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1. FOREWORD 

Hydrology provides to a large extent the basis for the solution of water-supply 
problems and of questions of water control in general. A stream of questions on new 
problems emenates from the many and important fields to which it is being applied. 
The great progress made by hydrological science in the last few decades has been 
born out of this interaction between science and the practical application thereof. 

In 1942 a small group of Dutch hydrologists set up a centre of discussion called tbe 
"Hydrologisch Colloquiurn". Problems especially in the field of ground-water flow 
are regularly discussed in this group, experiences in the application of new calculation 
methods are exchanged and new approaches in this field are studied. 

Gradually the need for a comprehensive publication on the flow of ground water 
into wells made itself felt. It was decided to prepare a publication which would meet 
the needs of the many hydrologists concerned with this subject. Efforts were made to 
complete the texts of lectures presented at the colloquium and to cover any problems 
of ground-water flow into wells so far not discussed in the group. The result is this 
compendium, which aims at reviewing present knowledge in this field, presenting it 
in such way that it can be used in practice. 

The Committee for Hydrological Research of the Central Organization for Applied 
Scientific Research in The Netherlands (T.N.O.) welcomes the opportunity to 
publish this compendium and thus make it more widely available. 

COMMI'ITEE FOR HYDROLOGICAL RESEARCH 

OF THE CENTRAL ORGANIZATION FOR 

APPLIED SCIENTIFIC RESEARCH 



2. INTRODUCTION 

Nearly everyone dealing with the theoretical or practical problems of ground-water 
flow through porous formations - or more specifically, with tbe flow of a liquid 
through- a porous medium - will encounter the problem of flow into a well. This 
problem which in principle concerns cylindrical-symmetrical or spherical flow or 
something in between the two, has many aspects. 

Its theoretical treatment is generally based on certain simplified flow patterns. The 
selection of the mathematical procedure to be followed will depend on the simpli- 
fication~ introduced, on the solvability of the resdting equations and on the accuracy 
required. The mathematical operation depends further on the question whether in 
course of time changes in the flow pattern, in the porous medium or in the flowing 
liquid itself have to be taken into account. 

Several of these aspects, together with material on this subject encountered in 
literature, have been discussed in sessions of the Hydrologisch Colloquium. The 
papers which have been presented in the sessions, and the proceedings of the discuss- 
ions, however, give only a fragmentary picture of the knowledge of this subject 
possessed by the members of the Colloquium. A handbook containing all the inform- 
ation at present available on ground-water flow into wells does not exist either; 
literature on this subject is widely dispersed. 

Yet a synopsis of the theory required in the first place to tackle actual flow problems 
and in the second place to develop further the theory itself, is urgently needed. The 
Hydrologisch Colloquium has, therefore, decided to publish such a synopsis, pre- 
suming that many colleagues in this country and abroad would be glad to have a 
compendium on the computation of ground-water flow into wells. 

The Colloquium is glad to say that the Committee for Hydrological Research 
. T.N.O. has expressed its willingness to bear the cost of publishing this work. The 

Colloquium expresss its gratitude for this valuable aid. 
In compiling the material for the present publication the Hydrologisch Colloquium 

aimed at collecting the theory on ground-water flow into wells, in so far as is required 
for practical problems and in such a way 
l", that anyone somewhat familiar with differential and integral calculus will be able 

to verify the development of the equations; 
2". that the resulting formulas can immediately be used for practical work and do not 

involve the consultation of other literature. 



The various cases of flow into wells will first be dealt with in a simple manner, in 
order to arrive at approximate formulas sufficiently accurate for the solution of most 
actual problems. Subsequently, the approximations and simplifications introduced 
will, if necessary, be discussed further. 

The present work concerns permanent flow only; the Colloquium hopes to deal 
with non-permanent flow in another publication. Numerical and graphical methods 
fall outside the scope of this compendium and are not discussed. 

The decimal system has been chosen for the division into chapters and paragraphs. 
Diagrams, figures and formulas bear the number of the paragraph in which they 
occur, a serial number being added. 

The compiling and editing of the material for the publication was entrusted to a 
small committee. Many other members of the Colloquium, however, also contributed 
to the work. It is not possible to mention all of them. One exception, however, should 
be made for the member representing the Netherlands Mathematical Centre. This 
member took it upon himself to look after the mathematical side of the compendium. 
The CoEoquium is much indebted to him for his most important contribution. 

The Hydrologisch Colloquium is aware of the fact that a publication like this cannot 
be complete and infallible. The Colloquium therefore requests readers to bring to the 
notice of its secretary 1) anything which in their dpinion might contribute to the 
improvement of the compendium. As new subjects will be worked out in the coming 
years, a second, improved and enlarged, edition may have to be published at a later 
date. 

PUBLICAllON COMMITTEE OF THE 

HYDROLOGISCH COLLOQUIUM 

3 C/O Committee for Hydrological Research T.N.O., P.O. Box 297, The Hague, Netherlands. 



3. FUNDAMENTAL TERMS AND LAWS 
PROPERTIES OF WATER AND SOIL 

SYMBOLS 
3.1. SYSTEM OF mms 

A coherent system of units is used throughout this publication, adapted to the needs 
of each individual problem. Accordingly, the day is generally used as the unit of time 
and the metre as the unit of length. When numerical values are given for the various 
quantities, they are as far as possible expressed both in units of the Giorgi system and 
in the commoner units. 

The kinematic viscosity of water, v, is expressed in Stokes or in m2/day. 
1 St = 1 cm2/sec = 8.64 m2/day 

3.3. DENSITY (SPECIFIC MASS) AND SPECIFIC WEIGHT OF WATER 

The density p is expressed in kg of mass per m3. 

Temp., in OC . . . . . . . . . . .  
. . . . . . . .  Vi., in 10-8 Stokes 

Visc., in m8/day . . . . . . . . . .  

Specific weight y is obtained by multiplying density by the acceleration of gravity, 
g (= 9.81 m/sec2): 

Y =Pg 

15 
1.14 
0.098 

Temp., in "C . . . . . . . .  
Density, in kg/m3 . . . . . .  

Phreatic ground water is the coherent mass of water in a water-bearing stratum 
where, above that ground water, air is present in the pores that is in free connection 
with the atmosphere. 

+ 0 
1.79 
0.152 

20 
1.01 
0.087 

5 
1.52 
0.133 

+O 
999.868 

10 
1.31 
0.113 

4 
loo0 

5 
999.992 

15 
999.126 

10 
999.727 

20 
998.230 



The phreatic surface is the plane in the mass of ground water where the hydrostatic 
pressure equals the atmospheric pressure. The mass of ground water also extends a 
little above that plane, due to capillary action. The soil below the phreatic surface is 
generally fully saturated with water. 

In the present publication it will be assumed that the phreatic surface constitutes 
the upper boundary of the coherent mass of ground water and that the soil below 
that surface is fully saturated with water. 

3.5. CONFINED GROUND WATER 

This is the ground water in a water-bearing formation above and below which 
there are impervious or semi-pervious layers, provided the ground-water mass extends 
up to the upper confining layer. 

If both confining layers are impervious, the ground water is termed completely 
confined; otherwise it is semi-co~fied. 

The filtration velocity or Darcy velocity v is deiined as the amount of ground water 
passing a unit area perpendicular to the direction of flow per unit of time. 

The filtration velocity is only a term used for purposes of calculation. The actual 
mean velocity of the water in the pores of the soil is much higher, dependent on pore 
volume and the structure of the soil. 

3.7. POTENTIAL OF GROUND WATER 

The potential or piezometric head cp of ground water at a certain point is the elevat- 
ion to which the water would rise in an open tube sunk to the point in question, the 
elevation being measured from an arbitrarily chosen plane of reference. 

Hence 
'P=z+h,  

where 
z = the elevation of the point considered above the plane of reference; 
h = the height of the water column in the observation tube. 

This relation can also be expressed as: 



where 
p = hydrostatic pressure of the ground water at that point; 
p. = atmospheric pressure; 
p = density of the ground water. 

The plane of reference is often chosen in such a way that in the undisturbed con- 
dition of flow 

cp =o. 

The total porosity of a soil, (3, is the aggregate volume of the pores or interstices in 
a unit volume of soil. 

If a volume of soil V contains an amount of solid material equal to Vs units of 
volume the porosity of the soil 

The effective porosity, Pe, i.e. the pore volume which is effective with respect to 
flow, is that part of the total volume in which the water is free to move. It is the pore 
volume after deduction of the space occupied by sorption water and air, both express- 
ed as a ratio to the total soil volume. 

The effective porosity of satuqted sand normally lies between 0.2 and 0.3; in 
clay P, can be very small as clay minerals are able to retain much water on the surface 
of the particles. If the soil also contains air or other gases, Pe becomes still smaller. 

The storage coefficient, or more usually S, is that part of the volume which is 
effective with respect to storage. It can be defined as the amount of water taken into 
(or released from) storage per unit surface area of the aquifer if the phreatic surface 
rises (or drops) by a unit of length. 

S, like P,, is also smaller than the total porosity; for when the phreatic surface 
drops, part of the water is retained on the soil particles. When the water table rises 
air can be trapped in the filling pores; the storage coefficient for rising water, there- 
fore, is often smaller than that for a dropping water level. 

Isotropy with respect to permeability means that the permeability of the soil at a 
certain point has the same value for any direction of flow. In anisotropic soils this 
is not so. 



In the case of homogeneous isotropy, the permeability of the soil has the same value 
at any point in the aquifer and is independent of the direction of flow; in the case of 
homogeneous anisotropy the permeability to flow in a certain direction has the same 
value at any point in the aquifer. 

Darcy's Law (or the law of linear resistance) applies to the movement of ground 
water through a porous soil. For flow through a homogeneous isotropic medium this 
law can be worded as follows: The atration velocity v (or Darcy velocity) in the 
direction of flow is proportional to the gradient of the potential head in that direction, 
d~ 

Since it is obvious that the positive directions of v and s should preferably be the 
same, a minus sign in the formula is needed because the liquid always flows in the 
direction of decreasing potential. 

In this publication k is termed the permeability coefficient of the soil. Strictly 
speaking this is not correct, k also depending on the viscosity of the liquid. Since, 
however, the compendium is purposely restricted to the flow of ground water of 
constant temperature and constant composition, the effect of viscosity may justifiably 
be ignored. 

In soils of anisotropic permeability different values of k have to be used for different 
directions: 

So it can be stated that, for ground water, the permeability coefficient depends ' 
solely on the structure of the porous medium, i.e. the size and shape of the pores. 
Therefore the obvious thing would be to try and find a relation between k and the 
factors determining the size and the shape of the pores. These factors are: 
1 ". grain-size distribution; 
2". porosity; 
3". shape of the grains; 
4". arrangement and orientation of the grains. 



to-' 

Fig. 3.10.-1 

/ 

Y 
/ 

Fig. 3.10.-2 Fig. 3.10.-3 



It is clear that the effect of the last two factors cannot easily be expressed numeri- 
cally. The grain-size distribution also presents dilliculties in this respect. That explains 
why a reliable and generally valid formula has not yet been found, in spite of attempts 
to do so on the part of many investigators. The formulas found can only be considered 
as s-ciently reliable for granular media with fairly uniform, rounded grains that 
are not too fine (i.e. not loam, silt, etc.). 

Most of the formulas developed are of the following form: 

where d is a characteristic grain size of the medium, 13 is the porosity and Cl is a 
constant that depends on the shape and arrangement of the grains. For rounded 
grains of fairly uniform size this relation can be written as 

k = C, d2, 

in which C, is largely determined by the porosity P. 
If for d, the characteristic grain size, the 10% diameter d,, is chosen, i.e. the grain 

size that exceeds the size (diameter) of 10% of the material, and if k is expressed in 
m/day and d, in mm, we have according to ALLEN HAZEN 

C, = 400 to 1200, with an average of 1000. 

Darcy's Law, the law of linear resistance, only holds good as long as the accelera- 
tions of the particles of the liquid in the pores of the medium are so small that their 
influence can be ignored. This depends on the velocity of the flow, the viscosity of the 
liquid and the grain-size distribution of the medium. Indicative in this respect is the 
dimensionless Reynolds number, as expressed by the formula 

where 
v = filtration velocity as defined above; 
d = a characteristic grain size of the medium; 
v = kinematic viscosity of the liquid. 

There are various methods for the determinations of d. Practically all of them show 
that Darcy's Law holds good as long as the Reynolds number does not exceed some 
value between 1 and 10. 

The range of validity of Darcy's Law appears from the graph in figure 3.10.-1, 
giving the relation between the Reynolds number and the coefficient C,. 



For Re <l, C, is constant; so the permeability coefficient k is constant, too, and 
the resistance encountered by the liquid is proportional to the velocity of the flow, 
in other words Darcy's Law holds good. 

For Re > 1000, C, decreases in inverse proportion to Re, i.e. to v. Now the resistan- 
ce is proportional to v2 and the flow is completely turbulent. 

For Re between 1 and 1000, the resistance is proportional to the velocity to a power 
between 1 and 2. 

Remark 

For flow through pipes the change from laminar flow into turbulent flow occurs 
when Re amounts to 1000 or more, i.e. a much higher value than in the case of ground- 
water flow (in the formula for Re for flow through pipes, d stands for the diameter of 
the pipe). 

The explanation of this difference may be found in the following: 
1". In the formula for Re for ground-water flow, v stands for the atration velocity; 

the maximum actual velocity of the water in the pores, however, is more than 
10 times as high, according to some investigators. 

2". The pore c h a ~ e l s  or interstices through which the water flows have a most 
irregular shape; under these conditions the flow readily looses contact with the 
walls of the pores or interstices. 

It may be desirable to introduce the velocity component in a certain direction into 
many of the computations. To that end Darcy's Law has to be expressed in rectan- 
gular or cylindrical co-ordinates. 

In rectangular co-ordinates (see fig. 3.10.-2) this law reads: 

In cylindrical co-ordinates (see fig. 3.10-3) the law reads: 



If 9 depends only on r, we have 

39 vr = -k-. 
dr 

For soils with anisotropic permeability, different values of k have to be introduced 
for different directions. 

For a general derivation of the law of continuity the reader is referred to the 
literature on that subject. 

In its general form the law can be written as follows (for an infinitely small element 
of the aquifer with lengths of side h, dy and dz): 

where V,, vy and v, are the three velocity components parallel to the separate axes; 

p = density of the liquid; 
a = porosity of the medium. 

Because of the low compressibility of water, p may be regarded as constant. For 
permanent flow the above formula then becomes: 

If the permeability of the medium is the same in any direction (homogeneous 
isotropic), v,, v, and v, in the above equation may be replaced by 

39 39 39 -k- -k- and -k-. 
3 ~ '  3y 32 

This yields the well-known Laplace equation: 

3% a29 3% -+-+-=o. 
3x2 ay2 3x2 

The equation of continuity expressed in cylindrical co-ordinates is derived from the 
relation 

and reads: 



The Laplace equation now developes into: 

J2rp 139 1 3% - + - - + - - + 3 = 0 .  
br2 r 3r r2 be2  3z2 

The various flow problems to be discussed in this compendium all concern symme- 
trical (cylindrical or spherical) cases, which generally makes it preferable not to 
develop the law of continuity from the general equation but to introduce this law in a 
simpler form according to the problem in question. 

In many cases of flow through a water-bearing stratum, the product of the per- 
meability coefficient k of the soil and the thickness H of the layer will turn out to be an 
important factor in the computation or analysis of flow. This product, kH, can be 
regarded as characteristic of a water-bearing stratum and is termed its transmissibility 
or transmissivity T. 

If the water-bearing stratum is of a stratified nature, i.e. that the permeability 
coefficient is not a constant along the vertical axis but shows variations, the trans- 

n 
missibility T becomes f; Ti (see 5.3.2.). 

i= l 
The quantities k, H and T, together with a few other quantities characterizing the 

water-bearing stratum and the adjoining strata, are termed formation constants. 

3.13. HYDRAULIC RESISTANCE OF A SEMI-PERVIOUS LAYER 

The treatment of this subject is based 0n.a simplification of the common case of 
two water-bearing strata separated by a layer of limited thickness and of relatively 
small permeability (fig. 3.13.-1). The flow - or leakage - through this separating 
layer, a flow which will be practically vertical, is not analysed in detail, but the - 

vertical filtration velocity in the layer is assumed to be proportional to the difference 
between the potential heads 90 and cp, respectively above and below the layer: 

P1 - [PO v=- 
C 

(1 > 
The quantity c, which has the dimension of time, is termed the hydraulic resistance 

of the layer. Like k, H and T, it is a formation constant. Sometimes in English-Arneri- 
1 

can literature the name leakage coefficient or leakance is used for T, This name may 

lead to confusion with the term leakage factor (see 3.14.) and is therefore not recom- 
mended. 



Generally v, cpl, cp, and c are functions of the horizontal co-ordinates. In the follow- 
ing, however, c is assumed to be a constant, unless stated to be otherwise. 

If the thickness of the semi-pervious layer is H' and its permeability coefficient 
for vertical flow is k', we can write 

since from (1) it follows that 

Comparison of this relation with the equation of Darcy's Law (3.10.) leads to 
formula (2). 

In nature the variations in H' and k' of a semi-pervious layer are often larger than 
the variations in c, so that the resistance of a layer is a more workable parameter in 
practical problems than the individual quantities H' and k'. 

Non-uniform resistance of a semi-pervious layer may often cause difficulties in the 
analysis or in the computation of ground-water flows. At spots with a lower resistance 
the flow or leakage through the layer will be stronger compared with the leakage 
elsewhere; the leakage will be more or less concentrated at the weak spots. Conse- 
quently, as far as they contribute to the determination of the flow pattern, these 
spots are of much greater importance than their area might lead one to expect; even 
a small gap in a semi-pervious layer may cause a large increase in leakage. 

As mentioned above it will be assumed in the following chapters that semi-pervious 
layers occurring in the problems discussed, have uniform resistance. Therefore the 
formulas developed are based on this assumption. 

The formulas will be used in practice for the solution of actual flow problems, e.g. 
for the analysis of the flow of ground water in formations where the semi-pervious 
layers most probably have non-uniform resistance. U'hen used for the determination 
of the formation constants, such analysis will produce a value for the resistance of the 
(non-uniform) semi-pervious layer which is termed the "effective resistance". The 
hydrological meaning of '"effective resistance" can be made clear as follows: if the 
actual, non-uniform semi-pervious layer was replaced in the field by a uniform layer 
having a resistance equal to the effective resistance found, the hydrological quantities 
(heads, yields, etc.) at the points of observation used for the analysis would remain 
practically unchanged. 

The effective resistance of a non-uniform layer is not a constant factor. If the flow 
pattern changes owing to some cause or other, weak spots which previously contri- 
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buted little to the total leakage may now attract relatively much larger quantities of 
water, thus altering the effective resistance. 

This is illustrated in figure 3.13.-2, showing two water-bearing strata separated 
by a non-uniform semi-pervious layer. Two cases of flow, (a) and (b), are represented. 
The average difference in head, v. - q,, is the same in both cases. In case (a), however, 
the difference in head at the weak spot is much greater than in case (b); that is to say 
that in case (a) much more water will percolate through the weak spot and the total 
leakage over the area considered will be considerably larger than in case (b). Now if 
the resistance of the semi-pervious layer is computed by means of formula 3.13.-(l), 
using the average difference in potential head and the total leakage over the area under 
consideration, one would find a much smaller value for the resistance in case (a) 
than in case (b). 

'~ortunately, however, the variations in a ground-water flow are generally fairly 
small, so that the changes in the effective resistance of a semi-pervious layer produced 
by these variations are small compared with uncertainties and inaccuracies in the 
value of the resistance due to other causes. 

The leakage factor, A, determines the distribution of the leakage into the aquifer 
or, in other words, it determines the origin of the water withdrawn from a well 
tapping the aquifer. 

A = d k H c  = dTc, 
where k is the permesbility coefficient, H the thickness and T the transmissibility of 
the aquifer and c the resistance of the semi-pervious covering layer. Like k, H, T 
.&d c, also h is a formation constant. For further details see 5.1.2.1. 

Dimension Quanti ty  Symbol 

Co-ordinates, 
- horizontal . . . . . . . . . . . . . . . . .  
- vertical. . . . . . . . . . . . . . . . . . .  
- horizontal in cases of axial symmetry. . . . . .  
- special values . . . . . . . . . . . . . . . .  

Rate of flow through a  cross section of the aquifer per 
unit width . . a . . . . . . . . . . . . . . . .  

