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Ce qui nous plait mieux dans toute la nature,
ce n'est pas ce qu'on voit, c'est ce qu'on se figure.
Jaques Delille, L'imaginationIV
Wehave to live with a certain uncertainty.
Karl Popper.
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ABSTRACT
Stein, A., 1991, Spatial Interpolation. Doctoral thesis,
AgriculturalUniversity,Wageningen,TheNetherlands.
The theory and practical application of techniques of
statistical interpolation are studied in this thesis,andnew
developments in multivariate spatial interpolation and the
designofsamplingplansarediscussed.Severalapplicationsto
studiesinsoilsciencearepresented.
Sampling strategies for collecting spatialdata (boththe
number of observations and their location in the region tobe
studied) are discussed. It is shown that nested sampling is
unsuitable ifdata are tobe collected inanarea inorderto
determine the spatial semivariogram, because semivariogram
valuesforonlyafewdistancesareobtained.Furthermore,grid
sampling is preferable to nested sampling ifspatial interpolation is intended.Sequential sampling isadvantegeous ifthe
meanofavariablewithinanareaistobeestimatedandthere
is no spatial correlation. Sequential sampling requires only
about 30% of the number of observations required by standard
samplingschemes.
In this thesis universal kriging and cokriging (that is
kriging and cokriging in the presence of a trend)are formulatedintermsofregressionprocedures.Universalkriging isa
special case of universal cokriging. Multivariate increments
are extensions of univariate increments and of multivariate
stationary variables. Conditions are formulated which permissible polynomial pseudo-covariance and pseudo-crosscovariance functions describing the spatial structure of the
variables (or their increments) and their interaction,
respectively,havetoobey.Thecoefficientsofthesefunctions

havebeen estimatedbyusingtherestrictedmaximum likelihood
(REML)method. A practical application of universal cokriging
isdescribed.
The application of spatial interpolation in soil science
is examined. One of the studies described investigates the
problems of scale and the use of soil survey information on
moisture deficits caused by groundwater extraction in the
Mander areaintheNetherlands.Inanother studytheavailable
water and the infiltration rates on terraces of the Allier
riverintheLimagneareainFranceareinvestigated.Cokriging
becomes more precise as compared to kriging (and there is a
concomitant reduction in costs) ifthepredictand isstrongly
correlated with the covariable. This is particularly true if
the sampling of the covariable is denser than that of the
predictandandthecostsofsamplingofthecovariablearemuch
less than those of sampling thepredictand. Stratification of
the survey area, e.g. by means of soil map delineations
increasestheprecisionofpredictionswhenapplyingcokriging.
An obvious gain inprecision isachieved forhomogeneous soil
units, where the measured values are relatively small, and
there is no spatial structure. Also, the use of cokriging
permitsfewerobservationsascomparedtokriging,ifacertain
predescribed precision of predictions is defined. When
simulation calculation models are used, e.g. toobtainvalues
formoisturedeficits,oneshouldfirstcalculatemodelresults
forevery observationpoint,andtheninterpolate,ratherthan
interpolate the input variables, and then calculate model
results.

Keywords:spatialinterpolation,spatialvariability,kriging,
cokriging,non-stationarity,samplingschemes,soilvariables.
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SYNOPSIS
Introduction
Spatial interpolation is introduced on the basis of the
linear regressionmodelwith dependentobservations.Practical
applications to studies on soils are presented. The
introduction is concluded with an outline of the thesis and
withaselectedbibliographyofrelevantpublications.

I.Samplingschemes.
Chapter 1.1 considers nested sampling for estimating
spatial semivariograms. Proof of the equivalence of the
cumulativesumofvariancecomponentsprovidedbytheclassical
nested ANOVA and semivariogram values for some distances is
given. Nested sampling is compared with other sampling
proceduresonasimulatedrandomfield.
1

In Chapter 1.2 sequential sampling isused to obtain an

estimate of the mean value of the infiltration rate in a
relatively homogeneous river terrace.Startingoriginallywith
32 observations, it appeared to be sufficient to use only 8
observations to obtain a value for infiltration rate with
sufficientprecision.

II.Krigingandcokriging
In Chapter II.1 kriging and cokriging are formulated in
terms of regression procedures. This formulation turns outto
be powerful for understanding the most important equations,
becauseitnolongerrequiresuseofLagrangemultipliers.
11

InChapterII.2theconstraintsthatpseudo-covarianceand
pseudo-cross covariance functions have to obey in order to
yield pseudo-positive-definiteness are formulated. The
universalcokrigingequationsaregivenaswellasformulations
forblock-cokrigingandforcokrigingofagradient.

III.Applicationstostudiesinsoilscience
The financial savingsthatresultwhenobservations onan
expensive land quality (the30-yearaveragedMoistureDeficit)
are used together with observations ona strongly correlated,
relativelycheap,covariable (theMeanHighestWatertable)are
workedoutinChapterIII.l.
Chapter III.2 concentrates on the sampling distance
necessary to achieve a certain prescribed precision of a
predictive map of 'Available Water' in the Limagne area in
France. Two covariables areused: 'depth togravelbanks'and
'stoniness of the surface'. Both are relatively easy to
observe.
Chapter III.3 considers the advantage of using soil
survey information together with spatial interpolation.
Cokriging iscombinedwithanexisting1:10000soilmapofthe
Manderarea (intheNetherlands).
In Chapter III.4 universal cokriging is compared with
other interpolation procedures when applying simulation
calculationmodels formoisturedeficits.As itturnsout,one
should collect the necessary data at every observation point
and then interpolate the simulation model calculations rather
than interpolate model input variables first and then use
simulationmodels.

12

INTRODUCTION
1.Whatisspatialinterpolation?
In many environmental studies observations are collected
in space. One may think of observations on soil such as
available water or the concentration of a pollutant like
cyanide, a meteorological characteristic like daily highest
temperature,or ahydrological characteristic likepiezometric
heads. Usually such data are collected in regions such as a
polluted area, a river terrace, an aquifer or a country, but
sometimes transects are used aswell. There is a commonwish
among surveyors and practical researchers to display the
collecteddatagraphically intheformofamap, inparticular
if spatial variation of the data in the study area may be
expected.Well-knownpictures includetheweathermap indaily
newspapers and three-dimensional perspectives of elevation
data, displaying the peaks and the valleys of mountainous
regions.
Spatial interpolation is concerned with inference from
pointobservations totherepresentation intheformofamap.
Purpose ispredicting thevalueofanenvironmentalcharacteristic at any unobserved location, using a linear combination
of available observations. Educated guessing of a random
variable whichhasnot (yet)beenobserved isdifficult,since
the number ofmeasurements is limited. Theway toproceed in
spatial interpolation studies is to predict values at many
locations,sayatthenodesofafine-meshed grid,followedby
displayingtheresultingvaluesbymeansofgreytones,colours,
isolinesorinathree-dimensionalpresentation.
One of the common properties of environmental data is
13

their spatial dependence:observations closetoeachotherare
more similar to each other than observations separated by a
larger distance. Lack of dependence is a special case. The
range to which this dependence extends may differ for
different variables. For a soilvariable like 'organic carbon
content of the topsoil' this range is likely to be smaller
than for 'clay content of the subsoil'. Not only the predictions themselves domatter,butalso thepredictionerrors:
howcertaincanonebeaboutthepredictions.Quantificationof
theprediction error and itsvariance aremain topics todeal
with.
When predicting, the spatial dependence is to be taken
into account, because the observations close to a prediction
locationarelikely tobemore similartotheunobservedvalue
than observation at a larger distance. Predicting therefore
willdifferforvariableswithdifferentdependencestructures.
Further, the interpolated surface will pass through the
observations. The prediction procedures studied are termed
exactprocedures. Inthisrespect interpolated surfacesdiffer
from smoothly fittedtrendsurfaceswhichonlyapproximatethe
observations.Ifthe functiondescribing thespatialstructure
iscontinuous, theinterpolation surfacewillbecontinuousas
well.
The measurements and their locations in space play an
important role.In the firstplace,they areused toestimate
the dependence structure,and secondly they areused tocarry
out thepredictions.Thisposesrestrictions ontheusefulness
ofanyconfigurationoftheobservationpointsinaregion.The
studyofspatialdataconfigurations isofimportance.
Predicting is a regularly encountered activity in
regression.Onthebasisofafinitenumberofobservationson
14

a dependentvariable andanumberofregressors theparameters
of a model are fitted, with which predictions for future
regressor values arecarriedout.Inspatial interpolationthe
regressors are thecoordinates ofthemeasurement location,or
some simple functions thereof.Becauseofthedependenceamong
the spatial observations, use of ordinary least squares to
estimate the parameters is replacedby general leastsquares.
Obviously aswell, theremayexistarelationbetweenthe
variabletobepredictedandotherspatialcharacteristics.If,
forexample, arainfallmap is tobemadeforacountrywhich
isclosetothesea,therelikelyexistsarelationbetweenthe
amount of precipitation and the distance to the coast.Also,
theamountofwater available forgrassland ormaize islikely
tobe related toboth the relative elevation and thepresence
of gravel at this location. When predicting at unobserved
locations thisinformationshouldbe takenintoaccount.Itis
therefore only natural that the so-called multivariate (that
is: using observations on several characteristics) prediction
procedurescomeintoview.
When research on the topics of this thesis started,some
research was already carried out. Therefore first attention
willbepaidtotheoriginsofspatialinterpolation.

2.Theoriginsofstochasticspatialinterpolation.
The results of spatial interpolation are so closely
linkedwiththestudiesofMatheronandhisco-workers,thatit
seems appropriate tostartthissectionwith oneofMatheron's
statements:

15
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NotethatMatheron,likemanyothersworkingwithobservations that take their values ina two-or three-dimensional
space,uses thetermGeostatistics [forexampleCressie,1989;
Journel and Huijbregts, 1978]. In this thesis this term is
avoided. Itseems inappropriate togive spatial interpolation
procedures anewlabel which might suggest that itisacompletely new scientific discipline, or some modification of
statistics. Existing relationswithstatistical issuessuchas
the general linear model and time series analysis donot
deservethislabel,aswillbeshownbelow.
The history of spatial variability, spatial statistics
andspatialinterpolationusuallystartswiththeworkofKrige
in South African gold mines [Krige, 1951,1966]. Krige used
spatialinterpolationtoestimateminableblockreservesfroma
numberofpoint observations.Becauseofthelargebenefitsto
be expected from such studies, the gold mines served asa
natural basis for spatial interpolation. A publication
[Matern,1960]inarelativelyobscurejournal,which,however,
containedagooddealofimportantandstillvaluableresearch,
16

(...)

was barely noticed. Matheron's publications [Matheron, 1963,
1965]inthesixtiesprovidedabasisoftheory,largelyresting on measure theory and probability theory. After his work
was published in English and American literature [Matheron,
1971, 1973], therewas a large increase inapplications anda
surgeofnewdevelopments.
The first applications of spatial interpolation were in
mining, notably ore grades, especially to estimate in

situ

resources. Later applications concerned amuch broader field,
such as studies in soil [McBratney and Webster, 1983],
hydrology [Delhomme, 1978], atmospheric conditions [Witter,
1984], the design of monitoring networks [Villeneuve et al.,
1979], gene frequencies [Piazza et al., 1981] and even the
growth characteristics of a single fruit tree [Monestiez et
al., 1989]. Journel andHuijbregts [1978]give anoverviewof
manypracticalapplications.
The applications of spatial interpolation procedures in
soil studies were primarily concerned with usually rather
simple soil survey data such as the clay content, which a
trained pedologist estimates by kneading and tasting soil
samples [WebsterandCuanalodelaC.,1975;BoumaandNielsen,
1984]. All these studies assumed that therewasno trend.The
researchers relied largely on semivariograms, but did not
consideritnecessarytotestwhethertheconditionswerevalid
touse semivariograms.However,someresearchersdidrecognize
themerits of statisticalspatial interpolationproceduresfor
using point observations to obtain predictions at unobserved
locations,andtoquantifytheassociateduncertainty, [Burgess
et al., 1981]. In later studies, there was a shift to the
applicationofspatialinterpolationprocedurestophysicaland
chemical data on soil, to land qualities and to simulation
17

model output variables [Webster, 1985]. All of these aremuch
morerelevant todealwith,because theyaremoreexpensiveto
collectandarenotrelatedtolandscapefeaturesandareoften
veryvariable.
In Wageningen, spatial interpolation was taken up
seriously after a visit by the French scientist Delfiner in
1976. This resulted inseveralpublications [Witter,1984;Ten
Berge et al., 1983;Bregt et al., 1987,Corsten,1989]onthe
development, interpretation and application of statistical
interpolation methods. Here it is appropriate to acknowledge
the contributions of Prof. Corsten at the Department of
Mathematics of the Agricultural University, and of Prof.
Burrough (firstattheWinand StaringCentre andafterwardsat
the departmentofSoilScienceandGeology oftheAgricultural
University) to the promotion and acceptance of spatial
interpolationtechniquesinagriculturalresearch.
The availability of sophisticated hardware and software
has enabled spatial interpolation to achieve general acceptance. Nowadays, there exist easy and fastprocedures tostore
spatial observations, investigate their spatial structure,and
produce acomputerizedmapwithasimplepersonalcomputerand
matrixprinter.Thisisenhancedbytheincreasingavailability
of graphical and interfacing facilities such as Geographical
Information Systems, which can be used for spatially interpolating in connection with many different sources of information (for example, digitized soil maps, satellite imagery,
height data and other topographic information [Burrough,
1986]).

18

3.Predictionandregression.

Spatial interpolation iscloselyrelated topredicting in
linear regression theory [Goldberger, 1962; Harville, 1976,
1985; Corsten, 1989]. In this section predictors and their
variances inthecontextofdifferentstagesofgeneralization,
allbased on the linear regressionmodel,willbe formulated.
The convention of underlining random variables, and of
indicating the transpose of a vector with a prime will be
followed. The focus will be on the use of multivariate
characteristics, of which the univariate characteristic is a
specialcase.
In the most simple situation one considers only one
characteristic, while the observations are independent and
there isno trend. Infact,thepredictionproblem isreduced
to estimating the mean value within an area. This model is
relevant instudies,whereoneknowsthatallobservationsare
more or less similar, and the assumption of independence may
readily justifiable.Anexample isgiveninChapter1.2[Stein
et al., 1989b; Finke et al., in press;Wopereis et al., in
prep.].
Spatially correlated observations provide amore complex
situation even in one-dimensional space (transect). One may
surmise a certain relationship with time series analysis.The
interdependence of observations collected in time can be
defined similarly to the interdependence of observations
collected along a spatial transect.Also,predicting afuture
observation in time is similar to predicting a spatial
observationinanunobservedlocation.Thisextendsalsotothe
'prediction' ofpastobservations,orofmissingobservations.
Apart from some analogies, there are important differences.
19

For example, observations in time are directionally ordered,
whereas ona transect they arenot. A fortiori

thisholdsfor

two- or three-dimensional space. This prohibits a straightforward application of auto-regressive or moving average
processes tospatialstudies.Also,intimeseriesoneusually
prefersequallyspacedobservations,whereasinspatialstudies
onemustdealwithanypatternofobservations.Finally,itis
important todealwithmonthly oryearlyperiodicities intime
series,whichareseldomofimportance inspatialstudies.The
proceduresdefinedandusedinthisthesisthereforeapplytoa
more general situation: prediction in a single or multidimensional observation space, where observations may be
collectedaccordingtoanyconfiguration.
Wenowturntoamoregeneralsituationinwhichthereare
observations on p variables.As an example, in a level river
terrace one may consider observations on available water,
depth to gravelbanks,stoniness of the surface,clay content
oftheB-horizonanddepthtomottling.Clearly,p= 5inthis
example.
Considerasastartingpointthelinearmodel,y- Xß +e.
Because each observation is collected in a region, it has
besides the measurement itself, also one, two or three
coordinates,dependingonwhethertheobservationsweremadein
a space of dimension one (transect), two (plane) or three
(volume). The vector y contains the n measurements on the p
characteristics,y — (y_i>•••>Xr>)'iwhere every Xi *-sa vector
containing the n^ observations of the i

characteristic,n=

ni+...+np. Different numbers of observations may be collected
on thesevariablespossibly indifferent locations.Thematrix
X containsvalues ofthecoordinateswhichdescribe thetrend.
Itmaybepartitioned intoblocksX..,where every rowofX..
20

contains the powers and the products of the powers of the
coordinates of the corresponding observation location forthe
i

variableuptothedegree v^ ofitstrendandX..vanishes

fori/ j. Forexample,inplanesampling,when u^ equals2and
the coordinates are given by x^ and X2, thevalues of1,x^,
2
2
X2, ~x.\,X]X2andX2 are included ineveryrowofX...Forthe
distribution of the error vector e we assume for the moment
that E[e] - 0 and Var[e] - C. These assumptions will be
relaxed later. The elements of the matrix C are given by
covariance functions c^(r) for the i

variable and cross-

covariancefunctionsc..(r)
fortheinteractionbetweenthei
lJ
th
and the j variable, all isotropic and depending on the
distance rbetweenobservations.Therelevantquestionis:how
does one optimally predict yg, that is:thevalue ofy.1ina
hitherto unsampled location, using a linear combination of
observationsonpvariables,y_]_

yp,suchthatthevariance

of the prediction error is minimum? If p = 1,prediction is
termed kriging, after its original inventor. If p > 1 it is
termed cokriging. The term 'prediction' is used instead of
'estimation' to indicate thatwe are attempting to guess the
valueofarandomvariable,andnottoestimateaparameter.
Letthelinearpredictortofygbedenotedby
P
t=A'y=EAj/yi.
i=l

(1)

Every vector A^ consists of coefficients (or weights, not
necessarilypositive)fortheobservationsofthei variable,
andA= (A|

A p ) ' . WewillcallA'yanunbiasedpredictorof

yo iff- Ef^'y.-Xol= 0.Inparticular,A'y iscalledthebest
linear unbiased predictor of yg (BLUP) if Var[t - yo] is
minimal among all such linearunbiased predictors.Wewantto
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obtaintheBLUPofyg - xfoß+eg,whereX Qisanalogoustoany
ofthefirstn^rowsofXandCov(e,eo)- CQ.
As is shown in Chapter II.1 we obtain the following
expressions for the predictor and the variance of the
predictionerror [SteinandCorsten,inpress]:
t=x0'£+ c o ' C " 1 ^ ^ )
Var[t-v.0]-c00-c0'C"1c0+xa'Vxa

(2)

where V - (X'C^X)" 1 , £ = VX'C"1^, the Generalized Least
Squares estimator of ß, andx a -X Q-X'C CQ.Thisprocedure
only holds for the situation where the covariance and the
cross-covariance functions are known, or when they can be
estimatedfromtheavailabledata.Estimationofcovarianceand
cross-covariance functions is only permissible when all the
regression coefficients in ß areknown,andwhenthevariances
ofthevariablesarefinite.
In order to avoid these complications onehas introduced
theconceptofmultivariate increments:attentionisrestricted
to vectors y for which E[A'y_] exists only for those A with
A'(X' ;XQ)'-0.Incrementsmustbeused inordertoovercome
the presence of anunknown trend, including a common unknwon
expectation. In the past, semivariograms were used in the
presence of a trend to describe the spatial structure of the
residuals after estimation and subtraction of the trend
[WebsterandBurgess,1980].Thisprocedureisknowntoleadto
completely erroneous results [Matheron, 1971, pag. 196
excercises 1 and 2; Cressie, 1987]. The collection of allA
defined in this way is termed the permitted collection
[Christakos,1984].WedonotassumethatE[y_]exists,northat
Var[y]exists.Wedoassume,however,thatE[A'y]= 0 andthat
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Var[A'y_] = A'GA exists and is positive for the permitted
collection. However, negative values may appear for nonpermitted A.Theelements ofGarenotgivenbycovarianceand
cross-covariance functions,butby pseudo-covariance functions
g.(r) and pseudo-cross covariance functions g..(r). Let go
contain the values of the pseudo-covariance and the pseudocross covariance functions between the observation locations
and the prediction location and g n o = g]_(0), gi(r)being the
pseudo-covariancefunctionforthepredictand.Bydefining
V= (X'G^X)" 1 ,£- VX'G~\ andx a -x 0 -X'G^gQ,oneobtains
the following expressions for the predictor t and the
predictionerrorvarianceVar[t-y.o]:

t=x 0 '£+g6G_1(ï-x2)

(3)
Vx

Var[t-xo]=g00-góG" gO+*a' awhich iscompletely similar to (2).Amore detailedaccountis
giveninChapterII.2 [Steinetal.,inpress].
If onepredicts thevalues atmany locations,say at the
nodesofagridwithafinemesh,thepredictionsmaydisplayed
by means of colours or greytones, they may be delineated by
means ofisolinesortheymaydisplayed ina three-dimensional
perspective,yielding in any form a map of the area. Inthis
respect, cokriging, used as an automatic contouring procedure
may well serve thepurpose of spatial interpolation inexpert
systems.

4.Related interpolationprocedures.
The spatial interpolation procedures described in this
thesisarenottheonlyinterpolationprocedurespossible.This
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section gives a summary of the most common among the latter,
and describe their relation to the spatial interpolation
procedures described in this thesis. A more detailed
presentationisfoundin [Ripley,1981].

1.

Deterministic interpolationprocedures.
i) Lagrange interpolation exactly fits polynomials
through the observations. The degree of the
polynomial is equal to the number of observations
minus 1. Therefore, adding or deleting a single
observationchangesthedegreeofthepolynomial,and
hence also the form of the interpolation surface,
even at locations far away from the location where
thispointisaddedordeleted.Thisisundesirable.
ii) Tesselations: neighbouring

observations

are

connected by means of lines, yielding an
interpolation surface composed of triangles. Every
unobserved location isassigned thevaluedefinedby
thetrianglepertainingtothatlocation.
iii)Thiessen polygons: every unobserved location is
assigned the value of its closest neighbour. This
procedure performs well for ordinal data. For
quantitative data,the resulting stepwisepictureis
usually considered to be unrealistic because most
quantitative properties change gradually. Besides,
outlyingobservationsareoverlystressed.
None of theseproceduressuppliesmeasuresofuncertainty
inunobservedlocations.
2.

Stochastic interpolationprocedures.
i) Inverse distance interpolation, ornearestneighbour
interpolation: observations are assigned weights in
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proportion to a function of the inverse distance
(1/r) between the interpolation location and the
observation locations. Commonly used functions are
1/r or (1/r).Apart from the diffculty ofchoosing
any function, this procedure yields sub-optimal
predictions as compared to kriging, because the
spatial structure ofthevariables isnottakeninto
account.
ii) Trend surface analysis: this procedure is a special
caseoftheprocedurestreatedinthisthesis,butit
is based on the unrealistic assumption that the
observations are uncorrelated. Predictions coincide
with the expected trend, which is estimated under
LeastSquaresconditions.
iii)Splines: the thinplate spline isa special caseof
kriging.As Dubrule pointedout [Dubrule,1983],the
interpolating spline is equivalent tokrigingwitha
trend of degree 1, and a pseudo-covariance function
2
g(r) « |r|log(|r|). By defining a more general
penalty function the formal equivalence between
splines and kriging is given in [Matheron, 1980].
Among multivariate prediction procedures smoothing
spline functions areequivalent toaparticular type
ofcokriging;theconverseisnottrue.
5.Randomfields.

Theprobabilistic background tothestatistical theoryof
spatial interpolation is givenby the theory of random fields
[Matheron,1973;Yaglom,1986].MatheronandYaglom'streatment
of spatial interpolation is largely based on the Gel'fand25

Vilenkin theory of generalized stochastic fields [Gel'fandand
Vilenkin, 1964;Gel'fandandShilov, 1964]. Althoughoneneeds
topics ingeneralized functiontheory,e.g. inordertoderive
the class of permissible pseudo covariance functions, the
theoryisnotneededforastatisticaltreatmentoftheproblem
ofprediction.Asisshowninthisthesis,predictionequations
canbeformulatedusingstandardstatisticalmethods.
Therearesituationsinwhichitisreasonabletosimulate
randomfields [Journel&Huijbregts,1978,pag.493],usingthe
turningbandmethod [MantoglouandWilson, 1982]. Forexample,
toquantifytheinfluenceofspatialvariabilityofsoilsurvey
variables on, say, calculations of nitrate leaching, it is
better to rely on stochastical simulation of the soil survey
variables, with given mean, variance and pseudo-covariance
function, because the resulting pattern agrees more with the
spatial behaviour of the variables than interpolation maps
obtained by kriging and cokriging. These simulated fields do
not yield optimal predictions, and are less smooth than the
kriged maps. Clearly,however, successively generated fields,
all with the same set of parameters, may show apparent
differences, as is illustrated in Chapter 1.1 [Corsten and
Stein,subm.].

6.Practicalapplicationsofspatialinterpolation.
Spatial interpolation procedures have many practical
applications.Tomentionafew,onemaythinkofahydrological
characteristic such as infiltrationdepthorpiezometrichead,
ameteorologicalcharacteristic suchasmeanannualrainfall,a
geological characteristic such as the content of a certain
mineral, but also the regional spread of certain diseases,
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family income and birth rate. This thesis deals solely with
applications insoilscience.
In most developed countries soil mapping is complete or
isnearlycomplete,andthedatacollected forthesemapshave
been stored in national databases. Attention is therefore
shifting towards questions about soil quality. Growing
awareness of ourlivingenvironmenthasstimulatedresearchon
how best touse scarce soils of excellent quality,which are
sometimes affected by pesticides, soil pollution and the
dumping of waste. To be able to make decisions for which
purpose to use the soils,theconsequences of soilmanagement
must be known. Therefore, simulation models are increasingly
being used to study variables like nitrate, phosphate and
pesticide leaching togroundwaterreservoirs.Suchmodelsneed
large amounts ofboth qualitative and quantitative data,some
ofwhich are oftenalready stored innational databases.Both
theoriginalobservationsandthemodelcalculationspertainto
points,but theplannerand themodeler areusually interested
inareassuchasparcels,farms,aquifersorevenlargertracts
of land. Soil studies are traditionally oriented on presentationintheformofamap.Therefore themodel inputparameters and the results calculated by the model have to be
interpolated. Prosecutions for infringements of pollution or
groundwater extraction laws lean heavily on figures on the
effects of pollution and groundwater extraction; also the
quantification of the reliability of model calculations is
important.Operationalproblems suchashowtodefinehowmany
observations areneeded andwhere they shouldbemade sothat
reliable predictions canbemadeatunobserved locationsarea
naturalspin-offofthisresearch.
Soil variables are particularly interesting for applying
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spatial interpolation procedures. Note the importance of
calculating the amount of pollution [Staritskyet al., subm.]
and the costs of preservation of the soils and of estimating
the 'optimaluse'ofscarcesoilofgoodquality,especiallyin
developed countries. Furthermore,soilvariablesmaybehighly
variable,because of the complex structure of the soil,where
soilphysical,chemicalandbiologicalparametersarelikelyto
influence the variables under study. Since soilvariables are
never observed entirely one has to use finite samples. This
distinguishes such observations from, for example, elevation
dataforwhichanarealoverviewcan(atleastinprinciple)be
obtained.
In most studies, soil observations are unique. There is
littlereasontosuspectthatvariablessuchas 'claycontent',
'organic matter content' or 'depth to mottling' will change
verymuchovertherelevantstudyperiod,norwillonebeable
to collect another observation at the same location. In this
regard, studies on soils differ from hydrological studies,
where multiple observations intimemaybeavailable.However,
studies on soil changes, for example under the influence of
acid rain, the greenhouse effect, nitrate and phosphate
infiltration [Stein and Van Breemen, in press;Bouma, 1989],
will require a different approach, maybe supported by the
analysis and use of space-time models [Haslett and Raftery,
1989; RouhaniandWackernagel,1990;LoaderandSwitzer,1989].

7.Outlineofthisthesis
The first part of this thesis isconcerned with sampling
strategiesinsoilstudies.Typicalquestionsinclude:howmany
observations should one take? which are themost appropriate
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locations for sampling? Some authors advocate anested scheme
with multiplicative distances, say lm, 10m, 100m, 1000m,
[Miesch, 1975; Pettitt and McBratney, 1990]. However, nested
samplingcannotberecommendedwhenthespatialstructureisto
be determined,andmustbeavoided ifspatial interpolationis
intended.Usingagridwithfixeddistancesyieldsobservations
which are distributed more evenly over the study area, and
hencesemivariogramvaluesformoredistances;thereforesucha
grid is preferable, as is shown in Chapter 1.1. The use of
sequential sampling to collect observations in a relatively
homogeneousareaisconsideredinChapter1.2.
The second part of this thesis isconcerned withkriging
and cokriging. In Chapter II.1 kriging and cokriging are
formulated in terms of regressionprocedures.InChapter II.2
the constraints that pseudo-covariance and pseudo-cross
covariance functions have to obey in order to yield pseudopositive-definiteness are formulated. The universal cokriging
equationsaregivenaswellasformulationsforblock-cokriging
andforcokrigingofagradient.
The third part of this thesis is concerned with two
applications of spatial interpolation to studies in soil
science. In the Mander study important questions concerning
moisture deficits caused by groundwater extraction were
considered.Thedatasetwascollectedduringashortperiodby
a single soil surveyor from the Winand Staring Centre. The
Limagnestudywaspartofalargerresearchprogramcarriedout
by the Department of Soil Science and Geology of Wageningen
Agricultural University inthelate1980s.Thisthesisfocuses
on the spatial variability of available water and of
infiltrationratesinsharplydelineatedriverterraces.
In Chapter III.l [Stein et al., 1988a]savings resulting
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from considering observations of a highly correlated,
relatively cheap, covariable (the Mean Highest Water table)
with observations of a relatively expensive land quality (the
30-year averaged Moisture Deficit) are quantified. InChapter
III.2 [Stein et al., 1989c] attention is focused on the
sampling distance necessary to achieve a certain prescribed
precision of a predictive map of 'Available Water' in the
LimagneareainFrance.Twocovariables 'depthtogravelbanks'
and 'stoninessofthesurface',whicharebothrelativelyeasy
toobserve,reduced required observationdensityconsiderably.
In Chapter III.3 [Stein et al., 1988b] the advantage and
practicality of using soil survey information is considered.
Useofcokrigingiscombinedwithanexisting1:10,000soilmap
of theMander area. InChapter III.4 [Steinet al., inpress]
universal cokriging is compared with other interpolation and
calculation procedures toobtainvalues formoisturedeficits.
Interpolated mapsmaybeused toobtainpointvalueswhich in
turnareused insuchprocedures.Themainproblem iswhether
to interpolate model input variables first, and then use
simulationmodels,orwhether tocollect thenecessary dataat
every observation point and then interpolate the simulation
modelcalculations.
In every chapter the soil problems that occurhave been
described as clearly as possible. Because each chapter is a
publicationinitself,acertainoverlapisunavoidable.
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ARENESTEDDESIGNSRECOMMENDABLEFORSPATIAL
SEMIVARIOGRAM ESTIMATION?
ABSTRACT
In spatial studies common use is made of nested survey
plans.Byapplyingsuchplans,onetakesobservationsaccording
to a regular sampling scheme,with distances proportional to
eachother.Ithasbeenobservedinthepastthatvariancecomponents provided by the nested sampling plan yield values
similar to thoseobtainedbymeansofsemivariogram estimation
(Miesch, 1975). From this article it turns out that nested
sampling isunsuitablewhenpredictions aretobecarriedout.
Besides,nested samplingcanbarelyberecommended toestimate
parametersofaspatialsemivariogram.
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0.Synopsis
In section 1 attention is focused on stationary spatial
phenomena in two dimensional space, for which the spatial
variogram is to be estimated. In section 2 the layout of a
five-stagenestedsamplingdesignwiththreebranchesperstage
ispresented. Insection3therelationshipbetweensemivariogramsandvariancecomponents ofanesteddesignisshown.The
relationship is independent of the number of stages, or the
degree ofbalance. Insection4 it isshownhowexpectedmean
squaresyield estimators forvariance components,alsoholding
for unbalanced designs. In section 5 two procedures are
outlinedforsemivariogramestimation:onebyusingtheresults
of section 4, and one with mean squared pair differences.
Equivalence between the two procedures for balanced nested
designsisshownintheAppendix.Insection6thesignificance
of contributions to the estimated semivariogram forvaluesat
larger distancesascompared tovaluesatsmallerdistancesis
tested. Theprocedure forbalancednesteddesigns isdifferent
from that for unbalanced nested designs. In a numerical
example, nested sampling is compared with various regular
samplingschemesappliedtoeightsimulatedrandomfields.
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1.Introductoryobjectivesandassumptions
Consider a quantitative spatial phenomenon, e.g. density
ofaplantspecies,ageologicalcharacteristic likecontentof
a mineral, a soil characteristic like clay content, annual
depth of rainfall, local incidence of human, animal or
vegetation disease,heavymetalcontent inapossiblypolluted
area, etc. We suppose that this phenomenon is stationary and
that it has been measured at n locations, each givenby its
coordinates. One major problem concerns estimation of its
covariancestructure,forexampleinordertopredictthevalue
atanother,arbitrarypointwherenosuchmeasurementhasbeen
made, on the basis of those n observations and the
configuration of the n+1points considered, commonly referred
to as Kriging (Goldberger, 1962; Corsten, 1989; Stein and
Corsten,1990).
Let the observations y\_

y natpoints z\, . .,
.z nbethe

realisation ofarandomvectory. Symbolsforrandomvariables
will be underlined, in order to distinguish them from fixed
values.The assumptionofstationarity implies that Xl> ••• >Xn
have common,butunknown expectationjuand that for eachpair
Z£ and Zi the covariance cov(y^,y-j)exists, depending on the
difference vector h=z^-z^, in particular on its length
|h|=r only (isotropy). Let y be written as y= pln + Vu,

h

where u is a standardized random variable (with expectation
vector zero and uncorrelated elements, each with unit variance), (iandVaretheexpectationandthecovariancematrixof
y,respectively,andl n isthen-vector consistingofelements
1 only. The function expressing cov(y^,yj)in the distance r
between z^ and z* is c(r), the covariance function, or the
covariogram. In general c(r) will not be known, and so it
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shouldbeestimated fromobservations;evenifc(r)isassumed
tobelongtoapermissiblefamilyoffunctions,satisfying
n
theconditionofbeingpositivedefinite (i.e.var(2A^y^)i-1
var(A'y)=A'VA>0,foranyy^,anynandallA,andzeroonly
for A=0) the estimation of parameters would still be
necessary (Christakos,1984).
Estimationofc(r)aftersubtractionofanestimateofthe
commonunknownexpectation,followedperhapsbyiterations,may
lead to completely erroneous results (Matheron, 1971,p.196,
excercises 1 and 2; Cressie, 1987, pp. 427-428). Therefore
attention must be restricted tocontrasts,i.e. linearcombinations A'ywith Aorthogonal toln.Previousassumptionswill
be replaced with E(A'y)=0 for ally and all permissible A,
whileE(A'y)2-var(A'y)willbeequaltoA'GA,whereG={g..}
and g., is the pseudocovariance, or generalized covariance,
betweeny^andyj (StarksandFang,1982;Corsten,1989;Stein
et al., submitted); A'GA willbepositive for allpermissible
A, (but will be zero for A=0).This pseudocovariance, or
pseudocovariogram, is again dependent onh•=Z^-ZJ, h affects
g.. only by its length |h|=r (isotropy) and g(r) is the
pseudocovariance function, expressing {g..} in the distancer
betweenz^and ZJ.Note thatG is invariantunderadditionof
any constant a to g(r),since A'(G+alnln)A is equivalent to
A'GA.
The simplest contrast is the difference yi.-yi, with
variance g ^ ^ g +g =2[g(0) -g(r)].Ifg(r)ischosensuch
that g(0)=0, this reduces to -2g(r). Hence ^var(yi-yj)
—^E(y£-yj)^- -g(r), which by definition equals 7(r), the
semivariogram, always satisfying 7(0)= 0 . An example of a
permittedsemivariogram istheso-calledexponentialmodelwith
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parametersAandb,
7(r)=A*(l-exp(-r/b)).

