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STELLINGEN

I.  In tegenstelling tot het optimaliseringsmodel dat de WRR gebruikt om de
middellange termijn groeimogelijkheden van de Nederlandse economie te
onderzoeken, heeft het Von Neumann model de volgende eigenschappen:
W De relaties binnen het model hebben een duidelijke economische,

technologische en/of institutionele betekenis. Er verschijnen geen
niet of moeilijk te interpreteren ad hoc restricties als 'dei ex
machina' op het (model-)toneel.

(i) Het model staat de specificatie van meerdere produktietechnieken
toe. Binnen de projectieperiode kunnen endogene wisselingen van
produktietechniek optreden.

(iii) Het niveau van een (produktie-)activiteit in de modeluitkomsten
wordt bepaald door haar relatieve economische aantrekkelijkheid;
en niet door de bijdrage die geleverd wordt aan een doelfunctie
die een zeer ongeloofwaardig gedrag van de achterliggende
economische agenten impliceert.

(iv)  Het handelsregime van een goed (export, import, autarkie) is
endogeen en kan binnen de projectieperiode wisselen.

Onder andere om deze redenen verdient het Von Neumann model meer

aandacht als instrument waarmee de middellange termijn groeimogelijk-

heden van een economie kunnen worden geanalyseerd.

WRR (1987): 'Ruimte voor groei'. Rapport 29, Staatsuitgeverij,
's-Gravenhage.
Dit proefschrift.

2, De 'revolutie' die de hypothese van de rationele verwachtingen in de
macro-economie heeft teweeg gebracht, doet nogal onevenwichtig aan als
men beziet met welk een gemak er binnen diezelfde macro-economie
geabstraheerd wordt van allerlei zeer relevante kenmerken van de
economische werkelijkheid. Het feit dat er binnen de macro-economische
modelbouw {iberhaupt geen sprake is van expliciet gedefinieerde econo-
mische agenten is in dit verband wel het meest in het oog springend.

David K.H. Begg (1984): 'The rational expectations revolution in
macro-economics'. Philip Allan Publishers, Oxford.

3. De door Veerman gebruikte argumenten in zijn kritiek op de 'gangbare
(landbouw-)economische theorie' zijn deels onjuist; in zoverre ze juist
zijn, zijn ze niet bruikbaar en bovendien inconsistent met zijn conclusies.
De door hem bepleite 'grondige bezinning op de uitgangspunten van de
landbouweconomie' kan daarom maar beter achterwege blijven.

C.P. Veerman (1987): 'Over landbouweconomie en landbouwpolitiek’.
Inaugurele rede, KUB, Tilburg.
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4,

5.

6.

7.

8.

9.

De economische wetenschap wordt gekenmerkt door de (bijna) onmogelijk-
heid tot het doen van experimenten onder gecontroleerde externe omstan-
digheden en door een in het algemeen zeer matige kwaliteit van het
beschikbare datamateriaal. Bij discriminatie en beoordeling van model en
modeluitkomsten dienen daarom modelconsistentie en theoretische
onderbouwing een belangrijker rol te spelen dan t-waarden, r-kwadraten
en ex-post voorspelkracht.

Het ene algemene evenwichtsmodel is het andere niet.

Met behulp van een serieus empirisch onderbouwd algemeen evenwichts-
model zou de discussie over het in Nederland te voeren sociaal-
economische beleid op een hoger plan kunnen worden gebracht.

De bewering van Rutten dat de door hem geformuleerde 'vaste vuist-
regels' meer houvast bieden voor de algemeen-economische politiek dan
'modelresultaten', is vooral interessant als illustratie van het gemak waar-
mee men binnen de economische wetenschap politieke knollen voor eco-
nomische citroenen kan verkopen.

F.W. Rutten (1987): 'Economische wetenschap en economisch beleid'.
Economenblad, jaargang 9, nr. 6.

Argumenten die pleiten voor een vrij internationaal verkeer van goederen
en kapitaal zijn evenzeer van toepassing op een vrij internationaal
verkeer van arbeid. Het is een bedenkelijke vorm van opportunisme dat
met betrekking tot arbeid de vrijhandelsargumenten zo goed als volledig
genegeerd worden.

Het EG-landbouwbeleid stimuleert de consumptie van plantaardige vetten
ten koste van die van dierlijke. Het positieve effect hiervan op de
volksgezondheid speelt in de huidige discussie over dit beleid ten
onrechte geen rol van betekenis. -

H.J.J. Stolwijk

Options for economic growth
in Bangladesh

Wageningen, 9 september 1987



H.J.J. STOLWIIK

OPTIONS FOR ECONOMIC GROWTH IN BANGLADESH
AN APPLICATION OF THE VON NEUMANN MODEL

PROEFSCHRIFT

ter verkrijging van de graad van

doctor in de landbouwwetenschappen,

op gezag van de rector magnificus,

dr. C.C. Oosterlee,

in het openbaar te verdedigen

op woensdag 9 september 1987

des namiddags te vier uur in de aula

van de Landbouwuniversiteit te Wageningen

BIBLIOTHEEK
LANDBOUWUNIVERSITEIT
WAGENINGEN

\Il\l\)l\\\lmI\NI\\\N\|M|\N|MNI\\\HI\N\IUNHI

0000 0234 3727

[l taiin bt o,




Promotor: dr.ir. J. de Hoogh, hoogleraar in de algemene
agrarische economie, in het bijzonder de grond-
slagen, de doeleinden en instrumenten van het
landbouwbeleid.

Co-promotor:  dr. M.A. Keyzer, adjunct-directeur Stichting
Onderzoek Wereldvoedselvoorziening.

\



p0B 201115 S

H.J.J. STOLWIIK

OPTIONS FOR ECONOMIC GROWTH IN BANGLADESH
AN APPLICATION OF THE VON NEUMANN MODEL

Lif

@
B>

Free University Press
Amsterdam 1987

(.

N
A

Ve

)
4,

o | 6072



CIP-GEGEVENS KONINKLUKE BIBLIOTHEEK, DEN HAAG
Stolwijk, H.LJ.

Options for economic growth in Bangladesh: an application of the Von
Neumann model/H.J.J. Stolwijk. - Amsterdam: Free University Press
Proefschrift Wageningen. - Met index, lit.opg. - Met samenvatting in
het Nederlands.

ISBN 90-6256-564-6

SISO az.m-bang 352.53 UDC 338.1 (549.3)(043.3) NUGI 681
Trefw.: economische groei; Bangladesh / Von Neumann model.

Free University Press is an imprint of:
VU Boekhandel/Uitgeverij b.v.

De Boelelaan 1105

1081 HV Amsterdam

The Netherands

© H.IJ. Stolwijk, Leidschendam, 1987.

Alle rechten voorbehouden. Niets uit deze vitgave mag worden verveel -
voudigd, opgeslagen in een geautomatiseerd ge gevensbestand, of open -
baar gemaakt, in enige vorm of op enige wijze, hetzij electronisch,
mechanisch, door fotokopieén, opnamen, of enig andere manier, zonder
voorafgaande schriftelijke toestemming van de uitgever.

Voor zover het maken van kopieén uit deze uitgave is toegestaan op
grond van artikel 16B Auteurswet 191232 het Besluit van 20 juni 1974,
St.b. 351, zoals gewijzigd bij het Besluit van 23 augustus 1985, St.b.
471 en artikel 17 Auteurswet 1912, dient men de daarvoor wettelijk
verschuldigde vergoedingen te voldoen aan de Stichting Reprorecht
(Postbus 882, 1180 AW Amstelveen). Voor het overnemen van ge-
deelte(n) vit deze uvitgave in bloemlezingen, readers en andere compi -
latiewerken (artikel 16 Auteurswet 1912) dient men zich tot de auteur
te wenden.

All rights reserved. No part of this book may be reproduced, stored in a
retrieval system, or transmitted, in any form or by any means,
electronically, mechanically, by photocopying, by recording, or
otherwise, without the prior written permission of the author.



Aan mijn ouders






CONTENTS

Preface

Chapter 1:
1«1 Aims

vii

Introduction

1.2 The choice for the Von Neumann model
1.3 Plan of the study

Chapter 2:

The closed model

2.1 Plan of the chapter

2.2 Basie
2.2.1
2.2,2
2.2.3
2.2.4

elements of the model

Goods and processes

Growth

Assumptions on technology matrices A and B
Prices, profits and the interest rate

2.3 The closed model: an axiomatic description

2.3.1
2.3.2
2.3.3

Axioms of the closed model
An example
The model as a two—person zero—sum game

2.4 The existence of economlc equilibria

2.4.1
2.4.2
2.4.3
2.4.4

Introduction

The value of the game Ma
Solutions for which xBy>0
Multiple solutions

Chapter 3: Extensions of the model
3.1 Introduction
3.2 The open model

3.2.1

3.2.2 The open model in a closed form: an alternative

3.
3.
3.4.1
3.4.2

The Morgenstern-Thompson open economy

formulation

3 Balanced growth of consumption
4 1Initial endowments

Motivation
Capacity constraints

3.5 Raw materials and land

3.5.1
3.5.2

Raw materials
The problem with land

xi

AN = -

10
10
13
15
19
21
21
24
28
31
31
33
37
iy

a7
47
48
48

52
62
65
65
67
Th
T4
76




viii

3.5.3 Competition among technologies
3.5.4 Aggregation of land types

3.6 A theorem on aggregation

3.7 Non-balanced growth in consumption and regime—-switches
3.7.1 Non-balanced growth in consumption
3.7.2 A deviating overall growth rate of consumption
3.7+3 The full model with consumption
3.7.4 Regime-switches

Chapter 4: Computing the growth factors of the model
4,1 Introduction
4,2 Current algorithms
4,2.1 A simple bisection procedure
4.,2.2 Weil's algorithm
4,2.3 The algorithm of Thompson
4,3 An alternative algorithm for solving the Von Neumann model
4,3.1 Motive
4.3.2 An overview of the algorithm
4.3.3 A rule for determining relevant goods and
processes in Ma+
4.3.4 Consequences of relaxing rows and penalizing activities
4,3.5 Proofs of different steps of the algorithm
4.,3.6 The algorithm
4.3.7 An example

Chapter 5 : Banaladeshz some background information

5.1 Plan of the chapter

5.2 Geography and demography

5.3 A brief historical sketch

5.4 Characterization of the economy
5.4,1 Gross Domestic Product: level and composition
5.4.2 The agricultural sector
5.4.3 Industry and services

Chapter 6: FEmpirical elaboration
6.1 Introduction
6.2 Model structure
6.2.1 From BAM-1p to M
6.2.2 Activities and goods
6.3 Data and data organization
6.3.1 Set-up
6.3.2 A brief account of the data
6.4 Sketch of the model software

81
84
89
91
9
93
95
97

101
101
103
103
104
107
109
109
110

1
116
120
129
131

137
137
137
™m
143
143
147
150

153
153
154
154
161
165
165
181
186



ix

Chapter 7: Model results

7.1
7.2

7.3

7.4

T.5

T.6

TeT

7.8

Introduction

A straight application

T.2.1 Scenarios

T.2.2 The closed model without consumption

T.2.3 The closed consumption model

T.2.4 The open model

Results of the base-run

7.3.1 Non-balanced growth

Assumptions

Base-run outcomes: growth rates .
Model results and actual performance in 1984/85
Volume accounts in the base-run
Consumption levels and calory-intake

7.3.7 Relative prices

Accelerated yield increase of rice

T.4.1 Alternative scenario choice

7.4.2 Main results

Overcoming the 'regime-switch trap' for foodgrains
7.5.1 Raising the net export price for foodgrains
T.5.2 Main results

A more efficient non-agricultural sector

7.6.1 Introduction

7T.6.2 Results

A less optimistic assumption on the non-tradeable
non-agricultural sector

7.T.1 No efficiency gains from the fifth year on
T.T.2 Some results

A regime—-switch for cloth

7.8.1 Problems in exporting industrial products
7.8.2 Main results

- -3 -3 -3 -3
VUl =W N

3.
3.
3.
«3.
3.

Chapter 8: A summary of the main findings and some final comments

Appendix A: Two—person zero—sum games

A
A.2
A.3

Introduction

Definitions and basic concepts

Computational techniques

A.3.1 General

A.3.2 2 x 2 games

A.3.3 Computing the growth factor of 2 x 2 matrices

L)
191
192
192
193
198
204
208
208
209
213
218
222
230
232
235
235
237
242
242
243
2U6
2U6
247

253
253
254
258
258
259

263

2
271
271
275
275
2717
279




Appendix B: Linear programming: some basic results 283

B.1 Introduction 283
B.2 Basic concepts and theorems 283
B.3 Complementary slackness 285
Literature 287
Index 295
Samerivatting 301

Curriculum vitae -



xi

PREFACE

This study has its origins in 1981, when my colleague at the time,

Michiel Keyzer, drew my attention to the book of Morgenstern and Thompson
(MT), 'Mathematical theory of expanding and contracting economies' [69]%,
In this book MT present their research results on the Von Neumann model. In
various places of the text they express the wish that their book will be

the start of concrete applications of this model.

I worked at that time at the Centre for World Food Studies, on a large
linear programming model of Bangladesh agriculture. Michiel Keyzer
suggested to me that it might be interesting to analyze the linear
programming matrix along the lines proposed by MT. This thesis can be
considered the result of this suggestion.

I would never have been succesful in carrying the project to its conclusion
if I had not had time, help and support from a number of persons. I am
delighted to have the opportunity to thank them.

The first person I would like to mention is Michiel Keyzer. I was extremely
fortunate to have him as one of my thesis advisors. His very detailed
comments on draft versions of all chapters, always containing many useful
suggestions and his readiness to discuss specific problems, however busy he
was with his own work, did not only contribute much to the quality of the
work but also made working on the thesis a pleasure. The existence of this
book owes much to him,

Secondly, I would like to express my sincere gratitude to professor
Jerrie de Hoogh, who also consented to be a thesis advisor. His valuable

and thoughtful comments have especially helped to improve chapters 7 and 8.

*¥ The numbers in brackets refer to the literature at the end of the study.




xii

Thirdly, I would like to thank professor Wouter Tims, the director of the
Centre for World Food Studies. When, in 1985, I left the Centre, he kindly
consented to the use of the Centre's computational and secretarial
facilities. Only in retrospect I fully realize how decisive this

' farewell-present' was for the completion of my thesis. He also made a

number of useful comments on chapter 5.

My present employer, the Central Planning Bureau of the Netherlands, has
liberally allowed me to spend a part of my research time on finishing this
thesis and to use its secretarial and other support facilities. For this I

am very grateful.

Thanks also go to Geert Overbosch and Wim van Veen who have helped in the
gathering and updating of statistical information on the non-agricultural
sector and who have also assisted in implementing the software; and to
Richard Rosenbrand who has made the graphic designs.

In particular, I like to take the opportunity to express my deep gratitude
to mrs. Lioe Jacobs—~Sie for the cheerful and tireless way in which she has
typed, retyped and carefully edited the manuseript.

Notwithstanding all the above assistance and support I have received, I
must claim all the errors and shortcomings of this work as mine and mine

alone.

Herman Stolwijk
June 22, 1987



Chapter 1
INTRODUCTLION

1.1 AIMS

In this study we are concerned with economic growth in Bangladesh.
More precisely: we want to analyze and quantify the growth potential of the
Bangladesh economy. In this respect, some pertinent questions arouse, €.g.:
(1) what is the maximum (balanced) growth rate of the economy; (ii) what
does the economy look like at such growth rate; (iil) is it possible to
ldentify specific constraints causing the growth rate to slow downg (iv)
how would different assumptions with regard to world-market prices, tech-—

nological progress and the like affect the economic growth prospects; etc.

Our main analytical tool will be the Von Neumann model of an expanding
economy. This highly celebrated model, which was presented for the first
time as early as 1932!, became, among others, the starting point for a
great number of publications on economic growth. Although one cannot be but
impressed by the number of publications and research findings based on the
Von Neumann model, at least as striking is the nearly complete lack of any
real world application. Hamburger, Thompson and Weil [30], Truchon [101],
Tsukul and Murakami [102] and Weil [106] have in effect undertaken some
calculations with empirical data. Using the data in the form of a Leontief
input-output system, these studies nevertheless failed to show the great
analytical power of the Von Neumann model to full advantage. Therefore, the
testing and evaluation of the 'Von Neumann tool' on its empirical useful-
ness will be the second objective of our study. Before giving a brief
outline of the study (section~1.3), we shall first explain in more detail
the a priori considerations for choosing the Von Neumann model,

! This was in Princeton. In 1937 the model was published for the first time
(in German). In 1945 it was translated into English and published as 'A
Model of Economic Equilibrium' in the Review of Economic Studies [70].



1.2 THE CHOICE FOR THE VON NEUMANN MODEL

The relevance of studying options for economic growth in Bangladesh
will need no further explanation. The achievement of sustained growth can
be considered as the paramount economic objective of most of the developing
countries. On the other hand, the lack of real world applications of a model
of such a venerable age as the Von Neumann model, may ralse the question as
to why we have chosen for this particular framework. In answering this ques-
tion we shall, at first, even go further back and briefly go into the matter
why a model 1is used at all to analyze growth options of the Bangladesh

economy.

Thinking about growth is, by its very nature, thinking about change. As we
are interested in options for growth, especially change‘that can take place
in the future is at issue. In principle, such 'thinking' can be attempted
in many ways. One could, for example, disregard laws of nature and logic
and, instead dream up a future., As fruitful as this may be for writers of
science-fiction, for every-day policy it is not likely to disclose relevant
insights. Everything is thinkable and if the profession were not to impose
restrictions, a policy-maker has no alternative but to rely on the nicest
story. Economics would be reduced to rhetories. Although to some economists
rhetorics is a fair description of what economics actually amounts to (see
e.g. Klamer [47] or MeCloskey [56]), this would be a deplorable state of
affairs. Instead of concentrating on the *nicest story' it is better to use
a theory, i.e. a consistent framework, a model, to discriminate between
what is conceivable and what is, in addition, interesting in a policy

context.

One gould argue in this connection that, in a poor and strongly agricul-
tural oriented country as Bangladesh where a great part of the population
does not get an adequate daily diet, options for growth have mainly to do
with the agricultural potentials of the country. Therefore a model that
allows for studying and evaluating these potentials would be most suited.
There is certainly an element of truth in this. It is safe to say that
agricultural potentials are of an overwhelming importance for Bangladesh.
And, if options for growth of the country are evaluated, one can certainly



not do without them. However, a purely agronomic model has its limitations
also. On the one hand because such a model is partial; if, for example, no
chemical fertilizer at all is available, a discussion on modern farming
methods in order to realize the computed yield potential, does not serve
much purpose. On the other hand purely agronomic models abstract from the
economic aspect, which is too important an aspect to lose sight ofj if, for
example, irrigation water is too expensive, yleld potential will not be
realized either,

The above considerations result almost automatically in the choice of a
model of economic growth, What has economics to offer in this respect?
Since the time-aspect is so inherent to the economic process, it is only
natural that economists have been much concerned with economic growth.
Roughly speaking one can distinguish two types of growth theories., First,
there are the all-embracing theories. These are never purely economic in
character: a large variety of political, sociological, cultural and psy-
chological factors are intermixed to produce an all-encompassing 'vision'
on the long term development of society. The great classical economists
like Smith, Ricardo, Malthus, Mill and, in particular, Marx were all growth
theorists in this sense. Rostow's ' Stages of Economic Growth' [82] can be
considered as a relatively recent example of such a 'grand' theory (see
dones [371, p. 4).

The importance of these 'grand' theories is beyond doubt. However, they are
too general and too imprecise to result in explicit quantitative statements
on growth options of a specifiec economy; they (may) provide a philosophical
background for interpreting 'reality' . It will be clear that they are not

appropriate for our purpose.

The principal characteristic of the second type of growth theory is the
explicit mathematical structure. The models of Harrod and Domar, the
neo—classical growth model and the many variants on it are outstanding

examples of this category.

Innate to several of these formal models is their high level of aggregation

and abstraction. Often, only one or two goods are distinguished., Consequentl,




many pertinent economic issues cannot be traced separately. The threads

connecting model with reality become too thinly spaced.

Growth theorists generally recognize this problem. Many textbooks acknow-
ledge the lack of practice-oriented shape of growth theory. Discussing

macro—economic growth theory, Solow warns, for example, that
"we are dealing with a drastically simplified story, a parable . . ."
({871, p. 1). Hahn tells the reader

"not to expect that he will learn all about economic change and
growth, but rather that he will see rather good minds struggling with
the most elementary aspects of what may become such a theory"
([291, p. XI); Hacche ([28], p. 21) speaks about disillusionment with the
results of the effort put into growth theory; ete. The remarks of Solow,
Hahn and Hacche originate in the 1970s, but there is little reason to
assume that the situation has fundamentally changed since,

"In part", as Sen ([84], p. 10) explains, "the difficulty arises from the
innate complexity of the processes of economic growth". Especially with
respect to intertemporal issues there are still many problems to be settled.
In such a situation, we think, an applied modelbuilder should follow relevance

and pragmatism as his guides.

There are a number of reasons why the Von Neumann model comes to the
limelight then. In contrast with the models of Harrod and Domar or the
neo—classical growth models, the Von Neumann model distinguishes many
sectors and goods. Moreover the model can handle joint production while the
input-output matrices by which the production relations are described, need
not necessarily be square., The advantages of these characteristics are

manyfold.