X,  Y 
I 

L 
z L 
r L 

X,,, rw, rCO . R L 

4 L2 T-I 



Dimension 

La T-I 
L 
L 
L 
L 
LT-' 
LT-' 
L2T-l 

T 

L 
ML-a 
LT-e 

ML-T-% 
ML-IT-' 

LZT-I 

L 
L 
L 
LT-l 
LT-I - 
- 
- 

- 

LT-I 

Q u a n t i t y  I Symbol 

Yield; total discharge . . . . . . . . . . . . . . .  
Thickness of a water-bearing stratum . . . . . . . . .  
Thickness of a semi-pervious layer . . . . ' . . . . . .  
Grain size (diameter). . . . . . . . . . . . . . . .  
Effective (specific) grain size. . . . . . . . . . . . .  
Permeability coefficient of a water-bearing stratum. . .  
Permeability coefficient of a semi-pervious layer. . . .  
Transmissibility coefficient of a water-bearing stratum. . 
Hydraulic resistance of a semi-pervious layer . . . . .  
Leakage factor of awater-bearingstratum. . . . . . .  
Density (specific mass) . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . .  Acceleration of gravity 
Specific weight . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . .  Dynamic viscosity 

Kinematic viscosity . . . . . . . . . . . . . . . .  
Elevation of the phreatic surface above an impervious base 
Ground-water potential, piezometric head. . . . . . .  
Drawdown of the ground-water head. . . . . . . . .  
Velocity of filtration . . . . . . . . . . . . . . . .  
Average velocity in the pores . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . .  Total porosity. 
Effective porosity with respect to flow . . . . . . . .  
Effective porosity with respect to storage; storage coeffi- 

cient . . . . . . . . . . . . . . . . . . . . . .  
Gradient (of the piezometric level) . . . . . . . . . .  
Slope of an impervious layer . . . . . . . . . . . .  
Replenishment of ground water by rainfall, per unit of 

area and per unit of time . . . . . . . . . . . . .  

Q 
H 
H' 
d 
dm, fie 
k 
k' 

T = k H  
H' 

C = - 
k' 

1 =%'?;E 
P 
g 
Y = P g  
'l 
'l v = -  

. P 
h 
'P 
S 

v 
''P 
B 
Be 

S, BB 
i 
I 
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4. ELEMENTARY CASES OF FLOW 

The following equation discribes the radial flow of water abstracted from a spherical 
surface (spherical or point sink) situated in an aquifer of inlinite extent with homo- 
geneous isotropic permeability. 

in which Q is the flow across a spherical surface of radius r, the centre of which 
coincides with the centre of the sink (see fig. 4.1.-1). 

This is the Darcy equation. 
Since s and v are taken positive in the same direction (3.10)' Q becomes negative 

on abstracting water. 
According to the continuity equation Q is independent of r, so 

Q = Q, = constant. 
The Darcy equation now becomes 

And after integration 
-- + Q o - ~ - c  or 
4zk r 

The boundary condition defines the value of C. When choosing for instance the 
reference plane of the potential at such a level that p = 0 when r = W, it appears 
that C  = 0. 

The case of radial flow towards a spherical or point sink is almost exclusively 
theoretical; it can be used successfully to solve djfiicult problems that can be approx- 
imated by the superposition of a number of cases of such flow (see e.g. 4.3.). 

4.2. CYLINDRICAL EQUlPOTENTLAL PLANES 

The radial flow of water towards a linear sink or a cylindrical well of inlinite depth, 
situated in a porous medium of infinite extent and of homogeneous isotropic per- 
meability can be described by 
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where q is the amount of water that flows across a cyhder of radius r and unit height, 
the axis of which coincides with the axis of the well (see fig. 4.2.-1). 
This is the Darcy equation. 

According to the continuity equation q is independent of r, so 

q = qo = constant. 

The Darcy equation now becomes 

After integration 

The boundary condition again determines the value of C. 

4.3. CONFOCAL ELLIPSOIDS AS EQUIPOTENTLAL PLANES 

The problem of the flow of water towards a cylindrical well of limited depth in'a 
porous medium of i W t e  extent can be solved by making use of the potential and 
streamline distributions of a linear sink of limited length. 

The potential dq at the point (r, z) caused by a point sink with abstraction dq 
situated at the point r = 0, z = zo (cylindrical co-ordinates) can (see fig. 4.3.-l), 
according to 4.1., be expressed by the following formula: 

By placing point sinks, having discharges totaling the yield of the well Q*, at equal 
distances between z = -L and z = L, the total potential can be determined by 

Qw substituting dq = - dzo in formula (1). 
2L 

After integration to zo between zo = -L and zo = L, it follows that 



z - L  f ~ ( L - z ) ~  + r2 
and r2 

-L - z + ~ ( L + z ) ~ +  r2 = , 

instead of (2a) is valid z + L + d ( z + ~ ) ~  + r2 

Formulas (2a], (2b) and (2c) are of course identical, but if r approaches zero, 
formula (2a) only means something when z < -L, formula (2b) only when z >L, 
while formula (2c) is only the right formula for cp if -L < z < L. 

Some characteristics of these potential and streamline distributions will now be 
worked out. 

a. The potential distribution (2) can be regarded as that of a linear sink, with z 
Qw between -L and +L and an abstraction of water - per unit of length. This 
2L 

appears from the derivation given and also from the following fact. 
The radial component of the Darcy velocity is, according to (2), 

The discharge dq (zo) across the area of a part of a cylinder of radius r around 
the z-axis and between z = zo and z = zo + dzo is 

When r approaches zero, 
d ( ~  + z,)~ + r2 approaches / L + zo /, 
d ( ~  - z,)~ + r2 approaches / L - zo 1, so 

L + zo L - zo 
dq (2,) approaches - 

/L+zo/ + -1. 
That means dq (2,) approaches 0 when zo > L, 

Qw it approaches - dz, when -L < zo < L, 
2L 

and it approaches 0 again when z, < -L. 



Qw So - flows into the line sink per unit- of length, between z = -L and 
2L 

z = +L. 

b. The potential (2) satisfies the potential equation 

This can be proved by direct substitution and by superposition (the elementary 
potentials (1) satisfy the potential equation). 

c. The equipotential planes in the flow pattern described by (2), can be found as 
follows. 
' Supposing d(z + L)2 + r2 = RI and q(z- L)2 + r2 = R2 (see fig. 4.3.-2) 
then RI2- R22= 4 z L, and together with e.g. (2a) 

(unless RI = R, + 2L, which means r = 0 and z >L; however, in that case 
formula (2a) means nothing). Formula (2b) or (2c) gives the same result, of 
course. 

From formula (4) it follows that rp is constant on the surfaces where R, + R; 
is constant, i.e. on rotation-ellipsoids with foci at the points z = L and z = - L. 

Supposing R, + R, = 2m (m > 1) and dm2- L2 = n, the equation for this 
ellipsoid is 

(m = semi long-axis, n = semi short-axis) and the value of the potential on this 
ellipsoid is 

QW m + L  In - '=m m - L  (6) 
When m approaches L, n approaches zero, The ellipsoids become very slender 

and approach their limit, viz. the line along which the line sink is situated. 

d. The following approximation applies to the potential at a great distance from 
the well. 

Taking dr2 + z2 = R and supposing R 9 L, we have 
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and by analogy 

Using formula (4), 

In the first approximation cp is the potential of a point sink with a discharge 
Qw (in other words, the ellipsoidal equipotential surfaces more and more closely 
approach spheres). 

e. The following holds good for the potential close to the line sink. When -L < z < L 
and r is small with regard to L + z as well as to L - z (i.e. that the distance from 
the point r, z to the axis of the line sink is small with regard to the distances from 
r, z to the ends of the line sink) it follows that 

and with formula (2c) 

When r is small with regard to L and z is not too close to f L, the first term 
dominates and the potential depends but slightly on z. This is the reason why 
the potential and streamline distribution of the flow into a line sink can be used 
as an approximation of the potential and streamline distribution of the flow 





towards a cylindrical screen, of which the radius rw is small with regard to the 
height 2L and of which the potential along the screen surface is constant. 

f. The mean value of ~ ( r ,  z )  on the cylinder r = rw, -L < z < L, is 
L 

cp(rw9 2) Z 
In figure 4.3.-3 the value _.--- is plotted as a function of - (wherein 

cp  (rw) L 

0 < z < L) for? = 0.1 and = 0.01. 
L L 

The figure shows that the potential produced by the line sink on most of the 
cylinder r = rw, -L < z < L approaches the mean value reasonably closely. 
Consequently a line sink between z = -L and z = L with a discharge Qw is 
a reasonable approximation for a slender cylindrical screen of the same height 
and having the same discharge. Then the mean value of the potential produced 
by the line sink on the cylinder r = rw, -L < z < L, can be taken as an approx- 
imation of the potential at the surface of the screen. 

Using (9) a good approximation of this mean value when rw L is found to be 

- Qw 4L 
= m pn - l]. 

Remark 

When rw g L, -L < z <.L and z is not too close to jc L, formula (8)  leads to 
the following approximation: 

Taking the mean value of cp(rw, z)  for all values of z between -L and +L, formula 
(1 1 )  leads back to formula (10) which was a good approximation of the mean of the 
exact value of the potential on the cylinder r = rw, -L < z < L. This means that it 
is permissible to introduce approximations before the mean values are computed, 
in spite of the fact that approximation (1 1 )  is poor when z approaches +L or -L. 
This property will be used in 5.4.2. 
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5. CY LINDER-SYMMETRICAL FLOW 
(OR TWODIMENSIONAL RADIAL FLOW) 

5.1. WELL IN A CCNHNED HOMOGENEOUS AND ISOTROPIC AQUIFER OF CONSTANT 

THICKNESS 

In a confined aquifer of constant thickness, the flow of water to a fully penetrating 
well takes place along parallel planes. The flow is twodimensional and when des- 
cribed in plane polar co-ordinates uni-directional. 

In the immediate vicinity of a partially penetrating well, however, there is also a 
velocity component perpendicular to the above mentioned planes and the flow is 
threedimensional (compare 5.4.). Beyond a certain distance from the well, however, 
this velocity component is so small as to be negligible and again the flow can be 
considered as being twodimensional. 

In an aquifer, bounded at top and bottom by entirely impervious layers (fig. 5.1.1 .-l) 
the flow pattern around a fully penetrating well may be considered as part of the flow 
pattern described in 4.2. for a cylindrical well of infinite length. If H is the aquifer 
thickness, the equations 4.2.-(l), (2) and (3) can now be rewritten as: 

With the well in the centre of a circular island with radius R, the potential p at 
the boundary of the island is constant at p ~ .  Substitution of that boundary condition 
gives as the value of the integration constant 

The complete solution is then 
Qw R 

( P = ( P R + ~ ~ ~ ~ -  r 

(with Qw negative for ground-water abstraction). 
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The boundary condition r p ~  = 0 at R = m gives no sensible solution because it 
leads to 9 = ((It) CO. 

A circular island with a well at the centre is the exception rather then the rule. 
A fully confined aquifer is also rare; in most cases some leakage across the upper and 
lower bounding planes of the aquifer occurs. Nevertheless formula (4) can be used 
for a well in a confined aquifer with, at certain distances round about the well, 
boundaries (rivers, canals, etc., see fig. 5.1.1 .-2) where the ground-water potential is 
constant, i.e. not influenced by the ground-water abstraction. If the area within these 
boundaries is not too large, the leakage from above or from below is small compared 
with the lateral inflow of water into the aquifer and may safely be ignored. The value 
of R to be substituted in formula (4) is found by idealizing the irregular outline of the 
area by a circle which is concentric with the well. 

The drawdown is only proportional to the logarithm of R and so variations in the 
real distance from the well to the perimeter of the area under consideration have but 
little influence (compare 5.2.1.). For a large distance from the well to the centre of the 
enclosed area, however, substituting a circle concentric with the well for the real 
outline is not feasible. Chapter 6 gives the values of R to be inserted in the drawdown 
formula (4) to satisfy other situations of the well with regard to open water. 

5.1.2.1. The leakage through the covering layer is proportional to the drawdown in 
the aquifer 

Figure 5.1.2.1 .-l shows a fully penetrating well in a confined aquifer resting on an 
impervious base and overlain by a semi-pervious layer. Above the semi-pervious layer 
phreatic water with a constant level at datum line is assumed to exist. The assumption 
that the flow through the aquifer is horizontal, as stated in 5.1., is now only permissible 
when the recharge from above is small compared with the lateral flow of water. 
This is the case when 

5% l ,  
A 

in which A is the leakage factor of the water-bearing formation (see 3.14.). This con- 
dition is dealt with in greater detail in section 5.3.1. 

For radial flow the Darcy equation is 
d9 Q = 2xrHv = -2xrkH-. 
dr 



The continuity equation may be drawn up by considering the water balance of an 
elemental cylindrical shell of inner radius r and thickness dr, which is CO-axial with 
the well. 

dQ 2xr Q(r)- Q(r+dr)=2irrdr(PO-O or --- 
C - - W- dr c 

(2) 

From (1) and (2) it follows that 

Assuming r = x d k ~ c  = xA we get 

Hence 
d2q l dq -+- - - 'P  =o. 
dx2 xdx 

This is the modified Bessel equation of zero order (see Appendix), the general 
solution of which is 

'P =AI,(x) + BK,(x), (4) 

-in which A and B are integration constants to be determined from the boundary 
conditions. Using the original variable r instead of x equation (4) becomes 

'P(.) =-44 (+) + B& (c). 
The fist boundary condition is 

Since with x 4 oo, &(X) t oo and &(X) + 0, it follows that A = 0, so that 

The second boundary condition is given by the discharge of the well, Qw, which 
must equal the i d o w  Qr at r = rw, the well radius. According to (1) and (4) the rate 
of ground-water flow is equal to 

d'P Q = -2xkHr- = 
dr 

Since &'(X) = -Kl (X) (see Appendix), we can write 
- 

Q = ~ I ~ ~ H B X K ~  (+), 
giving as boundary condition 

Q- = ~ Y C ~ H B ~ K ~  ('h) - 



From this equation we get the value of the integration constant 

and the formula for the potential distribution becomes 

In practice r, is very much smaller than A. Now for small values of x (see Appendix) 

X Kl(X) 1, 

with an error of less than 1% when x < 0.02. With a very close approximation, 
therefore, formula (6) can be simplified to 

making the potential distribution independent of the well radius. 
For small values of X, the infinite series 

may be approximated by 

The error introduced by this approximation is less than 5 %  when x<0.33, less 
than 1 % when x<0.18 and less than l%, when x<0.06. In the vicinity of the well 
r 4 A. So the above approximation may be substituted in 0. This gives us the 
formula for the potential distribution in the vicinity of the well, 

from which the potential at the well face, r = rw, can be derived: 
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The rate of flow can be calculated from equation (v, and is 

Equation (9) is graphically represented in figure 5.1.2.1.-2. It shows that the ratio 
Q r - drops rapidly with increasing values of - The leakage factor A may be considered 
Qw A' Q 
as a true measure of the well's sphere of influence. With r =4A for instance, -=0.050, 

Qw 
meaning that only 5 % ot the well's discharge originates from infiltration outside an 
area with radius r = 4h. 

A description of the application of the formulas given above for the determination 
of the formation constants (transmissibility kH, leakage factor A, hydraulic 
resistance c )  by the analysis of pumping tests will be given in chapter 7. 

5.1.2.2. The leakage through the covering layer isproportional to the drawdown in the 
aquifer, the drawdown being zero at a certain distance from the well (well in 
the centre of an island) 

The conditions mentioned in the heading are shown in figure 5.1.2.2.-1. The equat- 
ions of Darcy and of continuity are the same as those given in 5.1.2.1. Formula (4) in 
that section is again the general solution here: 

in which A and B are integration constants to be determined from the boundary 
conditions. The first boundary condition now is 

r =R, crp =0 ,  
from which it follows that 

which, substituted in (l), gives 



The second boundary condition is again found to be 

r = rw, Q = Qw. 
Since 

d9 Q = -2xr k H -  
d9 

dr 
and - follows from (2), it is seen that 

dr 

Since, according to the Appendix, 

K,'(x) = -Kl(x) and I,'(x) = I&), we get 

The boundary condition, therefore, becomes 

As r, -g A and as for small values of X, xKl (X) - l, xIl (X) - x2 + . . . - 0, the 
value of the integration constant B may with close approximation be written as 

Qw B = -  
2nkH' 

Introducing this into (2) gives us 

Here again the potential distribution is independent of the well radius rw if it is small 
compared with A. 

Introducing the integration constant B into equation (3) gives us 



For 1 
Kl(x) &(X) + &(X) IXx) = -(Io(x) &'(X) - &'(X) % ( ~ ) 1 = ~  

With the help of this formula it is possible to determine which part of the well dis- 
charge originates from seepage from above and which part flows in horizontally 
across the outer boundary of the area under consideration. The latter part is of little 

R 
importance when R 9 A (for instance h = 4.65, h(4.65) = 20, QR is only 5 % of 

the well discharge Qw), while for R + A nearly all the water flows in laterally across 

the outeiboundary of the area (for instance& = 0.44, Io(0.44) = 1.05, QR = 0.95 Qw). 
A 

Under these extreme conditions formula (4) for the potential decrease may be simpli- 
fied still more as follows: 

For R + A, the second term in (4) is small relative to the first (compare the series 
representation of I,(x) and &(X) for large values of x in the Appendix), except when 
r is nearly R, but then both terms are small. Formula (4) then approaches formula 
5.1.2.1 4 7 )  for a well in a semi-conked aquifer of idnite extent. 

For R $ A, all Bessel functions in (4) may be written as the series 

After substitution we get 

If the first-order terms, too, are ignored we get formula 5.1.1.44) for a well in a fully 
confined aquifer. Measured in terms of the leakage factor, the outer boundary of the 
area is now situated so close to the well, that the leakage is negligible compared with 
the inflow across the outer boundary. Here, with close approximation the semi- 
pervious covering layer may be considered impermeable. 

5.1.3. WELL IN AN AQUIFER BETW'EEN TWO SEMI-PERVIOUS LAYERS 

As is shown in figure 5.1.3.-1 the well is set in an aquifer bounded at top and base by 
semi-pervious layers. Overlying the upper semi-pervious layer is another water- 
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bearing stratum, in which there is phreatic water at a constant level; below the lower 
semi-pervious layer there is ground water with a potential head that is affected by 
ground-water abstraction by the well. The recharging of the aquifer in this case does 
not only occur form the phreatic water above it, as in 5.1.2.1., but also from the 
deeper ground water below it. 

On the same assumptions as those given in 5.1.2.1. the Darcy equations are 
do1 . aquifer 1 : Q, = 2- v, = -;?*Hl z, (1 1 
d(P2 aquifer 2:  Q ,  = 2xrH, v, = -2xrk,H, - dr ' 

The equations of continuity are 

aquifer 1 : dQ, = 2nrdr (* + ( P ? )  or dQ1 = - 2nr + '5) ; (3) 

aquifer 2 : dQ2 = 2 d r  or - = (Pa - (P1  

dr 
-2nr -. 

C2 C2 

(4) 

Eliminating Q, from (1) and (3) gives 
d2<p1 k , ~ , ( % + r - )  dr2 = i - ( %  

1 
With a, = --- l , a , = -  

1 
and p, = - 

k, H, c, kaHzca klHlca - - -  
this equation simplifies to 

+ = a, (P, + P,(, - (Pd. dr2 r dr 
In the same way the elimination of Q, from (2) and (4) gives 

It is obvious to try and find solutions for equations (5) and (6) similar to those given 
in 5.1.2.1.:  PI(^) = a & (r/Al) f b & 1Yo(r/AJ 

(P 2(r) = C Ko (r/Ad + d Ko (r/%) 0 
As the function &(X) satisfies the equation 

(the modified equation of Bessel; see Appendix), the;set of functions (7) will be a 
solution of the simultaneous differential equations (5) and (6), if the coefficients are 
chosen in such a way that they satisfy the following four equations. 

a / h 2  = (a, + P3 a - Plc, (8) 
b/A22 = (a, + (33b - B 1 4  (9) 

c/h12 = -a@ + a2c, (1 0) 
d / h 2  = -a& + azd, (11) 



Jf 1 /A12  and 1/b2 (with h12 < hB2) are the two positive roots of the quadratic 
equation 

then equations (8) and (10) like equations (9) and (11) are linearly dependent. For 
this special choice of A12 and AZ2, the set of equations (8) to (11) is equivalent to 

Substitution of these values for c and d in  (7) gives 

With K, (W) = 0 these equations satisfy the boundary conditions lim. ~ ( r )  = 0 
r-+W 

and lim. cp2(r) = 0.  The boundary conditions for r + 0 demand that 
r--foo. 

for aquifer 1 : Qw = -2nklHl r - [ 21 r= rw from ( l ) ,  and 

for aquifer 2 : 0 = -2xk,H, r - [ 3 r=o from (2). 

in which -Q, is the yield of the well and rw the radius of the well. With &(X) = 

= ln 2 (that holds good for small values of X )  it is possible to satisfy these 
X 

equations by using constants a and b determined as follows: 

Substitution of these values gives the complete solution 

Qw 1 
= w1 - h, ((azh12 - 1)hz2 &(r/hd -(a2AZ2 - 1)A12 &(r/ A,)), 



in which 
2 

A1 = 2 
Az2 

9 

a1 + + B1 &q(a l  + a, + @a2 - k 1 a z  

The hydro-geological profiie is the same as that shown in figure 5.1.3.-1. The fully 
penetrating well screen, however, is now set in the lower aquifer, which is recharged 
only from above by leakage through the lower semi-pervious layer. With the point of 
abstraction placed thus, however, the Darcy and continuity equations, as given in 
5.1.3., remain unchanged. Using the same notations as were applied there, the general 
solution may again be expressed as 

This solution satisfies the boundary conditions for r -t W ,  
lim. 9,(r) = 0 and lim. cpz(r) = 0. 

r-+W r + ~  
For r -t 0, the boundary conditions are now 

for aquifer 1 : 0 = -2xk1H1 r - [ 21 r - .  , 
and 

- - 

for aquifer 2:  Q,= -2xkeHz 

Substituting the values for 9,  and c p ,  taken from the general solution, and using the 

(that holds good for small values of X), the constants a  and relation &(X) = In - 
X 

b  can be calculated as 
Qw (aeh12 - l) (azAz2 - 1) a = - b = - -  

2xkzHz a2(A,2 - hz2) 9 

or in view of (12) in 5.1.3., 

Substitution of these values gives the complete solution 
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Qw 1 cp2(r) = - 2xkzH2 A12 - h22 (-(ash$ - l)&2 &(rlhJ f (%AI2 - l)hg2 &(rlh2)), 

with 

In the phreatic surface the hydrostatic pressure is equal to the atmospheric pressure 
(3.04); therefore, the potential in the phreatic surace is equal to the height of this 
surface above the plane of reference chosen. 