(1)

Inmanystudies,thesemivariogram iscontinuouseverywherebut
may exhibit a discontinuity at the origin,thenugget-effect.
Thisnugget effect of size Cmaybe added to (1),yieldingan
extendedexponentialmodel:

7<r)-C*(l-5(r))+A*(l-exp(-r/b)),

(2)

where5(r)=1forr-0,and5(r)=0elsewhere.
2.Nestedsampling.
Several authors recommend anested samplingprocedurefor
exploring the form of the semivariogram in contrast to all
points of a regular lattice of squares laid out on a twodimensional area of interest, or to simple random sampling
(e.g. Goss and Garrett, 1985; Burrough, 1986;Webster,1985;
Riezebos, 1989; Oliver and Webster, 1985). The value of the
conclusions based on this procedure was questionned by the
authors and by J. Bouma, professor in soil science (pers.
comm.),whichinitiatedthisresearch.
An example of a five stage balanced nested design in a
750m by 750m area may run as follows (Fig. 1):first choose
arbitrarily 3verticesofanequilateraltrianglewithsidesof
375meterswith itscenter inthecenterofthearea,thatis:
with afixedcenter,butwithrandomorientation.Next,choose
atrandom 3newequilateral triangles,eachwith sidesof75m
andwithitscenterinavertexoftheprevioustriangle.Next
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Fig. 1. Lay-out of a completely balanced nested sampling
with 5 levels and 3 branches at every
stage.
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scheme

choose at random 9new equilateral triangles,eachwith sides
of15mandwithitscenterinavertexofthelast3triangles.
Next choose at random 27new equilateral triangles, eachwith
sides of 3m and with its center in a vertex of the last 9
triangles.Next chooseatrandom81newequilateraltriangles,
eachwith sidesof0.6m andwith itscenter inavertexofthe
last 27 triangles.Finally take anobservation ineach ofthe
243verticesorpointsselectedinthelaststage (Table1).
Modifications, for instance by taking one observation in
thecenter of 60from the last 81triangles,andthreeinthe
verticesoftheremaining21triangles,implyingareductionto
123observations,orbyunintentionalfailures,willleadtoan
unbalanced nested set. Of course, one may choose a different
numberofstagesandtwoinsteadofthreeequidistantpointsat
each stage. Remark that in a two-dimensional space it is
impossible to take four equidistant points, in contrast to a
three-dimensionalspace.
The cluster distances are actuallyapproximatedistances,
asthedistancesbetweenanyelementinoneclusterandany

Table 1. Lay-out of a completely balanced 5 stage nested
sampling scheme with 3 vertices per cluster at every
stage.
Stage Level

I
II
III
IV
V

4
3
2
1
0

#Vertices

3
9
27
81
243

Averagedistance
#clusters
betweenobservations
375
75
15
3
0.6

1
3
9
27
81
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element in another cluster are only approximately the same.
Therefore,confoundingbetween different levelsmayarisewhen
successivedistancesinthestagesofthedesignarenot
sufficiently different. Inpractice,ambiguitywillbeavoided
bytakingdistancesproportionallytoeachother,withafactor
of,say,atleast3.

3.Estimationofthesemivariogrambyvariancecomponents
It has been claimed that classical analysis ofvariance
and componentsofvarianceprocedures inanesteddesigncould
be used for estimation of the semivariogram. The only 'proof'
ofthisprocedurewasthedemonstrationatabalancednumerical
example,givenbyMiesch (1975).
We shall now show the procedure and its validity for
unbalanced designs as well. Consider ah stage nested design
with fixeddistancesr^< ..<r namongpairsofobservations,
perhaps proportional to each other with a common factor,
generated according to the procedure of section 2. Let the
observationshavingapproximatelydistancer^formaclass.The
collection of all such classes defines aclassificationA.of
l

the observations. The subscript i decreases as the
classification becomes more refined, in contrast to the
labeling of the stages, which is in reverse order. Let the
numberofelements inanyclassofA.bedenotedbythegeneric
symbol n^; in particular, no is always equal to 1, while
n n=n.ThesetofvectorsinR nwhichareconstantwithineach
class of any classification A^ will be called A^ as well.
Obviously, the space A... is a subspace of A., which, by
settingA.equal toRn,holds for i=0,...,h-l. Note thatA,
isspannedbyln.
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For a classical nested design with independent observations within each stage andwithhomogeneous variances atthe
same stage the covariance matrixV ofywouldbeV-ZU^U^a^,
wherethej
in the j

columnofU^equalsthen-vectorwithelements1
class of A^ and 0 elsewhere. For observations

collected according to thesamplingproceduredescribedabove,
the variance of contrasts will be governed by a
pseudocovariancematrixGoftheform

G

-ShUhUh+(Sh-l-Sh)Uh-lUh-l+---+<Sl-S2)UlUi-glU0Uó' ( 3 )

where g^= g(r±),

i=l,..,h. All g^ may be replaced with

~7- ""-7(^i)•Byaddingtheconstant7,U,U'andonsetting
i-1
Sc
1± -2=a2,
k=0

(4)

(3)isseentobeequivalentto

G ff

° h-i u h-i u h-i + --- + C T o u o u ó'

(5)

thatisexactly thecovariancematrixV foraclassicalnested
design. This shows that unbiased estimation of the variance
components a. as if one is concerned with a classical
multistage sampling procedure can be used for unbiased
estimation of the values 7. of a semivariogram for dependent
observations by summing these estimates according to (4).It
will be shown in section 5 that estimators for 7. arenon1

negative, in contrast to those of the individual components
which have apositive probability tobenegative,except that
for o\.
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It will be noted that the previous demonstration is
independent of thenumber of stages,while the requirement of
balance is irrelevant. Also for unbalanced designs such an
estimationprocedure isjustified,although thecalculationof
expected mean squares, necessary for variance component
estimation,ismorecomplicated.

4.Expectedmeansquares
Turning to relevant expected sums of squares under
condition (5) for balanced as well as unbalanced nested
designs,we define P^ tobe the orthogonal projection on the
orthogonal complement ofA.- inA. (i-0

h-1). Then P j

isthedifferencevectorbetweentheprojectionofy.onA.and
its projection on A..., representing variation between the
classesofA.withinthoseofA.,.
l
l+l
The required expected sum

of

squares

is

E[(Piï)'(Piï)]=E[X'PiX]=tr(PiV),sinceE(Pi2)-0.
h-1
Toevaluatetr(PjV)-Str(PjU.jU4)a2,itisnotedfirst
J
j-1
thatPjUj-0forj>i,sinceeachcolumnofUjdoesnotalter
by projection on A. or A.1.Next, observing that P^may be
written as U.(U!U.
)'1U'. - U.-(U!.U.
.)~lU'. , we find by
iv l \'
l
l+lv l+ll+l' l+l
standardmethodsthat

J

trCPjV) = S t r C P i U ^ n a f
J
j-0
i
- S [a2 S n2 (— j=0 j
J ni
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1

1

)},
ni+1

(6)

where t h e second summation e x t e n d s t o a l l c l a s s e s of A.A.
The

coefficient

k.rt
of
lO

a\

in

tr(Pn-V)

is

1

0

En^(l/n -1/n. - ) , which equals the number of classes ofA.
minusthatofA...,thatisthedimensionofP^R11,thedivisor
forobtainingmeansquaresfromsumsofsquares.
With k..=Sn?(l/n. - 1/n...) for i> j > 0, summation
J
ij
j 'l
l+l
extendingtoallclassesofA.,wehave thefollowingexpected
sumsofsquaresequivalentto(4):

within AX

E(x'Pox)-k QO a2
i

betweenA.withinA.n E(V'PÏY)=Sk..CT?
l

betweenA^

i+l

VJL

B(X'P

x x

'

X )-Ek

(7)
ljj

h-1
aj.
j—0

GatesandShiue (1962)attheonehandandGower (1962)at
the otherhandgaveanalogous results,withoutproof,however.
Theyalsoprovidednumericalexamplesbothwithfourunbalanced
stages.

5.Estimationofsemivariogramvalues
Equating E(y.'Pj_y.)/k.0 to MS^=y'Piy/k.Q, one can solve
the linear equations emerging from (7) to obtain unbiased
estimators a. ofCT.,which by summing according to (4)yield
unbiased estimators of h semivariogram values. After some
algebraic manipulations, one can deduce with the following
successiveoperators
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1

Qo

Po
le
K

Qi

00
1
i-1k. .-k..
P,+ 2 1 '-1 +1 11Qj
k.. x j-O
k..
J
il

(8)

il

that
7 i + 1 =y'Qiy
fori-O

(9)

h-1.From (8)and (9)itfollowsthattheestimates

7.arenon-negative,asstated insection4,Q^beingalinear
combination of orthogonal projections with positive coefficients, due to the inequality k..<k. .n forall i;thisis
ij
i,J+1
basedonthefactthatthesumofsquaresofasetofpositive
numbers issmallerthanthesquareofthesumofthesameset.
With semivariogram values thus estimated onemay either guess
thegraphofthesemivariogramoradjustapermissiblemodels
AsisshownintheAppendixiiappliedtobalanceddesigns
isequivalenttotheintuitiveunbiasedsemivariogramestimator
X±,definedashalf themean of squared differencesamong all
pairs of observations at distance r^. This is in general not
true for unbalanced designs.The latter estimator can alsobe
writtenas

ii= (l/2N1)ï'Diïf

(10)

where N^ is the number of pairs with distance r^ and the
symmetric matrix D^ equals V. 1 U.-.-UIU.+H^, where H^ is a
diagonal
matrixwith {H-jl}1..-n.-n.
6

n.andn.,beingthe
& size

jj l l-l' l

l-l

of the class ofA. andA.1,respectively, containing thej
element.
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th

Both estimators (9)and (10)canbe compared as totheir
variance under theassumptionofnormality (orslightlyweaker
assumptions). It iswell known thatvar(y/Ay.)=2tr(AVAV)for
any

symmetric

A

(cf.

Searle,

1987).

Hence

var(7i)=2tr(Q VQ. V) and v a r ^ ) -(l/2N?)tr(DiVDiV), an
expression which is more tractable than the one found in
(Cressie, 1985). We have established that it depends on the
valuesof7^whether oneestimatorhaslowervariance thanthe
other. We recall, that an UMVU estimator of the variance
components or their combinations only exists for balanced
designs (Lehmann,1983).

6. Testing the significance ofcontributions to the estimated
semivariogram.

Extrapolating the form of the semivariogram from a few
points of itsgraph,onemaypose thequestion ifadditionof
the new variance component estimate ai will lead to a
significantincreaseof7.Asrincreases,itisofinterestto
know if one is close to such an upper bound, the so-called
sill, or not at all; observations at a distance r such that
7(r)isclosetothesillcanbeconsideredasuncorrelated,as
follows from the corresponding covariance function c(r)which
is close to zero at those values ofr. Finding a lowerbound
for the distance at which observations are uncorrelated, the
so-called range, may be useful for carrying out statistical
tests assuming independence of observations.Within therange
morecomplicatedproceduresofinterpolationarenecessary,and
thusthoroughlyaffectthesamplingplan.
Testing a~=0 against a~ > 0 under the assumption of
normalityoftheobservations isstraightforwardwiththeusual
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F-testappliedtotheteststatistic

(ID
p

k

y' i-iy/ i-i,o
withk._ andk...-degreesoffreedom,respectively,provided
the design is balanced. If the design is unbalanced, such a
test isjustified only for i-1; forhigher values ofi,the
test statistic above is not distributed as the F-statistic
under the null hypothesis, deviations becoming larger as the
lack ofbalance increases.Intheabsenceofbalance,however,
it will remain possible to test a~+...+a~ -0, equivalent to
ai:"...-a.

=0, for i=l

h-1 by using y'Piy/k.« over

y'Poy/k-n as a continuation of testing
CT:T
-0, but this
procedurewillnotbehighlyinformative.

7.Numericalcomparisonofdifferentsamplingprocedures
In this numerical excercise one balanced and one
unbalanced nested sampling plan are compared with four other
plans. As no study is available in which they are applied
simultaneously,arandomfield,withexpectationequalto0and
anextended exponential semivariogramwithC»l,A=10andb=125
(see section 1)was generated using the turningbands method
(MantoglouandWilson,1982)towhichanuggeterrorwasadded.
For the one-dimensional realizations along the turning bands
themethodofShinozukaandJan,1972,hasbeenused.Discrete
valueswere generated with a step size of 7malong16turning
bands lines,which areevenly spaced along theunit circle of
anarbitraryorigin.ThenumberofharmonicsMwasputequalto
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Fig. 2.

The eight realizations
of a stochastic
mean
value
0
and
y(r) =
l-8(r)+10*(l-exp(r*0.008)),
r = 0, and 0 elsewhere.

field
with
semivariogram
6(r) = 1
for
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100, themaximum frequencyatwhichthespectrum istruncated,
Q,was setequal to0.32.Wesimulated thisfieldeighttimes,
keepingthevalueforeveryparameterconstant.Visualdisplays
ofthesefieldsaregiveninFig.2,blackcorrespondingtothe
value16,whitetothevalue-16.
Thefollowingplanshavebeenconsidered:
(al)a 5 stage nested design with three branches at each
distance level, as outlined in section 2. The largest
distance

equals

375m, next distances

decrease

proportionally with a factor 1/5, yielding 243
observations;
(a2)a5stagenesteddesignlike (al),modifiedby takingone
observation in the center of 60 from the last 81
triangles, and three in thevertices of the remaining 21
triangles,implyingareductionto123observations;
(b) a15by15pointsgrid,withsquaregridcellsofsize50m
forwhichthelowerleftpointwas randomlychosenwithin
the 50m by 50m south-west corner of the field, yielding
225observations (Fig.3a);
(c) a 14by 14points grid,with square grid cellswithsize
53m for which the lower left point was randomly chosen
within the53mby53msouth-westcorner,extendedwith50
additional observations at distance 0.6m from randomly
chosengridnodes,yielding246observations (Fig.3b);
(d) asetof230randomlylocatedobservations (Fig.3c).
(e) a set of 250 observations on 5 equidistant transects;
transects are 150m apart, observations on each transect
are15mapart (Fig.3d).

Insamplingplans (al),(b),(c),(d)and (e)weaimedat
approximately thesamecosts,positioning225to250
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observations in a region of 750m by 750m. This observation
density is commonpractice for soil investigations atascale
1:10,000, forwhich fourobservationspersquared cmmap sheet
are recommended. Plan (a2) was included to investigate the
effect of passing from a balanced to an unbalanced nested
design.
To estimate the semivariogram parameters for the schemes
(b)-(e)25distanceclassesof15mhavebeenused.Aweighted
least squares regression model was applied to estimate the
parameters of the extended exponential model, with weights
equal to the number of pairs of observations in a distance
class. Estimates for plans (al) and (a2) are based on the
intuitiveestimator y^, whereastheestimators7^,slightly
Table 2. Estimated variance components and semivariogram
for the nested designs (al) and (a2), calculated
the second
realization.
Level
i
0
1
2
3
4

ANOVA
1

1.862
0.183
1.135
4.744
2.864

7i

values
for

differences
Halfmeansauaredpair
av.distance #pairs 7^

1.862
2.045
3.180
7.924
10.788

0.60
3.02
15.10
75.52
377.61

243
729
2187
6561
19683

1.862
2.045
3.180
7.924
10.788

2.589
2.669
3.612
9.166
11.612

0.60
3.01
15.18
75.96
382.49

63
177
579
1669
5015

2.589
2.450
3.642
9.617
11.466

Balanced

0
1
2
3
4

2.589
0.079
0.943
5.554
2.446

Unbalanced

60

Table 3. Estimated parameters of semivariogram,
~y(r) C*(l-8 (r)/)+A*(l-exp(r*b)), S(r) - 1 for r - 0 and 0
elsewhere, with 6 different
sampling schemes for
8 realizations.
Input values are C- 1, A = 10,
b = 125.
Samplingplan

al

a2

b

c

d

e

Realization
1
2
3
4
5
6
7
8

1.46
1.39
0.79
0.84
0.85
1.49
2.90
2.35

0.92
1.26
0
0.74
0.44
1.58
2.43
2.45

0
1.35
0.59
1.63
0.19
0
2.03
2.06

0.49
3.18
1.17
0.69
0.32
0
2.47
0

1
2
3
4
5
6
7
8

4.00
9.43
7.34
4.94
5.94
10.59
61.98
3.79

3.95
10.22
7.51
6.01
5.99
10.87
15.59
6.96

9.80
9.77
9.25
13.63
8.49
9.61
7.53
7.26

9.11
8.88
8.22
14.49
6.88
8.98
7.91
10.40

1
2
3
4
5
6
7
8

23
64
35
21
19
80
2799
220

20
46
23
22
19
139
352
488

64
107
106
158
47
60
100
131

67
166
93
161
43
57
96
80

0
2.54
1.32
0.85
0.36
2.32
0.03
3.57
0
1.51
0
1.19
0.04
0.84
0
3.07
Value forC
8.93
10.36
7.52
42.43
7.09
7.71
10.01
10.26
Value

10.20
8.72
12.13
14.22
7.37
7.86
9.01
5.91
forA

102
51
115
76
102
98
103
137
43
59
42
71
60
57
129
67
Value forb
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different fortheunbalanceddesignmighthave servedthesame
purpose. The latter are presented in Table 2 for the second
realization,whichyieldedasemivariogram closest tothetrue
model.
Comparing the eight realizations we notice apparent
differences between the effects of the sampling plans (Table
3).Estimation of the nugget effect C is relatively safe for
allsamplingplans.EstimationofthesillparameterAexhibits
large differences for the nested plans: for example for plan
(al)values ofA intherangefrom 3.79 to61.98areobtained,
but also the randomplan (d)yields one remarkablehighvalue
of 42.43. Concerning the parameter b,we notice that this is
usually underestimated (in37of the48 cases),which appears
to be irrespective of the sampling plan. The values for the
nestedschemes (al)and (a2),however,showvariation toafar
higherextentthantheschemes (b)-(e).
In order to examine the effect of the sampling plans on
the quality of predictions, the 48 semivariograms inTable 3
were used to obtain best linear predictions in unvisited
locations by means of Kriging. To test the quality of the
predictions, a test set was created, consisting of 100randomlylocatedpointsforwhichvalueswereobtainedbymeansof
thesameturningbandlineswhichwereusedtocreatetheeight
realizations. Because points at a relatively large distance
contribute only little as compared topoints at a relatively
short distance,neighbourhoods of 2,4, 8, 12 and 20points,
respectively,wereused.Boththemeanofthesquarederrorsof
the predictions (MSE) and the mean of the prediction error
variance (MVP) were calculated and averaged for the eight
realizations (Fig. 4). MSE and MVP values do not differ
substantiallyasmaybeexpectedfromtheunbiasednessofthe
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Fig. 4. MSE and MVP values obtained for the six
different
sampling plans as a function of the neighbourhood
averaged over the eight
realizations.

size,
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Table 4. Hierarchical Analysis of Variance for plans (al) and
(a2) at h = 5 levels for the second
realization.
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linear predictor. We observe that nested designs lead to
predictionerrorvarianceswhichareabouttwicethoseobtained
with theotherdesigns.Thus,nesteddesignsareinadequateto
carry out predictions. It is further noted that plan (e),
sampling along transects,provides predictions which are less
reliablethanthoseobtainedbyplans (b),(c)and(d).
Concerningtheneighbourhoodsizeweobserveanincreasing
precision with increasing size. The gain is small,however,
when 20 instead of 12 observations are used, pointing to an
adequate neighbourhood size of 12 observation points for
spatialinterpolations.
For the second realization anested analysis ofvariance
hasbeencarriedoutonthenesteddata(al)and(a2)alongthe
linesofsection6 (Table 4). Testingthe increaseof ybeyond
75min(al)givesanF-valueequalto2.65with2and6degrees
offreedom,which isnotevensignificantatan a=0.10 level
(F-value=3.46),whereas testingtheincreaseof7beyond15m
gives an F-value equal to 11.14 with 6 and 18 degrees of
freedom, significant at an a-0.05 level (F-value-2.66).
Thisindicatesthatthereisnoincreaseof7beyond75m,which
is rather strange as compared to thevalue of 125m forb.We
also notice the small number of degrees of freedom available
for comparisons at stage I. In plan (a2)the test of a 2-0
yielded an F-value equal to 1.04, with 42 and 54 degrees of
freedom, which is not significant at an a-0.05 level
(F-value=1.7). Testing a 2 + a 2-0, a 2 + a 2 + a 2-0 and
a 2+a 2 + a 2 + a 2=0, yielded F-values equal to 2.69, 31.47
and 71.69, respectively, all significant at a =0.05 level.
Clearly, the increase of 7 starts to be significant with
respect to stageV at stage IIIandcontinues tobe sointhe
nextstagesaswell.
65

Of course, it is possible, at least in principle, to
selectasubsetoftheobservations fromplan (c)or fromplan
(d)whichmoreorlessexhibitsanestedstructure,forexample
with three levels and two observations per cluster, and to
carry out the tests along the lines described above forplans
(al)and (a2).Butwe feelthatitismorevaluabletohavean
overall picture of the semivariogram, than to have only the
valuesatafewisolatedpoints.
From this study we conclude that estimation of
semivariogram parameters from nested designs performs worse
thanfromtheotherdesigns.The15mby15mgridperformsbest.
The claim that nested designs are especially appropriate for
estimating the nugget effect isnotjustified. Nested designs
are especiallyunsuitablewhentheyareused topredictvalues
at unvisited locations after estimation of the semivariogram
parameters.Asnesteddesigns involvevery intense samplingof
a small number of sub-areas, the observations may be highly
influencedbylocalanomalies.
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8.Appendix

In order to evaluate the equivalence of 7^ and 7^ for
balanced designs we will make use of the following two
identities.
1.

Considertheelementsy^,i-l,..,nwithmeanvaluey.Then
n
1
s (Xi-y)2-- s (yi-y-j)2
i-1
ni<j

2.

(Al)

LettwoclassesofA.,withinthesameclassofA„contain
the elements

y

j-=l,..,ni and y

j=l,..,n1,

respectively.Then
n

l

^

y

J=l

n

U
J

l

• • S 1Jy 2 j ) 2 =

J-l

y
2
Ä. ,V y lj
-ylk)2-.^2j
-y k>2J -2k> -.^lj
j<k J
j<k J 2

(A2)

j=lk=l

The first term of therighthand side refers topairsof
elementsindifferentclassesofA.,andthesecondandthe
third term topairs ofelementswithin the same classof
A,.
Inordertoestablishtheequivalenceof7^and7^,letthej
element in class iof A]^be denoted by y..,and the mean of
that classby yj_.Thenasnowkn_= (ni-l)n/n]_, itfollowsby
useof(Al)
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Since thetotalnumberofdifferentpairsofobservationswith
distancer^equalsH(n^-l)n, (A3)equals y-±indeed.
Inorder to establish the equivalence of 72 and 72, ^ e t
thep

observation inthej

A2bedenotedbyy
th
thei

classofA^inthei classof

,themeanvalueinthej
1 P
-'

t"Vi

classofA^in

th

classofA2bym..andthemeanvalueofthei class

ofA2bym..Then,asnowk--= (n2-n]_)n/n2,itfollowsbyuse
of(Al)and (A2)that
1

n 2 /n!

ni

p

ÎT~
y' iy K
n

k K-

s

s

n i j-i

(m

ü1J" V x

n?

7
r- 2 2 (m..-m . . ) 2
(n2-nx)n ± j < k ij ik
n
l nl
2 S {S S (y,,-y., ) 2 - 2(y,.-y.. ) 2 <n2-ni)n .j < k p = 1 q = 1 'Ijp'lkq p<q 'ijp'Ijq

2,
"p^ y ikp" y ikq ) }
Since this expression only involves pair differences at
distances r2 and rj_, respectively, it can be written as a
linearcombinationof72and7^.Thecoefficient of72willbe
equal to 1, while that of 7^ is the opposite of
(k

ll" k 10 )/k ll~("l"1)/"!Forhigherlevelssimilarargumentsapply.

70

CHAPTER1.2.SEQUENTIALSAMPLINGTOMEASURETHEINFILTRATION
RATEWITHINRELATIVELYHOMOGENEOUSSOILUNITS
by
A.Stein,J.Bouma,S.B.KroonenbergandS.Cobben.

Reprinted from Catena,

16, pp. 91-100, permission of Catena

Verlag,Cremlingen-Destedt,Germany.

SEQUENTIAL SAMPLING
TO MEASURE THE INFILTRATION RATE WITHIN
RELATIVELY HOMOGENEOUS SOIL UNITS
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Summary
The statistical prediction techniques
Trend Surface Analysis, Kriging and Cokriging are regularly used to provide predictive single-value soil maps. Kriging
and Co-kriging perform well in situations where regionally distributed variables show clear spatial structure. If the
amount of variation of the variables under study is relatively small, however,
no gain in precision is gained by Kriging and Co-kriging, as compared with
simply averaging over an area or by
applying Trend Surface Analysis. This
study was carried out on an older terrace of the Allier river in Central France
where attention was focused on the infiltration rate (Inf). Kriging log(Inf) values did barely improve the predictions as
compared with Trend Surface Analysis,
whereas deleting part of the observations
did not result in serious changes of predictions. A satisfactorial first approach
was obtained by regarding the observations as being independent. To determine
the sample size which provides sufficient
information with respect to the soil characteristic under study use can be made
of the sequential t-test as is illustrated.
ISSN 0341-8162
©1989 by CATENA VERLAG,
D-3302 Cremlingen-Destedt, W. Germany
0341-8162/89/5011851/USS 2.00 + 0.25

Application of this test resulted in eight
measurements which represented a saving of 70% ascompared with the original
standard scheme.

1 Introduction
Introduction of environmental laws in
various countries is associated with
the need for quantitative expressions
for environmental land characteristics.
Whether or not certain normative levels are exceeded may be a crucial factor
in court, where a quantitative statistical analysis is bound to have a higher
impact than a comparative qualitative
assessment. More emphasis on measurement has, however, major implications
for soil characterization programs to be
executed in the field by soil survey personnel. The associated costs may be
prohibitively high and development of
optimal sampling programs within particular land units is therefore important.
Recent literature suggests the need for a
preliminary sampling program to establish patterns of spatial variability to be
followed by the sampling program itself
in which the number of samples is optimized while one takes into account the
obtained spatial variability structure and
the required accuracy. Statistical prediction techniques, such as Kriging and
Co-kriging can then be used to efficiently
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predict values for any location in the area
(e.g. CORSTEN 1985).
However, even a preliminary sampling
program can be rather time consuming when complex measurements are involved. This study is concerned with
measurement of the infiltration rate, a
land characteristic for which measurements are rather complex and time consuming. Rather than to proceed directly
with the execution of a standard preliminary sampling program, which may require at least some thirty measurements,
we have explored the possibility ot use
geological and pedological descriptions
of the land unit to be characterized, to
possibly reduce the number of measurements. As it turns out, fortunately, some
land units have soils or soil horizons
with a low spatial variability. Much is
gained if this can be established without an extensive preliminary sampling
program involving the uncritical application of a standard geostatistical sampling
procedure.

2 Study area
The study was carried out on one of
a flight of nine fluvial terraces of the
Allier river in the Limagne Graben in
the French Central Massif. The sediments of the Allier river and its terraces
comprise gravels, sands and clay, mainly
of granitic-gneissic and basaltic provenance (KROONENBERG et al. 1982).
The terraces are numbered according to
French usage from Fz (youngest) to Fs
(oldest). The bulk of the terraces consists
of coarse gravel beds and sand lenses
of several metres in thickness, but the
uppermost 1 or 2 metres are usually
clayey to sandy. Weathering of the volcanic components and progressive clay
illuviation lead to a substantial increase
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in clay content from the soils of the
lower, younger terraces to those of the
higher, older ones (FEIJTEL et al. 1988).
Variability of the soil infiltration rate
from one terrace to another, therefore,
is mainly dependent upon soil age. Data
on spatial variability of infiltration rates
within the youngest Fz terraces suggest
a strong dependence upon soil texture,
which is controlled in turn by sedimentation patterns. However, in the older Fv
terrace segment, being studied here, little
variability in soil texture could be detected in the field. As impeded drainage
is one of the main limiting factors of the
soils of this terrace, spatial variability of
infiltration rate was investigated in this
study, using geostatistical methods.

3 Sampling and statistical
methods
The sampling design used here was similar to stratified sampling (STEIN et al.
1988). Different river terraces were distinguished as major land unit by means
of geological and pedological descriptions. Within land units a fixed sampling
design was followed, which was determined in advance.
Infiltration rates were measured with
the standard double-ring infiltrometer
(FAO 1979). Measurements were continued until a steady infiltration rate was
reached for a period of at least one hour.
A total of twenty-eight measurements
were made in the top of the Bt-horizon at
a depth of 30cm below surface following
a pre-determined grid (fig.l). This number was considered to be a compromise
between the minimum number required
to apply Kriging and Co-kriging and the
maximum number that could reasonably
be sampled in the available time. Four-

B -1

o
o
o
I

* *

* *

*

2 4 8
16
x-coordinate (m)

Fig. 1 : Central part of the sampling scheme.
teen measurements were carried out in
two directions on grid nodes with distances that increased exponentially from
the centre (2 m, 4 m, 8 m, ..., 128 m).
Fourteen additional measurements were
carried out perpendicular to these directions at a distance of 2 m from a 2 m
node, at a distance of 4 m from a 4 m
node, etc. In all, therefore, a total of
twentyeight measurements were obtained
on two transects crossing with an angle
of 45°.
Observations on infiltration rate
(Inf) are reduced to their logarithmus
(log(Inf)), to obtain a population which
is approximately normal (fig.2). Cokriging was not considered, as the simple
soil variables were only slightly correlated with infiltration rate (tab.l).
The statistical prediction techniques

Trend Surface Analysis (TSA) and Kriging are well described elsewhere (e.g.
WATSON 1972; DELFINER 1976).
Two different measures are used toevalu^
ate the quality of predictions of infiltration rates for locations where no measurements were made:
1. The Mean of Squared Errors
(MSE). Predictions t, (i = l,...,n)
are carried out in each observation
point on the basis of the log(Inf)
observations yt at all the remaining (n— 1) points. A measure of the
quality of the prediction isgiven by:
n

MSE = \/n*YJ

(ti-yt)2

2. The Mean Variance of Prediction
errors (MVP). As t, (i = l,...,n) is
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Log(Inf)
Thickness Bt
Bulkdensity Bt
Relative height
Shearstress
Fraction Mottles

cm/day
cm
m
/o

Mean

Standard Deviation

Correlation

-.53
46
1.86
1.02
71
16

.59
9.55
.13
.35
20
11

1.00
-.05
-.21
.32
-.15
.12

Tab. 1 : Mean and Standard deviation of different variables in the study, as well as
the correlation coefficient with log(Inf).
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the (stochastic) predictor in thei'h
observation point y (i= 1,...,n)of
the log(Inf) value if it would have
been measured, theMVPis defined
as
MVP = \/n*YJ var(i,-- y0.)
where var(t,—y )isgiven bytheformula for the prediction error variance under theprediction modelbeing used, i.e.Kriging or TSA.
Two ways were chosen for investigating the differences in prediction performance bythetwomethods.
i) Values intheobservation points were
predicted disregarding the log(Inf)
observations in those points and
yielding the MVP.Afterwards differences between prediction and measurement were used to calculate the
MSE.
ii) Predictions were carried out for100
randomly located points within the
sample area and the standard deviation of prediction error, being the
square root ofprediction error variance, wascalculated.
Observation density was changed as
follows. Thecomplete setof 28 observations was reduced by four observations
at a time, beginning from thecentre,until the four outermost observations remained. A neighbourhood consisted of
the observations inthereduced observation set,soitssize changed proportional
to thechanging observation density.
A question wewanted to answer concerned the number ofobservations necessary to reach a predetermined precision.

This question wasreformulated as:ifafter, say, mmeasurements some hypothesis isformulated concerning thedistribution of the variable under study, is there
any need to continue sampling, or can
we stop. To investigate the need foradditional observations in carrying out a
pilot study, usewasmade of the sequential t-test (WALD 1948,KENDALL &
STUART 1973,see Appendix). In this
test, a hypothesis concerning the distribution of the variable under study has
to beformulated, which after some measurements isaccepted or rejected. In this
study we hypothesized the mean \L of
the log(Inf) values to be equal to some
value jUo- This hypothesis is rejected if
\H — no\ > ôi *a. Here a is the standard deviation and b\ is some value to
be determined in advance. Thevalue of
h\ depends on the allowed tolerance of
the soil characteristic under study. In
this case, the standard deviation isunknown in advance, so a slight modification of the sequential t-test was used.
The method isconsidered tobean alternative to nested sampling (WEBSTER
1985).
When Kriging was applied, generalized increments were used to determine
the degree ofthe trend andto obtainestimates for the coefficients of the generalized covariance function (STARKS &
FANG 1981). Three cases were considered: a 0th order polynomial trend with
generalized covariance function g{h)=
(To+ oi * h, a I s ' order polynomial
trend with generalized covariance function g(h) = oo (a pure nugget effect) and
a 1storder polynomial trend with generalized covariance function g(h)= ai * h.
Higher order trends were not taken into
account because of thesupposed homogeneity of the terrace segment, other
models for the generalized covariance
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Degree trend

Estimated coefficients
a —0
a— 1 a— 3

0
1

0.2778
0.4136
0

MSE
TSA

nr. obs.