To start with, the technical relations of the production processes can be
taken into account explicitly. Further, the non-squareness of the techno-
logy matrices implies that alternative technology levels can be introduced.
The technology level, according to which production actually takes place,

need not be specified a priori but is endogenous to the model. Similarly,



it is not necessary for trade regimes to state in advance whether a good is
Imported or exported. The joint production property allows also for an
explicit treatment of by-products. In the case of Bangladesh where by-
products play such an important role, this model property cannot easily be
overvalued,

Finally, because many sectors can be distinguished, the Von Neumann model
permits a studying of the interdependencies that exist among them.

Given these advantages, it may be intuitively clear that the potential
empirical content of the Von Neumann model 1s superior to that of the
traditional macro-economic growth models.

With respect to 1ntertempora1\1ssues,‘the Von Neumann model takes a prag-
matic position., The model describes states where balanced growth is at its
maximum. A balanced growth path is certainly interesting on its own.
However, because a balanced growth path consists of equilibrium states,
i.e. states which are consistent with (i) the laws of nature (volume
balances are satisfied) and (ii) optimizing behaviour of economic agents
(the price system is such that all processes carried out yield the same
profit rate, while processes not carried out cannot yield higher profits),

such paths are, in our opinion, highly relevant as well,

Of course, the optimality property of the outcomes presupposes a specific
institutional structure of the economy. Uncertainty, lack of information
and the like do not explicitly enter the Von Neumann scene. Although we do
not want to question the importance of these phenomena{/we do think that a
proper treatment lies still far beyond what applied economics can actually
cope with,

Rejecting macro—economic growth models for the reasons stated above does
not automatically lead to the choice of the Von Neumann model. Both the
dynamic Leontief input—output model and the multi-period linear programming
model are also disaggregated, multi-sectoral linear models of an economy.

As Brddy [13] shows, both can even be written as Von Neumann models.




However, as a growth model, we think, the Von Neumann model has some clear

advantages over these alternatives also.

The main drawbacks of the dynamic Leontief model are that it does not allow
for joint production and that the technology matrices must be square.
Consequences of the latter are that only one technology level can be taken
into account and that no 'regime-switches' can take place.

If the Von Neumann model is compared with a multi-period linear programming
model, the following differences can be noticed: first, because of its
smaller size, the Von Neumann model is computationally much easier to
handle. Secondly, it has become clear in the empirical part of the study
that because of the non-linearity of the growth factor,the Von Neumann
model is less liable to large shocks if coefficients are marginally changed.
Thirdly, the Von Neumann model ylelds an endogenous interest factor. This
interest factor plays a role in determining the cost of a process. Fourthly,
the Von Neumann model describes an equilibrium state in which balanced
growth is on its maximum. Finally, the result can be summarized in one
number (growth factor). The outcome of a multi~period linear programming
model will, on the other hand, given the somewhat arbitrary manner by which
the objective function has to be formulated, be of a much more 'ad-hoct
character,

1.3 PLAN OF THE STUDY

In chapter 2 the Von Neumann model in its original form is discussed.
It appears that the original model has a number of limitations which makes
an application to a real world economy less interesting. Therefore the
model is adjusted in a number of ways. These adjustments are the subject of
chapter 3.

Chapter 4 is devoted to computational procedures for solving the model.
Because existing procedures are, when the matrix is decomposable, not
satisfactory, an alternative algorithm is designed and discussed.



Chapter 5 provides some background information on Bangladesh.

In chapter 6 the model is empirically elaborated. First the model structure
is explicitly formulated, then a brief account of the data is given. The
chapter ends with an outline of the model software.

Chapter 7 is devoted to the model results. Model outcomes resulting from
alternative scenarios are discussed and compared with each other.

The study concludes with chapter 8. Here the main findings are briefly
summarized and discussed in the light of the original objectives.







Chapter 2
THE CLOSED MODEL

2.1 PLAN OF THE CHAPTER

The Von Neumann model describes an economy in a state of balanced
growth. In such an economy supply and demand of all goods increase at the
same rate. The price system corresponding with balanced growth is such that
all processes carried out yield the same profit rate or rate of return,
while processes not carried out do not yleld higher profits.

Except for some minor modifications, the discussion in this chapter will be
limited to the Von Neumann model in its original form., We shall not bother
too much about model characteristics that are, in a real world context,

rather unrealistic. A discussion on the latter is postponed to chapter 3.

The plan of the chapter is as follows: we start with a more or leas informal,
mainly verbal discussion of the different model components. First the phys-
ical side will be discussed. Sections 2.2,1 and 2.2.2 introduce goods and
processes, and growth respectively. Special assumptions on the technology
matrices are discussed in section 2.2.3, while section 2.2.4 has the 'dual’
side of the model as a topic, i,e. here prices, profits and the interest
factor enter the scene,

The remainder of the chapter is devoted to a more formal discussion of the
model, In section 2.3.1 the model is described by means of five axioms,
each axiom being a mathematical formulation of an hypothesis about the
state of the economic system described by the model. In section 2.3.2 an
example illustrates the axioms. In 1956 Kemeny, Morgenstern and Thompson
£39] reformulated the model in game-theoretic terms. By doing so, the
original five axioms could be reduced to three. In section 2.3.3 we discuss
this reformulation. The subject-matter of sections 2.U4.,1 - 2,4,U4 is the
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existence of economic equilibria. It is proven here that the model has at
least one and at most min (m,n) equilibrium solutions, where min (m,n) must
be read as the minimum of the number of processes (m) and the number of
goods (n) belonging to the economy. Because parts of the existence proof
will also play a role in chapter 4 where a new algoritﬁm is presented with
which the model can be solved, the discussion is rather detalled.

2.2 BASIC ELEMENTS OF THE MODEL
2.2.1 Goods and processes

Goads and processes are the central elements in a Von Neumann
model, Goods are of two different kinds: first, there are unproduced goods
or raw materials., For example, iron ore deposit, uncultivated land, game,
rain, etc, Second, there are produced goods as for example paddy, culti-
vated land, fertilizer, etc. Several kinds of services also belong to this
category. Only produced goods enter the model; unproduced goods (raw
materials) are left out. They are assumed to be non-restrictive in the
production process and are therefore considered to be free. When some
organized effort takes place to make a raw material productive, it is no
longer free. Thus crude oil is in the Von Neumann model a free good as long
as it stays in the earth. However, as soon as it has been pumped up it is
not free anymore but it has instead become a produced good. The economic
relevance of this assumption and its implication for modeling a real world
slituation will be discusssed in section 3.5.1. We define a process as a
connected series of actions to be taken to transform inputs into outputs,
For example, we can c¢all the transformation of land services, draught
power, manure, human labour and seed into paddy and straw, a process,
Bécause every process can be broken down into a mumber of other processes
at a lower level of aggregation, the definition has an element of un-
determinacy. Therefore, as in any modeling exercise, at the outset of a
real world application, one has to start with a definition of what oné
considers a process. It is not necessary to make any assumptions on either
the number of (produced) goods (n) or the number of processes (m), except
that both n and m are finite and fixed integers. In a real world situation
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m>n will usually apply, i.e. the number of available processes will exceed
the number of goods because most goods can be produced by several alterna-
tive production processes. A process i is represented by two vectors: an

i i
input vector A (=ai1, 850 eees ain) and an output vector B (=bi1, biz'

ey bin)' The input coefficient a indicates the amount of good j which is

ij
used up in process i if the process operates at unit intensity. Similarly
bij denotes the output of good j from process i if the process operates at

unit intensity. Naturally, both a,, and b,, are real non-negative numbers.

Because more than one element of iietov B%Jmay be positive, the model can
handle joint pboduction, i.e., multiple outputs may occur. Joint production
allows to treat capital goods at different stages of wear and tear as
qualitatively different goods instead of as one, single, slowly evaporating
good. Thus the process of spinning in a Von Neumann world needs raw cotton
and a spinning wheel of age t as inputs and yields yarn and a spinning
wheel of age t+1 as outputs. In theoretical work this property has been
heavily exploited because it permits to get around the aggregation aspect

of the capital problem of the neo-classical growth models?.

Von Neumann considers labour needed in the production processes as a raw
material, As a consequence it stays out of the model. The necessities of
life are however taken into account. They are treated as part of the input
vector (L7031, p. 240).

The model assumes constant returns to scale. If all elements of the input
vector Ai are multiplied by a scale factor a, all elements of the output
vector B1 have to be multiplied by the same factor. Thus if we describe
process i as

b, )

(@10 8ip0 wevees B0 > (byiy Doy wenany By

i2 1’ b

i

then the process described as

(aa11. L IPTRETRTRY aain) > (abi1, abiz, ceneey abin)

2
See Jones ([37], p. 127 - p.1U5) for a brief discussion of the neo-
classical controversy.
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belongs also to the technology of the economy. It should be clear that con-
stant returns to scale are not incompatible with the principle of dimin-
ishing returns. The former refers to a situation where all inputs are
increased by the same factor while in case of the latter, at least

one input is kept constant, If the principle of diminishing returns
applies to a certain productlion process, different input—output combina-
tions can enter the model as different processes. For example, suppose the
relationship between milk production per animal (M/A) and feed intake per
animal (F/A) obeys the formula:

M/A = VF/A

where 1 § F/A £ 10 is the relevant domain. In this example, which has
constant returns to scale, one could consider the following processes as
part of the technology:

Input Qutput
Cows feed milk Cows feed milk
Process 1 1, 1 s, 0 ) > (1 0 1.00)
" 2 (1, &4 s 0 ) + (1 0 2,00)
" 3 (1, 71 s 0 ) +> q 0 2.65)
" b (1, 10 s 0 ) > (1 0 3.16)

Of course a different number of points could be considered as processes
also,

Good j may be measured in any convenient unit, as long as the same goods
are expressed in the same unit in all processes. The technology of the

economy can now be summarized by an input matrix A and an output matrix B

as follows:
a11 “ o s e o a1n b11 e e s 6 s o b1n
A= a11 . . a1j . . a1n B = bi1 . . bij .. bin
a[111 c s o o o @ amn bm1 e e e s o bmn

Both matrices A and B are of size mxn, and one can interpret them as the
sum total of the technical and organizational knowledge available to a
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country, a firm, or, more generally, an economy. Contrary to the conventlon
in linear programming, processes (activities)?® are denoted by rows and
goods by columns,

The operation of the economy is expressed by means of an intensity vector
x=(x1, x2, resy xm). where Xy is a real non-negative number indicating the
level upon which process i operates. For the time being and because the
constant returns to scale assumption applies, only the relative levels of
activity are considered and hence we may normalize x so that Xx1 =1,
Vector x is a row vector., A speclal case occurs if m = n and matrix B is
the identity matrix, i.e. the matrix for which all elements along the
principal dlagonal are unity and all other elements are zero. In that case
the model has a Leontief input-output structure and shows some similarity

with the models of Marx and Sraffa®.

2.2.2 Growth

The time period of the model can be of an arbitrary length. It
must however be the same for all processes of the economy. Because of the
relative freedom in choosing the level of aggregation of a process, this is
not a very restrictive requirement. In modeling a real world economy the
time period will usually be a year, If we assume that we start with a
bundle of goods at the beginning of period t and that we end with another
bundle at the end of period t, the physical production change can be

represented, given the above defined symbols, as follows:

XA et ) X B
beginning of period end of period

% The terms activities and processes will be used as synonyms.

* See Abraham Frois and Berrebi [1], Morishima [64] and Schefold [83] for a
discussion on the similarities and differences between the models of
Marx, Sraffa and Von Neumann; Marx and Von Neumanng and Sraffa and Von
Neumann, respectively.
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In this expression xA is a row vector, showing the total physical amounts
of goods J (j = 1,2,...,n) that are needed as inputs if the economy operates
according to intensities x., For example:

m

I x a
1= 14

is the total amount of good j used up in the different processes 1i.
Likewise xB 1s a row vector showing the total amounts of goods j produced
by the m activities of the economy. For good j total output amounts to

m .
I x, b

g 1M

If we divide the first component of xB by the first component of xA, the
second component of xB by the second component of xA, etec., until the n-th
component, we get a set of ratios a,{(j = 1,2,...,n) which can be considered

J
as the relative expansion or growth factors of goods j during the period.

It will be clear that the value of aj is, given matrices A and B, a func-

tion of vector x. Thus:

Zi x1 bi

I, X, a

a,(x) =
J 1 %y 34y

Because both xB and xA are expressed in physical quantities, we can look

upon @, as the technical growth factor (or as one + the technological

3
growth rate) of good j.

Depending on its value, aJ will fall into one of the following four categories:

(a) a, 1s undefined

J
This is the case if both zi x1 bij = 0 and 21 x1 ai‘1 = 0 which means
that good j is not produced and not used up by any process of the
economy.

(v) o = o
This will happen if 21 xi bij > 0 and Zi xi aiJ = 0 which means that

when the economy is in operation, good j 1s produced by at least one

process but is not used up by any process of the economy.
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(e) o = 0
The reverse of (b) namely I ox b1j = 0 and I, X, 3y > 0. Good j is

not produced but is used up by at least one process. Such an economy
is of course not viable in the long run.

(d) o0« o { ®
As we will see the most interesting case. Here both I

21 x1 a1J > 0.

X, b,, > 0 and

17174

2.2,3 Assumptions on technology matrices A and B

An intensity vector x which ylelds a maximum for o, need not

necessarily do so for a,. An example will elucidate this. Consider an

2
economy consisting of two goods and two processes for which the input (4)

and output (B) matrices look as follows:
1 1J ' [u 1]
A‘L 1 B=- 11 2.5
The growth factor for good {1 is:
4x1 + x,
1 2

It can easily be checked that o, is maximum at x = (1,0). The corresponding

growth factor for good 2 at the;e intensities is 1, i.e. good 2 does not
grow at all: the output just equals the input. In case no extra stock of
good 2 exists, the growth rate of good 1 can only be sustained for one
period. Of course, this is a direct consequence of the fact that in our
example both goods are needed as input for the production of each other.
However, also more subtle examples are conceivable where goods are needed
as inputs for the production of each other in an indirect way. Thus, if
good a 1s needed for the production of b, while b is required for the
production of ¢ and ¢ serves as input for d, the growth of a can limit the
growth of d. In most economic models these interdependencies are ignored by
aggregating over the goods. To what consequences this can lead can nicely
be shown with the example. If we aggregate good 1 and good 2 by adding them




16

up, the economy can grow at a maximum rate of 150 per cent [= (the growth
factor - 1) x 100], while, as one can verify, the maximum growth rate
sustainable in the long term according to the disaggregated form 1s only
100 per cent.

A Von Neumann model can in principle handle these problems adequately

because:

(1) goods and processes enter the model as they ! physically appear' in
the real worlds and

(2) in analyzing the growth factor all goods and processes are taken into
account simultaneously.

To facilitate the analysis, Von Neumann ([70], p. 243) and later on Kemeny,

Morgenstern and Thompson® ({393, p.118) made some particular assumptions

with regard to these dependencies which we will discuss successively. Von

Neumann made the assumption that every process either uses or produces a

positive amount of each good of the economy. Or, in symbols:

3y, + biJ >0 for all { and j (2.1)
From a purely technical point of view this is a very unrealistic assumption,
In a statistical sense it is not: as long as numbers a1J or bij that have
to be added are small enough, they can be interpreted as observation
errors, Von Neumann needed the assumption to prevent that the economy
'might break up into disconnected parts' ([70], p. 243). And, as he says,

'since the a may be arbitrarily small this restriction (i.e. assump-

13* "1y
tion 2.1) is not very far—-reaching. . . .' ([70], p. 243). Of course, there
is nothing against making use of an unrealistic assumption in case its
implications are not very far-reaching. However, as we will show by an
example, Von Neumann's assumption can have important consequences, Consider

an economy with the following technology matrices:

L T 4 07
velo ] eefe 1)
As can easily be seen, the maximum growth factors for the two goods are 4

and 1 respectively. Because a12 + b12 = 0 and a21 + b21 = 0, the economy

5 Abbreviated as KMT.
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does not satisfy assumption 2.1 (or Von Neumann's assumption on technology).
Let us therefore add an amount €, 0 < ¢ << 1, to the two zeros of matrix B

80 that Von Neumann's assumption is satisfied. The technology of the

economy is now as follows:

el ] eelr vl

The adjusted economy has only one (maximum) growth factor which is an in-
creasing function of ¢ and goes assymptotically to 4 as ¢ falls to zero®.
Thus, because € > 0, the 'new' growth factor is always greater than 4. We
could also have satisfied the Von Neumann assumption on technology in
another way, that is, by adding small positive amounts to the zero elements

of matrix A. In that case the technology‘matrices would be changed into

1 € y 90
SIS

Now the maximum growth factor is a decreasing functlon of e, If € falls to
zero, the growth factor rises asymptotically to 1 but remains, for any
positive value of e, smaller than 1, Thus, some arbitrarily small changes
in the technology matrices result in a drastic decrease of the growth
factor: from more than 4 to less than 1. One could object that the example
is small and artificial, Still there is, on a priori grounds, little reason
to assume that a straightforward application of the Von Neumann assumption
on technology on real world data will have less dramatic consequences for
the growth factor. By introducing trade, so that (small) quantities of
goods can be imported and/or exported, and initial endowments the model
becomes less sensitive to variations in coefficient values near zero (see

chapter 3 and the model results in chapter 7).

& Theorem 2.4 (section 2.4.3) proves the existence of at least one maximum
growth factor. Theorem 4.1 proves that for an economy satisfying assump—
tion 2.1 at most one maximum growth factor exists., In Appendix A a
method is given for finding the growth factor of 2 x 2 economies.
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In their article on the generalization of the Von Neumann model, Kemeny,
Morgenstern and Thompson [39] replaced assumption 2.1 by the intuitively
more plausible conditions:

3y >0 for at least one j per i (2.2)

biJ >0 for at least one i per j (2.3)
Assumption 2.3 states that every good (commodity) can be produced by at
least one process. Its plausibility follows from the fact that in the Von
Neumann model only produced goods appear. So, if the output of a commodity
would be zerc in all actlvities, the good would in a closed system disap—
pear after one period of production and this part of the system would not
be sustainable. Turning next to assumption 2.2 which says that every
process consumes some (produced!) inputs. Morgenstern and Thompson motivate
the plausibility of this assumption by asserting that 'there is no known
physical process that produces outputs without any physical inputs' ([69],
p. 28). However, because raw materials in their original state do not enter

the technology matrices A and B, a,, = 0 for all j for some i, does not

necessarily mean that something 1sigroduced from nothing but only that
something 1s produced without using any produced goods. This is quite
another matter., Nevertheless, we consider assumption 2.2 plausible and
economically meaningful. Its economic significénce follows from the fact
that a good !'produced' from raw materials only?, can also be considered a
raw material and thus can be left out of the technology matrices. Assump-
tion 2.2 1is therefore by no means an assumption on technology following
from a basic physical principle but it 1s a criterion for distinguishing
purely physical and biological processes from economic processes. This
point is best 1llustrated by an example.

Paddy growing on a farm needs produced goods as inputs, for example seed,
fertilizer, irrigation, labour (which is produced through food intake), etc.

7 For a correct understanding of the argument it must be kept in mind that
if we are speaking here and in the following of !raw materials', goods
are meant that have been unaffected by purposeful human intervention,
Thus, rain is a raw material while irrigation water is a produced good.
According to this definition'. . . a good produced from raw materials
only' is properly speaking a contradiction in terms.
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So the input vector has some elements aiJ > 0. Therefore, although the pro-
cess has physical and biological aspects, it i1s also an economic process.
The growth of paddy under natural conditions on the other hand does not
need any produced goods as inputs. Thus a1j = 0 for all j and therefore the

process can be considered as being purely biologically and not economic®.

2.2.4 Prices, profits and the interest rate

So far, the discussion has been limited to the physical
side of the economy. Von Neumann introduced, in a 'dual' way, also a price
system which will be outlined now., Each good j is assigned a price yj,
where yJ is a real non-negative number. The set of all prices is indicated
by a (column) vector y = (y1, Yor eees yn)'. Prices serve as a unit of
account only and not as a store of value. Therefore only relative prices
are of interest and we may proceed from a normalized price vector y satis-
fying XJ yJ = 1. Symbolically, value changes during one time period can now
be described as follows:

Ay ——— By
beginning of period end of period

In this scheme Ay is a column vector showing for each process the total
value of goods J (j=1,2,...,n) which are needed as inputs to run the
process at unit intensity. For example, element i of Ay can be calculated
as:

n

I a,.y

which is the total value of the inputs needed to run process i at unit
intensity. Likewise By is a column vector, element i showing the total

value of the output of process i, if run at unit intensity. Thus:

® The gathering of paddy grown under natural conditions is of course again
an economic process,
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n

L b,,y
o1 1%

iIs the output value of process i if X, = Te

If we divide each component of By by its corresponding component of Ay, the
resulting set of ratios Bi (i=1,2,...,m) can be considered as the relative
profitability factors of processes i. For example, the profitability factor

of the first process equals

L.b,.y
B,y =
371373
Related to the profitability or interest factor is the profit or interest
rate which is equal to the profitability or interest factor minus one, that
is (g~1). yj’ aij and bij are real non-negative numbers, Therefore, as for
aj' we can distinguish four possible cases regarding the value of Bi'
(a) 31 is undefined
This occurs if both I.b = 0 and £.a = 0, That is, if
371373 321373 ’
(1) nothing of value is produced; and
(1i1) nothing of value is used up in process i°,
An uninteresting case from an economic point of view: all goods

involved in the process are free, thus no economic problem exist,

(b) By =@
This will happen if £.b >0 and §,a = 0, Or rocess 1
PP 5 inj 1 ijyj s D

produces something of value but does not need anything valuable as

input.

