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STELLINGEN

1. Laat F(x)deverdelingsfunktie zijn vaneenstochastische variabele X;
laat het interval (-<=,«) dedrager zijn vanF(x).Laat voortsderelatie
F(x)(1 -F(x-6))/[F(x-e)(1-F(x))]=0,(9)
geldig zijn voor alle reële x en 9, waarbij d>(9) een niet-conjstante
funktieisvan9dienietvanxafhangt.
Danis
F(x)=[1+exp(-b(x - a))]- 1
voor reëleaenb>0,zodat dekansverdeling vanXdelogistische verdelingis.
Engel, J. (1985), Some characterizations ofdistributions byregression models forordinal response data,Metrika 32,65-72.
2.De keuze vandelink function intoepassingen vangegeneraliseerdelineaire modellen wordt veelal uitsluitend gemaakt opgrond vanargumenten
van wiskundige aard, hierbij gemakshalve voorbijgaand aande interpreteerbaarheid vanhetresultaat.

3.Deresultaten diezijn verkregen door Brier tenaanzien vandekansverdeling vandeG-toets inhetgeval vaneengroot aantal onafhankelijke
trekkingen uitdeDirichlet multinomiale verdeling volgen direct uitde
theorie vanquasi-likelihood toetsen zoals dieisafgeleid door McCullagh.

Brier, S.S. (1980), Analysis of contingency tables under cluster
sampling,Biometrika 67,591-596.
McCullagh, P. (1983), Quasi-likelihood functions, Ann.Statist.11,
59-67.
4.Deinderegressieanalyse gangbare benaming "verklarende variabelen"ter
aanduiding vanderegressoren dient niet desuggestie tewekken dathet
hiereen"wetenschappelijk verklaren" betreft.Inditverband isdeaard
van de statistiek niet verklarend doch beschrijvend en derhalve dient
een verklaring danookanderszinsteworden gegeven.
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5.Beschouw een homogeen Poisson proces met intensiteitsparameter \ - 1en
laat N(Y)het aantal punten zijn in het tijdsinterval [0,Y ) ,waarbijY
een niet-negatieve stochastische variabele is. Dan wordt de kansverdeling van Y een-eenduidig bepaald door de kansverdeling van N(Y). Zo
geldt dat de kansverdeling van N(Y) de negatief binomiale verdeling is
met parameters a en 6(1 + 6 ) " 1 dan en slechts dan als Y gamma verdeeld
ismet parametersa en 9.
Engel, J. and Zijlstra, M. (1980), A characterization of the gamma
distribution by the negative binomial distribution, J. Appl. Prob.
17, 1138-1144.
6. Het optreden van extra-Poisson variatie in een produktieproces kan wijzen op statistische onbeheerstheid van dat proces.
7. Bij de statistische modelbouw kan men soms met vrucht gebruik maken van
de resultaten die zijn verkregen ten aanzien van de karakterisering van
kansverdelingen.
8. Indien met behulp van de methode van kwantielanalyse de parameters van
de logistische verdelingsfunktie dienen te worden geschat en indien
daarbij een kleine kans op succes wordt verwacht bij een zekere toegediende stimulus,kan het zinvol zijn niet van te voren het aantal trials
te fixeren,doch het aantal successen.

Engel,J. (1984), Kwantielanalyse en de negatief binomiale verdeling,
Kwantitatieve Methoden 13,42-62.
9. Gezien het belang van experimentele resultaten voor de ontwikkeling van
de natuurwetenschappen dient de door de statistiek verworven kennis ten
aanzien van het opzetten van experimenten in ruime mate teworden uitgedragen bijhet opleiden van natuurwetenschappers.

10. De informatie in de bijsluiter van een geneesmiddel omtrent de bijwerkingen van dat geneesmiddel is vaak onvoldoende om zich een oordeel te
kunnen vormen omtrent het risico dat de patiënt loopt bij gebruik van
het middel. Dit hangt samen met het feit dat veelal gegevens ontbreken
over risicoverhogende factoren en over de frequentie waarmee bijwerkingen optreden.
11. Het creëren van samenwerkingsverbanden tussen afdelingen voor statistische consulatie en afdelingen voor statistisch onderzoek is stimulerend voor de ontwikkeling van de toegepaste statistiek.
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- 1CHAPTER1
INTRODUCTION
1.1. INTRODUCTORY REMARKS
Inthis thesiswe shall study the analysis ofcount data and dicho(poly)tomousdata classified by some fixed or random factors;the datamay result
from asampling procedure or from a designed experiment. Some of the standard and well-known results on this subject will be extended,tocover more
general situations.
The known results mainly concern the fixed factor case; results for random
factor designs are quite sparse. It is this very important random factor
case for which new resultswill be presented.
In this introduction, three important concepts from discrete data analysis
will be discussed.Firstly, insection 1.1.1. some standard resultson loglinear models for count data analysis will be reported. This class of
models forms a subclass of the class of Generalized Linear Models (GLM's,
see section 1.1.2.) for the analysis of data having a distribution which
belongs to an exponential family of distributions of a specific type. A
third rather new and promising concept is the concept of quasi-likelihood
(see section 1.1.3.), which is closely related to GLM. Now, distributional
assumptions are abandoned and the Iterative Weighted Least Squares (IWLS)
algorithm for estimating the parameters of the GLM is borrowed from GLM
theory to obtain maximum quasi-likelihood estimators of these model
parameters.

Section 1.2. of this introduction deals with some practical examples from
various fields for a further motivation of this study. It will be shown
that the well-known techniques for count data analysis do not cover all
such problems from practice. This fact is known more generally, and some
quotations from the literature confirm our opinion that there isaneed for
a more general approach.
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Section 1.3. summarizes some new results from the literature on this subject. Results beyond those that are already established are sparse; some of
them will be used in this thesis to form a basis for building further work
on.
Finally, section 1.4. reports new results which form the main part of this
thesis. In anutshell: problems on independent data from fixed factor classifications will be treated in cases of extreme variation observed in the
data. Also, problems with dependent count data will be considered. It concerns those types of experimental designs where in the corresponding model
random model components are to be introduced at several levels. Examples
are the split-plot design and the random factor design. Some models with
random components will be proposed and the analysis of data by these models
will be treated.

1.1.1 Loglinear models
A class of models well-suited for the analysis of cross-classified count
data isthe class of loglinear models. On ageneral level,these models can
be formulated as follows.
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Estimation and testing the model-parameters of the loglinear model and
testing goodness-of-fit of reduced models aresome aspects of statistical
inference on count data with the loglinear model. The theory isconsolidated inthebooksbyPlackett (1974)andEveritt (1977),andsomewhat more
recently byBishop c.s.(1975), Fienberg (1977)andHaberman (1974).
Bishop c.s.(1975) inparticular give anextensive treatment ofthetheory
and practice, andbring together many results which could be found inthe
literature only atscattered places.
The estimation and testing of model parameters is carried out using the
likelihood principle, and the distributional assumptions are Poisson and
multinomial.Notmany resultsareknown about theconsequences ofviolating
these assumptions. Thecoherent log-likelihood ratio test statistic G 2 is
usually preferred to Pearson's X 2 for testing goodness-of-fit and model
reductions; however, Pearson's X seemstobemore robust against violation
of the distributional assumptions, and has a better small sample behaviour. Both statistics will be shown tobe of more general use,also for
non-Poisson distributed data. Asymptotic distributional results will be
derived under nonstandard conditions.
1.1.2.Generalized Linear Models
The classof loglinear models for independent Poisson data isa sub-class
oftheclassofGeneralized Linear Models (GLM's)forindependent data.The
basic distribution ofthedata then belongs toamore general exponential
family ofdistributions with probability density function
f (x;9,$)=expU U ) {x9-g(e)+h(x)|+ß U , x)l,

...(1)

whereE(X)=g'(9),a(<|>)var(X)=g''(e)and*isanaissance parameter.
The class ofGLM's was introduced by Neider and Wedderburn (1972). Three
basic assumptions were madebythese authors:

- Let X be a vector of independent random variables, each having distribution(1);
- Let y = Zß be a linear model, where Z is a (design) matrix of fixed
qualitative and quantitative covariates, and ßisaparameter vector;
- Let ii be a function such that 6 = <j,(y). This function ty is called a link
function.
For the loglinear model (see1.1.1.)and the Poisson distribution with mean
m it is seen after doing some algebra that 9=log m for this distribution,
so that the loglinear model fits in the GLM framework with the link function being the identical function.
By the GLM theory, the classical linear modeling of normal response variables isextended to the linear modeling of amuch wider class of response
variables, having a distribution from the family (1).Examples are the
Poisson distribution, and the gamma and binomial distribution.
Estimation and testing procedures are based on likelihood. Partial derivatives of the loglikelihood function are equated to zero and parameters
are estimated by the Newton-Raphson algorithm modified by using the Fisherscore approximation, taking the expectation of the Hessian matrix. It was
shown by Neider and Wedderburn (1972) that this technique is equivalent to
Iteratively Weighted Least Squares (IWLS) see also McCullagh and Neider
(1984). This latter procedure is implemented in the GLIM (Generalized
Linear Interactive Modelling )computer program of Baker and Neider (1978)
for interactive data modeling. Later, Green (1984) showed IWLS to be of
much wider use,also for problemswhere distributions are not oftype(1).
With GLM, there is no need to transform non-normal, non-homoscedastic data
to homoscedastic (and, preferably, normal) data, imposing the classical
linear modeling framework in an unnatural way. It is widely known that
doing so iswrong. Nevertheless,this transformation iswidely applied.
Recent literature on GLM's issummarized by McCullagh and Neider (1984)and
a review isgiven by Pregibon (1984).
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1.1.3.Quasi-likelihood
Essentially, to obtain linear model parameter estimators by IWLS, no distribution needs to be specified. It is sufficient to express the variance
of the response variable X as a function of the mean E(X) in the form of
the so-called variance function var(X)=c<|>(E(X)),where $ issome known
positive function and c issome unknown positive constant; inIWLS,
var" (X) is used as aweight function. This is the idea behind the concept
of quasi-likelihood, introduced by Wedderburn (1976); see also McCullagh
(1983)and McCullagh and Neider (1984).
Originally, the idea of Wedderburn seemed to be only to estimate model
parameters; it was shown by McCullagh (1983) that quasi-likelihood also
provides for testing procedures. A more extensive introduction to the
method can be found in chapter 8 of this thesis. Now,we shall mention two
important aspects ofthe useof quasi-likelihood.
- Sometimes (often?),no distributional assumptions can reasonably bemade,
but a variance function of type var(X) = c *(E(X)) can be based on
(sparse) experimental results. Quasi-likelihood may then do the estimation job.
- Distributional assumptions are made, boldly, but they lead to a complicated analysis. This is often the case in count data analysis when several random components are introduced inthemodel: likelihood procedures
are very unattractive. If variance functions can be obtained, quasilikelihood can lead to interesting results as described in chapter 8 of
thisthesis.
In spite of some fine techniques being available for discrete data analysis, there are problems that remain tobe solved.
Some of these problems will bementioned in section 1.2.
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1.2.PROBLEMS THAT REHAIN AND THEIR ORIGIN
1.2.1.Problems that remain
The analysis of count data and polytomous data has proved to be of major
theoretical interest, and the results obtained are of great practical
value. However, for many practical problems the theory as it stands fails
to give a proper solution, and there is a clear need for extensions. Two
examples will illustrate this.
Example 1.
Univariate responses.Qver(under)dispersion of Independent data,e.g. count
data showing "extra-Poisson variation", and dichotomous data showing "extra-binomial variation"; some generalization of the classical Anova theory
is needed to accommodate an extra dispersion parameter. Another problem is
the analysis of dependent count data from a random factor experiment,
modeled in some way by several random components.

Example 2.
Multivariate responses.Cluster sampling and multiple categorical responses
are examples of adependent classification ofdata.
To illustrate example 1: consider the experimental design with two nested,
random factors and some replicates per cell;see Scheffé (1959).
For normal responses X..,,theAnovamodel isX..,= LI+ a.+ b.,..+e,,...
ijk'

ijk

^

l

j(i)

where a., b.... and e,....are independent random model components.Ceri JU)
k(ij)
tainly amodel of thistype isneeded for count data analysis.
Example 2may be illustrated by cluster sampling, where objects areclassified not independently into one of K classes. Clearly, the multinomial
model based on independent classification is of little use in this case:
what we need is some alternative model, in which the dependence of the
classification of objects is included.

k(ij)
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1.2.2.Their origin
The problems that remain have their origin in various fields of human activity and the solutions to these problems have therefore a wide applicability.
Some of those fields of application are summarized under industrial manufacturing,marketing research and biomedical sciences.
Industrial manufacturing
Many industrial experiments have count response data or dichotomous (binary) response data instead of measured data. Count response data isoften
met as the number of (unwanted) particles (defects) on products. Dichotomous data arise as the number of good products out of a fixed number ofn
products included in the experiment.
We shall mention two disciplines of technology where count response data is
encountered.
When soldering chip components on printed circuit boards, the number of
soldering failures on the circuit board and the number ofproperly soldered
chip components are measures of the quality of the soldering process. The
question of the technologists to be answered is: what is the influence of
the process factors in the experiment on the quality of the soldering process? A related question is: what is the influence of the process factors
on the failure rate of the soldering process and what is the setting of
these factors togive maximum process yield?

In the manufacture of Integrated Circuits (IC's)one of the major problems
is the presence of small particles (dust) that can cause defects in
IC-components. It is of vital importance to find settings for the process
factors that will minimize the occurence of such defects. One question in
this context is: what are the major sources of variation in the
manufacturing process that influence the number of these particles?
Both the soldering problem and the IC manufacturing problem involve overdispersion and dependence of count data and there are no general statistical methods to analyse the data.

Marketing research
The number of units of a certain product, e.g. margarine, bought during a
fixed time interval by an individual consumer can be modeled by thePoisson
distribution. However, different consumers have different Poisson parameters and overdispersion ofthe number of units isobserved.
Given the total number of units bought by an individual consumer, the
result of classifying these units by branches can be modeled by themultinomial distribution. However,the probability vector of the multinomial is
different for different consumers and an extension ofthe multinomial model
iswanted.

Biomedical sciences
An example of an experiment with random nested factors and count responses
isthe following.
Suppose that some trees are sampled from a forest. Suppose that for each
tree in the sample, branches are sampled from the branches of that tree.
The number of insects is counted on each of the sampled branches. This
experiment may serve to answer questions like:what is the influence ofthe
variation of trees and branches on the number of insects? With count response data we would like to test and estimate variance components, and
this problem cannot be solved by standard techniques.
An example from medicine relates to the frequent need for adependent classification of results (cluster sampling).
Consider the following experiment: let each of J treatments be carried out
K times on each of I patients and let the response variable be polytomous
and ordered having L levels, such as health improvement at the levels no
improvement, some improvement and substantial improvement. Usually, the I
patients are considered as a random sample from a large population of
patients and then the classification of treatment results is dependent. To
answer questions like: is there any difference between the treatments,we
need amodel for dependently classified data.
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Finally, ifmore motivation is needed, some literature will be refered to.
Three quotations can speak for themselves.
... however, we have not considered the analysis of data using loglinear
models in situations corresponding to nesting and random effects ANOVA
models. Several research problems related to this topic require solution.
Bishop c.s. (1975),371.
Problem 20. Give a general discussion for analysing interactions in log
linear models forPoisson and binomial data in the presence:
(a)of overdispersion, (b)of underdispersion.
Cox (1984),23.
... the important and difficult extension of the theory of generalized
linear models to random effectsmodels.
Pregibon (1984), 1592.
1.3. SOLUTIONS THAT HAVE BEEN GIVEN
Results available on the extensions of the standard theory of count data
analysis can beclassified into four categories:
1.Over(under)dispersed independent count data;
2. Over(under)dispersed independent dichotomousdata;
3.Over(under)dispersed independent polytomous data;
4. Dependent count data,dependent dicho(poly)tomous data.
For each category, we shall summarize the results known from the literature.
1.3.1.Over(under)dispersed independent count data
The problem of overdispersed count data was studied by Paul and Plackett
(1978), with respect to the behaviour of test statistics for testing the
equality of Poisson parameters.A gamma compounded Poisson (ornegative binomial) distribution is assumed and for this distribution the conclusion
is: when using standard tests, the probability of rejecting the null hypothesis increases because of the increased variation in the data which is
not accommodated inthe standard Poisson model.
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There isapaper by Breslow (1984)which treats the modeling ofextra-Poisson variation incount data.An extramodel parameter for overdispersion is
estimated by two,somewhat heuristic,approaches: an approach assuming normality of the logarithm of large count data, and a quasi-likelihood
approach for small counts. In both cases, the extra parameter and the
linear model parameters are estimated itérâtively.
A recent paper by Ross and Preece (1985)discusses the fitting of thenegative binomial distribution to aset ofdata from asingle population,estimating the model parameters by maximum likelihood. They give examples of
and references to the application of this distribution in abiological context. Other applications in this context have been given by Manton c.s.
(1981)and by Nedelman (1983).
Applications in the modeling of consumer purchasing behaviour are from
Chatfield and Goodhardt (1970,1973)andDunn c.s. (1983).
Cox (1983) studies the efficiency of maximum likelihood estimation in the
presence ofmodest amountsof overdispersion.

1.3.2.Over(under)dispersed independent dichotomous data
D.W. Finney observed overdispersion when fitting a linear model to 'the
-1"
probitS> (p)'of p=X/n where X isthe number of successes out ofn
trials andrçis the standard normal distribution function. He constructed
the heuristic "heterogeneity correction" X/df for (co)variances of estimated model parameters, where X2 is the Pearson goodness-of-fit statistic
with dfdegrees of freedom.
Generalizations of the binomial distribution for overdispersion were
studied by Skellam (1948), and later by Altham (1978)and Tarone (1979).
An application of such ageneralization was described by Segreti and Munson
(1981).
The problem of overdispersion was treated by Crowder (1978) in amoreprofound way. He assumes a beta-binomial distribution for the overdispersed
dichotomous data. A likelihood procedure for the estimation and testing of
model parameters ispresented for ageneral (fixed factor)design matrix.
The extra model parameter for overdispersion can be estimated if some replicates "per cell" are available.
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A treatment by the quasi-likelihood method is presented by Williams (1982)
who does not make any distributional assumptions. Only the variance function isneeded; it is assumed to be of the "beta-binomial type"
var(X) = {1 + <)>(n-1)} np (1-p). Estimation of the linear model parameters
and the parameter <j>for extra-binomial variation is carried out by IWLS
and, respectively, by equating Pearson's X 2 for a full model to its expected value. The computer program GLIM can be used to do this, avoiding
awkward calculations based on likelihood; see Crowder (1978). William's
paper formed the basis for Breslow's treatment on extra-Poisson variation,
see 1.3.1.
Also Brooks (1984)contributed to the likelihood approach of overdispersed
dichotomous data. He proposes heuristic and approximate likelihood ratio
tests based on the beta-binomial distribution that can be carried out by
the standard program GLIM, contrary to Crowder's likelihood ratio procedure for which a special computer program is needed. Fitting linear
models to correlated binary data by Gaussian estimation is discussed by
Crowder (1985). Finally, Prentice (1986) has extended the beta-binomial
distribution to allow for underdispersion and for dependence of the parameter è oncovariate measurements.
1.3.3.OverCunderjdispersed independent polytomous data
Overdispersed polytomous data shows up at cluster sampling and survey sampling; it has received some attention inthe literature.
Some early results are those of Mosimann (1962, 1963), Cohen (1976) and
Altham (1976), mostly considering single populations. More general are
those ofBrier (1980), who derives asymptotic testing results for avector
X = {X-} •_. ofnumbersof classified objects,assumed to have the
Dirichlet multinomial distribution. This distribution isobtained by giving
the vector (pj, p 2 , ..., p )of themultinomial (n,pj, p 2 , ..,p )distribution aDirichlet distribution with parameter vector (ß l f ß2> ••> P) •
Ifclassified data is available for N independent clusters it is shown that
G and X 2 statistics from standard loglinear model theory have aCx 2 type
of limiting distribution for N->•<»,C being some constant depending on n
and the amount ofheterogeneity betweenclusters.
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Other results on cluster sampling that deserve mentioning are those of
Plackett and Paul (1978) for testing symmetry in a squared contingency
table, again under the assumption of a Dirichlet multinomial distribution,
and those of Gleser and Moore (1983, 1985), who present some general results on the asymptotic distributions of goodness-of-fit tests under positive dependence of observations, showing that the asymptotic distributions
of these test statistics are large-tailed as compared with the chi-squared
distribution.
A survey of the use of chi-squared statistics is given by Fienberg (1979),
who also mentions cluster sampling.
Problems from survey sampling are discussed, among others, by Bedrick
(1983), Fellegi (1980) and Rao and Scott (1984). In this case, distributions cannot be established properly. Therefore, only assumptions of
large sample normality aremade by these authors toderive limiting distributions of test statistics.
1.3.A.Dependent count data,dependent dicho(poly)towousdata
For dependent count data,not many results can be found.
An extensive treatment of the negative multinomial distribution was given
by Sibuya c.s. (1964); it is the multivariate analogue of the negative binomial distribution, see section 1.3.1. It can be of use for modeling dependent count data ifthe dependence structure is simple. The extension of
Nelson (1985)allows for amore complicated dependence structure.
Forcina (1984) in an unpublished communication proposes a model for count
data from a restricted version of the nested design with two random factors. McCullagh and Neider (1984), p. 255, treat a simple nested structure.
On dependent dichotomous data, three papers appeared recently. In thecontext of questionnaires a paper by Anderson and Aitkin (1985) discusses
models for dependent binary datawith associated fixed covariates;the data
is classified in groups by random nested factors. The EM-algorithm isused
for maximum likelihood estimation of themodel parameters.
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A mixed model for categorial data is presented by Beitler and Landis
(1985), which issimilar to the corresponding two-way Anova model for quantitative data. Gilmour, Anderson and Rae (1985) deal with dependent dichotomous data formed by classifying samples from underlying normal distributions and it is their aim to estimate location and scale parameters of
these underlying normal distributions.
These results on dependent count data analysis have only very recently
become available. Possibly random factors have not always been recognized
as such in count data problems and random factors were taken for fixed factors. On the other hand, the problem is quite hard totackle.
In this thesis we shall present new results on this subject. A survey of
these results can be found in section 1.4. of this introduction.

1.4.NEW RESULTS
Inthis section we shall summarize new results that were obtained recently,
forming the basic contents of this thesis. We shall first mention briefly
the types of experimental designs for which the new analysis methods for
count response data have become available. These types of experimental designs are the following.
I.

Fixed factor designs
1.Completely randomized fixed factor design with nominal factors,
where count data show overdispersion (chapters 2, 3 and 4 ) ;in the
model an additional random component is Introduced for overdispersion.
2. Split-plot design (chapter 5) with fixed factors and with additional random components for whole plot error and for the interaction between whole plot error and sub-plot factors.
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3.Paired comparisons design with two treatments and ordered response
categories for treatment difference (chapter 6 ) ;additional random
components are introduced for the interaction between blocks and
treatments.
II. Random factor designs
4. Random factor design with crossed factors (chapter 7) and with
nested factors (chapters 7 and 8) using a different approach in
chapter 8; random components are introduced for main effects, for
interactions and for error.
For each of these experimental designs the approach to data analysis will
now briefly be discussed. An extensive discussion can be found in the
relevant chapters of this thesis.
1.4.1.Fixed factor design
For the fixed factor design, there are new results for the following two
situations:
- Count data restricted to amaximum of say n (dichotomous data,seechapter 2) inthe case of overdispersion with respect to the binomial distribution; n does not depend on the levels of the design factors. Approximate x2-tests and F-tests are presented for testing linear models for the
logit of the probability parameter %. This approximation holds for large
n and for small overdispersion. For designed experiments a constant parameter n is often realizable and then the method is useful. It has some
advantages over other relatively new methods published in the literature.
- Count data not restricted to amaximum (chapters 3 and 4 ) ,in the case of
overdispersion with respect to the Poisson distribution. Approximate y2tests and F-tests are presented where we assume homogeneity with respect
to the extra parameter for overdispersion (compare this with the assumption of equal variances for the normal case). The results were obtained
for large numbers of replicates and for large counts. In both cases two
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models will bediscussed, which differ in the way extra-Poisson variation
is introduced.
The case of large counts deserves some special attention, because the
analysis is then particularly simple and elegant. The analysis is based
on the Poisson deviance (for the model with a linear variance function)
or the gamma deviance (for a quadratic variance function). As in the
Anova theory, approximate F-tests are constructed to eliminate the extra
parameter for overdispersion. For practical applications it is important
to know that both déviances are available in a statistical package like
GLIM.