Kr

28
24
20
16
12
8
4

.67
.72
.70
.77
.95
1.16
.77

nr. obs.
28
24
20
16
12
8
4

.36 .
.31
.38
.47
.62
.93
.57

-1.244
0
-5.339

—
0
0

40.54
41.75
45.21

Tab. 2:Estimated coefficients of
the generalized covariancefunction for a 0th and a 1st order
trend and the mean rank of the
squared increments.

MVP
Kr TSA
.31
.33
.35
.39
.43
.52
.84

.47
.47
.47
.48
.49
.51
.60

Tab. 3: MSE and MVP values obtained
by Kriging (Kr) and Trend Surface Analysis (TSA), respectively,for the 28observations used as a test set.

100 points
Kr
TSA
.40
.40
.40
.41
.41
.44
.56

.47
.47
.47
.48
.49
.51
.56

function did not lead to an admitted solution. The trends were compared by
average ranks of the squared increments
obtained with converged coefficients.

4 Results and discussion
The log(Inf) values are on the average
-0.53, with an individual standard deviation of 0.59. This corresponds with
an infiltration rate of about 4 mm/day,
which is a very low value.
The lack of variability in infiltration
rates in this terrace segment may be the
result of strong clay illuviation, as well
as of a decrease in the textural contrast
between sandy and clayey parent materials due to profound weathering of the
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Mean rank

Tab.
4: MVP values obtained by
Kriging (Kr) and Trend Surface Analysis (TSA), respectively,for 100 randomly
located points in the study area.
volcanic components in the sands.
For log(Inf) the squared increments in
the observation points were calculated.
A 0"1 order trend fitted slightly better
than a I s ' order trend, as the mean rank
increased from 40.54 to 41.75, when the
0th order trend is compared with a I s '
order trend and a pure nugget effect as a
generalized covariance function (tab.2).
Using the overall mean of the log(Inf)
observations as a prediction for the values in the 28 observation points yields a
value for the MSE equalling 0.61. Predictions obained by Kriging are somewhat
better, but differences are small (tab.3).
The MSE values increase from .36 to
.93when the number of observations decreases from 28 to 8.
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Fig. 3: Changes in log(Inf) mean and standard deviation as afunction of the number
of observations.
The change in the variance of the prediction error in the hundred randomly
located spots is given in tab.4. No measurements were taken in these spots, so
the MSE could not be calculated. The
mean variance of the prediction error increases from .63to 1.06 when the number
of observations decreases from 28 to 8.
As these changes in MSE and MVP
values are considered small, the practical
question must be raised now as to how
an unnecessarily expensive exploratory
survey of 28measurements of infiltration
rates can be avoided. Firstly, a geological and pedological analysis of the area
to be studied is to be made, leading to a

stratification of the area (here:the flight
of terraces). For every stratum (terrace) a
step by step increase in observation density can be made, where the observations
are considered to be independent. Next,
if a clear spatial structure in the soil variables can be distinguished and modelled,
we can turn to the more advanced statistical prediction techniques as Kriging
and Co-kriging.
Starting with the four outermost observations and the assumption that the
observations were independent, the number and the density of observations was
increased. It was noted that estimates
for the mean and the standard devia-
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Reject H

0

Accept H 0

12
Number
Fig. 4: Testing the hypotheses Ho : \i = 0 (after the fourth measurement) and
Ho'.n = —0.4 (after the eight measurement). Between the Ho-acceptanceline and the
Ho-rejecting line, applying to both hypotheses, i,s,an intermediate zone.
tion only slightly change (fig.3). For the
first four measurements we formulated
the hypothesis Ho that the mean value
ft was equal to 0, a hypothesis to be
tested with error probability levels 0.05
for incorrectly deciding in favour of Ho
as well as for incorrectly rejecting Ho in
favour of the value <5idepending upon a
feasible different value of the mean. In
this case, a value of <5i= 1seemed to be
appropriate, as a soil with an infiltration
rate higher than 3 cm per day (log(Inf)
« 1) wasjudged to be different from the
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hypothesized 1cm per day (log(Inf) « 0)
from a practical point of view. Although
at first the null hypothesis was likely to
be accepted (fig.4), as soon as another
measurement was taken the test value fell
between the Ho-acceptance line and the
Ho-rejecting line. In all 22 observations
would be needed to finally reject Ho. After eight measurements were taken, Ho
was revised, leading to the hypthesis that
,ube equal to -0.4 instead of 0. This hypothesis was confirmed from the start,
leading to the conclusion that with only

eight observations enough information
was obtained to decide in favour ofHoThe procedure now can be generalized
as follows. If, for different reasons, a low
degree of variability is expected to occur
within a stratum, observations are taken
and sequentially followed, working from
a low to a high observation density, by
reducing the distances between observations step by step. Attention has to be
focused on a hypothesis concerning the
distribution of the soil characteristic under study. Locations for measurements
are toT?eselected in advance,for instance
randomly, or on predetermined transects
or grids. The test value of the sequential
test iscalculated after each new measurement. As soon as the pre-defined limits
based on confidence levels are reached,
measurements are stopped, otherwise additional measurements have to be taken.
For our study, working from outside
to the centre, eight measurements would
have sufficed to yield estimates of infiltration rates that would not have been significantly different from results obtained
by using the standard, exploratory survey of 28 measurements. The value of
the standard deviation reduces from 1.18
to .60. Both values are equivalent from a
practical point of view, considering values for infiltration rate. The alternative
procedure, discussed in this paper, which
includes a geological and a pedological
analysis before measurements are made,
reduced costs by an estimated 70%.
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Appendix
The sequential probability ratio test
The Sequential Probability Ratio Test (SPRT) is designed to decide between two
simple hypotheses. Suppose a random variable z has a distribution f(z,n), and we
wish to test the hypothesis Ho that p. = ^o against the alternative hypothesis Ha
that n = m. The test constructed decides in favour for either [io or n\ on the basis
of observations z\,Z2, —', we will suppose that if H0 is true, we wish to decide for Ho
with probability with at least (1— a), while if Ha is true, we wish to decide for Ha
with probability at least (1— ß). We calculate the likelihood ratio Lm as

Probability of observed values givenHfl
Probability of observed values givenHo
,=1

/(^o)

The procedure to follow is: continue sampling as long as B < Lm < A. Stop
sampling and decide for Ho as soon as Lm < B and stop sampling and decide for
Ha as soon as Lm > A. It can be proven that A » (1— ß)/a and B x ß/(\ — a).
As the standard deviation is unknown, we have to deal with a composite hypothesis, which is based upon weight functions. It is therefore reasonable to impose the
following structure. For all fi satisfying \(n— fio)/o\ < ao it is preferred to accept
the hypothesis Ho, and for all /i satisfying \(ß— fio)/<r\ > o\ it is preferred to reject
this hypothesis. We therefore specify three regions in the space (/i,a), two in which
Ho is accepted and rejected, respectively,
Rejection if \n— fio\/o > ou
Acceptance if n = n®
while the remainder is an indifference region.
The likelihood ratio with appropriate weight functions can be formulated as
1/2 [ff £ e x p { ^ I £ i t i - /io- èxaf}do + ^ X e x p { ^ l ( z , . - ^ + öia)2}da]

C^xp(^IX.fe-A))2}^
where m is the number of observations. The integrals appearing above were solved
by means of a numerical integration routine.
Address of authors:
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S.B. Kroonenberg
S. Cobben
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UNIVERSALKRIGINGANDCOKRIGINGASAREGRESSIONPROCEDURE.
SUMMARY

Prediction of a property on the basis of a set ofpoint
measurements inaregionisrequired ifamapofthisproperty
fortheregionistobemade.Ofthespatial interpolationand
prediction techniques Kriging is optimal among all linear
procedures, as it isunbiased andhasminimalvariance ofthe
prediction error. InCokriging,whichhas thissameattractive
property, additional observations of one or moreco-variables
are used, which may lead to increased precision of the
predictions. Both techniques areoftenapplicable indifferent
fields like soil science,meteorology, medicine,agriculture,
biology,public health andenvironmental sciences (e.g.atmospheric or soil pollution). Inthis studywe try toremovethe
cloud of obscurity covering the notions of Kriging and
Cokriging by embedding them into regression procedures. This
leads to a straightforward formulation of the twotechniques.
It turns out that Kriging and Cokriging differ only slightly
from each other. The procedures are illustrated by two
numericalexamples,onetodemonstratethemethodology,andone
practical problem encountered in a soil study. Cokriging is
found to bemostvaluablewhen ahighly correlated covariable
issampledintensely.
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INTRODUCTION
Traditionalmapproductionisincreasinglybeingreplaced
by computer-based statistical prediction.An interesting well
knownprediction technique has been developed inFrance since
1963byMatheronandhisco-workers (cf.Matheron,1963,1971;
Delfiner, 1976)and isgenerallyknownasKriging,namedafter
the South-african D. Krige, the first practitioner of the
method in the fifties (cf. Krige, 1951). This technique
performs well in predicting the value of a possible but
actually not taken observation of a spatially distributed
variable suchas amine grade (Krige, 1966), a soilcharacteristic (Webster, 1985), rainfall (Witter, 1984), or genefrequency (Piazza, Menozzi and Cavalli-Sforza, 1981). After
predicting a spatially distributed variable at many locations
in a region of interest (e.g. inthenodes ofa grid)froma
fewpointobservations,onecanproduceamapofthisvariable,
e.g. by 'contours' or isopleths, differently shaded areas or
graphical techniques for surfaces in three-dimensional space.
Thisactivitymaybetermedinterpolation.Thepredictor inany
locationwillbealinearcombinationoftheobservationswith
positive ornegativeweights.Thistechniqueprovidesnotonly
a prediction, but also an estimate of the variance of the
prediction error. So ageneral indication of the quality ofa
mapcanbegiven,determinedby thedataandby theconfiguration of the observations as a whole. Among all linear
predictors Kriging is the one without systematic prediction
errorandwithsmallestpredictionvariance.
Kriging is not the only spatial predictionmethod, other
non-statistical methods include tesselation and splines.
Kriging,however, isthe onlymethodwith a sound statistical
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base and is tobe appliedwhenuncertainties exist concerning
measurement error andwhen thevariation isa function ofthe
distancebetweenmesasurements (e.g.Webster,1985).Krigingis
comparedwithsplinesinDubrule,1983.
Although Kriging is best in the above sense more information is often available to a scientist or a surveyor than
what iscontained injust onevariable.Soquite naturally an
extension to Kriging emerged, known as Cokriging (Matheron,
1979; Journel & Huijbregts, 1978). This technique, with
attractive properties similar to those of Kriging (e.g.
unbiasedness, minimum prediction error variance), utilises
observations of more than one variable in predicting one
variable.Ithasfoundmanyapplications,e.g.insoilscience:
the prediction of water stored in soil at 1/3 bar pressure
(Vauclin et al. 1983), reducing the costs of soil surveys
(Stein et al. 1988), mapping top-soil siltcontent (McBratney
andWebster,1983). Ithasalsobeenusedinotherdisciplines,
e.g.predictingradarmeasuredrainfalldata(Krajewski,1987),
or jointly estimating peak values of earthquake response
spectra (CarrandMcCallister, 1985). Inallsituationsabove,
the different variables are combined to give optimal
predictionsofonevariable.
Cokriging, however, has up to now two serious disadvantages. Firstly, it isquite difficult tograsp,due tothe
complexity of notation (cf. Journel and Huijbregts, 1978,p.
171). Secondly, in contrast to Kriging (Cressie, 1987), it
could not fully be used in the presence of a trend in the
variables due to the fact that the theory of estimation of
spatial cross-covariance and itslimitations isnotcompletely
available. Therefore we shall restrict ourselves to the
situationthatcovariancesareknown.
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OftenLagrange multipliers areusedtoderivetheKriging
and Cokriging formulae, and they areused inthepresentation
of the final formulae as well (see, for example, Journel &
Huijbregts, 1978). We believe that the complexity ofnotation
is largely due to their use in the derivation and in the
presentationoftheresults.Furthertheyarenotnecessary,as
wehavetominimizequadraticfunctionsonly.
It isknownhowKriging canbeunderstood inthecontext
of linear regression applied to dependent observations (cf.
Corsten, 1985, 1989). The present article showshow Cokriging
canbe seeninasimilar fashion;Kriging emergesasaspecial
case. There are links with other fields in statistics, e.g.
query response with best linear unbiased predictors (Gianola
and Goffinet, 1982), current topics in experimental designs
likeBayesiananalysis (Steinberg,1985)andnearestneighbour
models (Gleeson and Cullis, 1987), decomposition of the
prediction error (Harville, 1985) and kernel smoothing and
splines (Friedman and Silverman, 1989). In all the topics
mentioned here, the variable is decomposed into three
constituentparts:afixedeffect,locallydependenterrorsand
a purely random effect. As is shown below, this applies to
universalKrigingandCokrigingaswell.
One of the important aspects tobe stressedhere isthat
we aim to estimate a stochastic variable, i.e. to predict a
possible future observation, instead of to estimate a
parameter, i.e. toestimate theexpectationofanobservation.
Inordinary linear regressiontheorywithuncorrelateddisturbances, all with the samevariance,the two approaches differ
only intheir standarddeviations.Thebestpredictionandthe
estimate of its expectation for a new point with regressor
values contained in thevector XQwill, admittedly, take the
90

same value in this case. But the standard deviation of the
estimator of the expectation is the residual standard
deviation,multipliedby thesquarerootof XQ(X'X)"^XQ, while
for the predictor the last factor must be replaced by the
square root of l+xß(X'X) XQ. HereX isthematrixwhereeach
ofthekcolumns isann-vector containing theobservationsof
aregressorinthenobservationpoints.Thedifferencebetween
these multiplication factors canbe impressively large.Apart
fromnumerical differencespredictionofarandomvariableand
estimationofitsexpectationarefundamentallydifferent.From
now on we deal mainly with the estimator of a stochastic
effect,i.e.withprediction.

UNIVERSALCOKRIGINGASAREGRESSIONPROCEDURE
The term regionalized variable is commonly used to
indicate thatavariable takesvalues inaspecific 1,2or3dimensional space. The regionalized variable for which predictions are tobeprovided iscalled the targetvariable,or
the predictand.

It is assumed that the predictand has been

observed inagivenpatternofmpoints.Inaddition,nobservations ofanother covariable inpossibly differentpointsare
available.We restrict ourselves here toonly onecovariable,
the more general case of k-1 covariables being treated in
Appendix B. As far as notation is concerned, we adopt the
convention of underlining random variables or randomvectors;
thetranspose ofamatrixoracolumnvector isindicatedwith
aprime.
Thepredictionproblemcanbestatedinthefollowingway.
Werequireapredictor tforthevaluey^ofthepredictandat
a point ZQ on the basis of the m observations at the points
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T.\

z m of the predictand, which are contained in the

stochastic m-vector y.]_. I n addition, observations for the
covariable at n completely or partially different points
z ,,...,z
areavailableandarecontainedinthestochastic
m+1' 'm+n
n-vector y.2• Although in practice there will be shared
measurement locations,whichare infactnecessary toestimate
thejoint spatialstructure function,there isnoneed tohave
thoseinthepresentpredictionproblem.
The expectation ofeach element ofy.^andy.2issupposed
tobeapolynomial intheone,twoorthreecoordinatesofthe
observation points z^ (i=l

m) and zj (j-m+1

m+n),

respectively, with respect to an arbitrary coordinate system,
andsotheexpectationsobeythestructure:
Ey.1=XxjSi

(2.1)

Ey.2=*202

(2

-2)

Both Eyi and Ey.2 a r e linear combinations of the regressor
vectorswithasyetunknownparameters ß\ and ß2 •ThematrixX^
consists ofm rows andp columns,where pisdependentonthe
degree (d) of the polynomial expectation or trend of the
variable and the dimension (dim) of the region in which the
observationsaretaken.Itiseasilyshownthatpequals
P=

(dim+d)!
.dim+d.
dimld! -(dim>•

/0_.
(2

-3)

Inatwo-dimensionalregionandwithouttrend,X^ismerelythe
vector l m , consisting of m ones only. If the degree of the
trend isequal to 1,each rowofX^consists of1, £]_and£2»
£l and£2representing thecoordinates ofanobservationpoint
of the predictand. If the trend is quadratic, each row ofX^
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consistsof1, £]_,£2.£l >£l£2> £2 •Similarly,thematrixX2
isnby pwhere each row consistsofpmonomialvaluesofthe
coordinatesofanobservationpointofthecovariable.Theterm
'Universal'forKrigingandCokrigingindicatesthepresenceof
trendterms.
ObviouslynowEyg~xó^l> ^ nwn ich thevector XQ consists
ofonerowofpmonomialvaluesofthecoordinatesofthepoint
ZQ where a prediction is required, similarly to the p
regressorsinX]_.
In contrast to trend surface analysis (Watson, 1971),
where observations are supposed to be independent, the
observations inKrigingandCokriginghaveaspecialdependence
structure.This ismodelledbymeansofthecovariancebetween
(actual and hypothetical) observation points or their
disturbanceswithrespecttoexpectatedvalues.
The dependence structure of the vector (ïi,ï2'ÏO)' *-s
assumed tobe givenby the symmetric covariancematrix C ,of
orderm+n+1.Thismatrixmaybepartitionedas

~ u C
« 12 coi
~yj \
/, C
1 Z

LL

C =

L

C 2 i C22 c 0 2
c

C

c

/C c 0
cóc 00

(2.4)

1 ó l Ó2 00 ;
where C\\ is the covariance matrix of theelements ofy.]_,C22
oftheelementsofy_2•^12 (™c2l)betweentheelementsofy_i
and those of y_2> ano- c 01> c 02 ano- c 001between yg an{* t n e
elementsofy.1»y2 an^ X0> respectively,whileC- .C...C-_..
^21^22
The matrix C* must be positive definite in order that the
variance of anylinearpredictorbenon-negative.Eachelement
of C11and of CQI aswellas CQO i-sassumed tobeknownasan
isotropic function c^(r), only of the distance rbetween the
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pair of observation pointsconcerned, theso-calledcovariance
function for thepredictand. Likewise,eachelement ofC22i-s
assumed to be known as an isotropic function C2(r) of the
distance r between the pair of observation points concerned,
the covariance function for the co-variable,and eachelement
of C12 a n d of CQ2 is assumed to be known as an isotropic
function c^2(r) °f

tne

distance r between the pair of

observation points concerned, the so-called cross-covariance
function between predictand and co-variable. Further
assumptionsaboutthecovariancefunctionsarenotrequired.To
avoid complications we do not consider here the conditions
which ci(r), C2(r),c^2(r)mustsatisfy forC tobepositivedefinite. Neither are problems of estimating covariance
functions addressed inthispaper (seee.g.Ripley, 1981).Nor
do we deal with generalized covariance functions, which are
only to be applied to linear combinations of possible
observations (yi,y_2)' whose coefficient vector must obey
certain linear restrictions (see e.g. Delfiner, 1976; Dowd,
1989). The semivariogram, which is a special case of the
opposite of such a generalized covariance function in
particularintheabsenceofatrend,isnotconsidered inthis
expository context,oncemore inorder tokeep thematerialas
simpleaspossible (Corsten,1989).
We have now the following linear model for actual
observationsy_and hypothetical observation of thepredictand
20=
,y_.=.X
< ) (

xo

ß +e;Ee=0;Cov(e)=C*,
}

4'

inwhichwehaveintroducedtheabbreviations:
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(2.5)

X- XiO ,x§- x 0 v ß- (ßu.
V

^0;

0 X£

(2.6)
K

ß2'

We require the best predictor t - *'Xi linear in the
observationsv.,whichsatisfiestheconditionsthat
E(A»i-xo)-0

(2.7)

and
Var(A'v.-xo)i-sminimal.

(2.8)

WithV= (X'C"X ) " AppendixAprovesthat
t=xg'fi+ C Q C - 1 ^ -X£)
A

(2.9)

1

where£- VX'C~L%, thegeneralized leastsquares (GLS)estimatorof ß.
Thepredictortin(2.9)isthesumoftheestimatedlocal
* A anda
expectationofthepredictandonly,thatisXQ'£=XQ'jâl,

A

linear combination of the observed residuals contained in
A

y.- X£,with thebest linearmultivariate approximationofthe
predictand by all m+n observations as coefficients. Because
t -XQ'£ = CQC"i(x -X£), theprocedure canbe interpreted as
A
regression of the residuals of twith respect to XQ'Ü onthe *
A

residualsofthey/swithrespectto Xß_.
Thevarianceofthepredictionerrorequals

Var(t -y 0 )=c 0 0 -C Ô C ^ C Q +xaVxa.

(2.10)

* CQ. -1
wherex a-xg -X'C
This variance of the prediction error (2.10), free of
Lagrangemultipliers,canbeinterpretedasfollows:
coo^ st n e varianceofthevariableunderstudy;
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cßC CQisthereductionofthatvarianceduetothebest
linear approximationby theotherobservations considered
asm+nadditionalmultivariatecharacteristics;
A

x a Vx a-Var(xa£)isthevarianceofthesumofestimated
expectationsofpredictandandcovariable,however,notin
theprediction locationwithregressorscontained inX Q,
but in a different but related point with regressors
containedinx a .
In fact the prediction error variance reflects the
orthogonal decomposition of the prediction error into
-1
v.0-c£)C yana^xa'£> respectively.
Thepredictor tisanexactpredictor:ifapredictionis
carriedoutatanobservationpoint,thevector CQ isequalto
the corresponding column of C, leading to the observation
itself as the best prediction. Then, it turns out that the
varianceofthepredictionerrorwillvanish.
Repeated application of tatdifferentlocationsrequires
revisionofX QandCQonly,whereasthecostlyinversionofthe
matrixCisrequiredonlyonce.
Aconfidenceintervalforthepredictandcanbegivenify
has amultivariateGaussiandistribution.Itfollowsthatwith
probability 1-a theinterval
[t-u(a/2)*Var(t-y0)4>t+u(a/2)*Var(t-yo)4]
will cover yg, where U ( Q / 2 ) is the value such that the
probability that u < u(a/2) equals 1-ha, u following the
standardnormaldistribution.
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PARTICULARCASES
a.UniversalKriging.

The Universal Kriging equations are obtained whenobservations are present for the predictand only, that is with n
equalto0.All sub-matriceswith subscript2willnowvanish.
Asaresultwe obtainthesameequations forthepredictorand
thevariance ofthepredictionerroraseqs. 2.9 and2.10,but
A

wherey.n o w reduces toy.]_,X toX^,Cto C]^, CQ to CQI, â t o
A

§,-]_ and V and x a to the corresponding sub-matrix and -vector,
whileXQreducesto XQ.
b.Thenuggeteffect.
Inmanystudies,aso-called 'nuggeteffect',representing
measurement error variance plus variation at very small
distance, is encountered, often in combination with spatial
dependence.We thenhave forc^(r)thatc^(r)-B*5(r)+fi(r),
where5(r)-1ifr-0and5(r)-0ifr/0,thecoefficient
B is the size of nugget effect and f^Cr)models the spatial
dependence.SimilarstructuresapplyforC2(r)andci2(r).
Afeaturesometimesencounteredinregionalizedstudiesis
the so-called pure nugget effect, i.e. correlation zero for
non-zero distance. Then the covariance functions have the
2
2
structurec^(r)- o\8(r),

C2(r)= 028(1:) andci2(r)=-a^2^(r)-

Without nugget effect the interpolation surface will be
entirelysmooth,passingthroughtheobservations,whileinthe
presence of a nugget effect the observations will appear as
spikes aboveorbelowthesmoothprediction surface.Withpure
nugget effect this prediction surface will coincide with the
estimatedtrendsurface.
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NUMERICALEXAMPLES
Example1.
To illustrate different aspects ofuniversal Krigingand
Cokriging, a simple example was constructed.Along a straight
line two observations of thepredictand,withvalues equalto
21 and 23, were situated at locations z.\ and z 2 with
coordinates 1and3,respectively.Also,threeobservationsof
the covariable with values 5, 6 and 6 were situated on
locations Z3, Z4 and Z5 with coordinates 1, 2 and 3,
respectively. The covariance functions c\{v) andC2(r)aswell
as the cross-covariance function ci2(r) were assumed to be
known,andtoobeyanexponentialmodelwithnuggeteffect(cf.
3b): c(r)-BS(r)+Aexp(-r/b),where5(r)-1ifr=0and 6(v)
= 0 ifr/ 0.Thevalues ofB,A andb foreachofthethree
covariance functions arepresented inTable 1.Thevaluesare
such that the correlation coefficient between the variables
equals +0.73. Attentionwas focused on thedifferencebetween
Kriging and Cokriging, with and without a linear trend. Some
intermediatestepsareshowninTable2.ForKrigingwithout
trendthesolevalueof ß equalstheaverageofthetwo
Table 1. Values for the coefficients
functions

ci(r)
c2(r)
ci2(r)
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1
0.3
0.4

3
1.7
1.9

of the

covariance

0.5
0.5
0.5

observations. For (Universal)Krigingwith a linear trendthe
values of ß axe those for a line through thepoints.However,
thevaluesaremodifiedby theintroductionofthecovariable,
andbecomelessclearlyinterprétable.
Predictions were carried out for all points with
coordinates between 0 and 4 (fig. 1),standard deviations of
prediction error are given in fig. 2.Numerical attention is
focused on the locations ?i, ?2 an(*^3with coordinate2,2.5
and 3.5, respectively (Table 3).Point P^ is of interest as
there is anobservation of thecovariable,butno observation
of the predictand, point P2 is an interior point for which
typically predictions are needed, e.g. if a map is to be
constructed, and with point P3 extrapolation can be
illustrated.
Theprediction inPIincreasesby0.58 ifacovariableis
used,becauseoftherelatively largevalueoftheobservation
of the covariable in the prediction location. An increase of
the prediction in P2by approximately 0.25 is observed, once
due to trend and secondly due to theuseofacovariable.The
prediction in P3 is barely influenced by the presence of a
covariable, but the presence of a trend has major influence.
Finally, it is seen from fig.l how predictions are in fact
modificationswithrespecttothetrendsurface;alsonotedare
the discontinuities at the observation points of the
predictand,duetothenuggeteffect.
The strongest reduction in the standard deviationofthe
predictionerrorwhenthecovariableisincludedtakesplacein
Pj_, due to the large value of CQC CQ caused by the strong
cross-correlationbetween the twovariables. Further, amajor
partofthevarianceofthepredictionerrorisduetothefact
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Table 2. Intermediate

results

Kriglng
Lineartrend

Notrend

for example 1.

Notrend

Co •kriging
Linear trend

y
21
23

21
23

21
23
6
6
5

21
23
6
6
5

1
1

11
13

10
10
01
01
01

110
1 30
001
001
001

X

4.000
0.055
0.257
0.035
2.300

4.000 0.055
0.055 4.000

2.027

9.918 -3.945
-3.945 1.973

22.000

JE2

1.703 0.888
0.888 0.774

-E2

0.257
0.257
2.000
0.230
0.230

0.035 2.300
2.300 0.035
0.230 0.230
2.000 0 . 0 3 1
0.031 2.000

9.593 -3.945 5.418 -2.265
- 3 . 9 4 5 1.973 - 2 . 2 6 5 1.133
5.418 -2.265 4 . 7 1 2 -1.969
- 2 . 2 6 5 1.133 - 1 . 9 6 9 0.984
20.178
1.000
4.654
0.500

22.178
5.654

20.000
1.000

E3

0.055
4.000
0.257
2.300
0.035

±2

E3

0
0
2
3
1

E3

£l

E2

E3

c

0
0.406 1.104 1.104 0.406 1.104 1.104
0.406 0.149 0.020 0.406 0 . 1 4 9 0.020

x

*

0
1.00

0.80

1.00

1.00

1.00 1.00 1.00
2.00 2.50 3.50
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Table 3. Predictions
and negative or positive
contributions
the prediction
error variance by CQ"C CQ and xa'Vxa
example 1. The value of CQQ is equal to 4.0 in all
cases.
Trend
PI

Kriging
Cokriging

P2

Kriging
Cokriging

P3

Kriging
Cokriging

Prediction c0C"c 0

xa'Vxavar (t-xo)

None
Linear
None
Linear

22.0
22.0
22.58
22.58

0.081
0.081
2.666
2.666

1.297
1.297
0.468
0.468

5.215
5.215
1.803
1.803

None
Linear
None
Linear

22.24
22.5
22.47
22.74

0.309
0.309
0.507
0.507

0.968
1.099
0.588
0.722

4.659
4.790
4.081
4.215

None
Linear
None
Linear

22.28
23.5
22.39
23.63

0.305
0.305
0.311
0.311

1.059
4.021
0.898
3.863

4.755
7.717
4.587
7.552

that the parameters in ß have tobe estimated, implying that
xa'Vxa isfarfromnegligible (Table3).
In summary this example shows how Kriging and Cokriging
mayperformdifferently,inparticularonasmallsetofdata.
Example2.
Thesecondexample stems fromasoilstudy intheLimagne
area in Central France (Stein et al. 1989). The central
problem of this example is to characterize soil variability
within anareawithoutclearphysiographic features andtomap
a crucial soil parameter for crop growth simulationmodelling
over the area.As a rulephysiographic features, likefaults,
relief,brooks,erosion forms,etc.,areuseful toolstostudy
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to
in

soil spatial variability in an area and to delineate soil
units,eachwitha 'representativeprofile'.
The study area is located on one of the most recent
terracesoftheriverAllier,some30kilometersdown-streamof
thecity ofClermont-Ferrand. The area of 200ha isnaturally
bounded atone sideby theAllier,andattheother sidebya
somewhat higher situated and older terrace. Moisture
availability is one of the most important land qualities for
agriculture asdepthtogroundwater isgreater than1.2m. Ona
generalized1:100.000 soilmap,whichistheonlyoneavailable
forthisregion(INRA1965)nosoildelineationsarepresented,
whichimpliesthatthisregionisconsideredtobefairlyhomogeneous on this scale. When more detailed investigations are
carried out on a larger scale (e.g. 1:20.000) clay, sand and
gravel layers exhibit irregularpatterns thataredifficultto
map due to, again, lack of clearly visible physiographic
features (Stein, Bouma, Kroonenberg and Cobben, 1989). A
regular sampling scheme was therefore used to investigate the
spatialvariability (Fig.3).
Four transects were planned with observation points 100m
apart.Two transectswere locatedmoreorlessparalleltothe
Allier river, and two transects were chosenperpendicular to
the river, yielding a total of 62 observation points. To
investigatevariabilityofsoilsurveydataatshortdistances,
an additional sampling scheme was used (Fig. 3) with
observations atdistances lm, 2m,4m, 8m,16m and 32m,intwo
directions from every fourth observation point of the main
transect perpendicular to the river.From any of thosepoints
oneadditionalobservationwastakenparalleltotheriverata
distance lm, 2m, 4m, 8m, 16m and 32m, respectively. Inevery
observationpointanumberofbasicsoilsurveydatawere
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Fig. 3. The sampling scheme on the river
area in France.
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terrace

in the Limagne

Fig. 4. The Co-kriged AVW map (above) and Che map with
prediction
error variances
(below).

the
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measuredbymeansofaboringto1.2m,ortoanimpenetrable
gravel layer, whichever appeared first. Gravel layers within
1.2m were encountered in 192 of the 304 observationpoints,
sometimes occurring close to the surface. Soil physical
properties were measured on the main transects, yielding 62
calculations of 'available water' (AVW), which is defined as
the volume of water between field capacity and 15 bar.
Available Water is directly related to crop yield (e.g. FAO
1976).
PredictionofthelandqualityAVWforunvisitedlocations
throughout theterrace,wascarriedoutwithKriging.Sinceno
trend was expected, covariance and cross-covariance functions
were estimated by existing standard methods (Journel and
Huijbregts, 1978). Because soil physical properties require
relativelyexpensiveandtimeconsumingmeasurementprocedures,
Co-kriging is attractive to be used as well. The choice for
DepthtoGravel (DG)asaco-variable isself-evident,sinceit
iseasytomeasureandhighly correlatedwithAVW (correlation
coefficient 0.88). The values of B,A and b for each of the
threecovariancefunctionsarepresentedinTable4.
The resulting AVW map is presented in Fig. 4.With this
map optimalpredictions forunvisited locationswereobtained.
Table 4. Values for the coefficients
covariance
functions.

AVW
DG
AVWxDG
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ci(r)
c2(r)
ci2(r)

1310
306
342

of the

2580
522
1100

0.28
0.27
0.25

It is noted how the gravel bank in the center of the area
givesrisetorestrictedwateravailability.
To compare thegaininprecisionrelative toKriging,the
Prediction Error Variance was determined in 1200 randomly
locatedpointswithinthelevelriverterrace,forbothKriging
and Cokriging. Minimum, maximum and average values are
presented in Table 5. In order to investigate the relation
between the prediction error variance and the distance to
measurement locations, the prediction error variances were
determinedforsubset1,containingthepointswithin280mfrom
observations of the predictand and for subset 2, containing
those points within 100m from observations of thepredictand.
Finally, the prediction error variance was determined inthe
159datapoints,allwithin64mfromanAVWobservationwherea
DGmeasurementwaspresent,butnoAVWobservation.
The soil variability patterns were checked bymultispectralaerialphotographs,madewithaNear-Infrared (NIR)filter
Table 5. Minimum, maximum and mean prediction
error
variances
in example 2, for 1200 random points, for two subsets
thereof, and for points with an observation
of the
covariable
but not of the
predictand.
Testset

of
Number
points

Kriging
range
mean

Cokriging
range
mean

1200
833
205

1955 -3985
1955 -3907
1955 -3198

3099
2909
2541

1591-3917
1591-3800
1591-2809

2917
2694
2162

Allobservations 159
withDG<1.2m
andwithoutobservationofAVW.