(e) 8, =0

The reverse of (b), i.e. zjbijyj = 0 and ):jaijyj > 0. Nothing of
value 1s produced while something of value 1s needed as input.

® Wnen it is stated that nothing of value is used or produced, it does not
necessarily mean that nothing is used up or produced at all. For it is
also possible that a process uses or produces only goods which are free,
i.e. goods which have a zero price in the economy.
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(d) o0« 81 (o
The most interesting case if we study a real world situation., Here
both I.b 0 an . nd
3 ini > d zjaijyj > 0. Something of value 1s used up a
produced by process 1i.

2.3 THE CLOSED MODEL: AN AXIOMATIC DESCRIPTION
2.3.1 Axioms of the closed model

After providing the building blocks, we will proceed to an
axiomatic description of the model. An axiom must be understood here as a
mathematical formulation of an hypothesis about the structure of the
economy. Taken together, the axioms form the model. The Von Neumann model
consists of five axioms. Together they deseribe an economy in equilibrium,
i.e. they describe the whole economic system in a state where physical
balances are consistent with laws of nature and where all non-zero pro-
cesses yleld the same rate of profit. Although the equilibrium state
applies to all periods, it is not a stationary state: the system can expand
at a uniform rate. Following Champernowne ([16],p. 11) one could call such
a state a quasi-stationary state, although Von Neumann did
not use this term. In such a quasi-stationary state the structure of the
economic system does not change over time, i.e. the intensity vector x, the
price vector y, the expansion factor a and the interest factor B are the
same for all periods. Only the scale of the economy changes. Therefore,
to study the model one can confine oneself to one period. And because it
will usually be clear from the context which period is meant, we shall only
use the time subscript when leaving it out may lead to confusion. Let us

now state and briefly discuss the axioms:'®

Axiom 1: xB 2 oxA

According to this axiom the outputs of one period (xB) must equal or exceed
the inputs of the succeeding period. The axiom says something about the
growth, theorigin and thedestination of the goods.

19 The axioms as they are presented here, are taken from Morgenstern and
Thompson ([69], p. 23-24),
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Growth
The growth of the physical production through time can be described
by the following scheme:

XA —> xB 2 axA —> axB 2 a?xA —> a?xB 2 a’xA —> a®xB 2 ...etc,
t t+1 t+2 t+3

Because the intensity vector x is normalized (Eixi=1), the elements
of vector xA and xB are normalized quantities of goods. Therefore if
we consider the Inequallties separately, each side may be divided by
a (or at) which means that axiom 1 serves for all periods. According
to the axiom all goods increase by at least. (o—1) x 100 per cent per
period, It follows that the slowest growing good(s) determine(s) the
maximum feasible growth rate of the economy. As far as all goods are
needed in the production of each other, this is a realistic assump-
tion. If the coherence among goods is not so rigorous one can doubt
the reality content of the assumption. However, as we will see below
(section 2.4,.4) in that case different blocks (sets of processes),
each having its own growth factor, can be distinguished in the

economy .

Origin
Goods used as inputs in period t+1 have to be taken from the outputs
of period t. This means that no goods from the rest of the world can

enter the economy, l.e. the'model is closed.

Destination
An output good is either used as input in next period or disposed of,
This choice between alternatives implies the introduction of an actor

who can make the decision to dispose of goods.

Axiom 2: x(B - aA)y = O
In words: the value of the output of period t minus the value of the input

in period t+1 is zero. In essence two requirements regarding the price

structure of the model are stated by this axiom:
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i) Because x,B,0,A and y 2 0, goods for which in axiom 1 the strict in-
equality holds have a zero-price, Thus axioms 1 and 2 imply free
disposal.

i1) Only goods that are not over-produced can (but need not) have a
positive price. Since zjyJ = 1 at least one produced good must have a
positive price. It also follows that when the economy is in equil-

ibrium not all goods can be in surplus.

Axiom 3: By £ B Ay

According to this axiom the output value of each process is less than or
equal to the capitalized input value. Axiom 3 makes the economy profitless
at an interest rate (8-1). Because (B-1) can be interpreted as the profit
rate, one could also say that in equilibrium no super-profits can be
earned. In symmetry with the growth of the physical production, the value
changes which take place through time can be described by the following
scheme:

Ay —> By & BAy —> gBy £ B2Ay —> p2By £ B*Ay —> B°By $ ...etc.
t t+1 t+2 t+3

Because y is normalized, the elements of Ay and By are normalized values.
Therefore, if we consider the inequalities separately, each side may be
divided by 8 (or Bt) which leads for each period to axiom 3,

Axiom B: x(B - BA)y = O

This axiom can best be understood in connection with axiom 3. If in axiom 3
for process i the strict inequality applies, it can only be carried out
with a loss, Axiom U4 says that In that case the intensity of the process
will be zero. The plausibility of this is easily understood. Processes
which make a loss can, if no subsidies are paid, only exist a short time,
i.e. only when the economy is out of equilibrium. Axiom 4 also says that in
an equilibrium state only processes that do not make a loss can (but not

necessarily need) have a positive intensity.

Axiom 5: xBy > O
Or: something of value must be produced. The economic meaning of this axiom
is trivial, In the original formulation of the model [70] Von Neumann did
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not need axiom 5. As we will see in chapter U4, under the assumption of a
Von Neumann technology!!, solutions to the model under axioms 1-4 are
unique and will, except for some extreme cases!'?, always satisfy axiom 5.
However, if the, from an economic point of view, more realistic KMT-assump—
tions on technology apply!®, solutions to the model under axioms 1-4 need
not necessarily be unique. Moreover, if more than one solution exists only
a few are economically meaningful in the sense that axiom 5 1s satisfied.
In section 2,.4.4 we will come back to this point.

This leads us to the following definition of an equilibrium solution:

An equilibrium solution of an economy, represented by technology
matrices A and B, can be defined as a quadruple Q = {x,vy,a,8 lx 2 0,
y20,220,B20,Ix, =1and £y, =1} satisfying axioms 1-5
(KMT-technology) or axioms 1-4 (Von Neamann technology).

If not explicitly stated we shall assume in the following that the KMT-as-
sumptions on technology apply.

2.3.2 An example

Consider a simplified economy consisting of two processes and
two goods. Product 1 is a capital good and product 2 is a consumption good.
In process 1 capital goods are produced: one unit of the capital good and
four units of the consumption good are needed as input to produce three
units of the capital good as output. In process 2 consumption goods are
produced: three units of the capital good and one unit of the consumption
good yield two units of the capital good and four units of the consumption
good, So the input matrix A and the output matrix B look as follows:

11 gecall that in a Von Neumann technology aij + bij > 0 for all i and jJ.

12

For example, if B=0, then xBy = 0.

13
Recall that in a KMT-technology:

~ 85 >0 for at least one } per i, and
- bij > 0 for at least one i per j.
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A B
Capital Consumption Capital Consumption
good good good good
Process 1 1 } 3 0
Process 2 3 1 2 . b

As can easily be verified, matrices A and B satisfy both the Von Neumann
and the KMT-assumptions on technology. Observe that in process 2 joint
production takes place. Solving the model consists of finding vectors x -and
y and scalars o and B that obey axioms 1-5. Because n = m = 2, both vectors
x and y have two elements and because x as well as y is normalized, one can

express x, and y, as (1—x1) and (1—y1), respectively.

2
Starting now with axiom 1 we get:

3x, * 2(1—x1) 2 a[x1 . 3(1-x1)] (2.
and
H(1—x1) 2 a[ux1 + (1-x1)] (2.5)

Rearranging (2.4) and (2.5) yields:

2 + x1
o < 3—:—5;: (2.6)
and

u—4x1
ol /7 (2.7)

3x1 + 1
Figure 2.1 shows the feasable area for a. The shaded area contains all
technological expansion factors. The maximum feasible a can be calculated
as 1.091 which corresponds with x1 = .4 and x2 = .6,

Then considering axiom 3, we can write:

3y, $ 8Ly, + ¥(1-y)] (2.8)
and
2y, + 4(1-y) € 803y, + (1-y,)] (2.9)
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4.0 |
4-4x,
3.0 | C 3x,+1 (1,3)

At 24X,

3-2x,
16 . 2.0
1.0
(0,2/3)

0 .2 .4 .6 .8 1.0
)(‘| -
Figure 2.1

Relation between growth factor and
process intensities (x2 = 1—x1)

Rearranging (2.8) and (2.9) results in:

B2 ﬁ:§§; (2.10)

and

Y
2y1

B2 TT§§;

(2.11)
In figure 2.2 both (2.10) and (2.11) are shown. The shaded area contains

all gf's satisfying axiom 3. The minimum interest factor appears to be as

high as the maximum growth factor'®*, namely 1.091. The prices y1 and y2
belonging to this minimum are .6957 and .3043 respectively. If we substitute

o %nin and the corresponding price and intensity vector into the

max
remaining axioms (2, 4 and 5) this leads to:

Axiom 2: x(B - al)y =0 >

30 1 4] (.6957
oo [(3 % o ] S -

1% In section 2.3.3 we shall show that this is no eoihéidence.
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Axiom B: x(B - BA)y = O

Because B = o, it follows from axiom 2 that axiom 4 is also satisfied.

4.0,
3.0 | (1,3)
™~ 3y‘
4-3y,
t8 2.0 |
.
42y, /
1.0 |
(1,2/3)
T T T T

0 .2 .4 .6 .8 1.0
Yy

Figure 2.2
Relation between interest factor
and prices (y2 = 1—y1)

Axiom 5: xBy > 0

o .6
(o3 %] )z

Because all axioms are satisfied it can be concluded that an equilibrium
solution has been found. The equilibrium growth rate of the economy is 9.1
per cent which is at the same time the maximum proportional growth rate.
The corresponding interest rate turns out to be also 9.1 per cent which is
at the same time the minimum interest rate at which no price system is
conceivable by which both processes can earn a super-profit, i.e. a profit
exceeding the interest rate (see figure 2.2).
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Suppose that the economy has initial endowments in the right proportions,

! : X A2 15, Say there are 1,000 units of the
capital good and 1,000 units of the consumption good. At the end of period
1, it possesses 1,091 of each, After two production cycles the economy has
grown to 1,190 units of the capital good and 1,190 units of the consumption

that is in proportions x A

good ete. The way along which an economy moves through time is called the
growth path of the economy. The Von Neumann growth path is called the
turnpike. From the above it follows that a growth path is properly
speaking not a path but a series of discrete points (Koopmans [50], p. 361).

2.3.3 The model as a two—person zero-sum game

Von Neumann presented his model for the first time as early as
1932'%, The model remained however practically unnoticed for many years,
partly because of the unaccessibility of the mathematical arguments to many
economists. A first and major step towards a better understanding of the
model was taken by Kemeny, Morgenstern and Thompson in 1956. In their
article 'A generalization of the Von Neumann model of an expanding economy'
{391, the authors introduced, among other things, matrix game theory as a
mathematical tool for analyzing the model. This tool appeared to be very
fruitful. Especially in proving the existence of economic and non-economic
solutions. Because of the close relationship between linear games and
linear programming, it also opened the way to the construction of algor-
ithms for finding solutions to the model. Therefore we shall, in this
section, restate the model in game-theoretic terms. For easy reference,
basic concepts and relevant theorems of matrix game theory have been

summarized in appendix A.

Recall that an equilibrium solution of the Von Neumann model consists of a

quadruple:

1% In section 3.4 we discuss the situation where initial endowments are not
in the right proportions.

18 gee footnote 1,
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Q=1(x,y,0, 8{x20,y20,a20,820, Ix; = 1 and Iy, = 1}

satisfying the following five axioms:

xB 2 oxA (2.12)
x(B - ah)y = 0 (2.13)
By § BAy (2.14)
x(B - gA)y = 0 (2.15)
xBy > 0 (2.16)

For restating the problem in game-theoretic terms, we need the following
theorem which is due to KMT ([391, p. 119).

Theorem 2.1
1f (x, ¥y, o, B) is a solution to (2.12 - 2,16),
then o« = B = xBy/xAy applies.

Proof:
From (2.13) and (2.15) it follows that xBy = oxAy = BxAy. Because xBy > O
(2.16), and both a 2 0 and B 2 0, xAy is also > 0. Hence a = B = xBy/xAy., O

The economic meaning of this theorem is that, in equilibrium, the expansion
factor equals the interest factor. Theorem 2.1 allows us to substitute a
for 8 in (2.14) and (2.15), Having done this, (2.13) and (2.15) become
identical. If we further postmultiply both sides of inequality (2.12) by y
and we premultiply both sides of inequality (2.14) by x, we have

*By 2 axAy (2.17)
and
xBy € axAy (2.18)

It follows from (2.17) and (2.18) that xBy must be equal to axAy. And thus,
if (2.12) and (2.14) are satisfied, axioms (2.13) and (2.15) are also satis-
fied. This leaves us with only three of the original five axioms, namely:
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xB 2 axA (2.19):

By & oAy (2.20)
and

%By > 0 (2.21)

Next we define M_ = (B - ad); (2.19) — (2.21) can then be rewritten as:

XM 20 (2.22)
May <0 (2.23)
xBy >0 (2.24)

From theorem 2.1 it follows that (2.22) and (2.23) are equivalent to (2.12)
and (2.14)., If we consider Ma as the pay—-off matrix of the fair game!? Ma.
we know from appendix A that optimal x- and y- strategies satisfy the
inequalities (2.22) and (2.23). If we further refer to v(Ma) as the value
of the game Ma which is equal to xMay, were x and y are optimal strategies
(see appendix A), the problem of finding a solution of the Von Neumann
model can be expressed in game-theoretic terms as follows ([39], p. 120):

Given non-negative mxn matrices A and B such that the value of -A (=v(-A)),
is negative and the value of B(=v(B)) is positive!®; set Ma = (B-aA) and
find a so that V(Ma) = 03 then find a pair of x- and y- strategies such
that xBy > 0 and such that x is optimal for the maximizing player and y is
optimal for the minimizing player.

An o for which V(Ma) = 0 is called an allowable a. If (i,&) is a pair of
optimal strategies for Mu such that xBy > 0, we call it an economic
solution to the game Ma' If (x,y) is a pair of optimal strategies for Ma
such that xBy = 0, then we call (x,y) non—economic solutions to the game
Ma' In principle, we are only interested in economic solutions.

17 1f the value of a game is zero, one speaks of a fair game (see
appendix A).

1% y(-A) < 0 and v(B) > 0 follow from the KMT-conditions on technology.
For a proof, see theorem 2.2,
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To 1llustrate the game-theoretic interpretation we shall recalculate the

example of section (2.3.2):
1 4 3 0
SIS R

- 3-a —le
oMy 2-30 4o ]

Applying formula A-16 (appendix A) yields:

-11¢®> + o+ 12 =0

with solutions o, = -1 and a2 = 1.091, It is clear that a

1

economic meaning; the only relevant solution is o

this value in (2.25) yields:

" [ 1.909 -4.364
© -1.273 2.909

= =1 has no
1.091, Substituting

(2.25)

The optimal x— and y- strategies can now be calculated by means of formulas

A-12 and A-14 (appendix A) which results in (x,, x2) = (.4, .6) and (y1.
Y2) = (.6957, .3043), It can be verified that these strategies are in
accordance to the solutions found in section 2.3.2.

2.4 THE EXISTENCE OF ECONOMIC EQUILIBRIA

2.4.1 Introduction

For an analytical model of an economic system to be of relevance

to real world situations, at least two requirements must be met:
(1) The model must be an acceptable abstraction from reality; and

(2) The model must be free from internal contradictions.

Ad (1): It is difficult to judge objectively how far the first requirement

is met, Reality is complex and in many respects so little trans-
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parant that an economic model can only reflect some principal traits of it.
To what extent the Von Neumann model has caught these principal traits must
be judged in the light of existing economic theory on which the individual
axioms (hypotheses) are based. As far as economic theory is not unequivocal
in its judgement, acceptance of the model is also determinéd by personal
taste. A discussion on the extent to which we consider the Von Neumann
model an acceptable framework to analyze reality will be postponed until
chapter 3.

Ad (2): The second requirement follows naturally from the first. If a

model is not free of internal contradictions it cannot be an
acceptable abstraction from reality. Why then make é distinection between
(1) and (2)? One could say that the first requirement refers to the indivi-
dual axioms while the second requirement is primarily concerned with the
consistency of the axioms in relation to each other., For example, if we
would add an axiom according to which overbroduced goods have to be stored,
the free disposal assumption (axiom 3) would be contradicted. As a conse-
quence the model should have to be rejected, despite the acceptability of
the individual axioms. Whether a model contains any contradictions, can,
amongst others, be found out by an existence analysis., If the model pos-
sesses a solution, the abstract economy described by the model can exist in
a logical sense. In case of the Von Neumann model this means that an
economy can have maximum balanced growth and at the same time a price

system which is consistent with profit maximizing behaviour,

The importance of an existence proof will be clear by now. In the course of
the years several authors have given existence proofs for the Voh Neumann
model., The original proof by Von Neumann is quite complicated, it depends
on a generalization of Brouwer's fixed point theorem. More elementary
proofs were given by Loomis in 1946 [51] and Georgescu—Roegen in 1951 [27].
However, all these proofs contain the Von Neumann assumption on technology
which is from an economic point of view unattractive, In 1956 Kemeny [38]
and Thompson [97] presented proofs in which this bothersome assumption was
relaxed. Instead the much more acceptable KMT-assumptions on technology
were introduced. In Thompson's proof extensive use is made of game theory.
Later on a number of non-game-theoretic proofs appeared, all under the
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KMT-assumptions on technology, viz. by Gale [24], Howe [25] and Moeschlin
and Bol [60]. Although the proofs by Thompson, Gale, Howe and Moeschlin and
Bol may seem to be quite distinct from each other, a close inspection
reveals that they have much in common too. All start with proving the

existence of an a for which

M 20 (2.26)
and
May £0 (2.27)

Then they show that the a—domain for which both (2.26) and (2.27) applies,
is closed and bounded. And finally they prove that for %ax and/or %nin an
X and y vector must exist for which:

xBy > 0 (2.28)

The existence proof we are going to discuss will proceed along the same
lines. It consists of two parts. First we shall discuss the function V(Ma)
for o 2 0. It will be shown that V(Ma) is a continuous non-increasing func-—
tion of a. Because properties of V(Ma) play a crucial role in chapter U
where a constructive algorithm is presented for solving the model, v(Ma)
will be discussed in a rather detailed fashion. In the second part of the
proof 1t will be shown that for some values of a, vectors x and y must
exist for which (2.28) applies. Although our proof is heavily based on the
aforesaid, it has a new element in it also, i.e. in proving that for at
least one o satisfying (2.26) and (2.27), (2.28) applies, use is made of
the strong theorem of the alternative.

2.4.2 The value of the game Ha

Theorem 2.2:

Given non—negative matrices A and B. Set Ma = B - aA. The value of

the game Ma can be summarized as follows:
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(a) v(B) = v(MO) > 03

(b) v(-a) < 0y

(e) v(Ma) is a continuous function of a

(d) V(Ma) is non-increasing;

(e) v(Mu) = 0 for some o > 03 and

(f) S={a>0 Iv(Ma) = 0} is closed and bounded.

Proof:!®
(a) v(B) = v(Mo) >0,

Let x and y be optimal strategies to the game B = MO.
Let x = (1/m, 1/m, ..., 1/m). Since B has at least one strictly positive
element in each column {each good eqh be produced; KMT-condition on tech-
nology), xB > 0. The truth of (a) follows now from a result of elementary
matrix game theory according to which XB 2 XB (appendix A). Thus also
v(B) = v(M,) = ¥BY 2 XBy > 0. ©

(b) v(-a) < O,

Since A has at least one strictly positive entry in each row (each
process needs some produced inputs; KMT-condition on technology), (-A)y < 0
for ¥ = (1/n,...,1/n)' . Given % and } being optimal strategies to the game
v(-4), we may write v(-A) = x(-A)y < X(-A)¥ < 0. o

(e) V(Ma) is a continuous function of a.
Let x and } solve v(Ma); similarly, let x and y solve v(M;). Then
we have (Morgenstern and Thompson [69], p. 232):

v(M&) = X M& y<x M& y
=§M;§+ (a - &) xAy
§;M;;+ (a - &) XAy

$vie) + (- 3) a
where a is the largest element of A.
1% In proving (a)-(f) we assume that matrices A and B satisfy the KMT-con-

ditions on technology. The assumption is only necessary for proving
steps (a), (b) and (e).
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Hence,
VM) - VM) £ (o - 3) a (2.29)

In the same way it can be proven that

Vi) - v(M) £ (& - 2) a (2.30)

Because of (2.29) and (2.30) one may write:
[vimg) -vu) | €] a-4]a

from which the continuity of V(Ma) follows, O

(d) V(Ma) is non-increasing.
Let o < & and {(x, ¥) and (%, }) be optimal solutions to M;, and M&,

respectively. Then

XM= - M) Y20 (2.31)
This can be seen as follows: (2.31) is equivalent to:

x((B - aA) = ((B-ah) - (3~ @A) ¥ 20 (2.32)

Because %, (& - a), A and y 2 0, (2.32) and thus (2.31) also hold. Now the
proof proceeds as follows (see Moeschlin [58], p. 15):

VM) =M Y2 RMY = XM_-M) Y+ MT2IMY2 MY = v(M)
[ o o a [ % ;] [+ a
Thus, also v(M) 2 v(M,) for all ¢ < &. o
3 &

(e) V(Ma) = 0 for some o > O.