In this chapter just as in 5.1. the vertical components of the velocity will be ignored. 
Consequently, there is a uniform potential distribution along any vertical in the 
aquifer. 

5.2.1. WELL IN THE CENTRE OF A CIRCULAR AREA WITH A FIXED POTENTIAL ALONG ITS 

BOUNDARY (WELL IN THE CENTRE OF A CIRCULAR ISLAND) 

A fully penetrating well is supposed to be placed in the centre of the circular island, 
postulated in figure 5.2.1.-1. Such situation practically never occurs. Nevertheless 
this set-up can be applied if at certain distances round about the well the aquifer has 
boundaries (rivers, canals etc.) where the ground-water potential remains constant 
(see 5.1.1.). 

The set-up represented in the figure and the formulas obtained below do not give an 
exact picture of the situation in the immediate vicinity of the well, because they are 
based on some simplifying suppositions. E.g. the influence of the seepage zone existing 
along the well screen above the water level, and the influence of the ground-water 
movement in the capillary zone have been ignored, The influence of the vertical 
velocity components which reach their maximum in the vicinity of the well has been 
ignored too. 

Let the potential measured with respect to the height of the ground-water table 
before pumping and at a distance r from the well be cp. Then cp = h - h~ = s (S 
negative for falling and positive for rising ground-water level). From cp = h - h= it 

dq dh 
follows that - = - 

dr dr ' 
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Let the quantity of water flowing across the cylindrical surface of radius r and 
height h (see fig. 5.2.1.-1) be Q. 

- dh - -2nr kh - (Darcy equation). 
dr 

A second condition is; 

Q = Qw (Q independent of r; equation of continuity). 

From the Darcy equation and the equation of continuity it can be deduced that 

or after integration 
-- Qw ln r = + h2 + C. 

2nk 

If the radius of the island is R, the boundary condition becomes- r = R, h = h ~ ,  
which gives 

and for h as a function of r 
-Qw R ha% - h2 = - In - 
i ~ k  r 

(Qw is negative when water is being withdrawn). Written in this form the formula is 
known as the formula of Dupuit. 

When the change in the phreatic level with respect to the original ground-water . 
level is termed s and is introduced into (1) this formula becomes 

If s is small with respect to h, i.e. the thickness of the water-bearing stratum is 
practically constant, formula (3) can be simplified to 

H being the thickness of the aquifer. 
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This formula, sometimes called the formula of Thiem, is identical with the formula 
arrived at in 5.1.1. for a well in confined ground water on a circular island. 

The admissibility of using this simpliiied formula is illustrated in figure 5.2.1.-2. 
S Qw R 

Here the dimensionless values of - and - In - are plotted against each other 
ha 2nkha2 r 

The graph shows the error introduced when the formula of Thiem is used. 

5.2.2. WELL IN THE CENTRE OF A CIRCULAR AREA WITH A FEED POTENTIAL ALONG ITS 

BOUNDARY AND REPLENISHED BY RAINFALL 

The theory of the flow of phreatic ground water into a fully penetrating well in the 
centre of a circular island as described in 5.2.1. will often have to be used for areas 
where there are also other ground-water movements, in particular those caused by 
precipitation. The flow pattern existing in such a situation is shown in figure 5.2.2.-1. 

The derivation of the formulas is based on the principle of steady ground-water 
flow implying also a constant replenishment of the ground water by precipitation, as 
shown in figure 5.2.2.-1. 

The Darcy and continuity equations become 

dQ = 2nr dr P ,  (2) 

where P is the replenishment of the ground water by precipitation (depth of water per 
unit of time). 

Integration of (2) gives 
Q = n r 2 P  + C~ (31 

When r = rw (rw being the radius of the well), Q = Q,. Hence Q, = xrZw P + C, 
or C, = Qw - nrw2 P. 

The term nrw2 P in this equation, representing as it does the precipitation on the 
top of the well itself, is very small and may be ignored. 

From (3) we obtain 
Q = nr2P + eW (4) 

(Qw is negative when water is being withdrawn). 
The differential equation of the ground-water flow now becomes 



After integration 
P - ~ 2 ,  h r  = $ h 2 +  C,, 
4 k  2xk 

C, can be deduced from the boundary conditions h = h~ for r = R, R being the 
radius of the circular area. 

Hence 
P 

C , = - - R ~ - ~ I ~ R - ~ ~ ~ ~ ,  4k 2xk (S] 

Therefore the values of h as a function of r are shown by 

This equation can also be obtained by superposition of the drawdown curve of a 
single well on the curve for the phreatic table produced by precipitation onls 

Introduction of S, indicating the deviation of the phreatic level from the ground- 
water level which occurs when P = 0 and Qw = 0, gives the following relation 
between s and r 

P Q R 
s2 + 2sha = -(R2 - r2) + - 

2 k  
In - 

z k  r 
or P 

S ( l + $ -  ;R) = - ( P - r 2 ) + e  4khhs 27c kha Inr' R 
Q 

The left subsection and the second tenn-of the right subsection cf equation (7) 
correspond with equation (3) from 5.2.1. 
When Q, = 0 equations (6) and (7) give the relation between s and r representing 

the phreatic level caused by precipitation only. 

For small values of equation (7) can be simplified into 

=-(RS - QW R 
4 k h ~  " + ~ r a ~ 7 ,  (8) 

In the case of the flow pattern sketched in figure 5.2.2.-1 it is important to differen- 
tiate between the area in which the height of the phreatic level is affected by the 
withdrawal by the well, and the area in which the ground water runs off towards the 
well. The former area, of radius R, is the circular area having a fixed potential along 
its boundary. The latter area, of radius R*, is the area from which water is withdrawn 
by the well (area of origin of the water withdrawal). 

It may be clear that the value of R* has real significance only when R* < R. 
The magnitude of R* can be deduced directly from the equation of continuity 

in which Q, is always negative. 



5.3. INFLUENCE OF THE VERTICAL VELOCITY COMPONENT OF THE ELOW TOWARDS 

FULLY PENETRATING WELLS 

Throughout 5.1, and 5.2. the influence of the vertical velocity component has been 
neglected. Consequently, the potential and the velocity of filtration can only be 
regarded as functions of the radial co-ordinate r and not of the vertical co-ordinate z. 

Clearly, this supposition can only be approximately correct. With semi-confined 
ground water there is recharging of the aquifer from the semi-pervious layers and in 
the case of phreatic water the upper boundary of the aquifer is not horizontal. 
Consequently, vertical velocity components must appear in such cases. Also for 
partially penetrating wells vertical veloci~ components must obtain in the vicinity of 
the well. 

It will be shown in this paragraph under what conditions the results of 5.1. and 5.2. 
for fully penetrating wells give good approximations. The case of partially penetrating 
wells will be discussed in 5.4. 

When the vertical velocity components are taken into account, the question arises 
whether the permeability is the same vertically and horizontally (anisotropy, see 
3.09.). Besides, there are situations in which the aquifer consists of a number of 
layers differing in permeability. 

In 5.3.1. the influence of the vertical velocity components will be investigated for 
the case of a homogeneous aquifer. There it will be supposed that the permeability 
in all horizontal directions is the same, but differing from the vertical permeability. 
This form of anisotropy is the most common. 

As a rule it is the consequence of a certain structure of the soil originating from its 
formation. During sedimentation, for instance, scaly particles have a tendency to lie 
flat. Consequently the vertical will be smaller than the permeability in a 

' 

horizontal direction. 
The special case of an aquifer of homogeneous isotropic permeability is included 

in the results of 5.3.1. 
In 5.3.2. the case of a horizontal stratified (i.e. a non-homogeneous) aquifer is 

discussed. 

5.3.1. HOMOGENEOUS PERMEABILITY OF THE AQUIFER (ISOTROPIC AND ANISOTROPIC 

FORMATIONS) 
- 

For a fully penetrating well in an aquifer with confmed ground water the ground- 
water movement is exactly horizontal. The results of 5.1. l ., therefore, hold good 



without approximation. This is also true for an aquifer of anisotropic permeability; 
in this situation vertical permeability plays no part. 

In the case of semi-confined ground water, vertical velocity components will occur 
in consequence of the recharging of the aquifer through the semi-pervious covering 
layer. It will be shown in 5.3.1.1, that the influence of the vertical velocity components 
can be neglected if 

H kz'H =--- ( H J '  k.c-k .~ '  
4 1. 

k, A 
Here H is the thickness of the aquifer, k the horizontal permeability, kz the vertical 

permeability and c, H' and k,' = H'lc are resp. the resistance, thickness andper- 
meability in a vertical direction of the semi-pervious covering layer. The leakage 
factor h is given by the formula 

Under the conditions mentioned above, the results of 5.1.2. also hold good if 
kz # k. 

If the conditions of (1) cannot be fulfilled, the calculation necessarily becomes more 
complicated. The calculation (not given here) is carried out just like the general 
calculation for a partially penetrating well in an aquifer with semi-coniined ground 
water (given in 5.4.3.). 

Vertical velocity components also occur in the case of phreatic water. In 5.3.1.2. it 
is shown that the results of 5.2.1, are valid in all cases in which the gradient of the 
phreatic surface is small. Moreover, the exact validity of the formula of Dupuit 

-Trk(hEb2- hw2) 
Qw = 

1x1 (R 1 rw) 
will also appear. 

This formula gives the discharge of the well Q, as a function of ha (the height of 
water level along the boundary of the circular island) and hw (the height of water level 
in the well). 

5.3.1 .l. Semi-conjined ground water 

In this paragraph the situation as in 5.1.2.1. is discussed. The other cases 
of 5.1.2., 5.1.3. and 5.1.4. can be treated in the same way. 

If the horizontal permeability is k and the vertical permeability is k,, the 
Darcy formula for cylinder-symmetrical ground-water movement gives 



The equation of continuity is 

Provided the plane z = 0 is taken to coincide with the impervious base, these 
equations are valid for 

r w < r < o o , O < z < H .  

The boundary conditions are 

z = 0 ,  r w < r < m :  vz=O, (3) 

Compare 3.13. with the boundary condition (4). 
It is possible to solve the set of equations and conditions numbered (1) to 

(6) exactly and to compare the solution arrived at with the solution given 
in 5.1.2.1. (see the calculations given in 5.4.3.). 

It is simpler, however, to examine tbe question as to what inaccuracies are 
involved when substituting the equations in 5.1.2.1. for the equations (1) to (6). 

The total flow across a cylinder of radius r and height H, which is CO-axial 
with the well is 

Qr = 2~ r/o:r (r, Z) dz. (4 
According to (1) 

da, 
- 2 n k r  $ j j r , z ) d z  = - 2 n k ~ r -  dr ' (8) ' 

in which 

(9) 

0 (r) = the average value of the potential on the cylindrical surface of radius r. 
Further it follows from (7) and (2) that 

This expression also follows directly from the equation of continuity. 



In consequence of the boundary conditions (3) and (4) we find that 
Q 2 n r  - = -- 
dr C 

H). (1 0) 

The boundary conditions of the function Q, (r) are 

r =rw, @ =%; r =m, Q, = O .  (11) 
Comparison with 5.1.2.1. shows that the above equations (8), (10) and (1 1) 

are the same as the equations 5.1.2.1 .-(l) and 4 2 )  and the boundary conditions 
mentioned in 5.1.2. l., when in the right subsection of (10) the potential p (r, H )  
at the upper boundary of the aquifer is replaced by the average potential 0 (r). 
Therefore the approximation used in 5.1.2.1. is acceptable if 

Q, ( I )  - (r,H) is small in comparison with Q, (r) or y (r, H). 

An estimation of the ditference between Q, (r) and y (; ,H) can be found as 
follows. 

Partial integration of (9) gives: 

1 
@(r) = B [ Z V ( ~ Y  z vZ dz, 

0 

with the boundary conditions 

and z = o ,  v z = o  
1 

z = H, v, =-cp(r,H). 
C 

- It is reasonable to suppose that for 

1 o < z < H ,  
always 0 < vz < - cp(r, H). 

C 

In this case, when p(r, H )  > 0 we get 

o < l ' ~ ~ d ~ < A  C dz = H2 

Hence 
@(I) - 1p(r9 H )  < H 

O < d r ,  H )  & c  ' 

The same result will be arrived at when .p (r, H )  0. 
that the approximations given in 5.1.2.1. hold good if 

cp(r3 H). 

From this 

(1 2) 

follows 

11 (with c = - A = d k ~ c  ; see 3.13. and 3.14.). 
k,' ' 



Mostly H g A; therefore the result of 5.1.2.1. always holds good (also when 
k, # k), if k, is not so much smaller than k that (13) is no longer valid. 

5.3.1.2. Phreatic ground water 

In this paragraph the situation of 5.2.1. (well in the centre of a circular island) 
is dealt with. 

Darcy's Law and the equation of continuity are again as follows 

39 3~ -k-, v,= -k,- 
1 3  

3r 3z ' 
3% - - (r, vr) + - = 0. r 3r 32 

These equations now hold good for 

r w < r <  R, O<z< hr, 

in which hr is the height of the phreatic surface above the impervious layer at 
the base of the aquifer. 

For z = 0, v, is also 0, (3) 

but when z = hr two boundary conditions are obtained (the function br on 
the other hand now is one of the unknown quantities here). The first of these 
conditions shows that in the phreatic surface the water pressure is equal to the 
atmosferic pressure. In consequence of the choice of z = 0 as the plane of 
reference (compare 3.07.), 

9 (r, hr) = hr. (4) 

The second boundary condition is a kinematic one showing that no liquid 
can pass the phreatic surface. Therefore, the velocity is tangential to the phreatic 
surface (fig. 5.3.1.2.-1). So v, cos i - vr sin i = 0. 

Because tan i = it follows that the boundary condition is 
dr 

A seepage surface at the boundaries of the area can make the boundary 
conditions more complicated. 

If along the circumference of the area (r = R, see fig. 5.3.1.2.-2) water enters 
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the aquifer, no difficulty crops up; the boundary condition here is 

(the pressure in the surface water along this boundary is the hydrostatic 
pressure). 

Along the innermost boundary, i.e. at the well face, where ground water 
leaves the aquifer, a seepage surface will as a rule exist (fig. 5.3.1.2.-3). In this 
case the height of the phreatic surface hm is greater than the height hw of the 
water level in the well. Between hm and hw the ground water flows out under 
atmospheric pressure. So the boundary conditions here are 

for 0 < z 4 hw, 
for hw f z 4 h m .  (9 

The completely formulated problem given here is very complicated, in con- 
sequence of the circumstance that the phreatic surface (a boundary of the area 
where the equations (1) and (2) apply) is unknown. Therefore an exact analytical 
solution has not yet been found. With the help of the following trick however, 
the transition to the simple method described in 5.2.1. can be devised and an 
approximation of the error involved can be arrived at. 

The total discharge across a vertical cylinder of radius r can be expressed as 

The continuity equation gives 

Q = constant = Qw (9) 

(this can also be derived from the continuity equation (2) with the boundary 
conditions (3) and (5)). 

Now consider the function 

This gives (the upper limit of the integral also depending from r ) :  

(in consequence of (4)). 
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From (8) and (9) it follows, therefore, that 

Formally this is the same equation as that which was arrived at in 5.1.1. for 
completely confined ground water. 

It appears that the values of the function @r - which in general is only a 
magnitude for calculation - along the vertical boundaries are quite simple to 
derive from the boundary conditions for cp (r,z). In consequence of (6) and (10) 
it is seen that along the outer vertical boundary of the aquifer where the ground 
water is replenished, 

1n.consequence of (7) and (10) it is seen that at the face of the well, where 
ground water leaves the aquifer, 

Equation (1 1) with boundary condition (12) gives after integration 

and from (13) it then follows 

From this it is clear that the formula of Dupuit (see 5.2.1.) giving Qw as a 
- function of h ~ ,  hw, R and rw is correct and independent of the iduence of the 

vertical velocity components (or of a different value of k,). 
To find the relation between cP, and the height of the phreatic surface hr a 

partial integration will be carried out in (10). 

z=hr 

@r = [ZT(r9 Z)IZ=, -[ Z: (r, Z) dz -+ hr2 = 



From this it follows that if the vertical velocity components can be neglected 
0, = *hr2, SO that (14) turns into formula (1) of 5.2.1. To estimate the error in 
this calculation it will be supposed, just like in 5.3.1.1., that v, (r,z) lies between 
v, (r, 0) = 0 and v, (r, hr) for any value of r. 

The latter value of v, can be determined from the boundary conditions (4) 
and (5). Differentiation to r of equation (4) which holds good for all values of r 
between r, and R, results (in combination with Darcy's Law) in . 

1 1 dhr - dhr -E vr (r, h) - - vz (r, h) - - - 
kz dr dr ' 

Together with (5) it follows that 

So v, (r, hr) is always negative. 
' ~ n  consequence of the supposition that v, (r, hr) < vZ(r,z) < 0 it follows that 

Therefore 

or after a small transformation, 

This formula shows that if 4 hr2 is substituted for ar - which implies that the exact 
but physically meaningless formula (14) is turned into the approximate formula (1) 
from 5.2.1. - the percentual error will be small if 



If k, is not much smaller than k, this condition (17) indicates, that the gradient of 
dh 

the phreatic surface - = tan i must be small. In the direct vicinity of the well 
dr 

this condition will certainly not be fulfilled; it can be proved that wherever there is a 
dh seepage zone, - - CO on the periphery of the well. 
dr 

Nevertheless the following example will show that a short distance from the 
seepage zone the approximation will already be applicable. 

Consider for example the situation in which 
R =  loom, h a = 5 m ,  rw =0,5mandhw=Om. 

From (14a) and (14b) it follows that 

dh 
From h -2/m the values of h and - can now be arrived at by approximation. 

dr 

The following values are obtained: 

The fourth member of (16) is now calculated for two cases, viz., klk, =r 1 - 
and k/k, = 10. . 

The following values are obtained: 

for r = l m 0.83 (0.64) 8.30 (3.19) 
- 3 m 0.036 0.36 (0.32) 
= 10m 0.0020 0.020 
= 30m 0.00016 0.0016 
= loom 0.00001 0.0001 

The value of the third member of (16) has been added in parentheses if it differs 
significantly from the value of the fourth member. The error proves to be less 



than 5% in the case of k/kz = 1 for r > 2.5 m. and in the case of k/kz = 10 
for r > 6.5 m. 

The total discharge of the well in this case is found to be Qw = - 14.8 m3/day, 
which is independent of the value of kz and of the approximation h - 1/= 

Remark 1 

For k, -t 0 the ground-water flow is exactly horizontal and the height ~f the 
phreatic surface is equal to ha everywhere (if hw < ha). Then there is a seepage 
zone on the well face between z = ha and z = hw. In this case the function Br 
has of course nothing to do with the height of the phreatic surface, but formula 
(14) for the total yield of the well still holds good. 

Remark 2 

The situation described in 5.2.2. (well in phreatic water in the centre of a 
circular island with precipitation and a constant potential along the boundary) 
can be dealt with in the same way. Here it will be discovered that the formula 

remains strictly applicable, whilst formula 5.2.2.-(6), 

Qw P- h2 = h2a + - In (Rlr) $. - (R2 - r2), 
xk 2k 

constitutes a good approximation if 

P 4 k, and 

(the first condition will nearly always be fidfilled, because P is of the order of 
0.001 mlday). 