1.4.2.Split-plot design
For the split-plot design a model is constructed (in chapter 5) allowing
for dependent count data within the whole plot, and for the interaction
between whole plot error and sub-plot factors. Again,approximate x -tests
and F-tests are used for the analysis of whole plot and sub-plot factorial
effects; the approximate distribution holds for large counts and for a
largenumber of replicates as in section 1.4.1.
1.4.3.Paired comparisonsdesign
Let two treatmentsbe applied pairwise,n times at each of N random blocks
and let the observed differences of treatment responses be classified inK
ordered response categories (seechapter6 ) .
Now the question is how to test for difference between treatments if anin
teraction between random blocks and treatments is present. For this situation no solution is given in the literature. We propose the useof arank
test of Wilcoxon as the instrument for testing the hypothesis of no treatment effect. In this case of ordered polytomous response data in random
blocks where an interaction is present between treatments and blocks, the
limiting distribution of e.g. Wilcoxon's signed rank test for symmetry is
not the standard normal distribution.
Under aDirichlet-multinomial model assumption the limiting distribution of
this test of Wilcoxon isobtained inchapter 6.
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1.4.3.Paired comparisons design
Let two treatments be applied pairwise,n times at each of N random blocks
and let the observed differences of treatment responses be classified inK
ordered response categories (seechapter6 ) .
Now thequestion ishow totest for difference between treatments ifaninteraction between random blocks and treatments is present. For this situation no solution is given in the literature. We propose the use of arank
test ofWilcoxon as the instrument for testing the hypothesis of no treatment effect. In this case of ordered polytomous response data in random
blocks where an interaction is present between treatments and blocks, the
limiting distribution of e.g. Wilcoxon's signed rank test for symmetry is
not the standard normal distribution.
Under aDirichlet-multinomial model assumption the limiting distribution of
this test ofWilcoxon isobtained inchapter 6.
1.4.4.Randow factor design
The random factor design isthe subject of chapters 7and 8.
Inchapter 7we shall build amodel by assuming lognormality for the random
model components for main effects and interactions. The product of these
components forms the random intensity of the Poisson process modeling the
data generating process. For large counts we are now able to analyse the
data for any factorial design with nested and crossed random factors.
Effectively, this analysis amounts to performing a standard Anova on the
log-transform of thedata.
Much less restrictive are the assumptions made inchapter 8. There weshall
follow the quasi-likelihood approach to analyse the data from nested
designs with random factors.
For this type of random factor design, a new approach to the analysis of
data is proposed which is not even restricted to the analysis of count
data. In the literature the quasi-likelihood method is only applied to independent data;we shall use it for dependent data.
The difference between the model building for nested designs in chapter 7
and inchapter 8can be sketched asfollows.
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In chapter 8 we only assume that we know the variance function for each
factor (and for error) inthenested design which expresses the variance of
the random level of this factor as a function of its mean value given the
level of the factor which isat one stagehigher in thedesign.
For example, for two random factors the variance functions to be specified
can be the following.
First,
var(M.)=aïjii,
whereM. isthe random level of the first factor;
\Lis the generalmean;
a. isapositive parameter.
Secondly,given M. =m.,

var(M..)= aim.,

2 1'

ij

where M..isthe random level of the second factor;
ai. isapositiveparameter.
Thirdly,given M..=m..,
var(X. )= aim. .,
ijk
3ij
whereX...isthe k observation at the levels iand iofthe twofactors;
J
ijk

CT^isapositive parameter.
For large sample sizes, approximate ^ 2 -tests and F-tests will be obtained
for testing the main effects. On a set of data, this method was compared
with the method of chapter 7; no essential differences in the conclusions
were observed.
Chapter 8 is concluded by suggesting some further research which has to be
done. Specifically, it is the quasi-likelihood approach based only on very
simple assumptions with respect to the mean and variance of the data that
should be explored further to provide us with solutions to problems which
have not yet been solved.
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- 22CHAPTER 2
ON THEANALYSIS OF VARIANCE FOR BETA-BINOMIAL RESPONSES

Abstract
The beta-binomial distribution is reported in literature as a useful
generalization of the binomial in case of heterogeneous binomial sampling.
An extra model parameter is introduced to accommodate for extra-binomial
variation. Some additions to results already available will be given by
presenting approximate F-tests for factorial designs, where the response
variable isof 0-1 type and sampling isheterogeneous binomial.These tests
can be used when sample sizes are large and equal and some degrees of
freedom are left from replicates or negligible interactions to estimate the
extramodel parameter.
(Published inStatisticaNeerlandica 39 (1985), 27-34).
1. Introduction
The analysis of binomial and multinomial response data, classified by
several fixed factors, is surveyed in the books of Bishop c.s. (1975) and
Fienberg (1977). The log-linear model has proved to be a flexible tool for
the analysis of thisdata.
However,sometimes it isobserved that variation in0-1 responses cannot be
explained by the full log-linear model and binomial error. A distribution
accommodating for this heterogeneous binomial sampling or extra-binomial
variation is the beta-binomial distribution (BBD). Recently it was discussed by Paul and Plackett (1978), Brier (1980) and Crowder (1978) reverting to earlier results ofMosimann (1962).
Some contributions to the discussion will bemade by presenting approximate
F-tests for the analysis of beta-binomial responses or in general,Oirichlet multinomial responses. The approximate tests can be used for i) large
and equal sample sizes, ii) small extra-binomial variation and iii) factorial designs, where replicates or negligible interactions deliver remainder degreesof freedom toestimate an extra parameter.
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Further, these tests are based on standard statistics, known from loglinear model analysis, which makes them attractive in a computational way.
The analysis of a 2k complete factorial design, with 0-1 classified responses is presented as an application at the end of the paper.
2.Approximate test statistics
2.1.Dirichlet multinomials
TheDirichlet compounded multinomial distribution (DMD,seeMosimann (1962)
and Brier (1980)), and the bivariate special case, the beta-binomial distribution (BBD,see Crowder (1978))will bebasic to the models considered.
The DMD is obtained in the following way. Suppose that random vector
X = {X.}._. has amultinomial (n,p)distribution,conditionally on probability vector p. If p is a random vector having aDirichlet distribution
with parameter vector (ß., ß„, ..., ß . ) , then themarginal distribution
of X is DM.
Frequently, amore useful parameterization is by vector it= (it,..., % , ) ,
where it. = ß./(ß1 + •••+ß,)and sum ß =ß + ... + ß .Note that
E p. =it.,and var p,=it.(1-n.)/(1 + ß). If ß->•<=and n isfixed, the
multinomial (n,it)is obtained.
From Paul and Plackett (1978)we shall recall a limit property ofthe DMD.
Later, this property will be needed to derive a limit theorem for test
statistics.
A limit property ofDirichlet multinomials

Ifvector {X.}._ 1 has aDMD with parameters n, (u.}. ,and ß,where ß =n-y
for some fixed y and n->• », then the asymptotic distribution of {X.} after
standardisation isnormal.Approximately, for large n,
E X. =nu.,var X. =Arot.O -it.), cov (X.,X.,)=-Anit.n.,
for i*i',whereA = (1+

y)/y.
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2.2. The model
We shall now consider independent, Ivariate response vectors {X...}._..,
being classified by J levels of a fixed factor A, Kreplicates being
available for each level j .It isassumed that {X-•(.}:_< has the DMD with
parameters n, {it^}J_« and p.,not depending on k. A further homogeneity
assumption isß.=ß,not depending on j.Then the DMD is parametrized by n
and {ß ii i j} i _ 1 .
A motivation for the DMmodel may be found in the following considerations.
From replicates of the experiment at level j of design-factor A, large
variation in the data may show that the multinomial distribution with fixed
probability vector p is not an acceptable distribution. Sometimes a decent
technical explanation can be given for this phenomenon. Then the extension
of the multinomial model can be useful, which is obtained by letting the
probability vector p vary between replicates according to the Dirichlet
distribution, accommodating for extra-multinomial variation. The result is
the DM distribution.
Referring to the limit property of 2.1., we shall derive a limit theorem
for test statistics under the following assumption.
Assumption
n•* °°and ß•* », where y =ß/n is fixed.
If p.

isthe class imultinomial probability, then the assumption implies
1
1
var p.., =
it..(1-it.L.)=
it.
.(1 - it.X . ) .
l
ijk 1+ p iJ
J
1+ Y n
J
J
This also shows that larqe n implies small var p....Also note that
ijk
1
var X.., = nit..(1-it..){1 +
(n- 1)} so that
l
l
•lJk
J
J
1+ Y n
1
var (n" 1 / 2 X...)•»•
it..)for n+ »,
ijk' (1 +v" )Tit..(1 -ij
iy

where the limit variance wasn..(1 -it..)for fX..,} having the multinomial
l
y
ij
ij
ijkJ
(n, {it..})distribution.
Throughout the paper,we shall use the notation A for 1+ y .
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2.3. Test statistics
We shall derive approximate F-statistics for testing the main effect of
factor A or,to bemore general,main effects and interactions ofM crossed
factors A ,A ,..., A .For this purpose,the log-linear model is fitted
to the expected probability vector {it...
m =1,2,...,M,treating vector {X..

• h_-|> where j =1,2,...,.];

., ). .as a response vector by
1

J-|*-"JM

1=I

conditioning on proper marginal sums. For 1 = 2 this reduces to the logit
model, see Fienberg (1977), p.77.
To compose the F-statistics, recall from Bishop c.s. (1975), Pearson's X 2
and the multinomial log likelihood-ratio G 2 :
X 2 =£

(X..,-n n. . ) 2 / n n. .
ijk x J k
^

G2 =2 Z

X..,log (X.y../nit. . ) .
ijk

ijk

ijk

^

1J

Hereit..isthe MLE ofit..under themultinomial distribution and thehypothesized log-linear model forit. ..
Under the assumption of 2.2 we shall prove that X 2 and G 2 are distributed
as A times chi-square under the hypothesis, asymptotically for n -»•<=.
Important results are summarized in the following proposition.
Define nested log-linear models by indices p,q .. and the ordering
p < p + 1 < q < q + 1 in the following sense: if 1 < j ,then model j isa
reduction ofmodel iby deletion of one or more model parameters.
Proposition
Under the assumption of 2.2., and if the tested hypotheses are true, the
following statements hold

- 26 1.G and X have the same asymptotic distribution, where
P
P
G 2 and X 2 correspond with amodel p.
D
D
2. G 2-*• Ax 2 asymptotically,where•*denotes convergence in distribution
P
V
P
2
ls a
and x
chi-square random variable with v degrees of freedom for
model p.
Also
D
G 2 - G 2 •*• A Y 2
,asymptotically.
v
P+1
P
p+1 -V P
3. G2

- G2 and G2
q+1
q

4. (G2

- G 2 are independent,asymptotically.
p+1
p

D
- G 2 ) d/(G 2 - G 2 ) d -»•F , asymptotically, where
q+1
q p p+1
p q
d q ,d p

d = v „- v and F,
p
p+1
p

, is anF random variable with d andd
d ,d p

q

p

degrees of freedom.
We shall give an outline ofproof.
Proof

1. Recall Theorem 14.9-2 from Bishop c.s. (1975):

Let p be avector of observed fractionshaving an I-dimensional multinomial
distribution with parameters (n,it),while itis any estimate ofitsuch,
that p and ithave ajoint limiting normal distribution, i.e.
. D
/n((p,it)- (it,it))+ N(0,E)

... (1)

for some covariance matrix E. Then G and X have the same limiting distribution.
As (1)holds for the multinomial distribution and the log-linear model,it
can be proved that
„ »
D
/n((p,it)- (it,it))+ N(0,Ar)
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for theDM, and analogous resultshold for theproduct of independent DMD's
with equal scale factor A« So for each true log-linear model, G 2 and X 2
have the same asymptotic distribution.
2. As to the asymptotic distribution of X 2 , we revert to corollary
14.9-3 from Bishop c.s. (1975). Following the proof of this corollary, it
can be shown that
D
X2•* Ax 2 where v isthe number ofdegreesof freedom.

D
Then by 1.,G2 +Ax 2•
D
Analogously, it isproved that G 2 .-G 2•*Ax 2
P
V
P*
p+1 " V p
following the proof of theorem 14.9-8 from Bishop c.s.
3.For themultinomial distribution this result isstated byHaberman (1974), p. 117;for the DMD itholds as well.
4. This follows from results 2. and 3. with the Mann-Wald theorem,
see Billingsley (1968), p.31.
We shall pay some more attention to part 4. of the proposition, which
enables us toconstruct approximate F tests for large n. The denominator of
thisF-test consists of aremainder G2 statistic,corresponding with a full
log-linear model,where all relevant effects are included. Thenumerator is
a statistic of type G2 -G for testing some hypothesized reduction of
q+1
q
the log-linear model.
G 2 „-G 2
q+1
q
Then under thehypothesis,F=
has an approximate
G2
y
-v
q+1
q
F distribution,with v _- v and vdeqrees of freedom.
' q + 1
q

Comparing this result with Crowder (1978) and Brier (1980), we can draw
some conclusions.
A possible draw back of the method isthe required equality of sample sizes
say n ,which may be no problem incase of adesigned experiment,but which
can be a fatal requirement for sampled data.
When sample sizes n do not differ widely, inpractice we are tempted to
use the same procedure as for equal n .From results of Rao and Scott
(1984) itcan be shown that X 2 and G 2 for testing ahypothesized model reduction are approximately distributed asÂ * x 2,whereÂ isaweighted mean
A =£w s A g =£ wg(1 + n g /6)= 1+£ w g n g /ß,£ w g = 1,
S
S
S

S

weights w depending on the hypothesized reduction. Using the testing procedure somewhat heuiiatically as if sample sizes n were equal comes to
neglecting the dependence of weights on the hypothesis. Obviously, some
further research on the accuracy of this approach may be useful.
Of special interest isthe cast?K = 1, only one replicate being available
per cell. In factorial experiments, high-order interactions can often be
neglected on technical grounds, and a denominator G is then obtained by
fitting a log-linear model, from which these interactions are excluded.
Also fractional replication and confounding can be treated according to
these principles. In fact, Crowder and Brier do not give a solution for
these cases.
We may conclude that the approximate analysis can be of use where nominal
response data are obtained from factorial experiments, where equal sample
sizes n can be realized without much difficulty, and where some inters
actions can be neglected to obtain remainder degrees of freedom for the
F-tests.
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3.Application
Toinvestigate the dependence of the yield of a resistor manufacturing process on process factors, an experiment was carried out. Four factors were
included inthe experimental design,say factor A, B, C and D, each having
twolevels.
At each combination of factorial levels, 500 resistors were manufactured
and classified as i = 0 (rejected) or i = 1 (accepted) according to some
quality measure. The experimental design is then a complete 21*-factorial
with 0 - 1 response.Observations are presented intable 1.

a

FactorA
B

C D

"l

bo

°1

172

406

180

440

di

438

441

363

461

do

196

418

190

450

di

406

431

349

495

0

c

bo

l

0

d
c

a

o

l

Table 1. Numbersof resistors being classified as i=1 (accepted),
out of 500resistors.
We may start the data analysis by fitting the logit model, assuming binomial responses, omitting the interaction ABCD. The G -result is G =
8.49, with 1 degree of freedom (df). As the interaction ABCD can be
neglected on technical grounds, we are on the alert for extra-binomial
variation. As it seems, the random part of the model is not of binomial
type.

Introducing the BBD,aprimary estimateA =8.49 isobtained for parameter
A. Next,for testing three-factor interactions we useA to correct statisticsof type G

- G .We adhere to the testing procedure proposed by

Brown (1976),who introduced theconcepts of partial and marginal association. The association,corrected byA, ispresented intable 2.
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Factorial effect

df

Partial association Marginal association

ABC
ABD
ACD
BCD

0.76
4.12
1.53
1.35

0.69
3.38
0.76
0.55

Table 2.Partial andmarginal association for three factors,corrected by
A.
Comparing these valueswith 1dfchi-square fractiles,only ABD tendstobe
significant at b%. We shall incorporate the other three-factor interactions
into the remainder G toobtain anew and final estimateA =G2/4=8.12,
based on4 degreesof freedom.
As y - (A- 1 ) - 1 can be estimated byy = (A- 1 ) " 1=0.14,
P:n y leads to theestimate ß =70,which may give some justification
tothe use ofatesting procedure for largeß.
A final testing of main effects and two-factor interactions by means of
approximate F-testsshows,that B andDmain effects and BD interaction are
significant.Approximate F-tests,obtained by deviding partial andmarginal
associationG „-G by the remainder G 2 ,correcting fordf,are given in
•Ï-1
q
table 3.
Factorial effect
B
0
BD

df

MarginalF

Partial F

(1,4) 137.76
(1,4) 79.77
(1,4) 12.26

127.47 (P<0.005)
69.50 (P<0.005)
11.30 (P< 0.05)

Table 3.Approximate F-testswith 1and4 degrees of freedom.
Under the logit model
^Ijklm
log

=u+u n/ ,N+u,/>+ u_.,..
2(k) 4(m)

.

24(km)

1jklm
%-parameterscan simply bewritten as %=%

1km
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Moment estimatesit.|_ for it-. arepresented intable4.

\

B

bo

°1

do

0.369

0.857

di

0.778

0.914

D\

Table4. Moment estimatesit1km forexpected probabilities.

1+k+m
Sincen 1km

' *1iklm being approximately normalforlarge n,with
4n
mean valuenn„, andvarianceAnit„, (1-it... ) ,anapproximate (1-o)
1km
1km
1km
confidence interval
A
e

U

"ikm (l - 7t 1km )

/

"ikm "ikm* 1-a/2 ^

4n

for %. maygive some additional informationonthe accuracyofthe estimate.
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33CHAPTER 3
MODELSFOR RESPONSEDATA SHOWING EXTRA-POISSON VARIATION

Abstract
When count data show extra-Poisson variation, standard log-linear techniques to analyse the data may fail. In this paper a generalization of the
log-linear modelling technique isproposed for the negative binomial model,
as an extension of the Poisson model. An illustration is given by the
analysis of a two-way classification of soldering failure data; extensions
tomore general classifications arepossible.
(published in Statistica Neerlandica 38 (1984), 159-167).

1. Introduction
To analyse count response data, linear models are usually fitted to the
logarithm of the vector of expected values.Well-established techniques of
log-linear modelling are given by e.g. Fienberg (1977) and Bishop c.s.
(1975). In this literature it is assumed that the response variable has a
Poisson distribution.
From practice however, itwasnoted before that sometimes the Poisson model
isnot asuitable model, as the data may show too much variation. A survey
of literature is presented by Paul h.Plackett (1978) in which the phenomenon ofwhat may be called extia-Poisson variation isdiscussed.
Recently a problem was met in consultation practice for which no solution
was found in literature. Counts of soldering failures on print panels were
classified by two factors,and it was asked to test their main effects and
interaction, while aclear extra-Poisson variation showed from the data.A
solution was found by introducing the negative binomial distribution
generalizing thePoisson, accommodating inthisway for extra-Poisson variation. Two negative binomial models were fitted to the soldering data,
which is a relatively straightforward operation if the GLIM computer program is available asatool for doing the computing work.
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2. Models for extra-Poisson variation
In the following we shall concentrate on a two-way crossed classification
of a vector of counts {X..}, i=1,2,...,I, j=1,2,— ,J, where iand j indicate the levels of two fixed factors.
One set of standard assumptions for ( X H ) I S as follows:
(i)

{ X M } has independent components Xj•;

(iL)

Xj; has aPoisson (nijs)distribution

(iLi) logmij is linear insome unknown parameters.
Sometimes, the random variable Xjj shows more variation than is explained
by the Poisson distribution and the log-linear model containing all explanatory variables. To accommodate for extra-Poisson variation, assumption
(ii)may be replaced by twonew assumptions, (ii) 1 and (ii)":
(ii)' given Mi4=m ^ , X ^ has a Poisson ( m ^ ) distribution, where
Mi-jisa positive random variable
(ii)" M..=G(a•.,9, . ) , where G(a,.,8. )are independent gamma random
variables,with shape parameter aH and scale parameter 0ij•
The new distribution of X..is the negative binomial with parameters
(a..,p..=9../(1+9..))and with probability function
ij *ij

P(X.. = x) =f

ij

rj

x+a. .-1
a..
' J 1 p* (1-p..)1J ,x=0,1,2,...

(see Johnson & Kotz (1969), p.122).
The Poisson distribution can be seen as a special case of the negative
binomial just presented: for a ••-*•*>,

9.. •*• 0 and a- 6..•*m..it converges

to the Poisson (mij)distribution.
We shall specialize the general negative binomial model to the following
special models:
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Model I,with parameters ( a n , 9 ) .
Then X..isnegative binomial (a-.,p=-3—5-)and
IJ
lj
1+9

E X .l. = < x . . e =m..

J
iJ
iJ
var X..=a..9(1+9)=m..(1+9)
substituting parameter m..=E X.. for a. . 9.
iJ
iJ
iJ
Note that only shape parameter ctij of the gamma distribution depends on
factorial effects.
Model II, with parameters (a,O n ) .
9..
iJ
Then X.. isnegative binomial (a,p..=
l
J
E X..=a 9.. =m..
iJ
iJ

l

J

)and
1+0..
IJ

iJ

var X..= a 9..(1+9..)=m..(1+a m . . ) .

_1

Note that only scale parameter 9ji of the gamma distribution depends on
factorial effects.
In literature, the phenomenon of extra-Poisson variation and the relationship between var Xji and E X ^ were studied before; a survey is given
by Paul and Plackett (1978). Inpractice,a relationship of the type
var X.. =c(E X..) ,where 1< b< 2seems to cover most casesofextraij
iJ
Poisson variation. If the ratio var Xjj/E XJJ is about constant, Model
I will sufficiently explain the extra-Poisson variation. If the ratio increases with E Xji> Model II may be useful,being somewhat extreme in the
light of the resultsofPaul andPlackett.
It is advised to start the analysis by testing the hypothesis of Poisson
distributions, fitting the full factorial model based on the Poisson distribution for Xji- Ifthehypothesis isrejected, achoice between Model
I and Model IIcan be based on aplot of (X...-m.. ) / / m..against the
1 K
l
J
!J
J
estimatesm..=X.. ofm..under the full Poisson model. Ifthe variance
ij
1J+
iJ
of these residuals ismore or less constant,Model Ican be chosen;ifit
increases withntji»Model IImay bemore suitable.Ofcourse,it isnot
impossible that neither Model I nor Model II is a satisfactory model in
case ofextra-Poisson variation.
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3.ModelI
3.1. Discussion
We shall now study Model Iin some detail, showing its relationship with
the standard Poisson model as regards itsasymptotic behaviour. Hereand
further we suppose that foreach level iandjofthetwo factors,Kindependent replicates X M | < , being distributed as Xji, are available from
a properly designed experiment.
For Model I,two types of asymptotic behaviour are relevant and lead to
interesting results,namely:
-m.. + °°,where9andKarefixed
-K + °°,where8andm..arefixed.
'J
Firstly, we consider the asymptotic situation formjj •>», where e andK
are fixed. Then by theCentral Limit Theorem, thestandardized Xij hasa
normal limiting distribution. Hence, limit properties ofX..arethoseofa
Poisson (itiii)random variable,when thevarianceofthelatter ismultiplied by a fixed constant (1+9). The consequence is,that when the full
parameter log-linear model is fitted, the standard Pearson X 2 andloglikelihood ratioG 2 statistics,definedas:
X 2 = T, (X..,-m..)2/m.. and
ijk
G2 =

2

S
1

J

X
jk

J

J

Ljkl0^Xijk/-ij>

(see Bishopc.s.(1975), section4.2),
willbedistributed asymptotically as(1+9)times chi-square,with v=
IJ(K-1) degrees of freedom. Analogous results hold for restricted models.
To test for interaction andmain-effectswemayproceed asfollows:
Let G 2bethelog-likelihood ratio statistic forthefull log-linear model,
whileG 2-G 2 isadifferenceofG 2 statistics,whereG 2 corresponds witha
v
2
1
2
hypothesized restrictiononamodel with log-likelihood ratio statisticG 2 .
ThenG 2 andG 2 -G2 areasymptotically independent andboth (1+9)x 2
distributed under thehypothesis.
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2
G

1

v
v2 - Vj

having an asymptotic F-distribution with v 2 - Vj and v degrees of freedom
for IÏIH•* <=under the hypothesis. Elimination of nuisance parameter (1+9)
isthen onthe linesoftheanalysisofvariance.
The above statements can be proved following arguments from Engel (1983),
where analogous results forDirichlet multinomial responses aregiven.
Secondly, we consider the case K ->», where 6 and mjj are fixed. A consistent estimate for 1 + e is the estimate 1+ 9* =X 2 /v, where X 2 correspondswith the fullmodel,and v= IJ(K-1). Ifpreferred,9canbe
estimated by9, obtained bymaximizing the log-likelihood

\

{log(Xijk+J"''"ij- 1 )+ X

ijk

log (l |y)+9-1m log(^)}

ijk

asa function of9, substituting themoment estimate m.. =X.. form...
Models are tested by statistics G 2 -G 2 ,again being distributed as
(1+e) x 2 . To see this, note that these statistics only depend on Xj4 k via
Xji + , being distributed as a negative binomial (9_1Kmii»p) random
variable. Therefore K -> <» and m u ->•» asymptotics are equivalent, the
latter being considered just before. To close this section, we propose to
test model parameters by statistics (G2 - G 2 )/(1+9), forK->• » asymptotically distributed as % with v^-v- degreesof freedom,where 9isa
consistent estimate of9, like9* or 9.
3.2. Application
By an industrial soldering-team an experiment was carried out to study the
soldering quality of print panels. Two factors were varied in the experiment:
- factor L: soldering location,with levels Lj, L 2 andL 3
- factor M: soldering method,with levelsMj and M 2 .
For each combination of factorial levels, 5 panels were soldered, so 5
replicates per cell were obtained. The experiment was carried out by complete randomization over the5 x6 =30experimental units.Afterwards,the
number of soldering failures was counted for each print panel. The results
are displayed intable1.
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\*
\.

Soldering
Location

Li

Mi

10

15

11

16

22

12

8

11

L3

L2

Soldering^v
Method
^ \

11

5

2

11

14

25

12

35

12

17

4

11

13

10

16

25

12

27

15

15

M2

Table 1;numbers ofsoldering failuresonprint panels.

Obvious from the data is a wlthin-cell heterogeneity, suggesting extraPoisson variation.Weshall analyse thedatabyModelI.

3.3.Theanalysis

The full Jog-linear model
loq
=u+u,.+u„ .+u-„ ..
y m..
ij
1;i
2;j

12;1j

was fitted tothedata, as well as reduced models, containing parameters
for main effects only.ThevalueofX 2 andG 2 test statistics foreach(reduced)model ispresented intable2.

Factorialeffect
includedin
model
L*M
L, M

L
M

0

X2

G2

93.63
96.67
98.66
111.71
113.41

90.28
95.65
97.26
110.44
112.06

df
V

24
26
27
28
29

Table2;X 2andG 2 test statistics forfitted log-linear models.

Evidently, the full model L * M gives a bad fit,showing extra-Poisson
variation inthedata.
Firstly we shall consider results of approximate tests for large mjj- We
shall follow thefirst testing procedure from3.1.

29
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ResultsoftestingmodeltermsbyapproximateF-testsaregivenintheAnovatable3.

Source

C|-G;

degreesoffreedom

F

V

L*Minteraction
LgivenM
MgivenL
Error

5.37
14.79
1.61
90.28

2
2
1
24

0.71
1.96
0.42

Table3;F-statistics formodelterms.
Asisseenfromtable3,valuesofG^-G^rcanbeverymisleading,becauseof
a dominant error factor. From the correct approximate F-tests no effects
areshowntobesignificant.
Secondly,resultsofapproximatetestsforlargeKareobtainedbytest
statistics (G^-Gip/d+e),
(G|-G2)/(1+6),with
withthe
theestima
estimate(1+9*)r3.90or(1+e)=3.02.
Herealsonosignificant effectsshowup.
4. ModelII
4.1.Discussion

ij

UnderModel II,X..hasanegativebinomial (a,p..

withEX.•=m..andvarX..=m..(1+a m. . ) •
ij
iJ
iJ
iJ

— )distribution,
a+m..

ij

For Model II we shall consider K-»» asymptotics, where a and m y are
fixed;becauseofanon-additivityinparameterm.., thecasem.. •*•<°does
notleadtoequivalent results,whichiscontrary toModelI.
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If a were known, the family of negative binomial distributions is parameterized bypij only:
=x)=exp{a(x/a logp..+log(1-p. ))+log(X+"~ )}.

P(X
•LJ

L

J-J

*

J

This isanexponential family andtherefore ofthetype being studied by
Neider andWedderburn (1972). In their paper they show howtofita(generalized) linear model forlogm^j byan iterative procedure, andhowto
test factorial effects by an analysis of deviance, based on likelihood
ratio tests.Weshall follow their approach andfirst paysome attentionto
the likelihood function.
The log-likelihood functionhastheform:
m..
L

m"> =\ {*ljkl 0 ^ ^
ijk

X...+a-1

>+ «^ <S ï m - >+^ <T
ij

>}

ijk

ij

where indexmindicatesaspecific linear model forlogntijforthesaturated model thelog-likelihoodis
X...
ijk(
L a) =
log
s
* ijk
fXijk lJ 0 9( ÏZCT }+ aijk
Ï

Tx—

X...+a-1

)+log(

a

ijk

X..,ijk>}•

ijk

The deviance,defined byNeider andWedderburn asd(a)=2(L(a)-L(a))
resultsin
X.
d n)

L

2

x

-- A { ijk
ijk

J

log

a+m..
+

a+m..
lQ

< 5 T T - • -irr- > « g i^zrr
ijk

ij

»•
ijk

We shall estimate a bymaximum likelihood,maximizing L(a)asafunctionof
a, whenwehave substituted m..=X-• form..,them.l.e. under thefull
log-linear model.Ifneeded,themoment estimate mayserve asastarting
value fora.Weshall discuss itbriefly.
Following Johnson andKotz (1969),p.134,forfactorial levels iandjwe
obtain the"truncated" moment estimate
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*2,* =
^+
*J S 2 -X
ij

ifS2 >X
2
J
ij*
1J+

ifS z. <X..

o.. =»
ij

ij

ij+

whereX

andS aresamplemeanandvariance fromKreplicatespercell.
ij+
1J
Note thata=°°(with finitem..)correspondstothePoissoncase.
ij

»
The approximate varianceofo..being
*J

2a(a+1)
,itissuggested touse
Kp 2
ij

weights

w..=p?.=(
il

m.. 2
!J
) toobtaintheestimatea*=

* *
.S.Wijaij
1J J J
.

il
a+m

.r.Wij
ij J

ij
J

where w*.is
l theestimate I—;
J
*
w.. equals zeroareomitted.