Because v(MO) = v(B) > 0 and v(Ma) is continuous, it is according

290

to Bolzano's theorem , sufficient to prove that there exists an o > 0 for
which v(Ma) < 0. A proof of Moeschlin is used to demonstrate this ([58],
p. 15):

20 The theorem of Bolzano says that if f£(x) 1s a continuous function of x
on the interval [a, bl and if f(a) x f(b) < 0, then there exists an x €
(a,b) such that £(x) = 0 ([81],p. 58).
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Let % be an optimal solution to M&, ¥ be an (n x 1)-vector
Y = (1/n,1/n,...1/n)' and e be an (n x 1)-vector consisting of all ones.
Then:

XAe (2.33)

S

V(M) < X(B - 8A)Y = XBy -

The term §B§ is bounded from above by the largest element biJ of B. Because
A has at least one strictly positive element in each row j (KMT-condition
on technology):
XAe 2 min Aie >0
i
Thus, by choosing a proper value for a, V(Ma) in (2.33) can be made as
small as desirable, Because §B§, %Ae and n > 0, for negative values of

(2.33), a must be strictly positive. o

(a) - (e) enable us to sketch a general picture of V(Ma)’ This is done in

figure 2,3,

V(Ma)

a . a a
min max

Figure 2.3
Value of the game Ma

(f) sS=f(a>0 \v(Ma) = 0} is closed and bounded.
Because v(Ma) is non-increasing and continuous and there exist non-

negative values of o for which v(Ma) > 0 and v(Ma) < 0, the set

S=1{a>0 lv(Ma) = 0} is bounded by %4 0d o .. The continuity of M,

ax
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implies that S is closed, which completes the proof of the last part of
theorem 2.2, O

Turning back to the axioms of the model, theorem 2.2 states that axioms 1-4
can always be satisfied. To what extent axiom 5 can be met will now be
investigated.

2.4.3 Solutions for which xBy > 0

Not all a's in the domain %in Cat % oy 3Te economically
meaningful in the sense that pairs (x,y) exist, such that xBy > 0. A small
example will illustrate this. Consider an economy with the following A and

B matrices:
1 0] 3 0]
-l 22

Given the formulas of appendix A, the game-values for different a's can be

calculated (see figure 2.4).

v(Ma)

Figure 2.4
An Example
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The corresponding (x,y)-strategies are2!;

1) a=2 x = (i, 1-2) (0£2¢1)
y = (0,1)

11) 2¢e<3 x = (1,0)
y = (0,1)

1i1) a =3 x = (1,0)
y = (1=-x, A (ogarsn

All solutions satisfy (2.22) and (2.23), i.e. the first four axioms. It can
easily be checked however that the fifth, i.e. xBy > 0 does not hold in all
cases, If a = 2, XBy = 2 - 2x; iIf 2 < 0 < 3, xBy = 03 and if o = 3, xBy =

3 = 3i. Thus economic solutions only exist for a = 2, A # 1 and a = 3, X # 1,

Next we shall prove for the general case that always an a exists which in
addition to the first four axioms satisfies xBy > 0. For this proof we need
the strong theorem of the alternative. Because this theorem and the exls-
tence proof make use of the concept of a central solution, we first intro-

duce this concept:

Let X and Y be the sets of all optimal x- and y-strategies. Then the
extreme points of X and Y are called basic solutions (see Gaver
and Thompson [25], p. 124). According to the fundamental theorem on matrix
game theory (see appendix A), each matrix game has a finite number of basic
solutions. Central solutions can now be defined as positive convex combina-

tions of basic solutions., Or as:

.z xixi, A >0 T =
i 1
and
c J
yo=LYyY, Y, >0, IY, =1
3 J J j J
where

[¢] ¢
X , ¥ are central solutions, and

i
X, yj are basic solutions, (i=1,2,...,k),
(J = 1,2,00098)0

21 Because the x— and y-strategles result from solving a linear programming
model, they need not necessarily be unique (see e.g. Simonnard [86]).
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Thus the existence of central solutions follows directly from the existence
of basic solutions. Now the strong theorem of the alternative can be stated

as follows:

Theorem 2,3 (Strong theorem of the alternative)

Let M be an m x n matrix game with value v, and let (xc, yc) be any
palr of central solutions; then the following statements are true:
(a) xf >0, if and only if Miyc = v

(®) y$ >0, if and only if oW oy

Statement (a) is egquivalent to

(a.1) xg = 0, if and oniy if Miyc < v, and
statement (b) is equivalent to

(b.1) yg =0, if and only if M > v

For a proof of this theorem, see the references mentioned in appendix A.

Now we are able to prove the existence of economic solutions.

Theorem 2.4 (Existence theorem)

If the KMT-conditions on technology hold, then there exists at least

one economic triple (x,y,a) for which:

™M 20 (2.34)
o

My£§£o0 (2.35)
o

XBy > 0 (2.36)

Proof:

The existence of a triple that satisfies (2.34) and (2.35) has already been
established in section (2.4,2). The results of that section are schematic-
ally summarized in figure 2.3. We proceed from this figure by taking the

allowable solution triple (ami , xc, yc) where a n is the minimum o for

n mi
which (2.34) and (2.35) applies and (xc, yc) is an arbitrary pair of

central strategies.
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Next we rearrange vectors x© and yc in such a way that?22

c
X = (x1, xz) where X, > 0 and X, = 03

and e
y = (y1, yz) where ¥y > 0 and ¥y, = 0.

Then Ma (= B—uminA) is partitioned in accordance with the rearrangements of

x° and y . Now we can write:

11 12 1

M M Yy

(x,, x,) (',) =0
1 2 M21 M22 2

or

11 21
x. M ¥4 + x2M ¥y + X

12 22
i My, + x My, =0 (2.38)

1

Because both x2 and y2 consist of all zeros, the second, third and fourth

terms of (2.38) are also zero. Thus (2.38) becomes

11 11
x1 M y‘l = x1 (B -a

Let us assume that contrary to (2.36), x° B yc = 0, Then also x B11 ¥y =

1
0. Because both x1. y1 n > 0 (theorem 2.2), it follows that

and ami

" 11

(2.37)

A vy = 0 (2.39)

B =A =0 (2.40)

From theorem 2.3 we know that x, = 0 implies M1 yc < 0, where Mi are the

rows corresponding to X5e There?ore we can state

M21 v, * M22 ¥y <0 (2.41)
because y2 = 0, this becomes

> - o, A%y <o (2.42)

22 por notational convenience we 1eage out the c-superscript and the a-sub—
seript in the rearranged x and y vectors and the partitioned M -matrix
respectively. *
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From this and (2.39) and (2.40) it follows that we can lower % in without

violating (2.35)., This contradicts our choice of a. Therefore x° B yc £0
and because x° B yc is non-negative it must be positive which completes the

proof for a

o
min*®

By means of a similar argument it can be proven that for o , xc B yc must

max
also be positive: starting from (2.38), (2.39) becomes

11 11 11
x1 M y1 = x1(B - Gmax A )y.l = 0 (2-"3)

If we again assume that xc B yc = (0, then also x = 0 and for the

1 B ¥y
same reasons as above

B11 = A11 =0 (2.44)

From theorem 2.4 it follows that

21 21
- B
x1(B Qnax AT) >0 (2.45)
(2.43) - (2.45) imply that 4 o ©8N De increased without violating (2.3%4).
This contradicts our choice of o« and thus xc B ye must be strictly positive

which completes the proof. n

2.4.4 Multiple solutions

In case %in < ®ax’ the number of economic o's is not neces-—
sarily confined to @ in and % ax® Consider for example an economy with the

following technology matrices:

10
A= 0 1 0 B =
0 0

© o &=
o N O
- o o

It can easily be verified that the economy has three different growth

factors that satisfy the axioms, viz. a = U(=q

max)' a=2and o= 1(=amin).
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In general there exists an upper bound on the maximum number of economic
growth factors. In proving this use is made of central x and y solutions.
We first prove that if an o is economic, i.e. has associated with it a set
E = (x,y) such that xBy > 0, then (x°, y°)  E.

Theorem 2.5

If the triple (x,y,a) is an economic solution to Ma, then the triple
=% ¥% W, %, ¥ being central solutions to M,, is also an eco-

nomic solution to Ma'

Proof
From the definitions of xc and yc it follows that
c

b4 Ma 20

and
¢
<0
MaY S

Suppose, contrary to the theorem, that xc B yc = 0, Because x By > 0 this
would mean that there is either an element of xe or of ye zero where the
corresponding element of x respectively y is strictly positive. However,
this contradicts the definition of a central solution, Thus if x By > O
then always xc B yc > 0. o

The next theorem places an upper bound on the maximum number of growth
factors. The proof of it is, except for some minor modifications, identical
to the one of Moeschlin ([581, p. 32).

Theorem 2.6

The maximum number of economic growth factors does not exceed min
(m,n), where m is the number of processes and n is the number of

goods of the economy.

Proof
Let (o, x
chyc > 0, there exists an index value j such that

c, yc) be an economic triple, xc and yc being central. Because
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and (2.46)

Also, because V(Ma) = x°(8 - aA)yc = 0, and x®(B - aA) 2 0, (2.4) and the
necessity part of the strong theorem of the alternative imply for this j

xcM'l =0 (2.47)

Because o > 0 and (2.46) and (2.47):

chj >0

Let (;. ;, ;) be another economic triple, X and ; again being central and
0 < < a. Then again, there exists an index value h for which
B0
and (2.48)
i >0
Now the following string of (in-)equalities applies:

xM_ = x°(B - aA) = x°(B - oA + ah - aA) = xcMa+ (a - 0x° A 20
* (2.49)
J

Because (o - @)X A° > 0 and xcMa 2 0 we have
M >0 (2.50)
a

Suppose that j = h, then according to (2.50), xcMi = XCME > 0.

a a
But then ;ﬁ = 0 which contradicts (2.48). Therefore j # h which means that
if (2.46) holds for an a, it cannot hold for another a. And because (2.146)
holds for at least one good per o, the maximum number of o's, l.e. economic
growth factors, cannot exceed the number of goods (= columns) of the

economy. A same argument can be used to prove that the number of economic
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o's can not exceed m either, i.e. the number of rows of M, This completes

the proof of the theorem. O

Summing up, it was shown in sections (2.4.1) - (2.4.4) that:

(a) The model possesses always an economic solution.

(b) 1If more than one economic o exists for which V(Ma) = 0, then both
and o ax yield economic solutions.

[+ 4
min it
(e¢) There are at most min (m,n) economic solutions to the model.

In figure 2.5 finally, possible solution triples (a,x%,y) are schematically
summarized. If a triple (ak,xk,yk) satisfies kayk>0 and at the same time
the economy contains more than one economic a, the set of processes cor-
responding to non-zero elements of xk can be considered as a sub—economy.
As will be shown in chapter 4, a unique sub—economy can be associated with

each economic a?2.

23 por a detailed characterization of sub—economies, see e.g. KMT {391,
p. 125-p. 128); Moeschlin ([58], p. 60-p. 66); or Férstner ([21], p.
9h-n 114),
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(x,y)-solution to a
Von Neumann Model
(KMT-assumptions on technology)

/ \

Non-allowable growth Allowable growth factor:
factor: v(M ) # 0 viM) =0
a /////// u \\\\\\
Economic a: Non-economic a:
2 (x,y) 20| xBy >0 A(x,y) 2 0] xBy >0
Central economic Non—-central economic Non—¢entral non-—
triple: triple: economic triple:
(xX,y) central to (x,y) non—-central to (x,y) non-central to
v(M ), thus v(M ), but v(M ) and
a o o
¥By > 0 XxBy > 0 xBy = 0
Figure 2.5

Solutions of the Von Neumann model
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Chapter 3
EXTENSIONS OF THE MODEL

3.1 INTRODUCTION

An analytical model of an expanding economy, well formulated as it
may be, is not the same as a theory of a specific real world situation.
More specifically: the Von Neumann model as presented in chapter 2 is not
necessarily an acceptable theory about the way a real world economy can
develop through time. This is only the case if the model contains the
principal traits of the particular economy under study. To what extent the
Von Neumann model can be considered an acceptable abstraction of a real
vworld situation is ultimately a matter of taste. However, to obtain a
foothold for one's subjective criteria the 'state of the art' in economic
modeling may serve as a point of reference. This procedure leads to the
following (incomplete) list of objections against the Von Neumann model as
discussed in chapter 2:

(1) The model is closed, i.e. no contacts with the outside world are
possible. k

(11) Consumption is only allowed at a subsistence level; moreover,
consumption is exogenously determined, i.e. independently of the
prices generated by the model.

(ii1) Land, labour and (other) raw materials are assumed to be available
iq unlimited quantities, they are therefore not explicitly taken
iﬁto account.,

(iv) A11 goods are supposed to have the same uniform growth rate, which
implies among others that a per capita growth of consumption is not
possible.

(v) Monetary phenomena are neglected.

(vi) Initial endowments are assumed to be available in balanced growth
proportions,

(vii) The model is deterministic.
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(viii) No individual agents (social classes) with budget restrictions are
distinguished.

The pu;pose of this chapter is to remove some of these objections so that
the relevance of the model for a real world economy increases. First, the
model is made open (section 3.2), both import and export of tradeable goods
are allowed for. After a discussion of the Morgenstern-Thompson open model,
an alternative way to deal with trade in the model is proposed. Then, in
section 3.3, consumption and labour are more explicitly introduced, al-
though consumption remains determined price-exogenously. In section 3.4 the
initial endowments enter the model as upper bounds on (groups of) activi-
ties. As a consequence the concept of proportional growth in its !pure
form' is departed from,

A more realistic treatment of raw materials and land is proposed in sec-
tion 3.5. As will be discussed extensively, a proper treatment of non-
tradeable non-augmenting scarce goods as land requires aggregation. Ag-
gregation is however a much wider phenomenon in a Von Neumann world.
Therefore the effects of aggregation are discussed in a more general way
in section 3.6.

By aggregating goods and processes some unbalanced aspects of growth come
again to the front. A third 'unbalanced' aspect 1s discussed in section 3.7.
Here the assumption of uniform growth of all consumption goods is relaxed.
As a consequence production and consumption of a good j need not necessarily
grow at the same rate anymore., We shall see that in some cases trade will
act as an adjusting variable and regime-switches can be identified.

3.2 THE OPEN MODEL
3.2.1 The Morgenstern—-Thompson open economy
In the discussion of chapter 2, it is assumed that the economy

does not have any contacts with other economies. That is, if the model des—

crives a firm, 100 per cent self-sufficlency is supposed to exist. And when
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the model describes a national economy, the closedness implies that no inter-
national trade may occur, Although closed systems may be of interest in a
historical context, they hardly exist nowadays. Therefore Morgenstern and
Thompson (MT) ([66], [67], [68], and [69]), have generalized the closed
model so that contacts with the outside world can take place., An assumption
regarding these contacts s that world market prices, or in case a firm is
being described national market prices, are unaffected by the economy under
consideration, The open model of MT can be stated by seven axioms and five
assumptions, Because the MT-open model serves only as the starting point
for a slightly different formulation in section 3.2.2, our discussion here
will be brief. For details the reader is referred to the original articles
and also to Moeschlin ([58] and [59]).

Axiom (01)2%: xB + w" - w° = axA

vhere wi and we are the imports from respectively the exports to the

outside world. Both wi and.we are 1 x n row vectors. According to the axiom

the outputs of period t must, after correction for the flows from (wi) and
to (we) the outside world, be sufficient for, or to be more precise, equal
to the inputs needed in the next period.

Axiom (02): By + 2 - 2P - BAY
P are m x 1 column vectors. The elements z? and zf denote the

loss, respectively the profit of process i. Thus, in words the axlom says

n
where z and z

that the value of the output of process i in period t plus the loss respec—
tively minus the profit on the process must be equal to the capitalized
input value,

Axiom (03): W pe = wi p1

where pe and p1 are n x 1 column vectors denoting the given export (pe) and
import (pi) prices. Thus, the total value of the exports must be equal to
the total value of the imports. Axiom (03) can be looked at as the balance

of trade condition,

2% The axioms and assumptions as they are stated here are taken from MT
([691, p. 49 - p. 70).




50

Axiom (04): tPzP = "2"

where tP and t" are exogenously set upper (tp) respectively lower bounds
(tn) on the processes Xy tp and tn are 1 x m row vectors, According ﬁo
the"axiom the sum total of losses of processes i that stand at their lower
bound is equal to the sum total of profits of processes i that stand at
their upper bound. Because it can be proven that only the former can suffer
a loss while only the latter can make a profit, the axiom also says that
the sum totaI.of profits must be equal to the sum total of losses. The
motifation of the axiom is that in the long run unprofitable industries can

be sustained only at the expense of profitable industries.

Axiom (05): xBy > 0
Axiom (05) is identical to axiom 5 of the closed model (see section 2,3.1).
1t says that the economy must produce something of value,

Axiom (06): t" ¢ x ¢ tP
Processes x1 must take place within exogenous bounds t? respectively t?.

Finally we have:

e i
Axiom (07): p Sy &P
Internal prices must lie between the export and import prices. This is
plausible if one supposes that the government refrains from border inter-

vention.

A solution to the model is defined as a set of non-negative vectors (x, we,
wi, ¥, zn, zp) and non-negative scalars (a, B) that satisfy axioms (0t1) -
(07) for given non-negative matrices A and B and a set of non-negative
vectors (t%, tP, p°, p}). If the solution satisfies w°p® > 0, then the
economy is open, i.e, then there is exchange with the outside world, if on
the other hand wepe = 0, then the economy is closed, i.e. then the economy
does not have any contacts with the outside world (see MT [69], p. 62 -

p. 63).To ensure that a solution to the seven axioms always exists,
Morgenstern and Thompson made a number of assumptions with regard to the

data of the model:
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Assumption (01): Each process needs some (produced) goods as input.
Assumption (02): The economy can produce each good.

Assumptions (01) and (02) are easily recognized as the KMT-conditions on
technology., Their plausibility for the closed model was extensively discus-
sed in chapter 2, However, as we shall see in the next section, in case of
the open model, assumption (02) is restrictive.

Assumption (03): 0 ¢ p° ¢ pi, or the export prices cannot exceed the
import prices.

Assumption (0M): 0 < t" < tP, or the lower bound of a process canmnot be
higher than the upper bound.

Both assumptions (03) and (OY4) are logical necessities if axioms (06) and
(07) have to be satisfied., In order to force an economy to have inter-

national trade, Morgenstern and Thompson assumed further that:

Assumption (05): tnApe > 0, that is
"When the economy evaluates 1its goods at the lowest possible
prices pe, then even when operating at its minimum inten-
sities the economy must have a positive demand to input
at least one good which has a positive export price"
(MT [69], p. 70).

MT prove that given assumptions (01) - (0l4), at least one solution exists.
If in addition assumption (05) is satisfied the solution also obeys wepe >
0, which means that international trade will take place, From the axioms it
is easily seen that the growth factor depends, for given A and B matrices,
on the upper and lower bounds of the processes and the export and import
prices. Thus,

n e i
Gﬂd(tp’tspvp)

The growth factor is a non-increasing function of t" and a non-decreasing

function of tP, The nigher t” ang tP the tighter respectively the looser

the constraints on the system. Morgenstern and Thompson prove that there
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exists an upper (“max) and a lower (°m1n) bound on the growth factor. And

1f t" and tP are suitably set all « < {a | < ag opa} can be realized.

%nin

3.2.2 The open model in a closed form: an alternative formulation

The open model as formulated by Morgenstern and Thompson is a
more adequate. description of reality than the closed one. There are how-
ever, two (minor) problems that have to be solved before an empirical

application makes sense,

The first problem refers to assumption (02). According to this assumption
all goods must be produceable by the economy. An implication of this is
that only goods can be imported that also can be produced by the economy.
This 1s a somewhat restrictive and rather unrealistic assumption. In
reality one often sees that a reason for a country to import goods is
exactly because it cannot produce them itself. The second problem is
that the MT-open model enables the economy to import and export all
goods. This is not very realistic either. In a real world economy a number
of goods are non-tradeable. In the context of Bangladesh one can think of
straw, manure, services of a rickshaw driver, etc. Both problems can be
overcome relatively easily. The first problem could be bypassed by formu-
lating one (or more) aggregated foreign goods which can be produced inter—
nally only through a very inefficient technology. The second problem could
be circumvented by putting the import and export price of a non-tradeable
good very high, respectively very low or to introduce trade activities with
very low upper bounds. We have, however, chosen for a different solution
that does not need such artifices. The alternative model formulation to

vwhich this solution leads, has in addition two other advantages.

First, the introduction of upper and lower bounds is not needed. One can
consider these bounds as a substitution of the general normalization of
processes (IX = 1) by a specific one (t? < Xy < t?). We postpone the
specification of bounds to section 3.4. An advantage of this postponement
is that one avoids the posslbility of confusing effects resulting from
opening the model with effects resulting from the introduction of bounds.
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An example of such a confusion can be found on p. 7 of MT [69] where the
authors suggest that as a consequence of the opening of the model a range
of growth factors is possible. However, as they show themselves, the range
is only possible by deliberately changing the upper and lower bounds on X,
i.e. the bounds on the process levels!

Secondly, the model structure of the alternative formulation is identical
to the structure of the closed model of chapter 2, so that all results of
that chapter carry over to the open model in the form stated here.