1878 -3133

2252

1005-1206

1080

Allrandomdata
Subset1
Subset2
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andwithaGreen (GR)filter.The(NIR-GR)/(NIR+GR)ratiois
used as avegetation index.For 37of the62locationsofthe
100m transects containing maize,thegreytoneswereclassified
according to a standard sensitivity guide. As AVW correlates
highlywithDG itislikely thatdifferences ingreytoneswere
causedbystresssituations,duetoshortageofavailablewater
in the profile. The vegetation index yielded a significant
regressionequation (at a=0.05 level)withAVWasexplanatory
variable and thevegetation index asdependent variable.This
is considered as a validation of the AVW map obtained by
Cokriging.
Conclusionsfromthisexampleare:
1. The prediction error variance is a markedly increasing
function ofthedistance toobservationpoints.This impliesa
need for dense sampling of thepredictand,which is,however,
usuallypreventedbytheassociatedcosts.
2.A gaininprecisionwithrespect toKrigingof50%interms
of themeanvariance of theprediction error isobserved ifa
highly correlated covariable is included. This covariablehas
tobe sampledonallgridpointswhereaprediction iscarried
out so as to produce a predictive soil map. The gain in
precisionforotherpointsisstructural,butsmall,rangingin
theaveragefrom6%to12%,dependingonthetestset.
3. Evidence on aerial photographs supports the AVW values
obtainedinthisstudy.
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Appendix A - Derivation of predictor and prediction error
variance
This appendix gives the derivation of the formulae (2.9)
and (2.10). Westartwithmaking somepreliminary observations
andconsideranumber,sayk,ofstochasticcharacteristicsy.i>
onthebasisofwhichthebestlinearpredictorforyoistobe
formulated, that isthepredictoru,notnecessarilyunbiased,
withminimalvar(u-yo) , whileCand CQ, thecovariancesamong
they^andthosebetweenthey^andyo,areknown.Thenonehas
todeterminein<yi,...,yk>,thespacespannedbythey^'s,the
vector /i'y.such that (yo -/i'y)has minimum norm or length,
where the inner product is defined as the covariance between
two vectors. This is equivalent to finding the orthogonal
projection of yo on <y^

Xk'*» o r

cov

(ï0"'i'2'2i) ™ 0 for

i=l,...,k, or C/i- CQ, the normal equations, leading to
u- CQC y. The vector yo"có^ X *-sorthogonal (uncorrelated)
to any linear combination of y_\ , . . .,y.^ and
-1
-1
-1
var(y0-c6C y)-var(y0)-var(c0C y)- cQQ -CQC c0.
Nowwith Ey- Xß and Eyg- XQ'/S, according to (2.5),we
wishtominimizevar(t -yo)undertheconditionthatE(t-yg)
- 0.Inordertoaccomplishthis,thepredictionerrorissplit
into

t-y0=(A'y-côC'V)-(a)-côC^y)

(A.l)

the difference of two orthogonal terms, and var(t - yo) var(A'y-c0C"y)+ cQQ - c0C"c0.
Now, fory'y,with v' equaltoA'-CQC ,werequirethat
E(«/'y)-x a ß,withx a— (XQ'- CQC X ) ,becauseofunbiasedness.
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Minimizing var(t - X Q ) *-S equivalent to minimizing var(i/'y)
while E(i/'y) - x'aß. This minimum is attained by the GLS
estimator £ - VX'C"1^, where V - (X'C _1 X) _1 . Hencei/'y- x ^
andthust-i/'y+ CQC ywillbe

t-xa'£+coC"1^
-x§'£+côCT^y.-X£)

(A.2)

as mentioned i n ( 2 . 9 ) . F u r t h e r , t h e minimum of v a r ( t - XQ) i s
according

to

decomposition

A

(A.l)

_1

equal

to

A

var(xa'£)+c_Q -cßC CQ. Replacement of var(xa'£) by x a Vx a
yields (2.10).
AppendixB-Extensiontokvariables.

Extension of the preceding method to k variables, i.e.
prediction of a variable with k-1 covariates, is straightforward.Again,y^isthevectorcontainingobservationsofthe
predictand,whereasy.2

Xk.aret n e vectorscontainingobser-

vationsofthecovariables.Inalinearmodelwehave

Ey - X

ß

where X - diag(Xi

(B.l)
X^), a block-diagonal matrix with the

matrix X^, containing polynomial functionsupto the degreeof
the trend of the coordinates of theobservationpoints ofthe
i variable,asi blockandthevectorsyand ß axe defined
as y = (yi',...,Xk')' and ß' - (ßi'

ßk')

. With C the

covariance matrix of actual observations (of predictand and
covariables), CQ the vector of covariances between the
predictand at the unvisited location with all observations
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contained iny.,an(*COOt n e variance of the predictand at the
unvisited spot,we obtainwith XQ '- (xg.O,...,0),
t-x§'£+c ^ C - 1 ^ -X£)

(B.2)

var(t -y_0)-c 00"c'oC" 1 ^+x a Vx a
A

A

(B.3)

A

where now ß' = (ßi'
ßk') an£i V and x a are completely
analogous to the expressions defined above.The formulae (B.2)
and (B.3)aresimilar to (2.9)and (2.10), respectively.
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COKRIGINGNON-STATIONARYDATA.

ABSTRACT
Universal cokriging is used to obtain predictions when
dealing with multivariate and non-stationary data. In this
studyattentionisfocusedonmultivariaterandomfunctions.An
important type of non-stationarity is defined in terms of
multivariate random functions with increments which are
stationary of order k. The covariance between increments of
different variables is modeled by means of the pseudo-crosscovariance function. Criteria are formulated to which the
parameters ofcross-pseudo-covariance functionsmustcomplyso
astoensurepositive-definiteness.Cokrigingequationsandthe
inducedcokrigingequationsaregiven.Thestudyisillustrated
byanexamplefromsoilscience.
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INTRODUCTION
In regionalized variable studies there is a growing
emphasis on the measurement and interpretation of characteristics forwhich relatively advancedmeasurementprocedures
are necessary. Land qualities like availablewater, (Steinet
al., 1989), concentrations of heavy metals in the soil
(Leenaers et al., 1989)and raingauge data (Krajewski,1987)
are typical examples. Such variables, as a function of the
coordinates of their location are modeled as regionalized
variables. Prediction towards unvisited locations is an
important activity, e.g. in order to provide a map of the
region,ortoestimate thetotalamountofpolluted soilorof
recoverablereserves.
Sometimes thesevariables arecorrelatedwithother,more
easily measured regionalized variables, like depth togravel,
relative altitude or radar-rainfall data. In such situations
cokriging (Journel and Huijbregts, 1978;Myers, 1982;Vauclin
et al., 1983; Stein and Corsten, 1990) is a regularly used
prediction technique which involves observations of several
variables at hand. The easilymeasuredvariables serve ascovariables when predicting the value of the predictand in an
unvisitedlocation.
Upto now, little attention has been given to universal
cokriging, i.e. cokriging in the presence of a trend (see,
however, Stein and Corsten, 1990). The need for a more
profound, statistical treatment of this subject is evident,
sincetheuseofcokrigingwithout takingatrend intoaccount
maybetoogrossasimplification.
In this paper attention isfocused on the definitionand
the use of universal cokriging. To do this, cokriging is
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defined in terms of increments. In section 2 multivariate
random functions and multivariate increments are introduced.
The question concerning positive-definiteness of permissible
covariance functions ofincrements istreated (Dowd,1989). In
section 3 cokriging is defined in terms of the best linear
increment predictors. Finally an example illustrates the
estimation of the parameters describing the cross-covariances
between increments and the use of universal cokriging in a
studyonmoisturedeficits.
As concerns terminology, we have putmuch effort todescribe the concepts as concise and precise as possible. The
term universal cokriging isused throughout thispaper toindicate that one deals with regionalized variables,which are
notstationarythemselves,butwhichhavestationaryincrements
of some order. We will use the term 'prediction' instead of
'estimation' to indicate that we estimate a possible future
observation and not a parameter. This is in agreement with
terminology intimeseriesanalysis,whereonepredicts future
observations, but also observations in the past, or missing
observations, as well as with terminology in mixed linear
models (see also Corsten, 1989 and Christensen, 1990 on
universal Kriging). Instead of 'generalized' covariances we
prefer the term 'pseudo'-covariances, since we deal with
covariances which are not always covariances in the proper
sense, since positive-definiteness, an important feature, is
nottransferredtonon-increments.However,onemayuseaswell
'generalized'insteadof'pseudo'.
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MULTIVARIATERANDOMFUNCTIONS
a.Univariaterandomfunctions
Attention is focused on the set of observations on a
numberofvariables.Wedenotetheobservationsononeofthese
variables,theu

one,byyu(xi)

yu<x„)'>x l

x

„
"u
,
arethesitesinthed-dimensionalspace,forexampleR ,(with
respect to an arbitrary origin)where observations are taken

and the yu(x^) are real numbers. Bold printing indicates a
vector. The index u refers to a finite set of variables on
which observations are taken. Although in many practical
studies like soil surveys, the size of this setmaybe quite
large (Webster,1985), inthispaperasetofsize2willserve
asanillustration.
Theunderlyingmodelforasinglevariable isaunivariate
randomfunction (URF),whichwillbedenotedbyY u (x), thecapital indicating randomness (Ito, 1953;Yaglom, 1986). A URF
is seldom, if ever, measured entirely, but in most circumstances at a finite number of observation points only. We
therefore turnourattentiontowardsa finite

restriction

ofa

URF.
A finite restriction of a URF Yu(x) for any u is that
function restricted toadomainconsistingofafinitenumber,
ntl say, of observation locations denotedbyx.,
u

J

J

x .The
ul
un u

vector of n u values Y (x.) is denoted by Y u . To be clear,
Yu(x)istheURFandY u isthefiniterestriction.
We will need linear combinations of the observations,as
themaindirectionofthisresearchconcernstheformulationof
a predictor which is linear in the observations. A
linear combination
120

ofYu(x)is:

finite

"u

A U 'Y U= lU A ui Y u (x ui )
1-1

(1)

where the prime indicates the transpose ofavector.Clearly,
the finite linearcombination ischaracterizedbythefunction
Autl(x)withthevaluesA .inthelocationsx .andthevalue0
ui
ui
elsewhere. Infact,thisfinite linearcombination isalinear
functionalactingontheunivariatefunctionsonR.
In order to deal withnon-stationary data,attentionhas
tobe paid to a special class of linear combinations,called
increments.Asiswellknown(Matheron,1973;Delfiner,1976)a
(k+l)th-order

increment ofY u (x),defined foranynon-negative

k,isafinite linearcombinationA U 'Y Uwiththeproperty that
itannihilatespolynomialsofdegree<k,i.e.Au'pnu
S A .p(x.)-0forallpolynomialsp(x)ofdegree<kx.The
i=l
classwithoutanyrestrictions istheclassofrandomfunctions
where foranygivenuandanygivenlocationx inR°,Yu(x)is
a0

orderincrement.Restrictions increasewithincreasingk.

We notice that if EA .Y(x.) is an increment, then
uiu ui
EA .Y,,(x
.+h)isanincrementofthesameorder,sinceapolyui u UI

f

J

nomial with respect to an origin remains a polynomial of the
same order if the origin is translated by avectorwithprevious coordinates -h. It may be desired to remove trends in
theURFZu(x)accordingtoalinearfilteringoperationZu(x)SA -Yu(x.+x)withinputYu(x)andoutputZ u (x).Therefore,if
this operation is applied to a polynomial up todegreek, it
willvanish,irrespectiveofthetranslationh,whichjustifies
•'•The order k+1 is in agreement with (Gelfand-Vilenkin,
1964).Following (Delfiner,1976),oneshouldcalltheorderk.
121

thaname of 'filtering' apolynomial.TheMultivariate Random
Function (MRF)isintroduced asastraightforward extensionof
theURF.
b.Multivariaterandomfunctions
Considermorethanone,sayp,URF'sinaspecificregion,
denotedbyY^(x)throughY p (x).Withinalevelriverterracewe
may think (cf.Steinetal., 1989)ofY^(x)asthewaterlimited yield ofwinterwheat,Y2(x)as themoisture availability
of the top soil, Yß(x)as the depth to gravel,Y^Xx)as the
claypercentage oftheB-horizonandY5(x)asthestoninessof
the surface. Clearly,d isequal to 2andp is equal to 5in
thisexample.Ofinterest isthesimultaneousbehaviourofthe
variableswithregardtothespatialstructureofthevariables
themselvesandoftheirinterrelationship.
AnMRF isdefined for everyx eR asap-variaterandom
variable Y(x) - (Y^(x)
u=l

Yp(x))'. Every component Yu(x),

p,ofanMRF isaURF.AnMRFisusedtodescribesim-

ultaneously variables which may be mutually dependent. This
distinguishesanMRFfrompunivariatefunctions.
A finite restriction of a MRF Y(x) consists of finite
restrictions of each component. The vector of n=n^+...+np
valuesY (x.)isdenotedbyY,whence
Y(x)istheMRFandYis
J
u ui
the finite restriction. Different sets ofpoints may be used
forthedifferentconstitutingURF's.
A finite linear combination of aMRF Y(x) is the sumof
finitelinearcombinationsoftheURF'sY u (x):

A'Y=2A ' Yu U =uE S A .Yuu(x .)
-... ui ui
u=l
u-11=1
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(2)

Thefinite linearcombinationA'YoftheMRFY(x)iscalledan
increment of order (k]+l

kp+1)iff. for u - l,...,p, the

univariatecontributionA U 'Y Uisanincrementoforderku+1.We
will restrict ourselves to themore commoncase that allku's
areequaltothesamevaluek.
AnMRF,just like aURF,shouldhave aconsistent family
of distributions for finite restrictions ofY(x)inthesense
ofKolmogorov (Kolmogorov, 1950). Iffirst and secondmoments
ofthefamilyofdistributionsexist,thep-variateexpectation
vector is defined as /i(x)=(/ii(x),...,/zp(x))',where /iu(x) E[Yu(x)], and for any two locations x and x the p-variate
covariance function G(x,x) is defined as the p x p matrix
{guv(x,x)J with typical element guv(x,x)- cov(Yu(x),Yv(x)).
Foranarbitraryfinitelinearcombinationwehave:
P
P nu
E[A'Y]= \'ti -SA u ' Mu -2 2 A ^ ( x . )
u=l
u-11-1 U 1

(3)
U1

Var[A'Y]-A'GA-SSA u 'g uv A v
uv
P P nu nv
= 2 2 2 S A,A .g (x6,,x.)
.. ........ uiui uv ui vi J
u=lv=l1-1j-1

(4)

where fiu, g ,/iand G are the finite restrictions of A*U(X),
g (x,x), /J(X) and G(x,x), respectively.Wenow considermore
generalmodelsfortherandomnessofaMRF.

c.Pseudo-expectationandpseudo-covariancefunction
We assumethatexpectations andcovariancesofonlyarestricted set of finite linear combinations, increments of
order k, exist. We assume the existence of a multivariate
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functionj*(x)and amatrix function G(x,x)such that theexpectation of an increment A'Ycanbe calculated with eq. (3)
anditsvariancewitheq.(4).Thefunctions A*U(X)an<*S(x»x)
are not expectations and covariances in the ordinary sense,
although eqs. (3) and (4) may suggest this. Therefore the
functions /iu(x) and A*(X)
functions.

termed

pseudo-

expectation

Likewise,the functionsg (x,x)aretermed pseudo-

covariance
functions

are

functions

if u — v, and

pseudo-cross-covariance

if u f v. G(x,x) is termed a pseudo-covariance

function as well. Pseudo-expectations of (permissible) linear
combinationsarenotunique:ifp(x)isapolynomialofdegree
< k, then /*(x)+p(x)is also a pseudo-expectation. Neither is
thepseudo-covariancefunctionunique:ifp^(x)arepolynomials
of degree < k for i=l,...,4, and f^(x) and f2(x) are any
functions, then using G(x,x)+pi(x)f^(x)+f2(x)p2(x)+p3(x)p4(x)
is equivalent to using G(x,x), as follows from the defining
propertyofincrements.
From now on we will deal with MRF's with a pseudoexpectationfunctionandapseudo-covariancefunction.

d.Pseudo-stationaritv
AnMRF Y(x)with existing first and second ordermoments
is called translation invariant or stationary (sometimes
called:homogeneous)iff.thefollowingtwoconditionshold:
1.E[Y(x+h)]isindependentofanytranslationvectorh;
2.Var[Y(x+h)]isindependentofanytranslationvectorh;
An MRF Y(x) ispseudo-stationary of order k iffor everyincrement A'Y of order k the filtered MRF with URF's equal to
Zu(x)- EA .Yu(x .+x)is stationary. The MRF Y(x) is said to
have k
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order stationary increments. Stationarity of incre-

merits may be interpreted as non-changing expectation and
variancewithregardtotranslations2.
There are severalclassesofstationarity tobementioned
inorderofweakness:
1.ForastationaryMRFY(x)theexpectationandthepseudocovariance are identical to ordinary expectation and
covariance,respectively.
2.Forapesudo-stationaryMRFY(x)oforder0thepseudoexpectation function A*(X) and the pseudo-covariance
functionareuniquemodulopolynomialsofdegreeO.Ifji(x)
is constant, but /J(X) f 0 it makes sense to consider
incrementsoforder>1.
3.Forapseudo-stationaryMRFY(x)oforder1thepseudoexpectation function is a multivariate polynomial of
degree < 1, which is not unique modulo a constant. An
exampleofanincrementoforder1isthedifference
Y(x)-Y(x).Inthiscase,thesemivariogramH,definedby
H(x,x)- -(l/2)*Var[Y(x)-Y(x)],isequivalenttoG(x,x).
For first order increments thevariances oftheconstituting MRF's, do not necessarily exist, but if they do
exist, and are equal to G Q ( X , X ) , say, the well-known
relationshold:

H(x,x)=-4G0(x,x)-hG0(x,x)+G0(x,x)
(JournelandHuijbregts,1978).Ifforthiscasewedefine
H(h)-H(x,x+h),wemayuseH(x-x).
2
For
example, the Wiener process as mentioned in
[Cressie, 1989] is pseudo-stationary of order 1,which is.in
agreementwith [Gel'fand-Vilenkin,1964,p.264-265]. Following
[Matheron,1973]onemaycallthisprocessanIRF(O).
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4. Forapseudo-stationaryMRFY(x)oforderkthepseudoexpectation function is a multivariate polynomial of
degree<k,which isuniquemoduloapolynomialofdegree
k-1.Ifincrementsarestationarybuttheirexpectationis
notequaltozeroitmakessensetouseanincrementofan
order 1 step higher, for which the pseudo-expectation
function will vanish. For such increments, an extended
class of covariance functions is available. This is
exactly the so-called intrinsic hypothesis (Journel &
Huijbregts, 1978, p. 33).By definition, polynomials of
degreek-1 areannihilated,because forY— Y]_+p,where
p isthefiniterestrictionofapolynomialofdegree<k
we have A'Y- A'Y^.Therefore,equivalence classes arise
inMRF's,modulopolynomialsofdegreek-1.

For the sake of completeness, we mention the following
property: an MRF Y(x) is called rotation invariant (or:
isotropic)

iff. for any u and any v g (x,x)depends on the

length of the distancevector rbetweenx andxonly,andnot
on its direction. In this case itmakes sense to speakabout
g (r)insteadofg (x,x).
uv
uv
e. Pseudo-positive-definiteness andthepseudo-cross-spectrum
If the MRF is stationary, then each of the functions
g (h) - cov(Yu(x),Yu(x+h) should either have a Fourier
transformf (w)suchthat
uv
g (h)- (l/2*) d/2 Je" iw - h f («)dw
°UV
'
*(J
uv
oratleastbeexpressibleas
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(5a)

g, (h)- (l/27T)d/2 U' l w - h dF <»)
-uv
^d
uv

(5b)

where dF (w) is a complex rvalued measure, the so-called
uv
spectraldensityfunction,andw.hdenotestheinnerproductin
R .Eq. (5b)is the relevant one ifthere are discontinuities
inthe F (w)-function,e.g.corresponding toperiodicities in
theMRF.
The p x p matrix F(a>), with typical element F (w) is
called the multivariate spectral distribution function. The
matrix f(w) = {f («)} is called the multivariate spectral
uv
densityfunction.Inpracticewewilldealwith f(w).
ThevarianceofanylinearcombinationA'Yis
A'GA=EA u 'G uv A v- E J Äu(«)Äv(w)dFuv(W)
u,v
u,vR d

(6)

withAu(w)= (l/2ir) S A ,exp(iw.x,)andAv(w)isthecomplex
conjugate of A v (w). According toBochner's theorem, thepxp
matrixwithelements
JdF (w)mustbeHermitianforanybounded,measurablesetfl
ueù

ofRd.IftheFourier-transformsexist,thenthisconditionis
equivalenttotheconditionthatthepxpmatrixwithelements
f (w)isHermitianforany«eR.
th
IftheMRFisnon-stationary,buthask -orderstationary
increments, then g (h) is not necessarily expressible in a
form as (5b). For every increment A'Y ofY(x)we have that
Var(A'Y)- A'GA. The p-variate covariance functionG(h)obeys
o

th

J

A simplecounterexampleistheURFwith0 -order
stationaryincrements,andwithg(h)—-|h|.
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the requirement that it has to be pseudo-positive-definite,
that is, for all x . and x . c R°- and all collections of
ui
vj
permissiblenumbersA.andA .wehave:
ui
vj
A'GA>0.

(7)

This is a weaker requirement than positive definiteness: for
non-permissiblenumbersA.andA .negativevaluesmayappear.
To judge the permissibility of pseudo-cross-covariance
functions we need a criterion toevaluate thepositiveness of
A'GA for all permissible vectors A, in fact belonging to a
subspaceofallvectorsA.
Necessaryandsufficientconditionsforthenon-stationary
case are accomplished by a very general theorem in GelfandVilenkin, 1964, page 300. This is in fact an extension of
Bochner's theorem to generalized functions with stationary
increments.
A sufficient condition for the MRF to have a pseudopositive-definitecovariancefunctionisthatthereisamatrix
F(w) with elements F (w), called the multivariate pseudospectral-distribution function, such that (6) holds for any
increment A'Ypseudo-stationary of order k. The p x p matrix
withelements JdF («),whichistermedthepseudo-crossW€ÜQ

spectrum, must have finite elements andbe Hermitian for any
compactset QQofR ,thatdoesnotcontaintheorigin,butmay
be infinite if Q contains the origin. There is however the
restrictionthatJ |w|
dF (w)befiniteforanybounded
UV
wefl
measurableset QofR.
This does not always lead toapractical evaluationcriterion for decidingwhether certaincross-covariancefunctions
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are permitted, i.e. an expression containing a limitednumber
ofparameters. Inparticular cases,however,whenattentionis
focused on p - 1 (Kriging)orp- 2 (cokrigingwith onlyone
co-variable),thismethodcanreadilybeused.
Example1.

Consideraregionofdimensiond-2.Wewilldemonstrate
how the previous theory applies for generally used functions
g (h), linear in the (unknown) parameters •d ,, without
nuggeteffect.Letg (h)bedefinedas:
k

27-1

h

Suv< >" Y7=1
uv,7lhl
Again, the value of k corresponds to the degree of non-stationarity.Thequestionwewishtoansweris:whatrequirements
the coefficients Û

satisfy in order that the functions
uv,7

g (h)guarantee,fork>1,apermissiblesolution?
For theFourier transformofg (h)we findthefollowing
expression:
k

f (w)-2 Ô
2Ay
™
7-1 ™.y

27+Hd-l
rW27+d-l)> Z 7 L
.2
L
lul °
r(-4(27-l))

na

+1

(9)

(e.g.GelfandandShilov,1964).Forthecross-spectrumwefind
a2x2matrixwithelementsoftheform (9). Investigatingthe
casek-3,weobtain:

f(»)-,f(»)
( uf (»K u v )
f

(») f <»)
UV

V
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••a
U,1

UV, 1

UV,1

\

l»l +9 Kx,2 *uv,2

V, 1

+225/-Ô , -0
.\|w|
u, 3 uv, 3 ' '

l»l'

V 2 V2/
-7

uv,3 v,3
-e!|w|"3+9e2|w|"5-225e3|w|"7
As iseasilyverified, thepxpmatrixwith elements
\f (u>)dfc>,hasfinite elements andisHermitian forany
weQg
compact set0 Q °f^ >that doesnotcontain theorigin,butis
infinite if CIQdoes containtheorigin. However
2k+2
|o>| f (ct>)dcoisfinite foranybounded, measurable setft
weft

5

ofR^.Thesameholds forf (w)andforf (w).
u
v
We further notice that for each univariate case the
functions f («)andf (w)have tobepositive duetoBochners'
u
v
theorem and hence that ö , < 0 , 0 _ < 0 and Ö „ >
u,l
u,3
u,2
-10/3*Yö ,*#

',"while similar conditions hold forthecoeffi-

cients off (w), butnotforthose off (w) (Appendix A ) .For
the multivariate case, a sufficient condition forF(«) tobe
positive definite forallvalues of u isthat -Q\, 62and-63
are positive definite. This is equivalent to the following
conditions, additional
tothethreebefore:
1.0 .0 .-{* n } 2 >0;
IV,J.
u,lv,l
uv,l
2.0 .0 .- {& 0 } 2 >0;
2
3.tfu,
,02v,
,3
uv,2uv,3 } >0;
u,3
v,3
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(10)

COKRIGING
MRF's and their increments may be used to carry out
predictions ofoneof theunivariate components of theMRF in
unsampled locations.Thisactivity istermedcokriging.Oneof
the important aims in cokriging is the improvement of the
prediction of one of the univariate components of a MRF by
using the information on the other components which are
generallybettersampled.
We consider an MRFY(x)with a completely knownpseudocovariance function G(x,x), i.e. the functionG(x,x)isgiven
andcanserveasapseudo-covariancefunctionofawell-defined
classofincrementsofY(x).Weassumethatafinitenumberof
multivariate functions Mk(x)

are

gi-ven> such that /i(x) -

Eric/*jc(x)can serve as apseudo-expectationvector, linear in
the unknown parameters r. The functions/^(x)canbemultivariate variables, like moisture content (regarding the values
as fixed in terms of the linear expectation model), or indicator variables corresponding to qualitative factors (like
vegetation typeor treatment).Themodelmatrix forthelinear
modelwillbedenotedbyX.Sinceju(x)isuniqueuptoapolynomial of degree < k, we assume that X also contains the
finite restrictions of the multivariate monomials. In most
practical cases a parameter r^ belongs to only one of the
componentsYu(x)ofY(x), forexample:atreatmentvariableis
relevant only for yield values, and not for organic matter
content.
Weconsiderasetoflocationsconstitutedofapartwhere
Y(x) isobserved and another setwherewewant topredictone
of its components.Throughout this chapterweuse the index 0
todenote theobservational part ofavector ormatrix,andP
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todenotethepartforwhichwewish tomakeaprediction.The
finite restriction ofMRF Y(x),arranged in the vector Y, is
partitioned into [YQ' Yp']'. Likewise,theweightvector Ais
partitioned into [AQ' Ap']', as we wish to predict a linear
combination Ap'Yp by a linear predictor AQ'YQ. In most
practicalcases,theP-partcontainsonesinglelocation,where
we wish to predict the value of the main component Y^(x).
Sometimes, however, the P-part consists of a square grid of
locations where we wish to predict the mean value or the
gradient (inonedirection)ofthemaincomponentY^(x). Inthe
example of thepoint value,Ap - 1. Intheprediction ofthe
gridmeanApwillbeavectorofequalweights,notnecessarily
positive,but summing to 1. Ifwewish topredict the linear
gradientalong6equallyspacedpoints,Ap—
l/70(-5,-3,-1,1,3,5)'. Block cokriging, i.e. predicting the
averagevalueoveranarea,isalimitingcase.
Now attention is focused on LUI-predictors of Ap'Yp:
linear predictors AQ'YQ, such that theprediction error e'YAQ'YQ -Ap'Ypisunbiased,i.e.E[e'Y]-0andisanincrement.

Thesizeofthepredictionerrorcanbequantifiedby itsmean
squarederrorE[c'Y]2-varfe'Y].Wearesearchingforthebest
LUI-predictor (BLUI-predictor)which istheLUI-predictorwith
minimummeansquarederror.Infact,thepredictionerror isa
zero-expectationincrement.
Azero-expectationincremente'Ysatisfiese'X-0wherethe
matrix X is partitioned into X=[XQ' Xp']'. The covariance
structure is represented by the finite restriction of the
pseudo-covariancefunction,i.e.thematrixG,partitionedas
/Goo^0P\•Th ematrixGQO consistsofthepseudo-covariances
GpoGpp
between the observations of the predictand, between those of
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co-variables and those among them. The matrix GQP (- Gpg)
consists of the pseudo-covariances between observations and
actually not taken values in prediction locations and the
matrix Gpp consists of the pseudo-covariances among the
predictionlocations.
Any prediction error e'Y with minimum variance should
satisfytherequirementofthelemmainAppendixB,i.e. e'GS —
0, for all S - («o'5P')' w i t h *P" ° a n d «O'XQ - 0.Thisis
equivalent to SQ'(GQQXQ

- GçjpAp)- 0 for all SQ. Therefore

GQO^O "GopApisavectorperpendiculartoall SQ orthogonalto

the column space of XQ, i.e.belonging to the columnspaceof
XQ. ThereforethereisatsuchthatGQQAQ "GoP^P— -XQt.This

equationandtheequatione'X- AQ'XQ -Ap'Xp=0arecombined
intothefollowingpartitionedmatrixequation:

/GQO *0\
v

(XOs - / G 0 P A P Ï

% ' 0' t

}

C 11 )

^Xp'AP;

IfAQ satisfiesthisequationforacertaint,thene'Y- AQ'YQ
-Ap'Yp has minimum variance and therefore AQ'YQ is theBLUIpredictor of Ap'Yp. Therefore equation (11), the so-called
'cokriging'-equation, characterizes the BLUI-predictor of
Ap'Yp.
TheexistenceofaBLUI-predictorhasbeenassured,sothe
cokriging equation isalwayssolvable.However,singularityof
thematrixGcancause trouble ifastandardwayofsolvingis
followed. By adding a large multiple of XX' to G, we will
obtain a positive definite symmetric matrix, sharing the
propertiesofthematrixGabove (compareRao,1989).
Solving AQ from the first cokriging equation for givent
andinsertingitintothesecondequationgivesthepossibility
of solving for t. Inserting the solution of t 133

-(XO'GQO X Q )

(Xp-GpoGoO ^o)^Pgivesthesolutionof XQ. Thus

weobtain

BLUI-predictorofAp'Yp:AP'(XPB+G P0 F)

where B is defined as ( X O ' G Q O ^ X O )" ^ ' G O O ' ^ O

(12)
and

F

as

GQO" (vo*^oB)•Note thatB and Fare completely determinedby
theobservedvaluesoftheMRFandtheirlocations.
Interpretation of (12)isasfollows.Thefirstcontribution,Ap'XpB,maybedefinedasthepseudo-trend.Rememberthat
it makes no sense to consider the pseudo-trend XB as an
estimation of the pseudo-expectationvector p, since n is an
artifact and since the estimation error is not even an
increment.However, Ap'XpB itself isaLUI-predictor ofAp'Yp
byinvokinggeneralizedleastsquaresfortheestimationofthe
regressioncoefficients B and it isofpolynomial form inthe
coordinatesofthelocationsconcerned.Thesecondcontribution
Ap'GpoFisfreeofpolynomialeffectsandof^-effects.Itwill
improve Ap'XpB as apredictor ofAp'Ypby combining knowledge
of the interdependence alongwiththatofthepseudo-residuals
YQ-XQB,

again of observed predictand and co-variables with

respecttoestimatedpseudo-expectation.
ThemeansquareerroroftheBLUI-predictorisobtainedby
using(11):
e'Ge —Ap'GppAp -Ap'GpgAQ-Ao'GppAp+ AQ'GPQAQ
•»Ap'GppAp -Ap'GpgAo-t'XpAp
- Ap'(Gpp-Gp0G0o Gop)Ap+t'(Xo'Goo X<))t
- Ap'(Gpp-GpoG0o G0p+Xa'VXa)Ap
withV- (X 0 G 00 X 0 ) andX a=Xp-GpoG0()-XQ.
134

Anotherformofthecokrlgingequationsisobtainedbythe
followingconsideration.ThebestpredictorforY Qisofcourse
Y Q (exactinterpolator).Thereforefrom (12)wehave,replacing
thePbythe0,thatX Q B + GQQF- YQ.Moreover,thecolumnsof
F are zero-expectation increments, i.e. XQ'F - 0. The two
requirementsyieldthefollowingpartitionedmatrixequation:

G0o X Q F
M
^XQ' 0 B '

- Y0
''O'

(13)

Solving F from the first cokriging equation for a givenBand
substitutioninthesecondequationgivesthealreadymentioned
expressionsforBandF.Equation(13)istheso-calledinduced
equation (Myers,1988;Rao,1989).
Example2

In this example we illustrate the use of universal
cokriging in a study on moisture deficits,which we compare
with results onuniversalKriging (Cressie, 1986). The404ha
Mander area in the eastern part of the Netherlands has been
usedforgroundwaterextractionduringthepast30years(Stein
et al., subm.). Due to water shortage caused by this water
extraction,water tables in the area were lowered and indry
periodscropyieldsofsomeofthelocalfarmersdecreased.By
meansofa1:10,000soilsurveyatotalof499observationswas
obtained (Fig. 1).Standard simulation models were used to
calculate two different moisture deficits for grasslandunder
thepresenthydrologicalsituationforeveryobservationpoint:
themoisturedeficitfor1976 (MD76,meanvalueequals 59.5mm),
anextremelydryyear,andtheyearlyaveragemoisturedeficits
fortheperiod1956through1985 (MD30,meanvalueequals
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Soi1map of the Mander area

• T y p i c Haplaquods
EilPlageptic Haplaquods

S Plaggept
mHHTypic Humaquepts
IDPlaggeptic Humaquepts
ESHistic Humaquepts
^HUrban area

5km

Fig. 1. Soil map of the Mander area in the eastern
Classification
is according to USDA.

Netherlands.