X.
.
1 J +
>?
ofw..;
inthe
l sum,termsforwhich
a*.+X\.
J
f

IJ

1J+

By GLIM,d(a)isminimized,andthereforeL ismaximized under somere'
' m
'
m
strictionsonthefull linear modelforloqm...Ifalinear modelm,is
ij

a hypothesized restriction ofamodel mj, thecorresponding setofmodel
parametersistestedbythedifferenced(a)-d(a)which is,forknowna
m2
mi
andK•*<»asymptotically chi-square ifthehypothesisistrue.Ifctjanda 2
are them.l.e.'sofa under modelm,andmodel m,respectively,

Z
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d (.ao) - d (o,)1has an asymptotic chi-square distribution under the
n)2
mi
hypothesis.Finally, this istrue for d (a)-d (a),where a is the
m.l.e. under the fullmodel,asit has the same asymptotic properties
asctjanda 2 , if the hypothesized restrictions on the full model are true.
It is this estimate of a we shall use in the testing procedure of section
4.2.
4.2.The analysis
We shall reanalyse by Model II the data from table 1, using the computer
program GLIM from Baker and Neider (1978). Within GLIM, our model is
defined by specifying four model properties:
1. the link function,which isthe natural logarithm
2. its derivative
3. the variance function var X H

=m

iiO+a~'m^i)

4. the deviance d(a).
In a first step, the "moment" estimate a = 5.14 was obtained for a. It
was used asastarting value toestimate aby maximum likelihood, resulting
into avalue a =7.32.
The second step in the testing procedure isthe formation of an analysis of
deviance table 4.

Model

Degrees of freedom

L*M
L+M

L
M

0

24
26
27
28
29

Deviance
31.43
33.28
33.82
38.10
38.63

Table 4;Analysis ofdeviance table for the crossed-classification of
soldering failures table 1.
Log-likelihood ratio test statistics for factorial effects are obtained by
subtraction of déviances. No significant effects show up, which confirms
our earlier conclusions.
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5. Discussion
Two negative binomial models for the analysis of the structure of counts
showing extra-Poisson variation have been discussed. An application was
given on a two dimensional classification of counts, with some replicates
percell.
A generalization of most of the results exists for i) more dimensional
classifications and for ii) unequal numbers of replicates per cell. Note
that for Model I when assuming large m y , only one replicate per cell is
needed toestimate6 if somemore-factor interactions arenegligible.

Finally, it wasobserved by Paul&Plackett (1978)that the negative
a

binomial (a,p=

)distribution is the limiting distribution of the
1+e

beta-binomial (n,a,6)where ß = r\Q~' and n•*». The beta-binomial distribution applies when the response variable isthe number of successes out of
n Bernoulli trials, the probability of success not being constant between
replicates of the experiment (see Crowder (1978)). Then the negative binomial distribution seems a good approximation of the beta-binomial for a
large number of trials when the response is small. The log-linear analysis
can be performed by themethods presented in this paper.
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-45CHAPTER4
ALIMITINGPROPERTYOFMODELSFDROVERDISPERSEPCOUNTRESPONSEDATA
1.INTRODUCTION
Inchapter3wepresentedmodelsforextra-Poissonvariationinindependent
countdatawhichwasaccounted forbyintroducingthegammadistributionin
theparameter ofthe Poisson distribution as an extra component of variation.Twomodelswerethusobtained inwhicheithertheshapeparameterof
thegammadistributiondependsonthelevelsofthedesign factors(thisis
Model I)or the scale parameter of the gamma distribution depends onthe
levelsofthesefactors£thisisModel II).Inchapter3,ModelIandModel
II were studied for alargenumber of replicates andModel Iwasstudied
foralargevalueof theshape parameter,which implies largemean values
of the count data. In this chapter we shall study Model II for a large
valueofthescaleparameter,which also implies largemean valuesofthe
data.

Alimittheoremwillbepresented insection2whichisageneralizationof
a theoremofPessin (1961).By this limit theorem asimplification ofthe
gamma-Poisson model for large values of the scale parameter ofthegamma
distribution isobtained.
Moreconcretely,thelimittheoremhasthefollowingimplication.
LetM.,i=1,2,...,I,beasetofIrandomvariables.GivenM.=m.let
l

independent randomvariablesX.havePoisson (in.)distributions.Suppose
thatM.canbewrittenasM.=9H.,i=1,2, ...,I,where9isapositive
parameter and {H.}
1

isavectorofjointlydistributed,positiveandnoni=1

degeneraterandomvariables.Thenforlarge6thelimittheorem implies
thatthevector {X*}- ..isapproximatelydistributedasthevector

i

l
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The consequence of thelimit theorem for thegamma-Poisson model (Model II)
for independent random variables X. is that the approximate distribution of
X. for large valuesofthe scale parameter ofthe gammadistribution is the
gamma distribution itself.We shall discuss the analysis of count data by
this approximate gammamodel insection 3.
For a single classification of count data having the gamma-Poisson model,
simulation results areobtained for the true significance level of six test
statistics for testing the hypothesis of no main effect of the classifying
factor,where these test statistics are based on the approximate gamma distribution.

An important conclusion from these simulation results is that an approximate F-test which is based on the relatively simple gamma deviance and
which eliminates the shape parameter of the gamma distribution, is quite
reasonable for testing the hypothesis of no main effect of the factor if
some replicates are available per cell and if the scale parameter of the
gamma distribution isnot too small. For the nominal level of significance
of 5%, the true level of significance isnomore than 8%.
Finally, an application is given in section 4, revisiting the data of the
soldering experiment from chapter 3. These data will be reanalysed by the
use of test statistics based on the approximate gamma distribution.
2.A LIMIT THEOREM
Let random variables X. and M., i= 1,2,
l

i'

,I,be given.GivenM. =m.,
'

' '

y

l

let X. have aPoisson (m.)distribution for i=1,2, ..., I. IfM. =9H.,
then X. isapproximately distributed asM. for large6.Thisresult reduces
much ofthe complexity ofe.g. the gamma-Poisson model. Inamultivariate
version it is formally stated in the following limit theorem.'

I'
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Theorem1

Let X= {X.}. -and M= {M-} i _ 1 be Ivariate random vectors,where random
I
vector Xgiven M =m,m = {m.}. ,isdistributed asavector of Iindependent Poisson (m.)random variables.
Let M=8H,where H= {H.}._ 1 is avector ofjointly distributed, positive
and non-degenerate random variables,having finite secondmoments.
Then X* + M* in distribution for 9 -*•<*> where X* and M* are vectors of
standardized components Xf and M*,respectively, where
X*= (X.-E(X.))//var(X.) and M*= (M.- E(M.))//var(M.).

For an outline of proof,see appendix.
Corollary
Let Hbe avector of independent gamma (a,Y.)distributed random variables, i=1,2,...,I, so that X isavector of independent random variables
having negative binomial (a,p.=8¥./(1 +9!.)) distributions. Then for
large9 the components of vector Xhave,approximately, independent
gamma (a,9ïf.)distributions for i= 1,2,...,I.
This isthe practical interpretation of Theorem 1: for alarge value ofthe
general level 8,vector X isapproximately distributed asvector M.
Note that E(X)=8E(H),so the condition in Theorem 1implies largeexpectations.
It is important to realize that the components ofvector Hmay be dependent
but should all be non-degenerate. If all components are degenerate, the
components of vector X are Independent,having thenormal limiting distribution, asis known from standard results.
We shall use Theorem 1 for deriving simplified models for fixed (in section
3)and random (inchapter 7) factor designswith count responsedata.
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3.1.TheModel
By the corollary of Theorem 1,we are ableto present the analysis ofcount
data byModel II (seeEngel (1984))for large9..ThisModel IIwas defined
asfollows.
LetM., i=1,2, ..., I,be aset of random variables.
GivenM. =m., i= 1,2,...,I,arandom vector Xhas Iindependent componentsX. having Poisson (m.)distributions.Further M. =G(a,G . ) ,
f

x

.i

x

' l'

where G(a,6.) are independent gamma random variables for i= 1,2,...,I,
with shape parameter a and scale parameter9..

Under Model II,thedistribution of X. isgamma-Poisson:the variableM.
l

l

can bewritten inthe form M. =9H.,where H. =G.(a,¥.) isa
i

i

x

i

i

I
gamma (a,¥•)random variable,¥. =9-/9and 9=/n 9..
i
For large9thevariable X.has,approximately, the same distribution as
M i - G L (a,9 t )=m t G ^ a , a ) ,wheren^: =EtX^)=a9 i ; further
var(X.)=a

m2 and the coefficient ofvariation ofX. iscv(a)=a'

In section 3.2 we shall let i = 1,2,...,n, where n is the number of
independent counts X..
The analysisof databy Model II for large 9. and so for largem.,
L=1,2,...,n,will be asfollows.
Introducing G.(a):= G.(a,a" ), the variable X. isdistributed,approximately,as
X ~ in.G.(a)for i=1,2,...,n,
i

l

i

and the analysis of responsesX. fits into the framework of Neider and
Wedderburn (1972) for the analysis of generalized linear models,the gamma
distribution being optional in the GLIM-system (Baker & Neider (1978)). As
a is an unknown form parameter to be estimated, the analysis falls apart
into twostages:
- estimatea, e.g. by fitting a 'full'model;
- fit reduced models,and choose thebestmodel.
Both stagesof theanalysiswillbe discussed insection 3.2.

•1/2
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3.2. Estimationandtesting

3.2.1. Estimationofgby(modified)maximumlikelihood
Threemethodsfortheestimationofparameter awillbepresented:
1)maximumlikelihood(ml);
2)modifiedml;
3)the 'naive'method fromGLIM.
Firstly,parameteracanbeestimated byfittingafulllinearmodeltom.,
withloglinkfunctionandgammaerror.Suchafulllinearmodel,which
containsallparametersofrelevancetotheproblem,isfittedtologm^,
thus taking the logarithm as a link function between mj and the linear
model.Formoredetailshereandfurther,seeNeiderandWedderburn (1972).
Ifm.isestimatedbythemaximum likelihood estimator (mle)m.,themle
foraisobtainedasthesolution a oftheequation (seealsoDunnc.s.
(1983)fortheone-samplecase)
n (log a-?(a))= E log mL -E log Xi + E (X^ITK - 1)

i

i

... (1)

i

usingtablesofloga-¥(a)fromChapman (1956).
Here,f(a)=T'(a)/r(a),thedigammafunction,whereasE(X./m.-1)
i
vanishesfortheloglinkfunction,seeNeider andWedderburn (1972).
Then(1)resultsin
n(loga-?(a))=Elogn^-Elog X...
i
i

...(2)

Theapproximatevarianceofaforlargenequals{n(1?'(a)-1/a)} ,the
numberofestimated parametersm.beingsmall.
Secondly,therearesomereasonstoconsider amodifiedmlefora.
Themodifiedmlea*isobtainedbyequatingthedevianceDtoitsexpectationE(D)underafullmodel,whichis
E(D)=2na{loga- f (.a)} -k+0(n );seeCordeiro (1983).
HereD=-2aElogX./m.isthedevianceforthegammadistribution andk
i
isthenumber ofestimated model parameters.The devianceD isdefinedas
thelog likelihood ratio statistic fortestinggoodness-of-fit ofalinear
model for log mi against the saturated model having a parameter mi for
eachobservationX|.

-1
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Setting D equal to E(D)we obtain

n(log a - v(a))

= T.log ITK - T,logX 1 +k/2a + 0((an) ).
i
i

-1
... (3)

The solution a* of (3) may also be considered as a kind of amoment estimator, setting deviance D equal to its first moment E(D).The estimator
a* hasthe same asymptotic (n•+») properties as a, e.g. consistency.
The difference between the equations (2)and (3)isthe correcting term
k/2a in (3),which is important ifit doesnot hold that 2a » k. As
loga -^(a)is adecreasing function ofa, seeAbramowitz and Stegun
(1965), p.259,6.3.21, one always has a* < a (with probabilityone),
hence cv(ct)< cv(a*). Theterm k/2a can be seen asacorrection for aloss
of k degrees of freedom (df) by estimating k model parameters. This procedure is familiar from the estimation ofnormal variances. To estimate
o for normal responses,themle a equals SSE/n,where SSE isthe sum of
squares for error. Themle a isbiased,whereas a * - SSE/(n-k) isa
2

2

is amodified version of o to obtain the unbiased estimator a * with the
2

"1

property a * > a ,compensating for the lossof kdf for estimating model
parameters.
As a third method, the GLIM method for estimating a should be mentioned,
which isrelated to themodified mlmethod. It isbased on naively equating
the deviance 0 to its remainder degrees of freedom n-k, which is acorrect
procedure for the normal error case. However, note that E(D) = n-k only
approximately for largea. A third a-estimator a** is then obtained within
GLIM, simply by solving D =n-k fora, sothat a** = (n-k)/S,defining
S :=(D/a), and no iteration isneeded. However, it can be shown that
2a(log a -Y(a)) > 1, the inequality being substantial for small a; then
always a** < a*, so that a** inflates the estimate of cv(a).
Toconclude,we summarize that a** <a*<awith probability one,preferring themodified mle a* asan estimator for a,having the same approximate variance for large n asthemlea. The estimator a** is second best
for a not too small,having the advantage of asimple computation.
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Themiea seemsnot tobe too attractive,unless nis large: for n+<=,
a being fixed, the methods one and two are equivalent. For a •*=>,n being
fixed, the methods two and three are equivalent, as 2ot (log a -^(a))=
1 +0(a - 1 ) fora•* »; seeAbramowitz and Stegun (1965), p. 259,6.3.18.
3.2.2.Testing by (modified)déviances
The testing of reduced models can be based on the deviance D for the gamma
distribution.
It is Cordeiro's advice to use modified déviances D* = (n-k)D/E(D) instead
ofdéviancesÜ for model testing: for a known they aredistributed as
Y 2 ,reasonably well,even for small n.DifferencesD*-D* for hierarchic
*n-k
'
'
2 1
loglinear models are then approximately %l _i<•For large n, theapproximatex2. i. distribution ofD„-D.issupported by well-known large
sample results on log-likelihood ratio tests.For small n, e.g. singly
replicated factorial designs,the testing procedure with D„ -D.should be
considered in amore informal way. ThemodificationD*-D*should behave
more like aY 2 ,x statistic than D - D does.
kj-k 2

2

1

In section 3.3 some relevant test statistics based on D and D* are defined
and studied by simulation.
3.2.3.Estimation and testing by generalized Pearson's X 2
A statistic which isnot based on the likelihood ratio isthe generalized
Pearson's X =£ ( X - m.)/(a m.), wherem. isthemle ofm. and
i
2
var(X.)=a m ; see also McCullagh and Neider (1984),p.26.
For large n, the distribution of X 2 can be approximated by the x 2_ distribution with n-k degrees of freedom, where k is the number of estimated
model parameters.Also, X 2 can be used (in GtIM) to estimate the parameter
a. Ana**-typeestimator a** isdefined as a.**= (n-k)/[£(X.- m.) 2 /m 2 ].
X2
X2
i1 1 1
2
Generalized Pearson's X corresponding to the NBD isgiven by
X =£(X.-m.)2/(m.(1 +a" m.))which is,for largem.,near totheX
i

l

l

l

l

l
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for the gamma distribution. For normally distributed random variables X.,
Pearson's X and the deviance (loglikelihood ratio statistic) are equivalent and are both equal toX =I(X- -m-) /a ,where a = var(X-).
i
This result will be used in section 3.3.
3.3.Simulation results for test statistics
3.3.1.Analysis ofNB data by gamma distribution
To investigate the quality of the approximate analysis discussed in section
3.2, approximating the negative binomial or gamma-Poisson distribution by
the gamma distribution, we carried out a simulation study. We used the NAG
library to obtain negative binomial data, simulated by the Monte Carlo
method. In the simulation study we consider the problem of testing the
hypothesis of zero main effect in a one-way classification of data,with a
total number of n = 12 observations (counts), classified by one factor
having
- 1 = 2 levels,leaving J =6 replicates per cell;
- 1 = 6 levels,leaving J =2replicates per cell.
Further,the parametersa and 8 (note that under the hypothesis,9doesnot
depend on the index i, i=1,2,...,I)were each set at three levels,that is
- a =2,5,10;
- e= 5,10,15,
so that simulation results were obtained for 9 combinations of parameter
values. Results concerning the estimated tail probability of the yz 1 fractile at a nominal significance level of 5% were obtained under the
hypothesis ofnomain effect, for the following test statistics.
T :D -D ,where D isthe residual deviance for theqamma distribution:
1 2
1
1
D.=-2 a Z logX../X\ and D„ isthe deviance under the hypothesis:
D,=-2a Z log X../X" .sothat D,-D.= -2aT.logX. /X .
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T„ :D*-D*.whereDj?andD*are Cordeiromodifications ofD„ and D„,
2
2
1'
1
2
respectively, seesection 3.2.2.

1

2

'

T,:X o -X^,whereX 2 = j;(X. -X )2/(a"1 X 2 )and
3
2
1
1 A j ij
i+
i+
X 2 =E (X -X )2/(a X 2 )aregeneralized Pearson statistics.
2 y ij ++
++

Parameter a wasestimated bya** when testing by D -D and D*-D*, and
by a** in thecase ofX 2 -X 2 . Remember that a** = I(J-1)/S ,where
2
1
x2

1

S. =D./a and a** = I(J-1)/(X 2 /a).
1
1
1
X2
Resultsconcerning theestimated tail probability ofthe F

. ,-frac-

tile, at anominal level of significance of b%, were obtained for thetest
statistics

\ :F D =(D2"V / D 1 *^J-D/d- 1 );
T 5 :F D ,= (D*-D*)/D** I(J-1)/(1-1);
T 6 :FX2 = (X2 -X 2 )/X 2 * I(J-1)/(I-1),
where it isseen that T,,Tc and T,arethe "F-test modifications"of
4' 5
6
the test statistics T., T„ and T,,respectively.
For the approximate F-distribution of Fp there is some support from
results of Jargensen (1983). It is suggested that a reasonable approximate
distribution of FQ for large J is the F-distribution with 1-1 and I(J-1)
degrees of freedom. A limit theorem (see Jargensen (1984)) establishes the
asymptotic F-distribution of Fn fora ->»> J being fixed. So the results
concerning Fn,areexpected to improve for increasing J anda .
The simulation results are based on 1000 MC-trials; they are summarized in
tables 1 a ' b for 1 = 2 , and intables 2 a ' b for I=6 factorial levels.
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a

\

2

5

10

e\
5

17
16
16

12
11
11

17
17
10

13
13
7

10

10
9
15

7
7
10

11
10
11

8
7
8

11
10
10

7
7
7

15

10
9
15

6
6
10

9
9
11

7
6
7

10
9
10

7
7
7

19 14
19 14
10 7

Table1:Simulationresults(1000trials;independencebetweencells)of
theanalysiswiththegammadistribution ofnegativebinomialdataforI=2.Incells:estimated tailprobabilities(£)
forT.,T andT,(column 1), T.,T andT (column2)atthe5%
\

L

j

4

j

6

level.

\

a

2

5

10

e\
5

27
26
32

14
14
12

24
23
23

11
11
9

24 11
23 11
24 9

10

20
18
28

9
8
8

19
19
21

8
8
6

19
19
20

8
8
6

15

18
17
26

7
7
7

18
18
21

7
7
6

19
19
20

8
8
6

Table2:Simulationresults(1000trials;independencebetweencells)of
theanalysiswiththegammadistributionofnegativebinomialdataforI=6.Incells:estimatedtailprobabilities
(%)
forT.,T„andT,(column 1), T.,T andT (column2)atthe5X
1 2
3
4 5
6
level.
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V\
9

2

5

10

\
5

17
15
16

12
11
10

16
15
11

10
10
7

17
17
10

12
12
6

10

11
9
14

6
6
10

11
11
11

7
7
7

11
11
10

7
7
5

15

8
7
15

5
4
10

9
9
11

6
6
7

9
9
10

6
6
6

Table 1 :Simulation results (1000trials;dependence between cells) of
the analysiswith thegamma distribution ofnegativebinomial data for 1 = 2 . Incells:estimated tail probabilities (%)
for T.,T_ and T, (column 1 ) ,T., T.and T, (column 2)at the 5%
level.

V\
e

2

5

10

\
5

27
25
30

14
14
10

24
24
23

11
10
8

25
24
22

11
11
7

10

20
18
28

8
8
8

22
21
22

8
8
6

20
20
20

7
7
6

15

18
17
27

6
6
7

19
19
21

6
6
5

20
20
19

6
6
5

Table 2 :Simulation results (1000trials;dependence between cells)of
the analysis with the gamma distribution ofnegativebinomial data for 1 = 6 . Incells:estimated tail probabilities (S)
for T ,T,and T, (column 1 ) ,T ,T and T, (column 2)at the 5%
level.
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3.3.2.AnalysisofNBdatabyMBdistribution
For reasonsofcomparison, simulation results were also obtained,forsome
valuesofI,aand6,fortheanalysisofNBdatabythenegative binomial
distribution (NBD). Results were obtained concerning theestimated tail
probability ofthe x% ,,-fractileatanominal significance levelof
5K,underthehypothesis,forthefollowingtwotest statistics:
-D„-D„,whereDisthedevianceoftheNBD,
2

A

D =2 Z [Xjjlog[(Xi:j/(a+Xij))((a+i»^)/«^)]+
+alog[(a+ m^.)/{a +X.j.)]];
see also Engel (1984). Herem.,=X. forÙ.,andm..=X forD 9 .
- X 2-X 2 , whereX 2isthegeneralized PearsonX 2
X 2 =S (X..-m..)2/(m..(1+of 1 m..))
fortheNBD,andm.. =X. forXT,m..=X forX„;seealso section
ij

i+

1 ij

++

2'

3.2.3.
Parameter a was estimated by solving a from the equality
DX = 2 I [X^ logfCX^/Ca + X ^ D ü a + X i + )/X i + )] +
ij
+ a log[(a + X i + )/(a + X ± J )]] = 1(3-1)
obtainedbyequatingthedeviance Djtoitsdegreesoffreedom,itérâtivelyateach MC-trialinthecaseofthetestD -D,takingaQ =5as
a starting value;thisisana**-typeofestimator.
InthecaseoftheX 2-X?-test,awasestimatedbysolvingofrom
1
X 2 = z (X..-X. )2/[X.(1
= KJ-1)
L +a- X.)]
J

1

ij

ij
J

i+

i+

i+

obtainedbyequating Pearson'sX 2toits degreesoffreedom, iteratively
at each MC-trial starting witha 0=5,andana**- typeofestimatoris
obtained (see also Breslow (1984)).
The simulation results aresummarized intables 3 a ' for1 = 2 andin
tables4 a > bforI=6.
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\

a

2

10

n
16

7
9

6
14

7
9

e\
5

15

Table3 :Simulation results (1000trials;independencebetweencells)
for 1 = 2 , NB-analysisofN3-data.Incells:estimatedtail
probabilities (.%) forD„-D andforX2 -X?(aisestimated
2
1
2
1
bya**anda**,respectively)atthe 5% level.

\

a

2

10

5

17
32

17
19

15

16
29

17
19

e\

Table4 :Simulation results (1000trials;independencebetweencells)
for1 = 6 , NB-analysisofNB-data.Incells:estimatedtail
D and forX2
2
1
2
bya**anda**,respectively)atthe525level
probabilities (S)for0(

X2 (oisestimated
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a

\

2

10

e\
5

15

7

8

17

10

6

8

15

10

Table 3 :Simulation results (1000trials;dependence between cells) for
1 = 2 , NB-analysisof NB-data. Incells:estimated tail probD and for X 2
1
2
anda**, respectively) at the 5%level.
X2
abilities (.%)for D 0

\

X 2 (aestimated by a**
1

a

2

10

17
31

17
20

16

18

29

20

9\
5

15

Table 4 :Simulation results (1000 trials;dependence between cells) for
1 = 6 , NB-analysis of NB-data. Incells:estimated tail probabilities (%) for D -D and for X2 -X 2 (aestimated by a**
anda**, respectively) at the 5%level.
X2
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3.3.5.Analysisof lognoraal-Poissondataby lognormal distribution
Anticipating later needs (seechapter 7 ) ,some simulation results were also
obtained for the analysis ofdata having the lognormal-Poisson distribution
(this distribution is very similar to the gamma-Poisson distribution),
using the lognormal approximation. The lognormal-Poisson distribution is
obtained asfollows.
Let X.., i=1,2,...,i,j=1,2,...,J,be independent random variables. Given
M..=m..,the random variables X..have Poisson (m..)distributions.
Further,random variablesM.., i=1,2,...,I,j=1,2,...,J, are independent,
having the lognormal distribution with mean a 9. and variance o 9?; remember that these are the moments of the gamma distribution with parameters
(a,9.);see sections 3.2.and 3.3.1. For large9., i= 1,2, ...,I,the
independent X.., i=1,2,...,l, j=1,2,...,J, have,approximately, lognormal
distributions because of Theorem 1,so that Y.. =loq X..has the normal
ij

ij

distribution with
mean |i.= log[<x9./(1 +a" )

]and variance cr = log(1 + a' ) .

On simulated data,thehypothesis HQ :9 = 9 = ... =9 ofnomain effect
in aone-way classification was tested by thewell-known F-test
F =(D

0 2"V / D 1*I(J"1)/(I"1)'

whereDj isthe deviance Dj=E (Y..-Y. ) /a for thenormal distribution
ij

andD,=E (Y..-V ) /a .Thehypothesis H n was also tested by thestatisticD 2 - Oi having achi-squared distribution,estimating a2 by
a 2 ** = E (Y..-V. ) 2 /I(J-1).The simulation results are summarized in
l+
ij JJ
tables 5 a ' b and tables6 a » b .
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\

a

2

e\

10

5

9

6

8

4

15

7

4

6

4

Table 5 : Simulation results (1000 t r i a l s ; independence between c e l l s ) for
1 = 2 , lognormal analysis of lognormal-Poisson data. In c e l l s :
estimated t a i l p r o b a b i l i t i e s (%) for D - D ( ff 2 estimated by
0 2 * * ) and F , r e s p e c t i v e l y , at the 5% l e v e l .

X
5

19

6

22

6

15

19

7

19

6

2

10

Table6 a Simulation results (1000trials;independence between cells)for
1 = 6 , lognormal analysisoflognormal-Poisson data. Incells:
estimated tail probabilities (%)forD
a2**)andF ,respectively,atthe 5% level.

(a2 estimatedby

D
1

-61

X

10

2

5

8

3

7

4

15

9

4

9

4

Table 5 :Simulation results (1000trials;dependence between cells)for
1 = 2 , lognormal analysisoflognormal-Poisson data. Incells:
estimated tail probabilities(%)forD -D (a2estimatedby
a2**) andF ,respectively,atthe 5%level.

X

2

10

5

12

3

16

3

15

16

3

16

2

Table6 :Simulation results (1000trials;dependence between cells)for
1 = 6 , lognormal analysisof lognormal-Poisson data. Incells:
estimated tail probabilities (%)forD -D (a2estimatedby
a2**) andF ,respectively,atthe5%level.

3.3.4.Conclusionsdrawn from simulation results
From the simulation results of sections 3.3.1, 3.3.2 and 3.3.3, the following conclusionscanbedrawn.
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Ad 3.3.1.AnalysisofNBdatabygamma distribution
From tables1 a > D andtables 2 a ' D weconclude:
A. x -approximation oftest statistics T,, T 2 andT, where a is estimated
bytheestimator a **forT,andT 7 andbytheestimator a** fortest T,.
X2

- Only for 1=2 are the oc-estimators a** and a** s u f f i c i e n t l y accurate
X2
so that,when they aresubstituted fora intest statistics T,,T-and
T3, these statistics have tail probabilities good enough for further
study (noresults for1 = 6 areuseful).
-Inthecase of 1=2, tests Tj^ andT 2 behave nottoobadly forlarge 9
(which issupported byTheorem 1 ) .Itisknown that likelihood ratio
tests like Tj aresensitive towrong distributional assumptions which
are made when assuming agamma distribution forthedata forsmall9.
- Inthecase of 1=2, test T 3 isnottoobad forallvalues of9(the
quality of this test does not depend toomuch on distributionalassumptions) ifat leasta isnottoosmall: increasing a seems toimprovetheperformance ofthistest.
B. F-approximation oftest statistics T,
4 T 5 andT 6 .
-The results arenow acceptable for 1=2 and for 1=6. The variability
oftheestimator a** (or a**) ofa,being large for1=6,isaccomX2
rnodated by the F-test as in fact a is eliminated. The approximate
F-distribution ofthetest statistic T^forlargeJandaissupported
by Jorgensen (1983, 1984).
-Thetests T^ andT 5 arereasonable forlarge9.
- Thetest T 6 appears tobereasonable forall9,parameter a notbeing
too small.
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Ad 3.3.2.Analysis of NB data by NB distribution
From tables 3 a » D and tables4 a '°we cometo the following conclusions:
A.x 2 - a PP r °xi ma tion of testsD 2 -Dx and XJ:-X^ (a isestimated by
a**-type estimator).
- Only for 1=2 is parameter a estimated sufficiently accurate, so that
these tests deserve further consideration (for 1 = 6 these tests are
ofnouse).
- For the case 1 = 2 , the test based on D is reasonable for all values
of a and g; the test based on X 2 is reasonable for all 9 and for
large values of a.
B. No F-approximation of F-modifications of the above tests was studied.
The reason is that, contrary to the gamma distribution, no F-test can
beconstructed to eliminate the parameter a in order to avoid the estimation of parameter a.