5.3.2 HORIZONTAL STRATIFICATION OF THE AQUIFER 

An aquifer often has a more or less pronounced horizontal stratification; layers 
of coarse or k e  sand alternate with less permeable strata of learn and clay. In the 
following paragraphs the influence of such stratification is considered in some simple 



cases. For the sake of simplicity it is assumed that the stratification is quite horizontal, 
so that the horizontal and the vertical permeability (k and k, respectively) only depend 
on the ordinate z. This dependence may be discontinuous (clearly distinct layers) 
or continuous. In the latter case Darcy's Law reads 

Towards a fully penetrating well in a confined aquifer the flow will be quite hori- 
zontal. So the potential at a certain point only depends on the distance r between that 
point and the axis of the well. The total flow Q through a cylindrical surface of radius 
r can be found from (1) to be 

where is the mean horizontal permeability : 
H 

- k = -p@) 1 dz. 
H 

0 

Formula (2) is the same as the corresponding formula for isotropic permeability 
(see 5.1. l.), provided E is substituted for k. 

From this it becomes clear that the characteristic constant for a confined aquifer is 
H 

U theaquifer consists of n layers of thickness HI (with .g Hi = H), the permeability 
r=l 

of each layer being constant, it will be found that 

The term EH, which stands for the transmissibility of the aquifer is equal to the 
sum of the transmissibilities of the respective layers. In a more general case (formula 
4a) the sum is replaced by the integral. 

In treating the case of a fully penetrating well in a leaky artesian aquifer the method 
described in 5.3.1. can be used. 



For the mean potential Q, (r) (see formula (9) in 5.3.1.) the function 

may be introduced. 

Then 

(see formulas (8) and (10) in 5.3.1.1.). 
Substituting Q, (r) for cp (r, H) gives the equations in 5.1.2.1. with EH appearing 

instead of kH. So here again transmissibility is one of the formation constants 
of the aquifer. 

cp (r, H) may be replaced by Q, (r), under a condition resulting from the same 
considerations as those given in 5.3.1.1. 

It transpires that the formulas of 5.1.2.1. may be used - with EH instead of kH - 
provided 

4 (T)' 4 1, where A -'d~ HC = leakage factor of the aquifer, 
kz q l  

km= = maximum value of k (z), 
km = minimum value of kz(z) 

This condition is a generalisation of condition (13) in 5.3.1 .l. It is evident that the 
maximum value of k and the minumum value of k, are important; a layer with an 
extremely large value of k acts as a ,,short-circuit" ; nearly all the water reaching such 
a layer will flow through it towards the well and the lower layers will hardly get any 
at all. Similarly the layers underlying a stratum of low kz - value will play practically 
no part in the transport of water. In these cases the approximation given in 5.3.1.1. 
c a ~ o t  be expected to be a good one. If in the latter case, the value of k, is so small 
that the layer can be looked upon as semi-permeable, the methods given in 5.1.3. 
may be used. 

The mathematical treatment of partially penetrating wells and of phreatic ground 
water in stratified aquifers is fraught with diiEculties. Generally speaking, a rather 
good approximation may be obtained by putting XH in the formulas instead of kH. 



If, however, the k-value of certain layers is very great or that of k, very small, one 
should proceed very cautiously. An extreme case of the latter type is dealt with in 
5.1.3. All the same it will be noticed that the semi-permeable layers of clay and loam 
often do not occur uninterruptedly over large areas, but consist of banks. Then the 
mean value of vertical permeability over a large area will not be too small. Provided 
no very extensive clay bank underlies the well, the flow pattern will not deviate from 
the case of homogeneous permeability as much as it might be expected from above. 

In the cases, dealt with in the foregoing paragraphs of chapter 5, it was always 
assumed that the well penetrated the aquifer throughout its thickness H (fully 
penetrating well). Such an assumption will often not be justified especially considering 
wells for water-supply purposes. The sandbeds from which the water is drawn should 
be very thick and have a good permeability. Its thickness will make it difficult for the 
aquifer to be penetrated completely. The drawdown necessary to get a certain rate of 
discharge from a long well may be smaller than that which must be applied to a 
shorter well, yet the saving on expenditure on energy which can be obtained often 
does not balance the higher costs of a deeper well. Somewhere an economic optimum 
may be found; as a rule it can be found by not penetrating the aquifer completely. 

In highly permeable (coarse) sandbeds a higher velocity of flow into the well will 
be permissible, so deep penetration of the aquifer will not be necessary, a condition 
conductive to the avoidance of clogging. 

In 4.3. it has been shown that a slender cylindrical well can be replaced reasonably 
well by a line sink of the same length and yield, provided that half the length of the 
well is more than ten times its radius. This condition will always be fumed in practice. 
The diameter of drilled, gravel-packed wells will be a few decimeters; the length will be 

- several meters at least. 
In the following paragraphs methods will be discussed whereby the effect of partial 

penetration of the well can be calculated. The method given in 5.4.1. is suitable for 
determining the above-mentioned effect at some distance from the well. In this 
connection, it is of special importance that as a rule the influence of partial pene- 
tration appears to be negligible at distances from the well of more than twice the 
thickness of the aquifer. 

When formation constants have to be deduced from drawdowns produced by a 
partially penetrating well, difficulties in interpretation can often be avoided by taking 
the level readings at such distances from the well that the effect of the partial pene- 
tration can be neglected. In aquifers of high transmissibility, however, it will be 



difficult to produce at large distances from the well potential drops large enough to be 
measured with sufficient accuracy. In that case the use of drawdowns measured at 
shorter distances cannot be avoided. Then it is necessary to know the ratio of the 
potential drop measured in the field of the partially penetrating well, to the potential 
drop which would have been caused if the well had been a fully penetrating one. 

Paragraph 5.4.2. deals especially with the potential drop on the well screen, making 
use of the formulas from 4.3. The difference between the potential on a partially 
penetrating well screen and the potential on a fully penetrating well screen, having 
the same radius is found to be 

- 
{ ln - F(6, c) %V partially - fully = - - 2 x k H  6 

(for the meaning of the symbols 6 and E, see fig. 5.4.2.-2). The function F ( 6, E )  has 
been tabulated (see page 82). 

It may be useful to point out that in practice one should not expect to achieve 
accurate results when calci~lating the potential on the well screen. As is the case with 
a fully penetrating well, the determination of rw is dficult. Then again, it becomes 
necessary to determine not only kH but H, too. It often proves difficult to determine 
the thickness, especially in an aquifer of great thickness and irregular stratification. 
It is, therefore, reasonable to give simplified formulas, though they give less accurate 
results. From these formulas 

<pw - fmy turns out to be equal to 
Qw 1 - s l n r d .  -- - 

2xkH 6 rw 

a has been tabulated as a function of 6 and E (see page 93). 
In 5.4.3. it will be shown that as a rule the effect of partial penetration of a well in 

general does not depend on whether the aquifer is replenished from overlying or 
underlying layers or not at all. 

Homogeneous anisotropy of the aquifer generally has a limited effect, too, in 
connection with partial penetration, as is demonstrated in 5.4.4. 

5.4.1. PARTIALLY PENETRATING LINE SMK IN A CONFINED AQUIFER 

A codked aquifer of thickness H is assumed to be bounded by a cylindrical surface 
(radius R) where potential 9 = 0. 

In the vertical axis there is a line sink, having a total yield of QW. The lower and 
upper ends of the sink are assumed to be at distances a and b respectively from the 
lower boundary of the aquifer, where the vertical co-ordinate z = 0 (see fig. 5.4.1.-1). 



The potential p (r, z) - in cylindrical co-ordinates - will have to satisfy the partial 
differential equation 

with boundary conditions 

forz = 0 

for z = H 

forr = R  p =O, 

and for r + 0 (compare formula 4.3.-(3)) 

( 0  for 0 < z < a ,  

\ o for b < z  < H ,  

L being equal to b - a, the length of the sink (or in practice the well screen). 

By separating variables, functions p (r, z) can be found, which have the form 

and satisfy differential equation (1) and boundary conditions (2), (3) and (4). 
Substituting (6) in (1) and dividing by Fx G gives us the equation 

The left-hand part of this equation does not depend on z, neither does the right- 
hand part depend on r, so both parts have to equal a constant, expressed as 

- . Respectively F and G will have to satisfy differential equations 
H2 

d2F 1 dF pz - + - - - - F = O  
dr2 r dr H2 

and 
d2G p2 -+-G=O. 
dz2 H2 

If p = 0, the general solution of (7) is F (r) = A, In r + A,, and of (8) it is 
G (z) = B,z + B,, to which formulas the function cp,(r, z) = F(r) G(z) belongs. 
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This function only satisfies the boundary conditions, if A* = -Al In R and 
B, = 0. 

R 
Hence qo(r, z) = CO ln I , C, being a constant. 

Ifp + 0, the general solution of (7) will be F(r) = A, R, (G) + A2 I0 (5) , 

R, and I. being the modified Bessel functions of zero eider (see Appendix) ; 
PZ PZ and the general solution of (8) will be G(z) = B, sin - + B, cos - The H H ' 

function q(r, z) belonging to this solution only satisfies the boundary conditions 
if 
and B, = 0, -pB, sin p = 0 

This indicates that B, = B, = 0 and therefore q(r, z) = 0, unless sin p = 0 
o rp  =x, 2x, 3x..  . . etc. Only ifp =nx, n = 1, 2, 3 . .  . etc. can solutions of 
the above-mentioned form be arrived at. These solutions are 

qg) nxz 

IoK) cos, , Ior$) 

C, being an arbitrary constant. 
It may now be assumed that the potential q(r, z) can be expressed by 

If the series converges satisfactorily, this function will satisfy differential 
equations (l) and boundary conditions (2), (3) and (4). It can be proved that the 
constants C,, C,, CS . . . . etc. can be chosen in such a way that boundary colldi- 
tion (5) will be satisfied as well. 

From (9) it follows that 



As X ~ x & ' ( x ) = - l i m x K , ( x ) = = - l ,  , 

and 
x--tO 

lim X &'(X) = lim X &(X) = 0 
x--fO X* 

it follows that 

If (5) and (10) are compared it will be seen that the constants CO, C,, C p .  . . . 
etc. for 0 ,< z ,< H must satisfy the equation 

00 nxz 
CO f n Z l  Cn COS - H = f (z) 

in which f (z) is a discontinuous function defined as 

The theory of Fourier series shows that in fact these quations can be satiesfied 
if 

H 
2 7 1 ~ ~  Qw 1 ~ T Z  

CO f(z) cosFdz =- cos-&=- L! W nxb 
xkLH H nx2kL (sin H 

- 
0 a 

n = l , 2 , 3  .... etc. 

By substituting these values of C in (9) we get 

. COS 



If a = 0, b = H (i.e. L = H) (11) becomes the formula for a fully penetrating well 
according to 5.1.1 ., having a capacity of Qw : 

So the difference between the potential of a partially penetrating well and of a 
fully penetrating well can be expressed as 

The function K, decreases rapidly as the argument increases (&(X) = 0,0296, 
KO (Zx) = 0.00092). So the second term between {) is of little signiscance if R is 
large compared to H. If R > 2 H a good approximation is 

2H nxb nxa - ~ ~ ( s i n F - s i n - ) c o s ~ G ~ ~ ) .  - 'Pfu1& =2m' ,, H 

As was mentioned in 5.4. in certain circumstances it may be useful to know the ratio 

If R > 2H then 

-- %art - l +  nxb 
'Pray R n=l n XL In - H 

r 

So far in this chapter it has been assumed that the well was located at the centre 
of a cylindrical aquifer with radius R. However, the'right-hand part of formula (12) 
does not depend on R and practically equals 0 if r > 2H. Therefore it seems obvious 
(and it can be conclusively proved) that formula (12) is a good approximation for the 
difference (P*,* - yfdly of a linear well at the middle of an aquifer of arbitrary shape 
and having arbitrary boundaries, provided that the shortest distance between the 
wei and any part of the boundary is greater than 2H. 

In 4.3. it has been shown that the potential of a partially penetrating linear well will 
closely approximate the potential of a slender cylindrical partially penetrating well. 
Therefore the formulas given above will also apply to such a well. 



T o  r e c a p i t u l a t e :  

If the shortest distance from the axis of a slender cylindrical partially penetrating 
well to any point of the boundary of an aquifer is greater than twice the thickness of 
the aquifer, the difference between the potential of this well and the potential of a 
filly penetrating well having the same capacity can be expressed as in formula (12). 
At distances from the well greater than twice the thickness of the aquifer the above- 
mentioned difference is practically zero. 

5.4.2 THE ADDITIONAL DRAWDOWN M A WELL CAUSED BY PARTIAL PENETRATION 

The formula given in 5.4.1. for the digerence between the respective potentials of a 
partially penetrating line sink and a fully penetrating line sink which have equal total 
discharge and the same potential at a great distance, is not fit for computations in the 
immediate neighbourhood of the axis. In the following pages, therefore, an alter- 
native expression for this digerence will be determined by means of the method of 
images. 

An approximation will be derived from this expression giving the difference between 
the potential on the face of a partially penetrating well and the potential on the face 
of a fully penetrating well with the same radius and discharge. Since the potential of a 
fully penetrating well in completely coniined ground water does not depend on 
the radius of the well, we may consider a line s . a  between z = 0, and z = H instead 
of a fully penetrating well. 

According to 4.3., in an infinitely large aquifer we see that, for the potential of a 
line sink with discharge Qw along the line r = 0 between z = 2, and z = 2, (zl < z$ 

Qw 'p = - f (r, z ; z,, 2,) in which 
4xk 

(compare formulas (24, (2b) and (2c) in 4.3.). These formulas are equivalent, but 
for small r (24 is the most useN one for z > z3; (2b) for z < z1 and (24 for 2, < z< 2,. 



The difference between the respective potentials of a partially penetrating line sink 
between z = a and z = b (0 a < b H) and a fully penetrating line sink between 
z = 0 and z = H, each with discharge Qw in a layer of completely confined ground 
water between z = 0 and z = H, may be found in the following manner 

(compare formulas (2a), (2b), and (2c) in 4.3.). 

If the boundary conditions v, = 0 or 3 = 0 for z = 0 and z = H are ignored, 
az 

the term 

expresses the afore-mentioned difference, since it satisfies the differential equation as 
well as the conditions that between z = a and z = b there should be a line sink with 
total discharge Qw and between z = 0 and z = H a line sink with a total discharge 
of -Q,. 

Now if a well lying between Z = -a and z = -b and having a discharge of Qw 
is added to a well lying between z = 0 and z = -H having a discharge of -Qw, it 
follows from considerations of symmetry that no water flows accross the plane z = 0 
(see fig. 5.4.2.-1) 

In other words, the expression 

satisfies both the potential equation and the boundary conditions for z = 0. To 
satisfy the boundary condition for z = H the images with respect to the plane z = H 
of the line sinks mentioned so far must be added. That is, line sinks with discharge 
+Qw must be added between z = 2H-b and z = 2H-a and between z = 2H+a 
and z = 2H+b, and line sinks with discharge -Qw between z = H and z = 2H . 
and between z = 2H and z = 3H. 

Then, however, the boundary condition in which z = 0 is no longer satisfied. In 
order to fulfil1 this boundary condition the images with respect to the plane z = 0 of 
the previously added line sinks must be added, too. 

Next the images with respect to the plane z = H of these last few line sinks have 
also to be added, etc. In this manner me obtain an infinite series of line sinks which is 
symmetrical with respect to both the planes z = 0 and z = H, so that the difference 
in potential desired, which fulfills both boundary conditions, may be expressed as 
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The more or less intuitive reasoning followed above can be made mathematically 
exact by proving that the series (2) converges uniformly within the range r > 0, 
0 < z <H. This follows from the fact that for large values of In I we have 
]an I <  C In 1" where an stands for the general term of equation (2), and C is a 
constant independent of r and z. 

It can then be seen that the sum of the series 
l". satisfies the potential equation, 
2". f u l a  the boundary conditions for z = 0 and z = H, 
3". approaches zero for r -+ oo (the terms of the series then all tend to zero) 
4". consists of only two line sinks in the range 0 < z  <H, viz. the line sink with 

discharge Qw between z = a and z = b and the line sink with discharge -Qw 
between z = 0 and z = H. 

It follows from the circumstance that both expressions satisfy the same differential 
equation and the same boundary conditions that (2) respresents the same function 
as (12) in 5.4.1. It can also be shown that said equation and boundary conditions can 
be satisfied by one function only. 

As an alternative we can expand the right-hand side of (2), which is a periodical 
function of z with period 2H, in a Fourier series. The result of this procedure is the 
right-hand side of 5.4.1.412). 

00 N 
In order to evaluate the right-hand side of (2) we replace C by lim C . 

n=-oo N+OO n=-N 

Since the sink between z = 0 and z = H and its several images adjoin, we may replace 
their sum by the potential of a single line sink between z = -(2N + l)H and 
z = (2N + l)H with discharge -2(2N + 1)QW. 

In other words 

- 2 2 4H 1 - ( 2 ~ +  I ) H - Z + ~ ( ( ~ N +  l ) ~ - z ) ~ + r ~  
--hN+-In-+-In 

H H r H  4NH + 



The last two terms of (3) approach zero as N + m, so that equation (2) becomes 

4H 'W lm [ \ ; N ( f ( r , z ; a + 2 n H y b + 2 n H ) +  In-+- 'part - 'fay = - 2 x  r 4xk N j w  n=-N 

+ f ( r , z ; - b + 2 n H , - a + 2 n H ) ] - -  ln N] 
H 

(4) 

If r is small with respect to H simplifications may be introduced. It follows from 
(la) and (Ib) that a fair approximation is 

1 z - z1 
f(r, z ;  zl,z,) =- In- forz >z,andr < z - z,, 

z,-z1 z-z, 
1 z, - z 

f(r, z; zl, z,) = - In - forz<zlandr  z,-z. 
z, - z1 z1 - z 

Substituting these approximations in (4), except in the terms derived from the line 
sink and from the k s t  images in the upward and downward directions, we get (if 
L = b -a, the height of the partially penetrating well) 

1 N z + b + 2 n H  
+ ~ n = l  In z + a + 2 n ~ '  (5) 

Having introduced these simplifications, the limits in (4) can be expressed in what 
is known as the Gamma-function (a table of values to be found in JAHNKE-EMBDE- 
LOSCH 1) and other publications). For u > - 1 it is seen that 

N - t w  

From this it follows that e.g. 

lim (A S ln 
b + 2 n H - z  -- l h.) = 

N 4 w  L n = l  a + 2nH- z 2H 
b - z  

1 

l) JAHNKE - EMBDE - L o m ,  Tables of higher functions, B. G. Teubner, Stuttgart, 1960. 



Treating the other terms of (5) in a similar manner, the following approximation 
applicable to r < H is found : 

b - z  

-- Qw In 
4rkL 

Remark 

For a = 0 and b  = H the right-hand side of (6) becomes 

which may by means of the formula I' (1 + U) = ur(u) be reduced to 

For r & H this equals zero (for 0 < z H) in the approximation used here. 

Now consider the vaiues of 'ppart - 'pfully on the cylinder r = rw, a < z  < b, in 
which rw < L (for instance rw < 0.05L). The second term in (6) is the potential of a 
line sink between z = a and z = b  in an infinite aquifer. This term becomes large if 
r 4 L, and it is then largely independent of z (see 4.3.). The next term remains limited 
for small r, unless a = 0 and z is close to 0. In that case, however, this term may be 
combined with the preceding one to form the potential of a single line sink between 
z = -b and z = b. This potential is regular near z = 0. 
For the fourth term of (6) the situation is analogous. The last term of (6) does not 
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depend on r and is certainly limited if a < z < b. It then turns out that the function 
given by (6) is reasonably constant on the circumference of a slender cylinder between 
z = a and z = b, as it is in the case dealt with in 4.3. 

The average value between z = a and z = b of the right-hand side of (6) with 
r = rw may therefore be regarded as a reasonable approximation of the difference 
between the potentids on the respective boundaries of a cylindrical partially pene- 
trating well and a cylindrical fully penetrating well (cp, p , f i - ~  fully) with the same 
discharge Qw, the same radius rw and the same potential distribution at a great distance. 

This average value will now be computed. Since rw g L the second term of (6) may 
be repIaced by 

Qw 4(z - a) (b - Z) 
4xkL rw2 

3 

when taking averages as was shown towards the end of 4.3. 

On the same grounds the third term of (6) may be replaced by 

Next, using the formula r(u + 1) = u r(u) the second and third terms of (6) may 
be combined with the fourth term, giving 

The following quantities are now introduced (see fig. 5.4.2.-2) 

a = -  L the relative length of the screen 
H '  
a + b -  

E = 
2H 

I f ,  the reIative eccentricity of the screen 

(in which, of course, since 0 < a b < H: 0 < 6 4  1 and -M1 - 6) <E <&(I - 6)). 



~o;eover the quantities a = (# + E - #)H and b = (& + E + #)H and the function 

j r(,-u) m, H(x) which for - & x < 4 is defined as H(x) = H(- X) = In -- 
are introduced. o 

+ U) (8) 

Formula (7) may then be modified to give 

%part-%fully =-'- 2xkH 6 
in which 

Some values of the function H(x) are: 

Some values of F(6, E) = F(6, -E) are: 

For 6 -t 1 (fully penetrating well) F(6, e) approaches i d t y ,  but only logarithmic- 
ally, so that (l - 6) F (6, E) and hence also the right-hand side of (9) approaches zero. 
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Remark 1 

In 6.2.6. it will be shown that the potential on the boundary of a fully penetrating 
well may in many cases be expressed as 

Qw Res qw= - In - 
2xkH rw 

in which R,, (the equivalent radius) is a quantity that depends on the geo-hydrolo- 
gical properties of the area under consideration and on the location of the well. 