On the other hand, we have to admit that we do not only win. In the linear
programming model that can be derived from the MT-open model (see MT [69],

p. 68), all contacts with the outside world appear in the objective function.
Besldes an increase in 'model-insight!', this also facilitates the introduc-
tion of tariffs and indirect taxes.

Central in the alternative formulation we propose, are

(a) the treatment of import and export of goods as 'normal' processes, and

(b) the treatment of an international currency, which functions as a unit
of account, as a good.

The export of good j requires a unit of good j as input and yields pj inter-
nationally accepted units of account (lau) as output. The import of good j
on the other hand, needs p; fau's as input and yields a unit of good j as
output2®, As a consequence the original A and B matrices are extended with
a number of import and export activities. Contrary to the MT-open model
only goods that can be traded need to be considered. The subset of goods
that can be imported need not necessarily be confined to goods belonging to
the original economy, also entirely new goods can be added, It does, of
course, only make sense to consider 'new' goods if at the same time 'new'
real production processes are added which need these exotic goods, For

example, if a farm is modeled, the introduction of a fertilizer buying

2% In case a firm is modeled, one needs to read buying and selling instead
of importing and exporting respectively. And instead of internationally
accepted units of account, nationally accepted units of account are
relevant.,
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activity makes only sense if crop growing processes that need fertilizer

are part of the technology matrices.

The extended matrices & and B are schematically shown in figure 3.1. Four

types of goods can be distinguished:

(a)
()
(e)
(d)

non-tradeable goods J1,

tradeable goods J2 that can be produced by the economy,

tradeable goods J, that cannot be produced by the economy, and

3
a unit of account, say the US$, or in case a firm is modeled, the

national currency which is for Bangladesh the Taka,

As can be seen in the figure, processes have been subdivided into five

different types:

(a) processes 11 belonging to the original closed economy,

(b) processes 12 which can be carried out as a consequence of the opening
of the economy: they need goods J3 as input,

(c) processes 13 describing the import of tradeable goods Jz,

(d) Dprocesses Iu describing the import of tradeable goods J3, and finally

(e) processes 15 deseribing the export of tradeable goods J2.

Goods: Non- National Exotic Unit of Non~ National Exotic Unit of
trade- trade- trade-  account trade- trede- trade- account
ables adles adbles ables ables ables

Processes: g9 J2 J3 , Je 1 J2 Ja Jg
Domestic processes 1| By 273 0 [ A A2 o °
Processes that need !

exotic goods 2] 82 822 ° 0 Azt A2 A 0
Isports of tradeables J, 13| o© Baz [} ° o o o A
fmports of tradesbles J3 1Ig| 0 [ Bg3 [ o 3 L] A
Exports of tradeshles 5] © ] ° By o As2 0 0

Output Matrix § Input Matrix A
‘Figure 3.1

Extended technology matrices: The open model
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12? A11 and A12 form the original closed economy, i.e.

they all are non-negative and satisfy the KMT-conditions on technology. The

Sub-matrices B11, B

sub-matrices defining the 'new' real production processes 12 are non—nega-
tive, in addition each process of this category has by definition at least
one strictly positive element on the part of the input vector belonging to
sub-matrix A23. Sub-matrices B32, Bu3 and A52 are identity matrices.
Complementary to import is a demand for iau's, say US$. Complementary to
export is a supply of iau's. Demand and supply of the US$ in this sense are
demand and supply for purchasing power and not for the US$ as a currency
in the sense of a store of value. Vectors B5u, A34 and AMM denote the
export and import prices in the iau. Because we assume that internationally
tradeable goods are not free, i.e. expressed in the iau their price is
strictly positive, BSH' A3u and ANU are also strictly positive.

The model axioms and assumptions we propose are the same as for the closed

model?®, namely:

Axiom (r1) x(B-a k)20
Axiom (r2) B-aMy<o
Axiom (r3) xBy >0

where for 5 and K it is assumed that the KMT-conditions on technology
apply. Given the above discussion, it can easily be verified in figure 3.1
that this is indeed the case: each column of matrix B and each row of
matrix A have at least one strictly positive element, A solution to the
reformulated open model is now defined as a triple (a, X, y) satisfying

axioms (r1)-(r3). The following theorem will cause no difficulties:

Theorem 3.1
The reformulated open model has at least one and at most min (m,n)
economic solutions, where m i{s the number of rows and n is the number

of columns of the technology matrices.

26 Because of theorem 2.1, we proceed from o = B and reduce the original
five to three axioums.
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The theorem is a direct consequence of theorems 2.U4 and 2.6 (see section 2.4).

Before investigating the model in more detail, we shall first give an illus-
tration of it by means of a small example.

An example

Consider an economy with the following technology matrices:

I 13
el e ]

At first we assume that no contacts with the ocutside world exist. Thus the
economy is closed. The maximum growth factor of the economy can then be
calculated as 1),. The corresponding price and intensity vectors are y =
(6/7, 1/7)', respectively x = (1/2, 1/2). Thus in equilibrium both processes
are carried out at the same level and the first good is six times as
expensive as the second good.

Next we assume that the economy can have contacts with the outside world,
i.e. we make the model open. The import and export prices expressed in
iau's are stated in the following matrix:

good 1 good 2
Py 1 L} ]
p, - 2 5

where pe is the export price and p1 is the import price. Thus if the

economy wants to import good 2, it needs five units purchasing power, . . .

etc. The original A and B matrices can now be extended to i and B.

O QO -
O o0OMmO
[«R+RV B VNolNel

o

u
OO0 —=2N—
CO—- 00w
E-0O0QC0C
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or,
unit of
good 1 good 2 account
- 1-a 3 0 g process 1
2-a -20 0 process 2
ﬁa a 1 0 -20 import good 1
0 1 -5a import good 2
-Q 0 1 export good 1
-0 . -a y - export good 2

The new growth factor, i.e. the growth factor of ﬁa’ is 2.219, which means
that as a consequence of international trade the economy can grow 71.9 per
cent faster., The increased growth is coupled with a drastic change in the
structure of the economy. The new intensity vector x = (.28,0, .34, 0, O,
.38). The economy specializes in process 1. As a result the production of
good 2 increases while the production of good 1 lags behind. To balance the
two, the economy will export good 2 and import good 1. One could say that
the economy has a comparative advantage in the production of good 2. The
price structure also changes, the equilibrium y = (.61, .25, .14)' . It can
be verified that at these prices processes 2, 4 and 5 can only be carried
out with a loss while the processes that are actually carried out (1, 3 and
6) Just yleld enough to pay for B times the value of the inputs. A conse-
quence of international trade 1s that the price of good 2 becomes relative-
ly more expensive. The price of the third good can be considered as the
relative price (relative to the prices of the domestic goods) of one unit
of purchasing power on the international market.

Through the introduction of international trade it becomes possible to express
all tradeable goods in a common denominator, i.e. the iau. As a consequence

a higher growth rate is possible, In sections 3.5.4 and 3.6 we shall
discuss the consequences of aggregating goods and processes in more detail.

We now proceed to investigate solutions to the open model. Therefore we
start with writing out the axioms (rt1) - (r3). Referring to figure 3.1 and

denoting x, and yJ as intensities of processes 1i and prices of goods JJ

i
respectively, we obtain:
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Axiom (r1)
(a) The production of non-tradeable goods in t cannot be less than the
quantity needed in t+1:

X

1 221

Byq * X, By 2 o (x1 Apy * %, A )
(b) The production and the imports of non-exotic tradeables in t must be
sufficient for the exports and the inputs in t+1:

Xp Bip ¥ ¥y Boy ¥ X3 By 20 (xy Ay + Xy Mgy * X5 Agy)

(¢) The inputs of exotic goods in t+1 can only come from the imports in
t, because:

%y Bu3 2 a X, A23

(d) The export value in international prices in t may not be less than
the import value in international prices in t+1. One can interpret
(d) as the balance of trade condition:

2 a(x3 A )

%5 Bgy 3y " Xy Ay
Axiom (r2)

No super—-profits can be earned on real production processes and import and
export activities. Recall that sub-matrices B32, BM3 and A52 are identity
matrices and that sub-matrices (vegtors) A3u. Ayy and BSH denote 1@90Pt and
export prices in iau's (e.g. US$). (a) and (b) refer to real production

processes and (c¢), (d) and (e) to trade activities.

<

(a) By ¥y + B, ¥, 88 Byt A, Y, and
(b) B,, ¥, * By, ¥, < BAL, ¥, * Ay, ¥, * Ayq y3)
(e) Bas¥, <8 Bay ¥y

27 Because all results from the closed model apply to the open model also,
we have substituted B for o.
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(d) Bu3 LA < B Ayy ¥y and
<
(e) Bgy ¥y S B Ag, ¥,

Axiom (r3)
Something of value must be produced. For:

X1Big¥y ¥ XBog¥y * KBy ¥y ¥ XBoo¥, 4 XgBao¥, * Xy Bya¥y + X5 By, > 0

Next we shall prove two theorems by which some properties of equilibrium
solutions are stated. The first one tells something about prices while the

second theorem refers to some properties of the growth rates.

Theorem 3.2

Given an open economy described by matrices A and B (see figure 3.1),

then:

(a) A structural surplus on the balance of trade makes the inter-
national currency as a unit of account a free good in the economy.

(b) 1If the (shadow) price of the iau (yu), which can be interpreted
as the normalized internal value of an iau, is zero, then all
tradeables have a zero-price.

(e) If all goods are tradeable the normalized value of the unit of
account must be strictly positive.

(d) 1If the price of an iau is strietly positive, then all tradeables
have a strictly positive price.

Proof

(a) A structural surplus on the balance of trade means that for axiom
(r1)-d the strict inequality applies which in its turn implies that
Yy l1.e. the internal value of a unit of purchasing power on the
international market, will be zero.

(b) Because B and B consist of identity matrices, it directly follows

32 43
from axioms (r2)-c and (r2)-d that ¥y = 0 implies ¥, = 0 and y3 = 0,
i.e. if the unit of account has a zero internal price then all trade-

ables have a zero internal price.
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(c) Because in a solution some goods must have a strictly positive price,
the shadow price of yu must be strictly positive if all goods are
tradeable.
(d) A52 is an identity matrix. Thus it follows from axiom (r2)-e that
¥y > 0, implies Y5 >0, 0
Theorem 3.3
(a) The minimum growth factor of an economy with trade (open economy)
can never be less than the minimum growth factor of the same
economy without trade (closed economy).

(b) An economy has at most one open solution with a strictly positive
price for the unit of account.

(e) If all goods are tradeable, an open economy has exactly one
growth factor,

Proof

(a) Let ¢ ° and y° = ( ) be the mini rowth

amin’ amin y Y.‘, Y2, Y3: y” mum grow
factor of the closed economy, the minimum growth factor of the open
economy and the equilibrium price vector of the open economy, respec—
tively. Referring to figure 3.1 we may write
o o
- - <
(Byy = Ongn Aygd¥y * (Byp = oy Ayp)y, €0 3.1
From theorem 3.2 it follows that if Yy > 0 then ¥, >0 and if Yy = 0
then at least one element of y1 # 0, since y2,y3=0 and Zyj=1. Thus
whatever the value of Yy (y1, yz) # 0 and (y1, y2) can, after normali-
zation, be considered as a column strategy to the game:
0 o
[B1q = %agn A417 Biz ™ %pyn Aq2d
Elementary matrix game theory tells us that because of (3.1) the
value of this game is non-~positive, But because azin is the minimum o
- - = i n-
for which v(B31 a 211, B12 a A12) 0, and because V(Ma) s no
increasing, a , . 2 @i
(b) For the proof of this part of the theorem we need the following lemma:
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Lemma 3.1:

Processes that use and/or produce goods that have a strictly positive
price in the economy with growth factor o, will have a zero intensity
if o increases,

For a proof, see section 4.3.3 .

Now the proof of part (b) proceeds as follows. Given the minimum
growth factor agin’ according to the lemma all processes that require
or yleld good Ju (iau) will have a zero intensity if °;1n increases.

Thus 13, Iu and 15=0 (see figure (3.1)). Because no goods J3 will be

imported, it can immediately be seen from axiom (r1)-c that x2 =0

also. The resulting economy consists of the original closed economy,
which cannot yield an open solution, i.e. a solution including non-
zero trade activities.

(e¢) According to theorem 3.2-b, ¥y = 0 implies y2 = 0 and y3 = 0. Because

all goods are tradeable the set J, is empty. And since in a solution

1

some goods must have a strictly positive price, ¥y > 0 for @ in and

because of theorem 3.2-d, v, > 0 also. We have just proven, under (b)
£l =0
above, that given yu > 0, for each o > amin' processes x2 o, x3 ’

X, = 0 and x5 = 0. And because processes X, use also some tradeable

goods, ¥y > 0 means, according to lemma (3.1), that for all o > ®in’
x1 = 0 also. This contradicts 2xi=1, hence amin is at the same time

a » by which the uniqueness of a

is proven., O
max min

The result of part (e¢) of theorem 3.3 is similar to a result of Moeschlin
([58]1, p. 123 - p. 124) according to which the MT-open model has in its
original formulation?® exactly one solution!

2® The MT-open model discussed in section 3.2.1 differs from the original
MT-open model in that the latter did not need the KMT-conditions on tech-
nology but required in addition to ¢t A pi >0 alsot B p > 0 (see MT
(661, p. 149). e
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We end this section with some remarks on the differences and similarities

between the MT-open model and the alternative formulation. A close look

reveals that there are bagsically three differences:

(1) Contrary to the alternative formulation, the MT-open model contains
tradeable goods only.

(1i) Instead of a general normalization rule the MT-open model contains
explicit upper and lower bounds on real production activities,
(i1i)In the MT-open model trade activities do not take time, while in the

alternative formulation trade activities last, as real production

activities,: one period.

If the MT-open model is adjusted for these differences where an adjustment
for (1) and (ii) is more a matter of cosmetics, while an adjustment for
(1ii) has more to do with principle, it can be verified that the solutions
of the two models are identical.

3.3 BALANCED GROWTH OF CONSUMPTION

In the original Von Neumann model consumption is treated as a neces-
sary input for production. As such it is part of the A matrix. All income
in excess of necessities of life are assumed to be invested (Von Neumann
[70], p. 240). One could interpret such an economy as a slave economy. TO
paraphrase Marx on a saying about classical economists: "In a Von Neumann
4economy, the proletarian is but a machine for the production of surplus
value; on the other hand, the capitalist is in such an economy only a
machine for the conversion of this surplus value into additional capital™.
The maximum balanced growth-minimum consumption model, as one could typify
the original Von Neumann model, can serve as a point of reference against
which the effects of higher consumption levels on the growth rate can be
evaluated, The way this 'extra-consumption' can be incorporated is the
subject matter of a number of studies (e.g. Frisch [22], Los [52],
Malinvaud [54], Morishima [61] and Morgenstern and Thompson [65].
Morishima's and Morgenstern and Thompson's models lie most in line of our
model discussion sofar. However, as we have explained in more detail
elsewhere (Stolwijk [93]), both alternatives are not very attractive for
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our purposes. Morgenstern and Thompson's model does not always yield
meaningful economic results. And the problem with Morishima's model is that
the coefficients of the A-matrix become price dependent. Although this is
interesting from a theoretical point of view, computationally the model
becomes much more difficult to handle and we would have to leave the model
framework discussed sofar?®, For these reasons we do not follow these
lines. Instead, we propose a simple alternative way to deal with consump-
tion. This is done in two steps. In this section we slightly adjust

Von Neumann's original model so that consumption comes more explicitly to
the fore. In this set-up consumption grows in a balanced way, i.e. if the
economy grows at a rate (o-1), consumption of each good increases also at a
rate (o-1). Thus, income elasticities of 1 are assumed for all goods. In
section 3.7 we relax this assumption and consumption behaviour will be
Introduced with other income elasticities. By doing this the balanced
growth concept is abandoned. This second step is therefore discussed under

another heading.

To start with step 1, we define two categories of goods, n, and n,. n, are

capital and intermediate goods; n, are consumption goods. Because the model

2
does, in principle, not make a difference between capital and intermediate

goods we will also speak of non-consumption goods. It will be clear that in

general n nn2 # 0, for many goods play a role both as a consumption and as

1
an intermediate good. Further, each good belongs to at least one category.

Thus n1un2

intermediate goods. In addition we define an m x n matrix C, row i denoting

=n. Input matrix A contains only goods n1, i.e. capital and

the quantities of goods j consumed if process i is carried out at unit
intensity. Determination of C can in principle be done in many ways. As a
start it seems not too unreasonable to assume that consumption is propor-
tional to the quantity of labour involved in the process (if carried out at
unit intensity). Because consumption per unit of labour equals total
consumption divided by total labour input, we may write:

2®% Tn Keyzer [U45] the step from exogenous A and B matrices to price endo—
genous A and B matrices is explicitly made and discussed.
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C = %

where
L= (£1, 22 « o o s gmr

with

11 = labour quantity required to carry out process i at unit intensity

and
°=(°1’°2""°n)
with
T
e =l
J L
where

3} = total consumption of good j and

I = total labour used by the economy.

If we assume that wages are paid at the end of the period, the axioms can
be stated as follows3°:

Axiom (e1): x(B - a(A+C) 2 0
Physical balances must fit.
Axiom (e2): x(B - a(A+C)y = O
Overproduced goods have a zero—price.
Axiom (e3): (B - gA)y - BLy" £ O
where yw is the wage-rate.
No super—-profits can be made,
Axiom (ch): x(B-BA)y - BxRy" = 0
Processes that yield a loss are carried out with zero intensity.
Axiom (e5): xBy > 0

Something of value must be produced.

3% ag was shown in the preceding section there is in our set—up mathemati-
cally no difference between the closed and open model. Therefore the
axioms apply both to closed and open economies.
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Given the results of chapter 2, a solution to the model is easily found. We
start with defining M_ = B-a(A+C). Next we look for the minimum o for which
v(Ma) = 0. In chapter 2 it was shown that such o exists and that the cor-
responding x— and y-strategies satisfy axioms (c¢1), (c2) and (c5). More-
over, if we set B=a and y¥ = cy it can be verified that axioms (c3) and
(cl) are also satisfied. Thus in equilibrium the wage-rate equals the value
of the corresponding basket of consumption goods.

Intuitively it will be plausible that o and B are non-increasing functions
i3 of C, the lower the
growth and interest rate. Given theorem 2.2 and some results by Mills on

of the volume of consumption. The higher the values c¢

marginal values of matrix games and linear programs [57], this can easily
be proven. However, because the model will only play a minor role in the
empirical part of our study, we refrain from doing that. The 'minor role'
is a consequence of the severe shortcomings of the model. Apart from the
unit income elasticities, the model does not allow an increase in per
capita consumption. In the context of growth this is too unrealistic a
starting point in empirical work. To overcome these drawbacks the model
will be modified. The modification requires the introduction of some non-—
balanced growth aspects. However, before this will be done, some further
model properties which are unrealistic will be discussed and 'removed',
also implying an abandoning of the fpure' balanced growth concept. The
consumption model of this section can be considered as the most complete
balanced growth version. It is the reference model in the discussions

in the remainder of this chapter.

3.4 INITIAL ENDOWMENTS

3.4.1 Motivation

Until now we have disregarded the initial capital, land and
labour endowments of the economy. This omission is characteristic for
nearly all studies on the Von Neumann model; it stems from the model
assumption that capital goods are available in the right proportions.
Although this assumption has been criticized (see e.g. Champernowne [16]),
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much theoretical work on the model, such as the work on turnpike growth,
can be interpreted as a justification of it. Results of most turnpike
studies?®! point towards the fact that if the planning horizon is suffi-
ciently far away, the fastest way from an initial endowment vector to a
final one makes temporarily use (or stays in a close neighbourhood) of the
turnpike. In terms of figure 3.2: the fastest road from a to b is not via
the broken line but via the seemingly longer turnpike.
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Figure 3.2

Illustration of a turnpike theorem

Two comments are in place here:

First, turnpike theorems have only been proven for Von Neumann models that
have a Leontief input-output structure. Morishima [62] shows that if joint
production and non-square matrices are allowed for, large oscillations

around the turnpike tend to be more efficient than the turnpike itself,

Secondly, how far is 'sufficiently far away' and how long does it take to
reach the turnpike? If for example 'sufficiently far away' 1s more than a

31 See for example Dorfman, Samuelson and Solow [18], Makarov and Rubinov
[531. Morishima 627 and 631 or Radner [781.
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hundred years and it takes ten years to reach the turnpike, turnpike
theorems are not very relevant for empirical work: changes in technology
and external prices will have affected the original outcomes too much in
the meantime. Empirical work on Japan by Tsukul and Murakami [102] shows
that the economy moves very quickly to the neighbourhood of the turnpike.
The model of Tsukul and Murakami is however very small (9 x 9), i.e. their
economy is highly aggregated. Moreover they use Leontief input-—output
matrices. In conclusion one might say that (i) from a theoretical point of
view there is a priori little justification to disregard the composition of
the initial endowments and (ii) the empirical findings by Tsukui and
Murakami do not lead to a change of that position.

For these reasons but also as a consequence of some of our model results on
Bangladesh when initial endowments are disregarded (see chapter 7), we
shall adjust the model through incorporating initial endowments, This is
done by introducing capacity constraints in the form of upper bounds on
(sets of) activities. To ensure that a non-zero solution for x results, at
least one non-zeroc lower bound is required. For this we chose total labour
use in a reference year. It is assumed that at least L units of labour have
to be employed. The shadow price on this lower bound can be given an
interesting economic and institutional interpretation as will become clear
below and in chapter 7.