Ad 3.3.3.Analysis of lognormal-Poisson data by lognormal distribution
From tables 5 a »"and tables6 a , b weconclude:
2

A. x -approximation based on the statistic D 2 - 0\.
- Only for thecase 1=2dotheestimated tail probabilities have reasonable values. However, in the Anova this y-approximation is never
used.
B.F-approximation of the test statistic F .

- For both cases 1=2and 1=6the test F_ has good tail probabilities
for all values ofG and a.
From the (of course,restricted!) simulation results it istempting toconclude that not many replicates per cell and no large values of 9 and a are
needed for theF~-test of section 3.3.3 to have the approximate F-distribution.
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Summarizing two 'important conclusions from the simulation results

1. For the case of two or so replicates per cell the analysis of NB data
by the gamma distribution becomes attractive. An approximate F-test is
available, having reasonable properties when 9 is not too small. By
constructing this F-test the parameter a iseliminated so that there is
no need to compute an estimate for this parameter a. For the "exact"
NB analysis there isno such F-test.
2. Assuming the lognormal-Poisson distribution (instead of the gamma-Poisson distribution) for the data, the analysis based on the approximate
lognormal distribution is advised. The corresponding F-test has good
properties for all values of a and A inthe study,even when only afew
replicates are available per cell.

4. APPLICATION
As an application, we first calculate estimates of a for the soldering
failure problem from Engel (1984), using the gamma approximation for the
gamma-Poisson model,based on Theorem 1.The results are a** = 3.34
(GLIM estimate),a* = 3.53 (estimate based on Cordeiro's results),a= 4.34
(mle).
A H a-estimatfisare obtained fromD/a = 7.19 for the full model L*M fitted to thedata.Note the difference between thisestimatea and themle
a =7.32 based on the gamma-Poisson model. Thisdifference isexplained by
the approximation used where the Poisson-variation is ignored. Then the
-1 9

gamma variancea m., i= 1,2, ..., 30,explains all the variation inthe
data,so that theestimate« issmaller for the gamma model than for the
gamma-Poissonmodel.
Secondly, we shall consider the analysis of deviance of soldering failures
by the gamma distribution, modifying déviances as proposed by Cordeiro
(1983). DéviancesD arepresented in table 7, aswell asexpected déviances
E(D), andmodified déviances D*.
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Model

df

DevianceD

Expected
devianceE(D)

Modified
devianceD*

L*M
L,M
L
M

24
26
27
2B
29

25.38
26.75
27.14
30.21
30.59

25.35
27.35
28.35
29.35
30.35

24.03
25.43
25.85
28.82
29.23

0

Table7.Déviances,expecteddéviancesandmodifieddéviancesforsoldering
failuredata,where a isestimated bya*.

Modelcomponent

df

LM-interaction
LgivenM
MgivenL

2
2
1

D

2-D1
1.37
3.46
0.39

D*-D*
1.40
3.39
0.42

F

D

0.65
1.64
0.37

F

D*

0.70
1.69
0.42

Table8.TestsD_-D.(D*-D*)andF_(En#)fortestingmodelcomponents.

Intable8,theresultsofthetests
F D =(D2-D ^ / D ^ * 24/df

and
F

D*=(D 2-D Ï )/D L*M* 2 V d f

aredisplayed,
whereD
isthedeviance forthemodelL*M.Assuminq
¥
' '
L*M
approximateF-distributionsforF andF withdegreesoffreedom (df,24)
itisseenthatnointeractionandnomaineffectsaresignificant atthe
5%level.Atthevaluesat hand of,roughly, a - 4 and 8 = 5 the F-tests
areliberal,seethesimulation resultsofsection3.3.

y
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5.DISCUSSION
Inthis chapter a limit theorem was presented to simplify compounded Poisson models in the case of large scale parameters. This theorem was applied
to simplify Model II of chapter 3, a gamma-Poisson model, to obtain the
gamma distribution as an approximate distribution for count data, if the
scale parameter is large. To some extent, test statistics based on this
gamma distribution were studied.
Applications of themethod are found in industrial practice (see section 4)
and also in consumer purchasing behaviour (see Chatfield and Goodhardt
(1970, 1973), Dunn c.s. (1983)) and in medical statistics (see Manton c.s.
(1981)). Another remark is that the results of section 3 are of direct use
for responses having gamma distributions. Applications can be found in the
field of reliability and survival analysis,where the gamma distribution is
used for modeling lifetime data.
Finally some special attention will be given to the simulation results for
count data having the lognormal-Poisson distribution. The analysis of this
data isbased on the approximate lognormal distribution and isperformed by
carrying out a standard Anova on the log-transform of the data. The simulation results show that the F-test from the Anova for aone-way classification behaves well enough inthis unorthodox situation.
We shall return to this subject in chapter 7. There we shall study lognormal-Poisson distributions having a more complex structure than the one
considered here; the random mean of the Poisson distribution is then a
product of independent lognormal components.
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OutlineofproofofTheorem1
Denoteby$ (t)=£ exp(it.x)P(X =x)thecharacteristic function (cf) of
X
x
random vector X (see Feller (1971), chapter 1 5 ) ,where t.x denotes the
inner product ofvectorsxandt,each havingJcomponents.
Given vector M=m,vector XhasthePoisson distributionand

J -m.(1-e
<t>(t) = n e J
X|M=m j=1

i t.
J)
,t.being thej
J

becauseP(X=x|M =m)=n e

-m.x.
Jm.J which represents thePoissondis-

component ofvectort,

J

IT!
J
tributionoftheindependent componentsofvector Xgiven vector M=m.
Since
P(X =x)=ƒP(X=x|M=m)dP(M< m ) , thecfofXresultsin

J

-m.(1-e

it.
)
dP(M< m ) ,

J

d>Y(t)=ƒn e J
X
j=1

whereweapplied Fubini'stheorem when interchanging sumandintegral.
For j=1,2,...,J,leta:=E(H.),b.:=var(H.); further,
J
J J
J
P(M <m)=P(6H<m)=G U ) , whereG(h):=P(H<h)and(
|
, :=m/e.
Then E(X.)= ae,var(X.)=a9+b.G2sothat thestandardized ofcomJ
J
J
J, J
ponent X.isX*=(X.-a.o)//{e(a.
+ b.e)}, j=1,2,...,J.
l
J
J
J
J
J J
The c f o f v e c t o r X* = fX*}

is
J J

(fi ( t ) = e x p ( - i St . a . 6 / / { e ( a . + b . e ) | )ƒ n e x p ( - e ( J ; ( 1 - e x p ( l t . / / { f l ( a .+b .0)} ) ) ) d G U )
X
j J J
J J 0 4
i
J
J J
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Letting 6+<°andapplying Lebesque's theorem,

lim * ( t ) = exp ( - i y.t . a . / / b . ) ƒ n e x p ( i t . < K M > .)dGU)
e-x» x
j J J J oj
J J J
ƒ n {exp(i t .(c|,.-a.)//b.)}dG((|,).
Q i

J

J

. . . (1)

J

J

Further, the cf of M is

<t>(t) = ƒ exp(iE t . m . ) dP(M < m) = ƒ exp(iE t .94».) dG(d,).
M o
j
o
j
AsM.*= (0 / b . ) " 1 M.-a.//b.,j=1,2,...,J,thecfofvector

M* = {M.*}. is
JJ
CO

t W ^ ) =exp(-i Zt.a.//b.)ƒexp(i j;t.94,7(6/b.))dGU)=
M*
j JJ J o
j J J
J
CO

=ƒn {exp(i t.(<!,.-a.)//b.)}dG((J,).
Q

1

Ü

J

*J

...(2)

J

This cfisa continuous function oft at t=0so that,seeFeller (1971),
chapter xv.3,theorem 2, (1) and (2) being identical cf's,the random
vector X* tends in distribution tothe random vector M* for9•*°°, which
wastobeproved.
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CHAPTER 5
SPLIT-PLOT DESIGN:MODEL ANDANALYSIS FOR COUNTDATA

Abstract
The analysis ofcount response data from designed experiments iswell-known
for independent response variables having the Poisson distribution. For
experimental designs where responses are dependent,no general results seem
to be available. An example of this type of design is the split-plot
design, where sub-plot responses are essentially dependent within whole
plots.
In this paper, a model will be proposed for split-plot count data and a
separate analysis for whole plot and sub-plot datawill be presented. It is
interesting to note, that the same model is used in the quite different
context of consumer buying behaviour. It was derived by Goodhardt, Ehrenberg and Chatfield and it was called the 'Dirichlet model',as the Dirichlet multinomial distribution, together with the negative binomial distribution,build up themodel.
(Published inStatistica Neerlandica40 (1986), 21-33).
1. INTRODUCTION
An extension of the Poisson model for classified, count response data
showing more variation than could be explained by the Poisson model was
given by Engel (1984). In this paper,the gamma distribution was introduced
into the Poisson model to accommodate for extra-Poisson variation,and the
analysis of variance was carried out by means of the resulting negative
binomialmodel.
Closely related are problems of the following type.Suppose that experimental units (e.u.), which are classified by fixed and crossed factors, are
split up into smaller unitsby other factors;also,suppose that count data
is available for the smaller experimental units. A typical result of this
experimental design is that counts are dependent by their nature, so that
any of themodels for independent counts is not suitable,see e.g. De Roos
and Schaafsma (1981)for anexample.
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As another example, consider large print panels for electrical components,
which are split up into smaller sub-panels. On each sub-panel, a certain
type of copper pattern wasmounted. Types of copper pattern have to be compared with respect to their quality, by means of observed numbers of soldering failures, resulting from a soldering experiment. The large print
panel can be regarded asawhole plot,and the sub-panels as sub-plots.The
experimental design considered above is usually called a split-plot
design. The effect of sub-plot factors, which is here the factor 'type of
copper-pattern', is analysed apart from whole plot factors. It will be the
subject of this paper to analyse count data from asplit-plot design.

A model based on the loglinear model is proposed for count data from the
split-plot design (see section 2 ) .The analysis of data (in section 3) is
rather straightforward for a simplified version of the model, which is
often adequate in practice. Also for the more comprehensive model, some
approximations are almost inevitable to meet with requirements of manageability.

Finally, an application of the split-plot design will be given.
The analysis for whole plots was worked out by Engel (1984). What is left
is the analysis of sub-plot factorial effects, which is carried out in
section4.

2.THE MODEL
To fix our minds, we shall build up a model for the split-plot design in
case of two whole plot factors, say factor A (index i)and factor B (index
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j)and one sub-plot factor C (index k ) .Of course, any number of fixed and
crossed factors can be treated in a similar way. We shall consider equal
numbers of replicates per cell, which will be indicated by index X. Table1
shows the experimental design.

A:
B:

C:

c

a

°1

•

C

K

•

•

•

•
c

b

X

X

l

...

1

X

X

l

•
J
C

K

Table 1. A split-plot experimental design with whole plots and sub
plots.

The count response variable for replicate SL of sub-plot k of whole
plot (i,j)will be denoted by X...,^,where i=1,2,...,I, j=1,2,...,J,
ijkl'
k=1,2,...,K andA=1,2,...,L.

a

I
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Some components, which should be included inthemodel forX ^ k ^ arethe
following;seeMontgomery (1976), p.292:
-whole plot error; then X^-j^.^ and X J J ^ ^ are dependent random variables,foranykjandk2
- interaction between sub-plot factorCandwhole plot error
- sub-plot error.
The Poisson distribution will bethebasis forthis model,andmodel componentsofrandom type areintroduced into thePoisson parameter.
Taking into consideration theabove requirements, the following modelfor
*iik? ^ sproposed:
(i) LetM.

beapositive random variable,then given
ijkl

M

ijkl

=m

,X
ijkA

~ Poisson (m. ;
ijkl
ljkJl

(ii) M.., =G..(a..,e).H.., (R..,)
ijk*

'-J* ij

ijk*

l

Jk

where

(1)

WV=Sjk^ijk'^ W i j k '">'
All G(a,b)'sareindependent random variables having thegamma
distribution with form parameter aandscale parameterb.
It isassumed thatB.., can
bewritten asR..,
p
ijk

Hit.

H

ijk

Bit.
..,where
p
ijk'

1,pnotdepending oniandj.

JJk

In model (1),the effect of whole plot and sub-plot factors is modelled
separately. Therefore,therandom Poisson meanMistheproduct oftwo
factorsG.

and H..,

'ij* "'•" 'ijk*'

the whole plot levelM.

Becauseofthenormation EH.

ijkA
... equalsG...This factor describesthe

1,

effect of whole plot factorsA and3 (viaa y ) » and thewhole plot error
is included (random G ^ ; } ) . The second factor describes the effect of
sub-plot factor C (viaßijk) anc'the random interaction between factor C
and whole plot error (random H ^ - k 5 ) .
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A further motivation fortakingtheproduct ofGj^ andH j i ^ is
that these factorscanbeconsidered aswhole plot andsub-plot random
intensities ofaPoisson failure process.Ifthewhole plot intensity
G^•:«tendstozero,then sodoesH j i u , asitshouldbe.
Omitting indicesi,jand SL just foramoment,theresulting
distribution ofvector (Xi, X2, ...,X,,)', denoted by{xk}k-i>given
H =h ,k=1,2,...,K,isthenegative multinomial distribution
(see Sibuyac.s.(1964)),with probability distribution function:
1/

1/

« { y k ={xk}Kte1> =<

+

x + a-1

x.

) PS" Pk •

*1 » x 2 , . . . , x K , a - 1

k

Here p = eh, / ( 1 + e E h, ) = eh, / ( 1 + e ) , p „ = 1/(1+6 E h, ) =
k
k
. k
k
0
k
k
= 1 / ( 1 + 9 ) , as E h = 1 .
k K

Unconditionally,P k= (e/(1+e))H k ,where random vector {H^}^.^has
the Dirichlet distribution, p n =1/(1+6)being fixed.
1/

Itcanbeshown that thedistribution of{X.}. _. isgivenby

P

UX k } K k= 1 = K l J = 1 >
x + + a-1

!

1(

x. ,x . . . . . x ^ . a - i
1

2

+

x+

e

) (

1+6 1+e

*+

,l

i+e;

1+e

k

)

r ( x +E B.)
+

.» ,r

n r(x, +B,)

1w, p k /

K

,9A
_ ,x-x ++aa- -1 1ww 11,-^ /_6_\"+
"'

a

n r(p. )
k

k

xx
, . r (' K' " M
kk
"k'
' x 1 , x 2 , . . . , x K ' r(x + +E ß^J

k
k

n r ( x +B>

k

n r(ßk)
k

= P(X + = x + ) * P ( { X k } K k = 1 = { x k } K k = 1 | X + = x + )

a l l sums E b e i n g over k = 1 , 2 , . . . , K , where
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- thedistributionofthemarginalsumX isthenegative binomial distribution (NBD)with parametersa andp=9/(1+9), seeEngel (1984);

- thedistribution ofthevector { X k } k - 1 givenX istheDirichlet multinomial distribution (DMD)with parameter vector {ßi,}L<_-i»s e e Mosimann
(1962), Brier (1980), Engel (1985). Note that theDMDhasdependent components.

Thismodel forvector { X k } k _ 1 wascalled the 'Dirichlet'byGoodhardtc.s.
(1984). The authors apply the model to the field of consumer purchase
behaviour, and it was derived in a different way. Interesting is also a
characterization, whichwasgivenbytheauthors forthegamma distribution
(for random variable G)andtheDirichlet distribution (forrandom vector
i/

{H.}._ 1 )andwhich isalso relevant inourcase. This characterizationmay
give ajustification forthemodel used.
A simplification ofmodel (1)isobtained by letting ß.

•*•»,n •*o

Ln G
ijk! ( P i j k ' ^ 'W h i l e *>Pijk = G ijk i s f i x e d - T h e n G ijk!* 9 ijk i n
probability,hence H..,„(8...)-»-9..,/E9--i = it.., inprobability,

ijk«, ijk

ijk k ijk

ijk

The simplified modelLs:

(i)

LetM....beapositive
random variable,then qiven
M
'

ijk!

M

ijk!

=m

,X
ijk!

~ Poisson (m
ijk!

)

y

ijk!

(2)
(ii) M...„=G..„(ot..,f)).n..,,whereFit..,=1.
ijk!

ij! ij'

ijk

k

ijk

All G(a,b)'s are independent random variables having thegamma
distribution with form parameter aandscale parameterb.
Note that model (2)differs from model (1)only by the absence oftheinteraction between factor C and whole plot error. Itmaybe interesting to
compare model (1)with the classical Anova split-plot model for a normal
response variable Yi-i^m,seeMontgomery (1976), p.292.
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The usual model forYis,inashorthand notation,
Y

ïjkdm

=(ir+ (aß).. +e ,...+ Ußy). .,+e, ,...+e ... ..
ij
Mij)
'ijk
kJlUj)

m(ijkA)

For acomparison of both models, seetable 2. It is seen that there isa
one to one correspondence, of model parameters and error components,for
thetwomodels.
Sometimes,e ,...issetequal tozerobeforehand,which maybe
justified on 'technical grounds',orbytheresult ofatesting procedure.
The corresponding effect onthemodels fordiscrete X isthat model (2)is
reduced tomodel(1).

Model component
forX

Description

Model component

for Y

e

H

a

CaP)

ij

general level
ij

whole plot parameter

G..
1JA

e

ß

(aßY) i j k

sub-plot parameter

e

random interaction between

ijk

H...

*(ij)

Mij)

whole plot error

factor Candwhole plot error
X.., given
M...
y
•ijk*

ijk*

e

m(ijk£)

sub-plot error

Table2.Comparison ofmodel componentsofdiscreteXandcontinuous
Y split-plot model.
3. ANALYSIS
3.1.Some introductory remarks
Intuitively, it is not unreasonable that the analysis of the split-plot
data isperformed asaseparate analysisonwhole plot data,viaplot total
X...,andonsub-plot data,
viaX..,„qiven X..y
K
lj+A
ijM.

ij+Jl
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A separate analysis is further motivated by noting that the conditional
1/

distribution of fX...„)

|X..„= x..„,which istheDirichlet multi-

nom.ial,doesnot depend on (a..,9). Then X.. is asufficient statistic
for (a--,9)and an ancillary statistic for ß...(seeCox &Hinkley (1974),
p.31). Inference ona..will bebased onX.. ,inference on 8..,will
K

be based on {X..,„}. _X.. .

i

The analysis ofmodel (2) and ,Tiodei (1)will be discussed in the following
sections.We shall start with the simpler mudel (2)in section 3.2.
3.2. Analysisofmodel (2)
The analysis ofmodel (2)needs ashort discussion only.

To summarize model concepts,

(i) X . . + A ~ N B O ( a i j ) e )

(11) {x

iW"=1i v * = v * ~muitinofl,iai (xij+*>

A whole plot analysis on X..

{% ]

w lj-

was discussed by Engel (1984). For thesublj+J!.

plot analysis,the literature on the analysis ofmultinomials isextensive,
see Bishop c.s. (1975)and Fienberg (1979). For I.> 1, wemay simply add
i/

over replicates to obtain fx.., }
L

.

X.. =x.. ,which is asufficient
1J++
J k + k=1 l J + +

K
K
«latistic for {it..,} ,having themultinomial (x.. ,fit-..} )distri1J++
J
' J k k=1
k=1
bution. Asymptotic results for test statistics hold for x.. tending to
infinity.
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For L>1,thehypothesis H:model (2)isa suitable model, canbe tested
against the wide alternative hypothesis A: model (2)is not a suitable
model,bytesting thehypothesis oftheequality oftheLmultinomialprobability vectors within each cell (i,j)ofthedesign. Pearson's X T . ' S ,
having (K-1)(L-1) degreesoffreedom (df)maybeaddeiltoanoverall X =
£ X^.with IJ(K-1)(L-1)df,having theapproximate ^-distributionfor
ij 1J
large marginal sums. IfHisrejected, theconsequence should bs that model
(2)isrejected andthen model (1)isapossible alternative.
The analysis of count data by this model ismore complicated; itwillbe
discussed inthefollowing section.
3.3.Analysisofmodel(1)
Summarizing theconceptsofmodel(1),

(i) X.. ~ NBD (a..,9)
LJ+A

ij

(ii)fX..,} K IX.. =x.. - D M (x.. ,{p..,} K ) .
ljk
1J+A
lJ+
lj+X
* k=1
*

ljk

k=1

Then TtHk ^ s the parainnti.u'formain effect and interactions of factor C,
anp parameterizes the random interaction between factor C andwhole plot
error. Thewhole plot analysis on Xji+o is just as for model (2),sowe
may concentrate onthesub-plot analysis.
Two caseswillbedistinguised,namely,
case 1:L=1(onereplicate)
case2:I. ->•°°(many replicates,practically spoken).
Again,thesub-plot analysis in carried outon
(X.
.,} J
1

IX.. =x.. ,obtained byaddition over replicates.

ijk+ k = 1 ' ij++

ijn-
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Tor case 1aswell as case 2 it will be proved that the statistics X 2 =
£(X-m) 2 /m and G 2 = 2 E X log X/m have an approximate C * x 2 distribution
under certain conditions, where constant C is to be specified later. The
results,which are based on those ofBrier (1980), Rao and Scott (1984)and
Fellegi (1980) are stated in theorem 1, but first two lemma's will be
presented,which are needed to prove the theorem.
We shall introduce the vectorial notation X» = {X,}
k=1

Lemma 1 (case 1: L = 1)

Let x..„•*°>,ß •*•<*>, wherev..=ß/x..„is fixed.
p
r
Lj+1
iJ
iJ+1
Then, conditionally 1on X..„= x..„, the distribution of
iJ+1
iJ+1
/x...(X..../ x..,- %..„)tends to the
ij+1 ij*1
ij+1
ij*
K-variate normal distribution with mean 0 and covariancematrix
_1
V . . = r - . n . . ; r . . =1
+7--;n..=D
-it..-it!...:D
isa
r
ij
IJ IJ 1J
iJ
IJ
itLj
iJ* iJ*
n^
diaqonal -natrixwith entries -K. ...

...,%.
ij1

.,..
ijK

For aproof,see Paul and Plackett (1978).

Lemma 2 (case 2:I.is large)
let 1<n < x
< N for certain numbersn
'J
'J+A
iJ
and let
limits x. = lim (z x.

/L) and y. = lim (z x 2. ft x.. )exist.

Foi I-+», conditionally on X.

=x.

,the distribution of
lj+X

/{x..Ll(X.. / x..

and N ,1=1,2,...,L
iJ
ij

IJ+A'

-it..J tends to

the K-variate normal distribution with mean 0 and covarlancematrix
V..=B..IT..;B-•= (y-•+ ß)/ (1+ ß) and TI.•is as in lemma 1.

For aproof, see Appendix 1.
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The results of lemma 1 and lemma 2 are used to prove the following Theorem
1.
Theorem 1 (case 1and case 2)
The approximate distribution of the statistic X 2 aswell asG 2 is
w
o
wo
r *x under the conditions of lemma 1and P * % under the conditions of lemma 2, where
= are wei n
r = Z:w ji r iiand P =** w ii "ii>s w ii
^'
9 ted averages
J
ij
ij
ij
ofT-.= 1+ y.. and p.. = (y..+ß)/(1+ß), respectively, weightsdepending on the hypothesis and on parameters it....
Proof
The Theorem can be proved by a straightforward extension of results of Rao
& Scott (1984)on a single distribution of classified numbers, to a set of
independent distributions, all having the multivariate normal limiting distribution. The asymptotic covariance matrix has a block structure where
blocks arer.. n.. or p..n..,respectively, i=1,2,...,1; j=1,2,...,J.
ij ij

i-j ij

Using Theorem 1from Rao & Scott on the set of independent distributions
2
the result is obtained that X 2 and G 2 arer w * %or
P W * X2> approximately. Weights depend on the hypothesized model reduction and on the true
value of parameter vectors nij*For practical purposes,we have no better solution than to replace P by
the unweighted mean p - E p../ IJ following suggestions of Fellegi
ij 1J
w
(1980), treating r in a similar way. As it seems, a conservative test is
then obtained (Rao & Scott (1984)), but the advantage for practice is
evident.
A final problem is the estimation of the extra parameter r and p. We
suggest an estimation procedure in the following.

w
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Forcase1(L=1),rcanbeestimatedbyfittingafulllog-linearmodel,
includingallrelevanteffectsofsplit-plot factorC.Ifo>0dfareleft,
T isestimatedbyr =G2/u,whereG2 isforthefullmodel.Finally,ris
used to correct G-statistics for testing model reductions, which are
obtainedintheusualway.
For case 2 (L is large)we can use replicates to estimate B.Following
Brier (1980),X 2 .iscalculatedasinsection (3.2).If,forcertain
n..,N..:1<n..<x...<N..,£=1,2,...,Landif
ij

ij

ij

1J+A

ij

x..=lim(£x..,/L)exists,thenX../(K-1)(L-1)isaconsistent
estimatorof(x..+Xß)/(1+ß),whichcanbeprovedbyasimpleextenJ
;
sionofBrier'sresults.
Combining IJestimators,X2 = Z X2./IJ(K-1)(L-1)isanestimator
of(x_ +ß)/(1+ ß),thenß=(X2-x^J/ (1-X 2 )isaconsistent
estimatorofß.
SubstitutingßforßinBtoobtainB>correctedG2-statisticshave
theformG2/ß.
3.4. Somediscussion
Intheprevioussectionswehaveseenthatsub-plotfactorialeffectscan
betestedbystatisticsGA"andG/BforL=1andforlargeL,respectively.
Here,risanestimateofr=E r=-/IJandB=£ B../IJ,
wherep..=(y..+ß)/(1+ß)sothatP=(y +ß)/(1+ß).
J
J
«
ForX <1,itseemsreasonabletosetB=1.Ifwholeplottotals
X.. ,for£=1,2,...,Ldonotdifferwidely,thenx.. a y..andX
J-J+X

ij

ij

canbeuseddirectlyasanestimatorforß.Thismaydecreaseconservativityoftests,asalwaysx<y,hence,indistributionforL+<»
X2> ( x ^+ß)/(1+ß)<( y ^+ß)/(1+ß)=B.
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4. APPLICATION
Asanapplication,weshall consider thesplit-plot design forasoldering
experiment ofprint panels,seeEngel (1984).
Whole plot factors are:factor A, soldering location and factor B, soldering method. Sub-plot factor is:factor C, type of copper pattern,with
levelsCjandc 2 .
Five replicates percell areavailable and all factors may have someinfluence on the response data, which isthenumber of soldering failures;
seetable3forthedata.

A: solder inglocat ion
B:solC:copper
dering
pattern
method

a2

a

l

3

7
9

1 8
1 3

3 67
1 818

8 712
5 317

9 14
711

10 15 11 11 10

211

4 1425

131029

1625

12 9
10 3

3 4
2 4

7
4

313
922

5 \> 6

c

6 711

4 1516
8 12 9

11 8
4 7

print
total

22 12

5

8 11

1235

111217

122725

1515

c
c

l
2

3 7 3
7 8 8

6
5

a

bi
print
total
c

l
2

b2

Table3.Numbersofsoldering failures,counted onprint panels.
The analysis ofwhole plot effects hasalready been discussed andwecan
restrict ourselvestosub-plot effects.
Following the procedure from section 3, we shall first test for interaction between factorCandwhole plot error.
APearson X statistic forhomogeneity wascalculated forthe2x5table
ij

at eachcell (i,j)ofthedesign.Theresultsareshown intable4.
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Leveli
offactorA

2

Levelj
offactorB

3

1

2

1

2

1

2

2.434

1.794

7.846

1.213

3.256

4.985

Pearson

Table4.X2-statisticsforinteractionbetween factorCand
wholeploterror.
Usingthe y2-approximation withdf=4,noX?.-statisticissignificantatthe 5% level.ThesumvalueofX2.'s,devidedbytotaldf=24
equalsX2 =0.897,whichisevenlessthan1.
The conclusion is that the interaction between factor C and whole plot
error may be ignored, so that the simpler model (2)is suitable for our
purposes.
TheadditionofdataoverreplicatesleadstotheresultofTable5.