11.0mm). In this example we will illustrate the use of
universalcokrigingtopredictmoisturedeficits,withtheMean
HighestGroundwatertable (MHW)asacovariable.
Obviouslywehavetodealwithtwovariables,bothperhaps
exhibiting a trend. For bivariate increments the spatial
dependence is described by apseudo-covariance functionwhich
is the sum of the functions g (r),for thepredictand, g(r)
for the covariable and g (r) for their interaction, each
°uv
isotropic and linearly dependent onavector Ôofparameters,
according to (8)where thefunctions gk(h)fork> 0areequal
.
i i2k-!
to|r|
Simultaneous estimation of the parameters ô ,,Ö ,and
tf

iscarriedoutbyminimizing thenegativelog-likelihood

function (Kitanidis, 1983). This estimation procedure is
commonlycalledtheRestrictedMaximumLikelihood (REML)method
(Patterson and Thompson, 1975). In order to judge different
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degrees of trend, Akaikes' information criterion is used
(Akaike,1974;Shibata,1976).
To estimate the coefficients, the total data setwas too
largetobehandledefficiently.Wethereforeselected9random
sets, each of 25 elements.On each of these sets thecoefficientsof (2)wereestimated.Non-permissiblecoefficientswere
assigned the value 0 (Delfiner, 1976). The final coefficients
areobtainedbyaveragingthecoefficientsobtainedforeachof
the9sets.
Determination of the coefficients 0 (Table la) and
evaluation ofAkaikes'criterionrevealedasecondordertrend
for the three variables.This isnot surprising,because low
values for the water tables, are associated with soils
predominantly occurring in thewestern part of the area,and
pertaining the largest part of the area (appr. 85%),whereas
highvalues areobserved forplaggeptic soilswhichoccur ina
relatively small area of 15% in the eastern part of thearea
andmoisturedeficitsarecorrelatedwiththese.
The coefficients which are estimated for the pseudocovariancefunctionsforbivariateincrements (Tablelb)arein
agreement with the corresponding coefficients for thepseudocovariance functions for univariate increments. For example,
the coefficientstf„1 and ß~ _ from Table lb correspond with
thecoefficients0

andÖ..„forMHWinTablela.
1,1

1,Z

Results from universal cokriging are compared with those
obtained by means ofuniversal Krigingbymeans ofpredicting
toa test set of 100 locationswhich are randomly selectedin
advance from thecomplete dataset.wheneveruniversalKriging
was applied, aneighbourhood of 18observations wasused.For
universal cokriging the neighbourhood was extended with 19
observationsforthecovariable.Forthe100testlocationsthe
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TABLE la. Estimated coefficients
functions for different
Variable
MD76
MD30

MHW

•d

1,1

[mm]
[mm]
[cm]

885
48.3

337

Ô

for

pseudo-covariance
variables.
Ô

1,2

-82
-5.9
-114

1,3

1,4

0
0
0

-0.92
-0.04
-1.05

TABLE lb. Simultaneous
estimated
coefficients
for
pseudocovariance
functions
and
pseudo-cross-covariance
functions for MD30 and MD76 with MHW.

MD

MHW

MDxMHW
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1,1
1,2
1,3
1,4
2,1
02,2
2,3
2,4
12,1
12,2
12,3
12A.

MD30

MD76

33.4
-5.2
0
0
411
-77
0
0
36.6
-15.8
0
0

774.4
-36.0
0
0
499
-56
0
0
324.2
-33.0
0
0

Table 2. MSE and MVPvalues obtained
Kriging (UK) and universal

UK

MSE
UCK

MD30
66
66
MD76 1219 1229

by means of
universal
cokriging
(UCK).

UK
65
1190

MVP
UCK
42
989

Mean Squared Error (MSE),defined as themean of the squared
difference of predicted and observed values, as well as the
Mean of the Variances of the Prediction Errors (MVP) is
calculatedinthesepoints (Table2).
We notice thatMSEvalues are approximately the samefor
bothuniversalcokriging andforuniversalKriging forthetwo
moisture deficits considered,whereasMVPvaluesarelowerfor
universal cokriging as compared to universal Kriging.
Evidently, universal cokriging gives more precise predictions
thanuniversalKriging.Multiplepredictionsmaybecombinedto
yieldapredictivemap ofoneoftheseMoistureDeficits (Fig.
2).

X-coordlnat« (km)

Fig. 2. 30-Year average Moisture Deficit for grassland
by means of universal
cokriging with the mean
Groundwater level as a
co-variable.

obtained
highest
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CONCLUSIONS
1. Universalcokrigingisanextensiontocurrentstatistical
prediction and interpolation procedures; it is now
routinelybeingusedinenvironmentalstudieslikestudies
insoilscience.
2. Universal cokriging allows one to predict values in a
configuration, which may constitute a single locations,
multiplepointsoragradient.
3.

Formany practical studieswhenonehas todealwithone
covariable only, evaluation of the permissibility of
pseudo-covariance functions and cross-pseudo-covariance
functionsisstraightforward.

REFERENCES
Akaike,H.,1974,Anewlookatthestatisticalmodel
identification, IEEE Trans. Automat. Control, AC-19, p.
716-723.
Christakos,G.,1984,Ontheproblemofpermissiblecovariance
andvariogram models:WaterResourcesResearch 20,p.251265.
Christensen,R.,1990,Theequivalenceofpredictionsfrom
universal Kriging and intrinsic random-function Kriging.
MathematicalGeology22,655-665.
Corsten,L.C.A.,1989,Interpolationandoptimallinear
prediction:StatisticaNeerlandica,v.43,p.69-84.
Cressie,N.A.C.,1986,KrigingNonstationaryData:J.Amer.
Stat.Assoc,v.81,p.625-634.
Cressie,N.A.C.,1989,Geostatistics:TheAmericanStatistician
43,p.197-202.
140

Delfiner,P.,1976,LinearEstimationofNonstationarySpatial
Phenomena: in Guarascio, M., et al. (Eds.)» Advanced
Geostatistics in theMining Industry, Reidel,Dordrecht,
TheNetherlands,p.49-68.
Dowd,P.A., 1989,GeneralizedCross-covariances:inArmstrong,
M. (Ed.),Geostatistics,Dordrecht,p.151-162.
Gelfand,I.M., andShilov,G.E.,1964,GeneralizedFunctions1,
AcademicPress,NewYork,423p.
Gelfand,I.M., andVilenkin,N.,1964,GeneralizedFunctions4,
AcademicPress,NewYork,384p.
Ito, K.Stationaryrandomdistributions.Mem.Coll.Sei.Univ.
Kyoto28,209-233.
Journel,A.G.andC.J.Huijbregts.1978.Mininggeostatistics.
AcademicPress,London,600p.
Kitanidis,P.K., 1983,StatisticalEstimationofPolynomial
Generalized

Covariance

Functions and Hydrologie

Applications:WaterResour.Res.,v.19,p.901-921.
Kolmogorov,A.N.,1956,Foundationsofthetheoryof
probability,secondedition.Chelsea,NewYork,70pp.
Krajewski,W.F.,1987,CokrigingRadar-rainfallandRainGage
Data:J.Geoph.Res.,v.92,p.9571-9580.
Leenaers,H.,Ockx,J.P.,andBurrough,P.A., 1989,Co-kriging:
anAccurate and Inexpensive Means ofMapping Flood Plain
Soil Pollution by using ElevationData, inArmstrong,M.
(Ed.),Geostatistics,Dordrecht,p.371-382.
Matheron,G.,1973,Theintrinsicrandomfunctionsandtheir
applications:Adv.Appl.Prob.,v.5,p.439-468.
Myers,D.E.,1982,MatrixFormulationofCo-kriging:Math.
Geol.,v.14,p.249-257.
Myers,D.E.,1988.Multivariablegeostatisticalanalysisfor
environmentalmonitoring.Sei.delaTerre,v.27,p.411141

427.
Patterson,H.D.,andThompson,R.,Maximumlikelihood
estimation ofcomponents ofvariance,inCorsten,L.C.A.,
and Postelnicu, T. (Eds.) Proceedings
International

Biometrie

Conference,

of

the

Constanta,

8th
197-207,

1975.
Rao,CR., 1989,ALemmaonOptimizationofaMatrixFunction
and a Review of theUnified Theory ofLinearEstimation,
in Dodge, Y. (Ed.), Statistical Data Analysis and
Inference,Amsterdam,p.397-417.
Shibata,R.,1976,Selectionoftheorderofanautoregressive
model by Akaike's information criterion. Biometrika 63,
117-126.
Stein,A.,Bouma,J.,Mulders,M.A.,andWeterings,M.H.W.,
1989, Using Spatial Variability Studies to Estimate
Physical Land Qualities of a Level River Terrace: Soil
Technology,v.2.,p.385-402.
Stein,A.,andCorsten,L.C.A.,1990,UniversalKrigingand
CokrigingasaRegressionProcedure:Biometrics,inpress.
Stein,A.,Staritsky,I.,Bouma,J.,VanEijnsbergen,A.C.,and
Bregt, A.K. Subm. Simulation of moisture deficits and
interpolation by universal Cokriging. Submitted toWater
ResourcesResearch.
Vauclin,M.,Vieira,S.R.,Vachaud,G.,andNielsen,D.R.,
1983, The Use of Cokriging with Limited Field Soil
Observations:SoilSe.Soc.Amer.J.,v.45,p.1040-1048.
Webster,R.,1985,QuantitativeSpatialAnalysisofSoilinthe
Field.In:R.Stewart (ed.)AdvancesinSoilScience,Vol.
3,Springer,NewYork,p.1-70.
Yaglom,A.M.,1986,CorrelationTheoryofStationaryand
Related Random Functions. I: Basic Results. II:
142

Supplementary notes and references. Springer, New York,
526p.

APPENDIXA
Tworemarksconcerningconditionalposltivity.
1. The conditions to be imposed on the coefficients d , in
order to achieve a pseudo-positive-definite pseudo-covariance
function. In addition to theparameters introduced insection
2, let Û _indicate thenugget effect.Then the requirements
that, ina two-dimensional case, & _St0,d . £ 0, ô _<0
u,0
u,l

u,3

and Û „ > -10/3*yô ~ö ./do not apply to pseudo-crosscovariance functions. For example, -d _may be negative.To
show this, assume that (YU,YV)isabivariate random function
whereY u isapurenuggeteffectandY v- -Yuwithprobability
_
Û n
ö n <0.
uv,0
u,0
v,0
2. The above conditions and the conditions (10) that
{tf ,}2< ö & . are not both necessary in order
that the
J
uv,k
u,kv,k
variances of any permissible increment be non-negative.As a
1.ThenÔ

counter example we take aMRFwith p - 2 and k - 2,without
nugget effect for the two (identical) constituent URF's and
withthefollowingparametersforthepseudo-(cross-)covariance
functions:
URFi

URF2

Cross

Vo

0

0

0

Vi

1

1

0

0

0

6/9

•«.2
•«.3

1/225

1/225

0
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where eissomenumber>0.ThematrixF(w)nowbecomeswithd
equalto2:
/ -3
-7
-5
F(«)- |o| +|w|
e\u\

e\u>\'5

\

i»r3+i«r7

Thismatrixispositivedefiniteforeveryw/0if |e|<2.

APPENDIXB
In order to find the BLUI predictor of Ap'Yp, we start
with a given LUI-predictor and consider the corresponding
prediction error <p'Y. There always exists a LUI-predictor of
Ap'Yp, for example Ap'Xp(Xo'Xo) XQ'YQ. We assume that the
locations at which the observations are made induce a full
column rank matrix XQ. The prediction error corresponding to
any other LUI-predictor of Ap'Yp isof the form<p'Yminus S'Y
where S'Y is a zero-expectation increment and S =

(SQ'S-P')'

withfip-0,i.e.5belongstoalinearspacecalledM.
Thefollowinglemmagivesthepossibilityofimprovingthe
LUI-estimation error cp'Y to the prediction error e'Y of the
BLUI-predictor (Gauss-Markov reduction). However, the lemma
holds quite generally. We only assume that thevariances and
thecovariances ofthe<p'Yand the S'Y aredefined.Thekeyis
to determine inthe spaceM thevector S such that <p- Shas
minimumlength,wheretheinnerproductisgovernedbyametric
equal to the pseudo-covariance matrix. This is equivalent to
findingtheprojection eof <pperpendiculartoMinthatsense.
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Lemma Let (pbe givenandlet ebesuchthate-<pisinM.Then
e'Yhasminimumvarianceiff.cov(e'Y,5'Y)-0forall 8 inM.
ProofLet tpbe given,let ebe such that e-cpis inM andlet
e'Y satisfy cov(e'Y,5'Y)- 0 for all S inM.Choosea S inM.
Then (<p-e)-8 isinM,and
Var((<p-S)'Y)-var(e'Y)+2cov(e'Y,((<p-e) -S)'Y)
+var(((*>-e)-5)'Y)
=var(e'Y)+var(((<p-e) -S)'Y)
> var(e'Y).
Becausethisholdsforany S inM,theifpartisproven.
Conversely, let e'Y,with eand <p suchthate-<pisinM,have
minimum variance and let 5 be in M. Then w'Y with
w-e-(cov(e'Y,5'Y)/var(5'Y))5isinM.Sincee'Yhasminimum
variance,wehavethatvar(w'Y)>var(e'Y). Ontheotherhand,
working out the variance of w'Y gives var(w'Y) - var(e'Y)(cov(e'Y,5'Y))2/var(5'Y)< var(e'Y). Therefore,cov(e'Y,5'Y)=
0,whichcompletestheproof.
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Cokriging Point Data on Moisture Deficit
A. STEIN,* W. VANDOOREMOLEN, J. BOUMA, AND A. K. BREGT

ABSTRACT
Existingernanntercalculationsbysimulationofthemoisturedeficit(MD)wereusedfor500 pointobservationsinanareaof404ha
withsandysoilsinthe Netherlands.Thestatistical predictiontechniqneskrigingandcokrigingwereusedtopredictMD-valuesin100
pointsselected atrandomfrom the500available points.The MDdataattheremaining400pointswereusedforthepredictions.The
ivariance of prediction error (MVPE) and themean squared
rofprediction(MSEP)decreasedonly slightly whenkrigingis
compared with cokriging using themean highest water-table level
asacovariaWe.The numberofMD-values used incokrigingcould,
however, bereduced from 400to160 with only asmall loss ofaccuracy inusing400observations onthemean highest water-table
(MHW)asa(»variable.As theMD-variables beingconsideredare
four times as expensive to determine as thecovariable, which is
routinely estimated during soil survey, this also represents aconsiderable reduction of costs. Cokriging canthus bea useful techniquetomoreeffectively utilize available soil survey information.

C

OMPUTER SIMULATION techniques for predicting

the soil moisture deficit arebeing used inthe
Netherlands toestimate yield reductions due tolowering ofthe water table bywater extraction formuA. Stein. Dep.ofSoil Statistics,W.vanDooremolenand J.Bouma,
Dep. ofSoil Science, Agricultural Univ. Box37, 6700 AA Wageningen. Netherlands; A.K. Bregt. Dep. ofApplied Information Scienceand Statistics,theNetherlandsSoil Survey Inst., Wageningen,
Netherlands. Received 21 Dec.1987.'Corresponding author.
Published inSoil Sei. Soc. Am. J. 52:1418-1423(1988).

nicipal watersupply (e.g. Bouma etal., 1980a,b).Soil
maps are used toestimate basic hydrological propertiessuchashydraulicconductivity, moistureretention
and watertablefluctuations(e.g.Wöstenetal., 1985).
Simulations arecarried outforso-called representativesoil profiles foreachmappingunit.Thisisaclear
disadvantage, because heterogeneity within units is
thus ignored. Analternative, more attractive procedure istoproduce simulations foreach separate soil
boring, followed bypredictions forunvisited spotsby
meansofthe prediction technique ofkrigingandaveraging to obtain a predictive map (e.g. Bregt etal.,
1987; DeWitand VanKeulen, 1987). Costs ofborings, data gathering andsimulation calculations are,
however, relatively high. Procedures have to be developed, therefore, to cut coststothepoint thatmaximum information isprovided atminimum cost.
The objective of this study wastoexplore use of
available soil survey information for developmentof
such procedures.A potentially attractive procedureis
the statistical prediction technique of cokriging
(McBratney andWebster, 1983; Yates andWarrick,
1987),whichnotonlyusesobservationsofaparticular
variable, such asthemoisture deficit, but also observationsofcovariablessuchassoil orwatertablecharacteristicsthatareroutinelyassembledduringsoilsurvey. Cokriging could conceivably result in a
considerable reduction ofcosts in achieving a comparable degree of accuracy byusing fewer relatively
expensive variables andmore relatively inexpensive
co-variables.
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MATERIALS AND METHODS
Study Area and Procedures
In 1985adetailedsoilsurveywascarriedoutintheManderareaintheeasternpartoftheNetherlandsbytheDutch
SoilSurveyInstitute(Stiboka)tostudytheeffect ofgroundwaterextraction on the production ofgrassland (Stoffelsen
andVanHoist,1985;Wôstenetal., 1987).TheManderarea
consistsofsandysoils,whichareclassified asHaplaquods,
Humaqueptsand Plaggepts(Wôsten et al., 1987).FluctuationsofthewatertableareroutinelycharacterizedbyDutch
soilsurveyintermsofmeanhighest(MHW)andmeanlowest(MLW)levels(VanderSluijsandDeGruijter, 1985;Fig.
la).Theyareclassified asindicatedinTable 1. Loweringof
watertables results in change in productions,e.g.ofgrasslandduetolowerfluxesofwaterfromthewatertabletothe
root zone.Farmershavetobefinanciallycompensated for
these production losses by municipal water companies.
Computer simulation techniques by the simulation model
LAMOSare used to obtain the necessary quantitative
expressionsforthemoisturedeficitandtheassociatedyields,
as has been discussed elsewhere (Bouma et al., 1980a,b).
Simulation calculationswere madefor a 30-yrperiod.For
this study attention wasarbitrarily focused on tworesults,
viz.the30-yravg.valueforthemoisturedeficitforgrassland
(MD30)and the value for thedry year 1976(MD76)(Fig.
lb,c).In theareaof404habeingstudied,500soilborings
were made.Thisobservation density isgenerallyassumed
toberepresentativeforsurveysofscale 1:10000.Hydraulic
conductivityand moistureretentiondata formajor soilhorizonswere used as they were obtained from a previous
study(Wôstenetal., 1985,1987).Simulationswerecarried
outforeachboringlocation.Toevaluatethepredictionsby
krigjngandcokriging, 100boringswereselectedatrandom
fromthedatasettoserveasatestset.Predictionsweremade
for the test set with the calculated valuesfor the moisture
deficit of the remaining 400 borings (see statistical procedures).Attention wasfocused on theaverageprecision obtained for the 100 test locations. Concerning the scale of
mapsa ruleofthumbfor soilsurvey recommends
that approximatelyfourobservations percm2of maparea are to
betaken.Thisrulewasquestioned, however,byinvestigating the possibility of taking fewer observations. More observationswouldnotbefeasibleforeconomicreasons.Data
setswith reduced numbers ofobservations weregenerated
byrandom numberscorrespondingtofour mapscales(Table2).Finallyan analysisofcostswasmade to allowa financialcomparison betweenkrigingandcokriging.

Table 1. Groundwaterciaaaeaaadi
groundwater fowls.
Groundwaterlav«! cm.
Clan

MeanMeant

Maanloweat

S
S

<*0

7

40-80
>80

«0-120
>120
>120
>120

t

<«•

MD30

K) « ^
MD76

Statistical Procedures
In carryingout the statistical analysesthe statistical prediction techniques kriging and cokriging have been used.
Cokriging,closelylinkedtokriging(Matheron,1973),allows
the use of a second variable (thecovariable) in predicting
valuesofthevariableofinterest(thepredictand).Thenew
approachbeingusedhere,formsaspecialversionofamore
generalapproachdealingwithpolynomial trendsuptoany
order.Themethod ishereconsideredtobeastatisticalprediction technique(Kendall and Stuart, 1973)rather thana
numericalinterpolation technique(Vauclinetal., 1983). The

Fig. 1. Maps of MHW, MD30, and MD76 ia the Mander ana,
obtained by kriging the original sail sorrey data.
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Table2. Correspondencebetweenobservationdensity,theappro*imatemappingscale,andthenumberof observations inthe
datasets.
Observ. density.
obs./km*
Approx. map scale
No. ofobserv.

99
10 000
399

44
15 000
177

25
20 000
100

16
25 000
64

11
30 000
44

technique has been developed inthe context ofthe Generalized Linear Model with dependent observations (Rao,
1973),andcan bedescribedasfollows. Throughout thetext
we useboldface type to denote thatavariable isstochastic,
in order to distinguish it from nonstochastic variables.A
predictortisused inanumber of points, e.g. the nodesof
a grid. Let one such point be denoted byr0 and letapredictiontof the value ofy„in z„be based on nobservations
of the predictand inthe observation points z,, . . . ,z„and
m observations of the covariable inthe observation points
z„, ,
z„, ,„.LetXbeamatrix, m + nby 2,* 0 atwovectorand yastochastic m + n-vector, composed ofannvectory' andan m-vectory- pointingtothe predictandand
the co-variable, respectively, such that
2000

1,0
; ai - (1 0); y 0 1„

y'

1„isavector consisting ofn ones and 1,„isavector consisting ofm ones. The model can be formulated as
y - xß + e ,
with £(e) —0, and var(e) —Cand unknown parameter
vectorß. We have to predicvy0 — Xoß + *o with var(e0) —
Coo- Undertheassumptionofstationarityandfinitevariance
theelementsofCaregivenbythecovariancefunctionsc,(h)
andc2(h)forthepredictandandthecovariable, respectively,
and thecross-covariance function c,2(h) between both of
them, all three dependingon thedistance h between observation points. The value for c«,isgiven.by c,(0). A generalized least squares estimator forß isß, defined asß—
(XC <X) 'XC 'y.
Ingeneral, as in thisstudy, thedemandoffinitevariance
istoo strong. Usecanbe madeofsemivariogramsg,{h)and
g2(h)forthepredictandandthecovariableandofthecrossvariogramg,2(h) for the spatial interaction between predictandandcovariable,respectively,dependingon thedistance
hbetween observation points. These variograms can beestimated by
gk(h)- SO* - V+$/2N(h)for k = 1,2; [1]
gl2(h) = Iffl - ri+h) (J? - y?+*)/2JV(/i); [2]
Summation in Eq.[1]isforeveryhtakenoverallN(h)pairs
of observation points ofthe predictand and the covariable,
respectively,beingadistancehapart,andinEq.[2]forevery
hoverallN(h) pairsofpointsforwhichobservationsofthe
two variables are available beingadistance h apart LetG
be the n+ mby n + mmatrix with elementgit — —g(h,),
being the opposite ofthe value ofthe\avix^ro*v between
observation points z,andz}andletg0 bethe(n + m)vector
with element g0< being the opposite ofthe value of the vurvojcam between z0andthe/thobservationpoint.Thenugget effect isdenoted by gM. We then obtain asa stochastic
predictor

• 1000

500

t = x<ß+
g0G<(y-Xß).
Asameasure for the precision ofa prediction the variance
of the prediction errorisused, being equalto
varft - y0) = goo - gQG^g0 +

[3]

x^XG^-'x^A]

where xa ij defined as x„= Xo — g0O~'X.
Since the valueofEq. [4]iszero in anobservation point
(both krigingand cokriging are exact predictors), atest set
of 100 points'was randomly selected from the originalset
of500calculateddata.Forthetestsetpredictionsarecarried
out on thebasisof MD-data inaneighborhood oftheeight
nearest points oftheremaining400 points. The variances
oftheprediction errors, Eq.[4],wereaveragedoverthe test
set, yieldingthe mean varianceofprediction error(MVPE).
Also, predictions in thetest locations wereafterwards comparedwith the corresponding observations,givingasecond
measure ofthe performance ofthe predictor, the meanof
squarederrorsofprediction (MSEP). Thetwo measuresare
equalto

1500

MSEP = (1/n) * £ ft - yf

[5]

and
0.4
0.6
Lag distance (km)

Fig. 2. Semivariogramsfor MD30, MD76, and MHW,andtheir
cross »ariogramswith MHW.TheMD30 values aremultiplied
by3toobtaincomparablepictures.

MVPE = (1/«) * £ var(t, - y 0 ,),

[6]

î-i

respectively.In both Eq. [S]and [6] summation iscarried
outoverthetestset,inEq.[5]expression [4]isused,whereas
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inEq.[6]thepredictioniscomparedwiththeobservedvalue.
Although thesemeasuresarefundamentallydifferent inthat
the MVPEisstochastic andthe MSEPisnot, theycanboth
beusedtoobtainanindication ofthequalityofpredictions.
The relation between the variance of the prediction error
and the squared error of prediction is given by
E(t - y 0 ) 2 - vartt - y0) + {E(t - y 0 )] 2 . [7]
ThetermE(t — y0)2 isestimated by Eq. [5],in otherwords,
the MSEP is an estimator of the mean value of the second
moment. Because{£(t — y0))2isequaltozero,theprediction
model is considered appropriate, if theestimator for £(t —
yo)2 is about equal to the estimator for var(t - y0), that is
ifthe MSEPand the MVPEareabout equal. In practice, of
course, differences may exist between the MVPE and the
MSEP, due to deficiencies in the prediction model, i.e. the
bias of the model. The MVPE is always smaller tharrihe
MSEP.
Bymeansoftherelativeprecision(rp)different prediction
techniques are compared with kriging based on 400 observation points. It isdefined as
rp = MVPE°/MVPE'
[8]
whereMVPE0isthe MVPEofkrigingwith400 observation
pointsandMVPE'istheMVPEofthecompared prediction
technique. A value of the r.p. > 1, for instance, points to a
prediction technique that is more precise than kriging with
400 observation points.
Table 3. Coefficients of weighted linear regression models for
variograms, Qih)= a + 6*A(see also Fig. 2).
MD30,mm
MD76,mm
MHW. cm
MD30-MHW
MDT6-MHW

74
1030
495
12
171

1560
1780
295
1090

Table 4. Correlation coefficients.
MD30
Moisturedeficit
30-yravg.
Dryyear 1976
Groundwater level
Meanhighest
Meanlowest

MD30
MD76

1.000
0.934

MHW
MLW

0.587
0.551

MD76

MHW

0.636
0.600

1.000
0.915

MHL

Table 5.1a. M V P E of M D 7 6 for different o b s e r v a t i o n densities obtained b y m e a n s of reference v e n o g r a m s .
Predictand
Covariable
99
44
25
16
11

99
171

44
216
226

25
269
288
294

16
360
384
397
413

Two approaches are followed for the production of the
test set. First, it can be assumed that no data are available
in the test-set points, except their coordinates, whichis the
casewhenamaphastobeproducedbymeansofpredictions
in gridnodes. Second, it can beassumed that in eachof the
test-set pointsan observation ofthe covariable isavailable.
Thisdistinctionwillbedenotedbycokriging 1 andcokriging
2, respectively. To select the most promising (»variables,
correlation coefficients and crossvariograms were determinedbetween calculated moisturedeficit anddifferent soil
survey data, such as actual mean highest and mean lowest
watertable,rootingdepth,loamfraction fromtop-andsubsoil, amount oforganic matter and clay fraction ofthetopsoil.
RESULTS
Comparing Kriging with Cokriging
Calculations for the MD30 and the MD76, as made
for the 400 boring locations in the study area, were
on the average 10.3and 37.7 mm, while the individual
standard deviations were 14.S and SO.7 mm, respectively. These values could be used for estimation in
any unvisited point in the area, if spatial dependency
would be absent. Better estimates are, however, obtained when the spatial dependence is taken into account as is inherent to the kriging and the cokriging
procedures.
Semivariograms were calculated for the variables
being considered. A linear model without sill fits sufficiently well (Fig. 2a, 2b). Fitting was carried out by
means of weighted linear regression, weights being
based on the number of pairs of points in the distance
classes (Table 3).Forcokriging the mean highest watertable before extraction (MHW) was used as a covariable as it showed the highest correlation with MD30
and MD76 (Table 4) and a clear spatial dependence.
The variables MD30 and MD76 and the ccariable
MHW are known in every sample location. To simulate differences in scale, the observation density for
MD30 and MD76 of the original data set was randomly reduced, such that the number of observations
perunit map sheet be equal on every scale. The MSEP
and the MVPE values for kriging and cokriging 1and
cokriging 2 were compared for observation densities
11 obs/km 2 for MD30 and MD76 and 99 obs./km 2 for
MHW. Semivariograms were calculated for variables
and covariables for all data points, as well as for the
Table5.1b. MVPEof MD76fordifferent observation densitiesobtained by means of scale dependent variograms.
Predictand

11
521
556
578
603
616

Table 5.2a. M V P E of M D 3 0 for different o b s e r v a t i o n densities obtained b y means of reference variograms.

Covariable

99

44

25

16

11

99
44
25
16
11

171

242
254

299
325
335

455
502
533
560

539
600
654
699
713

T a b l e 5.2b. M V P E of M D 3 0 for different o b s e r v a t i o n densities obt a i n e d b y m e a n s of s c a l e d e p e n d e n t v a r i o g r a m s .

Predictand

Predictand

Covariable

99

44

25

16

11

Covariable

99

44

25

16

11

99
44
25
16
11

12.4

15.6
16.4

19.6
21.0
21.4

26.1
28.0
28.9
30.0

38.1
40.5
42.1
43.8
44.7

99
44
26
16
11

12.4

18.0
18.9

19.4
21.2
22.0

33.9
36.8
38.7
40.4

37.9
41.8
45.3
48.1
49.1
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1.5
1

t.11 T
(Ui

0.01

•

•

0.71

1.0

1.01 »

0.90
0.50

= 0.5

0.60

0.80

0.70

relative cost

„I

Co—kriging
Kriging
0.0
20

40
60
Observation density

80

100

Fig.3.Therelativeprecision basedontheMVPE obtained bykriging andcokriging 1fordifferent observation densities.

foursetsofreduced numbersofobservations. Ofparticularinterestforsoilsurveyisthecaseofhavingfew
observations of the predictand and many of the covariable.Theresultsforthedifferent observationdensitiesaresummarizedinTables5.lato5.2bandinFig.
3. Incalculating semivariogramvaluesaminimum of
30 pairs of observations in every distance class is
needed. This restricted the number of possible combinations to be tested (Fig. 4a,b). Only semivariograms for MD30 (Fig. 4a) and cross variograms for
MD30 and MHW (Fig. 4b) are shown; comparable
figures were obtained for MD76.
Results can be summarized as follows:
1. According to the MVPE and the MSEP values
obtained, cokriging 2, i.e. cokriging with an observation of the covariable in the prediction
point, leads to more precise predictions than
cokriging 1.A prediction obtained by cokriging
is more precise than a prediction obtained by
kriging with the same observations of the predictand.MVPEvaluesindicatethatthestandard
deviations for MD30 and MD76 are 4- to 20mm lower for cokriging than for kriging (Table
6).
2. Thereisasmall lossinprecisionbyreducingthe
numberof observations in the predictand up to
40%of the original number. Further reductions
result in a largerincrease (Fig. S).
3. A change in the observation density of the covariablehadlesssevereimplications fortheprecision than a change in the observation density
of the predictand. Reducing the number of observations by 89% from 399 to 44, for instance,
resulted for the predictand in an increase ofthe
MVPEof400%,andreducingthenumberofobTable6. Comparison of cokrigingandkriging for 11obs.per km'
for the predictand and 99 obs. per km 2 for the «»variable.

MSEP
MVPE

MD30
MD76
MD30
MD76

Kngjng

Cokrigiiig 1

Cokriging 2

126
2460
44.7
615

111
2230
38.1
521

102
1970
31.7
433

MD30-MHW
i

Obs.dens.99
Obs.dens.44
Obs.dens.25
Obs.dens.16
Obs.dens.11

0.0

0.2

0.4
0.6
Lag distance ( k m )

1.0

0.8

Fig. 4. Fitted models for semivariograms for MD30 and cross
ktgramsforMD30withMHW fordifferent observation

servations ofthecovariableinanincreaseofthe
MVPE of 130%. Incorporation of a covariable
reduced the increase of the MVPE from 400 to
300%.
4. Use can be made of semivariograms based on
thereducednumbersofobservationswithoutseriously affecting the quality of thepredictions.
The Associated Costs
The cost for observations and calculations of the
predictand is approximately four timesashighasthe
cost for observations of the covariable. On the basis
of the relation between relative cost of a survey and
relative precision basedon MVPE, isgraphicallypresented in Fig. 5. As can clearly be seen from, forexample, the 99 observations per km2 standard situation, the introduction ofobservations ofa covariable
enhancestherelativeprecision(byapproximately40%)
and the relative cost (by approximately 30%). Both
reduction of costs (by only 10%)and increase ofpre-
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Fig. 5. Relations between kriging and cokriging 1 in t e n u of the
relativeprecision (based on the MVPE) and therelativecost.

cision (alsoby 10%) can, for example, be achieved in
thesituation ofa density of 60observationsperkm2
for the predictand and
the original density of 99 observations per km2 for the covariable. Reduction of
observation
density from 100to 20 observations per
km2, reduces relative costs to 0.2 and relative precisionto0.5.Inclusionofcokrigingreducesrelativecosts
to 0.S and relative precision to 0.65. Even largerreductions in costs with increase of precision are obtainedwhenthecostratiobetweenobservationsofthe
predictand and the covariable would be > 4:1.
DISCUSSION
Thisstudywasfocused ononeimportantlandquality,the moisturedeficit, andusedonlyonecovariable.
The principle being illustrated is, however, valid for
otherlandqualitiesandcovariablesstilltobeselected.
Studiesareneededtofurtherexplorethepracticalfeasibility of usingcokriging.
Thisstudywasbasedontheuseofvariograms.Some
considerations shouldtherefore bekeptin mindwhen
carrying out cokriging.The necessary numberofdata
to estimate variogramsshould be more than 30to 50
per distance class (Journel and Huijbregts, 1978, p.
194).Inordertoobtainreliableestimates,thenumber
of paired observations (i.e. observations of the predictand and the covariable in one location) must be
relatively high (at least some 40 to 60).
Availability of observations of the covariable in a
point where a prediction is to be carried out leads to
a reduction of the variance of thcprediction errorby
30%,insteadof 15%ifnosuchobservation isavailable
and only kriging is applied. Therefore, use of an observation of a covariable, which is highly correlated
with a land quality being studied, enhances the precision of the prediction.
There are substantialfinancialbenefits when using
cokriging. Sixty percent of observations of expensive
variables could be replaced in this study by less expensive variables without serious loss of precision.
Observations on these less expensive variables are to
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be made in the very locations where a prediction is
needed. Up to now it is not clear how to select the
mostpromisingcovariables.Selectionshouldnotonly
be based upon the correlation coefficient The spatial
relation between the predictand and potential covariables should be taken into account as well. It could
be useful to use multivariate techniques withthepurpose to combine two ormore variables into one new
covariable. Studies on this approach are inprogress.
In Geographical Information Systems, use of cokrigingappearstobeattractive,astheperformance of
a GIS is governed by quality of input data. Kriging
offers the opportunity to produce predictive single
value maps while cokriging allows incorporation of
different soil parameters that are usually available in
soil data bases, soas toenhance Jheprecision ofoutput. Computingtimewill increasewhen usingcokriging,buttheavailability ofhighcapacityhardwareand
skillful programming may overcome these problems.
Also,incombiningtwosourcesofinformationinterms
of variables and covariables, cokrigingexplicitly uses
their spatial relations. Maps of variances of the predictionerrorcanbeprovided,showingthelocation of
the more or less reliable partsof maps of the predictands.
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USING CO-KRIGING IN VARIABILITY STUDIES
TO PREDICT PHYSICAL LAND QUALITIES
OF A LEVEL RIVER TERRACE
A. Stein, J. Bouma, M.A. Mulders, M.H.W. Weterings
Wageningen
Summary
On a level river terrace with only limited
physiographic features in the Limagne
area in France, physical measurements
were conducted at 62 sample locations,
focusing on the spatial variability of soilavailable water. Some 280 observations
on a logarithmic sample grid were taken
as well to measure basic soil properties.
Pedo-transfer-functions were used to estimate soil physical characteristics which
are usually difficult to measure in the
field. Variability is studied with emphasis on anisotropy and the nugget effect.
As physical soil characteristics are
closely related with crop conditions and
associated spectral imagery, relations
were investigated between multispectral
aerial photography and soilphysical land
characteristics. The vegetation index
showed a highly significant relationship
(F-value <.001) with the available water
in the profile.
A predictive soil map was made by
Co-kriging. Co-kriging is described in
terms of increments. To compare the results of Co-kriging with those obtained
with Kriging, use is made of a procedure
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which defines the necessary number of
observations to create a predictive map
of a predescribed precision. Application
of Co-kriging may either lead to maps
which are more precise than maps obtained by Kriging, or to a considerable
reduction in costs.