For a partially penetrating well it is seen that analogically 

Figure 5.4.2.-3 shows the behaviour of the term in square brackets in the above 
"pw formula, i.e. of the quantity - . 2xkH as a function of 6 if E = 0 (well in the centre 
Qw 

of the aquifer) and if E = 4 - 48 (well on the upper or lower boundary of the aquifer) 
for rw = 0.25 m 

H = 4 0 m  
&, = 200 m 

Remark 2 

It can be proved that 2H(4 - $X) f 2H(4x) = H(& - X) + H(4) - x(l - X) In 2, 
from which it may concluded that 

The meaning of this formula becomes clear if a well is considered, extending to the 
upper boundary of the aquifer (c = 4 - 46). Introducing images with respect to this 
upper boundary, a well of twice the original height is obtained as it were standing in 
the centre of an aquifer of thickness 2H and having a discharge of 2Qw. 

Therefore the loss of potential head of a well extending to the upper or lower 
boandary of the aquifer exceeds that of a well situated symmetrically in the aquifer by 

Remark 3 

The treatment given above is approximately analogous to that given by MUSKAT 1). 

By increming somewhat the discharge per unit length of the line sinks towards the 

l) The flow of homogeneous fluids through porous media, p. 263-276. Physics 2,1932 p. 329. 
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extremities, MUSKAT tries to enforce closer observance of the boundary condition 
that cp = constant on the cylindrical screen. This has to be done numerically. 

On the basis of several elaborated examples (in which E = Q - 48) MUSKAT 
concludes that a fair approximation may be obtained by taking the function 
F(& + - Qs) to be 

The numerical differences with respect to the values given in the above section are 
comparatively small (less than 8 %). 

Remark 4 

The difference between the treatment given in the above section and that given by 
DE GLEE 2, chiefly consists in the following points: 
l". DE GLEE takes of the function f (r, z; a, b) the value obtained on the equipotential 

ellipsoid which has the same area as the curved surface of the cylindrical screen 
of the well. 

2". The images of the line sinks are replaced by point sinks at the centre of the image, 
and the influence of these sinks on the potential head at the centre of the original 
well is computed. This procedure introduces an error of several percent for the 
first-order image; for the higher order images the discrepancy is smaller. 

The consequence of DE GLEE'S assumptions is that the cases a -+ 0 and b -t H 
have no continuous limits in his results. 

The numerical differences between the correction found by DE GLEE and that 
obtai<ed in the above section are of the order of magnitude of 10%. 

5.4.3. LINE SIMC IN SEMI-CONFINED GROUND WATER 

Consider an aquifer of semi-confined groundwater H in height, the upper boundary 
of which is a layer of low permeability (see fig. 5.4.3.4). Above this layer there is 
water at a constant potential of 92 = 0. Along a vertical line sink of discharge Q, is 
situated. Its upper and lower extremities are at distances a and b respectively from the 
lower boundary of the aquifer. Horizontally the aquifer is supposed to be infinite. 
This gives 

3 Thesis Delft 1930. 



I tan p 
A 

1 
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with the boundary conditions 

inwhichL=b-a.  
As was the case in 5.4.1. it is possible with the help of the method of separation of 

variables to find functions cp(r, z) which satisfy the equations (l), (2), (3) and (4) and 
which take the form 

cp(r, 2) = W X G(@. (6) 

The equations for F and G again turn out to be 

For p = 0 the general solution of (8) is 

However, no solution of the type under consideration exists for p = 0, because 

the boundary conditions (2) and (3) are fulfilled only if B, = 0 and B, + BlH + Bz 
kc 

= 0, 
which implies that B, = B2 = 0. 

For p # 0 the general solution of (7) and (8) is 

The boundary conditions (2), (3) and (4) are fulfilled if 



From (9) it follows that B, = 0 (which means that no solution exists), unless 

D tan D = a2. 

in which a =E = and h = m. 
The transcendental equation (10) has an infinite number of positive roots p,, p,, p,, . . . 
etc. in which 

n n < p n <  (n + &)X (see fig. 5.4.3.-2) 

For these values of p, then, we have functions of the type (6), which fulfil1 (l), (2), (3) 
and (4), viz. 

PnZ %(r, z) = cos 

The function 
W PnZ y(r, 21) = n=O B cn~(+) cos - 

H 

according to the foregoing satisfies (l), (2), (3) and (4), provided there is sufficient 
convergence of the series. An attempt may now be made to select such values for the 
constants Cn that the function also fulfills the boundary condition (5). From (11). 
it follows that 

W 
lim (-2zkr 2) = - 2zk lim B C. 

r+ r 4  n=O 

CO PnZ = 2xk 2 Cn COS - , 
n-o H (121 

so that the following relation must hold good. 

with f(z) = Qw f o r o < z < b ,  

0 f o r b < z < H .  

It can be proved that the elaboration (12) is possible. The coefficients Cn can be 
evaluated by using what is known as the orthogonality property of the functions 

fiz. COS - 
H ' 

Oforn # m ;  
a2 ) 

0 
H 

+pm2+a4 i f n = m .  



That the above formulas have this property can be proved by the fact that the numbers 
p, andp, are roots of the transcendental equation (10). 

PnZ On multiplying (13) by a factor cos - and integrating between 0 and H it is seen 
H 

that the term with n = m only contributes to the result, so that 

from which it follows that 
pmb PmQ sin - - sin - 

Qw 2H H cm=-- H 
2xkH pmL 

l + a2 

pm2 + a4 

It is then seen that the potential 
pmb Pma sin- - sin- 

Qw 2 H T  1 
~ ( r ,  z )  = - - - H 

2xkH L n=o pm a2 
+ a4 

This expression may be greatly simpliiied in the same way as it was done when 
dealing with the fully penetrating well, viz. by supposing that the leakage factor A 
of the aquifer is large as compared with its thickness; this implies that aa -4 1. 

The roots pm of the transcendental equation (10) then approach integer multiples 
of x. We have 

1 
p o = a ( l  - - , a 2 + . . . .  , ) 

m m  this it follows that 

m b  nxa 
1 

sin- - 
H 

sin-+ .... 
Q 2H c,=- - H 

2xkH x L  n(l + . . .) l +  ... 
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nxz 

so that the following approximation is obtained : 

-- 
Q~ ( K~(+) + g nT t (sin nzb 

nxa 
~ ( r ,  2) = sH H sin -) H cos ) H (14) 

The neglected higher terms are all smaller by an order or2 than the terms preserved, 
and the approximation given here is therefore essentially the same as that in the treat- 
ment of the fully penetrating well. 

From (14) the formula for the fully penetrating well can be derived by taking 
a = 0 and b = H. We may therefore also write 

This formula is exactly the same as the corresponding formula for completely confined 
ground water (formula 5.4.1 .-(12)), which is understandable also on physical grounds : 
if A 9 H, the leakage through the layer of low permeability in the region r < 2H 
constitutes only a fraction of Qw. In this case then we have almost completely confined 
ground water. Outside the region r < 2H the influence of the partial penetration 
of the well is therefore negligible. From this it follows that if h 9 H the conclusions 
and results of paragraphs 5.4.1, and 5.4.2. also apply to the case of semi-confined 
ground water. 

Remark 4 in 5.4.2. refers to the formulas developed by DE GLEE. If the screen of a 
partially penetrating well in a semi-confined aquifer is located just below the covering 
layer or just above the base of the aquifer (fig. 5.4.3.-3), DE GLEE'S formula for the 
potential on the well face can be written as 

This equation is applicable if 

L 
->lO, 1.3L<HandH<A. 
rw 

On working this out we get 

Qw XL Q 0.621 H 
'pw =- h-+-In- 2xkL 2rw 2xkH A 



The potential on the face of a fully penetrating well in a semiconfined aquifer can 
be expressed approximately as 

After some elaboration equations (1 5) and (16) give the following expression for the 
extra drawdown on the face of the well due to the partial penetration of the well. 

This can be converted into 

in which 

Some values of a are given in the following table. 

L 
Since quantity a multiplied by - (which is > 10) occurs in equation (17) as a 

rw 
logarithm, even a fair approximation of quantity a yields suffiently accurate results. 
By writing a = 1.2 - S, equation (17) becomes . A 

If the well screen is located exactly in the middle of the aquifer (see fig.5.4.3.4, 
equation (18) is converted into 

because of the symmetrical conditions obtaining in the vicinity of the well. 
This relation holds good if 

'lu. > l0 and 1.3 L < H .  
rw 



If the well screen is located eccentrically (see fig. 5.4.3.4) the extra drawdown on 
tbe well face due to partial penetration can be expressed as 

L 
in which 6 = - and cc is a function of 6 and E. H 

Some values of U are given in the table below, the figures in which have been derived 
from the table for the function I;(& E) given in 5.4.2. 

5.4.4. THE INFLUENCE OF HOMOGENEOUS ANISOTROPY OF THE AQUIFER 

If a linear well, placed in a leaky artesian aquifer is being considered, the anisotropic 
stratum is assumed to have a coefficient of horizontal permeability k and of vertical 
permeability kz. 

(A linear sink placed in a 'confined anisotropic aquifer can be similarly traited.) 
Using the same notations asin 5.4.3. the Darcy equations are found to be 

and the equation of continuity is 

From this it follows that the differential equation in q, is 



with boundary conditions 

for Z = O  v Z = o  or $ = o ,  
az 

1 for Z = H  v,=' or $ + - p = 0 ,  
C 32 kZc 

for r =oo cp = O ,  
0 f o r O < z < a ,  

for r+O 

0 f o r b < z < H ,  

New variables may be introduced, such as 

The equations given above then change into 

with boundary conditions : 



Now in the new variables the same equations appear as applied to an isotropic 
aquifer. So it may be concluded tbat all the results reached in the foregoing paragraphs 
remain applicable if expressed in these new variables. 

For instance 
- - 

nxa nxz nxr 
sin-).cos--K,(%-)) H H 

where = Jk;H =,/:h. 

In the original variables this can be expressed as 

and 

The conditions of validity of (1) and (2) are that for equation (1) 

(if kz < k this is a more stringent condition than in the case of an isotropic aquifer; 
see also discussion in 5.3.1. l .) and for equation (2) condition (3) also has to be satisfied, 
moreover 

(if kz < k this condition is less stringent than in the case of an isotropic aquifer). 
At a distance R from the well in a confined aquifer, the condition 

has to be fulfilled if the simplified formulas are to be applicable. If kr < k this con- 
dition is more stringent than the condition for an isotropic aquifer. 

If conditions (3) and (4) together and (5) and (4) together are satisfied, formula (2) 
gives the extra loss of head caused by the partial penetration of an anisotropic aquifer 
by a well. The term 
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expresses the influence of anisotropy. If k, < k the extra loss of head is greater than 
when k, = k (isotropy), because of the greater resistance to vertical flow. 

Generally the other terms of (2) are of more importance; the influence of anisotropy 
therefore is only important when k, is much smaller than k. 

Remark 

If (in an extreme case) kZ = 0 conditions (3), (4) and (5 )  cannot be satisfied. Vertical 
flow has become impossible and the aquifer has become confined, having a thickness 
equal to the length of the well. 

The maximum yield of a well is determined primarily by the largest possible draw- 
down at the well screen. For a f d y  penetrating well in confined ground water (see 
fig. 5.5.-1) the drawdown at the well screen can be expressed 

in which -Qw= the yield of the well, 
r,= the outer radius of the well screen, 
kH and R are geo-hydrological constants. 

As is evident from the formula the yield Q, in a given geo-hydrological situation can 
be increased by raising the drawdown cpw and by increasing the diameter of the well. 
The yield is proportional to cpw; however, it increases but slightly as the radius rw is 
increased (because r, is after the log. symbol). 

If the top of the (confined or semi-confined) aquifer. lies far below the piezometric 
level, the maximum yield of a well of a given diameter is not determined by the largest 
possible lowering of the potential at the well face, but by the extent to which it is 
technically feasible to abstract ground water from a great depth. In some cases of 
ground-water abstraction from consolidated rock formations drawdowns in the wells 
of scores of metres have occurred. 

It should be emphasised that cpw is the drawdown at the outer face of the well screen. 
7'he drawdown inside the well is larger in consequence of the resistance of the 

screen and as a result of the loss due to friction caused by the upward flow in the well. 
The frictional resistance is proportional to the square of the yield of the well. In 

consequence of the gradual increase in roughness of the well casing due to incrustation, 
etc,, the frictional resistance will increase in course of time. The resistance of the 
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screen is proportional to the yield of the well to some power between 1 and 2. In a well 
screen of good construction this resistance will be negligible at first. As time goes by, 
however, it may reach a high figure, due to clogging of the well screen. 

For a well in phreatic ground water (as well as for a well in confined ground water 
provided the water table in that well is drawn down below the top of the aquifer) 
the formula of Dupuit is applicable (see fig. 5.5.-2). This formula is (see 5.2.1.). 

in which h, is the height of the water table at the outer face of the well screen, Qw the 
yield of the well, rw the outer radius of the well screen and k, Hand R geo-hydrological 
constants, 

Under given geo-hydrological conditions the yield Qw can be increased again by 
increasing the drawdown and by raising the well's diameter. However, the increase in 
Qw by increasing the drawdown at the well face is much smaller for this case than for 
that of confined ground water (see fig. 5.5.-3). 

If the depth of the impervious base below the ground-water table is not too great, 
the well can be pumped quite dry. Then hw = 0 and the maximum yield is expressed 
by the formula 

It should be borne in mind (see 5.3.1.2.) that formula (2) may not be used for com- 
putation of the drawdown at the well face. This formula is based on the assumption 
that the streamlines are parallel. In the vicinity of a well in phreatic ground water, 
however, only the streamlines immediately above the impervious base of the aquifer 
are parallel. Higher up the streamlines are markedly curved. Therefore, the formula 
of Dupuit only gives correct values for the piezometric level of the ground water along 
this impervious base and (provided the resistance of the screen and the frictional 
losses in the well are not taken into account) the correct water table in the well itself. 

In the vicinity of the well the phreatic level in the aquifer is higher than the water 
level in the well itself. So there is a seepage zone on the face of the well (m in fig. 
5.5.-2). The existence of such a zone can be proved with the aid of the potential 
theory. In the absence of a seepage zone the phreatic level and the vertical outer face 
of the well screen, should meet each-other at an angle of 90°, the former being a stream- 
line and the latter an equipotential line. 

It appears, however, that without a seepage zone this condition can not be f W e d ;  
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because it is then impossible to construct a network of streamlines and equipotential 
lines which satisfies the requirements of the potential theory. 

If, however, a seepage zone is supposed to exist, the network of streamlines and 
equipotential lines satisfying the potential theory is easy to construct (see fig. 5.5.-4). 

With the help of the potential theory it can also be proved that the phreatic level 
must be tangential to the seepage face. 

It should be noted that although formula (2) does not give correct values for the 
drawdown at the well face, formula (3) gives a good approximation of the maximum 
yield of the well. 

The maximum yield of a well will be limited in practise not only by the greatest 
possible drawdown of the potential, but also by the desirability of preventing the 
well screen from clogging. Greater withdrawal from a well implies a greater velocity of 
the ground-water flow towards it and an increase in the risk of fine particles moving 
into the direction of the well screen. 

An other danger is, that if the drawdown of the potential is excessif, the chemical 
equilibrium of the ground water will be upset, and deflocculation of lime and iron 
will occur. 

The greatest velocity which can be permitted without the risk of transporting fine 
soil particles, depends on the distribution and the granular structure of the soil, the 
chemical properties of the ground water etc. A precise calculation of this velocity 
cannot be determinated accurately. GROSS worked out some figures for wells used for 
the winning of drinking water. 

The following formula can be derived from these figures, taken from actual examples 
v-= 170 d,, (5) 

in which, v- = the maximum permissable velocity according to Darcy outside the 
outer wall of the well screen in m/day and d,, the grain size in mm, which will not be ' 

attained by 40% of the soil particles. 
SICHARDT gives the following formula for temporary wells used for a temporary 

drawdown of the ground-water table 

For permanent wells for the winning of drinking water SICHARDT gives 

In both formulas (6) and (7) v- and k are expressed in m/day. 
introducing the relation given by ALLAN HAZEN (see 3.10.), k = (400a 1200) dlo2, 

we find for permanent wells 
v- = (200 a 350) dlW 



Here d, is the 10 % grain size in mm. v- is expressed in m/day . 
This formula agrees well with the formula of GROSS. 
Experience in the Netherlands, however, has taught that the maximum velocities 

arrived at when using this formula, are still to high and lead to rapid clogging. 
The maximum permissible velocity should not exceed half of the value calculated 

with tbe formulas of GROSS and SICHARDT. 

At the beginning of this chapter it was stated that for a given drawdown of the 
water table in the well, the yield can be increased slightly by increasing the well radius ; 
this applies both to confined ground water and phreatic ground water. If, however, 
the risk of clogging is taken into account in the case of confined ground water, the 
maximum permissable yield is directly proportional to the well radius. 

In the case d phreatic water the increase of the permissable yield of the well with 
increasing well radius is somewhat smaller, in consequence of the decrease of the 
saturaded thickness of the aquifer in the vicinity of the well for greater withdrawals 
(see fig. 5.5.-5). 

- 



6. NON-CYLINDER-SYMMETRICAL FLOWS 
COMPOSITE FLOW PATTERNS 

6.1. GENERAL EQUATIONS AND METHODS 

In this chapter a number of more complicated cases of flow are considered, occur- 
ring when the wellisnot in the centre of a circular area, or when there are several wells 
operating simultaneously. In such cases we generally have to replace the ordinary 
differential equations used in 5.1 ., by partial differential equations (see 6.1.1 .). 

In most cases, however, it is possible, to built up the potential field from the simple 
radially-symmetrical potential fields of 5. l., by applying the method of superposition 
(see 6.1.2.) and the method of images (see 6.1.3.). 

We do not propose to give a complete account of every possible situation. In 6.2. 
and 6.3. we only consider a number of special cases, but many other cases can be 
solved by the same methods. 

Furthermore, only fully penetrating wells in an aquifer with isotropic permeability 
are dealt with. With the help of the considerations of 5.3. and 5.4. corrections can 
easily be made for the infiuence of partial penetration (which is generally of import- 
ance only in a small area around the well) and of anisotropy or stratification of the 
aquifer by referring to 5.3. and 5.4. 

It is shown that the case of phreatic water can be expressed by equations of the 
same type as those describing the case of completely confined ground water. Con- 
sequently in 6.2. and 6.3. we therefore consider the cases of completely and semi- 
confined ground water only. 

As a rule when the flow in an aquifer is not exactly radial (as a result of the presence 
of more than one well or of boundaries other than a circular canal concentric with 
the well) two horizontal co-ordinates are needed to express the velocity field and the 
potential field. 
a. In the case of completely confined ground water between parallel conhing layers 

the flow is exactly horizontal (at least in the case of fully penetrating wells, or at 
some distance from partially penetrating wells). 

Here only the two horizontal components v, and v, of the Darcy velocity are 
of importance. 
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We then have the equation of continuity 

and Darcy's Law 

The combination of (la) and (2a) gives 

b. In the case of semi-confined ground water (between a lower horizontal imper- 
meable layer and an upper semi-impermeable layer parallel to it) we shall always 
suppose the leakage factor h = d k K c  (see 5.1.2.) to be large with respect to the 
thickness H of the aquifer. In that case the potential and the horizontal velocity 
components may (in a good approximation) be regarded as being independent of 
the vertical component z (see 5.3.1.1. ; the discussions given there can be taken 
as generalisations). 

Here the equation of continuity (la) has to be modified because of leakage 
through the semi-permeable layer. Supposing the leakage to be proportional to 
the drop in potential, having regard to the net flow through a parallelepiped with 
bottom area dx dy (fig. 6.1.1.-1) we get 

In this equation %(X, y) is the potential above the semi-permeable layer. 
Darcy's Law again is 

39 39 v x =  - k W ,  V, = -k-. 
ax JY 

Ifqo= 0, which we usually assume to be the case in the following considerations, 
the combination of (lb) and (2b) gives us 

c. In the case of phreatic water above a horizontal impermeable layer we also 
suppose that the potential and the horizontal velocity components are approxi- 
mately independent on the vertical co-ordinate. A criterion for this is that the 
gradient of the pbreatic plane must be small (see 5.3.2.). 

A consideration of an elementary parallelepiped (fig. 6.1.1 .-2) gives us the fol- 
lowing equation of continuity 



in which P means the average rainfall, and h(x, y) the height of the phreatic plane 
above the impermeable layer. From the above assumptions it folIows that we 
have for the potential 

g,(x, Y) = h(x, Y). 