3.4.2 Capacity constraints

The model with capacity constraints will be presented in two
steps. First, the individual axioms are introduced and motivated. Then the model
is reformulated such that the structure becomes identical to the structure
of the original closed model. The advantage of this approach is that all
results of chapter 2 carry over to the model with capacity constraints.

The capaclty constraints (or initlal endowments) are defined in absolute

levels. As a consequence, process intensities x, are, in the first step,

i
also expressed at their 'real world' levels. Because the reformulation in

the second step essentially consists of a normalization of these absolute
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levels, this does not apply to the reformulated model (compare the MT-~open

model versus the open model in the closed form).

As we shall explain below, the model outcomes do apply to one period only.
Therefore the variables have a time—subscript. The model can be stated by
seven axioms:

Axiom (el): % (B-a, (A+C)) 2 0
Physical balances must fit.

Axiom (e2): % E < u

where u is an 1 x p row vector of exogenously given production capacities
available at the start of the period and E is an m x p matrix, element E1J
referring to the quantities of capacity j required per unit of process i.
It will be clear that uj > 0 for some j must apply.

Axiom (e3): xtz 2 Lt

where £ is anm x 1 column vector, element £, denoting the quantity of

i
labour required to carry out process i at unit intensity and L is a lower

bound on total labour that has to find employment in the economy.

Axiom (ell): xt(B-—at(A+C))yt =0

Overproduced goods have a zero-price.

" Axtom (e5): (B-8 M)y, ~ ALy, - B.EY, £ 0O

with elements y? of vector ym as the rent on each unit of capacity uJ and
yw as the wage-rate. Without the last term on the left-hand side the axiom
1s identical to axiom (c3) of the consumption model in the preceding
section. The meaning of the latter is clear: the value of the output of
process i may, in equilibrium, not exceed the capitalized sum of the value
of the intermediate goods and the labour costs. At the risk of belabouring
the obvious, we recall that capital goods are treated as Intermediate goods
so that depreciation costs are automatically taken into account. The
difference between axioms (e5) and (c3) is that in (e5) processes are also
charged for a competitive rent on the capacity they use. These capacity
rents can be interpreted as scarcity premiums on the capital goods.
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Elements y? can, in equilibrium, only be positive if the corresponding
capacity uJ is fully utilized.
Axiom (e6): x ((B-B A)y, - B y" - BEY®) = 0
t L £t t
Thus, processes that yield a loss are not carried out.

Axiom (eT): X By, > 0
Something of value must be produced.

By introducing bounds on production capacities and labour, we have moved
away from the balanced growth concept, albeit by a modest step., With
respect to capacities uJ this can be seen as follows: the growth factor o
does not apply to the endowments available but only to the endowments
required in the equilibrium solution. Thus, if the economy has k units
of capacity (capital good) uJ at its disposal but only a fraction, v, O $v
< 1, is actually used, the growth factor aj applies to the used capacity
only. Growth of the labour force L on the other hand is treated as an
exogenous variable. An equilibrium solution of the model is defined as a

sextuple:

w om W om
Qt = {xt’yt’yt’yt’at’BJ L AR A AL and Bt 2 0 and Ix and Ty > 0}

that for given A, B, C, E, Ups % and Lt satisfies the axioms (el)-(eT).
After a solution is found for period t, u_ and L_ are updated i.e. u =

1 > 1 - t t t+1,J
“tut,J + u, 3 where u and u refer to the used and unused capacity

’

respectively and where it is assumed that unused capacity can be moth-
balled, and Lt+1 = %Lt where § 1s an exogenously given growth factor of the
labour force.

It is not self-evident that the set of axioms has a solution, For example,
if Lt is too high relative to u, axioms (e2) and (e3) cannot be satisfied
at the same time. To avoid such infeasibilities, but also to return to the
original Von Neumann framework, the model is normalized. The normalization
essentially consists of an extension of matrices A(+C) and B with E, &, u

and L. It can be compared with the step from the MT-open model to the open

model in the closed form in section 3.2.2.
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y ' v y y .
P B 0 % A+C E 0
X, 0 u 0 0 0 L
output matrix B input matrix A
Figure 3.3

Extended technology matrices:
model with initial endowments

The extended matrices E and B are schematically shown in figure 3.3. The
interpretation of % and E in the output and input matrix respectively, will
cause no difficulties. ' Activity' L must be understood in the sense that
capagities~uJ can only be used if a quantity of labour L is 'put to work'.,
For B and A the KMT-conditions on technology apply. Thus we may state:

Theorem 3.4
The reformulated model (figure 3.3) has at least one and at most min
(m,n) economic solutions where m is the number of rows and n is the

number of columns of the technology matrices,

The theorem is a direct consequence of theorems (2.4) and (2.6) (section 2.14),
To compare the reformulated model with the seven axioms above, we shall
write the model out in the standard Vén Neumann axioms., Referring to fig-

ure 3.3 we get:

Axiom (m1): XB - ax(A+C) 2 O

Axiom (n2): X U = axE 20

Axiom (n3): X% - ox L 20

Axiom (n¥): By + zyL - B(A+C)y - BEY" € O
Axiom (n5): uym - BLyL <0

Axiom (n6):  xBy + xuy™ + xeyl 5 o
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Moreover, Ix=1 and Iy=1. In a solution xn is either zero or strictly
positive, In case xn=0, it follows from (n2) that no capacities are used at
all. Instead, only intermediate products are used. In order to scale the
model intensities to the 'real world', all intensities have to be multi-
plied then by a factor ¢ = %I’ In case x%=0 also, i.e. if only processes
that do not use labour appear with a non-zero intensity in a solution, no
scaling at all is possible. We do not investigate these empirically un—
interesting cases further. Suppose, on the other hand, that xn £ 0, If we
set xn=1 and scale x accordingly, the equivalence between axioms (e1) and
(n1) 1s easily recognized, (n2) and (n3) differ by a factor o« from (e2) and
(e3). Because of this factor, the normalized version has, contrary to the
original set of axioms, always a solution. Before (nli) is compared with
(e5), we define the consumption matrix (as in section 3.3) as:

¢ = fc
where ¢ can, in prineiple, be any non-negative row vector. If we further set

W 1 L
y =cy-3g Yy
or

L W
y = Bey - By
where yw is- the wage-rate, (nld) can be written as:
W m
By — BCy - BRY ~— B(A+C)y - 8Ey £ O (3.2)

which is exactly axiom (e5) above. Given the results of section 2.4 and
the just proven equivalence between (ni#) and (e5), it directly follows that
a solution of (n1) - (n6) also satisfies (ed4) and (eb). Moreover, from the
weak theorem of the alternative (see appendix A), it can easily be proven
that (n5) has, apart from a factor a{=8) its pendant in axioms (el1) — (eT)
too, i.e. (n5) is the dual of (e2) and (e3), Finally, although (e7) and
(n6) slightly differ from each other, their similarity will need no ex—
planation.

The non~-balanced aspects reveal themselves again via u and L. In each

J
earlier. It may be noted that through (n3) the uninteresting case x=0, xn=1

period elements u, and L have to be adjusted according to the rules stated




72

is ruled out, It will be intuitively clear that the growth factors of the
balanced model are equal or larger than the growth factors of the model
with endowments. More formally this is stated through the following theorem:

Theorem 3.5:
Referring to figure 3.3, let v, = V(Ma) = v(B-a(A+C)) be the
2=V(Ma) = v(B-aA) the

game~value of the model including endowments. Then v1gv2.

1
game-value of the model without endowments and v

Proof:
Let X be an optimal strategy of the game M;. Let d be the corresponding

game-value vl. Then,

™M= 2 d
o
if v2>v1, then
M— - al -
(x,xn) a o % >d
0 0 —aL
and thus
M= > d (3.3)
a

Eq. (3.3) contradicts the optimality of X. Thus \2) 2 v, must apply. o

The difference between a-balanced and o—unbalanced, i.e. o corresponding to
Ma and o corresponding to ﬁa’ can be interpreted as the 'costs' of unbal-
anced growth relative to balanced growth. The reformulation permits,
however, also a balanced interpretation of ﬁa' If u and L are kept con—
stant, the model outcomes apply to all periods and the economy finds itself
automatically on the turnpike! One could speak of balanced growth of an
'unbalanced' economy. u and L may be treated as fixed parameters as long as
one may assume that the labour force grows at the same rate as the overall
growth of the economy and non-augmentable resources are not exhausted.
Interesting analyses can then be done with the model, For example, by
running the model for different values of L, effects of different lengths
of the working week or labour participation rates etc., on the growth rate
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and the capacity utilization levels could be investigated. Or, by adding,

deleting or constraining certain activities, consequences of specific

technologies that are e.g. labour intensive or environmentally attractive,

on growth and structure of the economy could be evaluated, In the context

of Dutch agriculture one could think of adding manure processing activities
and setting lower bounds on them, in order to trace the effects of abating

water and soil pollution by manure. If such 'artificial’

subs idy required to make the process attractive. If the model 1s used in

(institutional)
constraints are binding, the shadow price gives an indication of the

this manner, its role lies more in the field of technology assess-—

ment. As such it can contribute to answering questions regarding the
costs of control of technology, not only in terms of money, but also in

terms of growth and employment.

For a number of reasons we shall, for Bangladesh, not concentrate too much

on this interesting line pf analysis. First, because L is in Bangladesh not

only exogenous to the model but, in the medium term, also to society, 'play-

ing' with L does not make so much sense. Second, because of the overwhelming

importance of the non-augmentable resource land, an investigation of growth

potential cannot do without a yearly update of relevant elements of u.

Finally, somewhat generalized, one could say that for a poor country like

Bangladesh, an optimal technology is a technology that contribute most to

(balanced) growth, Moreover, stimulating and stopping specific technologies

through a complicated policy of subsidies lies beyond the capacity of the

government,

To end this section, we shall dwell for a moment on another aspect of the

model, If we multiply each term of (3.2) by x and substitute o for 8, we

may write:
XBy = XAy ¢
4 4

output input

value costs

(incl,
depreci-

ation)

(a-1)xAy
2

value of net
investment =
interest on
fixed and

intermediate
goods

+

m
axlyw + xEy

4 4
total rent
wage— on cap-

biﬂl

acifﬂes

= value of con-

sumption

(3.4
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Eq. (3.4) indicates how the output value is distributed among the different
cost categories, If ym = 0, i.e. if no scarcity premium can be earned on
capacities (which 1is the case if capital goods are available in the ‘'right!
proportions) value of consumption, but also actual consumption is proporti-
onal to labour input (= wage labour + labour of the employer). However, if
ymﬁo, some capacities earn an extra rent at the expense of the wage-rate.
The latter follows directly from axiom (n5). Thus, by taking endowments
into account a functional income distribution enters the model., It is also
easily seen that the wage-rate is a non-increasing function of the quantity
of labour that has to be employed into the economy. For: the higher L, the

L, and the lower yw. But a high value for yL implies also a high

higher y
value for ym(nS). The economic interpretation is clear: if many labourers
have to find work in the economy the wage-rate drops; on the other hand a
big supply of labour makes the available capital goods (production capac-—
ity) relatively scarce which leads to high scarticy premiums. It will be
needless to say that in addition to a lower bound on labour and upper
bounds on capacity, an upper bound on labour and lower bounds on capacity

can also be introduced. The interpretation is analogous.

3.5 RAW MATERIALS AND LAKD
3.5.1 Raw materials

Von Neumann proceeds from the assumption that raw materials are
available in unlimited quantities. They are assumed to be free and have as
a consequence a zero—price. They can therefore be left out of the model.
The latter does not mean that raw materials do not play a role in the
production process. On the contrary, they are important in determining the
input-output coefficients, be it that their role is of an implicit nature,
We take sunshine as an example. Although it is not an explicit model
variable in the crop—-growing processes, it clearly influences the value of
the input-output coefficients. For a raw material as sunshine, which is not
really tradeable and which is for all practicél purposes not in a state of
near—depletion, a treatment in this way is satisfactory. However, there are
many raw materials which are of a fundamentally different nature. Consider
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for example, crude oil. An important difference between the raw materials
crude oil and sunshine is that the former can, in principle, be easily
converted into a ' Von Neumann good' , viz. by pumping it up, while the
latter cannot. A consequence of this is that sunshine is a datum for the
economy while crude oil is a variable., Because crude oil is also a scarce
good, a treatment as Von Neumann proposes is highly unsatisfactory. We
propose therefore to treat tradeable scarce raw materials in the model in
the same way as produced goods. As far as a country or a firm does not own
a stock of the raw material as a natural resource, this will be obvious. If
in that case the country or the firm wants to make use of the raw material,
it has to be bought and there is no principal difference between the
purchase of, say, fertilizer and crude oil. As explained in section 2.2,
crude oil is in that stagé already a produced good. Labour and capltal have
been invested to pump it up. For the purchaser this is not relevant. For
him the activity of buying oil needs an amount of takas or dollars as
input, while it yields an amount of o0il as output.

But how to treat this type of raw material if a country owns an unexploited
stock of it? If the stock is, for all practical purposes infinitely large,
it is sufficient to bring only the costs of production into account.
However, many stocks of tradeable raw materials are finite. In that casglit
would be unsatisfactory to bring only the costs of production into account,
because growth takes place at the cost of uncharged scarce raw materiéls.
An alternative would be to allow for export and import of the raw material
so that the international price will function as a guideline. However, many
objections can be raised against this procedure. The valuation of a raw
material is ultimately a subjective matter. It depends among other things
on the thriftiness of the country, the confidence one has in technical
changes in future, the extent a country feels itself responsible for future
generations, etec, The model does not give answers to these aspects of the
valuation problem, It can at most evaluate the effects on the growth rate
and structure of the economy by setting different upper bounds on the
production capacity.
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3.5.2 The problem with land

Within the set of raw materials a distinctive place must be
reserved for land. Its character differs both from raw materials such as
sunshine and crude oil, A difference with sunshine is that land cannot be
used in its natural state. To make land productive, it has first to be
cleared or, to say it in another way, it has first to be transformed into a
produced good., As a produced good the role of land is explicit, It can,
unlike sunshine, not be 'hidden' in the technical coefficients of other
variables. To that extent it falls in the same category as crude oil, In
other aspects it differs however fundamentally from a raw material such as
crude oil, Besides being a so-called renewable resource it is a more
fundamental difference in the Von Neumann context that land is not inter-
nationally traded. When a country possesses a wealth of uncleared poten-
tially arable land this is not important. For most countries and certainly
for Bangladesh, this is however not the case. When all land is cleared, the
non-tradeability of land implies that the produced good 'cleared land'
cannot inecrease; it can neither be produced nor be bought. Since cleared
land is a necessary input for all crop-growing activities, balanced growth
of that sub-sector, and, as far as the crop-sector provides other sectors
with necessary inputs, also of these sub-sectors, is not possible. Because
land services are a renewable resource only a stationary state 1s possible.
Yet one sees in the real world many instances of growth in crop production,
despite the fact that no uncleared land is available. Fertilizer is
introduced, land is upgraded through irrigation, ete., By means of a small
example we will discuss and illustrate the way these phenomena can be dealt

with in a Von Neumann world.

Example

The example describes different stages of development of an agricultural
economy. Only variables that are of interest in the context of the

discussion in this section are taken into account.

We start with a very primitive economy which has a bounty of uncleared
land., The economy can be described by three activities: land clearing,
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paddy production and subsistence consumption of paddy. The latter yielding
labour as output. The technology matrices are specified as follows:

Case A:

Traditional paddy production, uncleared land available

Input matrix

cleared
land labour paddy
land clearing 0 1 0
paddy production 1 1 0
subsistence consumption 0 0 1
Quput matrix
cleared
land labour paddy
land clearing 1 0 0
paddy production 1 0 1.0202
subsistence consumption 0 1.0408 0

It can be verified that the equilibrium growth (and interest) factor
amounts to 2,02 per cent. The corresponding intensity and price vectors are:
x = (.,010,

495,  .u495)

and

y = (.336, .329, «336)

Thus the economy grows in equilibrium at a rate of 2,02 per cent. This 1is
at the same time the rate at which the population may grow. The bulk of the
activities consists of paddy production and subsistence consumption, only
.01/(.01+,495) = ,0198 per cent of the labour force is allocated to clear-
ance of new land. The growth can of course not take place for ever. After a
certain period of time the economy will hit the land bound, i.e, the
economy will have run out of uncleared land. This means that the first

process cannot be carried out anymore and the technology matrices become:
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Case B: Traditional paddy production, no uncleared land available

Input matrix

cleared

land labour paddy
paddy production 1 1 0
Subsistence consumption [0 0 1 ]

Ouput matrix

cleared

land labour paddy
paddy production 1 0 1.0202
subsistence consumption [ 0 1.0408 0 ]

Because cleared land cannot be produced anymore, the maximum growth rate
drops to zero. The corresponding intensity and price vectors can be cal-

culated as

X = (05, 05)
and
y= (1, 0, o)

In equilibrium only cleared land has a positive price, while both labour
and paddy are 'overproduced' . Labour because the part of the labour traditi-
onally allocated to land clearing is not needed anymore and paddy because
this labour does not need be rewarded in the system. The further
development of the system depends entirely on the growth of the population.
The 2,02 per cent surplus of paddy will appear as luxury consumption in the
consunption matrix of the class that owns the land, If this class fails
however to stabilize their number, this luxury consumption will soon be
part of the input vector of the subsistence consumption process. Part of
the labourers, i.e. the ones who cleared the land, will face a shortage of
food because they have lost their source of income. In general one can say
that the Malthusian bogey becomes reality if the population keeps on
growing. By introducing initial endowments as described in section 3.4.2,
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one can illustrate such a process. In a real world situation the size of
the population will ultimately be checked by famine and starvation. The
only 'solutions' for a national economy are, apart from migration, either
to stay in a stationary state or to introduce new and more productive
technologies. Of course, reality is not so rigid. In practice the existing
technologies can be marginally changed and refined so that population
growth can go on for a while®2, Ultimately, however, the combination of a
growing population under a given technology -is a self-defeating process,
l.e. it will result in famine and starvation. Let us therefore investigate
the consequences of the latter alternative: suppose that a new technology
is introduced, say that the possibility of irrigation is discovered. As a
consequence, two new processes are added to the technology matrices. First,
the process of transforming unirrigated land into unirrigated land and
second, the process of paddy growing under irrigated conditions, Let us
assume that the following input-output matrices are now relevant to the
economy of our example:

Case C: Introduction of a new technology

Input Matrix

unirri- irri-

gated gated

land land labour paddy
paddy (rainfed) 1 0 1 0
paddy (irrigated) 0 1 2 0
investment in irrigation 1 0 1 0
subsistence consumption 0 0 0 1

22 For the process of paddy growing in our example, one could think of an
increase in the input of labour which will certainly be accompanied by
an increase of paddy production. The phenomenon of a situation which has
reached a seemingly definitive form but nonetheless fails either to
stabilize or to transform to a new pattern is baptized by Goldenweiser
tinvolution' (see Geertz ([26], p. 7T9-p. 80), who uses this concept to
analyze the development of the Javanese economy).
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Output Matrix

unirri- irri-

gated gated

land land labour paddy
paddy (rainfed) 1 0 0 1.0202
paddy (irrigated) 0 1 0 2.4410
investment in irrigation 0 1 0 0
subsistence consumption 0 0 1.0408 0

It can be verified that the model 1s irreducible, i.e. the production of
each good requires the input of all others, be it directliy or indirectly.
As a consequence, the model has only one growth factor (Gale [23], p. 315)
which can be calculated as:

a=f8=1

The corresponding intensity and price vectors are:

x = (.2, .2, .0, .6)
y = (1.0, .0, .0, .O)

Thus in equilibrium, the economy finds itself in a stationary state. Only
unirrigated land has a positive price. And except for investment in irri-
gation, all processes can be carried out without yielding a loss. Given the
state of the economy a highly unsatisfactory solution., For, despite the
high pressure on land and the relative surplus of labour, investment in irri-
gation is not attractive enough-to be carried out. The situation is a
consequence of the requirement foribalanced growth, Because the produced

good 'unirrigated land' cannot increase, the whole economy cannot grow.

From an economic point of view it is not realistic to maintain the balanced
growth requirement in this case. An interesting question is if we can deal
with the problem without sacrificing the essentials of the Von Neumann
model. An early answer to this question was given in 1945/16 by Champernowne.
According to him "in a world where the scarcity of non—augmentable resour-
ces exerts a major influence on the productive system, Von Neumann's model
ceases to be so interesting" ([16], p. 17). We think Champernowne's con-

clusion is too rapidly stated, it is, in our opinion, a too mechanical
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interpretation of the model. In two ways the Von Neumann model can be of
help as an analytical tool to understand and describe what is going on in
situations as sketched by the example,

First, the model can be used to understand how and how fast a new tech-
nology eliminates an old one. Second, one can, by aggregating over goods,
define the problem away. Although the latter does not sound too orthodox,
aggregation is so inherent to economic modeling that we need not worry
about it too much. On the contrary we would say, because aggregation enters
so explicitly the scene in a Von Neumann world, it helps in understanding
what exactly one is doing. Both points will be illustrated in next sub-
sections through a further elaboration of the example. Because of the
importance of aggregation in the empirical part of our study, we shall
devote a more formal discussion to this problem in section 3.6.