1 Introduction
Spatial variability has traditionally been
studied by making soil surveys containing delineated areas that are distinguished on the basis of physiographic
features. Each delineated area is represented by one so-called 'representative'
profile, the properties of which are being
used to make interpretations that are assumed to apply to the delineated area
as a whole. This, obviously, can involve gross generalizations (e.g. STEIN
et al. 1988a, b). Lack of clearly visible
physiographic features at the soil surface hampers construction of a soil map
which can, in absence of such features,
only be based on a series of systematic
soil borings. Questions arise as to how
many borings are necessary and which
boring pattern should be followed. Recent developments in geostatistics allow
a scientific evaluation of this question in
contrast to subjective ad-hoc procedures
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being used in the past (e.g. WEBSTER
1985). Physiographic features are, however, not the only attributes that can
be used to define soil variability patterns. Increasing availability of multispectral aerial photographs, satellite images as well as rapid development of remote sensing provide a solid basis for the
application of pattern recognition techniques. However, remote sensing images
only reflect conditions either at the soil
surface, or those of a crop cover. Moisture stress of a crop can, for example,
be registered quite well by Infrared Line
Scanning (e.g. MULDERS 1987), but
the reasons for the stress situation can
usually not be derived and have to be
based on on-site investigations. Shortage
of water, causing crop moisture stress at
a given time may originate from a precipitation deficit or from a variety of possible other causes, such as shallow rooting,
occurrence of sandy layers within the soil
profile, a deep watertable and management conditions. Remote sensing images
are therefore particularly useful for testing and validating interpretations which
are increasingly based on computer simulations, since they offer the possibility
to evaluate large areas. Multispectral
photography will be applied for validation purposes instead of satellite imagery,
which only reveals variation on too small
a scale for our purpose.
Returning to the central problem of
this study which is the characterization
of soil variability within an area without
clear physiographic features, it is necessary to specify the object to be studied.
Soil survey data and soil physical properties are analyzed with respect to their
spatial variability as they are related to
crop simulation modelling. The study
is carried out on a level river terrace,
an area homogeneous on one scale (e.g.
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1:100.000), but showing heterogeneity on
a larger scale.
A choice can be made to either
study variability of various individual
soil characteristics, or to focus on interpretation with relevance for practical
application. In this study, a choice was
made for the latter, and attention is focused on the most important land quality
in this area, which is the moisture supply capacity. This land quality is directly
related to crop yield (e.g. FAO 1976).
Next the level of detail has to be defined.
BOUMA (1989) has distinguished six
levels of detail, ranging from assembling
farmer's experience to detailed computer
simulations. The appropriate level is determined by balancing the level of detail
required for the type of questions being asked against available data. The
common mistake of running a detailed
model while very little data are available is to be avoided at all cost. Still,
we are faced here with a basic problem.
Modern approaches require a quantitative analysis for which computer simulation techniques are increasingly being
used. Measurement of all required basicdata would, however, be prohibitively
expensive. Emphasis is therefore put on
the derivation of so-called pedo-transferfunctions which relate available soil data
to data that are needed to feed the simulation models. This aspect willbe emphasized in this study because application of
pedo-transfer-functions allows a quantitative approach using the relatively simple WOFOST simulation model.
In summary, the purpose of this study
was to usegeostatistical techniques toexpress and interpret soil spatial variability in a level river terrace, to use pedotransfer-functions and simulation models
to obtain data on spatial patterns of soil
moisture availability and associated crop

productions and to investigate the use
of spatial variability in the creation of a
predictive map of these properties.

2 Materials and methods
2.1 Soils
The study area is located on one of the
most recent terraces of the river Allier
in the Limagne area in France, near the
village of Vinzelles, some 30 kilometers
down-stream of the city of ClermontFerrand. Soil development is relatively
limited, such that alluvial sedimentation
is dominant (STEIN et al. 1989). Clay,
sand and gravel layers are irregularly distributed in the soil profiles. The area of
200 ha is naturally bounded at one side
by the Allier, and at the other side by
a somewhat higher situated and older
terrace. Land use is predominantly agricultural, the terrace is flooded once every 10-15 years. Moisture availability is
one of the most important land qualities
for agriculture as depth to groundwater is greater than 1.2 m. On a general
1:100.000soil map, which is the only one
available for this region (INRA 1965) the
soil in this terrace is classified as a Eutric
Cambisol, but classification as a Fluvisol
could have been chosen locally due to
the presence of fluvic properties. No soil
delineations are presented, which implies
that this region is considered to be fairly
homogeneous on scale 1:100.000. When
more detailed investigations are carried
out on a larger scale (e.g. 1:20.000) clay,
sand and gravel layers exhibit irregular
patterns that are difficult to map due to
lack of clearly visible physiographic features. A regular sampling scheme was
therefore used instead.

2.2 Sampling methods
Four transects were planned with observation points 100m apart. Two transects
were located more or less parallel to the
Allier river, and two transects were chosen perpendicular to the river, yielding a
total of 62 measurements. In every observation point a number of basic soil
survey data were measured by means of
a boring up to 1.2 m, or to an impenetrablegravel layer, whichever appeared first.
This included clay percentage of different
horizons, visual estimation of the stoniness of the surface, depth to gravel layers, etc. Every location was thoroughly
wetted and covered for 24 hours with a
plastic sheet to establish moisture content and pressure head at field capacity.
Three replicate 100 cc cylindrical samples were taken in the topsoil at each
location to measure moisture content at
field capacity and bulk density.
In twelve selected points duplicate soil
samples were taken to measure moisture retention curves with standard procedures. At the 50 remaining locations
moisture content at pressure heads of
0.01, 0.1,3and 15 bar, respectively, were
predicted by means of a pedo-transferfunction, based on field measured water
content at field capacity. 'Available water' was defined as the volume of water
between field capacity and 15 bar.
To investigate anisotropy and variability at short distances, a logarithmic rather than an equidistant additional sampling scheme was used (fig.l)
with observations at distances 1m, 2 m,
4 m, 8 m, 16 m, 32 m in two directions
from every fourth observation point of
the main transect perpendicular to the
river, and from any of those points one
additional observation was taken at a
distance 1 m, 2 m, 4 m, 8 m, 16 m
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Fig. 1 : The sampling scheme on the river terrace in the Limagne area in France
(above). One of the ten logarithmic schemes is presented in detail (below).
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and 32 m, respectively, parallel to the
river. This comprised a set of 10pairs of
45°-angled cross-transects. According to
this scheme some 280 observations were
taken on the basic soil survey data only.
The number of measured soil physical
properties, therefore, was limited while
the number of observations on basic soil
properties was abundant.
Multispectral photographs were made
during the months July and August,
1988, with a Near-Infrared (NIR, spectral passband 840-900 nm) filter and
with a Green (GR, spectral passband
555-580 nm) filter. On these photographs
strong variation was visible in both winter wheat and maize plots. The greytones
were classified on the negatives in a scale
from 1 (light) to 21 (dark) according to
a standard sensitivity guide, a 21 step
grey scale. In the terrain repeated measurements were performed on 16 maize
test plots of 50x50 m size with a hand
held radiometer which measures the irradiance and object reflected radiance
in Green, Red and Near Infrared spectral passbands (CLEVERS 1986, MULDERS 1987). The reflectance, which is
defined as the ratio between irradiance
and the object reflected radiance shows a
high correlation with photographic density as it ismeasured on the same data at
which aerial photographs were taken in
August. Thus the greytones of the multispectral aerial photographs each with
their specific distribution, as influenced
by filmtype, exposure time and photographic processing can be calibrated by
expressing them in the percentage of reflection, which is directly related to terrain properties.
The degree of vegetation coverage has
a strong influence on the spectral properties. For instance, a high vegetation coverage produces a high NIR reflectance.

The difference between NIR and visible
reflectance is typically high for vegetation in contrast to soil which shows a
relatively low difference of all possible
ratios. The (NIR-GR)/(NIR+GR) ratio
which shows a good linear relation with
vegetation coverage, is therefore a good
predictor for plant growth, and is further used as a vegetation index. For 37
of the 62 locations of the 100m transects
containing maize, the greytones were estimated on the available negatives.
Based upon soil data, particular crop
characteristics and climatic conditions
the crop simulation model WOFOST
(VAN DIEPEN et al. 1988) was used.
Concerning the crop, attention was focused on water limited wheat production,
as wheat is commonly cultivated on the
Fz terrace being studied. Climatic data
were obtained from the weather station
in the nearby village of Puy-Guillaume.
Data from the aerial photographs were
used to check the effects of soil physical
properties (governing infiltration, water
movement and water uptake by crop)
on crop growth, as it is evident by reflection properties that healthy mature
crop will show a higher difference between NIR reflectance (e.g. 50%) and
GR reflectance (e.g. 15%), than soil with
low vegetation coverage and bare soil.
Prediction of land qualities for unvisited locations throughout the terrace,
was a major objective of this study.
As soil physical properties require relatively expensive and time consuming
measurement procedures, the statistical
prediction technique Co-kriging (JOURNEL & HUIBREGTS 1978, STEIN &
CORSTEN, subm) is attractive to be
used. Promising covariables were selected among basic soil characteristics.
Most projects are confronted with lack
of data and every project with the ques-
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tion as to how available soil survey data
can be used most efficiently. The case
study to be reported here has therefore a
relevance that goes considerably beyond
the Limagne area.
2.3 Spatial variability and Co-kriging
In this study interest is focused on the
use of more than one variable, say
{zu(x),xeR2} for u=l,2,...,pdescribing the
spatial behaviour of characteristics of interest in a specific two-dimensional region. We follow the convention that
bold printing indicates that a variable
is considered stochastic. Examples in
this study are the water limited yield
of winter wheat, the moisture availability of the topsoil, the depth to gravel,
the clay percentage of the B-horizon and
the stoniness of the surface. To describe
the spatial stucture, use can be made of
the covariance function (JOURNEL &
HUIJBREGTS 1978) denned as a function of the separation distance h between
measurement locations:
cu(h) = E[zu(x +h)zu(x)] - fil

(1)

where /i„ = E[zu(x)], the expectation
of zu(x). The covariance function can be
denned if the variable zu(x) is stationary,
that is if ju„is constant and if Var[zu(x)]
exists. In anisotropic circumstances cu(h)
may differ from c„(—h). Anisotropy may
be encountered for instance in transect
data, or in areas where the variation
parallel to a river differs from variation
perpendicular to this river. For isotropic
spatial charactristics, however, cu(h) is an
even function.
The spatial interaction between two
variables can be modelled by means of
the cross-covariance function, cuv(h), defined as a function of the distance h be-
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tween the measurement locations x + h
for z„ and x for zv:
cuv(h) = E[zu(x +h)zv{x)] -nufiv

(2)

where fiu and fiv are the expectations
for zu(x) and zv(x), respectively. The
cross-covariance function describes the
change of the covariance, if the distance
between a measurement location of the
firstvariable and ameasurement location
of the second variable changes.
For h = 0, it follows that
c„(0) = Var[zu(x)] and that cuv(0) =
Cou[z u (x),z v (x)]. In anisotropic circumstances cm(h) may differ from cuv(—h),
and hence from cvu(h). For isotropic spatial characteristics, however, cuv(h) is an
even function.
If Var[zu(x)] or Var[zv(x)] do not exist, that is if the variables are not stationary, then often use can be made of
expressions of the form tu(x, h) := (z„(x+
h)—zu(x)) a.ndtv(x,h) := (zv(x+h)—zv(x)),
the simplest form of increments of order 1, which are also I s ' order differences (DELFINER 1976). Attention is
focussed on first order differences, being the special case of first order increments, where those increments are comparisons between the variable on location x and the variable at location x +h.
If a first order difference is stationary,
i.e. E[tu(x,h)] = 0, and Var[tu(x,h)] is
independent of the location x, semi- and
cross-variograms are used as generalizations of the covariance function and the
cross-covariance functions, respectively.
They are defined as:
yu(h) = (1/2) -E[tu(x,h)2}

(3)

yuv(h) = (l2)-[tu(x,h)tv(x,h)]

(4)

Therefore, gu(h) is equal to half the
variance of first order differences for distance h (CHRISTAKOS 1984). Similarly,

yuv(h) is equal to half the covariance between first order differences both for distance h.
An advantage of the use of the variograms over covariance functions is the
fact that the expectations \iu and //„ do
not occur in the definition of the semiand cross-variograms, so that they need
not to be estimated or guessed. Estimating the expectations fiu and n„ is a source
of serious errors, unless the covariance
functions are known beforehand. In
most studies, use is made of variograms,
as they can easily be estimated from collected data. Through the mean values
in distance classes estimation is carried
out by means of least squares estimation
of the parameters of, for instance, an
exponential model (CRESSIE 1985),

y(h) =C0+A- (l-exp(-h/R))

best among all unbiased predictors which
are linear in the observations of zu(x), as
it has minimal variance of the prediction
error, that is: Var[p— zu(xo)] is minimal.
This variance of the prediction error can
be formulated as the variance of an increment of first order, and therefore as a
linear combination of expressions of the
form (3).
Co-kriging (VAUCLIN et al. 1983,
YATES & WARRICK 1987) can also
be described in terms of increments. Let
in addition to z„(x) the variable z„(x) be
observed, in, say, nv locations {xVj}. Now,
the value of zu(x) in the location xo is
predicted by means of a predictor p linear in the observations of both variables,
which is given by

(5) P =P«+P» =£ W x J + ^ ' W - W C ? )

Weights are given by the reciprocal of
the variance within a distance class or
by the number of pairs of observation
points. The sill is given by Co + A, the
range by R and the nugget effect by C 0 .
The spatial prediction technique Kriging (DELFINER 1976) may be described by means of increments. Let the
variable zu(x) be observed in nu locations
{xui}. The value of zu(x) in the location
xo is predicted by means of a predictor p
linear in the observations of z„(x), given
by
P = ^ÂjZ„(x a l -)

where the A,-'s are coefficients, or
weights, to be assigned to the observations. The predictor p is unbiased, that is
E[p— zu(xo)] = 0- In the stationary case
this holds if and only if £/,- = 1. Therefore, the prediction error p—zu(xo) is a
stationary increment. The predictor p is

(6)

where the A,'s and the rç/s are coefficients to be assigned to the observations. Again, the predictor p is unbiased,
which implies that E[pu — zu(xo)] = 0
and E[pv] = 0. In the stationary case
this holds if and only if SA; = 1 and
2.rjj= 0. Therefore the prediction error p—zu(xo), being a stationary increment, is composed of two stationary increments, pu—z„(xo) and Pi,, respectively.
The predictor p is best among all unbiased predictors, which are linear in the
observations of the two variables, zu(x)
and z„(x), as it has minimal variance of
the prediction error. This variance of the
prediction error can be decomposed as:

Kar[p-z„(x 0 )] = Var[pu-zu(x0)]
+Var[p„] + 2• Cov[pu - zu(x0), p„] (8)
As (8) is the sum of two variances of
stationary increments and the covariance
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between them, it can be formulated in
terms of (3) and (4).
To investigate anisotropy, a fairly general model for the spatial structure must
be formulated, for example one in which
(3) and (4) are described as a function
of the length | h \ of the distance vector
and an anisotropy factor. For example,
an exponential model now looks like:

Hh,0)=
C0 +A • (1—exp(-

h | -R(0)))

(9)

where R(0) = {B2cos2(0 - <p) +
2J sin2(ö — <p)}'/2, where the parameters
Co,A,B],B2 and cp are to be estimated
(compare BURGESS et al. 1981).
An interesting point concerns the
question whether a covariable should be
included, and if so:which one, and how
inclusion of a covariable affects prediction error variances as a function of the
distance from the observation points. For
this purpose different test sets may be
created, each with observation points at
a specific distance from those observation points with which a prediction is
carried out.
The gain in precision achieved by Cokriging as compared with Kriging, can
be quantified by means of the Mean of
the Variances of the Prediction Errors
(MVPE). For all observation points of a
test set T containing n points the variances of the prediction error are calculated. The MVPE is defined as the mean
value for this test set:
2

M K P £ = (l/n)' ^ » a r [ p - z j

(10)

x0eT

Another question concerns the number of observations necessary to achieve
a certain predescribed precision of a predictive map. This question is faced in
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the context that the maximum variance
of the prediction error for interior points
should be as low as possible. If observations were independent this number
could easily be determined (COCHRAN
1977). For spatially dependent observations, this question ca', only be answered
if semi- and c ss-variograms are available and if also normality it assumed. If
a specific precision is prescribed for the
predictions, that is that the predictions
lay within a, say 95%,confidence region
it is possible to arrive at the distance between observation points to achieve this
precision, and hence the observation density and the number of observations.
In most practical studies short distance
variability of soil properties is of crucial
importance for spatial interpolation. Often one uses only a limited number of
observations located at relatively short
distances from the prediction locations (a
so-called neighbourhood) because those
points have preponderant coefficients if
a larger neighbourhood would be used
for prediction. In setting up the sampling
grid, attention was focused on this shortversus long-range variability. Semivariograms were estimated on the basis of observation points with separation
distance of 100 m. Exponential models were fitted by means of non-linear
regression methods, from which the spatial variability for distances shorter than
100 cm could be estimated by interpolation. The results were compared with the
available spatial variability for the same
distances as obtained from the logarithmically distributed short-distance observation points.

Symbol

Description

Unit

Mean

Soil survey data
THICKA
DGRAVEL
CB
STONI

thickness a-horizon
depth to gravel
clay% b-horizon
stoniness

cm
cm

39.1
63.4
22.4
4.4

%
%

Soil physical properties
BD
bulk density
FC
field capacity
AVWPR
avw* profile
mc* at saturation
mCsat
mcfc
mc* at field capacity

g/cm3
cm'/cm 3
mm
cm 3 /cm 3
cm 3 /cm 3

Yield simulation data
YIELD
water limited yield
winter wheat

ton/ha

Median
40
60
20
1

S.d.

Coeff. Var.

11.9
28.0
4.9
7.1

1.33
.203
125
.50
.30

1.37
.206
125
.48
.28

6.15

6.46

Min

Max

.30
.44
.22
1.61

10
10
15
0

70
120
35
40

.06
.06

.11
.16
.48
.12
.20

.9
.114
28.6
.42
.17

1.5
.263
226.0
.65
.43

62
58
58
62
62

1.15

.19

3.45

7.85

58

.15
.033
60

avw = available water; mc = moisture content

Tab. 1 :Descriptive statistics.

Co
DGRAVEL
STONI
AVWPR

Semi-Variograms
A

306 cm2
19% 2
1310 mm2

522 cm2
14% 2
2580 mm 2

Cross-variograms with AVWPR
Co
A
R

R

0.27 km
0.15 km
0.28 km

342 mm*cm
0mm%

1100mm*cm
-150 mm%

0.25 km
0.40 km

Tab. 2: Coefficients of fitted exponential model,y(h) = Co+A *(1— exp(—h/R)) for
semi-variograms and cross-variograms estimatedfrom the 100 m transects.

Symbol

Description

mCsat

mc at saturation
mc at .01 bar
mc at field cap.
mc at 3 bar
mc at 15 bar

mc.oi
mcfc
mc-\
mcl5

Nr.

Mean

Median

S.d.

Min

Max

Nr.

.51
.42
.34
.20
.13

.50
.42
.34
.18
.11

.06
.05
.05
.05
.05

.42
.36
.27
.12
.07

.63
.51
.45
.29
.21

12
12
12
12
12

Tab. 3:Moisture retention curves.
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304
192
181
291

3 Results and discussion
3.1 Variability measurements
An overview of descriptive statistics of
some selected variables is presented in
tab.l. The symbols in the leftmost column are used throughout this section.
Gravel layers within 1.2 m depth are
encountered in 192 of the 304 observations points, sometimes close to the surface. If a B-horizon is encountered (in
181 locations), a relatively high clay%
was measured, which is thought to result
from weathering, because micromorphological observations did not reveal clay
coatings. Stoniness of the surface ranges
from zero to 40%, with a median value
of 1%, suggesting that there is a relative increase of gravel at the surface,
which may be due to ploughing activities
and erosion of fine particles by rainwash
and occasional flooding. For AVWPR,
DGRAVEL and STONI (see list of symbols) the parameters of an exponential
model of the semi-variograms are estimated (tab.2). The estimated variance
of AVWPR and DGRAVEL is slightly
higher than the sill value (Co+A) as it
theoretically has to be. The larger difference between them for STONI must be
attributed to its skew distribution, as is
also illustrated by the difference between
mean and median value.
Spatial variation was estimated in two
specific directions: parallel to the Allier
and perpendicular to it (fig.3). Semivariograms for STONI and DGRAVEL
showed apparently slight differences. The
presence of anisotropy was tested by
comparing predictions in 100 randomly
located points in the area using equation
(9) with those obtained with equation
(5). A paired t-test showed no significant differences between isotropic and
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anisotropic predictions nor between prediction error variances, assuming independence. To estimate the nugget effect, the semi-variograms for the 100 m
transects were compared with the semivariograms for the more refined logschemes. The nugget-effect as obtained
from the interpolated 100 m transect
data equals 306 for DGRAVEL and 19
for STONI, respectively, whereas the values for the log-schemes are equal to 470
and 12, respectively. It is noticed that
differences up to 50% are quite natural,
which emphasizes the fact that extrapolation remains a dangerous activity, although in many circumstances the only
possibility.
3.2 Physical characteristics
Remarkably homogeneous variables
'Field capacity' and 'Bulk density' were
encountered, with a coefficient of variation of only .11 and .16, respectively,
due to the homogeneous topsoil in the
measurement locations. The variation of
'available water' for the soil profile, however, is larger, because it reflects depth
of rooting.
To predict the moisture content at saturation and at pressure head values of
0.01, 3 and 15 bar, linear models were
fitted with measured mcfc as explanatory variable. To do this, 12 samples
on selected spots were analyzed in terms
of their mc-values at five pressure heads
(tab.3). This yielded the equations with
the individual standard deviations of the
coefficients:
mcsal = .23±.10 + .81±29mc /( .
mcoi = . 1 2 + .05+ .90+ I5mcfc
ma =-. 12±.06 + .92+ 1lmcfc
mcis = - . 1 5 + .06+ .81 + 16mc/c

R2 = .43 (11)
R2 = .78 (12)
R2 = .74 (13)
R2 = .72 (14)

Available water
Profile (mrn)

300

*

200-

* '

100

n i r r r n | i i n r r T i r ir n ^ n r r m

-1.0

-0.5

pr i I T T T T T T I

0.0
Vegetution index

0.5

1.0

Fig. 2: The relation between the vegetation index (NIR-GR)/(NIR+GR)
for maize and the available water in the profile.
By means of the relations (11) to (14)
the mcsat, mc.oi,WC3 and mcis values could
be predicted for the 62 locations where
a mcfc measurement was available. The
standard error of the prediction equals
0.050 for mCsat and 0.028 for mcßi,mc^
andOTC15.To calculate the available water, only the mc^ prediction was actually
needed.
The example demonstrates use of regression analysis to predict moisture contents at different pressure heads. Use of
this procedure implied an estimated reduction in analysis costs of 80% as compared with measurement of all values at
all sites.
3.3 Available water and remote sensing
As YIELD (tab.l) correlates highly with
DGRAVEL (corr. coeff. .94) and
AVWPR (corr. coeff. .88),it is likely that

Greytone
GR
NIR

as observed

Relation
Y
Y:

1.29X - 0.51
1.60X - 0.22

.88
.81

Tab. 4: The relations between the density (X ) andthe logreflectionpercentage
( Y) for maize during the August flight.

differences in greytones for one crop type
on aerial photographs of one acquisition
date were caused by stress situations, due
to shortage of available water in the profile. To further evaluate these stress situations, the relation between greytones and
AVWPR was investigated. As validation was based on observation in maize
plots, attention was focused in the available set of observation points on the
observations containing maize, observed
during the August flight. The relations
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Fig. 3:Semi-variogramsfor DGRAVEL and STONI for both the logarithmicsampling
scheme and the 100 m distant observation points. Because of the nugget effect, the
exponential models are slightly convex.
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corr. coeff.
number of paired observations

THICKA

DGRAVEL

CB

STONI

BD

YIELD

.41
31

.96
31

-.64
13

-.51
13

-.06
31

.88
31

Tab. 5: Correlation coefficients and number of paired observations of AVWPR with
easy measureablesoil characteristics and with YIELD.
between the density (X), obtained from
the grey tones of GR and NIR and the
log reflection percentage (Y) were estimated (tab.4), showing high coefficients
of determination (.81 and .88 for NIR
and GR, respectively). No clear relationship with AVWPR was discovered
for the individual reflectance values. The
vegetation index (NIR-GR)/(NIR+GR),
however, yielded a significant regression
equation (at a = .05 level) with AVWPR
as explanatory variable and the vegetation index as dependent variable (fig.2).
Thus evidence of aerial photographic origin supports the findings on the AVWPR
values used in this study regarding their
effect on YIELD as derived from simulation modelling.
3.4 Use of Co-kriging
One of the main objectives of this study
was the transition from point observations towards statements concering the
area as a whole. To do this, predictions of AVWPR values can be carried
out in a number of comparative steps.
In a first approach the so-called 'representative profile' (see Appendix) was
used to summarize the value of AVWPR
throughout the region, giving a value of
164 mm. No precision can be assigned
to this value.
As a next step the average value for
AVWPR throughout the terrace was determined by means of the mean and the

median of the 62 observations, giving a
value of 125mm for both mean and median. The mean value has a standard deviation of 60 mm. The confidence interval under the (dubious) assumption that
AVWPR is normally distributed and the
observations are independent replicates,
contains the value from the 'representative profile'. The value of the 'representative profile' as well as the mean of a
large number of observations, however,
neglect the fact that variability varies
spatially due to sedimentological properties of the soil.
Estimated semi-variograms were used
to apply Kriging. In order to apply Cokriging, a co-variable had to be found.
STONI and DGRAVEL were chosen as
the most promising co-variables, a selection based on the relatively high values of the correlation coefficients (tab.5).
The variable CB was left out, despite its
high correlation with AVWPR, because
the number of paired observations (12)
is too restrictive to estimate properly the
cross-variogram. The negative value of
the correlation coefficient is due to the
ability of the soil to more strongly bind
the water asthe clay percentage increases
and water availability decreases.
The spatial correlation thus observed
was used to carry out mapping of
AVWPR throughout the terrace, yielding a predictive AVWPR map, which
was actually created with the help of the
Geographic Information System Arclnfo
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Mean Varianceof Prediction Errors

2500200015001000H B Kriging

500-

E ^ 3 Cokriging with STONI
K X I Cokriging with DGRAVEL
I
| Cokriging with STONI and DGRAVEL

08
16
32(m)
Distance from main transect

Fig. 4: TheM VRE as afunction of the distance between observation points, estimated
from the log-scheme,for Kriging (Kr), Co-kriging with STONI (ST), Co-kriging
with DGRAVEL (DG) and Co-kriging with DGRAVEL and STONI.

Fig. 5: The Co-kriged AVWPR map.
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Fig. 6:The requiredprecision as afunction of the distance between observation points
on a square gridfor Kriging, Co-kriging with DGRAVEL, Co-kriging with STONI
and Co-kriging with both STONI and DGRAVEL.

(fig.5). With this map optimal predictions
for unvisited locations can be obtained,
using the spatial structures of AVWPR
and of DGRAVEL as well as the spatial correlation between AVWPR and the
covariable DGRAVEL.

MVPE is both a function of the distance
to observation points, and of the spatial correlation between predictand and
co-variable. The choice for the covariable DGRAVEL is self-evident, since it
is easy to measure and highly correlated.

By means of the MVPE the precision of the predictions in terms of
standard deviations of the prediction
error are compared for Kriging (Kr),
and Co-kriging with STONI (St) and
DGRAVEL (DG) as a covariable (fig.4).
The MVPE was calculated for six different test sets, each consisting of 40 points
at distances of 1m, 2 m, 4 m, 8 m, 16m
and 32 m, respectively, from the centre
points on the main transect with observation points at 100 m distance. The

Another way to compare Kriging and
Co-kriging, is to determine the necessary
number of observations to be taken on a
future grid with equidistant observation
points, so as to arrive at a specific precision of a predictive map. Different simulated observation densities on a square
grid were compared, ranging from 1 m
to 1 km distant observation points (fig.6).
For Kriging a neighbourhood of 4 observation points was used (where 16 would
have served as well) and for Co-kriging
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a twice as dense grid was applied where
the 9 neighbouring observation points
for the covariable were used. Doubling
the observation density of the covariable
a second time lead to completely similar
results. A prediction was carried out in
the centre of the grid cells, where an observation of the covariable was supposed
to be present, but not of the predictand,
as this point contains the highest uncertainty among interior points when a
prediction by Kriging is carried out.
To arrive at a map with a required
prescribed precision the following procedure must be followed
• If the precision ranges from 40 mm
to 60 mm application of Kriging requires an observation density of the
predictand which is twice as high as
the required observation density when
Co-kriging is applied.
• If the desired precision ranges from
60 mm to 70 mm Kriging may be applied.
• When software is at hand to carry out
interpolation with two covariables, a
further — minor — reduction in the
observation density, and hence in the
total costs can be achieved.
The procedure outlined above is based
on existing semi- and cross-variograms.
If they have to be estimated, a minimum
of 40-50 observations are necessary to
acquire a required minimum of 30 pairs
of observation points per distance class,
a number which may far exceed the necessary number of observations needed to
create the predictive map. In many existing databases in various countries, however, they can easily be calculated for a
large number of characteristics for every
soil unit that isconsidered to be homogeneous on the required scale. On the basis
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of classification and soil genetic considerations, they might be applied also to
areas where no measurements were done
so far.
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Landform:
1. Physiographic position of the site: Fz terrace
2. Topography of the surrounding country: flat
3. Microtopography: slightly undulating with gullies.
Slope: class 1,flat.
Vegetation: Arable land, wheat.
II General information on the soil
Parent material: Alluvial deposits of the Allier,
Fz level.
Drainage class: well drained.
Moisture condition of the soil: moist throughout.
Depth of the groundwater table:
1.Actual: >150 cm
2. Presumed highest: >150 cm
3. Presumed lowest: >150 cm
4. Flooding: irregularly flooded (10/15 years).
Presence of surface stones or rock outcrops:class0.
Evidence of erosion.
Present of salt or alkali: class 0.
Human influence: ploughed till 25 cm.
III Description of soil horizons

0-25 cm, Ap: Sandy clay loam, slightly gravelly; 10YR3/2, moist; very coarse angular and
subangular cloths; partly friable, partly slightly
firm; very few fine and fine discontinuous random tubular pores; very few subrounded and
rounded fresh weathered quartz granite basalt
gravel;few brick fragments ;common fine roots;
locally dead plant fragments (maize) in clusters;
abrupt and smooth on:

I Information on the site sampled

25-70 cm, Bw: Sandy clay loam, slightly gravelly
decreasing in clay content with increasing depth;
10YR4/2, moist; moderate fine and medium
subangular blocky tending to sponge structure;
friable; many very fine and fine continuous random transped tubular simple pores; common
(5-10) medium and coarse continuous vertical
and random transped tubular simple pores;very
fine subrounded and rounded gravel as in Ap;
many wormcasts; locally krotovinas; common
fine roots; clear and wavy on:

Profile number: VIN.
Classification FAO: Eutric cambisol.
Date of examination: 13/8/87.
Authors description: A.G. Jongmans, A. Stein.
Elevation: 280 m.
Location:Top. map 2630 Ouest Maringues, coord.
N 2104.250 — E 682.100.

70-103 cm, CI : Alternation of bands consisting
of coarse sand (Md50 500-lOOOjtim), loamy fine
sand and gravel; 10YR7/3 in sand bands, moist;
disturbed stratification; sand bands: very friable; gravel bands: loose; in loamy sand bands:
many very fine discontinuous random transped
tubular simple pores; few (1-2) medium and

YATES, S.R. & WARRICK, A.W. (1987): Estimating soil water content using Co-kriging. Soil
Sei. Soc. Am. J. 51, 23-30.

Appendix. The Representative
profile.
Profile description of Vinzelles, Fz.
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coarse continuous vertical tubular simple pores;
in sand and loamy sand:many burrows filled up
with material of the overlying horizon, few fine
roots concentrated in the filled burrows, abrupt
and smooth on:
103-120 cm, C2: Alternation of bands consisting

of coarse sand (Md50 500-1000^m), and gravel;
undisturbed stratification; loose; the sand and
gravel consist mainly of a mixture of granite,
quartz and basalt fragments fresh and weathered, locally rounded pieces of material with
sandy clay loam texture.