Therefore Darcy's Law for this case reads 

From (Ic) and (2c) we obtain 

Apart from the right-hand member this equation is identical with (3a), if in the 
latter we replace g, by $h2. 

Instead of the equations (l), (2) and (3) in rectangular co-ordinates we can 
also use the corresponding formulas in plane polar co-ordinates r and 0. 
The velocity components will then be designated by v, and vg (fig. 6.1.1 .- 3). 
Darcy's Law becomes 

Instead of (3b) we find 

1 a2qJ 1 
'L ( r2 )  r 3r +F,-- g.9 = O  (see 3.11.). 

The other equations are analogous. 

It is also useful to consider expressions for the total discharge across a "vertical 
surface" (a cylinder with vertical rulings). 

In case of confined ground water we find for the total discharge through the vertical 
cylinder intersecting the X y plane along a curve C between the points A and B 
(fig. 6.1.1 .-4) 



In this formula v, is the component of the Darcy velocity in the direction of the 
39 normal n of the curve, and - is the partial derivative of cp in this direction. 
3n 

In case of phreatic water we have according to (2c) 

B 

Q ~ ~ = ~  hvnds=-k S': - ( r 2 ) d ~  (*> 
A A A 

In addition to the differential equations there are boundary conditions. In the 
following the vertical boundaries of the aquifer are assumed to be of the same type 
throughout their height (they are not partially penetrating wells nor partially 
penetrating ditches, etc.). 

In the case of completely confined ground water the most important boundary 
condition is one that gives the potential along a vertical boundary of the aquifer. 
Since as a rule the potential will be the same along connected parts of the boundary 
(see fig. 6.1.1.-5: top view of an aquifer with differing boundary conditions) it 
follows that cp = rp,. 

When the aquifer is bounded by a vertical impermeable wall, the boundary con- 
dition is 

Vn= 0, 

vn being the component of the Darcy velocity normal to the boundary. As a result of 
Darcy7s Law this can also be written as 

(derivative of rp in the direction n perpendicular to the wall). 
A further possibility is that the potential of the well is not given but its total &S- 

charge Q,. In such a case the potential has the same value all along the cylindrical 
face of the well (along this vertical boundary the aquifer is in contact with open 
water), but this value is not known (and as a rule it should not be given together 
with Qw). 

In the case of phreatic water analogous boundary conditions may occur. Along a 
vertical boundary at which the aquifer is in free contact with open water of head H 
we have the boundary condition 

h = H, or *h2 = *H2 
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(this also applies when we make allowance for a seepage surface, provided we bear 
in mind that the function +h'-(X, y) gives a poor approximation for the height of the 
phreatic surface in the neighbourhood of the wall (see 5.3.1.3.)). 

For an impermeable wall we have vn = 0, or because of Darcy's Law either 

Again the total discharge of a well may be given, while the height of the phreatic 
surface at the well face may be constant, but not given. 

From the preceding account it is evident that the case of phreatic water (with P = 0) 
is mathematically equivalent to that of completely confbed ground water when we 
take the term +h2 to be a "potential". This also applies to the computations of the 
discharge, provided that in this case we replace cpH (not cp) by +h2 (see (4a) and (44). 
It is for this reason that in the following account we shall mostly consider the cases 
of completely and semi-confined ground water only. 

The general equations (3), which were formulated in 6.1.1. are linear in the functions 
cp and +h2 respectively. Moreover equations (3a) and (3b) are homogeneous in cp (the 
equation does not contain a hown term); (3c) is not homogeneous, unless P = 0. 
The same thing applies to the boundary conditions, whioh are also linear and May or 
may not be homogeneous. 

Now obviously, when two functions cp, and cp2 satisfy the same homogeneous linear 
equation, the latter is also satisfied by clcpl + czcp2, in which c, and c, are arbitrary 
constants. Moreover, when cpo is a solution of a non-homogeneous equation and cp, a 
solution of the corresponding homogeneous equation, the non-homogeneous equation 
is also satisfied by cp, + c%, in which c is an arbitrary constant. 

These properties of linear equations enable fields of flow to be superposed. 
If for instance we have a non-homogeneous differential equation and several 

non-homogeneous boundary conditions, we may proceed as follows. First we solve 
the solution cp, in the non-homogeneous differential equation, supposing all boundary 
conditions to be homogeneous. Next we solve the solution cpz in the homogeneous 
differential equation, supposing one boundary condition to be non-homogeneous 
and all the others homogeneous, etc. The addition of cp,, rp2, . . . . then yields the 
desired result. 



If for instance we have a number of wells with given discharges in an aquifer, 
bounded by a wall where the potential is equal to zero, we can determine successively 
the potential fields for the cases in which all wells except one have been stopped, and 
then superpose these fields. 

If the potentials should be given instead of the discharges, we may proceed in an 
analogous manner. 

The superposition method is valuable mainly because in practise the radii of the 
wells are always small as compared with the other horizontal lengths, such as the 
distances between the wells and the distances from the boundaries of the aquifer. If 
this were not the case, the flow field of a well with discharge Q, would be influenced 
by the presence of a neighbouring well with discharge Q,, even if we take Q, = 0 
(homogeneous boundary condition), because the potential must be constant at the 
face of the second well. In such a case computation of the potential field of the first 
well is considerably complicated by the presence of the second well. 

A different situation obtains when the distance between the wells is large. Here two 
cases must be distinguished; in one the potentials at the faces of the wells are known 
(and constant), while in the other the total discharge per well is given. We shall 
co&e ourselves in what follows to aquifers bounded by vertical boundaries where 
the potential is equal to zero. The treatment may be generalized in a simple way to 
make it applicable to cases in which either the potential or the flow at the vertical 
boundary of the aquifer is a known function. However, since such a case seldom 
occurs in practice, this generalization will not be given. 

Let us consider two wells and compute the potential field of each well separately, 
assuming the other well to be absent. Now if we find that the effect of one well at the 
location of the other well is negligible in comparison with the given potential at the 
face of the latter, we may add the two fields together, the sum being a very good 
approximation to the composite field created by the two wells. 

When the aquifer contains several wells, the individual fields may be added'toge- 
ther, provided that at the location of each well the sum of the fields of the other wells 
is negligible. In some cases this latter sum may not be neglected, although the field of 
each of the wells considered separately may be negligible. 

If it tuns out that the field of the one well at the location of the other is not negli- 
gible, we can k d  the composite field of the wells by means of a mathematical trick. 

Let cplW and cptW be the respective potentials at the faces of two wells, the centres of 
which are P, and P, respectively. Let %(P) and cp2(P) be the potentials at a point P 
if only the first or the second of the wells is present respectively. We now assume that 



the potential cp(P) at P which results from the presence of both wells may be expressed 
as 

= A1 cpl(P) + A2 cp2(P). (5) 

Now consider a point P on the face of the fbst well. For this point we have 

According the assumption mentioned before, the field of the second well on the face 
the first one is constant, and we may attribute to this field the value it has in tbe 
centre of the first well. This gives 

and in an analogous manner 
(Paw = A1 cpI(P2) f A2 (P2W. 

Solving A, and A, from these two equations and substituting the values thus found 
in (5) , we get 

We can find the composite field by using this formula if the fields of the separate wells 
are known. 

Although we have assumed that cpl(P& is not negligible compared to cpzW, nor ?*(P3 
compared to cplW, the product cp1(P2) cp2(P3 will usually be negligible compared to the 
product cplW cpzW. This gives us the simplified formula 

From (6) or (6a) it is evident that the superposition method may still be applied to 
fields in which the assumptions made before still hold good, provided that the fields 
computed for each well separately are multiplied by a suitably chosen factor. 

The foregoing reasoning may be generalized obviously for the case of more than 
two wells. In such a case we must assume that along the face of each well the sum of 
the fields of the other wells is constant. Here again cases may occur in which this 
assumption is not satisfied, although it does hold for the field of each of the other 
wells separately. 

When the total discharge per well is given the superposition method may be applied 
without correction, provided that along the face of each well the sum of the fields of 
the other wells may be regarded as constant. In this case the total flow towards any 
one well will not be influenced by the potential field of the others. For completely 
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confined ground water (and thence also for phreatic water) this follows immediately 
from the law of continuity: no influx occurs at the face of the well if the well is stopped. 

For semi-confmed ground water this inflow is not exactly zero, but equal to the 
amount of water that whould seep through the part of the semi-permeable layer 
overlying the well. Of course this amount is very small. 

Example Two wells in an infinite aquifer with semi-confined 
ground water 

We assume the axes of the wells to have horizontd co-ordinates (0,-a) and 
(0, +a) and we assume the radius of the wells to be rw (fig. 6.1.2.-1). 

Let the total discharge of each of the wells be Qw and the thickness, per- 
meability and leakage factor H, k and h respectively. 

According to 5.1.2.1. (formula (7)) the potential field of the well in (0, a) in 
the absence of the other one is given by (for rw < A) 

in which 
rl = d x 2  + 0 - (3 

Also the potential field of the well in (0, -a) in the absence of the other well is 

in which 

The total potential field is found by superp~sition to be 

For this it follows that the potential along the faces of the wells can be very 
closely approximated as 

(if r, 3 a and rw 4 A, see 5.1.2.1. formula (8)), since, if the point (X, y) is 
situated for instance on the face of the well in (0, a), the distance r, from (X y), 
to the axis of the other well varies very little, and practically equals 2a (the 
distance between the axes of the wells). 
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Remark 

In formula (5) the potential cp is given as the sum of two potentials cp, and cp,, 
the first of which is given in polar co-ordinates with (0, a) as origin, and the 
second in polar co-ordinates with (0, -a) as origin. In order to verify that 
cp really satisfies the differential equation (3b) of 6.1.1., we might for instance 
replace r, and r, by the expressions (2) and (4) respectively thereby obtaining 
cp as a function of x and y only. However, this is unncessary. 

The functions 9, and cp, respectively satisfy the differential equation, as may 
be verified by writing for instance them out in polar co-ordinates with (0, a) 
and (0, -a) as origin. The sum of p, and cp, also satisfies the differential equation. 

If one or more of the boundaries of the aquifer are vertical planes, the image method 
can often be used. This method is founded on the following principles. 

Let cp (X, y) for y > 0, be a solution of the equation 

(in which A may also be i m t e ,  viz. for fully confined or phreatic ground water), and 
for y = 0 satisfy the boundary condition 

Then the function cp (X, y), hitherto only known in the half-plane y > 0, can be 
continued in the other half-plane y < 0 by defining it in that area as 

cp (X, Y) = -cp (X, -Y) (3) 
(if y is negative, -y is positive, consequently the right-hand member of (3) is known). 

According to (3) the function cp (X, y) extended in this way is what is called an 
odd-function of y (see fig. 6.1.3.-1). For that reason the function cp (X, y) in the half- 
plane y < 0 is called an odd image of the function cp (X, y) in the plane y > 0. 

According to (3) the derivates of the function (dehed in this way for y < 0) are 

~%J(x,Y) -- 32cp(x,~) --- a2cp(x, Y) - J2cp(x, -Y) 
3x2 3x2 3YZ ay2 

It follows in the first place that the function cp (X, y) satisfies the differential equation 
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39 39 (1) for y < 0 too, and that cp, - and - are continuous if y = 0 (this holds good for ax ay 
acp cp and - because they are zero). Moreover it is obvious that equation (3), which 
ax 

defines rp (X, y) for y < 0, also holds good for y > U. For if we substitute -y' for y 
in (31, we get 

9 (X, Y') = -9 (X, Y'), 
which is valid if y' > 0. 

The same thing holds good with regard to formulas (4). 
Finally, on combining (4) with Darcy's Law we get 

and 

which are valid for positive and negative values of y. So the X-component of the 
velocity changes its sign, the y-component does not. Consequently the flow patterns in 
both areas are also images of each other (since v,' = 0 if y = 0, the flow lines intersect 
the x-axis at right angles, their course showing no refraction, see fig. 6.1.3.-2). 

If the potential cp in the area y > 0 satisfies certain boundary conditions (wells, 
boundaries of the aquifer), it follows from (3) and (4) that the extended function in the 
area y < 0 will satisfy analogous boundary conditions. For instance, a circular well 
of radius rw, discharge Qw, water level cpw with its centre at xo,yo will correspond to a 
circular well of radius rw, discharge -Qw, water level -% with its centre at X,,-y,. 
Owing to the change of sign of the velocity in the image area, the discharge also 
changes its sign. The well need not be a circular one; in general the velocity com~o- , 

nent v, normal to a boundary plane changes its sign (see fig. 6.1.3.-3). - 

Let cp (X, y) be the potential of the ground water, which is zero for y = 0 and which 
for y > 0 satisfies the differential equation (1) and certain boundary conditions. By 
introducing images of these boundary conditions one can determine the potential 
distribution in the image area. The boundary condition fcr y = 0 is satisfied automa- 
tically l) and need not be taken into consideration. 

3 This always holds good, because there is only one solution to each of the boundary value problems 
arising here. Indeed, in principle, the potential that satisfies all boundary conditions in both the area 
and the image area may be obtained by extending from the original area the potential that satisfies 
the boundary condition at y = 0. However, since the potential is determined unequivocally within 
the doubled area it must be identical with the one in the half area (though it may have been obtained 
in a different way), consequently it must also satisfy the boundary condition at y = 0. 
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Example Well in  a leaky aquifer, bounded by a straight canal 
(infinite half-plane) 

Place the x-axis along the canal, the potential of the canal being zero. Place 
the axis of the well at the point (0, a). Let the radius of the well be rw, the total 
discharge of the well Q, and the formation constants kH and A. At infinity 
the potential is supposed to be zero. 

Using the image method, the potential distribution may be found by placing 
an image well of a total discharge - Qw at the point (0, -a) (see fig. 6.1.3.-4). 
By means of formula (7) in 5.1.2.1. we find (superposition method; see 6.1.2.) 
that 

For y = 0, r, equals r, therefore it is obvious that the boundary condition at 
y = 0 will be satisfied. It is evident that 

Of course the potential is not constant along the face of the wells, but as 
r, -g 2a, tbe deviation will be so small as to be negligible. 

Besides the odd images dealt with above there are even images. The latter may be 
39 used when dealing with vertical boundaries whereax = 0 (i.e. v, = 0; impermeable 

barrier). 
Placing the x-axis along this boundary, ~ ( x ,  y) becomes an even-function of y if 

~ ( x , Y )  = 9  (X,- Y) 
(see fig. 6.1.3.-5). 
Now obviously 

aT(x,~) - b(FJ(x9 -Y) 29(x,y) - 39(x,-y) and - - - 
ax ax 3Y 

39 39 - 0 if y = 0, not only 9 and - are continuous for y = 0, but also - - 
ax 

The equations (8) show that the velocities in the image area have the same sign as 
those in the real area (see fig. 6.1.3.4). The discharge of an image well also has the 
same sign as that of the corresponding real well. 
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Example Well in  a leaky aquifer, bounded by a vertical imper- 
meable barrier 

If the canal in the former example is replaced by a vertical impermeable 
barrier, the potential distribution may be found by the introduction of even 
images. Obviously, an image well of discharge Q, must be placed at the point 
(0, -a). This problem has been dealt with in the example in 6.1.2. It is quite 
clear that the potential is an even function of y and that v, = 0 if y = 0. 

Remark 1 

Of course we can also use the image method when the vertical boundary of 
the aquifer does not coincide with the x-axis (see fig. 6.1.3.-7 in which cp = 0 
along the boundary L and therefore the introduction of odd images gives us 
cp (P) = -cp (P')). The proof is the same as it was for the other cases, because 
it will always be possible to reduce such a problem to the cne dealt with by 
means of a proper co-ordinate transformation. 

Remark 2 

When we are dealing with fully confined water or with phreatic water, the 
potential along the vertical boundary of the aquifer need not be zero; the 
image method may be used also when along the boundary L the potential 
cp is a constant (= cpo), It is then known that cp' = cp - cp, also satisfies the differ- 
ential equation (1) (this is not true in a leaky aquifer) and satisfies the boundary 
condition cp' = 0 along the straight line L. 

Using the image method we then get 

'9' (P') = -cp' (P) 

Remark 3 

When we are dealing with confined or phreatic water, W? may also introduce 
images when the vertical boundary of the aquifer is a circle. An example of this 
can be found in 6.2.2.2. 

The case of a well in an aquifer that is either W t e  or has a circular boundary 
concentric with the well has been dealt yith in chapter 5. Other cases will now be 
considered. 



As a rule the image method and the superposition method will be used, the general 
principles of which are explained in 6.1.2. and 6.1.3. Once the flow pattern has been 
found, it is usually easy to check'whether the boundary conditions have been satisfied. 

6.2.1. INFINITE HALF-PLANE WITH A FEED POTENTIAL ALONG ITS BOUNDARY (now 
FROM AN INFiNITE LINE SOURCE) 

6.2.1 .l. Conjined ground water 

Let the well be situated at the point (0, a) and let the aquifer (v > 0) be bounded by a 
canal along the axis y = 0 having potential cp = 0. According to the theory under- 
lying the image method the real flow pattern is similar to the one produced by wells 
at the points (0, a) and (0, -a) having discharges of Q and -Qw respectively, 
(see fig. 6.1.3.-4). 

With the solution given in 5.1.1. we get for the potential produced by the well at 
the point (0, a), the other well being absent, 

in which r, =t/x2 + (v - a)2 and Cl is a constant that has not yet been determined. 

In an analogous manner we find that the potential caused by the well at the point 
(0, -a), the other well being absent, is expressed by 

in which r, =t/x2 + (v + a)2. 

Superposition gives the flow pattern of the two wells together, viz. 

The constant C is determined by the condition that cp = 0 if y = 0 (that is: rl = rd. 
Then we see that 

It is easy to understand that at infinity the potential Q approaches zero. 
Introducing x = R cos @ and y = R sin @ (polar co-ordinates with regard to 



the axis of the well) equation (1) becomes (for R a) 

a 
in which higher powers of - R have been neglected. The right-hand member of 

the equation approaches zero as R approaches i a t y .  

All the water discharged by the well comes from the canal. The amount of 
canal water entering the aquifer between -X, and +X, is 

40a 2 
For X > - is - arctan 

X X Xn 

Consequently, about 95 % of the water discharged by the well enters the aquifer 
40a 40a 

within the interval -- < X < - (if Q, is negative). 
X X 

The formulas for the equipotential lines are easy to fhd for the present case, for 
according to (1) we see that 

Qw 1 
CP(X,Y) =2xkHh;' 

in which 

Hence 



Equation (3) respresents a circle of radius p, with its centre at x = C, y = b, in which 

b - a 
From (4) we get a2 = - 

b + a 2  
consequently on the circle of radius p =m 

with its centre at (0, b) we have 
QW b + a  

cp(x. Y) = ZH In Ca (6) 

Summarizing, we see that the equipotential lines are circles of radii p = db2 - 1) 

having their centres at the point (0, b) in which b > a. The potentials on these circles 
are given by equation (6) 3. 

Obviously, the face of the well (the circle x2 + 0, - a)2 = r2) is not an 
equipotential line 7. Substituting r cos O for x and a + r sin- O for y (polar 
co-ordinates with regard to the axis of the well), one finds from (1) (if r is 
small relative to a) that 

Since in practice, however, the radius of the well is very small relative to a, 
the potential along the well face has an almost constant value (independent 
of O) expressed as 

l) Expressed more mathematically: the equipotential lines are a series of circles with the circles 
xa + Lt a)a = 0 as point-circles, as is immediately apparent from (2). 

3 Equation (1) shows that the potential in the centre of such a circle can be expressed as 
Qw b+a cp(0, b) =-h - 
ZnkH b--G I 

which is double the value of the potential at the circumference. 

5) Because a circular equipotential line with its centre at (0, a) would have a radius p = 0. 



Remark 1 

Placing point sinks at the points (0, f d a 2  - rw2) one finds that 

from which the potential on the circle x2 + (y - a)2 = rw2 can be found, viz. 

The face of the well in this case is an exactly equipotential plane. As rw is 
very small relative to a, the difference between (9) and (l), or between (10) and 
(8) is of no consequence whatever. 

Remark 2 

Of course, formula (7) also applies to values of r other than the radius of the 
well, consequently it gives the potential distribution in the vicinity of the well. 
When r < 0.22a, the second member is less than 5 % of the first member, so that 
formula (8) - the formula for a well in the centre of a circular island of radius 
2a and with potential cp = 0 along the boundary - may be used as a good 
approximation in this area. 

6.2.1.2. Semi-confned ground water 

This case has been dealt with in the example in 6.1.3. We find that 

in which 

r, = d x 2  + (y - a)% and r, =1/x2 + (y + a)2 . 
When a 9 A, the second term in the right-hand member of equation (1) is 

of little s i d c a n c e  for all values of y > 0, so formula (1) is practically identical 
with the formula for a well in an infinite semi-confined aquifer. 