3.5.3 Competition among technologies

Because the Von Neumann model clearly distinguishes alternative
technologies, we think it can throw some light on some aépects of the
speed by which new technologies drive out old ones. In the economy of the
example of the preceding sub-section there is, at first, only a finite
amount of uncleared land. We define this situation as technology level
zero. Traditional paddy growing, i.e. on unirrigated land, is called
technology level one. Introduction of this technology can only take place
at the cost of the available amount of uncleared land., As we have seen
above, as long as the latter is freely available, traditional paddy growing
can earn a rent of 2,02 per cent, which is at the same time the maximum
equilibrium growth rate of the system. One could however, also imagine an
institutional structure where uncleared land, instead of being free, is
owned by some actor who does not cultivate the land himself and that the
cultivating actor has to purchase each unit of uncleared land that is taken
into cultivation. If we suppose that payment proceeds in kind, e.g. in the
form of paddy, the paddy growing process in case A must get an extra
coefficient in the input vector. The resulting decrease of the growth
factor is shown in figure 3.4,
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1.0202
1.0101

1.0

stationary state

-3 SO

paddy
2. paid /unit of uncleared land (= input
coefficient in paddy growing process)
Figure 3.4

Relation between growth rate and ! price'
per unit of uncleared land

As can be seen in the figure, the higher the 'price' the lower the growth
rate. If for example, the price is 2.§H units of paddy, the growth rate is
halved. The economy stops growing as the price of uncleared land, which is
the rent for the owner of the uncleared land, goes to infinity. In that
case no uncleared land is bought by the paddy growing actors. Thus in
general one could say that the growth of technology level one depends on
the degree in which representatives of this level have to compensate

representatives of the zero technology level.

The introduction of irrigated paddy, i.e. of technology level two, can be
Interpreted in a similar way. The role played by uncleared land in case of
technology level one is now played by unirrigated land. Thus one could say
that unirrigated land is the raw material for technology level two.
And the latter can only grow at the expense of technology level one. Let us
therefore first look at technology level two in isolation and consider

unirrigated land as a raw material. Starting from the technology matrices



83

described under case C, the relevant input-output matrices can be obtained
by deleting both the first process and the first good. Thus:

Case D: Paddy growing under irrigated conditions

Input Matrix

irrigated

land labour paddy
irrigated paddy growing 1 2 0
investment in irrigation 0 1 0
subsistence consumption 0 0 1

Ouput Matrix

irrigated

land labour paddy
irrigated paddy growing 1 0 2.441
investment in irrigation 1 0 0
subsistence consumption 0 1.0408 0

The equilibrium growth factor can be calculated as:

a= 8= 1.1

The corresponding intensity and price vectors are:

x = (.30, .03, .67)
y = (.3611, .3283, .3106)"

Thus one can say that the new technology can drive out the old one at a
rate of 10 per cent a year if no compensation has to be paid. As long as
the land belongs to the same actor this assumption is not too unrealistic.
If, however the technology is attributed to a new actor, the growth rate of
the sub-sector, (which is not a sub-economy in the KMT-sense), will be
lower than 10 per cent because the investment in irrigation process re-
quires some édditional input to compensate the owner of the unirrigated
land. Thus the growth rate of technology level two will lie somewhere
between zero and ten per cent, But since level two can only grow at the
cost of level one, the growth rate of the latter will be negative if the
growth rate of the former is positive. The overall growth rate of the

economy will lie somewhere between the growth rates of level one and level
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two. Since the absolute importance of the two technologies will change over
the years, the overall growth rate will be different each year. The situ-
ation will continue until all rainfed land is irrigated. Then the economy
comes again into a stationary state. And renewed growth is only possible by
introducing a new technology. Let us assume that a fertilizer/irrigation
technology is introduced next. If the latter has a positive growth rate it
can pay a rent to technology level two and the fertilizer/irrigation tech-
nology can drive out the irrigated paddy technology, etc. Thus, by looking
at the different technologies in lsolation and by dropping the balanced
growth requirement for some goods, the model can, in prineciple, explain why
certain institutional structures lead to higher growth rates than others.

3.5.4 Aggregation of land types

The use of the Von Neumann model, as in section 3.5.3, falls
within Hicks' definition of pure economic theory ([34], chapter 1), i.e.
the model leads to a statement about the real world while no use needs to
be made of any empirical datum at all. An empirical elaboration of a nati-
onal economy along the lines of section 3.5.3 would indeed be very hard to
substantiate. Analyzing and quantifying unbalanced growth as a consequence
of power relations which are on their turn a reflection of all kinds of
institutional arrangements is not an easy matter within the Von Neumann
framework. It is also not the focus of our study. In this section we shall
propose an alternative 'solution' for the 'problem of land', or, more
generally, the problem of non-tradeable non-—augmentable resources. We start
by claiming that the problem is, properly speaking, a very general one and
does not only occur to non-tradeable non—augmentable resources. For what-
ever the economy, all its goods are unique. And because reproduction
implies cardinality, reproduction is only possible if one classifies
different variables in the same category. Thus, one always has to gener-
alize with regard to qualitatively different goods. If the principle of
balanced (= proportional) growth is pushed to the extreme, growth is always
impossible. Instead, one can speak of qualitative change only. Because this
is not a very workable starting point for an economist studying economic

growth, a usual way out in both theoretical and empirical work is to
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proceed from the assumption that there are only a limited number of dif-
ferent goods in the economy under study. Aggregation of goods implies full
"substitution and in principle it is only allowed if the implicit substi-
tution assumption is not too rigorous in the context of the problem at
hand. As Kogelschatz [48] and Filimon [20] show, aggregation leaves the
growth factor of a Von Neumann model only under very stringent conditions
unaffected.

Turning back to the problem of land, a way out must also be found through
aggregation., Both acceptable from a theoretical point of view and workable
in an empirical sense, is to give up the distinction between cleared land
on the one hand and irrigated land on the other. Instead, both landtypes
can be aggregated into a newly defined good which we call 'capacity to grow
paddy' . Because analyzing an economy on its balanced growth possibilities
allows, in terms of policy relevance, a looser interpretation than propor-
tional growth of both cleared and irrigated land, this aggregation proce-
dure poses, from a theoretical point of view no difficulty, especially if
it is realized that differences in input structure are still taken into
account. Empirically aggregation is acceptable if proper weights can be
found to add the goods. In case of our example, the actual production
capacities could be used.

There 1s however, still one problem which needs some attention. It can be
explained by working out the example. We proceed from case C above. Unir-
rigated and irrigated land are aggregated according to their respective
capacities to grow paddy. It can easily be checked that according to that
criterion one unit of irrigated land equals 2.4 units of unirrigated land.
The following input-output matrices are now relevant to the economy of our
example:
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Case E: Aggregating landtypes

Input Matrix
Capacity to
grow paddy Labour Paddy
paddy (rainfed) 1 1 0
paddy (irrigated) 2.4 2 0
investment in irrigation 1 1 1
subsistence consumption 0 0 1
Output Matrix
Capacity to
grow paddy Labour Paddy
paddy (rainfed) 1 0 1.0202
paddy (irrigated) 2.4 0 2.4410
investment in irrigation 2.4 0 0
subsistence consumption 0 1.0408 0

The model has only one growth factor which can be calculated as:
a= 8= 1,085

The corresponding intensity and price vectors are:

x = (.0, .294, .0u46, .660)
y = ('2961 '359; 03)45)'

In equilibrium the economy can grow at a rate of 8.5%, which is slightly
below the growth potential of the irrigation sector but well above the
stationary state solution of the overall economy (respectively case D and
case C, in section 3.5.2).

The problem referred to earlier becomes clear if one looks at the intensity
vector: in the equilibrium soliution only 1rrigéted paddy is grown. Of
course this 1s an unsatisfactory situation. The cause is not difficult to
find. The difference between growing rainfed paddy and irrigated paddy with
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regard to input requirements has both a qualitative and a quantitative
aspect. By aggregating away differences in landtypes, only the quantitative
differences remain. As irrigated paddy appears to be more efficient per
unit of paddy growing capacity than rainfed paddy, only the former has a
strictly positive intensity in the solution.,

To avoid such unrealistic solutions there exist two alternatives. First,
upper and lower bounds can be introduced on activities, For example, if the
economy has ten units of unirrigated land and one unit of irrigated land at
its disposal, x1 < 10 and x2 < 1 can be added to the model. To generate a
non-zero solution for x also a lower bound has to be introduced, for this
labour availability could be used. This has been explained in section 3.4,

Another way to tackle the problem is to aggregate all processes in which
the aggregated good appears, either as input or as output. As weights one
could use the (maximum) intensitigs in a base year solution. Aggregation of
processes is in a sense the opposite of aggregation of goods. As we shall
show in a more formal way 1n‘the next section, a consequence of the latter
is that the growth rate increases (or stays at the same level) while the
aggregation of processes leads to a lower (or equal) growth rate.
Aggregation of processes is, in principle, only allowed if one may assume
that the relevant processes are carried out in fixed proportions, i.e. no
substitution is allowed. A discussion on the consequences of such an

aggregation can best take place by continuing our example.

We proceed from the input—output matrices of case E above. Suppose that the
ratio in which rainfed and irrigated paddy growing can take place is 10 to
1. We use these numbers to aggregate the two paddy growing processes. After
proper normalization we get the following input—output matrices:
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Case F: Aggregating processes

Input Matrix
Capacity to
grow paddy Labour Paddy
paddy growing 1.127 1.091 0
investment in irrigation 1 1
subsistence consumption 0 0 1

Output Matrix
Capacity to

grow paddy Labour Paddy
paddy growing 1.127 0 1.1465
investment in irrigation |2.4 0 0
subsistence consumption 0 1.0408 0

The model has only one growth factor which can be calculated as:
a =8 = 1,033

The corresponding intensity and price vectors are:
x = (.468, .013, .519)
y = (.2735, .3618, .3647)

Thus the equilibrium growth rate is 3.3% per period. Compared with the 8.5%

in case E, this is a firm decrease.

If instead of aggregating the paddy growing processes, upper bounds on X,
and x2 and a lower bound on labour use are introduced, the former in the
ratio 10 to 1 and the latter according to the solutlon of case E, the
resulting growth factor and intensities are the same. Prices do however
differ: a positive shadow price appears for the upper bound of process 2

(irrigated paddy growing) and a negative shadow price appears for labour.
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However, regardless which procedure we follow, i.e. either we aggregate

processes or we introduce bounds, the balanced growth path is left.

In case of process aggregation this can be seen as follows: After one
period the quantity of irrigated land is increased while the quantity of
unirrigated land has decreased. As a consequence the welights by which the
processes are aggregated have to be changed. Thus the A and B matrices in
period t+1 differ from the matrices in period t. And the model solution
will differ also. More or less the same argument applies in case bounds are
introduced. Referring to the example, the upper bound on x, decreases with

1
the amount with which x, increases.

2

3.6 A THEOREM ON AGGREGATION

As was shown in the preceding section the problem of non—tradeable
non—-augmentable scarce resources can be tackled by aggregating these goods
with nearby substitutes. It was also explained why aggregation of goods
(and processes) will, in general, not be limited to this kind of goods.
Because of their great number, aggregation of qualitatively different goods
and processes has to take place in all empirical national or sectoral
modeling work in order to keep the models manageable, According to
Zauberman e.g., in the Sovjet Union the list of commodities — the so-called
' nomenclature' - contains around 15 million items ([114], p. 9). If for all
practical purposes goods can be considered as substitutes, there is, in
principle, no objection why they would not be treated as such. In the Von
Neumann context it is clear that aggregation affects the growth factor(s):
aggregation results in a change in the A and B matrices and there 1s a
priori little reason to assume that such a change will not result in a
different growth factor.

Although one cannot say in general anything on the size of the change,
something can be sald on the direction of the change of the growth

factor,
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Theorem 3.4
(a) Process aggregation results in (an) unchanged or (a) lower growth
rate(s).
(b) Goods aggregation results in (an) unchanged or (a) higher growth
rate(s).

Proof (see MT [69], p. 91):
We start with defining a p x m (1¢{pSm) process aggregating matrix P and an
n x q (1$q€n) goods aggregating matrix Q.

It will be clear that P has one positive entry per column and at least one
positive entry per row; on the other hand Q will have one positive entry
per row and at least one positive entry per column., Next we look at the
effect on a of process aggregation. Suppose the triple (%, ;, @) is a Von

Neumann solution to Ma' Then:

[

v(M) =max My =0 (i=1,2,...,m)
o i o

where Mi) is the i-th element of M_i. Process aggregation results in a ma-

a a - -
trix PMa' It is easy to see that since Mi y ¢ 0 (eq. 2.23) and P2 O, PMi y
<0. [+ 1 [+
And

v(PM_) § max PMi y € max PM_i_ y<o
[ i a i o

by which the first part of the theorem is proven, The proof of part (b) is

similar:

viM) =min M =0 (3-1,2,...,0)
a 3 a

where le Is the j-th element of X M_. Goods aggregation results in a

matrix M Q Now we can state:

v(M_Q)=mianJ_QZm1n§M‘j_Q20
a J o J a

which is a proof of the second part of the theorem. o
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3.7 NON-BALANCED GROWTH IN CONSUMPTION AND REGIME-SWITCHES
3.7.1 Non—-balanced growth in consumption

As a consequence of the introduction of initial endowments and
the allowance of aggregation, the tight restrictions of balanced growth
have been relaxed to a certain extent. In this section we shall discuss a
third 'unbalanced’ model-adjustment, viz. the possibility of different
growth rates for different consumption goods.

A major limitation of the consumption model of section 3.3 is that consump-
tion of all goods increases at the same uniform rate (a—1). Thus, if 33t is
total consumption of good j in period t:

c = ac

A FE 2% B
for all J and all t. We propose an adjustment on three points:
(1) to take income elasticities®® into account,

(ii) to introduce population growth explicitly into the model, and
(1ii)to allow for an overall growth rate of consumption deviating from (a-1).

As a starting point we assume that expenditures per caplta (per household
or per unit of labour) on good j can be described by a linear expenditure
system (les):

e, = ~1p,C,) + p.C (3.5)
Py uj(y PG, ) PyCy
where

= consumption

= committed consumption

e
c
p = price
y = total expenditure
I

= marginal budget share (y>0, I = 1)

u
J J
According to (3.5) expenditures on good j can be decomposed into two com-
ponents: the first part is spent on a committed quantity of good j; the

33 In this section 'income' stands for total expenditures on consumption.
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second part is a fraction pJ of the so—called !'super-numerary income' which
is the income above the amount required for financing all committed quanti-
ties3®*, If we divide (3.5) by the price pj we get:

wy Ipgc
J k~k =
C, = ==— - ——— 4+ ¢ (3.6)
As has been discussed in section 3.3, consumption is assumed to be unaf-
fected by changing prices. This rigid assumption is necessary to stay
within the computationally attractive Von Neumann framework?3®, Thus, volume
of consumption of good j can be split in a fixed part and a part linearly
dependent on income, or
c, = k,y+ @ .

3 jy 3 (3.7)
where kjy and ﬁ} stand for the first and the second and third term of the
right-hand side of (3.6) respectively. It will be clear that dj can be both
positive, negative or zero, while kjy will always be strictly positive, If
(3.7) is multiplied by P, i.e., total population, one gets the consumptive
demand for good j by the whole economy:

c. =k,Y + D .8
PR R 3.8
If total expenditures grow at a rate o while there is no growth in popula-
tion the dynamic form of (3.8) is

t
Cyp = @ K Yo+ SJ (3.9)

Depending on the sign of 5 , consumption of good j grows faster or slower

J
than overall consumption, If ij is divided by total labour availability, a

matrix C analogous to matrix C in section 3.3 can be constructed which can
be incorporated into the model structure. Vector 3, i.e. the vector with

3% See Barten [7] or Deaton [17] for details on the linear expenditure
system.

3% See also footnote 29 of section 3.3.
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elements 33 appears on the right-hand side of axiom 1. The physical side of
the economy can now be described as follows?é:

x(B-a{A+ C)) 2 &
xE S u (3.10)
AT TRS A

Vector T guarantees a non-zero x-solution. The lower bound on labour can
therefore, in principle, be left out. An (a,x)~-solution of (3.10) for
period t will not necessarily satisfy for period t+1. The latter is a
direct consequence of keeping § exogenous. A discussion how to deal with
this problem will be postponed to the end of this section,

A drawback of the treatment of consumption hitherto is the assumption of
zero populatlon growth. The introduction of non-zero growth can however be
done in a straightforward manner. Suppose population grows at a rate (&-1).
If total expenditures increase at a rate (o—1), per capita growth is a/$.
Thus, the dynamic form of (3.7) becomes:

_a_)t K

S0 ” (5 g (3.11)

+
o %
Multiplied by total population (=6tP) ylelds:

t t=
= Y .12
cjt akjo+6DJ (3.12)
Incorporation of (3.12) into (3.10) implies that each period @ has to be
multiplied by §. ‘

3.T.2 A deviating overall growth rate of consumption
In the discussion so far we have implicitly assumed that there
is no difference between the growth rate of total expenditures on consump-

tion and the overall growth rate of the economy, i.e. both are (a-1). It is

3% The complete set of axioms will be presented after all 'consumption—
adjustments' have been discussed.
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interesting to allow for different growth rates. Suppose growth rates of
total consumption (o'-1) and investment (incl. intermediate goods) (a-1)
are in the proportion J. Then,

o' = Wlo-1) + 1 (3.13)
Substituting (3.13) into (3.12) yields:

= [Bta=-1)+11% Y+ c"’SJ (3.11)

c
Je J
1f we 1limit the analysis to a comparison between period t=1 and period t¢=0,
we may write (leaving out the time-subscript):

= &:k

c

Jy + (1—u)ij + sﬁj (3.15)

3
which can be incorporated in (3.10). The expression for C can be derived
from d:ij as in section 3.3; the expression for T is extended with the
second term of the right-hand side of (3.15). Thus,

ﬁ'] (1-Wk, ¥ + 6%—11
q, (150K, ¥ + o5,
=1
d = || |- |
l I
| |
L?p_ El u)k Y + ﬁ?—

An example:

We illustrate the above by means of an example of a two—good economy. In
terms of equation (3.15) we assume the following parameter values: Yo=10,
5,=10, 5,=-3, ky=.4, ky=.5 and a=1.2.
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Table 3.1 contains the resulting per capita consumption levels of three

scenarios. In scenario 1 it is assumed that there is no population growth,

in scenarios 2 and 3 on the other hand, population growth is set at 5% per

period. Furthermore, scenarios 1 and 2 proceed from the assumption that

expenditures grow at the same rate as the overall growth rate of the

economy while in scenario 3, T is set at .4.

TABLE 3.1: Per caplta consumption

Scenario 1 Scenario 2 Scenario 3
good good good
Period 1 1 1 2

0 14.0 2.0 14.0 14,0 2.0
1 14.8 3.2 14,6 14.1 2.2
2 15.8 4,2 15.2 14.2 2.5
3 16.9 5.6 15.6 14.4 2.8
4 18.3 T.4 | 16.0 14.5 3.0
5 20.0 9.4 16.6 14.6 3.3

The differences in consumption levels are striking. For good 1, per capita

-growth over the five periods varies from 4.3% in scenario 3, to 42.8% in

scenario 1. For good 2 these percentages are, for the same scenarios, 65%
and 370% respectively. Given the above, the interpretation of these dif-

ferences will need no further explanation,

3.7.3 The full model with consumption

The complete set of axioms can now be stated as follows:

Axiom (cel): xt(B—at(A+ﬁEt)) 2 &'F

Axiom (ce2): x E < u,

Axiom (ce3): xtl 2 Lt

Axiom (ceB)s (x, (B0, (A% G,)) - stﬁ)yt =0
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W m
. — - - <
Axiom (ec5): (B-8.A)y, - B Ry, — Ey_ £ 0

W m
Axiom (ce6): x ((B-B A)y, = By —Ey ) =0

Axiom (ceT7): xtByt >0
An equilibrium solution to the model is defined as a sextuple:
Wwonm
Q=1{xvy,y o8| x20, y20, >0, 8>0, Ix>0, Iy>0}

that for given A, B, C, u, &, L, &, d and } satisfies the axioms. Because
X, ¥, yw, ym,a and B are the only endogenous variables we have not left the
Von Neumann framework., However, because 5, 3, L and u have to be updated

each period, the solution applies to one period only.

It is not self-evident that the set of axiomé has a solution., For example

if stg is set too high relative to Ues axioms (cel) and (ce2) cannot be
satisfied at the same time. To avoid such infeasibilities we normalize the
model. As was the case with the model with capacity constraints (section
3.4.2), the normalization implies a slight modification, i.e. “tLt’atxtE
and atstﬁzmust be substituted for Lt’ xtE and Gti in the above. The normali-
zation is schematically shown in figure 3.5. A solution is guaranteed by
theorem 3.4, If we take C = i?, where ¢ may be any non-negative row-vector,

the expression for the wage-rate becomes

Because of the similarity between the full model with consumption and the
model with capacity constraints, we refer to section 3.4.2 for further
details.
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y ym yt y yo yb
B o [ A+pC € o
0 u 0 sd 0 L
output matrix B input matrix A
Figure 3.5

Normalized full model with consumption

3.7.1 Regime-switches

In the empirical part of our study we shall mainly use the full
model with consumption., However, as has been explained above, the solution
applies to one period only. This is a severe drawback. A possible way out is
to solve the model on a period-by-period base., Thus, after solving it for t=1,
the relevant parameters are adjusted and the model is solved for t=2, etc. In
this way we could sketch a semi-balanced development path of the economy
through time. Under alternative assumptions regarding international prices,
population growth, increases in efficiency, alternative technologies, etec,

interesting comparisons among potential growth paths can be made.