List of Symbols
E
: Expectation;
Var
: Variance;
Cov
: Covariance;
^
: Summation.
{zu(x),xeR2}
:regionalized variables, as a function of the location x;
{z„(x),x<rR2}
CuW,cv(h)
:covariance function of z„(x) and z„(x) as a function of the distance h;
ßu,ßv
'• expectation of zu(x) and zv(x)
cuv(h)
:cross-covariance function between zu(x) and z„(x)
t„(x,h),t„(x,h) : first order differences.
7u(h),fv{h)
: semi-variograms;
ym(h)
: cross-variogram;
y(h)
:estimated variogram;
Co,A,R
:sill, range and nugget of estimated variogram;
nu,"c,"uc
•number of observation locations;
{x„,},{x„;}
:set of observation locations;
p,p„,p„
: predictors;
Xi,rjj
:weights;
xo
:prediction location;
MVPE
: Mean Variance of Prediction Errors;
e
:element of;
THICKA
;thickness a-horizon;
DGRAVEL
:depth to gravel;
CB
:clay% of the b-horizon;
STONI
: stoniness;
BD
:bulk density;
FC
: field capacity;
AVWPR
:available water of the profile;
mcsa,
:moisture content at saturation;
mcfc
:moisture content at field capacity;
mc.oi
:moisture content at .01 bar;
mc3
:moisture content at 3 bar;
mc\$
:moisture content at 15 bar;
YIELD
:water limited yield winter wheat;
NIR, GR
:Near-Infrared and Green;
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Use of Soil-Map Delineations to Improve
(Co-)Kriging of Point Data on Moisture Deficits*
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ABSTRACT
Stein, A., Hoogerwerf, M. and Bouma, J., 1988. Use of soil-map delineations to improve (co-)
krigingofpoint data on moisture deficits. Geoderma, 43:163-177.
Predictions of30-year average moisture deficits (MD30)werecarried outbymeans of kriging
andco-kriging,usingsimulations for 500point observations in an area of404ha ofsandy soilsin
The Netherlands.From theabovepoint observations 100pointswereselectedat random to function as an independent test set. Attention was focused on improving the precision of kriged and
co-kriged MD30-maps,as characterized bytwo error measures,the mean variance of the prediction error and the mean squared error of predictions. To do sothe survey area was stratified by
meansofsoil-mapdelineationsaccordingtosoiltypeandwater-tableclassesbasedonthegroundwater table. In unstratified maps the standard deviation of the prediction error largely depends
on the observation pattern. Stratification resulted in an increase of precision of predictions in
strata with lowMD30variability and an apparent decrease in strata with high MD30 variability.
Major soil-mapdelineations,asdistinguishedbyasoilsurvey,hadsignificantly different internal
variability. Useofco-kriging resulted in an averageincrease ofprecision ofMD30-maps of about
10%. This study illustrates the use of available soil-survey information for stratifying a survey
area soasto enhance precision ofpredictions when usingkriging and co-krigingofpoint data.

INTRODUCTION

Kriging and co-kriging are becoming well established statistical prediction
techniques to produce predictive soil maps (McBratney and Webster, 1983;
YatesandWarrick, 1987).The readyavailability ofuser-friendly software and
the fact that the techniques are well founded and the results can be clearly
interpreted have made it easy and attractive to apply them. Obviously, the
quality of the results obtained isdirectly related to the quality and the varia"Contribution from the Department of Soil Science and Geology of the Agricultural University
Wageningen,The Netherlands, andthe Netherlands SoilSurvey Institute, P.O.Box37,6700AA
Wageningen,The Netherlands.

181

bility ofthe basic data beingusedand tothe selected patterns of observations.
Thesecanberegulargridswithvariousconfigurations orpatternswith random
components. Preselected grids usually do not take into account geological or
pedological differences which form the basis for different delineations on the
soil map.
Abasic question may be raised as to whether soil-map delineations are of
value in creating predictive soil maps. Much variation is likely to be found
when a sampling grid isplaced over an area with contrasting soil types using
(co-)kriging. Webster (1985) recognizes this problem by stating: "The sampling scheme was deliberately designed to distinguish major geological formations in the first stage, since it would have been foolish to have ignored such
obviousfeatures."Implicitlyitmaybepostulatedtherefore thatsamplingwithin
major soildelineationswouldresult inlessoverallvariabilityascompared with
a situation in which the sampling grid covers several delineations. So far, no
soil-survey research has been reported covering this particular aspect. This is
surprising because if indeed predictions would be more precise when applied
within major soil-map delineations as a form of stratified sampling, anew use
of existing soil maps would be introduced. The purpose of this study was to
testthefeasibility ofusingsample stratification increatingpredictivesoil maps
on the basis of soil-map delineations.
MATERIALSANDMETHODS

The survey area
In 1985a detailed soil survey was made in the Mander area in the eastern
Netherlands by the Dutch Soil Survey Institute (Stiboka) to study the influence ofgroundwater extraction onthe production ofgrassland (Wösten et al.,
1987). The Mander area consists of sandy soils, which are classified as Haplaquods,Humaquepts and Plaggepts (Wöstenetal., 1987).Fluctuations ofthe
groundwater table (Gt) are routinely characterized byDutch soilsurveyors in
termsofmean highest (MHW) andmean lowest (MLW) levels (Vander Sluys
and DeGruijter, 1985;Fig. lb, Table I).In the Mander areawater-table levels
were recorded from 1953to 1955and in 1985.Simulated values with a 10-day
interval wereobtained by means ofother data inthe intermediate period. The
groundwater classes in the area are based on the MHW and the MLW as indicated in Table I.Lowering of water tables results in a change in production,
e.g. of grassland, due to lower fluxes of water from the water table to the root
zone.Farmers are financially compensated for production lossesby municipal
water companies. In the 404 ha study area, 500 soil borings were made. Hydraulic conductivity and moisture retention data for major soil horizons were
measured and averaged as described by Wösten et al. (1985, 1987).The computer simulation model LAMOS (Bouma et al., 1980a, b) was used to obtain
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Latitude (km)
Fig. 1.Stratification ofthe Mander area according to Humaquepts, Haplaquods andPlaggepts
(a)and accordingto Gt-classes3+5and 6 + 7 (b).
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TABLE I
Groundwater classes and mean highest and mean lowest groundwater levels, occurring in the
Mander area
Class

Groundwater level (cm)
mean highest

mean lowest

<40
<40
40-80
>80

80-120
>120
>120
>120

the necessary quantitative expressions for the moisture deficits and the associatedyields.Simulation calculations weremadefor eachboringlocation for a
30-year period. For this study attention was focused on the 30-year average
value for the moisture deficit (MD30). To evaluate the predictions by kriging
and co-kriging, 100boringswere selected at random from the data setto serve
asatest set.Predictions were made for thetest set usingthe calculated values
for the moisture deficits of the remaining 400borings (see: Statistical procedures). Attention was focused on the average precision obtained for the 100
test locations.The two Gt-classstrata contained 141and 258borings and the
three soilstrata contained 121 boringsinHumaquepts, 227inHaplaquods and
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Fig. 2. Semi-variograms for MD30 (2a) and MHW (2b) and cross-variograms for MD30 with
MHW (2c) accordingtodifferent strata.
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TABLE II
NumberofobservationsofMD30andthecorrelationcoefficient ofMD30with MHWin different
strata
Number

Corr.
coeff.

Alldata

399

.587

Humaquepts
Haplaquods
Plaggepts

121
227
51

.387
.453
.604

Gt-class3+5
Gt-class6+7

141
258

.158
.405

51in Plaggepts, respectively (Table II).ThetwoGt-classstrata contained47
and 53test borings andthethree soil strata contained 42test borings inHumaquepts,47inHaplaquods and 11inPlaggepts, respectively.
Statistical procedures
Inthis studythestatistical prediction techniques krigingandco-krigingare
used toprovide predictors for the values ofthe so-called predictand (MD30)
in the test points. These predictors have certain favourable properties: they
areunbiased,they depend linearly ontheobservations andthey have minimal
variance ofthe prediction error (Vauclin et al., 1983).Apart from thepredictionitself,thevarianceoftheprediction erroriscalculated,sometimes referred
toasthe'krigingerror' (see,forinstance,JournelandHuijbregts, 1978),which
gives an indication of the performance of the predictor. In this study weassumedthat soilvariablesareisotropicandobeytheintrinsic hypothesis within
soil strata. Thus usewasmade of semi- and cross-variograms. In co-kriging,
the variable MHWwasused as a co-variable, because of its high correlation
withMD30 (correlation coefficient .587) anditsclear spatialcorrelation (Fig.
2c). Fortheprediction of MD30 in anypoint ofthe test setby kriging eight
neighbouring observations ofMD30were used. Inco-krigingthe observations
oftheco-variable MHWintheprediction points concerned wasused aswell,
to give more precise results than when it is left out (Stein et al., 1988).The
predictions wereafterwards compared withtheobservedvaluesinthetestset.
Throughout this study stochastic variables are denoted boldface to distinguish between a variable andthe value which might be assigned to this variable. Two measures were used to obtain insight in the performance of the
predictors,theMean Varianceofthe Prediction Error (MVPE) andtheMean
of Squared Errors ofPredictions (MSEP). They aredefined as follows:

186

M V P E = ( l / n ) X Varte-yo,-)

(1)

M S E P = ( l / n ) £ (ti-y,)2

(2)

i=l

where f,=the (stochastic) predictor provided by kriging or co-kriging in the
ith test point; yoi=the variable y when a prediction in the ith test point is
being carried out; £,=the prediction in the ith test point;y,=the observation
inthe ith test point; n=the number of observations in the test set.
Aswehave for a single prediction point the well-known relation
E{t-t0)*

=Vai{t-yQ)

+

{E{t-y0)}2

and E(t—y0)2 isestimated in the mean by:

(1/n) t (fc-y,-)2
!=1

averaging over the test set yields the equation:
MSEP= MVPE+bias
where the bias is due to model deficiency. This gives the connection between
the MSEP and the MVPE. Taking square roots yields a comparison between
the measures in units ofthe predictand.
Stratification can beexpressed interms ofthe partitioning ofan area. After
stratification thetotalareaAispartitioned into,say,pdisjoint nonemptysubareas or strata, Au A2, . . . , Ap, with A x u A 2 u . . . u A p = A , A;nA,=0 for iVy
andA, ^ 0for all i.Oneach stratum A,the ksoilproperties arebeing described
by k regionalized variables y p ' (x),j=l,.. .,k,dependingon the location vectorx,hereintwodimensions.Within eachstratum everyvariableisconsidered
to follow the intrinsic hypothesis, that isfor all iand for all j :
E{y$i)(x)\xeAi} =m¥) (constant)
Var{yP (x+h) —y f ' (x)\x +

heAiandxeAi}<oo

The isotropy of the variables implies that the variance depends solely on \h\,
the length of the vector h, and not on its direction. Predictions in the entire
regionhavetobecarriedoutwithrespecttothe stratified area;that isfor every
point in the test set the predictor has to be entirely based on observations
belongingto the same stratum.
Stratification of the region was based upon groundwater classes (Fig. la)
and upon soiltypes (Fig. lb), which are routinely determined during soil survey.Everyobservationwasassignedtooneparticular stratum.In stratification
according to groundwater classes, classes 3 and 5 were combined as well as
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classes 6 and 7 to have sufficient observations per stratum to yield reliable
estimates for semi- and cross-variograms.
In orderto investigatethe significance oftheencountered differences, a test
was developed, which incorporates the spatial dependence structure of the
variables within the distinguished strata (seeAppendix).Asthe sample sizes
for the individual strata were too large to be handled by personal computers,
random selections of 50observations per stratum were used,
For every stratum the appropriate variograms were estimated and used in
thepredictions.Ingeneral,the MVPE andthe MSEPwereexpectedto change
after stratification hadbeencarriedout.Asthevarianceoftheprediction error
depends on the pattern of the observations, the MVPE is likely to increase
when stratification isbeing carried out, because the observation points to be
usedinthepredictionsingeneralarelocatedfurther awayfrom thepoint where
an MD30 prediction is being made. On the other hand, as the determination
ofthevariogramsisalsobasedupon individual strata,ageneraldecrease ofthe
MVPE may alsobe expected aswell as a decrease within areas with lowvariability.Duetothe fact that observations from outsidethepredefined strata no
longerwereused,the MSEP wasexpectedto decrease after stratification.
For the semi- and the cross-variograms a linear model without sill,
g(h)=a+bh, wasfittedbymeansofweightedleast squares;weightswerebased
upon the number ofpairs ofpoints in a distance class (Table III,Fig.2). Predictionsarebasedonthe eightnearest observation points ofMD30,and in the
case ofco-kriging also on the eight nearest observation points of MHW.
Statistical calculations werecarriedoutwith the computerpackage LANDSTAT on personal computers at the Agricultural University Wageningen; results were displayed with the computer package SURFER, which is a release
ofGolden Software, Inc.,Golden, Colorado.
TABLE III
Estimated coefficients ofalinear modelwithout sillforsemi-andcross-variogramsfor MD30and
MHW in different strata (seealsoFig.2)
MD30
a

MHW
a

b

MD30-MHW
b

a

b

Alldata

75

84

587

1520

12

295

Humaquepts
Haplaquods
Plaggepts

41
48
74

21
114
115

396
323
3300

60
411
5550

58
68
46

7
98
549

Gt-class3+5
Gt-class6+7

3
104

2
137

53
1100

20
2460

0
0

4
375
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RESULTS

Stratification
The strata differ with respect to moisture deficits as estimations for the
mean values and standard deviations around the mean within the strata are
different (Table IV). The calculated significance at the 0.001 level of all differences obtained (accordingto chi-squared testing) should howeverbe interpreted with care, because the sampling scheme is based on well-known soillandscape relations,which impliesthat theestimators for meansand standard
deviations werenecessarily biased.
The strata alsodiffer accordingtothefitted variograms (Fig.2)as intercept
(thenuggeteffect) andslopediffer betweendifferent strata.Forinstance,when
comparing the stratum defined by Gt-class 3 and 5with the stratum defined
byGt-class 6and 7,the semi-variogram for MD30hasalowerintercept (3and
104, respectively) and a less strong slope (2 and 137,respectively) (Fig. 2a).
Differences among MD30 values within areas occupied by Humaquepts are
relatively small. Increasing the sampling density in Humaquept areas has a
minor effect on decreasing the standard deviation of the prediction error of
MD30 predictions. Increasing the sampling density in Haplaquod and Plaggept areas, however, more strongly decreases the standard deviation of the
prediction error of MD30predictions (Fig. 2a).
The MVPE andthe MSEP resultingfrom thepredictionsofMD30forthe test
set are presented in Table V as averages for the entire test set and for the
different strata. The MVPE decreases from 9.30 to 72.8 after stratification
accordingtoGt-classandfrom 93.0to79.8after stratification accordingtosoil
type. The MSEP decreases from 68.1to 56.4 after stratification according to
Gt-class and increases to 75.6 after stratification according to soil type. This
clearlyindicates that an overall increase ofprecision isobtained. Table Valso
TABLEIV
Estimationsfor meanandstandarddeviationofthemeanbasedonspatialstructureofMD30in
thedifferent strata
Mean

S.d. of
the mean

Alldata

10.1

3.2

Humaquepts
Haplaquods
Plaggepts

9.9
4.9
25.1

3.4
1.3
5.5

Gt-class 3 + 5
Gt-class6 +7

1.8
16.3

0.1
4.5
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TABLEV
Resultsofthe test that no significant differences existbetween the strata

Between Gt-classes
Between soiltypes
Haplaquods-Humaquepts
Haplaquods-Plaggepts
Humaquepts-Plaggepts

I

22.4
716.0
24.2
540.8
410.1

Degrees
of freedom

Significance

1
2
1
1
1

< 0.001
< 0.001
<0.001
< 0.001
< 0.001

<96
S e

'•

'

„tit" £

Fig.3.Co-kriged MD30 map ofthe Mander area in athree-dimensional presentation. This map
isofuniform precision,with decreasingprecision onlyat theborders,asindicated byFig.4.

indicates that separation ofthe two Gt-classes hasbeen quite meaningful, because MVPE and MSEP values werevery lowfor the relatively homogeneous
Gt-class3and 5and very high for the relatively heterogeneous Gt-class6and
7. This means that the two strata contain two different MD30 populations.
Differences arealsoobservedamongthethree soilstrata.The MSEPvalue for
Plaggepts is relatively high, due to the high mean value of MD30 within the
Plaggept stratum.
By creating strata from a standard soil map,variability can be allocated to
areaswhere itnaturally belongs.When strata areignored, average MVPE and
MSEP values are obtained that mask the fact that variability is characteristically lower in certain strata and higher in others.
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Fig. 4. Map of the standard deviation of the prediction error of the co-kriged MD30 map in a
three-dimensional presentation.

Fig.5.Co-kriged MD30 map of the Mander area based on stratification accordingto soiltype in
a three-dimensional presentation.This map isnot ofuniform precision,as indicated byFig.6.

Uh
Fig. 6. Map of the standard deviation of the prediction error of the co-kriged MD30 map after
stratification according to Soil type. Sharp boundaries exist between the different strata. The
pattern iscomparable withthe pattern of soiltypes (Fig. lb).
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TABLE VI
The MVPE and MSEP values according to kriging and co-kriging for the region stratified according to soil type (soil-strat.) and groundwater classes (Gt-strat.); the values for the MVPE
andthe MSEP for the unstratified region aswellaswithin different strata are included
MVPE

Unstrat.

MSEP

kriging

co-krig.

kriging

co-krig.

93.0

90.7

68.1

61.2

Soil-strat.
Humaquept
Haplaquods
Plaggepts

79.8
101.3
67.3
51.5

68.3
97.3
48.5
41.9

75.6
48.6
53.6
273.0

70.0
48.2
57.3
207.6

Gt-strat.
Gt-class3+5
Gt-class6+7

72.8
3.7
134.2

72.0
3.7
132.6

56.4
4.1
102.8

50.2
4.2
91.0

Co-kriging
Co-kriging generally resulted in more precise predictions than did kriging
(Table V). The increases in precision ranged from 0 to 25%. Some MSEP
valueswerelargerfor co-krigingthan for kriging.Thismaybedueto numerical
instability (rounding), caused by the fairly small size of the test set for the
individual strata. The combination of stratification and co-krigingwas nearly
always succesful, in that the MSEP decreased from 61.2 to 50.2 after stratification accordingto Gt-classbut increasedto70.0after stratification according
to soil type, probably due to the fact that observation points used in the predictions are located further away. The MVPE value decreased from 90.7 to
72.0 after stratification according to Gt-class and to 68.3 after stratification
accordingto soiltype.
When one creates a predictive MD30 map, the average standard deviation
oftheprediction errorwillbe9.5without stratification andwillrangefrom 7.2
to 10.1 inthe caseofstratification accordingto soiltype.Thepredictive MD30
soil map obtained without stratification is of more or less uniform precision
(Figs.3and 4). As iswell known, precision only decreases in the parts of the
area which are less densely sampled, such as near the border of the area. A
predictive soil map obtained with stratification, however, does not show uniform precision (Figs.5and 6). Strata showing high spatial variability are the
less precise parts of predictive soil maps as compared with the strata which
show lowspatial variability.
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DISCUSSION

There are interesting consequences for soil survey by analyzing the above
results.When a specific degree of accuracy ofpredictions isrequired it is feasible to decrease the number of observations in strata showing relatively low
variability and to increase the number of observations in strata showing relatively high variability. The variograms (Fig. 2) allow a quantitative analysis
which relates the accuracy ofpredictions obtained to distance between observation points. In this study, an existing soil map was used for stratification
purposes.Thus,available soilsurveyexpertisewasusedinan innovative manner. In many countries systematic soil surveys are completed. One possible
future activity wouldbeto determine the internal variability ofexisting major
land units so asto allow statistically founded quantitative predictions of relevant land qualities rather than qualitative estimates based on the properties
of "representative" profiles. This study has demonstrated that existing mapping criteria can be relevant to define effective strata for (geo-)statistical
analysis.
When no soilmaps are available, it wouldbe advisable to distinguish major
land units by means ofcommon soil survey techniques, including remote sensing, and to focus further variability studies onthese units rather than on the
landscape asawholewith random observations.Continued research isneeded
todetermine which characteristics aremostpromising for usein stratification
and by which criteria they are to be selected. One of the criteria is that the
numberofdatapointsavailabletoestimatethevariogram mustbelargeenough
to givereliable estimates. Stratification therefore hasto be carried out on the
basis of units containing at least 30 to 40 data points. As indicated in Table
VI, stratification according to the two Gt-classes was slightly more succesful
than stratification accordingtothethree soiltypes.Different resultsare likely
to be obtained if different land units and land qualities are considered.
Application of co-kriging gives more precise results than ordinary kriging.
In this study use could be made of a co-variable (MHW) which was rather
highly correlated with the predictand (MD30). Search for such variables isof
crucial importance in succesful application of co-kriging.
Both stratification and co-kriging are valuable in geographic information
systems, becoming common tools in soil science. Maximizing the accuracy of
predictions and, at minimum cost, dealing with variability aspects as a function ofdifferent landunits isan important task for soilscientistsinthe future.
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APPENDIX
Atest wasdevelopedto investigate thesignificance ofthe differences inmean values between
strata when theobservations ofa regionalized variable are (spatially) related. Supposep strata
areinvestigated, from every stratum itisknown that the spatialdependency structure isgivenby
the correlation function c,(r) forr>0, i=\,... ,p.Asanestimator for the mean andthe variance
within the ith stratum wehave:

VnC-ly

l'-.G-'y

Vnr-ly

InC; 1„ VnGt 1„ l'„.T; 1„
wherethe matrix C;containsvaluesofthe covariance function within the tth stratum,the matrix
G,contains values ofthe semi-variogram intheithstratum andthe matrix V; contains valuesof
the generalizedcovariance function between observationsinthe ithstratum. Ofcourse,C„G;and
rt dependalsoonthe variable under study. The varianceofthe mean isequalto:

Var(A)= ( l ^ C - 1 l J - 1 = - ( U G r 1 l „ ) - 1 = - ( i ; r - 1 l n ) - 1 = : gi

The null hypothesis H 0that nodifferences existbetween thedifferent strata andthealternative
hypothesis Hj canbeformulated as:

H0:

p1 =n2 =... = np

Hi: atleastone fijdiffers from the other /i,'s, i^j
When the spatial structure isknown,this hypothesisistested with the test statistic

whichhasunderH 0achi-squareddistributionwithp—1degreesoffreedom. Ofcourse,inpractical
studiesthespatialstructure hastobeestimated from thedata. Asthetestvaluewillonly slightly
change,the samechi-square distribution wasbeingused.
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SIMULATIONOFMOISTUREDEFICITSANDAREALINTERPOLATION
BYUNIVERSALCOKRIGING.
ABSTRACT
Simulation models for calculating moisture deficits for
areas of land require interpolationprocedures toarrive from
point observations towards area covering statements. We
distinguish: calculate first, interpolate later (CIprocedures), which interpolate calculated model results for
test locations, and procedures which interpolate basic soil
data towards test locations, followed by model calculations:
interpolate first, calculate later (IC-procedures). In this
study several CI- and IC-procedures are compared, which
simulate moisture deficits, by means of a test set of 100
observations, yielding the Mean Squared Error (MSE). CIprocedures consistently produced lower MSE values than ICprocedures. Parameters of thepseudocovariance function (PCF),
which models the spatial structure ofbivariate increments in
universal cokriging,wereestimatedbymeansoftheRestricted
Maximum Likelihood procedure. Compared to universal kriging,
universal cokriging yieldedcomparableMSEvalues,butalower
Mean Variance of the Prediction Error. Best results in this
studywereobtainedbypointwisesimulationmodelcalculations,
followedbystatisticalinterpolations.

KEY WORDS Spatial Variability, Cokriging, Moisture Deficits,
Interpolation,Simulationmodelling
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IMTRODUCTION
Computer simulation models for calculation of moisture
deficits formanintegralpartofmodernsoilsurveyinterpretation methods. These models are usually based on soil and
water informationforspecificpoints inspace (Feddeset

al.,

1978; Bouma, 1989a). A problem is encountered,when calculationsforpointsaretobeextrapolatedtowardsareasofland.
Two different procedures can be distinguished to obtain
data for areas of land. In the first procedure, simulation
calculations arecarriedoutforallpointswhere observations
of all necessary variables are available. By means of astatistical interpolation method model output is predicted for
other points in the area.This procedure may be described as
'calculate first, interpolate later' (e.g. De Wit and Van
Keulen,1985;Bouma,1989b;Steinet al., 1988a,b).
In the second procedure, variables to be used in a
simulationmodelaremappedintheareaofinterestbymeansof
pedological and functional clustering (e.g. Wösten et

al.,

1985). The simulation model is applied, based on predicted
variables for the representative profile for themapping unit
in which the observations are located. This method may be
described as 'interpolate first, calculate later' (DeWitand
Van Keulen, 1985) and has traditionally been used in soil
surveyinterpretationswhere 'representativesoilprofiles'are
beingconsidered.
Each procedure has clear implications for soil sampling
and the associated costs. The first procedure emphasizes the
use of statistical sampling schemes, e.g. grid sampling or
nested sampling. The second procedure emphasizes use of socalledjudgement sampling, inwhichobservationsarecollected
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and interpreted according to physiographic features. The
selection of any procedure will also be determined by the
accuracyofthesimulationmodelinvolved.
In this study different versions of the two procedures
willbecompared.Attentionisfocusedonuseofonesimulation
model which is routinely being used in the Netherlands for
calculations of the moisture supply capacity, theLAMOSmodel
(Bouma et al.,

1980a,b). This model is applied to calculate

moisture deficits in the Mander area in the Netherlands.
Concerning statistical interpolation methods, use is made of
Kriging and Cokriging using the spatial structure of the
differentvariables intheregion (see,forexample,Delfiner,
1978; Vauclin et al., 1983;Cressie,1986;Yates andWarrick,
1987; Stein et al., 1989).Asnopreliminary insightexistsas
towhichdegreenon-stationarity isencountered,therelatively
advanced Restricted Maximum Likelihood (REML) estimation
procedure is used to estimate coefficients of the functions
describing the spatial dependence structure (Kitanidis,1983;
Mardia and Marshall, 1984; Zimmerman, 1989). These functions
are used in non-stationary Kriging and Cokriging procedures
(SteinandCorsten,inpress;Stein et al., inpress).
Although this study focuses on one simulation model
applied in one particular area, the presented methodology is
general and applicable in any study concerning modelling of
watermovement,followedbyspatialinterpolation.
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MATERIALSANDMETHODS
a.Studyarea
The 404 ha Mander area in the eastern part of the
Netherlandshasbeenusedforgroundwaterextraction(Bregtand
Beemster, 1989). Due to water shortage caused by this water
extraction,water tables in the area were lowered and indry
periodscropyieldsofsomeofthelocalfarmersdecreased.By
means of a study carried out by the Winand Staring Centre,
individual losses of farmerswere calculated. A total of 499
observations on basic soil properties, like rooting depth,
organic matter content,claypercentageand formerandpresent
meanhighestandmeanlowestwatertablewereobtainedbymeans
of a 1:10,000 soil survey, carried out in 1985.In thestudy
area six different soil types were found that are classified
accordingtoSoilSurveyStaff,1975(Figure 1).Allsoils
Soil map of the Mander area

CUTypic Haplaquods
^ ^PlagepticHaplaquods
^MPLaggepL
miniTypic Humaquepts
IDPlaggepticHumaquepts
B3SHistic Humaquepts
• 1Urban area
0.5 km

Figure 1. Soil map of the Mander area with observation
test (o)
points.
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(.) and

depth (cm)
02/14

4/16

ST1

ST2

6/24

6/16

10/24

8/16

20-

40-

6080-

100 J
ST3

SU

ST5

ST6

| 2/141 (%) organic matter and (%) loan
;,| mottling as indication of wetness

Figure 2. Schematic diagram summarizing representative
soil
profiles for the six soil types being
distinguished.
developed in cover sands and are relatively wet,as indicated
by soil mottles, except for the Plaggepts. The schematic
diagraminFigure2summarizesrepresentativesoilprofilesfor
the six soil types being distinguished. Current water tables
weremeasured.Levels thatoccurredbeforetheperiodofwater
extraction were estimated by the soil surveyors using soil
mottling criteria. A general lowering of 50 cm of the
groundwater table was obtained during the 30 year period of
groundwaterextraction.

b.Thesimulationmodelandphysicaldata
The simulationmodel LAMOS (DeLaat,1980)was used tocalculatemoisturedeficitscausedbyloweringofgroundwatertables
intheManderarea.Calculationsofthismodelarebased
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TABLE 1. Soil

input parameters

for LAMOS.

• moistureretentioncurveofthetopsoil(MRC)
-moistureretention (MRC)andhydraulicconductivity (HC)
curvesforallsubsoillayers.
-compositionofsubsoil (typeandnumberoflayersandtheir
depthofoccurrence).
-rootingdepthforgrassland(RD)
-currentmeanhighestandmeanlowestgroundwatertable(MHW
andMLW,respectively).
-previousmeanhighestandmeanlowestgroundwatertable(PMHW
andPMLW,respectively).

on observations of soil variables listed inTable 1, as discussedbyBouma et al. (1980a,b),onmeteorologicaldataandon
dataongroundwaterextraction.
Two different moisture deficits for grassland were
calculated under the present hydrological situation, the
moisture deficit for 1976 (MD76), an extremely dry year, and
the yearly average moisture deficits for the period 1956
through1985 (MD30).
The LAMOS model makes a distinction between topsoil and
i

subsoil. The latter can be composed of different layers.
Moistureretentioncurvesareneededforbothtop-andsubsoil.
Hydraulic conductivity curvesareneededfor thesubsoilonly.
Measurements were made in the context of the original study
(Bouma et al.,

1980a,b). Hydraulic conductivity and moisture

retention curves for all 499 points being considered in this
studyarebasedonmeasureddatainwelldefinedsoillayersas
discussedbyWosten et al., (1985).Thirteenmoistureretention
curves were distinguished for the topsoil and fifteen curves
for layersofthesubsoil.Inaddition,fifteenhydraulicconductivitycurvesweredistinguishedforlayersofthesubsoil.
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TABLE 2.

Code

Van Genuchten/Mualem parameters for values of a, n
and 1 for soil layers occurring in the Mander area.
Included are values for Ks and # s , the number of
occurrences
and a description
of the layers in terms
of organic matter content (OM)and texture (% loam).

occurrences

InSolltype3

Percentage |
OH Loam j

VanGenuchter
a
n

parras
1

Ks

*s

ToDsoil1
1-1-2
1-1-5
II-1-3
II-1-5
II-1-9
III-1-5
III-1-8
III-1-12
V-l-2
V-l-5
V-l-8
VII-1-5
VII-1-6

4
4
12
16
68
59
26
8
36
73
61
14
18

1,4,6
4,6
1,3,4
1.4
1-4,6
1,4-6
1,4-6
4,6
1,4
1-5
1-6
1,4
1,3,4

10.8
18.1
1.1
2.1
3.5
3.8
6.2
10.8
4.0
6.0
9.5
6.2
6.2

13.51
13.5|
22.51
14.5|
22.51
13.51
13.51
23.5|
13.51
13.51
13.5j
13.51
23.51

0.026
0.020
0.028
0.041
0.036
0.027
0.026
0.019
0.045
0.042
0.030
0.021
0.025

1.27
1.25
1.45
1.39
1.34
1.36
1.32
1.28
1.39
1.33
1.29
1.31
1.25

0-10|
10-181
18-331
33-501

0.022
0.026
0.022
0.017
0.015
0.027
0.023
0.024
0.018
0.049
0.019
0.013
0.020
0.006

1.58
1.37
1.40
1.52
1.31
1.82
1.60
1.58
1.53
1.87
1.27
1.12
1.33
1.28

0.590
0.610
0.420
0.430
0.460
0.460
0.500
0.590
0.480
0.500
0.530
0.500
0.500

Subsoil2
Bl
B2
B3
B4
B16
01
02
03
04
05
016
M
H8
S

2
105
50
1
13
163
420
75
12
6
27
16
22
6

4
1-6
1-6

***
5
1,4-6
1-6
2-4
4

***
6

***
6

***

0-15
0-15
0-15
0-15
23-100
0-3
0-3
0-3
0-3
0-3
35-100

1
0-101
10-181
18-331
33-501

1
1
1
1
1

-0.319
-0.825
0.001
-0.180
1.740
0.153
0.260
-0.118
0.137
0.605
-0.364
0.000
-1.578
-4.241

47
59
28
67
105
169
94
87
185
396
22
7
8
0

8
3
5
8
1
9
2
8
5
3
6
2
0
4

0.375
0.434
0.453
0.419
0.738
0.356
0.385
0.352
0.359
0.334
0.879
0.778
0.625
0.375

Topsoil codes refertoKrabbenborg et al., 1983.
Subsoil codes refertoWöstenandVanGenuchten,
1988.
Soil types refer toTable 3.Forthesubsoiltheoccurrenceofalayer
as the upper layer of the subsoil next to the topsoil is considered
only.
***Notoccurring intheupper layerofthesubsoil.
1
^
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Soil layers were defined in terms of soil texture (i.e.loam
content) and organic matter content as indicated inTable 2.
Calculation of moisture retention curves was based on
regression analysis using organic matter and loam content as
explanatory variables (Krabbenborg et

al.,

1983). The

associated hydraulic characteristics, presented in Table 2,
were expressed in terms of the Van Genuchten/Mualem coefficients o, n and 2, the saturated water content &s and the
measuredsaturatedhydraulicconductivityK s (VanGenuchtenand
Nielsen,1985).

c.Statisticalprocedures
Use is made of kriging and cokriging to interpolate
spatially dependent observations and Thiessen polygons for
ordinal data (Ripley, 1981; Corsten, 1989). In the current
study area there was some conjecture,based on the soilmap,
that the different variables were non-stationary, although a
stationary approach was proven to be succesful in the past
(Stein et al.,

1988a,b). This is important, because in

situations of severe non-stationarity sample auto- andcrosssemivariograms cannot be used when kriging and cokriging are
applied,butusehas tobemadeofpseudocovariance functions
(PCF), also termed: generalized covariance functions
(Kitanidis, 1983; Morkoc

et

al.,

1987; Stein et

al.,

submitted). We applied the REMLestimationmethod toestimate
coefficients of these functions (PattersonandThompson,1975;
Zimmerman, 1989). (Co-)kriging, with use of PCF's is termed
universal (Co-)kriging, which is outlined in another paper
(SteinandCorsten,inpress).
Inthisstudy,commonlyusedpolynomialtrendsofdegree1
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and 2areused tomodel thenon-stationarity of thevariables
ascompared tothestationary situationofatrendofdegree0
(Matheron, 1971). One way to deal with this type of nonstationarity istouse incrementsoftheobservations,instead
of the observations themselves. The increments areassumed to
be stationary. For such increments, the spatial structure is
modeled by means of PCF's. In this place we will investigate
the use of bi-variate increments, for p-variate increments a
straightforwardextensionisformulatedintheAppendix.
Several steps are necessary to deal with bivariatenonstationary data. The first step is to form bi-variate
increments of the observations. The second step concerns the
choiceforamodel todescribe theirspatialstructureandthe
estimationofitsparameters.
To obtain bivariate increments, consider n^ observations
of the variable Y^ and n2 observations of the variable Y2,
which are summarized in a vector Y, of length n-n^+n2. The
degree of the trend of the i variable isdenotedby u^. The
monomials of a degree upto the degree of the trend of the
coordinatesoftheobservationlocationsofY^arecontainedin
thematrixX...OnYthetransformationZ= .Z],- /ClYjv=CY
11

W

{

C2Y2}

isappliedinwhichC= .C^ 0.ofsizeN=N^+N2byn,issuch
0 C2
thatboth Z\ and Z2 arevectorsofunivariate increments,i.e.
C^X..-0fori-1,2.Forexample,amatrixconsistingofanyN^
rows ofe,-= (I-X..(X:.X..)"1X..),oneofthepossibilitiesto
1

11 11 11

11

r

subtract a polynomial trend from the observations,isavalid
choice. For this particular choice, the PCF's describe the
spatialstructureofthecorrespondingresiduals.Inprinciple,
the values of N^, i=l,2, need not be the same for the two
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variables. They arechosen such that apolynomial trendof
degree v^ isfiltered.Inordertoestimatetheparametersof
thePCF's,however,theyneedto
bethe same.
The second stepconcernstheestimationoftheparameters
ofthePCF's.Forbivariate increments,thePCFisthesumof
the functions g....(r), g««(r)andg..«(r), each isotropicand
linearlydependentonavector7ofparameters:

6ij ( r ) -7 ij,0 5 ( r )+ Tij.l'+ Tij,2r3+ T i j i 3 r 5

(1)

for i,j-l,2, where r is the distance between observation
points, {(r)-1ifr-0and{(r)-0ifr/0.Here,glx(r)
describesthespatial dependenceofthepredictand, g_„(r)of
the covariable, andg-_(r) describes thespatial interaction
among predictand andcovariable.Asiswell known (Delfiner,
1976), thenumber ofterms included in(1)depends onthe
degrees i/£ofthepolynomial trends, i.e.7..„r3 canbe
included onlyifi/^exceeds0,and7.,_rJ onlyifv^ exceeds
1,whereasfori/j7..~r°canbeincludedonlyifv..,
the
minimum of v^ and v*, exceeds 0,and7..»r5 only if v..
exceeds 1,duetotherequirement of positive-definiteness
(Steinetal., inpress).
Thevarianceofincrementsoftheobservations,Q-var(Z)
- E[ZZ'|7],has
astructuresimilarto(1), i.e.
i/]+2
Q

1/2+2

»/12+2

S 7
" vk-1
i ll.k Q ll.k V k-1
i 722,kQ22,k + =k=l
^12,k Q 12,k

wherethematricesQ..,-C G . .,C'are
ofsizeN-?xN-j.Since
x

ij,k

1ij,kj

1

J

summationisonlypossibleformatricesofequalsizewenotice
thatN^andNjneedbethesamewhen applying thisprocedure.
Ifthedegreesofthetrendsorthenumbersofobservations
are
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(2)

different for the differenet variables one has to define
neighbourhoodsofappropriatesizetoachievethis.Elementsof
the matrix G.., are obtained from each of the constituting
ij>k

partsof(1).
We assume that the N-dimensional Gaussian field followed
by the N increments of the n observations isnon-degenerate.
Restrictions are imposed by the use of increments of the
observations, in stead of the observations themselves.
Estimation ofthe7..,isprovidedbyminimizing thenegative
ij>k

log-likelihood function.This estimationprocedure iscommonly
called the Restricted Maximum Likelihood (REML) method
(Patterson and Thompson, 1975). In order to judge different
degrees of trend, Akaikes' information criterion is used
(Vecchia,1988).
To estimate the coefficients,the total data setwas too
largetobehandledefficiently.Wethereforeselected9random
sets, each of 25 elements. On each of these sets thecoefficientsof(2)wereestimated.Non-permissiblecoefficientswere
assigned the value 0 (Delfiner, 1976). The final coefficients
areobtainedbyaveragingthecoefficientsobtainedforeachof
the 9 sets. Whenever universal kriging was applied, aneighbourhood of 18 observations wasused. Foruniversal cokriging
the neighbourhood was extended with 19 observations for the
covariable.
Results from all procedures are compared by means of a
test set of 100 locations which are randomly selected in
advance from the complete setof the499borings.Forthe100
test locations, the Mean Squared Error (MSE), defined as the
squared difference of predicted and observed values, is
calculated:
209

100
MSE-1/100*S (MDci -MD pi )
i-1

(3)

whereMDci is the calculatedmoisture deficit on thebasis of
measured profile characteristics in the i
MDp^ isthepredictedmoisture deficit inthe i

test point, and
testpoint.

