten.De
geadsorbeerde laag polymeer wordt dan erg dun.Met uitzondering van het, in
de praktijk weinig voorkomende,geval van adsorptie uit zeer verdundeoplossingen, wordt het uitspreiden echter tegengewerkt doordat de kluwens elkaar
in de weg zitten. Hoe meer kluwens, des te dikker wordt de geadsorbeerde
laag.De theorie die in dit onderzoek ontwikkeld ishoudt hier rekeningmee.
Hoofdstuk 2 geeft de volledige statistisch-thermodynamische afleiding
van de theorie, vanaf het opstellen van de toestandssom. Een ongewone stap
is dat in de toestandssom alle conformaties van de polymeerketens worden
onderscheiden. Daardoor kan de evenwichtstoestand verkregen worden door het
aantal moleculen in elke afzonderlijke conformatie zodanig te kiezen dat de
toestandssom zo groot mogelijk is. Omdat de evenwichtsverdeling van alle
conformaties zodoende bekend is, ontstaat een gedetailleerd beeld van het
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systeem. Het blijkt dat het aantal moleculen in een gegeven conformatie
evenredig is met een meervoudig produkt van weegfaktoren, één voor elk segment. Zo'n weegfactor brengt de lokale wisselwerkingen van dat segment met
zijn omgeving in rekening.
Een reeks resultaten, zoals concentratieprofielen, adsorptie-isothermen
en gebonden frakties wordt gegeven en waar mogelijk vergeleken met resultaten van andere theorieën. De staarten, die in voorgaande theorieën niet in
rekening gebracht zijn, blijken erg belangrijk te zijn: ze bepalen vrijwel
geheel de segmentdichtheid inhet buitenste deelvan de geadsorbeerde laag.
In hoofdstuk 3worden de mogelijkheden van de theorie verder uitgewerkt.
De gemiddelde conformatie van geadsorbeerde polymeerketens wordt nauwkeurig
onderzocht. Geïsoleerde geadsorbeerde ketens hebben een vlakke conformatie
met vrijwel alle segmenten in (lange) treinen en (korte)lussen.In verdunde
oplossingen zijn de lussen langer, de treinenkorter en zit een aanmerkelijk
deel van de segmenten in lange staarten. In vloeibaar polymeer vertegenwoordigt de staartfractie zelfs 2/3 van de geadsorbeerde hoeveelheid. De segmentdichtheid van de lussen neemt exponentieel af met toenemende afstand tot
het oppervlak, terwijl dat van de staarten een maximum vertoont en op grotere afstand domineert. In alle oplosmiddelen neemt de middelbare laagdikte
evenredig toemet dewortel uit deketenlengte.
In hoofdstuk 4worden theoretische voorspellingen vergeleken met experimentele resultaten. In een 0-oplosmiddel neemt de adsorptie evenredig toe
met de logaritme van de ketenlengte, terwijl in een beter oplosmiddel de
afhankelijkheid van de ketenlengte kleiner is. De overeenstemming tussen
theorie en experiment is semi-kwantitatief. Ook de fractie gebonden segmenten komt overeen met theoretische voorspellingen. De goede overeenkomst
tussen theoretische gegevens over de middelbare laagdikte, waarin de bijdrage van de staarten domineert, met experimentele waarnemingen is een aanwijzing voor de juistheid van deanalyse.
Eenvoudige vergelijkingen worden afgeleid voor de relatieve adsorptie in
een oplossing van polydispers polymeer. In verdunde oplossingen adsorberen
lange ketens preferent boven korte, in overeenstemming met experimentele
gegevens. In zeer hoge concentraties wordt echter voorspeld dat bijvoorkeur
juist kortemoleculen adsorberen.
De wisselwerking tussen twee polymeerlagen wordt onderzocht in hoofdstuk 5. Omdat de toestandssom van het systeem bekend is,is de vrije energie
van interactie gemakkelijk uit te rekenen. Overeenkomsten en verschillen met
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andere theorieën worden aangegeven. De berekeningen geven informatie over
het effect van geadsorbeerd polymeer op de stabiliteit van kolloiden. Als
het polymeer de ruimte tussen de beide oppervlakken vrijkan binnenkomen of
verlaten (volledig evenwicht) dan trekken de lagen elkaar altijd aan. Deze
aantrekking wordt veroorzaakt door polymeerketens die tegelijkertijd op
beide oppervlakken adsorberen (brugvorming). Als het polymeer niet weg kan
(beperkt evenwicht) is er aantrekking in (zeer)verdunde polymeeroplossingen
en, behalve in zeer slechte oplosmiddelen, afstoting in geconcentreerde
systemen. Deze voorspellingen worden vergeleken met die van andere theorieën
enkomen overeenmet experimentele waarnemingen.
Enkele toepassingen van de theorie op andere systemen worden geïllustreerd inhoofdstuk 6.
Er wordt gevonden dat vertakkingen in de keten geen grote invloed hebben
op de oppervlakteactiviteit van de moleculen, mits het molecuulgewicht gelijk blijft.
Preferente adsorptie in oplossingen van polydispers polymeer heeft belangrijke practische consequenties,want polymeer is altijd polydispers.Het
is nu mogelijk de adsorptie-eigenschappen van polymeer met een willekeurige
molecuulgewichtsverdeling te berekenen.
Door het inbouwen van electrostatische termen in de weegfactoren van de
segmenten ontstaat een adsorptietheorie voor polyelectrolyten. Bij lage
ionsterkte adsorberen de geladen moleculen in een erg vlakke conformatie.
Alleen bij zeer hoge zoutconcentraties of als de ionisatiegraad laag is
gedraagt een polyelectrolyt zich als een neutraal polymeer. In het algemeen
lijkt de adsorptie van polyelectrolyt op die van polymeer in goede oplosmiddelen.
Als voorbeeld van copolymeren aan een vloeistof-vloeistof grensvlak
wordt de structuur van een vetzuurdubbellaag bestudeerd. Er wordt aangetoond
dat eenhoge concentratie water in het centrum van de dubbellaag aanwezig is
en dat de fluctuaties in de posities van bijvoorbeeld dekopgroepen erghoog
zijn.
Berekeningen aan de structuur van de amorfe fase van half-kristallijn
polymeer laten zien dat ook polymeersystemen zonder oplosmiddel met de
theorie bestudeerd kunnen worden. Zelfs enkele deformatie-eigenschappen van
het polymeerkunnen voorspeld worden.
Tenslotte wordt aangegeven hoe de voorspellingen van de theorie gebruikt
kunnen worden voor de stabiliteit van kolloiden in aanwezigheid van niet
adsorberend polymeer (depletievlokking en-restabilisatie).
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In het algemeen Is de overeenstemming met experimentele waarnemingen erg
goed. Dit toont aan dat de theorie in wezen correct is.Vanwege het gebrek
aan betrouwbare experimentele gegevens is een kwantitatieve vergelijking
slechts in enkele gevallen mogelijk. De capaciteit en de flexibiliteit van
de theorie zijn echter duidelijk aangetoond en het is slechts een kwestie
van tijd om de vele toepassingsmogelijkheden die op een nadere uitwerking
liggen tewachten,met de huidige theorie aan tepakken.
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NAWOORD
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