A:solderinglocation
B:solC:copper
dering
pattern
method

°1

c

l
2

c

°2
c

2

a2

a

l

a

3

26
37

25
31

50
43

35(61)
23(60)

32(57)
55(86)

54(104)
40(83)

Table5.Dataaddedover replicates (betweenbrackets:dataadded
overlevelsoffactorB).
On this data,aconditional analysis wascarried out by thestandardloglinearmodel,includingtheinteractionABineachmodelthatwasfittedto
the data. In table 6, loglikelihood ratio G-statistics and their correspondingdf'sarepresented.
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model
term

ABC
AB,AC,BC
AB,AC
AB,BC
AB,C

AB

df

0
2
3
4
5
6

G2

P
0

4.71
5.56
13.34
13.74
13.85

1.000
0.095
0.135
0.010
0.017
0.031

Table 6. Loglikelihood ratioG2-statLstics,df and tail probability P.
From the methods available for ;IKK1<>1 searching, we tried backward elimination, leading to the model AB,AC where P =0.135,which doesnot give an
excellent fit to the data,but which is the best we have. The interaction
between factor A, soldering location and factor C, !ype of copper pattern
seemsto be important, which is somewhat surprising from a technical point
of view. Addition of the data over levels of factor Bwiscarried out,see
table 5. Neither type Cj or c2 of copper pattern seems to be uniformly best
over locations.
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APPENDIX
1
ProofofLemma
2
The expression
x. .
7 (X. . . . - x.. , » . .,) / {7[ - i J * L
L
L
±.j*A
lj+Jl i j *

+ß

1/2

] x.. 1
T + ß J
ij+A J

. . . (3)

can be writtenas

x. . „ + p
{\

,

u

Tïfi
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1x. . }
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x. . „ +ß

-x

it

ij*A
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x. .
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ij+x i j * '

+R
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For L->», t h i s result tends totheK-variate normal distribution with
7a2
I
mean0and covariance matrix n. i f
+ », where a0 i s the
11

o

J

max a^
1

former factor intheexpression (4).This follows from
amultivariate
versionof
aTheorem ofHâjek andSidâk (1967),p.153.Asja 2=1,
versionof
aTheorem ofHâjekand
the condition isequivalent with
7 (x..„+ß)x.. /max(x.. +ß)x.. -• <=

which issatisfied under thecondition ofboundedness forx..
Finally, (3)isequal
to
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(
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—
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x

ij+A
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X

ij+A

1 / 2

89

_1
As the denominator has the limit / [ P ^ x-.] for L •*• », it follows
that
/{t
.n..)
1 x..}(X... / x.. - %..„)-•N(0,f3.
ij' ij*+

1J++

ij*

which is the required result.

ij ij
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RANK TESTSAND RANDOM BLOCKING OF CLASSIFIED DATA

1. INTRODUCTION
Random blocking of classified, categorical data may have some consequences
for the distribution of rank tests in testing for symmetry (Wilcoxon) and
for treatment effect (Friedman). Essentially, the presence of a random
interaction between blocks and treatments increases the variance of the
asymptotic distribution ofthese rank tests.This influence ofarandom interaction on testing main-effects of fixed factors is familiar from the
Anovamixed model,e.g. with a fixed factor A and a random factor B. By an
approximate F-test, the A main effect is tested 'against' AB interaction,
which has the status of amodel term for error.
There are some relationships with Brier (1980), who studies the
classification of objects by nominal categorical variables under cluster
sampling, obtaining asymptotical results for the distribution of X2-tests
for loglinear models. In our case, one of the classifying variables is an
ordered response variable,and rank tests instead ofX2-tests are preferred
for testing effects. Itwill be shown that,under the Dirichlet multinomial
model used by Brier, similar results are obtained: the asymptotic distribution of the square of Wilcoxon's rank test is of type ß* y2, where ßis
a constant (see section 2 for the details).
The examples (see sections 3 and 5) consider experiments in which the
quality of two manufacturing processes for a certain equipment is compared
by the judgement of critical judges. The block factor 'judges'may have an
interpretation as a fixed factor; however, the interpretation as a random
factor seems to be much more to the point. Then,the levels of the factor
'judges' are considered as a random sample from some large population of
judges, e.g. all potential buyers of the equipment. This has some consequences for modeling and hypotheses testing and for the interpretation of
the test results.This paper presents some results on this subject.
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2.TESTING FOR SYMMETRY
2.1.Model assumptions
We shall consider problems of the following type. Suppose that for each of
N levels of a factor "blocks",n objects are classified into2J+1 classes,
which are ordered by numbers -J, ..., 0, 1, ..., J. The hypothesis is that
the classification of theobjects into the2J+1 classes issymmetrical with
respect to class 0. As to the type of block factor, two cases can be distinguished.
Case1

The block factor isconsidered asa factor with N fixed levels.
Our interest then lies inthese N levelsonly, and each block level forms
a population by itself. The vector ofnumbers X. = {X-.}. ,, i=1,2,..., N,
1
l
JJ = - J
of classified objects for block level ihasamultinomial (n, {it..}. ,)
distribution,where T, it..= 1for each i.
j=-J lJ
Case 2
Now we are interested in one large population of block levels, and the N
block levels represent a random sample from this population. The factor
blocks isa random factor (non-specific factor,see Cox (1984)),and it has
a different interpretation. As was noticed by Brier (1980), there is a
dependence in theclassification ofobjects,and we assume that a reasonnablemodel for vector X. ={X..}._ -, isthe Dirichlet multinomial distribution (DMD), seeMosimann (1962), Brier (1980), and Engel (1985),with
parameters (n,{ß itJ . -•), where£• ,it.=1.Parameters ßandit - {it-}- -•
do not depend on the index i of blocks, as they are parameters of the
entire population.
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The DMD is generated by giving the probability vector P = {P.}. ,of
the multinomial distribution aDirichlet distribution,with parameter
vector {ßn.}._ -,.In thecase of random blocks,for each block sampled
from the population of blocks a random P-vector is sampled from this Dirichlet distribution, representing a random probability vector for the
classification ofthe nobjects.
The vector %has the interpretation of an average probability vector over
the population of vectors,in the sense that E(P)= %.
Furthermore,parameter ß measures the variability of the random vector P.
For p->•<»,this variability reduces to zero,the DMD reduces to themultinomial distribution ofcase 1with probability vector %.
Hypotheses for symmetry can be formulated and tested for bothcases.
Case 1 H x : it..=it. .,j=1,2, ..,J, i=1,2, ..,N;
Case 2 H,:% =it for j=1,2,...,J.
j
-J
The random probability vector P of the DMD will deviate with probability
one from itsmean value it,for every finite value of the parameter p.This
deviation of P from %can be interpreted qualitatively as "random interaction" between random blocks and the factor "difference between treatments" or treatment effect. The overall treatment effect is expressed by
the probability vector

n

(for which the hypothesis H, is formulated), but

the treatment effect may show local variations from block to block, which
isexpressed by the random probability vector P with mean itand parameter ß
for dispersion, which is interpreted as a parameter for interaction. The
distribution of e.g. Wilcoxon's rank test for symmetry will be shown to
depend on this interaction parameter ß.

93

The presence of this random interaction does not make testing fortreatment effect useless,asthetreatment effect isdefined asanaverageeffect, represented by vector it,over the entire population of blocks,of
whichonly afewaresampledintheexperiment.
2.2.TestStatistic
For this type of problem, atypical test statistic for hypothesis Hj of
case 1 is a rank test,e.g.Wilcoxon'stest for symmetry with correction
forties(seeLehmann (1975),p.123;Conover (1971),p.206).
f

Itisapplied straighttothesumvectorofdata X ={X .}• -,,

iJ

whereX .=EX..foralli.
LetD., i=1,2,...,J,bedefinedas0.=X .+X .andDn =X n .
J
J +,-J
+,J
GivenD.=d.forallj,midranksr.=df1+d1+ . . + d . . + (d.+1)/2

0

+,0

areintroduced,becausetiesoccurbythenatureoftheproblem.
ThenWilcoxon'steststatisticisdefinedas
J
W= E X .r.
j=1 +'J J

...(1)

withconditionalmoments,underthehypothesis Hj,

EU(W)=(Nn(Nn+1)-dn(d+1))/4;
M
0 0
var (W)=[Nn(Nn+1)(2Nn+1)-d(d+1)(2d+1)]/24
- [EJ d.(d.-1)(d.+1)]/48;
•j—-l

J

J

...(2)

J

see Lehmann (1975), p.130,where the index M denotes that these moments
arecomputed underthemultinomialdistributionofcase1.
UnderthehypothesisHj,thedistributionofthestandardized statistic
W*=(W-E..(W))//var..(W)tendstothestandardnormaldistributionfor
M
M
Nn-dn->•»,whichhasthefollowingpracticalinterpretation:forlarge
Norlargen,d notbeingdominant,thedistributionofWcanbe
approximated bythenormaldistribution.
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We shall now turn to the hypothesis H 2 of case 2.
We propose W as atest statistic for testing the hypothesis H 2.Under the
basic DMD and the hypothesis H 2 ,E^-nCW)= E M ^

and v a r

DMD^

=

= P* var (W),where ß= (n+ß)/(1+ß). Under the hypothesis H 2 , the
limiting distribution for N * - ofW* = (W-E..(W))//varu(W)isthe N(0,/p)
M
M
distribution.
This result Ls formulated more precisely inthe following theorem 1.

Theorem1

Let X = {X.}•_ -,be a random vector having the 2J+1 variate DMD with
parameters n and {ßTi,}- -.,E J u 4 =1. Let X. = {X..}. ,,i=1,2,...,N,
J J-~ i-_jJ
JJ-~J
be aset of N independent random vectors,having the distribution of X.
LetW beWilcoxon's test for symmetry (1)with moments(2).
Then under hypothesis H 2 and given D. = d. for j=1,2,...,J, thedistribution of W* = (W-E,.(W))//var..(W)tends to the N(0,/p) distribution for
M
N-s-», where P = (n+ß)/(1+ß).

M

Proof For multinomial random vectors Yj, parameterized by n and
{•ji.}._ ,,the result istrue with {J= 1,see Lehmann (1975). Like sum
vector Y ,sum vector X has amultivariate normal limitinq distribution for N->°=when standardized by

E(X .)=Nn 7c.=E(Y
+,J
J
cov(X

. ) ; var(X .)=N nTt.(1-n.)*p = var(Y .)*P;
+»J
+»J
J
J

.,X ,)= -N n n. %, * p =cov(Y
+,J +»k
J k

+»J

.,Y , )* P.
+.J +ik

AsW is a linear function of the components of vector X ,the limiting distribution ofW* based on X for N•*°ois that of W* based
on Y for N•+•°>,both given D. = d. for j=1,2, ...,J, and under H 2 ,
except for the factor p in the covariance matrix of X .
So the distribution of W* tends to the N(0,/p) distribution for N -•<=,
given D. =d., j=1, 2, ...,J, and under the hypothesis H 2 .

Under theDMD the W-test is in fact a parametric test, as its distribution
depends on the unknown parameter ß (only)even under H_.
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Following Brier (1980), theconstant ß isestimated consistently by
P =X 2 /2J(N-1),where X 2 = Z (X..-X ./N)2/(X ./N)is Pearson's
+
jj lJ
+>J
»J
statistic. IfBturnsout tobe less than one,setting B=1seemsto
be areasonable truncation.For large Nthedistribution ofthe corrected
*
*
W ,which isW //ß, isapproximately the standard normal distribution.
2.3.Earlier results forJ=1
A more direct relationship with earlier results of Brier exists for objects classified into three classes,hence J=1. Then Wilcoxon's W isequivalent to the sign test (Lehmann (1975), p. 120),with test statistic S =
X + .j. Under multinomial sampling,given Dj = dj, moments are
E (S)=djitj/dtj+it_j)and var (S)=d1it1it_1/(it1 +n_j).
Further, itholdsthat the distribution of S*= (S-E„(S))//var,(S)tendsto
M
M
theN(0,/B)distribution forN •*°°under DM sampling,which isessentially
implied by Theorem 1.
Then,under the hypothesis H,:n, = n_,,
(S*) 2 = (X +;1 -1/2 d 1 ) 2 /(1/4d.,)* ß*x 2
in distribution for N-•<=.Onthe other hand, (S ) * isequivalent to
Bowker's Xj*test for symmetry (Bishop c.s. (1975),p.283)
X

B=

(X

+ ,1

- X + , - 1 ) 2 / D 1 ' 9ivenD 1 =d,.

We can formulate the problem for J=1 intermsofthe logllnear model
log
...+ u„...+ u„....
y m..=u+ u„
ij
K O
2(j)

12(ij)

U
for a2x2table,where^. = ^2(i)'
12(ii)= U 12(ii)U n d e r t h e
hypothesis of symmetry. It isalso implied by Brier's resultsthat

X D •*P* ~k,indistribution for N •*• °°,andwe have a link with these
B
1
earlier results. Contrary to the sign test, Wilcoxon's test for symmetry
cannot be formulated in termsof thestandard loglinearmodel.
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3.EXAMPLE1

Inthe development of Video Long Play (VLP) discs,the quality of two processesP- andP„ for manufacturing VLP discs istobecompared by visual
means. Each of 10 critical judges is asked to compare the quality of 32
types of images recorded on VLP discs from process P^, with the quality
of the same 32 types of Images on VLP discs from process ?2' We shall
consider these 32typesof imagesnot as asample but as afixed andestablished population of representative Images,so that no dependence isintroduced between judges of the classification results. In the experiment
carried out, the images are presented paiiwise on two identical monitors
and judges are asked to classify each of the 32 observed differences of
image quality intooneof the following classes:
number

-3

-2

-1

class

P1 worse

P. less

P.slightly

nodif-

P 2 slightly

P„ less

?7worse

than P„

thanP

lessthanP„

ference less than P.

than P.

thanP

1

D

2

3

For each judge,the result ofhisclassification of images isavector of
numbers X={X.}._,, whereE X.=32is fixed by design. Results for 10
J J=
jJ
judges are presented intable 1.
Judge P 1 worse
thanP

1
2
3
4
5
6
7
8
9
10

1
0
0
1
0
0
0
0
1
0

P. less

P1 si. less

no

thanP„

thanP 2

diff. than P.

3
1
1
4
0
3
3
3
4
0

6
4
6
6
6
8
9
5
6
9

16
19
19
8
22
17
18
19
15
18

P ? si. less

P„ less

P„worse

than P.

than P.

3
4
1
9
4
2
2
5
1
5

3
4
4
4
0
2
0
0
5
0

Table 1. Results from aVLPcomparison experiment with 10judges.
From the data, some heterogeneity between judges is observed, as well as
some slight asymmetry to the left. Formal testing by Pearson's X 2 of the
hypothesis of homogeneity,resulting in the valueX 2 =68.54with 2J(N-1)=
54degrees of freedom (df),does lead to a rejection of this hypothesis at
the 10SÓ level, so that there is an indication for a random Interaction
between judges andtreatments.

0
0
1
0
0
0
0
0
0
0

Tot.

32
32
32
32
32
32
32
32
32
32

- 97If the factor judges isinterpreted asafixed factor,Wilcoxon's statistic
can be used for testing hypothesis H±ofsymmetry. The value isW=
14789.50where E M (W)= 18327.00,/var (W)=1516.54,hence W* =-2.33.By
the standard normal approximation of the distribution of W* the conclusion
isthatW issignificant at the b%level,so that Hjis rejected. Some preference seemstoexist among the 10judges for processP 2 •

Interpreting judgesasa random block factor and allowing for random interaction,acorrection/p isneeded for W*,where ßis estimated
by ß=X 2 /54= 1.27. ThenW //ß =- 2.07,which is still significant
at 5%. Averaged over the largenumber ofjudges inthe population, i.e. all
potential buyers of VLP equipment, an asymmetry between the manufacturing
processes Pj and P 2 appears to exist. However, note that many 'nodifference' classifications were given by judges,so that formal testing results
should be interpreted with somecare.

The results of table 1 can be condensed to those of table 2, which could
have been obtained ifonly three categories had been available for a classification.

Judge

1
2
3
4
5
6
7
8
9
10

P. less

no dif-

P„ less

thanP„

ference

thanP1

10
5
7
11
6
11
12
8
11
9

16
19
19
8
22
17
18
19
15
18

6
8
6
13
4
4
2
5
6
5

Table 2.Condensed results from the VLPcomparison experiment with 10
judges.
The sign test for thecondensed data results inS= 59,where E (S)=
M
74.50,/var M (S)=6.10 and S*= -2.54,which issignificant at the 5%
level.From X 2 =26.46with df= 18,we obtain ß=26.46/18 = 1.47 as
an estimate ofp. Thecorrected S* is5*//ß,which resultsin
S*//ß =-2.10, and this leadsto a rejection of thehypothesis of symmetry,
confirming our earlier results.
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4.1.Model assumptions
Closely related to the comparison problem for two treatments by testing for
symmetry is the following problem. Suppose that a factor blocks has N
levels. At each level,let J treatments be applied to n x J objects by complete randomisation, n objects being available for each treatment j. The
result of the application of the j t n treatment on an object is classified
in one of K ordered classes. The question is,how can we test the hypothesis of no treatment effect? Friedman's test seems to be a good candidate.
Again we shall make a distinction between fixed and random blocks.
Case1
If blocks are considered as fixed, a standard model for the data is the
product multinomial distribution for each of the N independent matrices
X. = {X...}.,of observations, i=1,2,...,N. Then vectors {X- ••.}•._.•,
j=1,2,...,J, have independent multinomial (n,{it...}._.)distributions,
where T. it...= 1.
k=1 lJK
The hypothesis ofno treatment effect is formulated as
Hj:it.

=it.. for all i,j ,j and k.

ij-k

ij7k

1

2

Case 2
For random blocks the random component for block effect should be included in the model. Also a random interaction between blocks and treatments can be present, which may have its influence on the distribution of
Friedman's test for treatment effect.
In general, for each block the J probability vectors of the multinomial
distributions of case 1 will be dependent random vectors in case 2,with a
vector ofmean values {tt..}. for probability vector j ,j=1,2,...,J.
jk k

The hypothesis of no treatment effect isnow formulated as
H 2 : itjk = %

for all j ^ J 2 and k.
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Weshall firstconsider Friedman'stest forcase 1,and then we shall see
howtouseit inanexamplewithrandomblocks.
4.2.Teststatistic
A rank test for testing hypothesis H, is obviously Friedman's test (Lehmann (1975), p. 262,Conover (1971), p.273)for nobjects per treatment
andwithcorrection forties.Given
D.. =d..,whereD.. =T, X..,,thenumbersr., =d.„+d.„+ ...+
ik
ik
ik
iik
ik
i1
i2
J J
+d
+ (d +0/2 aremidranksfori=1,2,...,N,k=1,2,..,K.
Asymptotically forN •*<»theFriedmanstatistic
J
N K
12
Z ( Z T,X..,r,. ) 2 -3N(nJ+1)
Nn2J(nJ+1) j=1 i=1k=1 1 J k lk
Q=
1 - n (d?„-d )/{N nJ{(nj)2 -1}}
1K
ik 1 K

...(3)

hasthe y distributionwithv=J-1deqreesoffreedomunderthe
v
hypothesisHj,givenD..=d.,fori=1,2,...,N,k=1,2,...,K.
For n=1the proof of this limiting result can be found e.g. inLehmann
(1975).
WeshallseebyanexamplehowtouseQforfixedand forrandomblocks.
5.EXAMPLE2
Asavariant ofexample 1we shall consider the following experiment with
judges,whichisdifferent fromtheformerone.Inthisnewexperimenteach
of10judgesisasked togivehisjudgement ontheprocessquality ofeach
manufacturing processP.andP„separately.
Thequalityofeachprocessisjudgedon32typesofimagesrecordedonVLP
discs fromtheprocessand thejudges areasked toclassify each oftheir
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32 judgements in one of four ordered classes (very good, good, not good,
less good). As in example 1, the 32 types of images are considered to be
the entire population of images.
The experiment is carried out as a randomized blocks experiment and the
results are found intable 3.
Block differences appear from the data, but an interaction between blocks
and treatments seems not to be present. Applying Friedman's Q (see section
4.2) to the data for testing the effect of the factor process, correcting
for ties,gives usthe result Q =2.64.
In the case of fixed blocks (case 1 ) ,the distribution of Q is approximately ^ with df = 1 under hypothesis Hj and for large N, so that Hj is
not rejected at the 5%level.
In the case of random blocks (case 2)we proceed as follows.
Thehypothesis to be tested is
H 2 : it1k =n 2 k for all k;
see section 4.1. Remember that we have to do with dependent random probability vectors,say vectors
P..= fP. },,j= 1,2, for each block iwith
ij

ijk k

E(P..)=it.,where it.:= {it.,},,j= 1,2, are vectors ofmean pro•ij
J
J
Jk j k
babilities.
If we condition on the levels of the random (block) factor judges we are
back in the situation which was called case 1 in section 4.1. In fact we
condition on the random probability vectors P._ and P.„ for all iso that
v
i1
i2
we obtain fixed probability vectors p., and p.„.
i1
i2
As in the case 1we can test the hypothesis
TU2:p

=p
ilk

for all iand k
x2k

by applying Friedman's test Q to this conditioned problem. This hypothesis
H2 isof course different from the hypothesis
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H?Jit«, =it,,, for all k
* 1k
2k
of no overall process effect.
Generally speaking, there can be
1. differences between the blocks as regards to their response levels
(under îi2 aswell as under H 2 ) ;
2. an influence of the factor manufacturing process on these differences
(only under H 2 ) .
We tested hypothesis H 2 before in the case 1, and it was not rejected. We
shall not formally test the hypothesis H 2 . However, as the former hypothesis was not rejected, there does not seem to be any reason to reject the
latter,much less restrictive,hypothesis.
Of course, some more formal procedure for testing the hypothesis H 2 is
needed; it isan interesting subject for further research.
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Responseclass
Judge Man.
process

1very
good

2good

3less
good

4not
good

P
1

6

10

8

8

P
2

8

9

7

8

P

0

22

10

0

P
2

0

24

8

0

P
1

0

25

5

2

P
2

0

22

7

3

P
1

2

19

11

0

P
2

3

21

8

0

P
1

13

19

0

0

P
2

16

16

0

0

P
1

5

18

9

0

P
2

7

16

9

0

P
1

0

17

15

0

P
2

0

19

12

1

P
1

21

11

0

0

P
2

24

6

2

0

P

0

24

8

0

P
2

0

28

4

0

P

2

22

8

0

3

24

5

0

1

1
2

3

4

5

6

7

8

1

9

10

1
P
2

Table3.ResultsfromaVLPcomparisonexperimentwith10judges;
allrowtotalsareequalto32.
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6. SOME DISCUSSION
For ordered categorical data in random blocks where a random interaction
between blocks and treatments may be present a simple correction to the
limiting distribution of the sign test and the rank test of Wilcoxon was
given inthe previous sections.TheFriedman test toowas applied to aproblem with random blocks.
The asymptotic approximation to the distribution of these rank tests is
valid for a large number N of blocks.For small N,exact permutation tests
are popular in nonparametrics, and large computers are helpful for doing
calculative work. Unfortunately, under the DM-model the null distribution
of e.g. the sign test depends on the unknown interaction parameter ß.
Another handicap is that the class of DMD's is not closed under addition:
ifvectorsX., i= 1,2, ..., N,are as in Theorem 1,the sum vector X has
noDMD.
Estimating ß byß isaway out,doing calculations on independent DMD's
where ß is substituted for ß and conditioning on relevant marginal sums.
However,much oftheelegance ofnonparametric permutation testsislost.
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CHAPTER 7
RANDOM MODELS FOR COUNT RESPONSE DATA

1. INTRODUCTION
Inchapters 2to 6 we considered the analysis of count data for experimental designs where all primary factors were fixed, and where random factors,
modeled by random components, were only of secondary importance. However,
in many situations the primary factors are random factors and we need
models for random factor designs.

In this chapter and in chapter 8, models for count response data from
random factor designs will be proposed. Models for random factor designs
with continuous (normal) response data are very well known and the analysis
of such data (the analysis ofvariance) can be found in standard books like
that by Scheffé (1959), chapter 7.No results have been published, however,
on such models for count data; for some remarks in this direction see Cox
(1984),21.
Fixed factors and random factors have different interpretations. The levels
of a fixed factor by themselves are considered as a population and the
levels of a random vector are considered as a random sample from a population. In both cases we are interested in the population that should be
characterized and this characterization is the basis for statistical inference. It istypical for random factors that it isstill relevant to test
for main effects in the case of random interaction, which is not true in
the fixed factor case.For the random factor design the estimated values of
the variance components enable usto assign the total variation observed in
the data to the various sources of variation.
The models proposed in this chapter for the random factor design are of a
multiplicative type. By conditioning on the levels of the random factors we
obtain fixed factors and the loglinear model, extended to allow for overdispersion as inthe chapters 3 and 4. In fact,Model II from chapter 3 is
reobtained ifoverdispersion ismodeled by the gamma distribution.
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The limit theorem stated in chapter 4 is used here too for model simplification. The following result is obtained: in the case of large counts and
with a lognormal assumption for the random model components the analysis of
the data can be carried out by performing a standard Anova on the logtransform of the data. This establishes one of the heuristic practical approaches to count data analysis.
An application of the theory is given by the analysis of data from amanmachine experiment in two random blocks where the response data concerns
the number of defect products manufactured by each man on each machine.We
assumed the lognormal-Poisson model and the application is worked out in
section 3. Some discussion insection4 concludes this chapter.
2.MODELS FOR RANDOM FACTOR DESIGNS
We shall propose a model for the analysis of count data from random factor
designs, and we shall use the result of Theorem 1 of chapter 4 for model
simplification. Actually, no results seem to have been published on the
subject of random factor designs for count data. It seems unlikely however,
that the problem has not been met before in apractical situation.
In agreement with the usual models for fixed factor designs,amultiplicative model will be proposed for the random Poisson mean Mjj for cell (i,j)
in, say, a two-way classification of crossed and random factors, with
levels i=1,2,...,1, j=1,2.,...,J, and where k=1,2,...,K, replicates per
cell are available. Themodel will have the following structure.

(i)

Given M.

=m. ,i=1,2,...,I, j=1,2,...,J, k=1,2,...,K, random
iJ*
iJk
variables X. are independent, having the Poisson
ijk

(m..,)distribution;
ijk

1
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(ii) M..,=M.. F,..... where M..isthepositive random mean for cell
ijk

ij k(ij)

ij

(i,j), i=1,2,...,I,j=1,2,—,J, andF ^ ^isthe
positiveerror factor for the Ur replicate,
k=1,2,...,K, at thiscell. It isassumed that the
random variables F./..N,i= 1,2, ..., I,
k(ij)'

j = 1,2, ..., J, k= 1,2, ..., K, are independent
and independent ofthe random variablesM...
Applying the resultsof Scheffé (1959), section 7.4,where thedecomposition of classified continuous response variables into model components
isconsidered onto the variables log M..,i=1,2, ,1, j=1,2, ,J,asif
these variables were response variables, the result is that these random
variables are decomposed into asum ofmodel components asfollows:
log M..=u+ A.+B.+ (AB)..,
ij
i J

1J

where E(A i )=0,var(Ai)= log (1+0^);
E(Bj)= 0,var(Bj)= log (1+a~ 1 );
E((AB).j)=0,var((AB).j)= log (1+a"J).
HereA. and B.are themodel components formain effects and (AB).. isthe
model component for interaction; the variances are expressed as they are
for reasons that will become clear later. It was shown by Scheffé that
the covariance matrix ofthe vector {A ,B ,(AB) },where e.g.
A ={A-}-_ianc'A is the transposed ofA,isdiagonal.Further,M..,
i=1,2,...,I,j=1,2,...,J,canbewritten as
M

=exp(n+ A.+B + (AB).J =TF.U,,)F ^ ) F . ^ a ^ ) ,

where f

:=e ;
^(a.,) :=e A i ;
F 4 («„) :=eBJ ;

r° lj( ! 12 ,.. . < » > U
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Note that these product terms arenot necessarily uncorrelated.
Incidentally, by conditioning on the levels of both random factors we
obtain
(ii)' M.