Besides, tocompare thekriging andthecokrigingresults,the
Mean Variance of the Prediction Error (MVP) is calculated as
wellinthesepoints.
To investigate whether predicted values differ significantlyinthemeanfromtheoriginaldata,anadaptedt-testis
used, in which the spatial structure of both the directly
calculated data andpredicted data is included (Stein et

al.,

1988a).
To distinguish among different procedures in terms of
dispersion,Pitman's testisapplied (Pitman, 1939).Thistest
isappropriate tocomparetwodependentestimates,s^2andS2,
of the same population variance a ,assuming normality. Every
MSEvalue issuchanestimate,andeverypairofMSE-valuesis
compared in this way. One calculates Cov[(X^-X2),(X1+X2)],
where X-±denotes a prediction error of one procedure, i.e.
X ^ -MDci - MDp^,

ano

- ^2 denotes a prediction error of

another procedure. Assuming that X]^ and X^j are independent
for i f j,as well as X2i and X2j,this results in a test
stochastic,whichfollowsat-distribution.
Finally, bi-plots are constructed (Gabriel, 1971). Biplotsgraphically display thescatteroftheunits (rows)and
theconfigure ofthevariables (columns)inawaywhichallows
recovery of the observations. In this study, the different
procedures and the observations are established, in order to
show the relation between the quality of the prediction
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proceduresandthedifferentsoiltypes.

d.Calculationandinterpolationprocedures.

Differentprocedures aredistinguished toobtainmoisture
deficitswhicharerepresentativeforareasofland(Figure3).
We will make adistinctionbetween CIprocedures (- Calculate
first, Interpolate later)andIC (- Interpolate first,Calculatelater)procedures.Bothproceduresarebasedonuseofthe
soilmap.
In the CI procedures,MD30 andMD76 were calculated for
everylocationwhereobservationswereavailable (e.g.Steinet
al.,

1988a,b). This yielded a total of 399 values for both

variables. Interpolationtoeachofthe100testlocationswas
carriedoutby:
(i) theCIQ-procedure,wheretheaveragevalueofallpoint
calculations within each of the six mapping unit was
taken. This is equivalent to ignoring the spatial
structure of the variables and applying a zero -order
trendsurfaceinastratifiedarea,
(ii)theCI^-procedure,whichappliedKriging;
(iii)theCI2-procedure,whichappliedKriginginthearea
stratified according to the soil map (Stein et

al.,

1988a); some soil units were combined in order to have
strataofatleast30observationpoints:soiltypes1and
2were combined asHaplaquods,and soil types4, 5and6
were combined asHumaquepts.Stratificationwasjustified
consideringminordifferencesamongsoiltypes (Table3).
(iv)theCl3-procedure,whichappliedCokrigingwiththe
currentMeanHighestWatertableasthehighestcorrelated
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499 observations

100
TEST

399

IC 0 JC l f IC 2

Simulations
Moisture Deficits IMD)

Clo,CI 1f CI 2f CI 3

Figure 3. Different
deficits.
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procedures to obtain point data on moisture

TABLE 3.

MD76 mean
[nun] SD

CV
MD30 mean
[mm] SD

CV
MHW

mean

[cm] SD

CV
MLW

mean

[cm] SD

CV
PMHW mean
[cm] SD

CV
PMLW mean
[cm] SD

CV
RD

mean

[cm] SD

CV
OM

mean

[%] SD
CV
mean
LT
[%] SD

CV
nr. obs.

Mean, standard deviation
(SD) and coefficient
of
variation (CV) for calculated moisture deficits [mm],
and continuous soil characteristics
for the
different
soil types.
Total

stl

st2

st3

st4

st5

st6

59.5
52.1
0.88
11.0
15.3

1.40
88.8
74.1
0.83
171.5
66.1
0.39
42.9
55.3
1.29
131.2
59.7
0.46
30.8
4.7
0.15
5.8
3.8
0.66
15.5
3.7
0.24

59.6
45.1
0.76
10.1
15.1
1.50
74.8
41.3
0.55
163.2
47.3
0.29
30.2
21.8
0.72
121.7
37.2
0.31
29.5
2.9
0.10
5.0
1.9
0.39
14.0
2.2
0.16

90.1
56.4
0.63
17.9
18.3
1.02
130.3
96.7
0.74
199.1
89.5
0.45
61.2
66.4
1.08
147.4
62.2
0.42
34.7
2.1
0.06
5.5
1.2
0.22
19.0
3.1
0.17

120.6
51.1
0.42
27.2
15.0
0.55
210.1
103.7
0.49
270.2
70.1
0.26
140.3
90.3
0.64
227.1
80.8
0.36
39.5
2.1
0.05
6.9
1.1
0.15
19.0
2.6
0.14

26.9
36.1
1.34
4.5
9.6
2.16
51.0
35.7
0.70
136.8
43.7
0.32
19.7
20.7
1.05
103.2
34.8
0.34
28.0
3.5
0.12
6.3
6.1
0.96
15.8
4.5
0.29

42.8
37.1
0.87
5.6
5.4
0.96
93.3
54.2
0.58
165.4
62.7
0.38
36.1
35.8
0.99
115.0
58.4
0.51
35.0
0.0
0.00
6.2
1.3
0.20
19.0
3.9
0.21

42.9
39.5
0.92
6.4
6.6
1.03
68.9
39.9
0.58
153.3
42.9
0.28
22.2
16.2
0.73
111.7
30.8
0.28
28.9
2.2
0.08
11.9
9.3
0.78
17.3
4.7
0.27

399
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Soil types
stl st2 st3 st4 st5 st6 -

Typic Haplaquod;
Plaggeptic Haplaquod;
Plaggept;
Typic Humaquept;
Plaggeptic Humaquept;
Histi cHumaquept;

17

51

101

12

9

Variables
RD
PMHW
PMLW
MHW
MLW
OM
LT

Rootingdepthforgrassland
PreviousMHW
PreviousMLW
Current MHW
Current MLW
Organic mattercontent
Loamcontentof
thetop soil
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covariable among the basic soil characteristics (correlationcoefficientwithMD30:0.69,withMD76:0.74).

For the IC procedures, observations concerning the
variables listed inTable 1were interpolated towards the100
independent test points.The interpolationprocedure reflects
the effects of points surrounding each test point. Thus, the
area is represented. Next,calculationsweremade for the100
testpoints.
(i) IntheICQ-procedure,calculatedMD30andMD76valueswere
basedonthemoistureretentioncurveofthetopsoilwhich
most often occurredwithin themappingunit inwhich the
test point was located. For the subsoil the moisture
retentioncurveandthehydraulicconductivitycurveswere
takenwhichmostoftenoccurred intheupper layerofthe
subsoil of themapping unit inwhich the test point was
located. For allothervariables,likerootingdepth,the
averagevaluewithinthemappingunitwastaken,
(ii)IntheIC^-procedureKrigingwasusedtopredictvalues
for the continuous soil characteristics for each of the
100 test points (RD, MHW, PMHW,MLW and PMLW).For the
remaining soil characteristics (i.e. the moisture
retention curve ofboth the top and the subsoil and the
hydraulicconductivitycurveforthesubsoil)thecharacteristics of the nearest neighbour were taken for each
test point. This procedure, commonly known as Thiessen
polygons (Ripley, 1981), isreadilyavailablewithinGISpackages.
(iii)IntheIC2procedure,Krigingwasusedtopredicttexture
andorganicmattercontentsforeachtestpoint.Selection
ofamoisture retentioncurvewasmadenext,usingcrite214

ria of Table 2. Concerning composition of the subsoil,
some identical layers occurred twice or thrice in one
profile. When all these layers were taken intoaccount,
depths and thicknesses of an unrealistic total of more
than 40 different layers should have beenpredicted for
each point. In this study we use therefore a simplified
procedure by considering for each testpoint onlydepths
and thicknesses of those layers that occurred in the
nearest observation point. Further, layers occurring in
fewer than 30observationspointswere ignored.Thedepth
tosubsoillayersineachtestpointwasthenpredictedby
Kriging(e.g.Vanmarcke, 1977).
In summary, the ICQ procedure is simple,because direct
useofavailablesoil-mapdataisbeingmade.TheIC^-procedure
iscloselyconnectedwithdirectavailability ofsoildataand
a relatively simple interpolation method in a Geographic
Information System. The IC2-procedure is a refinement of the
ICi-procedurebypredictingvaluesforvariablesattestpoints
which, in turn, allow estimation of moisture retention,
hydraulic conductivity and composition of the subsoil.Inthe
CI-procedures,MD30andMD76calculations aremade forall399
locations. Values in test locations are derived by means of
simpleaveraging (CIQ), orbymoreadvancedpredictionmethods,
like Kriging (CI^), stratified Kriging (CI2) or Cokriging
(CI3).
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RESULTSANDDISCUSSION
a.Summarystatistics.
Summary statistics for the total survey areaand forthe
several soil types are presented in Table 3. Lowering ofMHW
andMLWby50cm isillustratedbycomparing thevalues ofPMHW
andPMLWwithcurrentMHWandMLW.Asisclearfromhighvalues
for the coefficient ofvariation,MHW observations aredifficult to obtain. MD30 and MD76 values are easily obtained in
soiltype3(Plaggepts)asisillustratedbytherelativelylow
CVvalueof0.42 and0.56,incontrastwith,forexample,Typic
Humaquepts (CVequals1.34 and2.16,respectively).Wefurther
noterelativelyhighvalues (120.6mmand27.2mm)forMD30and
MD76andforallwatertablesinPlaggepts.Meanvaluesforthe
othersoiltypesequal59.5mmforMD76and11.0mmforMD30.A
highmeanvalue fortheorganicmattercontent isobservedfor
the peaty soil st6 (Histic Humaquepts), with ahigh standard
deviation.The factthat1976wasadryyear isillustratedby
thehigh value of the moisture deficit for thisyear (MD76=
59.5mm)ascomparedtothe30-yearaverage (MD30=11.0mm).

b.Spatialvariability
Determination of the coefficients 7 (Table 4) and
evaluation ofAkaikes'criterionrevealedasecondordertrend
foreveryvariableinthearea.Thisisnotsurprising,because
low values for the water tables,both previous and current,
loam content ofthe top soil and rooting depth are associated
with soils predominantly occurring inthewesternpart ofthe
area,andpertaining thelargestpartofthearea (appr.85%),
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whereas high values are observed for plaggeptic soils which
occur inarelatively smallareaof15%intheeasternpartof
thearea (Table3,Figure1).
LookingatthespatialvariabilityofMD76andMD30within
thedifferentstrataweobservethatthecovariancefunctionpf
MD30 only slightlychangesforincreasingdistance:theobservations aremore or less independent.Thispoints to thefact
that the scale ofchangeswithin theseunits correspondswith
the second degreepolynomial,andthattheactualobservations
aremore orlessrandomdeviations fromthistrendsurface.As
concerns MD76 we observe a similar pattern within theHaplaquods and within the Humaquepts. Within the Plaggepts,however,aclearspatialstructureisstillpresent.Thisisdueto
the specific structure of the Plaggepts,whichwere formedby
man over periods of hundreds of years by adding organic
materialtothesoilsurface.
AcomparisonofthespatialstructureofPMHWwithMHWand
of PMLW with MLW shows only a slight change, although mean
values are clearly different. Both results support the idea
thatthechangeofthewaterlevelishomogeneousthroughoutthe
studyarea.
The coefficients which are estimated for the PCF's for
bivariate increments (Table 4b) are in agreement with the
corresponding coefficients for thePCF'sforunivariateincrements.Forexample,thecoefficients7„„1 and7~„„fromTable
4bcorrespondwith thecoefficients7-....and7,..„forMHWin
Table4a.
We finally observe, that the coefficient 7..1 .,which is
an estimation of the nugget effect, is for every variable
smaller than the estimation of the variance, which is in
agreementwiththeoreticalconsiderations.Onlywhenwelookto
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TABLE4a. Estimated coefficients
for
functions
for different
Variable

7

MD76
Haplaquods
Plaggepts
Humaquepts
MD30
Haplaquods
Plaggepts
Humaquepts
RD
MHW
MLW
PMHW
PMLW
OM
LT

11,0

[mm]

885
1446
539
905
[mm]
48.3
51.6
127
74.6
[cm]
4.9
[cm]
337
[cm] 1679
[cm]
197
[cm] 1675
10.2
[%]
8.2
[%]

7

pseudo-covariance
variables.

11,1
-82
-6.1
-133
-3.7
-5.9
-5.1
-4.0
-3.3
-1.2
-114
-85
-71
-85
-0.9
-0.6

7

11,2
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

TABLE4b. Simultaneous
estimated
coefficients
for
covariance
functions
and pseudo cross
functions
for MD30and MD76with MHW.

MD

7
7

11,2
11,3
7
22,0
7
22,1
7
22,2
7
22,3
7
12,0
7
12,1
7
12,2
7
12,3
7

MHW

MDxMHW
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11,0

MD30

MD76

33.4
-5.2
0
0
411
-77
0
0
36.6
-15.8
0
0

774.4
-36.0
0
0
499
-56
0
0
324.2
-33.0
0
0

7

11,3

-0.92
-0.12
-1.24
-0.05
-0.04
-0.05
-0.04
-0.02
0
-1.05
-0.39
-0.38
-0.39
0
0
pseudo
covariance

PMLW and MLW, we notice that the two values are relatively
closetoeachother.
c.Comparingdifferentprocedures.
Table 5 lists average values of the moisture deficits
(MD30andMD76)inthetestpoints,obtainedbytheICandthe
CIprocedures.MeanvaluesofMD30andMD76,calculatedforthe
test data,are includedaswell.Allproceduresyieldmoisture
deficitswhichare in the mean inagreementwiththecalculated
data for the test set. A t-test with dependent observations
yielded no significant differences among predicted and
observedvalues. Procedure CIQI however,yieldpredictionswith
a different, lower, standard deviation, due to the fact that
variationwithinsoiltypesisnotaccountedfor.

TABLE 5. Mean moisture deficits
[mm], standard deviations
[mm]
and MSE values [mm2] for MD76and MD30for the
100 testpoints,
as obtained by seven
procedures.
MD76

MD30

Mean

St.Dev.

Measured

50

44

CI 0
CIx
CI2
Haplaquods
Plaggepts
Humaquepts
«3
IC0
IC!
IC2

50
51
54
61
124
27
52
56
49
42

18
37
42
24
53
27
30
34
45
41

MSE

1586
1219
1423
1214
4349
890
1229
2007
2299
1857

Mean

St.Dev.

8

10

8
9
10
9
29
5
8
8
8
7

3
9
11
6
15
10
7
7
10
9

MSE

86
66
104
57
442
69
66
107
109
102
219

Thequality ofthepredictionswas testedbymeansofthe
MSE values. The MSE values show apparent differences for the
variousmethods.MSEvalues obtainedfor theCI-proceduresare
lowest. The IC-procedures all yield relatively high values,
although the IC2 procedure is slightly better than therelatively simple ICiprocedure.Butevenanadvanced andcomplex
procedure,suchasIC2,didnotresultinveryreliablepredictions.Infact,resultswereworsethanthoseoftherelatively
simple CIQ procedure. A possible explanation is that avery
detailed description of the subsoil resulted in values of
limitedconfidence.Inshort,CI-proceduresaremoreattractive
tobeusedthanIC-procedures.However,underpracticalcircumstances high costs are associatedwith obtainingmoistureretentioncurves andhydraulic conductivity curvesforbothtopandsubsoilinthe30-40observationpointswhichareneededto
apply a CI-procedure. Measurements in well defined soil
horizons are necessary toreduce the totalnumber ofmeasurements (Wosten et al.,

1985). Especially ifa simulationmodel

yields relatively general results, one will most likely turn
towardsanappropriateIC-procedure.
Stratified Kriging did not result inanoverallimprovement of predictions (compare CI^ with Cl2-procedure), due to
the relative large MSE-value of 4349 obtained for st3, the
Plaggepts. Remarkable lowMSE-values (890forMD76 and 69for
MD30)are,however,obtained forHumaquepts,due to their low
internal variability. Stratification by distinction of soil
types was therefore quite effective. Higher costs are also
associatedwithstratifiedKriging,ascomparedtounstratified
Kriging,as sufficientobservationsmustbeavailable inevery
stratum, whereas in unstratified Kriging sufficient observa220

tionsareneededonlyintheregionasawhole.
With respect to MSE-values, universal Cokriging did not
result in an improvement as compared with universal Kriging.
Thismaybeduetothefactthat12parametersinthebivariate
PCFwere estimated, instead of only 4 in the univariate PCF.
However, MVP-values for MD30were 65.0 and 41.7,for Kriging
and Cokriging, respectively, and 1190 and 989 for MD76. We
therefore conclude, that universal Cokriging results inmore
precisepredictionsthanuniversalKriging.
The significance of thedifferences indispersion,tested
by means of Pitman's test, is shown in Table 6. Clearly,
differences observedbetweentheCI-andtheIC-proceduresare
mainly significant,whereas there isnosignificant difference
among the CI-procedures, nor among the IC-procedures, with
some exceptions, notably that the Cl2-procedure (stratified
Kriging) more resembles the IC-procedures than the ICprocedureswhenpredictingMD76.
Considering the bi-plots (Figure 4)we observe that the
Plaggepts (symbolb,with centroid B)form adifferent setas
TABLE 6. Significance
different

ClQ
«1

CI?
CI^
ic0
ICx

of differences
procedures.

in MSE values

between

MD30

|

CI X CI 2 CI 3 IC0ICxIC 2

| Ci!CI2CI3IC0ICiIC 2

*
* ***
** *** #*•&

1
1
1
1

the

MD76

***
*
*** *** ***

**
**

*** *** ***

**
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Figure 4. Bi-plot for HD30 (left) and for MD76 (right).
Labels
denote the soil types: a- Haplaquods, b- Plaggepts
and c = Humaquepts. Capitals denote the mean values.
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compared to the nearly similar Humaquepts (symbol a, with
centroid A) and Haplaquods (symbol c, with centroid C ) ,and
that both the CIQ- and the ICQ-procedure are sensitive for
prediction errors within the Plaggepts,notably forMD76,and
hence give too general results tobe succesfully applied for
this soil unit. Besides we notice that both the Cl^-and the
CI3- procedure are overlapping, which points to an analogous
behaviourinpredictingthemoisturedeficits.

CONCLUSIONS

1. Whenvalues formoisture deficits are tobe obtained for
areas of land, it appears from this study that thebest
way to proceed is to simulate first for every location
where observations are available, and to then apply
statistical interpolation techniques for the area,
although higher costs for data collection may be
prohibitive.
2.

Stratification according to soil type is quite effective
toimprovethequalityofpredictionswithinthestrata.

3. Universal cokriging performs better than universal
kriging,asevidencedbylowerpredictionerrorvariances
forthetestset.
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APPENDIX:Estimating the parameters of a linear•pseudocovariancefunctionwiththeREMLestimationmethod.
Let there ben observations onpvariables,collected in
thevectorY.Theuppern^partcontainsthen^observationsof
the predictand, the following n2 part the n2 observations of
the first covariable,etc.,n- Sn^. The degree ofpolynomial
trend which accounts for the non-stationarity of the i
variable is denoted by u^. An increment is any linearcombinationA'Yoftheobservationsforwhich:
1.

E[A'Y]-0;

2. Var[A'Y] - A'GA, where the matrix G is derived from
pseudo-covariance functions g :R"xR" ->R, which depend
on a m-vector 7 of parameters;G has to be such that
A'GA>0forallA'YwithE[A'Y]-0.

The collection of A's satisfying 1 and 2 is called the
collection of permissible A's. It forms a finite-dimensional
linearspace,forwhich theelements ofanybasisofthespace
bearranged asrowsofthematrixC.Any linearcombinationof
theelements ofthevectorZ=CYisan increment.Conversely,
any incrementoftheobservationscanbeexpressed asalinear
combination of the elements of the vector Z - CY (Kitanidis,
1983;Barendregt,1987).Forexample,thematrix
/.

0

Cl

- (I-X(X'X) X')

(Al)

C2

canbeused,whereX isapartitioned matrixwithblocksX
ij

with X..= 0 for i ^ j and X.. containing k^ multivariate
228

monomials of the coordinates of the observation locations of
thei variableupto v^. Inthiscase,thelastk^rowsofX..
maybe skipped,astherankofC^equalsN^,yieldingamatrix
Cofsize"N=ENj_byn. Incidentally,wenoticethatthevalue
ofN^isequalton^-k^,wherekj_-1if»/j_-0,kj_-3ifJ/J_1,andkj_-6ifi/j_—2andhencethat
P
P
P
N=SNi-Sni-E (j/i+l)(i/i+2)/2
i=l
i-1 i-1

(A2)

Concerning the distribution we assume that thevector Z
has aGaussiandistributionwithzeromeanandvariancematrix
Q-CGC',linearinthevector7:

(A3>

Q-7lQl+72Q2+ •••+7mQm
where Q]_,...,Qm are known matrices and 7^

7 m are unknown

parameters. As is shown by standard methods, the likelihood
equations are tr(Q QiQ (Z.Z'-Q))-0for i=l

m,whichis

equivalenttothefollowingsystemoflinearequations:
trCQ^QxQ^Z.Z')-tr(Q"1Q1Q"1Q1)7i+ •••+ trCQ^QxQ^Qm^m
(A4)
1

1

1

1

trCQ^QmQ^Z.Z')-tr(Q" QmQ' Ql)7l+ ...+ tr(Q" Q m Q" Q m ) 7m
Aproceduretosolvetheseequationsis,afterapriorestimate
of Q, to solve the 7's and to calculate a new Q, which is
equivalent toNewton'smethod (Silvey,1975;Kitanidis, 1983).
Thecalculationisrepeateduntilconvergence isachieved.This
procdure, commonly known as the restricted maximum likelihood
(REML) approach, maximizes the likelihood of the parameter 7
fortheobservedincrements.ItisnotedthattheREML-estimate
229

doesnotdependonthechoiceofthebasisofincrements.
A key statistic todistinguishbetweenvariousdegreesof
trendsisAkaikes'sinformationcriterium.Thisisdefinedas:
A-I(Z|7)+2m.
Thedegreeofthetrendwhichminimizes (A5)isconsideredthe
appropriatedegreeofnon-stationarity.
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(A5)

SAMENVATTING
A.Stein:Ruimtelijke interpolatie
Bijhetuitvoerenvanruimtelijkeinterpolatie,trachtmen
op grond van eenbeperkt aantal waarnemingen aan één ofmeer
kenmerken die in een gebied verzameld zijnvoorspellingen te
doenvoor locatieswaargeenwaarnemingengedaanzijn.Hierbij
kunnen we denken aan een bodemkenmerk, zoals 'beschikbaar
vocht' of 'organisch stof gehalte',aan geologischegegevens,
zoalshetgehalteaaneenmineraalenaanmeteorologischegegevens, zoals de hoeveelheid neerslag, maar ook aan sociografische kenmerken als gezinsinkomen of aantal ziektedagen.Als
dit gebied een regio betreft, dan kunnen we voorspellingen
uitvoeren op de knooppunten van een fijnmazig rooster en dit
vervolgens weergeven indevormvan eenkaart ineentwee-of
driedimensionaal perspectief. In dit proefschrift komen
verschillende aspecten van de ruimtelijke interpolatie aande
orde.
I.Bemonsteringsstrategieën
In hoofdstuk 1.1 wordt aandacht besteed aan genestelde
bemonsteringsschema's. Voor alle genestelde (hiërarchische)
schema's is de equivalentie bewezen tussen semivariogram
waarden die verkregen worden met variantiecomponenten uiteen
klassiek genesteld ANOVA model en variantiecomponenten die
verkregen worden met behulp van het gemiddelde van paarverschillen. Bovendien leveren de schattingsmethoden identieke
resultatenvoor gebalanceerde schema's,hetgeenzichoverigens
niet uitstrekt tot ongebalanceerde schema's. De praktische
231

aspecten van genesteld bemonsteren zijn onderzocht t.o.v.
verschillende andere regelmatige bemonsteringsschema's in een
studiewaaringebruikgemaaktisvanachtgesimuleerdetoevalsvelden. Genesteld bemonsteren kan niet aanbevolen wordenvoor
het bepalen van het semivariogram en moet afgeraden worden
indienmet de aldusverzameldewaarnemingenruimtelijkeinterpolatiewordtuitgevoerd.Belangrijkste redenisdaterm.b.v.
genestelde bemonsteringsstrategieën voor te weinig afstanden
eensemivariogramverkregenwordt.
Inhoofdstuk1.2wordteensequentiëlebemonsteringsprocedure gebruikt om waarnemingen aan de infiltratiesnelheid van
water in een rivierterras te verzamelen. Deze procedure is
geschiktomdegemiddeldewaardevaneenkenmerk tebepalenen
deze als eenvlakdekkende uitspraak tehanteren indienhette
interpoleren kenmerk weinig variatie kent. Bovendien is deze
procedure efficiënt uit het oogpunt van een reductie vanhet
benodigde aantal waarnemingen, en de daarmee geassocieerde
kosten. Er wordt een beslissingscriterium gehanteerd om na
iedere nieuwe waarneming vast te stellen of de bemonstering
moetdoorgaanofkanstoppen.
Dezetweehoofdstukkengaanoverenkelvoudigekenmerken.
II.Voorspellingen
Bijeenstatistischestudieishetineersteinstantievan
belangeenzuiverevoorspellertevindenmetminimalevariantie
vandevoorspelfoutvoordewaardedieineennietbezochtpunt
gemeten zou kunnen worden. Deze voorspeller is een lineaire
combinatievandewaarnemingendiegemetenzijnaanhetkenmerk
datmenwilvoorspellenofaanandere,hooggecorreleerde,variabelen diebijvoorkeurmeteengroteredichtheidbemonsterd
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zijn. Dezewaarnemingenkunnenviaeenwillekeurigeconfiguratie over het studiegebied verspreid zijn. Als regel is er
sprake van (ruimtelijke) afhankelijkheid tussen de waarnemingen:waarnemingen dichtbijelkaarlijkensterkeropelkaar
dan waarnemingen die verder van elkaar verwijderd zijn. De
ruimtelijke afhankelijkheidsfunctie, d.w.z. de pseudo-covariantiefunctie,legtdezeafhankelijkheidvast.
In hoofdstuk II.1 worden de enkel- enmeervoudigevoorspellingsmethoden kriging en cokriging geïnterpreteerd inhet
licht van regressie-procedures bij gegeven covariantiestructuur. De resultaten zijn van toepassing op situaties waarin
sprake is van een trend. Een belangrijk resultaat uit deze
studie is,datnietlangerLagrangemultiplicatorennodigzijn
in de afleiding of de presentatie van de belangrijkste formules.Bovendienwordenessentiëleformulesbeterinterpreteerbaarworden.Destudiewordtgeïllustreerd aandehandvanhet
Limagne-onderzoek.
Inhoofdstuk II.2wordenvoorwaardengeformuleerdwaaraan
depseudo-crosscovariantiefuncties diederuimtelijkestructuur
beschrijven van meervoudige kenmerken moeten voldoen om toegelatentezijn.Deparametersvandezefunctieswordenbepaald
op grond van de verzamelde waarnemingen met behulp van de
Restricted Maximum Likelihood methode. In dit hoofdstukwordt
expliciet aandacht besteed aan meervoudige toevalsvelden
waarvan de incrementen een polynomiale trend uitfilteren.
Bovendien iseengeneralisatievancokriginggeformuleerd:ook
meervoudige lineaire combinaties van waarnemingen, zoals een
blokgemiddeldeofeengradiënt,kunnenvoorspeldworden.
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III.ToepassingenInbodemkundigestudies.
Detoepassingenstammenuittweebodemkundigestudies:een
studie waarin onderzoek is gedaan naar vochttekorten in het
Mandergebied in Overijssel en een tweede studienaarbeschikbaar vocht en infiltratiesnelheid van water in de terrassen
vandeAllierindeLimagne-slenkinFrankrijk.
InhoofdstukIII.1isdereductievangemaaktekostenbij
hetuitvoerenvan ruimtelijke interpolatieberekend.Verschillende kenmerken zijn op eenverschillende schaalgeïnventariseerd.Hetbleekmogelijk tezijnomvooreenlagereprijseen
hogere precisie tebereiken.Deze studiehadbetrekkingophet
Mandergebied.
In hoofdstuk III.2 is de afstand tussen bemonsteringspunten vastgesteld om een bepaalde van te voren vastgelegde
precisie te bereiken. Het bleek mogelijk te zijn om een
reductieindetotalekostenterealiserendooreencovariabele
bij het uitvoeren van ruimtelijke interpolatie tebetrekken.
Deze studie had betrekking op beschikbaar vocht, dat in de
Limagne slenk in Frankrijk hoog gecorreleerd is met het
eenvoudigtebepalen 'dieptetotgrindbanken'.
In hoofdstuk III.3 is cokriging gecombineerd met een
stratificatie van het studiegebied o.a. indevormvanbodemeenheden die voorkomen op beschikbare bodemkaarten. Enerzijds
zienweeentoenamevandetotaleprecisie,anderzijdszienwe
zoweleentoenamevandeprecisieinhomogenekaarteenhedenals
een afname in heterogene kaarteenheden. Ruimtelijke interpolatie zonder gebruik van dergelijke informatie heeft derhalve
eenvrijglobaalkarakter,enkanverfijndwordendoorgebruik
temakenvanbeschikbarebodemkaarten.
In Hoofdstuk III.4 worden verschillende interpolatie234

procedures met elkaar vergeleken bij het gebruik van een
specifiek model om vochttekorten te bepalen. Belangrijkste
vraag is of modelberekeningen op veel waarnemingslocaties
moeten worden uitgevoerd, gevolgd door ruimtelijke interpolatie, of dat debasisgegevensvoorhetmodelmoetenworden
geïnterpoleerd, gevolgd door modelberekeningen plaatsen waar
niet gemeten is.De eerstemethode, 'rekeneerst, interpoleer
later' leverde structureel betere resultaten op dandetweede
methode 'interpoleer eerst, reken later'. In deze studie is
universeelcokrigingoperationeeltoegepast.
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