When a g A, the formula for a confined aquifer (as a first approximation) 



will apply to the vicinity of the well (formula (1) in 6.2.1.1.). For when a A, 
both rl and r, are small relative to A in the vicinity of the well, so that we may 
use the formulas in the Appendix for both X,-hctions. We find that 

The quantity of water that flows from the boundary towards the well is 

(Qh, an afflux into the aquifer, is negative when Qw is positive). 
For we see from (1) that 

consequently 

hence 

Using the corresponding formula in the Appendix we find that 

From this result it appears once again, that if a >> A, the recharging of the aquifer 
is almost entirely a matter of vertical percolation through the covering layer; the 
existence of the boundary canal is not very important. If, however, a -4 A, most of 
the recharging water comes from the canal. 



6.2.1.3. Phreatic ground water 

If the same situation is considered as mentioned in 6.2.1.1. but with phreatic water, 
the solution may be obtained direct from that given in 6.2.1.1. By virtue of the 
statement made at the end of 6.1.1. and if the water level at the boundary is H, the 
following relation for the level h (X, y) of the phreatic surface can be found: 

If h = H + z, this equation is reduced to (see (3) in 5.2.1.) 

from which it follows that approximately 

Z = -  Qw In 2 at some distance from the well. 
2nkH rl 

The water level hw in the well can be expressed by the following formula (good 
approximation) : 

(this indicates the water level in the well, not the level of the phreatic surface at the 
well face; see 5.3.1.2.). 

6.22. CIRCULAR AREA WITH A FIXED POTENTIAL ALONG ITS BOUNDARY AND A WELL 

OUT OF CENTRE 

6.221. ConJined ground water 

Suppose the aquifer is bounded by a circular canal with radius R, a potential 
cp  = 0 and its centre coinciding with the origin of the co-ordinate axes. The 
well is located at the point with co-ordinates (C, b) (see fig. 6.2.2.1.-1). 

Since it was shown (see 6.2.1.) that the equipotentential lines of the potential 
field of two point sources with opposite discharges are circles, it is obvious to 
introduce an image point source with discharge -Qw at a point (0, b'), b' being 
an unknown distance larger than R (method of images applied to acircular area). 

The potential procuded by the action of both sources together, can now be 
expressed as 
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in which r, =4x2  + (y + b)2, r2 = d x V  f + b'f2 , a being a positive 
constant yet to be determined, ensuring that along the circle x2 + y2 = R2 
the potential not only remains constant but also equals 0. This condition 
is satisfied 

if r,2 = u2rZ2 for X = R COS 0 and y = R sin 0, 

or R2 + 2Rb sin 0 + b2 = ci2(R2 + 22Rb' sin 0 4- br2). 

As this equation must. hold good for all values of 0 between 0 and 2x, it 
follows that 

R2 + b? = $(R2 + b12), b = a2b'. 

Elimination of a2 gives 

b1 (R2 + b2) = b(R2 + bt2), or (b' - b)(R2 - bb') = 0. 

As b' > R > b, it is seen that 

Therefore the potential will be 

It can be seen that (2) will give for the potential at the well face (with a slight 
error, if rw 4 b' - b) 

Qw b b ' -b  In---= 
%=2GZF R rw 

in which a = R - b (shortest distance from the axis of the well to the boundary). 

If b < R (circular island with a well somewhat out of centre) an approximate 
solution can be found as follows. Since in this case b1 4 R, it is true for all 
points inside the circle that x2 + y2 < R2; 
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Therefore 

Here a correction is obtained to the formula in 5.1.1., for which the well was 
situated in the centre of the island. 

6.2.2.2. Semi-confined ground water 

Let the radius of the circular boundary with potential 9 = 0 be R and the 
co-ordinates of the axis of the well with regard to the centre of the area be 
(0, -b) (see fig. 6.2.2.2.-1). It is evident that the potential can be expressed as 

in which 

In this formula ql must satisfy the differential eq&tion and the boundary 
condition 

for x2 + y2 = R2. Moreover, <pl (X, y) must be continuous and limited within 
the circle as opposed to the first term in (1)). 

If polar co-ordinates r and@ with regard to the origin are used (it is advisable 
to take @ = 0 along the negative y-axis) the differential equation for cpl (r, @) is . 

and the boundary condition is 

%(R, 0) = -- 2:;H & ( ; ~ R z  + b2 - 2Rb cos 0). 

It can be shown quite easily that the following functions satisfy the differential 
equations (2) : 

Fn(r, 0 )  = + BnKn(r)) X (Cn cos n@ + D n  sin n@), 

A,, &, Cn and LIn being constants and n any number. 
The condition that Fn(r, @ + 2x) = Fn(r,@) is only .satislied if n is a whole 



*number, whereas the condition that Fn be limited for r = 0 gives Bn = 0. 
Furthermore, as cpl (r, 0 )  must of necessity be an even function of 0, it may be 
said that 

Now if b < R it follows that 

in which E,, = 1, .zn = 2 (n = 1,2, . . .). 
Equations (3), (4) and (5) give 

00 

L A,z.(;) cos nO = -- 
n -0  2xkH n=o 

so that 

'00 

n=O 
~ ( r ,  0 )  = & [&(+) - X En~n(+) 

in which rl =drZ + b2 - 2br cos 0. 
Since In (0) = 0 if n > 1, it is quite clear that for b = 0 the formula (4) in 

. , 5.1.2.2. will emerge from equation (6). 
The part Qb of the total discharge whichis derived from the canal is computed 

as follows 

Substituting r for R in (5) it is seen from (5) and (6) that for r > b 



hence 

r=R 

because 
1 

Knr(u) &(U) - Kn(u) Inl(u) = - - (see Appendix). 
U 

From (8) and (9) it follows that 

(Qb is an injection and therefore negative if Qw is taken positive). 
If b = 0, formula (10) changes into formula (6) in 5.1.2.2. 

Remark 

If b and R are both large with regard to A and if use is made of the elaborations 
in the Appendix it is seen that 

(see formula (2) in 6.2.1.2., which results from the above equation if R and b 
approach infinity while a = R - b remains unchanged). 

6.2.3. INFINITE QUADRANT 

If the well is situated in an aquifer bounded by two canals with potential cp = 0 
intersecting at right a&es, the potential function can be obtained by the use of a set 
of images. If the positive X- and y-axis are made to coincide with the canals and the 
well is designated by the co-ordinates a and b, image wells with discharge - Q, are 
situated at the points (a, b) and (a, -b) and one image well with discharge +Qw at 
the point (-a, -b) (see fig. 6.2.3.-1). From the figure it is evident that the potential 



Fig. 6.2.3.4 

Fig. 6.2.4.-l 



resulting from the simultaneous actions of all the wells will be an odd function both of 
x and of y, and so must be 0 along the co-ordinate axes. This applie to confined and 
semi-confined ground water alike. 

For instance, for confined water the potential is expressed by 

Hence the potential on the well face is 

If the boundary x = 0 is not a canal but an impermeable barrier (vx = 0) 
"even" reflection with respect to this boundary must be applied. Then an image 
well with a discharge + Qw is located at (- a, b) and an image well with a 
discharge -Qw at (-a, -b). 

6.24. HALF-INFINITE LINE SOURCE (CONFINED GROUND WATER) 

Suppose a fully penetrating canal with potential cp = 0 is situated along the 
full length of the negative x-axis, thus acting as a half-infinite line source 
(see fig. 6.2.4-1). The well is situated at the point indicated by the polar 
co-ordinates r = a, o = a ( - x  < a < x). 

In this case the potential is expressed by 

This f o d a  can be arrived at with the aid of the method of conformal ' 

mapping. On obtaining the formula it is easy to show that cp (r, O) satisfies the 
differential equation (3b*) in 6.1.1. if h2 = oo, and that cp = 0 if if = &X. 
In order to investigate the behaviour of q near the well, the following consider- 
ations should be borne in mind. If the distrance from the point (r, @) to the 
point (a, a) is called p, the cosine rule will give 

-p2, or r2 - 2ar cos (O - a) + a2 - 



So (1) can by expressed by 

Close to the well r is about equal to a and 0 is about equal to a. Ifp is small 
with regard to a it is seen that approximately 

Qw h Q. 2a. (l + cos a) 
'p=- Qw ,, Qcos(aI2). 

47rkH p2 9=2xk~ P 
The potential on the well face (p = rw) is expressed as 

Remark 

QW ,, 4a cos (a 12) * 2 x k H  rw 

If a approaches x and if a' = x - a and a' = a sin a = U sind a' (see fig. 
6.2.4.-2) it follows that 

Qw 4a' sin (ar/ 2) -- Qw h 2a' 
*=2xk~~x sinar 27rkH rw cos (ar/2) = . 

since 
a' at2 ala aI2 

cos-=I--+ ... a n d h ( 1 - -  
2 8 8 

+...) =-T +... 
ar2 

If the correction term -is also omitted the formula is~reduced to that for the 8 
flow from an infinite canal into a well. This means that if the distance between 
the well and the the canal is small in proportion to that between the well and 
the end of the canal, tlie fact that the canal is half-infhite instead of infinite is 
of little consequence. 

63.5.1. Confined ground water 

Suppose the aquifer is bounded by parallel canals along x = 0 and x = b (see fig. 
6.2.5.1.-l), the well being in the point (a, 0) (0 < a < b). 

To meet the boundary conditions for x = 0 an imaginary well discharging -Qw 
can be located at the point (-a, 0). To meet the boundary conditions for x = b not 
only the (real) well at (a, 0) has to be reflected, but also the imaginary well in (-a, 0), 
that is to say imaginary wells discharging -Qw and +Qw respectively have to be 



located at the points (B - a, 0) and (2b + a, 0). As a result of these new wells, 
however, the boundary conditions are no longer valid for X = 0. This can be met by 
placing imaginary wells discharging +Qw and -Qw respectively at (-2 + a, 0) and 
(-2b - a, 0). Now, however, the boundary conditions for X = b are not valid etc. 

In this way wells discharging +Qw are obtained at the points y = 0, X = a, 
a f B, a f 4b, .  . . . and wells discharging -Qw at the points y = 0, x = -a, 
-a f 2b, -a f 4b,. . . . 

The total potential of these wells is calculated by superposition 

It will be clear that this formula is not very practical for-carrying out calculations. 
Formula (1) can be reduced, but it is simpler to use the results, which have been derived 
for infinite well series. The total potential of a series of wells each discharging Qw at 
the points y = 0, X = 0, f b, &B, . . . . has been worked out as follows. 

2 4 y I  -- 
b 2~ X 

U) = - cos- + e 
b 

In this formula C, is an indefinite constant. 
In the above-mentioned case there are two series of wells discharging +Qw and 

-Qw respectively. In applicating formula (2) (in which b has to be substituted by 2b 
and X by X - a and X + a respectively) the potential at that point will be found to be 

. Z I Y I  
b x ( ~ - a ) + ~  Q W ~ I Y  ( -- q(x, y) = -- - + 4 In l-2e 2xkH 2b 

COS - 
b 

ly l -- 
b n ( ~ + a ) + ~  

COS ---- 
b 

U 

+ l  -- % / Y I  
' 

-- 
b x(x-a) b 

1-2e COS - b + e 

Here the constant Cl has to be taken as zero, because in this case cp = 0 for X = 0 
and X = b. 



X 
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The following formula, which gives a very close approximation, can be used 
to determine the potential on the face of the well 

Qw In 2b sin (x a /  b) 
(pw =B xrw 

This formula is. derived as follows: If I x - a l and l y I are small with regard 
to b the following formula, which is a very close approximation, will apply. 

x ly l  -- -- 2x1~4 
b x(x-a) b 

1-2e COS - + e - 
b 

In the numerator of the logarithm in formula (3) a may be substituted for x and 
0 for y, so that we obtain 

From this relation formula (4) is derived. 

Further calculations may be carried out with the aid of formula (3), to determine 
what proportion of the total discharge is derived from the canal at x = 0. We then 
find. 

+CO 

Q x ~  = H/VX(O, y)dy = 
(l - 3 . 

--(X) 

Similarly +m 
a 

Qx-II = - H / v ~ ( ~ ,  y)dy = -h (5) 

Finally it should be noted that the potential can also be expressed in the form of a 
Fourier series (as a result of the introduction of images the potential cp (X, y) has 
become a periodic function of x with a period 2b; moreover, since cp is an odd-function 

CO mxx 
of X, a series of the type Z f&) sin - can be expected). 

m= l b 
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With the Fourier series the potential of an idmite well series is found to be 

m- 

QW m 1 b xm(x - a) Z -e dx9y) ==H m=l m - COS 
b 
+ = 

-- 
m -- Q -sin-. 2 xma xmx b 

b 
sin - 

b 
e 

27rkH m = l  m 

The behaviour of 9 for higher values of ly I is clear from this formula. The first term 
of the series diminishes slowest. But as e = 0.044, the potential for ly I = b is 
already rather low and for ly I > 2b it is practically zero. 

6.2.5.2. Semi-confined ground water 

The situation is the same as in 6.2.5.1. (see fig. 6.2.5.2.-1). With the aid of the image 
method the potential is found to be 

If b is of the same order as or higher than A this expression is well suited to the cal- 
culation of the potential at a certain point, since but few terms materially affect the 
outcome. If, however, b < A (as will often be the case) it is more advantageous to 
determine cp by means of a Fourier series. This series can be derived direct from the 
one determined for the case of an infinite well series. If, in this formula b is replaced 
by 2b and x by x - a and X + a respectively, we get 

m- 

Qw 1 
b xm(x - a) 

cp(x,y) = 
m= 

e + cos 
z/;nZF;Si b 

d z  -- 
- Qw 2 xma nmx b -- sin - sin - 

b b 
e 

2xkHm-1 9 (2) 
6w-2 

b 
in which a = - S  

xh 

If a is small (e.g. a < 0.1) the potential is practically the same as that for confined 
water. The proportion of the total well discharge derived from the canal at x = 0 is 

sinh ((b - a)/A) 
Qx-o = - Qw sinh (b/a) 
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This proves true because the series of wells obtained after repeated introduct- 
ion of images can be grouped in the following manner (see fig. 6.2.5.1.-1): 
l". a series of wells each discharing +Qw at y = 0, X = a, a + 2b, a + 4b, . . . . 
and the images thereof with a discharge of -Qw at y = 0, X = -a, -a - 2b, 
-a - 4b,. . . . 
2". a series of wells each discharging -Qw at y = 0, X = -a + 2b, 
- a + 4b, . . . . and their images each with a discharge of + Qw at y = 0, 
X = a-& a-4b,. . . . 
Formula (2) in 6.2.1.2. can now be applied to each pair consisting of a well and 
its image. The discharge across the line X = 0 (in the direction of the positive 
x-axis )we then find to be 

a+M -- 
W A -  

- 2  e - - 
n = l  

-"/X -(B--a)/h (b - a)/h - (b  - a)/A 
e -e e -e 

= -Qw = -Qw - 
-B/X 

l - e  .b/~ -e -b/h 

- - sinh ((b - a/A) 
-Qwsinh (b,A) . 

Similarly the amount of water flowing across the line y = b (in the direction of the 
negative x-axis) is found to be a 

sinh (a/A) 
ex-b = - QW sinh (b/A) 

Consequently, the leakage through the semi-permeable layer is 

sinh (a/A) + sinh ((b-a)/A) 
Qz = -Qw [l - sinh (b/A) l = 

= -Qw [l - cosh ((b-2a)/2'h) 2 sinh (a/2A) sinh ((b-a)/2A) (5) 
cosh (b/2A) ] = -Qw- cosh (b/2A) 

If E (and therefore also a) is small with regard to A, Q, will, of course, be very small 
with regard to Q,. Then formulas (4a) and (4b) approach formula (5) in 6.2.5.1. 

6.25.3. Infinite strip between canal and impervious barrier 

Supposing the aquifer is bounded by a canal with potential cp  = 0 along X = 0 
and an impervious barrier along x = b (this can also be an approximation of a case 
in which the profile for x > b has a much lower value of kH). 



The well is found at the point (a, 0) (with 0 < a < b). Since v, = 0 or " - 0 G- 
along x = b, the reflection with regard to this line must of necessity be "even" (see 
6.1.3.). As can be seen from figure 6.2.5.3.-1, the potential field can be calculated by 
superposition of the potential fields of wells with a discharge of +Qw at y = 0, 
x = a + 4nb and at y = 0, x = -a + (4n + 2)b suid of wells with a discharge of 
-Qw at y = 0, x = -a + 4nb and at y =0, x = a + (4n + 2)b. The index n is 
given the successive values of 0, f l, f 2. . . . 

From this and with the aid of the formulas for an infinite well series we find for . 
confined water 

z l y l  -- zly l  -- 
~ ( a + a ) + ~  b 1 +2e 1 -2e COS - 

2b 

X ly l zlyl 
. (1) 

-7 -- 
2b X(X - a) b b 

1 -2e COS --- f e 1+2e COS - 
2b 2b 

From this it follows that the potential on the face of the well is 

Fourier series for cp (X, y) can also be drawn up again: 

- (2m+l)x ly l 
QW O0 4 ( h +  l)xa sin ( h +  l)xxe. b X -  "). = 2xk* m-o h + l sin 

2b 2b 

6.26. THE POTENTW. IN THE VICINITY OF A WELL 

The condition of permanent flow towards a well in confined water of phreatic 
water is only reasonably closely approached after a finite period, if at finite distances 
from the well the aquifer is in communication with open water from which the ground 
water in the aquifer can be replenished. Then the potential in the vicinity of the well 
with a discharge of Q, can always be written (in polar co-ordinates with regard to 
the well axis) as follows: 



in which the "correction" cpc(r, 0) satisfies the potential equation and will also be 
small for r = 0. The quantity Req, which has the dimension of length, can always be 
chosen in such a manner that yc(O, 0) = 0. 

The value of Req determined in this way depends only on the shape of the area 
and on the situation of the well (not on Qw or kH), provided there is only one well in 
the area and provided the potential along the boundary is zero. If the area is bounded 
by a circular canal with radius R, concentric with the well, then Res= R and (pc= 0 
(see 5.1.1.). For a more complicated area the quantity &,can therefore be called the 
equivalent radius. 

In the above-mentioned cases the following values for Req were found: 

Circular area wi th  eccentric we11 (6.2.2.) 
Req= R (1 - b2/Ry = 2a (l  - a/2R) (see fig. 6.2.6.-l). 

Infinite half-plane (6.2.1.1.) 
= 2a. (see fig. 6.2.6.-2). 

Infinite quadrant (with canals as boundaries, 6.2.3.) 
2a 

Req = - - 2ab (see fig. 62.6.-3). 
1/1+(a2/b2) 

Infinite quadrant (with one canal and one impervious barrier, 6.2.3.) 
2a 

Re9 = 2041 +(a2/b3 = bm (see fig. 6.2.6.4). 

Infinite strip (between canals, 6.25.1.) 
2b 7ra 

& q = -  sin - (see fig. 6.2.6.4 and fig. 6.2.6.4a). 7 r b  

Infinite strip (between canal and impervious barrier, 6.2.5.3.) 

4b xa 
Req =-tan- (see fig. 6.2.6.4andfig. 6.2.6.4a). 

x 2b 

Half infinite canal (6.2.4.) 

Req = 4a cos (or/2) (see fig. 6.2.6.-7) and 

' (see fig. 6.2.6.-7a). 
= cos (aY2) 
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Fig. 6.2.6.-5 

Fig. 6.2.6.4 

Fig. 6.2.6.-5a 
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These examples would point to the existence of the following rules: 
l". In general Req is somewhat less than twice the shortest distance a from the well 

to the boundary of the area. 
2". Exceptions to this rule are: 

a. cases in which the replenishment obviously comes from different directions 
(circular area with slightly eccentric well: - a; well midway between 

two canals : Req = - 
b. areas with re-entering angles; Req is higher here, up to about 4a (the half 

infinite canal is an extreme example, for cr = 0, = 4a); 
c. areas of which parts of the boundary are composed of impervious barriers; 

here Req is larger than 2a; if the well is stituated near the impervious barrier, 
Gq becomes very large (infinite quadrant and infinite strip). 

Within a certain distance of the well ~ , ( r ,  @) is low and in that case a good approx- 
imation is 

This formula will always be the first to be tried when analyzing pumping-tests, or to 
determine the capacity of pumps. Of course, no definite indication can be given of the 
area for which formula (2) is a good approximation, but from some examples it is 
evident that the deviation is usually lower than 5 %, as long as r < 0.1 or 0.05 

As In (G&) is high for r -4 Req, formula (2) is, of course, not very sensitive to a 
somewhat incorrect value of Req. For instance, the discrepancy in h (Req/r) for 
r < 0.05 Req is less than 7 % for a discrepancy of 20 % in Req. 

Therefore, if the boundary of the area has an irregular shape it is often possible 
to estimate a value of Res so that formula (2) gives reasonably reliable results by 
applying the above-mentioned rules. 

In the case of semi-confmed water a permanent flow can also exist without a flow 
across the boundary, as here we are concerned with a flow through the semi-permeable 
layer. The following formula obtains in the vicinity of a well in an infinite aquifer 
(see 5.1.2.1.). 