=v f. f. f.. F, ...

ijk

ï j ij k(ij)

Combining (i) and (ii)'we obtain a multiplicative model for the fixed
factor design;see also chapters 3and 4where thismodel was discussed for
F"k(.ii)having the gamma distribution.
Themodel (i),(ii) is specified by assigning adistribution to the random
variables F i ,F ,F

and F k ( 1 j)» 1 = 1 , 2 , — , 1 , j=1,2,...,J, k=1,2,...,K.

Possible choices of adistribution are the following:
(iil)' thegamma distribution;
(iiL)'' the lognormal distribution.
It would be consistent to study model (i),(ii),(iii)' as anatural extension of previous results: model (i),(ii)', (iii)' was studied in chapter
4. Unfortunately, even in the two-factor case the analysis is complicated,
as products of gamma distributed random variables no longer have a gamma
distribution.
If the random variables F have lognormal distributions instead of gamma
distributions, it will be shown that the analysis isgreatly simplified.
Some support for the similarity of the two types of distributions for a
large shape parameter isgiven by Johnson & Kotz (1970), p.196.
We shall make the assumption ofjoint normality for the uncorrelated components ofvector {A ,B ,(AB) },which implies that these components are
independent random variables having normal distributions.
Theconsequence is that the components of vector {F (a*),F ( a 7 ) , F (a 1? )}
are independent random variables,having lognormal distributions with mean
values /(1 + a- 1 )

and

variances (a-1 + a - 2 ) ,where <* = «i, «2> a l2>

respectively; see e.g. Aitchison and Brown (1957) for some properties of
the lognormal distribution. Assuming the error factor F[<(±j) t° have a
lognormal distribution with parameter a,, so that

1
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E ( F k ( i j ) ) =/(1

+

o^ 1 ) and v a r ( F k ( l j ) ) = « ^

+

a'2,

the r e s u l t i s that the variables

%

a

F (

J «2) V " ^

*W

F

k ( i j ) S ) f ° r - 1 ' 2 ' " - ' 1 ' J=1.2.-.J.
k=1,2,...,K

have lognormal distributionsinthefollowing sense:thevector logMwhere
M=(M...}.., hasamultivariate normal distribution.Further,
E(X..,)=E(M..,)isaconstant,
ijk

ijk

Also, vector MhastheformM=Y H,where Hisavector ofjointly distributed positiveandnon-degenerate random components,sothattheassumptionsofTheorem 1ofchapter 4aresatisfied. Then forlarge W,vectorX
isdistributed asvector M,approximately,andweshall write
X

i j k = " Fi(B1)Fj("2)FiJ(«12>Fk(ij)(a3>-

The equivalent form
logX..,=u+A.+B.+(AB)..+E,,...,
ijk

^

l

J

... (1)
k(ij)

ij

whereE....=loqF ....,istheAnovamodelforthecrossed design with
k(ij)

" k(ij)

two random factors.
The analysis ofvariance onthedata bythis model ispresented bye.g.
Scheffé (1959), chapter 7.Tosimplify further calculations asregardsto
the estimationofvar(X..,)andits components,weshall makethefolLjk

lowing transformation:
L i (a 1 )

:=F./(«.,(«.,+1)) ;

Lj(a 2 )

:=F.S(a2(«2

L

:= F

+1

) );

_1
_1
_1

ij^a12^

L

ii^( a i2^ a 12+ 1^ ^'

k(ij) ( a 3 ) := F k(ij)'/(«3(a3+ 1)" );
e

_1 _1 _1 _1
:=^/[(a1+1)(a2+1)(ot12+1)(a3+1)a 1 a 2 a 1 2 «3]•
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Thenweobtain
X...=eL.(aJ L.(o.)L..(a.,)L.,..»(a,),
ijk
l 1 j 2 ij 12 k(.ij) 3

...(2)

where
_1
ECL^a^)

=1,varCL^a.,))=a1;

E(L.(a2))

=1,var(L.(a2))=<*»
2

_1
_-]

E(Li-(a12)) =1.var(Li-(a12)) = a 1 2 ;
E(L k(ij) (a 3 ))=1,var(L k(lj) (a 3 ))=a"!
Betweenthemodelcomponentsofthemodels(1)and (2),relationshipsexist
-1
-1
-2
-2
oftypevarCAp =log(1+a^ )=a1 +0(a1 )=vard^Ca-j))+0(a-,)for
large«j. Furthermore,as

E(L.(Bl))=E(L (o2))=E(L (o12))=E(Lk(. }(o3))=1,
ibholdsthat
+a« +a 1 2+ a 3

var(X,..)=6 {a*

+

^(ot ^

-2
forlargea-i,a 2 ,a*-,andoc-j,where0(a )standsfor0(a.) a 2 )+
-1 -1
-1 -1 -1 -1
+0(a1 a 2 )+ ...+0(a1 a 2 a 1 2a 5 ).Weshallusetheapproximation
)=e2{«î +«2

var(X

+a

-1 -1

i 2 + a 3^'
0 -1

sothatestimatorsofthevariancecomponents9 a ,for
a=a.,a„,a.„,a,,canbeaddedtoobtainanestimatorofvar(X..,).
I

Z

I

Z

P

^-J*

Estimatorsofvar(A.), var(B.),var((AB)..)andvar(E.,..>.)follow
1-

J

IJ

*V1J/

directly fromtheresultsofAnovaappliedtologX....Ignoringterms
1JK

1
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-2
0(a

-1
-1
-1
) , for a = a-,, ant «i?» a 3> t h e s e are e s t i m a t o r s of cu > ao i «IO a r | d
9 1

-1

anda,>respectively.Toestimatethevariancecomponentsoftypeea ,
itremainstoestimatetheparameter9forthegenerallevel.

Thisparameter9willbeestimatedbythegeometricmean9of,say,the
N :=U K observations;inashortnotation
N N

Ä

e~/

n
n=1

X
n

Thischoiceismotivatedbythefactthatareasonableestimatorfor
-1
-1
-1
-1
\x - log9+0(a ) ,where0(<x )standsforOCa^ )+0(a2 )+0(a12)+
_1
0(a,)for a.,a«,a 1 7 and a-,beinglarge,isthearithmeticmean
N
.
H=logX=log/nX .As9= e^ itholdsthatE(e)=9(1+0(a )),sothat
n
n
forlargea's,theestimator9isapproximatelyunbiased.
Thisfinalresult followsfromtheTaylorseriesapproximation
9 =e^=e^+(^-n) e^+1 C^)2

e»
2

fromwhichweobtain,usingthatE(u.)= \i,
A

..

A

A

A

E(9)=e^+— e^var(n)withvar(|i)=0(a~).
Then
-1

E(6)=e^(1+OC«"1))=9e 0 ( a >(1+OCa-1))=9(1+0(cf1))2
=9(1+ 0(a"1)),
andthisistheresult thatwastobeobtained.

-1

1

^
112

3.APPLICATION

Theclassical man-machine experiment wascarried outinafactory hall.Let
three machines be randomly sampled from a large population of machines,
i.e. allmachines ina factory hall. Four men (say:workers) arerandomly
sampled from apopulation ofworkers,i.e.allpotential operatorsofthe
machines. Allworkers aresupposed tomanufacture large and equal numbers
of products on each machine, and the number of defects is counted. See
table1forthedata from thisexperiment intworandomized blocks.

block

1

^^worker
^V.
machine^ s .
1
2
3

2

1

2

3

4

1

2

3

4

13
16
5

17
18
6

11
19
8

8
12
8

15
20
7

19
17
9

9
18
10

10
15
7

Table 1.Numbersofdefects fromtheworker-machine experiment intwo
blocks.
All three factors inthedesign aretypically random factors,andweshall
analyse the data by the methods presented before. Labeling the factor
machines with M,the factor workers with W and blocks with B,the random
and linear model forlogX... is
1JKJc

logX.., =n+M.(a,)+W.(a,)+B,(a,)+MW..(a,,)+...
...+MWB. (a, 23l )z+i E
ijk

Aa.),

A(ijk) *

_1
where E(M.)=0,var(M.)=log(1+a 1 ) ,etc.,seesection2.
Some important aspectsoftheanalysisofthisdatabytherandom modelare
-1
testing hypothesesoftypeH: a'
•> a 23 • for main
0,a
ai»
effectsandinteractions,identifying important sourcesofvariation.
2 -1
estimating variance componentsoftype 9 a ,assigning
thevariation

observed inthedata toimportant sourcesofvariation identified before.
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TheAnovaresultsforthedataoftable1areasfollows,seetable2.
Modelterm

SS

df

MS

F(vj,v2)

P

M
W
B
MW
MB
WB

2.7484
0.3057
0.0868
0.6091
0.0232
0.0472
0.0216

2
3
1
6
2
3
6

1.3742
0.1019
0.0868
0.1015
0.0116
0.0157
0.0216

15.07 (2,4)
1.07 (3,5)
4.00*)(1,6)
4.69 (6,6)
0.54 (2,6)
0.73 (3,6)

<0.05
> 0.10
> 0.05
<0.05
> 0.10
> 0.10

MWB+E

Table2.Anovaresultsfortheworker-machineexperiment.*)Noreasonable
denominator degreesoffreedom areobtained fortheF-test forthe
B-effect.AstheinteractionsMBandWBarenotsignificant,thefieffeetistestedagainstMWB+E.
Asynthesisofvariancesisneeded totestmain effects via approximate Ftests;seeScheffé(1959)andCox(1984).Rememberthattheapproximation
wemadeamountstoignoring thePoisson part (i)ofthemodelofsection2.
Thewithin-cellvariation inthe data isthen fully explained bythemodel
component forerrorE/..... withparameter ock.
From the Anova table 2 it is seen that themain effect ofthe factormachinesissignificant.Alsothe interactionbetweenmachinesandworkersis
important.Thereseemtobedifferencesbetweenmachinesinthefactory
hall,andthevariancecomponentp>2a7 isnon-vanishing.Differencesbetween
machines depend onworkers and certain machines seem to be favourite only
forsomeworkers,asisseenfromthedata.
Estimatesofthevariancecomponentsthat contributetothevarianceinthe
dataareshownintable3.

Modelterm
M
MW
MWB+E

Estimateof a
0.160
0.040
0.022

Table3.Estimatesofvariancecomponents.

_1

9 -1

Estimateofea
20.95
5.24
2.88

^
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An estimate of var(X.

)=e 2(aj"+ a[2 +«Ï23 + a^ )is

var(X i i k Ä ) = (11.444) 2 *0.222= 29.07, estimating eby the geometric mean
S. Themajor part of the variation in the data should be assigned tomachines and,to a much smaller extent, to the interaction between machines
andworkers.
4.DISCUSSION
A class of lognormal-Poisson models was proposed for modeling count data
from random factor designs. For large counts the analysis of the data is
carried out simply by performing standard Anova on the log-transform of the
data.
It is recalled that some simulation results were obtained in chapter 4 for
the experimental design with one fixed factor and the lognormal-Poisson
model for the data. From these results we know that the approximate F-statistic for testing the main effect of the single factor behaves quite
reasonably under the null hypothesis. For the random factors design, the
analysis method is not essentially different from the method used in the
fixed factor case. In both cases the lognormal-Poisson model is approximated by the lognormal model, and ratios of sums of squares form F-tests
for testing the hypotheses. Thus the quality of the F-tests used in this
chapter is not expected to be less than that of the F-test used in the
fixed factor case.
Generalizations of the results of section 2 to the case of three and more
crossed and random factors are straightforward. Also nested designs with
random factors can be treated by this method. An example will be presented
inchapter 8,where the results of the analysis of data by this method are
compared with those obtained by aquasi-likelihood approach. Important too
are extensions to the "mixed model" case where fixed and random crossed
factors arepresent in thedesign. Thesemay be performed without involving
toomany difficulties; it isapotential subject for further research.
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RANDOM MODELS FOR COUNT RESPONSE DATA,
AQUASI-LIKELIHOOOAPPROACH FOR NESTED DESIGNS

1. INTRODUCTION
Breslow (1984) and Engel (1984) presented some methods for the analysis of
independent count data from fixed-factor designs,showing non-Poisson distributional behaviour (extra-Poisson variation). A class of models for
count data from random-factor designs was presented in chapter 7. The
analysis of this data appeared to be rather straightforward for i) an approximate version of the model for large expections and ii) a lognormal
assumption made for model components. The result is that the random variable X of counts has a lognormal distribution, approximately, so that an
analysis of variance can be carried out on log X, having a constant variance.
We shall now try to tackle one of the problems from the analysis of count
data for random factor designs by the quasi-likelihood approach, which was
formally introduced by Wedderburn (1974), although some aspects of it had
been used before. Theessential part of thismethod is that assumptions are
made for the random variable X only regarding its mean and variance; that
is, a known mean-variance relationship is assumed, expressing the variance
of X as a known function of the mean. This mean-variance relationship is
used in the estimation procedure by Iteratively Weighted Least Squares for
the parameters of a linear model assumed for some function of the mean
value ofX.
From the mean-variance relationship a quasi-likelihood function too can
often bemade explicit. It plays the role ofthe likelihood function and it
isabasis for deriving test statistics for hypotheses on the parameters of
the linear modal. Note that no distributional assumptions have to bemade.
This canbe seen as an advantage of quasi-likelihood: the formulation of a
complicated model, leading to acomplicated analysis,isnow avoided.

1
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In the following sections,the use of quasi-likelihood will be proposed for
the analysis ofcount data from nested designs with several random factors.
Variance components will be estimated and hypotheses will be tested by
statistics based on quasi-likelihood functions, having asymptotic distributions (for many replicates)ofchi-squared type.
To justify the use of the quasi-likelihood method, the assumed mean-variance relationships should be verified by the data, if possible. On the
other hand, it is shown that one set of quasi-likelihood assumptions (out
of two that will be made) is approximately satisfied for the class of
models proposed inchapter 7 for the case of anested design.
In section 4 the results are compared of the analyses of one set of data
under the two sets of quasi-likelihood assumptions made in section 2, and
also under the approximate lognormal model from chapter 7 for the data.Not
much difference isobserved between these three methodswith respect to the
estimates of variance components, and the testing procedures lead to the
same conclusions. Of course, not everything is said from only one set of
data. Itwas,however,alsomentioned by McCullagh and Neider (1984),
p. 132,that in general the results do not heavily depend on the specific
quasi-likelihood assumptionsmade.
Some discussion and suggestions for further research make up the concluding
section 5of thischapter.
2.THEQUASI-LIKELIHOOD APPROACH FOR NESTED DESIGNS
2.1. Sone introductory remarks
The quasi-likelihood method was formally defined by Wedderburn (1974), and
a more theoretical foundation was laid by McCullagh (1983).
With the usually sophisticated models for count data there is certainly a
problem in analysing data by a formal likelihood approach. It wasthe idea
ofWedderburn not to make any distributional assumptions,but only to make

1
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assumptions of finite expectation and variance, and of a so-called mean-variance relationship, expressing the variance as a known function (times
an unknown scale parameter) of the mean value. This function is called the
variance function; it isdenoted by V(|j.),where \L=E(X).
Parameters of a linear model assumed for some (link) function of the mean
value can then be estimated by Iteratively Weighted Least Squares; see
Neider and Wedderburn (1972) and McCullagh (1984).
Some aspects of the quasi-likelihood method have been known for sometime.
It was Finney who used themethod in an informal way in probit analysis.On
the other hand, no results appeared on the asymptotic distribution and
optimality of estimators for the linear model parameters until 1983; see
McCullagh (1983).
An example of a mean-variance relationship for random variable X is simply
var(X) = \i, which is true for e.g. the Poisson random variable. Slightly
more general is var(X) = a2(i,where <j2>0 is an unknown parameter. In the
case of 'overdispersion , a >1, and the analysis of overdispersed count
data by quasi-likelihood may be compared with the analysis of this databy
one of the models for overdispersed count data (extra-Poisson variation)
from Engel (1984). Note that 'underdispersion', where a 2 < 1 , can be studied
aswell.Another example of amean variance relationship is var(X) = o \x,
corresponding to aconstant coefficient of variation ofX.
Often it is possible to define a log quasi-likelihood function as asubstitute for a log likelihood function. For univariate data this function
<U(|i,x)

= (\-\x)/y(\i),

t(|j.,x)isdefined by

where V(n) isthe variance

c^
function. For certain V(u.), explicit solutions ofÄ(p.,x)can be found from
this differential equation. Some examples can be found in McCullagh (1983).
From the log quasi-likelihood function $X\i,x)

obtained explicitly, test

statistics can be derived for testing hypotheses concerning generalized
linear models for the mean value \i. Then often an estimator is needed for
the dispersion parameter
data.

2
a

,which can be obtained e.g. from replicated
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We shall follow the quasi-likelihood approach to analyse count data from
nested designs with random factors. It gives us the opportunity to analyse
this data without making any distributional assumptions. In the following
section, mean-variance relationships will be assumed which are reasonable
for count data from well-designed experiments. This data will be analysed
by quasi-likelihood and variance components will beestimated and tested.
For the nested design, two types of mean-variance relationships will be
studied, namely var(X) = a2\i and var(X) = a 2 ^ 2 . Two log quasi-likelihood
functions can be derived corresponding to these two relationships, having
the form of the Poisson log likelihood i(\x,\)

- x log \i-\i for the first

relationship and the gamma log likelihood i{\i,x)

- -x/^-log \i for the

second; see Wedderburn (1974) and McCullagh (1983) for further details.
From these log quasi-likelihood functions déviances are obtained in the
usual way, following Neider and Wedderburn (1972), as D = 2E x log (x/u.)
and D = -2 E log (x/^i), respectively. By taking differences of these
déviances test statistics are obtained for testing variance components.
These test statistics will be called log quasi-likelihood ratio test
statistics. Finally, a generalized Pearson's X useful for estimating
variance components is defined as X = E(X - n)/V(p.), where V(u.)is the
variance function (seeMcCullagh and Neider (1984)).

2.2.Quasi-likelihood for nested designswith random factors
As an example we shall study a nested design with two random factors A and
B,with levels i=1,2,...,I and j=1,2,...,J,respectively,where factor Bis
nested within factor A and where K replicates are available 'per cell',
with levels k=1,2,...,K. As an orientation, consider the design from table
2, section 4.
tet Xji^ be the k

replicate belonging tocell (i,j); let E(X--^)equal [L,

the overall mean value.We shallmake the following set of quasi-likelihood
assumptionsconsidering variance functions and independence of random
variables. These latter assumptions are directly related to the properties
of thenested experimental design; see Scheffé (1959), chapter 7.
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Quasi-likelihood assumptions
1.Let M. be independent random variables for i=1,2,...,1, where
E(M.)=|i;
var(M.):o:|i,r> 0is someconstant.
2. GivenM. =m., i=1,2.....I, letM..be independent random variables for
i i
lj
j=1,2,...,J,where
E(M..|M.=m.)= m.;
ijl l i

i'

var(M..|M.=ID.)= <pL m.,r> 0is some constant,
ijl l i

2 l

3. Given M..=m..,i=1,2,...,I, j=1,2,...,J, let X.

be independent (reijk

ij ij

sponse)random variables for k=1,2,...,K,where
E(X... IM..=m..)=m..;
ijk' ij iJ

ij

var(X.., IM..=m..)= a\ m r.,r> 0.
ljkl ij ij
3 ij'
Note that these quasi-likelihood assumptions are not necessarily restricted
to the case of count data Xij|<; they do also make sense for other types
of data,like continuousdata.
It is seen from the assumptions that mjj is the mean value of Xji^,
given Mj \ - "iji> that is given level j and given level i of the random
factors B and A, respectively. Also, m^ is the mean value of X ^ ^ ,
given level iof factor A.
It can be proved that,given M. =m., i=1,2,...,I,the samplemeansX..
are independent random variables,for j=1,2,...,J. It can alsobe proved
that samplemeans X-

are independent random variables for i=1,2,...,I.

Three parameters, a , c?-and o\ were introduced to describe the variation
inthe data at three levels:
replicates level (a?),with index k;
factor B level (o^), with indexj ;
factor A level (0^), with index i.
1
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At each level,thevariation inthedata isdescribed by means ofavariance function typeofrelationship asdescribed insection2.1.
Note that forr=1theassumptionsarethoseofPoisson overdlspersion
(cr2>1)orunderdispersion (a^<1).Forr=2,theparameters a2, a2and
a2 represent constant squared coefficients ofvariation.Weshall estimate
these parameters from thedata forcertain valuesofr,andtest hypotheses
of type H 2 : a2 =0(noeffect ofrandom factor B)andHj : a2 - 0(no effect ofrandom factorA)insection2.4.
To obtaintheestimatorsof a2, a2 and a^.andtest statisticsofthe
hypotheses Hj and H2 with their asymptotic distributions, firstly some
implicationsofthequasi-likelihood assumptions willbederived insection
2.3. These implications give expressionsfor:

11. Mean value andvariance function ofX..,givenM.=m.;
ij+'

12. Mean v a l u e and v a r i a n c e f u n c t i o n o f X.

a

l

i'

:

13. The v a r i a n c e o f X. .. .
ijk

The implications 11and12areuseful fortheestimation andtesting ofthe
2

2

parameters a. and a„, respectively.Theimplication 13isneededfor
estimatingy thevariance ofX..,.
ijk

2.3.Iiplicationsofthequasi-likelihood assumptions
2.3.1.TwoLenwas
Firstly, we shall mention a general and familiar lemma for calculating
variances from conditional variances andexpectations intheform oflemma
1.
Lemma 1.LetXandYbe random variables having a joint distribution.Let
f(x,y)beareal-valued functionof(x,y)eR2« Then

var[f(X,Y)]=EyVar^f(X,Y)|Y]+ var y E x [f(X,Y)|Y].
A slightly more general version oflemma1islemma2.

^
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Lemma 2. Let X, Y and Z be random variables having a joint distribution.
Let f(x,y)be a real-valued function of (x,y) E R 2 . Then
var[f(X,Y)|Z=z]= E y . var x , [f(X,Y)|Y]+ var^ z E x i[f(X,Y)|Y].
Lemmas 1and 2will beused once or more in sections 2.3.2,2.3.3 and 2.3.4
when deriving some implications of the quasi-likelihood assumptions.
2.3.2.Restricting valuesofparameterr
From var(X..|M..=m..)=K"1 a\ m r . and lemma 2,with Z=M.,Y =M..,
f(X,Y) =X i i + , it follows that
var(X.
E(X..mIM..)= 1
v .|M.=m.)= E M , var(X..IM..)+ var M i M
xj+l ï i
Mijjroi
ij+1 ij'
ij| i iJ" -'!J
=K"1 a\ E(Mr.|M.=m.)+ al m r .
3
ijIï ï
2 ï
The statistical inference with respect to parameter a\ will be performed
on the statistic X\. giveny M.=m.: then the variance function of X\.
1J+
i l
given M.=m. has tobe aknown function, sothat E(M..M.=m.)hastobea
y

l l

'

ij+

ijl l l

known expectation.
Because ofthe limited amount of information we have concerning the
moments ofM..given
M.=m., the expectation
isknown for only three values
r
ij3
l i'
'
of r:
r=0,E(M°.|M.=m.)=1;
ijl l i
r=1, E(M..|M.=m.)=m.;
ijl l i
l
r=2,E(M2.|M.=m.)=a 2 m 2 + m 2 .
ij1 1 1
2 l i
The case r=0corresponds to theAnova-like situation of constant variances:

-123var(M.)=o!j;
GivenM.=m. ,var(M..)=<j„;
1 1 '

ij

2

GivenM..=m..,var(X..,) -al.
ij ij
ijk
3
Inthiscase thequasi-likelihood analysis isbased on the usual sumsof
squaresknownfromAnova,notmakingtheassumptionofnormalityofdistributionssocommon inAnova. It ispossible to derive some interestingapproximate results on x2-tests and F-tests under these non-normal conditions,sheddingsomenew lighton theAnovatests.However,weshallnot
explore the r=0 case any further because, for count data, our primary
interest lies in the cases r=1 and r=2.For the case r=1 we denote the
quasi-likelihood assumptions by Assumptions I, and for the case r=2 by
AssumptionsII.

2.3.3.AssumptionsI,threeimplications
11.From2.3.2.(forr=1)weobtaintheresult
var(X..|M.=m.)=K " 1 ^ E(M..|M.=m.)+ aim. - K"1'{al + Kal)m..
lj+l i i
3
ijll l
2i
3
2l
I f we d e f i n e al-.:

= a\ + Ka 2 ,, then ai can be expressed as

«4= (<43- ap/K.
I t follows t h a t var(X\ . |M.=m.) = K~
ij+1 i i

2
CT

m., and because
23 l

E(X. . |M. .=m. .) = m. . , we o b t a i n E(X. . |M.=m.) = m..

NowwehaveexpressedthevarianceofX..,givenM.=m.,asalinear
variancefunctionoftheconditionalmeanvaluem.
l

12. F i r s t l y , var(X\

|M.=m.) = (JK)" 1 (al + Kal) m. = (JK)~ 1 a 2
i++
'ii

y

c.

î

m.,
LJ

whichisthevarianceoftheaverageofX.. forj=1,2,...,J,andgiven
M.=m.theserandomvariablesareindependent.Thenitfollowsby
lemma1that
var(X. )=E uvar(X. IM.)+varuE(X. IM.)=(JK)" 1 ^.(i+a?|i=
1++
Mi++l l
M- i++l l
23
1
= (JK)"1 (a|3+JK a\) ».

i
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Defining a2

'• - a2+JKa2 (=a2+ Ka 2 +JKojj),wecan express a2as

*1 = ( °123-° 2 23 )/JK '
Further,var(X. )
=(JK)
1++

-1u,
2andfrom E(X. |M.=m.)=m.
0?„,
we
123

1++1i l

l

obtain the result E(X. )
= p..
We have now obtained the variance functionofX.

asalinear function

of the mean value |j..
13. Finally, from var(X.., |M..=m..)=ai m..itfollowsbylemma2

that

iikI i l i l
3 il
var(X. ., |M.=m.) = (a2 + a2)m. and by lemma 1 we obtain
i i kI i l
3
2 l

var(X

) = (a 2 + o* + a2 ) p.

Itisseen that the varianceofX..,issplitupinto three variance
2

2

iik

?

components GAL, a-\i and a%y. forthe three levelsofrandom variation.
The expressions for a2 and a2 derived above willbeneededinsection
2.4 where estimators will be presented forthese parameters. These
2

2

2

estimators are obtained from estimatorsofcc,cc,and o.^-,.
Three similar implications forAssumptions II(r=2) will bederivedin
section 2.3.4.
2.3.4.Assumptions II,three implications
11. From var(X..IM..=m..)=K~ «2 m?.andlemma2, it followsthat
var(X.
.|M.=ra.)=E u i var(X..IM..1)+1var u i E M( X . .m| M . .1 J)=+ I
vdlwv
ij+l i i
Mjjh i
ij" " !J
ijl i

lJ

2
=K~ 1 a 2( a |+1)m 2+ a2 m?=K - 1 (a 2 a2,+a +
Ka?,)m?.

Defining a - , :

a

2

= (a

23'

0

=

(a2 a2

3)/(K

+

0

+ ff2 +

^ J^

we c a n ex

pregg

a2

as

3}-

Further, var(X\ . |M.=m.)=
K~
1J+1 i l

2
a

m2, and also E(X.. |M.=m
) = m.
23 l
1J+1 i l

l

Now we have obtained a quadratic variance function of X^ j + , given Mi=mi-

^
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|M.=m.) = (JK)~ ai-, m2 and lemma 1 , i t follows that

12. from var(X.

1++I i l

var(X.

) = E u var(X.

1++

= (JK)" 1

23

M.

2
a 23

l

|M.) + var,. E(X.

1++' l

M,

IM.) =

1++I l

( a 2 + 1) (±2 + a2 n 2 = (JK)" 1 (<j2 3

2
a

+

a

2j+

JK a 2 )

^2#

Defining o 2 , : = ai a 2 + a 2 + JK a 2 , we can express a2 as
123
1 23
23
1
1
^ =^23-i3

) / ( J K

+ 0

23)-

Further,var(5?. )=(JK)" a?«-,M-2>ar,d alsoE(X. )= |j,,sothata
I £.J

1++

.1++

quadratic variance function isobtained forX- .
13. Finally, from var(X.., IM..=m..)= ai m?.andlemma2itfollowsthat
.ijkI ij ij

3 ij

var(X. |M.=m.)= '\a\ a2 + a2 + ai) m 2 andbyapplying lemma1and
orderingterms,
var(X. jk )= (a2 +0?,+a 2 +a 2 a 2+ a2 a 2+ a\ a 2+a 2 a 2a 2 )n 2=
= (a2 +c*+a 2 ) p2
where thefinalequality holdsapproximately forsmall ai, i=1,2,3.We
now have aqain expressed thevarianceofX..,asthesumofthree
9

9

ijk

9 9

variance componentswhicharenow a \i , a \i anda^ \x .

9 9

Having derived (conditional) variance functions and mean values forthe
samplemeansX-. andX ; j , andanexpression forvar(X,.. ), wearenow
1J+

1++

1JK

abletoderive estimation andtesting procedures fortheparameters a 2 ,
a2 and ai inthesevariance functions.Insection 2.4.1. estimators
willbepresented,andtheresultsforthetestsofthehypothesesH,
and H 2 will be discussed in section 2.4.3.. Firstly, some more notation
willbeintroduced.
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2.4. Estimation andtesting procedures
Before discussing estimation and testing procedures, some more notation
will be introduced.
Some notation for Assumptions
I
LetDbe the Poisson deviance, i.e.

D =2 T.X i j k log (X ij)< /E(X ij|< )),where E(X i j k ) isan estimator for E(X l j ( < ).
1JK

More concretely, E(X--.)is supposed to be themaximum quasi-likelihood
estimator for E(X
)and indiceswill be used for the deviance to express
ijk

the conditions under which this maximum quasi-likelihood estimator
is
computed. Then,
- for deviance D. n ,E(X...)is\ i\,
computed
given M.yj.
.=m.
.,
so
J
i-uiiiputcu
vci
i ri
• .-that
in- .
x a

E(X..,)=m..=X..;
ijk'

ij

ij

IJK

AD

ij

ij+'

- for deviance D.,E(X...)iscomputed given M.= m,, assuming M..=M.,
so that E(X..,)=m. =X.;

i 1++'

ijk

- for devianceD n ,E(X...)iscomputed asthe grand mean \i = X
U

,assuming

1JK

+++

that M..=M. = a.
The first result isobtained as follows.Given M..=m..,the variance
function ofX.., isvar(X..,M..=m..)= ai m..;see section 2.2.The
ijk
ijkl ij ij' 3 ij'
log quasi-likelihood function associated with this variance function is
T, (X... logm..-m.. ) ; see McCullagh (1983). Maximizing this function with
k

ijk

ij ij

respect tom..gives the required result. In asimilar way,the other results can be obtained.
It follows that

V DAB= \]k Xijk^ ( X ijk / ! W"^
=

2

\

X

X

ijk^ <Xijk/*ij+>=

ijk l 0 3 ^ i j + / X i + + )=2K £ X i j + log ( X i j + / X i + + )

'

r
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and

D0-DA=2JKr Xi++log ( X ^ ) .
ï

Thesestatisticswillbeusedaslogquasi-likelihood ratioteststatistics
(see section 2.4.3)under Assumptions I;they form the basic material for
testinghypothesesH :a\ - 0andH: a2 - 0,respectively.
Further,forestimating a2,a2 and a2, estimatorswillbedefinedinsection
2.4.1. which are based on generalized Pearson statistics,defined as follows(seealsosection2.1):

X

X

AB=.S, (Xijk~X ij+ ) /X ij+ ;
ijk

A AD =

A;AB

K

r

)2/x-

<*•• - * •

.. ij+

1++

X*.=JKE (X. - % )2/X
0;A
. 1++ +++

;

1++

-t

SomenotationforAssumptionsII
Let0bethegammadeviance,i.e.

D=-2E log (Xi.k/E(Xi.k)),whereE(X

)isanestimator of E(X i j k ).

Again,E(X...)isthemaximumquasi-likelihood estimator forE(X-..)and
IJK

1JK

indicesA,ABand0areusedforthedevianceDasinAssumptionsI.Thelog
quasi-likelihood ratioteststatisticsfortestingH2andHjareasfollows:
1 0 9 (X
V DAB=- 2 A ijk
iJk /X i ++ )+ 2\l°q
J

(X
ijk

= 2 Z 109(S
)=
ijk/Xij
ij+/Äi++
J +> J . (
J
l j k

=-2KE log (X../X. );
.. *

ij+ 1++ '

D0-D A=-2JKElog ( X ^ / X ^ ) .
i
Forestimating c2, a\ and a2 letgeneralizedPearsonstatisticsbedefined
1 2
3

2
f
~ \2/ — 2
X A B = 1 ( X Ljk" X i i + ) / X i j + '
ijk

""'28

X2flä = K J (X..-X. ) 2 /X 2 ;
A;AB
j. ij+ 1++ 1++
X

0;A=JKS( Wï

X

+++)

2 x2

/

+++-

2.4.1. Estimators
We shall present consistent estimators fortheparameters a ,o~and
a2 in this section. Forthis purpose we need thegeneralized Pearson
2
statistics X2.,,,
._andX 2 .which
AB' X .A;AB
0;A were introduced atthebeqinning ofy

y
this section. Also, additional assumptions will bemade that certain moments
of orders 3 and 4 are finite and these assumptions are assumed to hold
wherever needed throughout this section.
Estimator of a2
As anestimator of a'.-, we propose
a 2 = X 2 B / v 3 , where v ? = U ( K - 1 ) ;
see also McCullagh (1983), p.63.
Under theadditional assumption that thedistribution ofX... qiven M..=m..,
K
ijky
ij lj'
for i=1,2,...,I,j=1,2, ,J,has finite moments of orders 3and 4,the
2

2

estimator ai, isa consistent estimator of a t forU K tending to infinity.
This will be proved in section 2.4.2.
Estimator of a2
Firstly, we propose the estimator
° 2 3 = X A ; A B / v 2 ' ^eTe v 2 = I ( : M )
as an estimator of a2,-,Under theadditional assumption that thedistribution ofX.. given M,= Infor i=1,2,...,I, hasfinite moments of orders 3and4 ,theestimator a2 is
a consistent estimator of a2 forIJ tending to infinity; seesection 2.4.2.
Secondly, theestimator of<j2 isproposed as follows.
Under Assumptions Iwe derived in section 2.3.3that a2, -

{ak-i-ak)/¥>.

^
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Theestimator
"a\ -- < ^ 3 - ^ ) / K
is proposed as anestimator of a2 under Assumptions I. It isaconsistent estimator of a2 for IJ tending to infinity.
Under Assumptions IIwe derived in section 2.3.4.that
The estimator

a2, = (â223- > 3 )/(K+ a])
isthen proposed asan estimator of a2 under Assumptions II.It isa
consistent estimator of a2 for IJ tending to infinity.
Estimator of a2.

Firstly,we propose
ff

123=X 0;A / u 1'where"-|=T"1

asan estimator of a2.,- Under the additional assumption that thedistribution ofK. has finitemoments oforders 3and 4,the estimator a 2 »,isa
i++

consistent estimator of a2

123

for Itending to infinity (see section 2.4.2.).
123

Secondly,the estimator of a2 isproposed asfollows.
Under Assumptions Iwe derived insection 2.3.3. that a2 - (a2
The estimator
;

- a2 )/JK.

i = (; 123-; 2 23 ) / J K

isthen proposed asanestimator of0 ? under Assumptions I. It isaconsistent estimator of a2 for Itending to infinity.
Under Assumptions IIwederived insection 2.3.4.that

"1
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The estimator

A = U123~ a 2 3 ) / ( J K + °23)
isproposedasanestimatorofa 2under Assumptions TI.Itisaconsistent
estimatorofa 2forItendingtoinfinity.

Unfortunately,thevariancesoftheestimators ai, ai^ andoij-,andthusthe
variancesoftheestimators ai ,ai andai dependonfourth momentsofthe
data (seealso McCullagh andNeider (1983),p.173),which areassumedto
be finitebut which areunknown ingeneral. Therefore,there seemstobeno
waytoconstruct confidence intervalsfortheparameters a\> ai and ai.so
that only point estimatorsareavailable.
Tn section 2.4.2.aproof willbegiven fortheresultsofsection 2.4.1.as
reqardstheconsistencyoftheestimatorsCT2,a 2 ando ? „ .
3 23
123
2.4.2.Proofoftheconsistencyofthe estimators gi, o~,anda?.,.
We shall prove that0 2isaconsistent estimatorofai forU K •+<*> under
Assumptions I.Theconsistency under AssumptionsIIandtheconsistencyof
theestimatoi
estimatorsa 2 anda 2 under AssumptionsIandIIcanbeprovedina
similarway.
o

Under Assumptions I,theestimator a equals
2
aJ ,2 ==*lÄa/v, .x / U =, {=T,1(X.
= IJ(K-1).
i .^VX.^)
A . . , - /X.
A . . .J/u,,
; / A . . where
I / u-i , nu,
iim
^ u-i
l j k
1J+
1J
3
3
3
AB' 3
n|<
ijk

Firstly,weshall consider thedistributionofX..,givenM..=in.., for
ijk
ij rj
i=1,2
1,J=1,2,...,J.
The assumptions
Iimply ythat
E(X...|M..=m..)=m.. and
3
P
ijk' ij ij

ij

var(X.., IM..=m..)= ai m..;qiven
.,therandom variables X..,,
y M..=m.
ljkl ij ij'

3 ij'

ij ij'

k=1,2,...,Kareindependent (see section2.2).
We introduceQ (m ):=£(X -m )2/m. asauseful quadratic form;
AB ij k ijk ij ij
X^B isobtained fromQAB(mij)a s ^ife= ?.^AB^ij+^*

ljk'

1
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Itcanbeproved thattheexpected valueofQ An (X..)=E(X...-X..)2/X..
AB ij+ k ijk ij+
equals(K- '\)&l sothat
E(ï.Q AB (X ij+ ))=IJ(K- \)a2y

... (1)

From standard results on variances of quadratic forms (seee.g.Seber
(1977),theorem 1.8)itfollowsthatthevarianceofQ BO (m..)equals
Ab ij

va r (Q AB ( m ..))=(,4;.. -3 ^ . . ^ + 2 u | ; i j m ^ K =( %.. - ^ . ^ K
where LI,
andi±„..p arefinite fourthandsecondmomentsofX.
p ..
4;ij
2;xj
meanm..givenM..=m...
Further,

aboutits

var(EQ AD (m..)/U (K-1))=O(dJK)" 1 )forU K ->•»
..Hb 11 J

IJ

sothisvariancetendstozeroforU K •*•».
Also,
var(EQAB ( ^ii+^ /IJ (K"1 ^ t e n d st oz e r o for IJK* œ'
J
ij
Combiningtheresults (1)and(2)itfollowsthat

••• ^

"a\ =Xj/IJ (K-1)=EQ (X..)/U(K-1)
3 AB
i .AB ij+
isaconsistent estimatorofa2 forIJK •*».
Secondly,theestimator a2 isaconsistent estimatorof a2,alsounconditionally (not givenM..=m..fori=1,2,...,Iandj=1,2,...,J ) ,asthe
(degenerate)limiting distributionofai forU K•*»givenM..=m.. does
not dependonm...
Theproofhasnowbeencompleted.

ij+

ijk
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2.4.3.Test statistics
We shall present test statistics for testing thehypotheses H : a* =0and
H : ai - 0. Toobtain the asymptotic distribution of these test statistics,
the following three properties ofmeansofcounts X...arevery useful.
ijk

Property1

- Given M.=m-, i=1,2,...,I, and under H 2 , the distribution ofX-.,
j=1,2,...,J, tends tothe normal distribution for K tending to infinity.
This result follows from the Central Limit Theorem applied to themean
5?

of (under Ho)independent X. ,k=1,2,...,K.

ij+

ijk

We recall that,given M.=m-,X,.,j=1,2,...,J,are independent random
variables; see section 2.2.

Property 2

- Under both Hj and H2,the distribution of X..,for i=1,2,...,1,
j=1,2,...,J,tends tothe normal distribution for Ktending to infinity.
This follows,again, from the CLT applied to themean X.. of (under
Hj and H2)independent X--^,k=1,2,...,K.
IJK

Note that:under H, the random variables X

,k=1,2,...,K,are dependent
ijk
ifH 2 isnot true;thus property 2isnot true under Hjonly.

Property 3

- Under Hj, the distribution ofX. ,i=1,2,...,I,tendsto the normal
distribution for Jtending to infinity.
This follows from the CLT applied to themean X.

of (under Hj)indepen-

dent X..,j=1,2,...,J.

We have derived three basic properties, and now we shall present

stat-

istics for testing Hj and H2 and investigate their approximate distributions. The resultswill be stated without proof inthis section. They will
be proved in section 2.4.4.

'
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Testing the hypothesis H 2 : c - 0

Hypotheses equivalent to H 2 are

H

2 : M ijE M i ' i = 1 ' 2 ' " - ' 1 ' j=1f2,...,J.

Using the result that var(5?..|M.=m.)=K~

0?,

™-»where r=1 under

lj+l .i i

23 i

Assumptions I and r=2 under Assumptions II, we shall prove in section
2.4.4.that underH2
D -D -»•o?y 2 in distribution for K•»• »,
A AB
3 un

... (3)

wherev =
2 I (J-1).
From section 2.4.1.we use the estimator a 2 =X 2 _/u,with u = IJ (K-1),
which is aconsistent estimator ofa 2 f° r K-•», to obtain the following
test statistic T2 for Hj:
2

T 2 = (D 4 -AD»n")/oAB""3Under H 2 ,the asymptotic distribution forK+»of T,isthe distribution
of thex 2 - statistic,with u,= I (J-1).
V2

Testing the overall hypothesis H and H :a 2 = a\~ 0

A hypothesis which isequivalent toH, and H 2 is

(Hi a "d H 2 )>: o] =a| 3 = a 2 ^ .
We shall test Hj and H2 against the alternative Kj: ai.# 0.An interpret2

o

ation is:testing hypothesis Hj: a.=0ifH 2 : a* =0 was tested and was not
rejected.
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By the result var(X\ )= (JK)~ a^_,^r,where r=1 under Assumptions Iand
r =2under Assumptions II,we shall prove in section 2.4.4. that under H,
andH2
D n - 0.•*o\ Y
u

A

indistribution for K->«°,

... (4)

? ui

whereuj = 1-1.
By combining the results (3) and (4) and by using the asymptotic independence for K+» ofD -D andD -D._(see section 2.4.4.)we shall prove
U

rt

M

MD

that under H, and H2 the asymptotic distribution for K •*• <=of the test
statistic T. defined as
T

12=( V °A)/(DA-V *u2/u1

isthe distribution ofthe F

-statistic,u, = 1-1,u, = I(J-1). ... (5)

We shall make some remarks on this testing procedure.
Under Hj and H2, the random variables X ^ ^ , i=1,2,...,I, j=1,2,...,J,
k=1,2,...,K, are independent,where E(X...)=M-and var(X..,,)= oî \i ,
1JK

1J*

J

where r=1 and r=2 under Assumptions I and II, respectively. An alternative
test statistic for Hj and H 2 against the alternative hypothesis Kj : a + 0
can be proposed as
T

12= ( V D A ) / ? 3

where en issomeconsistent estimator of a for K•*°°,such asa_.However,
T

is quite sensitive to the alternative hypothesis K 2 : cp-*0, and wemay

expect T_to bemuch less sensitive to this alternative hypothesis so that
T.- ispreferred to l.?. There isa similarity with the analysis of variance for nested designs and normal data, where the test statistic corresponding to T

isonly sensitive to the alternative a^ #0. Note that the

distribution of T
arily theF

under thehypothesis Hj : <?• - 0 alone isnotnecess-

-distribution,as thedistribution of !?•,;., for
viiu2

J

i-1,2,...,I,j=1,2,...,J isnot necessarily normal for largeK.

^
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Testing thehypothesis Hj:a2. - 0
Hypotheses which areequivalent toHjare

H

!
î"
»= ff123J
H« :M.=n,i=1,2,...,I.

From the result var(X. )= (JK)~ a?,,H iwhere r=1 and r=2under Assump1 uJ

1++

tions Iand II,respectively, it will be proved in section 2.4.4 that under
hypothesisHj
D n -D.•* ok, x 2 in distribution for J•*»,

... (6)

whereuj =1-1•
"i

2

Introducing theestimator cr„,=X A . AR / U 2from 2.4.1 where v2 = I(J-1),which
2

'

isaconsistent estimator ofa',forJ-•», the following test statistic
Tj forHj is obtained:

h - O 0-DA)/>23.
Under Hj,the asymptotic distribution for J-»• » of Tjisthe distribution of
they 2x -statistic,
withn, =1-1.
•
2

2.4.4.Proofoftheresults (3), (4),(5)and (6)ofsection2.4.3
Inthissection we shall prove:
I. the result (3) concerning the limiting distribution under H 2 of the
statistic D.-D A R for K->•»;
II. the result (5)concerning the limiting distribution under Hj and H 2 of
the test statistic
T

12= ( D 0"D A ) / ( D A " °m)

* U2/r;l forK*"'
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Theproofofthe results (4)and (6)iscompletely similar to the proofof
theresult (3)andweshallnotgiveithere.
A reference ismade totheproof sketched by McCullagh (1983), p.62concerning similar asymptoticresultsonlogquasi-likelihood ratioteststatistics.
I.Proofoftheresult(3)
Insomestepsweshallprovethe result (3)under Assumptions I.Theproof
of the result (3) under Assumptions II is similar to the proof of this
resultunderAssumptionsI.
1. FirstlyweshallconditiononM.=m.;laterthiswillberelaxed.
GivenM.=m.,i=1,2,...,I,therandomvariablesX..,j=1,2,...,J,are
independent,withE(X.. M.=m.)=m.andconditionalvariancefunction
var(X..|M.=m.)=K a\ m.ascriL= ai underH,;seesection
2.3.3.
l
lj+l i i
3 l
23
3
FromMcCullagh (1983),p.66wefindthatthelogquasi-likelihoodfunctionisX"..logm.-m.
foronesamplemean
X\. and
y
K
ij+

l l

1.1+

E [X..logm.-m.1

forthewholesetofsamplemeans.Ifwemaximizethisfunctionwith
respecttom.,theresultis
S

.^ij+l09X"i++-*i++]-

2. Moregenerally,thelogquasi-likelihood functionforonesamplemean
X " isX^-logm ii — m ü*a n d f° r t h e w h °l e s e t itis
E [Xij+logmij-mijl.
ij
Maximizingthisfunctionwithrespecttom..,weobtain

\fhi+i°* * i j + - SijJ'

^
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3. We take the difference of the two maximized log quasi-likelihoods of 2.
and 1 . and we m u l t i p l y i t by 2K, so that we obtain
2K { I [ X

log X
J

ij

= -2K

{S

- X

] - Z [X-

J

J

ij

log X \ + + - X i + + ] } =

J

J*ij + l 0 < 3 *i~ *H-J - E . ^ i j + 1 0 9 * i j + - * i j + ] } '

In steps4.and5.itwill beproved that under H 2 andforK •*»the
distribution ofthedifference just obtained tends to the distribution
ofthe a2 t2 statistic,whereu,= I (J-1).
2
3 *-v2
4. Again,consider thelogquasi-likelihood function

K m )=£ rx.. logm..-m..1.
ij

1J+

1J

1J

This function isafunctionofthevectorm:={m..}...
Byl(m)weshall denote this logquasi-likelihood function withm
substituted form,vectormbeing definedby
m={,nij>ija n d m ij= X j ^ , 1=1,2,...,I,j=1,2,— ,J.

We also need the Fisher information matrix. From l(m)we obtain the
observed information matrix I:=-61/ôm2asfollows.
m
Thevector offirst derivativesofl(m)isthevector61/ôm withIJ
componentsX../m..-1.
Thematrixofsecond derivatives isthenadiagonal matrix with elements
-X.. /m..onthediaqonal,sothat theobserved information matrix I is
ij+ ij

/m .Theexpected information matrix E(I)
ij+ ij
isthen adiaqonal matrix with elements 1/m..;weshall denote this
ij
matrix byi.
m

m

diagonal with elementsX

Next,weexpand l(m)inaTaylor series aboutmuptotermsofsecond
order; invector notation,thevectoroffirst derivatives being zero:
K m ) -K m )=-1/2(m-m) T I „(m-m).

m
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Here I

istheobserved diagonal informationmatrix with diagonal

elementsX

/m* ,wherem* ison a line segment joining m and
1J+ ij
ij

ij

mij= X i j + .

Note that I.isaconsistent estimator ofi for K •*<*>,because X.. is
m

m*

'

a consistent estimator ofm... Incidentally,in sum notation,the above
equation iswritten as
T, I X.logm..-m..1 -5:| X.log X..-X.. 1
.ƒ 1 J + y ij xjj
ii J + y ij+

1J+.i

= -1/2 T,(X..-m.. ) 2 X-•/m*.2.
y 1J+ ij
1J+ ij

To get further, we multiply both sides of the equation in vector notation by -2K:
-2K ( K m ) - K m ) ) =/K (m-m) T I„/K (m-m).
m*
Under H2 and for K->• °°thedistribution of vector /K (m-m)tendsto the
IJ-variatenormal distribution with mean vector Q and diagonalcovariancematrixa 2 i with diagonal elements a?,m.., i=1,2,...,I,
3 m

3 ij

j=1,2,...,J (here property 1is relevant). Then thedistribution ofthe
statistic
-2K [ K m ) - l(m)]=/K (m-m) T I

/K (m-m)

or, in sum notation,the statistic

-2K (Ï [X ij+ log m i r r^.]-E,[X ij+ log X. j + - X ij+ ]>

tends to thedistribution of the <£ x 2 statistic withu=IJ for K->• «°,
because I.isaconsistent estimator of i for K•* <».
m*
m
By arguments similar to those ofMcCullaghthe result can be proved that
under H2 and for K•*» thedistribution of the statistic (see 3.)

ij+

r
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-2K {£V[X.
.logX. -X. 1-1++J
E [X..log.X.
.-X..1}
' ij+ y 1++
L
y

iJ+

1J+

1J+J'

tends to thedistribution of the a t l statistic with u 0 =I(J-1).
3 Kv2

l

Here X ; 1++
_ issubstituted form-•because
m-.=m-,being
the
conij
ij
l
ditional expectation ofX.. given M.=m.,estimating m. by X. for
V

1J+

y

L 1'

a

'

1

1++

i=1,2,...,I.
Further,thisresult isalso true unconditionally (sonot qiven M.=m.
i l

for 1=1,2,...,!)asthis limiting distribution doesnot depend onm..
5. Finally,thestatisticD -D_which was introduced for testing the
hypothesis H 2 in section 2.4.3.wasdefined before as

D

A - D A B = 2 K S . X i Jj + l 0 9 < X ij
+ /X i++ >
J
ij

and this statistic can alsobe written as

D A - D /ID= - 2 K (S TX-•log X. - X.
A
AB
..L 11+ y 1++

1 - £ [X. . log X. .- X-. 1}.
i++ J
..'•ij+ y 11+

ii+ J J

Here we recognize the above difference of log quasi-likelihoodsof steps
3 and 4 for which we proved that under H 2 and for K•+» the distribution
tends tothe distribution of the ai % statistic with u,= I (J-1).
3

U2

Nowwe have proved the result(3).
II. Proof ofthe result (5)
To prove the result (5) it is sufficient to prove the asymptotic
independence under H, and H,forK•+<=of the statistics D - D and D - D
1
2
0 A
A
Under Assumptions I (the p m o f is similar under Assumptions II) following a
similar reasoning as in the proof of the result (3), a Taylor series
expansion isobtained ofD n -D.and ofD.-D.R.So
D - D =2JK T.*. log (X. /X ) = J K r ( X . - X ) 2 X . /n* 2 ,
0

A

J

1++

11(
• )-1-1-

...(7)

•• • •

AB
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where u* isonaline seqment joiningX. andX
*i

.Note that X. /a*

1++

is

+++

1++ p i

l

a consistent estimator of \i~ forK•+•=>.Further
0»-0 A D = 2KI X..log(X../X. )=K£ (X..-X. ) 2X../n*2., ...(8)

where n*. isonaline seqment yioininq X.. andX. .HereX../u*. isa
^ij

ij+

consistent estimator of^

-1

1++

ij+ ^ij

forK•»• «°.

Under Hj andH2 therandom variablesX. ,.1=1,2,...,1, j=1,2,...,.1,
k-=1,2....,K, areindependent,with E(X..,)= a, var(X..,)=a2u- Thevector
ijk
^
ijk
3
with elements/K (X- -Xi-t-+)and
the
vector
with
elements
/K
(X--.X-,
)
•*-++•

1J+*

are uncorrelated vectors in orthogonal subspaces of the UK-dimensional
rurlidean space. Asymptotically forK->•°°these vectors have ajointmultivariate normal distribution sothat,asymptotically forK •*<»,these vectors
are independent random vectors. Then theright-hand sidesoftheequalities
(7)and(8)areindependent,asymptotically forK •*<=(seebelow)andsoare
the left-hand sides,whichwastobeproved.
Toseethestated asymptotic independenceoftheright-hand sidesof(7) and
(8), write
D n - D.=2JK£X. log(X. /X
0

A

; 1++ ^

= JK £ (X".
.

- %

1++

)=JK £ (X. -X

1++ +++

) 2 (X.

+++

-

) 2X. /n? 2 =
1++

4--1-+

1++

/\i*2 - p." 1 ) + JK E (X.

1++

l

- X

.

L

1

1++

) 2 (x"1 . . .
+++

(9)

1

and

V

D

AB= 2K \. * i j + ^

( X i j + / X i + + ) = K^ ( X i j + - X i + + ) 2 X.j

=K.^ ( X ij + - X i + + ) 2

(X

i j > ï j - r^

+

/^ =

+K

5j«iJ+- h^2 »-1' -<">

The result tobe proved follows from theasymptotic independence forK-> =>
of the latter terms on the right-hand sides of (9)and (10)andtheconvergencetozero inprobability forK •*• »oftheformer terms.

1++

^

- 141 3.THEQUASI-LIKELIHOOPMETHODFOR NESTEDDESIGNSUNDER THE
ASSUMPTION OFAPROBABILITY MODEL
3.1. Introduction
At the moment, two probability models for nested designs with random factors for count data are known.Theproblem ofdata analysisby thesemodels
is only partly solved. In this section we shall consider the use of a
quasi-likelihood approach when these models can be regarded as reasonable
for the data. For both models we shall try to verify the quasi-likelihood
assumptions.
3.2.Twomodels forthedata
3.2.1.Model1
The first model, for two random nested factors and a Poisson distribution
for errors, was communicated by Forcina (1984). As in section 2.2, the
model isdefined inthree stages,as follows,usingthenotation from2.2.
i)

LetM..be positive random variables for i=1,2,...,I, j=1,2,...,J.
GivenM..=m..,i=1,2,...,I,jr1,2,...,J,the random variable X..
has thePoisson (m..)distribution.

ii) Let M. bepositive random variables for i=1,2,...,1.
GivenM.=m.,i=1,2,...,I, letM..= G..,j=1,2,...,J,where
i l

ij

ij

G.. are independent random variables having agamma distribution with
E(G..)=m.,var(G..)=a - 1 m\, a >0.
Then givenM.=m.the random variablesX..,j=1,2,...,J,areindepenj.

j.j

j.

dent,having thenegative binomial distribution with parameters
a and p.r=m./(a+ m . ) .
i

i

l

iii)Random variables P. =M./(a+ M . ) , i=1,2,...,I, arei.i.d.random
variableshaving the beta (ß.,ß.)distribution.