(with a discrepancy low& than 5 %  as long as r < 0.33 A). Here 1.123 A could be 
called the equivalent radius. If there is a flow across boundaries at a finite distance, 
two extreme cases can immediately be distinguished. If the shortest distance a from 
the well to the boundary isgreat with regard to h, (e.g. a > 4A) the potential behaves in 



much the same way as that of a well in an infinite aquifer and the flow takes place 
almost completely through the semi-permeable layer. In the vicinity of the well 
formula (3) holds good. If, on the other hand, a -4 A (for instance a < 0.1 A) the 
potential in the vicinity of the well is almost equal to that of confined water (formula 
(2)). The flow in that case mainly takes place across the boundary. In intermediate 
cases the behaviour of the potential is, of course, more complicated. Near the well the 
potential can be written again as in formula (2), but the equivalent radius Req has a 
value depending both on the codiguration of the area and on A. 

The problem of ground-water flow to more than one well can be solved by means 
of the superposition method (see 6.1.2. in which a simple example has already been 
dealt with). A condition to be fumed in that case is that the distances between the 
individual wells and the distances between the wells and the boundary of the aquifer 
are large with respect to the diameter of the wells. 

If in a certain area there are N wells with yields Q,, Q,, . . . QN, the total potential 
cp(x, y) at a certain point (X, y) is found by addingup the potentials 'pl(x, y), cpz(x, y), . . . . 
~ ( x ,  y) which appear at that point If there is only one well or if the other wells have 
been stopped. 

The potential of the nth well may be expressed as 

in which &(X, y) is a dimensionless function, depending only on the location of the . 
point (X, y), on the location of the nth well and on the shape and (in the case of semi- 
confined water) on the leakage factor df the aquifer. 

The total potential, therefore, becomes 

If all the yields Q, are known, ?(X, y) is thereby completely determined. However, 
it is a different matter if the yields are not known, but the potentials on the well faces 
are known. Then before formula (1) can be used the yields must be computed from 
the potentials given. 

For the potential cpmn on the well face of the mth well with the centre (xm, ym) 
resulting from the action of the nth well, and, if m # n, it is seen that a very good 
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approximation is 
Qn m = f m 9  

in which f- =fn(xm, ym). 
The potential cpmm of the mth well resulting from its own influence may be expressed 

in the same way, viz., 
Qm 

cpmm = 2 ~  fmm. 

is therefore the quantity which in the foregoing has always been denoted by cp, l). 

Therefore the total potential on the well face of the mth well may be expressed as 

@ the potentials % are given, it is possible to solve the yields Qn with N equations of 
system (2) with N unknows and these values can then be substituted in formula (1). 

To solve system (2) it is often possible to make sure of the fact that the coefficients 
fm are much larger than the coefficients f- with m # n. This property offers an 
opportunity of using iteration. Then instead of equation (2) the following equation 
should be used 

in which the dash above the I: means that the term n = m is omitted. 
Since f,, 4 f- when n # m,it follows from equation (2a) that 

If this approximation is substituted in the second term of (2a), the first approxi- 
mation becomes 

N 
Qm 'hn 2, fnm.[pn = - -  

2*H f- n-1 fmm fnn 
Etc. etc. 

l) For a well having a radius r,(m) in completely contined water it is seen that 
(m) 

(see fig. 6.2.6.) f-=In- 
(m) 

rw 
in which Reqcm) is the equivalent radius of the mth well. 



Remark 

S If all the potentials cpn are equal to cpw, equation (3) may also be written as 

Qm =- 
fnm 

fmm 

Examples 

l". Two wells in semi-codbed ground water (see 6.1.2.). 

2". Flow from an infinite canal into three wells in a fully codbed aquifer (see fig. 
6.3.-1). 

In this case 
2a 

L1 =f 22=&8 = In - 
rw 

(compare 6.2.1.1 .). 
a. If the discharge of each well is equal, the total potential becomes ' 

and the potentials on the well fa& can be expressed as 

The potentials on the well faces are therefore larger than if only one well were present 
and the potential on the face of the middle well is the largest, due to its being screened 
by the outer wells. 



If, for instance, a = b and rw = 0.0024 it can be seen that 

Therefore 

b. If all the potentials on the well faces are equal (cp, = cp, = cp, = %) the equations 

fmm ) can be written : after division by - 27ckH 

Consequently if a = b and rw = 0.002~ it is seen that 

Of course the discharge of the middle well is the lowest (because of screening). 
It is also clear that the total discharge is not three times but only 2.46 times as large as 
the discharge of one well with the same potential at the well face. Of course, this 
factor becomes smaller as the quotient bla diminishes, because as it does so the wells 
influence each other more and more. 



If the discharge of each well is calculated with the aid of the iteration method out- 
lined, the first approximation (equation (3a)) will give as factors in formulas (4) 
0.833, and 0.768, respectively. This approximation is satisfactory. In the second 
approximation one finds 0.868 and 0.807, respectively. So here the error is smaller 
than 1 %. 

Now the total potential at the point (X, y) is 

In 'p(x9 Y) = m (x+b12+b+a)' Qz 4 +- X' + W a)' + 

.\/(X + b12 + (Y - a)' 
2xkH 

dx2 + (V - a)" 

in which the calculated values of Q,, Q, and Q, must be substituted. 



7. DETERMINATION OF THE VALUES OF THE FORMATION 
CONSTANTS BY MEANS OF PUMPING TESTS 

With the formulas of the preceding chapters the drawdown of the potential in the 
vicinity of a number of pumped wells (e.g. in the well field of a water company or for 
the drainage of a foundation pit) can be easily computed if the type of the geo-hydro- 
logical profile and the values of the formation constants are known. These constants 
are the vertical resistance to water passage through the semi-pervious layers and the 
horizontal transmissibility of the water-bearing aquifers. Generally speaking these 
data are only partly known or quite unknown. Even the structure of the geo-hydro- 
logical prose is mostly not known. 

The geo-hydrological profile can be ascertained by drilling a borehole; often several 
borings are needed to get a clear concept of the structural features such as the extent 
of a confining layer and the thickness of a water-bearing stratum at several places, etc. 

The values of the formation constants can be computed by means of a pumping 
test in which the drawdown of the potential at various distances from the constantly 
discharging well is determined. 

A pumping test is simple in principle. One well is needed for pumping and a number 
for observation purposes. The latter must be located at various distances from the 
pumped well in at least two, preferably in four directions. The initial ground-water 
potential in the observation wells and if possible also in the pumped well are measured, 
whereupon pumping is started. The discharge should be constant and as high as 
possible. The water levels should be observed at regular intervals during the test until 
equilibrium is attained; then the potentials are measured again in all wells. A tlzitd a 

measurement must be carried out some time after the withdrawal of water has stepped. . 
The difference between the potential head at the end of the pumping period t k j t  

prior to or after pumping is the drawdown of the potential due to the withbwal 
of water. 

In practice, however, a pumping test is not very simple. The figures obtained for 
the drawdown of the potential are only correct if no other factors have affected the 
potentials during the pumping test. 

Examples of such factors are: a change in the original ground-water table, modi- 
fications due to neighbouring withdrawals of ground water, alterations in baro- 
metric pressure, tidal fluctuations, etc. 

Such effects are very dBcult to control. In princple it can be done by sinking 
additional observation wells outside the area of the pumped well affected and to 



before the pumping test 

I l l  during the pumping test 
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superimpose on the results of the pumping test the changes in potential recorded in 
these observation wells. The additional observation wells, however, are generally 
rather far from the observation wells the drawdown of which has to be corrected. 
So the correction itself cannot be quite exact. The effect of this correction and the 
error in it can be relatively reduced by pushing the yield of the pumping test up as 
high as possible; this is of paramount importance. The greater expenses entailed is 
more than offset by the more accurate results obtained. Other errors may creep in 
due to the fact that it is often extremely di%cult to ascertain the moment at which a 
state of equilibrium is reached during and after pumping. In cases of completely and 
of partially confined ground water a state of equilibrium is reached quickly, i.e., 
after some hours or days. In the case of phreatic water on the other hand one has to 
wait longer, sometimes such a long time that analysis of the results of the pumping 
test based on the state of equilibrium becomes impossible. Patience and prolonged 
observation of the drawdown of the potentials at regular intervals are the only reme- 
dies. Errors which cannot be eliminated by more powerful pumping or by waiting 
longer are those due to variations in the values of the formation constants in several 
directions and at various distances. Often the correct interpretation of the results of 
such a pumping test is very difEcult. 

Though it may often be imperfect, a pumping test will provide the relation between 
the distance to the pumped well and the magnitude of the drawdown of the potential 
caused by pumping at a certain rate. If several pumping tests have to be analfbd it is 
desirable to reduce the observed drawdown of the potential to a standard rate, e.g. 
250 makfay, in order to achieve uniformity. 

7.2. ANALYSIS OF A PUMPING TEST IN CONFINED GROUND WATER (see 5.1.1 .) 

The formula for the drawdown of the 'potential when pumping a well in completely 
confined ground water in the geo-hydrological profile given in figure 7.2.-1 is 

Ifs is plotted on a linear scale and r on a logarithmic scale a straight line is obtained. 
The slope of this line is a measure of the transmissibility kH. ~. 

7.3. ANALYSIS OF A PUMPING TEST IN SEMI-CONFINED GROUND WATER (see 5.1.2.1.) 

The following formula applies to the drawdown of a well in a semi-confined aquifer 
as represented in figure 7.3.-1. 



I 

phreatic water 
(constant potential head) 
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The observed drawdown of the potential and the distance r from the well are plotted 
on double logarithmic paper. The graph of the function &(U) is drawn on the same 
scale but on tracing paper. This graph is superimposed on the first one and is then 
shifted without rotating it till it coincides as nearly as possible with the points plotted. 

The vertical displacement of the axis stands for the quotient - 'W from which the 
2xkH' 

transmissibility kH can be derived, and the horizontal displacement stands for the 
leakage factor A, i.e. G C ,  from which the resistance c can be calculated (fig. 7.3.-2). 
There are two points to which attention should be drawn. 

First of all it should be realised that the well is usually a partially penetrating one; 
consequently the observed drawdowns of the potential at short distances from the 
well are greater than in the case of a fully penetrating well (for which the formula 
holds good); these drawdown figures, therefore, may not be used for the analysis 
proper. They can, however, be used as a check for the analysis, after they have been 
adjusted to eliminate the effect of partial penetration. Such adjustments to the draw- 
down figures can be made with the aid of the formulas given in 5.4. 

In the second place it should be noted that the relative accuracy of the observations 
decreases as the distances increase; so less value should be attached to observations 
made at greater distance. 

The analysis of the results of a pumping-test carried out 2 km south of Hengelo 
in 1942 is a good example. This test was part of investigations aimed at finding a 
suitable area for an additional well field for the municipal waterworks of Hengelo and 
was carried out under the supervision of the Rijksinstituut voor Drinkwatervoonie- 
ning (Government Institute for Water Supply). As appeared from the results of &S 

borings carried out for the construction of the pumping and observation wells, the , 

subsoil down to about 10 m consists of fine silty sand with layers of peat and loam 
below it. Underneath them lies a sand stratum 10 tot 15 m thick, the deepest layers 
of it being coarse-grained. The upper part of the next formation consists of fhe silty 
sand, the lower part is loam. 

There is phreatic water in the upper water-bearing sand layer, separated by the 
peat and loam layers at a depth of 10 m from the second water-bearing sand stratum 
with semi-confined ground water. During the 24 hour pumping test 11 m3 p.h. was 
withdrawn from the latter stratum. No perceptible drop in the phreatic level took 
place during that period. 

Application of the above-mentioned method of analysis gives the following result 
(see fig. 7.3.-2) 

'W - 0.24 m or kH = 174 m2/day ; m-- 
A = 200 m or c = 230 days. 
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If the leakage factor A is large or if the distance r is small and consequently 

L is small, we have 

Then the drawdown of the potential can be expressed as 

Q 1.123 
S=- h- A .  

2xkH - r 

In the vicinity of the well the relation between s on a linear scale and r on a loga- ' 

rithmic scale plots as a straight line. The slope of this line indicates the transmissibility 
kH. The point of intersection of this line and the axis S = o indicates directly the 
value of A and c (fig. 7.3.-3). 

7.4. ANALYSIS OF A PUMPING TEST IN AN AQUIFER BETWEEN TWO SEMI-PERVIOUS LAYERS 

(see 5.1.3.) 

The following formulas hold good for a fully penetrating well in the profile of the 
strata given in fig. 7.4.-1. 

and 

These intricate formulas with 4 unknown quantities are not easy to analyse and 
do not always produce an unequivocal result. 
How the resuIts of pumping tests are analysed depends on the data available. These 
data will almost always include the drawdown of the potential in the stratum tapped 
by the well. 

Since &(X) a in for s m d  values of x (see Appendix) the formula for sl 
X 

can be reduced to 
Qw 2.3026 

S1(r) = - [(azAi2 - l)Az2 log A, - (a2Az2 - l)h12 log 121 + 
Qw +wl 0.11601 - - 'W 2.30261 log r 

2nk1H1 

or sl (r) = B - A log r. 
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The graph of this formula is a straight line if it is plotted on semi-logarithmic paper. 
The slope of this line is related to kl HI and its position on the graph to kl H,, k, H,, 
cl and c,. This linear relation gives a good approximation only for short distances from 
the pumped well. The straight line should therefore be drawn as an asymptote to the 
curve drawn through the points plotted, taking into account the effect of the partial 
penetration of the well due to the short distances r used in this analysis. When, 
however, after some trials kl has been found the effect of partial penetration can 
easily be computed with the formulas given in 5.4. 

The analysis of the results cf a pumping test carried out at Velsen in 1937 is a good 
example. This test done at the south side of the Noordzeekanaal (North Sea canal) 
formed part of a geo-hydrological investigation for the construction of a tunnel under 
the canal. The investigation was carried out by the Rijksinstituut voor Drinkwater- 
voorziening. At the site of the pumping test the subsoil consists of a series of hardly 
permeable layers down to about 16 m below ordnance datum N.A.P., its lower peat 
layers in particular offering great resistance to ground-water flow, then a water-bearing 
sandy stratum down to about N . A . P . 4  m, then a relatively thin layer of clay and 
underneath that another water-bearing stratum extending to a great depth and resting 
on a very thick impermeable base. 

During the test water was withdrawn from the sandy stratum between N.A.P.-1616 
and -40 m via a partially penetrating well. The ground-water level in the layers above 
N.A.P.-16 m did not change during pumping. 

The drawdown of the potential caused by pumping at a reduced standard yield of 
250 m3/day has been plotted in figure 7.4.-2. Measured on the well face the drawdowa 
was 0.924 m. Since the effect of partial penetration amounts to 0.29 m for a screen radius 
of 0.15 m the drawdown of the potential of a fully penetrating well would have bees . 
0.63 m measured on the well face. 

The points plotted in figure 7.4.-2 give the tangent 

S, (r) = 0.480 - 0.191 log r. 

From the vaIue A = 0.191 it follows that 

and from the value B = 0.480 a relation between the three remaining geo-hydrological 
constants can be established. This relation is given in the first table of page 165; it 
has been composed by means of the nomograph in figure 74-3 (pages 168 and 169) 
by determining the value of c, for each combination of cl and k, H, selected. 
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If observations of the drawdown s2 (r) in the stratum underneath the second con- 
fining layer are available then, according to 

&(X) = L. %, for small values of X,  S. can be reduced to 

holding good only for small values of r or s2 (r) = constant. The pumping test at 
Velsen led to S, (0) = 0.058 m (see fig. 7.4.-2). With this value and the nomograph in 
figure 7.4.-3 the following relation between k a 2 ,  c, and c, can be established. 

Both relations given in the foregoing tables have 2 degrees of freedom. Combining 
these data gives the table below, which still leaves 1 degree of freedom between the ' 

3 formation constants k2H2, c, and c,. 

Finally the fourth relation between the 4 formation constants can be derived from 
the grade line of the potentials at a greater distance from the pumped well. Mathe- 
matical formulation of this relation is impossible. Therefore technicians of the 
Municipal Waterworks of Amsterdam have drawn standard curves which give S, and 
S, as a function of the distance to the pumped well for values of c, = 1,000 - 2,000 - 
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5,000 and 10,000 days, c, = 10 - 100 and 1,000 days, klHl = 500 - 1,000 and 
1,500 m2/day and E; kH = 3,000 - 4,000 - 5,000 and 6,000 m2/day. Figure 7.4.4 
gives an example of such a set of curves. With 

Cl  = 1,500 days 
klHl = 480 m2/day 
c2 - - 66 days 
k2H, = 1,120 m2/day 

the grade line of the potentials and the standard curves match as nearly as possible. 
This result is reasonably accurate for the values obtained for klHl, c, and k2H2. 
For the value of c, the result is less accurate. 

7.5. ANALYSIS OF A PUMPING TEST IN PHREATIC GROUND WATER (see 5.2.2.) 

When the well is situated at a great distance from open water it takes so long time, 
fore a state of equilibrium to be reached that an analysis based on the formulas of 
steady flow is impossible (see 7.1.1.), The determination of the transmissibility must 
therefore be done by means of the formulas for nonsteady flow. If the location of the 
well is regarded as the centre of a circular island, the state of equilibrium can be 
reasonably well approximated by 

which is a straight line when plotted on semi-logarithmic paper. With s on the linear 
scale and r on the logarithmic scale the slope of this line represents the transmissibility 
of the soil. 







8. APPENDIX 

The Bessel equation of the nth order (n = 0, 1, . . . .) 
d2y 1 dy 
-+-+( l  dx2 xdx - $ ) y = ~  

has two independent solutions, viz. the functions Jn(x) and Yn(x) (Bessel function and 
Neumann function of the nth order resp.), defined by the equations 

-- 
x k=o k! (n .+ k)! 

(there is no first series for n = 0). 
y is the Euler constant, the value of which is 0.5772 . . . 
N.B. It should be noted that 

X 1.123 . . 
y+lnZ=-ln-. X 

The Hankel functions of the first and second kind and of the nth order are defined by 
the equations 

Hn ("(X) = J~(x) + i Yn (X), and 
Hn (z)(x) = Jn(x) - i Yn (X), respectively. 

These functions also constitute independent solutions of equation (1). 

In hydrological applications formula (1) is usually replaced by the modijied Bessel 
equation of the nth order 

On substituting ix for x it appears that Jn (ix) and Yn (ix) are independent solutions 
of this equation. 

As x n  Jn (X) is an even function of X, Jn (ix) is real for real x and for even n, and 
it is purely imaginary for odd n. Therefore the function 

I&) = rn ~ ~ ( i x )  

(modified Bessel function of the nth order) is, for each n, real for real X. 



The function Yn (ix) for positive real X is neither zero nor purely imaginary. 
xi 

As h($) = + In (g), for even n the imaginary part of Yn (ix) equals Jn (ix). 

Consequently, for even n the function Yn(ix) - i Jn(ix) = - iHn(l) (ix) is real for 
positive real X. In a similar way it appears that this function is purely imaginary if n 
is odd. Therefore, as a second solution of the modified Bessel equation we could 
choose the function in+(l) Hn(l)(ix), which is real for positive real x. It is more usual, 
however, to choose for this the function 

X p+l (1) 
&(X) = - r Hn (ix) = j in + [ ~ ~ ( i x )  + i Yn(i~) 1 

2 
(modified Hankel function of the nth order). 

We see that 

00 *+n 
k 5 0  k!(k+n)! 

(there is no first series for n = 0). 
For n = 0, or 1 we have 

For small X we have 
1.123 

&(X) - 
X ,  

with an error of less than 1 % for X < 0.06, 
l % for X < 0.1-8, 
5 % for X < 0.33, 

and 
1 - 



with an error of less than 1% for x < 0.02, 
l % for X < 0.08, 
5 % for x < 0.21. 

Formulas for the dz@erential 
n 

Inl(x) = ; In(x) + In+1(x) = 

Therefore specifically I,' (X)  = Il(x), &' (X)  = -Kl(x).  The functions In(x) and 
Kn(x) for positive x are positive and monotonously rising or falling, respectively. 

Wronski determinant 

Asymptotic series 

These series are divergent but for large x they give very good approximations if they 
are cut short after a certain number of terms. When cutting short the error is of the 
order of the £irst term to be omitted, therefore the proportional error for increasing x 
will approach zero, provided that a fixed number of terms is being considered. 

Integral relations 

We have 



For b = 0 it follows (if u # 0, a > 0) that 
00 

costudt =&(alul). 

0 

We also have 

X 
d3-3 

&(al/bz + u2) COS t u du = - - r a >O,b 2 0 .  

0 
m' 

Far t = 0 it follows that 
00 

X -ab / & , ( a m d u = z ; ; e  , a>O,b>O. 
0 

Hence by differentiation to b 

Addition formula 

For 0 u < v we have 

00 

&(dzr2 + vz - 2uv cos o) = 2 ~n in@) K~(v) COS n O , 
n-0 

in which E, = 1, zn = 2 for n > 1. 


