The (marginal) distribution of X H > i=1,2,...,I, j=1,2,...,J, is called
the generalized hypergeometric distribution with parameters a , ß, and p 2;
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see Sibuya c.s.(1964). Extensions to designs with more than two factors do
not seem to be available. Note that this model is defined for only one
replicate per cell.

3.2.2.Model 2
The secondmodel isdefined asfollows:
i)

LetM.. be positive random variables for i=1,2,...,I, j=1,2,...,J,
ijk

k=1,2,...,K.
Given M...=m... ,random variables X...are independent,having the
IJK
-*•J*
•*•J^
Poisson (mijk)distribution.
ii) M.., =eF.(a.) F.,..(a„)F,....(a,), where the random variables
ijk
i 1 j d ) 2 k(ij) 3
F.(a 1 ),F....(a„)andF./.-^Ca,)arepositive random variables with
parametersa.,a ? anda,,representing factorial effects ofthe two
factors and error.Thismodel type wasproposed in chapter 7.
Extensions are possible for any number of factors. The lognormal
random variable was proposed asachoice for F; the variables F.(a.),
F./.s(a?)and F ,.••>(<!,)arethen independent and Model 2with this
lognormal assumption will beconsidered in this section.For large6,
X.., =eF.(a,)F... fa,)F . ..(a,)
ijk

l

1

j(i)

2

k(ij)

... (11)

J

approximately.
Î.3.An attewpt toverify the quasi-likelihood assumptii

tions

We shall try to verify the quasi-likelihood assumptions for Model 1 and
Model 2.Firstly, some helpful results will be obtained forModel 1.

Model1
1.From 3.2.1, iii) it isseen that random variables M., i=1,2,...,I,
are independent random variables,where
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E(M.) = p., say;
1
var(M )=
1

(\i3/a + 2p2 + an), roughly, see later.

1+ Pi + ß 2

2. From 3.2.1., ii) it is seen that,
rando variables M.., j=1,2,...,J,are
given M. =m., i=1,2,...,I,random
independent random variables, where
E(M..IM. =m.)=m.;
ijIl

i'

i

var(M..IM. =m.)=a~1 m 2 .
ijl ï

ï

"

ï

3.Finally, from 3.2.1.,i),
given M.. =m.., i=1,2
ij

1, j=1,2,...,J, the random variables

J-j

X. ,k=1,2,...,K are independent random variables having the Poisson
ijk

(m..)distribution. Here we have extended Model 1to allow forK
replicates per cell. Further,
E(X..,IM.. =m..)=m..;
ijk' ij

ij

var(X.., IM..=m..)=m...
ijk' ij

ij

ij
ij

The expression for var(Mj) is obtained to get an impression of this
variance function. Define Qj = 1-Pj> and use the following crude linear
approximation
Qi =

— = -JL-+
a + M.

{Mi-n)(

l2

— 7 > i where n= E(M L ),

(a + \i)

a + |j.

so that
2

E(Q-)=— - — ;var(Q,)r
a + \i

-

var(M.), approximately.

(a + \i)
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Together with
var(Q.)=
1

E(Q)(1 - E(Q.)),where we recall the assumption that
1+ßi+ß2

i

x

P. has thebeta (ßi,p2)distribution,the result isobtained by equating
thetwoexpressions for var(Q.), resulting in

*2

var(M ,)=

(ot+ u ) 4

— L _ (_JL_)(_JL_)
a +(J, a+ \i

1+ßj+ß2

andby performing some simple algebra.
Next,we shall obtain similar results for Model2.
Model 2
1.Random variablesM. :=9 F., i=1,2,...,1, areindependent random
variables,where
E(M L )=9;var(M.)=aj"1 92
because
_1
E(F.)=1;var(F.)=a 1 ;see chapter 7.
2. Given F. =f.,i=1,2,...,I,or,equivalently,given M.=m.,i=1,2,...,I,
wherem. =9f.,thevariablesM.. :=9F. F....,jr1,2,...,J areini

i

l j(i)'

lj

dependent random variables,where
E(M..|F.=f.)
= 9 f.=m.,asE(F.,.,)=1;
1
ij i i

i l

jd)

varCM.jlF.zf.)=var( e F.F j(i) |F.=f.)= ^
because var(F.,. N )=a^*
j(i)' "~"

(9 f.)* = ^

m\

1

3.GivenM..=m..,i=1,2,..,I,j=1,2,...,J,
therandom variablesX...,
IJ IJ
'' ''J '' ''
ijk
k=1,2,...,K,are independent random variables,where
E(X.., IM..=m..)=E(M.., IM..=m..)=m..,asE(F,
ijk! ij ij

ijk' ij

ij

ij'

)= 1.

k(ij)

^
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Further,by lemma 2,section 2.3.1,
var(X..,M..=m..)=E u
ijk'
ij
J
J ij
J

. var
, (X... M..,) +
M..,m.. vX. m.. ljklijk'
ijk'ij
ijk'ij

+ var.. |„ E v I (X..,IM...)=m.. + a qd m..=aö in?
3 ..
M...m..X...m.. ljkl ijk
ii
J lj
J
J lj
ljkl ij ljkl ij J

J

where the final equality holds,approximately, for largem...
3.4.Verification results
For Model 1: It is seen that the relationship for var(M^) is not of the
required type in general,unless e.g. p.= a approximately, so that
var(M )»
(^2+ 2 \i2 +n 2 )=C . \i2,assuming ßj+ ß 2 n °t todepend
i 1+ßj+ß2
on \i. However,mean-variance relationships are ofboth linear and quadratic
type sothat no quasi-likelihood approach can be used here.
For Model 2: Given Mij = nij^ the mean-variance relationship for X ^ ^
is quadratic, approximately, for large m^i. The other mean-variance
relationships are quadratic as well. Under the condition of large ntj»
the quasi-likelihood approach based onAssumptions IIcan be used for this
model.
2
-1
For uniform notation,we shall substitute a. fora- ,i=1,2,3. It was
shown in chapter 7that for large 8, random variable X,. is approximately
distributed as 9F.F.,.. F,,....Inthis case allmean-variance relationi ju) KUJ)
ships are of quadratic type,and Assumptions IIare satisfied. On theother
hand, in section 3.5 it will be shown that Assumptions II are equivalent
to ageneralization of the above approximatemodel.

3.5.Assumptions II;anequivalent model

The equivalence of the quasi-likelihood Assumptions II to a model for
X... which ismore general than themodel (11),is stated in the following
theorem.

- 146

Theorem 1
The following two statements are equivalent:
1. Random variables X. . , i = 1 , 2 , . . . , I , j = 1 , 2 , . . . , J , k = 1 , 2 , . . . , K , s a t i s f y
ijk

thequasi-likelihoodAssumptionsII.
2.RandomvariablesX. ,1=1,2,...,I,j=1,2,...,J,k=1,2,...,K,canbeexijk

pressedasfollows:
X..,= nF.F
ijk

r

F

...(12)

l j U ) k(ij)

where
E(F.)=E(F...J =E(F.....)=1;
i

j(i)

k(ij)

var(F.)=0 * f var(F.(l))=^ v a r ^ . ^ ) = fy
variablesF.,1=1,2,...,1,areindependent randomvariables;
givenP.,therandomvariablesF.,...,j=1,2,...,J,areindependent
randomvariables;
givenF.F.,.,.,therandomvariablesF./..<,k=1,2,...,K,areindependent
randomvariables.
Notethat itisallowedthatF.,F.... andF,....aredependentrandom
i jd)
k(ij)
variables.
Also note that the approximate version (11) for large 9 of Model 2 (see
section 3.2.2) is a special case of (12).Essentially, there are three
differencesbetweenthemodels(11)and(12):
1)The model (11) has independent components, whereas the components of
model(12)canbedependent.
2)The components of model (11)have lognormal distributions,whereasno
distribution isassumed forthecomponentsofmodel(12).
3)Themodel (11)isforcountdata,themodel (12)isforalldata.
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Proof of Theorem1

I. The<-part ofthe equivalence is proved straightforward when defining
M.. :=uF.F.,..and M. :=uF..
ij

^ l j(i)

i

K

i

Then the proof is asfollows.
1)The random variables M.=pF. are independent for i=1,2,...,l,where
E(M.)=|iE(F.)=n;
l

i

var(M.)=u 2 var(F.)=u 2 a 2 .
l
l
1
2)Given M.=m.,i=1,2,...,I,or,equivalently, given F.=f., i=1,2,...,1,
where f.=m./n,the random variables F.,..are independent random variables for j=1,2,...,J,or,equivalently, the random variables M,.,
j=1,2,...,J,are independent random variables.Also,
E(M..|M.=m.)=m. E(F.,.,)=m.;
var(M..|M.=m.)=m2 var(F.,..)= m2.ai.
ij' i i
i
jd)
i2
3)Given M.,=m..or,equivalently, given F.F....=m../ufori=1,2,...,I,
y

ij ij

l j(.i)

ij

j=1,2,...,J, the random variables E.,....,k=1,2,...,K,are independent
random variables,so that the ranJonivariables X..,,k=1,2
K, are
ijk

independent aswell.Also,
E(X.., IM..=m..)=m..;
ijk' ij ij

ij

var(X..,|M.,=m..)=m2..a 2 ,
ljkl ij ij

ij 3

II. The•*part of the equivalence will be proved in fivesteps.

'
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1)From the quasi-likelihood Assumptions II remember that,given
M..=m..,
E(X.., |M..=m..)=m..and var(X.., |M..=m..)= al m?..
ijk! ij ij
ij
ijk' ij ij

3 ij

Then E(X..,/M..|M..=m..)=E(X..,/m. IM..=m..)=1.
ijk ijl ij ij
ijk ijl ij ij
SogivenM.. =m..,the expected value ofX..,/M..doesnot depend
ij
ij
ijk ij
on m..,sothat E(X..,/M..)= 1,unconditionally,
ij
ijk ij
'
In asimilar way,var(X..,/M..|M..=m..)=var(X..,/m..|M..=m..)= a?.
ijk ijl ij ij
ijk ijl ij ij
Itappearsthat,givenM,.=m.,,var(X-,./M..)doesnot depend on
IJ

IJ

3

1JK !J

m... sothat var(X..,/M..)= ai, unconditionally,
ij
ijk ij
3
Defining F..,:=X..,/M..,we found that E(F..,)= 1;var(F..,)= A .
ijk
ijk ij'
ijk

ijk

3

Then
X..,=M.. F..,for all i,i and k,
ijk. ij ijk
where ingeneral M..and F. aredependent random variables.
However,given M..=m..,therandom variables X...,k=1,2,...,K,are
independent random variables, which follows from the quasi-likelihood
assumptions.
2)Byquasi-likelihood Assumptions II,in asimilar way M..canbe written
as
M

=M. F., for all iandj ,

with E(F..)= 1,var(F..)= a1, where ingeneral M. and F.. are
dependent random variables.However,given M. =m.,the random variables
M..,j=1,2,...,J,areindependent.

r
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3)Finally,

M. =uF.
for all i,
r
1

1

where F. are independent random variables for ail i,F_(F.)=1,
var(F.)= a*.
4)Combining the resultsof 1 ) , 2)and 3)it isseen that X..,canbeexpressed as
X..,=u. F. F..F..,for all i,j andk
i ij ijk

ijk

or, in ausual notation for nested designs,

X

ijk = » F i F j(i)F k(ij)-

Finally,
,..N satisfy the
7 it needs tobe proved
K that F., F.-.. and F,
'
i jd)
k(ij)
statements in Theorem 1.

'

5)First,from 1 ) ,2)and 3 ) :E(F )=E(F...J =E(F k ... ) )= 1and
var(F.)= a], var(F j ( 1 ) ) = o\, var(F k ( i j ) ) =a*.
Secondly,thevariables F., i=1,2,...,I, are independent random variables
(see3));
given F.= f., or given
M.= u,f.,i=1,2,....I,the random variablesF.,..,
y
y

i

i'

1 * 1 '

» » » >

j=1,2,...,J,are independent (see2)and3));
given F.F./.^,or given M..,i=1,2,...,I,j=1,2,...,J, the random
variables X...,k=1,2,...,K,are independent (see 1 ) ,2)and 3)),sothat
j.jk

the random variablesF ....,k=1,2,...,K, are independent aswell
*\ ij)

(see 1)).
Now theproofof Theorem 1iscompleted.

j(i)

-1504.APPLICATION

For a set of count data (see table 2) classified by two random nested
factors A (with2levels)andB (with 3levels)andwith 5replicatesper
cell,parameters a., i=1,2,3willbeestimated,andhypothesesoftype
H.: a2. - 0,i=1,2,willbetested,
i

l

A

1

B

2

1

2

3

1

2

3

8
8
4
9
5

12
15
9
13
8

9
10
11
9
14

17
13
15
11
18

23
25
14
20
18

11
16
10
10
13

Table2.CountdataresultsfromrandomnesteddesignwithfactorsAandB.
4.1.Estiaates
Estimatesofparametersa2werecalculated forthesetofdatafromtable2
l

under the quasi-likelihood Assumptions I and II (see section 2.4.1), and
under Model 2 of section 3.2 with lognormal components,assuming 6tobe
large. Themean-squares from table 4 were used as input to calculatethe
estimatesunderModel2.Seetable3fortheresults.

A

Sourceofvariation
*2

AssumptionsI

°1 = 1.158

Variancecomponents

*2 =14.59

AssumptionsII

a

A

2 = 0.093

1

Variancecomponents
Model2
Variancecomponents

=14.76

4
?a2

= 0.100
=13.64

B
>?\s. a2, =

4=
*2*2
\i a 2=

4=
êv 2=

Error
a2 - 0.640

0.725
9.14
0.058
9.20
0.064
8.73

Total

\L

a\ - 8.06

Var(X)=31.79

Ô2.= 0.055
V2a\ - 8.73

Var(X)=32.69

Ô2.= 0.060
62a2 - 8.18

Table3. Estimatesofparameters<j.>i=1,2,3,underAssumptionsIandII
andunderModel2(withlognormalcomponents)forthedatafrom
table2;n=12.60(arithmeticmean);0=11.68(geometricmean).

Var(X)=30.55

^

r
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Theconclusion is that factor B and the error component contribute about
equally tothevariance ofX,and that factor Aisslightly dominantover
factor B. Note that the estimation results for variance components are
quite similar for all three approaches,although Assumptions Iand IIare
quitedifferentwithrespecttothevariancefunctions.Alsonotethat
"2
a,islessthan1underAssumptionsI,althoughnounderdispersion
appearsfromthetestresultsofsection4.2.
4.2.Testresults
Under Assumptions Iand II approximate x2-tests and F-tests (see section
2.4.3.)werecomputed,andapproximateF-testswereobtainedunderModel2.
Theresultsarepresented intable4.
AssumptionsI

Deviance Deviance

df

2
x

-testH 2

df

F-testH1

df

result
D

AB

D

A

D

0

26.62

4

df

X2-testH 2

df

25.34

4

15.58

24

32.64

28

54.28

29

5.07

(1,4)

AssumptionsII

Deviance Deviance

F-testH1

df

result
D

AB

D

A

D

o

1.397

24

2.801

28

4.552

29

4.99

(1,4)
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Model2 (with lognormal assumption)

Factors

Mean-square

df

df

F-test H

df

F-testH

2
error

0.060

24

B

0.379

4

A

1.872

1

6.34

1
4.94

(4,24)

(1,4)

Table4.Test results forthedata from table2.
The uniform conclusion from thetest resultsoftable4isthat theeffect
of factor Bissignificant atthe 5%level andthat theeffectoffactorA
issignificant atthe10% level.
4.3.Some verificationofassumptions
FromtheKreplicates availablepercell,wecanverify part3of
AssumptionsI:
- given M..=m.., i=1,2,...,I, j=1,2,...,J,therandom variables X..,,
ij ij

ijk

k=1,2,....K,areindependent,with E(X..,)=m..andvar(X..)=o m..
ijk

ij

ijk

3 lj

IJ"*"

•*-»]"*"

to some extent byplotting standardized residuals (X... -X-•) / / X-•
IJK

versus X\. ;seefigure1.Anincreasing range (seetable5)oftheseresiduals with increasingX.. mayIndicate that Assumptions Iareviolated.
From figure1and Va'jle5notendency forincreasing ranges appears for the
data from table2,sothat Assumptions Iseemnottobeviolated.

1

FactorA

2

1

2

3

1

2

3

0.46
0.46
-1.07
0.84
-0.69

0.18
1.07
-0.71
0.47
-1.01

-0.49
-0.18
0.12
-0.49
1.04

0.68
-0.55
0.06
-1.17
0.98

0.67
1.12
-1.34
-0.45

-0.29
1.15
-0.58
-0.58
0.29

Range

1.91

2.08

1.53

2.15

2.46

1.73

X

6.80

11.40

10.60

14.80

20.00

12.00

Factor B

i,i+

0

Table5.Standardized residuals (Xij|<-Xij + )//Xij + andtheir ranges.
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STANDARDIZE0 RESIDUfltS VKRSUS CKLL MOWS
a.e-r

s
T 8.5..
R
N
D
B.8-.

O
O

4.0 sJe 6.'e 7.'e 8,'e 9.'e ie!e nie isla »sie nie isla iele i?!e isle î^eeele silesale
CELL MEANS

Figure 1.Standardized residuals (X...-X...)/7X,. plotted versus cell
1.1K

means X...

-1.1+

'.F
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5.DISCUSSION
A proposal wasmade for the analysis of count data from nested designs with
random factors by the quasi-likelihood method. The quasi-likelihood method
has an advantage over methods based on likelihood,which isthat nodistributional assumptions have to bemade for the data tobase the analysis ona
likelihood function,asoften such assumptions cannot be justified. We have
derived asymptotic results for estimators and test statistics for large
numbers of replicates.
From the application it appears that there areno largedifferences between
estimated values of variance components calculated under Assumptions Iand
II and under Model 2 with the additional assumption of lognormality; the
same conclusions were also drawn from test results of hypotheses. Some
robustness seems tobe present against improper choices of assumptions (see
alsoMcCullagh and Neider (1984), p.132).
Several extensions of the quasi-likelihood method just presented are still
needed for practice. Really straightforward is the extension of the method
of section 2 to random designs with more than two nested factors by extending the quasi-likelihood assumptions tomore than three levelsofvariation. Less evident may be a treatment of unequal numbers of factorial
levels and replicates, and a treatment of covariates 'explaining' part of
the variation in the data. Also,a further comparison of Assumptions Iand
IIby theory and practice is of interest. Certain optimality results could
possibly be derived for the estimators of variance components under the
quasi-likelihood assumptions, possibly within some restricted class of
estimators. Finally, the quasi-likelihood approach for random designs with
crossed factorsneeds some research.

V
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SUH4ARY
In the literature, methods have been presented for the analysis of count
data classified by fixed and crossed factors under the assumptions that
this data can be modeled by independent binomial or Poisson distributions.
In general,the mean value of these distributions depends on the levels of
the classifying factors and a linear model isproposed for the logittransform or the log transform of thesemean values.
Inpractice many situations occur which aredifferent,suchas:
- The counts are independent, but the observed variation in the data is
more than can be explained by e.g. the Poisson distribution;
- The counts are dependent: the factors are not fixed but they are random.
For these situations no general analysis methods are available, and there
isastrong need for extensions of thetheory. In this thesis extensions of
the theory will bepresented to allow for themodeling of thiscount data.
In chapters 2, 3 and 4 of this thesis the situation isconsidered ofoverdispersion with respect to the binomial distribution and the Poisson distribution. In the case of overdispersion we may observe from the data that
var(X)=a 2 E(X)with a 2 > 1, instead of var(X) = E(X) for the Poisson distribution. In chapter 2 we propose the beta-binomial distribution for
modeling the overdispersed data, and limiting results for test statistics
will be obtained for alarge number oftrials at each cell inthe design.
A gamma-Poisson or negative binomial model is proposed for modeling overdispersed count data inthe 3th and 4th chapter ofthisthesis.Here weobtain approximate distributions oftest statistics for alarge number ofreplicates and for large counts as well. In chapters 2, 3and 4the limiting
results are obtained for standard test statistics known from the theory of
loglinear and logitlinear models,likePearson's X 2 statistic.
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Chapter 5deals with dependent count data in asplit-plot situation. Here a
model is proposed to allow for this dependence of the data from the splitplot experiment. Two separate analyses will be performed, namely for the
whole plot and for the sub-plot factors, imitating the general Anova
approach. The basic models are the gamma-Poisson model and the Dirichletmultinomial model.
Data obtained by a dependent classification of objects in two or more
ordered classes, testing hypotheses concerning the probabilities corresponding tothese classes is aproblem met e.g. in the context of questionnaires. In chapter 6 we study the signed rank test of Wilcoxon in the
situation of such a dependent classification. It appears that the limiting
distribution of this test statistic, under a Dirichlet-multinomial model
assumption for the data is the normal distribution; there is an extra
parameter for the dependence of classification.

The two final chapters 7 and 8 of this thesis deal with random factor problems for crossed and for nested designs (chapter 7) and for nested designs
using adifferent method (chapter8 ) .
The approach in chapter 7 is as follows.Basically, we assume that the process which generates the counts can be modeled by the Poisson process.The
intensity of this Poisson process is a random variable instead of a fixed
parameter, and the random components for main effects and interactions of
the factors are represented by this random intensity. We assume lognormality for the distributions of these random model components and we shall
derive a limit theorem to simplify this complicated model. The result is a
simple model for situations with large counts.
The quasi-likelihood approach for nested designs with random factors is the
subject of chapter 8. The quasi-likelihood approach was proposed by Wedderburn in 1976 for the analysis of independent data, to be used if distributional assumptions are hard to make. It is an attractive method to use
for the analysis of dependent count data aswell, asthe exact distribution
of this data is rather intractable.
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We shall use the quasi-likelihood approach to derive estimators and test
statistics for the variance components in the case of a nested design with
random factors,starting with afew very simple assumptions with respect to
mean and variance ofthe data.
Interesting is, that the data which can be analysed is not restricted to
count data. At the end of chapter 8 some topics for further research will
be mentioned, advocating a further study of quasi-likelihood for the
analysis ofdependent (count)data for crossed designs with random factors.

r
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SAMENVATTING

In de literatuur zijn methoden voorgesteld voor de analyse van tellingen,
geklassificeerd door vaste en gekruiste factoren. Hierbij wordt de veronderstelling gemaakt dat de data gemodelleerd kunnen worden door onafhankelijke binomiale of Poisson verdelingen. Inhet algemeen hangt de gemiddelde
waarde van deze verdelingen afvan deniveaus van de klassificerende factoren; een lineair model wordt voorgesteld voor de logit transformatie ofde
log transformatie vandeze gemiddelde waarden.
Inde praktijk doen zich veel situaties voor die afwijkend zijn,zoals:
- De tellingen zijn onafhankelijk, maar de waargenomen variatie is groter
dan door dePoisson verdeling verklaard wordt;
- De tellingen zijn afhankelijk: de factoren zijn niet vast,maar stochastisch.
Voor deze situaties zijn geen algemene analysemethoden beschikbaar ener is
een sterke behoefte aan uitbreidingen van de theorie. In dit proefschrift
worden uitbreidingen van de theorie gegeven die het modelleren en analyseren van dit soort gegevens mogelijk maken.
In de hoofdstukken 2, 3en 4 wordt de situatie beschouwd van overdispersie
met betrekking tot de binomiale verdeling en de Poisson verdeling. In het
geval van overdispersie kan uit de waarnemingen blijken dat var(X)=a 2 E(X)
met a 2 > 1,in plaatsvan var(X)=E(X)voor de Poisson verdeling.
In hoofdstuk 2wordt de beta-binomiale verdeling gebruikt om overdispersie
temodelleren en limietresultaten voor toetsingsgrootheden worden verkregen
voor eengroot aantal trials in iedere cel van het proefschema.
Een gamma-Poisson of negatief binomiaal model wordt voorgesteld voor het
modelleren van overdispersie van tellingen in de hoofdstukken 3 en 4 van
dit proefschrift. Benaderende kansverdelingen van toetsingsgrootheden worden verkregen voor een groot aantal herhalingen en voor grote tellingsuitkomsten. In de hoofdstukken 2,3 en 4 worden de limietresultaten verkregen
voor standaard toetsingsgrootheden, bekend uit de theorie van logitlineaire
en loglineaire modellen,zoals deX2-toetsvan Pearson.
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In hoofdstuk 5 komen afhankelijke tellingen aan de orde in een split-plot
situatie. Hier wordt een model voorgesteld dat rekening houdt met deze afhankelijkheid die inherent is aan het split-plot experiment. Twee separate
analyses worden uitgevoerd, namelijk voor de whole plot en voor de subplot
factoren, zoals in de variantieanalyse. De basismodellen zijn het gammaPoisson model en het Dirichlet-multinomialemodel.
Data die verkregen worden door op afhankelijke wijze objecten te klassificeren in twee of meer geordende klassen, daarbij hypothesen toetsend betreffende de kansen corresponderend met deze klassen is een probleem wat
men b.v. in de context van enquêtes ontmoet. In hoofdstuk 6 bestuderen we
de symmetrietoetsvanWilcoxon in desituatie van zo'n afhankelijke klassificatie. Het blijkt dat de limietverdeling van de corresponderende toetsingsgrootheid, onder de veronderstelling van een Dirichlet-multinomiaal
model voor de data nog steedsdenormale verdeling is,maar er iseen extra
parameter die de afhankelijkheid van klassificatie beschrijft.
De twee afsluitende hoofdstukken 7 en 8 van dit proefschrift behandelen
problemen met stochastische factoren in gekruiste en inhiërarchische klassificaties (hoofdstuk 7) en in hiërarchische klassificaties, hierbij gebruik makend van een andere methode (hoofdstuk8 ) .
De aanpak in hoofdstuk 7 is de volgende. We veronderstellen dat het proces
dat de tellingen genereert door het Poisson proces kan worden beschreven.
De intensiteit van dit Poisson proces is een stochastische variabele in
plaats van een vaste parameter en de stochastische componenten voor het
hoofdeffect en de interactie van de factoren worden door deze stochastische
intensiteit voorgesteld. We veronderstellen lognormaliteit voor de kansverdeling van deze stochastische modelcomponenten enwe zullen een limietstelling afleiden om dit gecompliceerde model te vereenvoudigen. Het resultaat
is een model dat eenvoudig hanteerbaar is en bij benadering geldig in het
geval van grote tellingsuitkomsten.

r
De quasi-likelihood benadering voor hiërarchische klassificaties met stochastische factoren is het onderwerp van hoofdstuk 8. De quasi-likelihood
aanpak werd voorgesteld door Wedderburn in 1976 voor de analyse van onafhankelijke data en is handig als het lastig is redelijk hanteerbare modellen tevormen.Aangezien dit inderdaad geldt voor het modelleren van afhankelijke tellingen, ishet aantrekkelijk deze methode te gebruiken. We zullen schatters en toetsingsgrootheden onderzoeken voor de variantiecomponenten van de hiërarchische klassificatiemet stochastische factoren; als uitgangspunt nemen we enkele eenvoudige veronderstellingen ten aanzien van
verwachting en variantie van de data. Interessant hierbij is dat de data
die geanalyseerd kunnen worden niet beperkt zijn tot tellingen. Aan het
eind van hoofdstuk 8 worden enkele onderwerpen genoemd die voor verder onderzoek in aanmerking komen. Hierbij wordt ondermeer voorgesteld de quasilikelihood aanpak te bestuderen voor de analyse van afhankelijke tellingen
bijgekruiste klassificaties met stochastische factoren.
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