We have only partly followed this most advisable line, The reasons for this
are twofold. On the one hand it would mean a very substantial amount of extra
vwork. Adjusting the parameters between the years will take a lot of book—
keeping and programming. On the other hand solving the model sequentially for
a number of periods, say 10, would be rather expensive computationally?®?,

37 We have to admit, however, that the implementation of the algorithm (see
chapters 4 and 6) has probably not been done in the most efficient way.
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A second, more modest procedure to overcome the drawback is to update only
when important changes occur and to use the solution for t=1 tokapproximate
the solution for t=2, Identificé;ion of important changes can be done as
follows, If we start from an equilibrium solution for period t, the following
commodity balance applies for a non-overproduced good:

production, - intermediate demand

" = consumption,

= net exportt

t t

in case of balanced growth, the same equation would hold in period t=2, except
that the actual numbers would have to be multiplied by a factor a. Thus,

a(production,

e T interniediate demandt - consumptiont) = @ net exportt

In case consumption increases at a rate Il4a, the following balance can be
derived for t=2 from the solution for t=1:

a(production, - intermediate demandt) - 7 consumption = k1 net exportt

t

where

_ & net export, + (o—m) consumptiont

13
net expor‘tt

Thus trade activities are treated as the adjusting variables. For t=3 we get:

a? (pr'oductiont - Intermediate demandt) -

2 =
m consumptiont k2 net expor'tt

where

+ (a?-72) consumption,

a? net export v

k, = 12
2 net exportt

ete.

In this way diagrams as in figure 3.6 can be constructed and regime-switches
can be identified. Such switches are interesting because if a country changes

from exporter to importer, or vice versa, the relevant price for the good
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changes drastically®®, At these points the extrapolation does not apply any
more and it becomes necessary to solve the model again, of course after

adjustment (extrapolation) of the relevant parameters.

quantity

production-intermediate demand

(\:;iHHHHHEE;=!’

time

import regime ! autarky ' export regime

Figure 3.6
Regime—-switches

3% E.g. the quotient borderprice import/export price export for rice in
Bangladesh is estimated at 2.21 in 1985, (UNDP [103], volume II).
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Chapter 3
COMPUTING THE GROWTH FACTORS OF THE MODEL

4.1 INTRODUCTLON

Theorem 2.4 established the existence of at least one equilibrium
growth factor to the model. In the subsequent theorem 2.6 it was shown that
there is also an upper bound to the number of growth factors. The proofs of
both theorems are non~constructive, i.e, although they prove the existence
of at least one and at most min (m,n) gfowth factors, they do not tell us
how we can find them. For small problems this does not lead to difficul-
ties: by some ad-hoc 'trial and error' method the solutions can usually be
found. However, if one wants to apply the model to a real world situation,
its size readily becomes so large that such 'trial and error' methods do
not suffice anymore. Instead one needs an efficient computational procedure
to solve the model. Such procedures (algorithms) are the aubject of ‘this
chapter,

In the course of time a number of algorithms have been developed by dif-
ferent authors. The restatement of the model in game-theoretic terms
(section 2.3.3) and the similarity between solving matrix games and linear
programming models (see appendix A) particularly stimulated the search for
méthods to find the growth (and interest) factors.

The algorithms thus far available can be divided into three categories:

(a) Algorithms that find only one growth factor. The main members of this
category are:
(1) The algorithm of Burley [14]. In 1971 Burley descrived a procedure
for calculating the growth factor of the model in the original
Yon Neumann formulation.
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(i1) As a competitor to the HTW-algorithm (see hereafter), Bose and
Bose [11] presented in 1972 an alternative algorithm for cal-
culating the maximum growth factor of the model.

(iii In 1974 Robinson [80] developed a method for finding the unique
growth factor of the so-called ' irreducible' Von Neumann
model ®?,

(b) Algorithms that find both the maximum and minimum growth factor:
(1) In 1967 Hamburger, Thompson and Weil (HTW) [30], developed a

simple bisection method through which both ay and ®ax can be

in
found.

(e¢) Algorithms that find all growth factors irrespective of the unique-
ness. Two interesting members of this category are:

(1) The algorithm of Weil [108]. By combining the HTW-algorithm
with a procedure to decompose the matrix Mu’ Weil showed a way
to find all growth factors.

(i1) In 1974 Thompson [98] presented a new algorithm which also
employs the HTW-technique and which makes, in addition, exten-
sive use of the concept of a central solution to linear pro-

gramming models.

Because it finds both %in and %oy and is, in addition, relatively easy to
implement, the HTW-blsection method is superior to the algorithms of
Burley, and Bose and Bose and Robinson. Therefore we shall not discuss the
algorithms mentioned under (a). For the empirical part of the study we need
an algorithm that finds all growth factors. However, neither the algorithm
of Weil nor the algorithm of Thompson appears to be appropriate. Both are,
in our opinion, too cumbersome to apply. The former because of the compli-
cated decomposition procedure, the latter because of the difficulties of
finding central solutions to large linear programming models. Therefore we

shall in section 4.3 propose an alternative procedure which does not suffer

3% A Von Neumann model is said to be irreducible if it satisfies Gale's
requirements on technology. The latter is the case if each process
uses/produces each good, either directly or indirectly. For details see
Gale ([23], p. 315).
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from these drawbacks and which also finds all growth factors of the model.
In section 4,.,3.7 the working of the algorithm will be illustrated by a

small example.
4.2 CURRENT ALGORITHMS
4,2.,1 A simple bisection procedure
The HTW-algorithm finds both @ in

From the existence theorem (theorem 2.4) it is known that these o's are

both economic, i.e. for these o's (not necessarily unique) pairs (x,y)

and o for which v(M ) = 0,
max o

exist such that xBy > 0. For easy reference the general form of V(Ma)’
already shown in figure 2.3, is repeated in figure 4.1. For any a, v(Ma)
can be found by solving a linear programming problem (see appendix A). In
order to find the minimum and maximum growth rates HTW [31] propose a
simple search-procedure. The algorithm starts with choosing an ay for which
v(Mz) > 0*° and an @ for which v(Mu) < 0. Because V(Ma) is non-increasing,

both %in and % ax 2FC contained in the interval [al, au].

V(My)

ay %min Smax ay

Figure 4.1
Illustration of the HTW-algorithm

wo .
For notational convenience we shall often write v(Mk) instead of V(Ma R

k
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It is easily seen now how the procedure works., By taking the average of o,
and o and solving the model for the resulting &, the interval containing
amin(umax) is halved, After substituting a for az(au). the procedure is re-
peated, etc, The algorithm stops if the length of the interval is smaller
than €, where € is some prescribed small number. Both the algorithms of
Weil and Thompson, which will be discussed in the remainder of this sec~
tion, and the alternative procedure proposed in section 4.3 make extensive
use of the HTW-bisection technique, which is in essence a very old and

wellknown technique.

Before the HTW-algorithm can be used in practice, one additional problem
has to be solved. Depending on the initial estimates of ey and % and the
size of €, solving a real world application will require, say 8 to 20
iterations (see also chapter 7). This means that 8 to 20 different linear
programming models have to be formulated. It will be clear (at least for
everyone having some experience in constructing linear programming models),
that if the model contains more than, say, 10 goods and 20 processes, it
becomes, for all practical purposes, too time-consuming to formulate these
new problems 'by hand' . In other words, the HTW-algorithm can in practice
only be applied if a matrix generator is at hand by which the linear
program is automatically adjusted each time a new a has to be tested. We

shall discuss this matter in more detail in chapter 6.

4.,2.2 Weil's algorithm

In [108] Well descrives a method to find all economic growth
factors. His algorithm combines the HTW-algorithm with a decomposition
procedure, Because the HTW-technique has already been discussed in the
preceding section, we shall concentrate here on the decomposition part. The
algorithm consists of the following three steps:

a) Decompose Ma into p disjoint sets of activities I1, Iz' ooy Ip.
b) Use the HTW-algorithm to find %in and @ ax of each subset
H = (11,u .....UIi) for i=1,..4,D¢

c) Test all thus found a's in the whole economy.
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Ad (a): Matrix M, is sald to be decomposable if the rows and columns can
be simultaneously permuted such that Ma is, irrespective of the
value of a, of the form:

11 12

[Ma My ] (4.1)
0 M22
o

If one of the (secondary) diagonal blocks Mj"1 is decomposable,(4.1) can be
refined and changed into:

Wl 412 13
¢ % 3

0o M2 3
* 5

o o M

Thus, in theory, there may be many ways to decompose Ma' For the algorithm
only the so-called !'canonical form' is of interest. The latter is defined
as the, not necessarily unique, matrix of rearranged goods and processes
1; is as large as possible with-
out being decomposable, Miz is as large as possible given M1l but is
itself also not decomposable, and so on (see Weil [107], p. 264). By the

for which the (secondary) diagonal block M

canonical form the processes of the economy are divided into disjoint

subsets I,, i=(1,2,...,p), where the processes in I, correspond to the

i i
processes of the diagonal block M1i (see figure 14.2).

! Ll 1
]
1 AL E I R T I
]
S R R
" |
I, M2z | M23 : m24
| !
I3 M3 | w34
L]
0 e
- T
I4 M44
Figure 4.2

Canonical form of Mu
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Weil refers to two procedures to decompose Ma’ one based on graph—theoretic
techniques, elaborated in Weil [107] and Kemeny, Snell and Thompson [40],
and one described in Weil and Kettler [109] which is based on a well-known
technique of Steward for analyzing the structure of large systems of

equations [89].

Since we are not going to use the algorithm, we do not discuss the proce-
dures; for these we refer to the above articles.

Ad (b): To all H, the HTW-algorithm is applied. Thus, referring to figure 4.2,

i

&, 8d @ are successively calculated of I (11012), (115U12013)

and (I1U12UI3UIu). This procedure results in at most 2P different growth
factors. According to a theorem of Weil ({1081, p. 279) all economic growth
factors of the original economy are contained in the set P ¢ 2P found in

this manner. However the converse is not necessarily true, i.e. each growth

factor in P need not be economic in Ma’ Consider, for example, the fol-

b
6 (4.2)
0

lowing decomposable economy:

The canonical form of (4.2) is:

5-a¢ 6~a 1-o | 1 1,
M = 0 g 2-a ]12
0 0 3~a 1 13

Carrying out step 2 of the algorithm results in three different growth
factors, viz. a, =1 in 11, o, = 2 in I1U12 and a3 = 3 in I1UIZUI3. How—

ever, only one of them is economic in Ma’ viz. a3, therefore step (c) is

needed.

Ad (¢): 1In this step all growth factors belonging to P are tested in the

whole economy. For the example above, v(M1) and v(MZ) turn out to

be strictly positive which means that growth factor candidates u1=1 and
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a2=2 have to be dropped. Only a.=3 survives the test. Thus; a1=1 and a2=2

3
are economically only feasible if process 1, respectively processes 1 and 2

are looked at in isolation,

4.2.3 The algorithm of Thompson

In 1974 Thompson [98] proposed an ingenious but rather complex
algorithm. It can be considered as an extension of the HTW-technique: by
utilizing the concept of a central solution to linear programming problems
not only %in and & ax but also all 1ntermediaté economic growth factors
can be found. The algorithm leans on two lemmas (lemma 3 and lemma 4 in
[98]1) according to which a non-economic a contains a strictly positive left
and right neighbourhood that do not contain any economic a. Figure 4.3
shows this property graphically., It follows directly from the fact that the
maximum number of growth factors gannot exceed min (m,n). Therefore the set

of economic o's is by definition disjoint.

V(Mg)

®f ~H,<a<ai + i,
A\

My M
——

[ 1 1 a

(aq,%%,yC) \\\\\\\‘

@i non-economic

{x©,yC) central

Figure 4.3
Non—economic neighbourhood of oy

Thus given oy non-economic, the domain S = {a |ai W <ol oy + “2} does
not contain any economic o, where My and u, are determined by:
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e
u, = {max y | x Ma1+u 20, nu2o}
and

c
u, = {max u |Mu1_u y $0, u2o0}

The algorithm starts as the HTW-algorithm, i.e. it starts with non-negative
N and a, such that v(Mz) > 0 and v(Mu) < 0. As was proven by
theorem 2,2, such o's exist. And because of the non-increasing property of

numbers o

v(Ma), the domain 8, = {a la2 $at au} contains all economic growth
factors Q. The domain 60 is now systematically made smaller by determining
neighbourhoods ¥ and ¥, that cannot contain any economic a's. Figure 4.4

Illustrates the search-procedure.

Given ay and @ u? and ug can be determined and thus the search domain can
a,+a
be reduced from 60 to 61. Now a3 is defined as 12 2 , and the central

tqiple (a3. xg, yg) is computed. In case v(M3) < 0 respectively v(M3) > 0,
§ 1is reduced as before, otherwise, as is assumed in the figure, § |is

split up in a domain 62 and 63, etc. Each step the search domain becomes
smaller. The procedure culminates in the finding of all economic o's. For

details and proofs be referred to the original article.

The weakness of the algorithm is that for each a, central x~ and y-strate—
gles have to be found which is by no means a trivial matter, especlally if
the algorithm is applied to larger models. This drawback was the main
motive for our search for another algorithm which will be discussed in next
section, It will Be shown that this new algorithm has also some other

advantages over the ones discussed sofar.
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Figure 4.4
Working of Thompson's algorithm

4.3 AN ALTERNATIVE ALGORITHM FOR SOLVING THE VON NEUMANN MODEL
4.3.1 Motive

The algorithms of Weil and Thompson find all growth factors.
Both are however cumbersome to apply. In addition to a fairly complicated
decomposition procedure, the HTW-technique has to be applied at least
twice in Weil's algorithm to find one economic a. And although in case
of Thompson's, Ma does not need to be decomposed*! each step requires a
central x and y solution. Especially when the model becomes larger and the
coefficients lie within a wide range of values, one easily runs into

numerical problems during the search for such a solution“2, To avoid these

*1 Thompson's algorithm yields the (not necessarily canonical) decomposi-
tion as a by-product, as does as a matter of fact the algorithm dis-
cussed here,

“2 In [98] Thompson describes a graph-theoretic search-procedure to find
all solutions to a linear programming problem. It is however in hia
description not at all clear how this method has to be implemented and
how numerical stability can be ensured since the graph—theoretic con-—
cepts essentiallv annlv to integer orogramming problems.
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difficulties we have developed an alternative procedure for finding all
growth factors. The algorithm is, in our opinion, more efficient and easier
tp apply to small as well as iarge models than the algorithms of Weil and

Thompson.

4.3.2 An overview of the algorithm

The algorithm essentially consists of a search for “;in of a
sequence of economies Ml , Mi s esey Mi, eeey M; . where1each Mi corres—
ponds with a sub—economy of the original economy, i.e. Ma is the biggest
sub—economy (= the original economy), Mz is' the biggest but one sub-economy,
«es and Mz is the smallest sub-economy. The search-procedure is sche—
matically shown in figure 4.5. The algorithm consists of two stages (see

figure 4.6).

~ ~ g
~N \\‘\\
N \
N \
o N N\ \
~ N \
S N \
\ \\ \ \
\ \ \ \
' T T 1] .
1 2 3 4 5
min %min “min nin %min
ai ae aa a4 al
Figure 4.5
K
The search for %in

In the first stage the minimum growth factor uzi

we shall use the HTW-technique, i.e. a sequence of linear programming

n is determined. For this

models is solved. Then the second stage is entered. Here the linear pro-

gramming model is changed. Some rows (at least one) are relaxed, i.e. a
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large value is added to the right-hand side so that the constraints con-
cerned will never be binding. Moreover, some processes (at least one) are
penalized, i.e. a high penalty is put in the objective so that the
processes (activities) concerned will never be chosen in an optimal
solution, The adjusted model is defined as Mk+1
Kk+1 k+1 ¢

one where %nin of Ma is calculated, . . . ete. The algorithm stops if all

activities are penalized. But as we shall see below, sometimes it can stop

. Now we go back to stage

earlier. Before presenting the different steps of the algorithm more

explicitly (section 4.3.6), we shall discuss, in sections 4.3.3 and 4.3.Y4,
the transition from MZ to M2+1
dure really works and in section 4.,3,7 the algorithm will be illustrated by

a small example.

. In section 4,3.5 we prove that the proce-

. k
Determination of Cin

of M: by using HTW~ Stage 1

technique

Transition from Mt to

Mz+1 by relaxing goods and Stage 2

penalizing processes

Figure 4.6
A scheme of the algorithm

k+1
4,3.3 A rule for determining relevant goods and processes in M‘l

Suppose that an economy has r economic growth factors a1<a2<. ..

o <e o L In this section we shall prove that in each sub—economy Ms a

particular sub-set of goods G, is relevant. By this we mean that only
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processes that use/produce these goods can appear at a non-zero level in
the equilibrium solution., Further,

G1 o G2 S e e Gs D e e Gr

and Gs contains at least one element (good) which is not contained in Gs+1.

We use a game-theoretic lemma to determine which goods (and processes) are

k*1 relative to Mk. Kemeny, Morgenstern and Thompson use the

relevant in M
same lemma in order to prove the existence of an economic solution. How-
ever, by glving an economic interpretation to some intermediate results of
the proof of ihe lemma, it can serve our purposes. In addition, an inter-
pretation in economic terms results also in simpler proofs for theorem 2.6
about the maximum number of economic growth factors and the uniqueness of. a
solution of the model in its original form (Von Neumann conditions on

technology). The lemma reads as follows:

Lemma 4.1
If e,
(this only implies that v(M, ) = 0 and v(My ) = 0, and not neces-
sarily xBy > 0), then v(Ma) = 0 for all a in the interval a, $af &ye
Moreover, if x2 is optimal in M, and y1 is optimal in M, , then the
pair (x2, y1) is optimal in Ma fgr all o in this interval.

and a2 (a1 < az) are two distinet allowable values of o

The first part of the lemma has already been proven in section 2.4.2 (the-
orem 2.2). It is a direct consequence of the continuity and non-increasing
property of v(Ma). Therefore we need to prove the second part only. The
proof of the latter results however also in an alternative proof of the

first part,
Proof (KMT [39], p.120):

Let x2 be an optimal strategy for the maximizing player in the game M2;
then sz2 2 0. If o is any number less than a2, we have:

2 20 2, 2 2
xMa = X (B~aA) = x (B ah + oA - ah) = X (B—azA) + X (az-a)A 20

(4.3)
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Hence v(M ) 2 0.

Similarly, let y be optimal for the minimizing player in M1; then M y <
0. If o is any number greater than Qg5 we have:

May1 = (B-aA)y' = (B-a'A * a'A - ad)y' = (B—a1A)y1 + (ara)Ay‘ <0

(4.4)

Hence v(M ) £0
The 1nequa11tles (4.3) and (4.4) imply that v(M ) = 0 and also show that
(x ,y ) are optimal strategies in the game M for @, 2 a2 a,. This con-
cludes the proof of the lemma. o
For our purposes we will have a closer look at both (4.3) and (4.4),
Consider an economy with r growth factors. Let us arrange the ao's in a
sequence of increasing magnitude (see also figure (4.,7)):

e, < u2 < a3 ees € o  vee < e,
Next we select two a's, ag and oy respectively; both ag and oy may be any

s s
(economic) growth factor except that oy < aj must apply. Let (x , y ) and
(xj, yj) be corresponding optimal intensity and price vectors. If we substi-
tute in (4.3) x‘j for x2, oy for o and aj for Oy the equation becomes:
B - ah) = x3B - oh) + (o, - o)A 20 (4.5)
S 3 J S
v{Mg)
i T T _ @
a.' az as ar
Figure 4.7

Economic growth factors of Ma
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Because xj(B—ujA) 2 0, and (qj

in (4,5) applies for x‘jAk > 0, where Ak is the k-th column (good) of A.

That is, for all goods that are or (because xj is not necessarily central)

- as) > 0 (by assumption), strict inequality

can be used as inputs in a solution to the a,—-economy. But, according to

J

lemma 4,1:

(B - o M)y® = 0 (4.6)

Thus, prices of these goods must be zero in the as-economy. This leads to

the following interesting result:

Lemma 4.2.A:
A1l goods that are (or can be!) used as inputs in an economy with a
higher equilibrium growth rate than o must have a zero-price in the

(!.s —economy.

Given an o > 0 it is easy to see that each good used as Input must also
appear as output. The reverse, however, need not necessarily be true. But
then the strict inequality sign applies also in (4.5). Together with (4.6)
this implies that such goods must have a zero-price in an economy with a

lower growth rate. Thus we can strengthen lemma 4.2.A.

Lemma 4.2.B:
All goods that are (or can be) used and/or produced in an economy

with growth rate o, must have a zero-price in the same economy with a

J

lower growth rate.

Next we substitute in (4.14) ys for y1, a, for o and ag for ag. Now (4.h)

J
becomes:
(B—ajA)ys = (B-a M)y + (u.s—aj)Ays <o (5.7)
Because
(B-a A)y" £ 0 (4.8)
and

(as - aj) <0
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the strict inequality in (4.7) applies anyhow, if Alys > 0, where Ai is the

%-th row (process) of A. That is, for all input goods that have a strictly

positive price in the o ~economy. This leads to a lemma similarly to lemma
4,2.A.

Lemma 4.3.A:
Processes that use goods that have a strictly positive price in the

us—economy must have a zero intensity if the economy grows at a
higher rate.

From (4.8) it follows that processes that produce goods which have a
strictly positive price necessarily must use goods which have a strictly

positive price. Therefore lemma 4,3.A can alsc be formulated as:

Lemma 4.3.B:
Processes that use or produce goods that have a strictly positive
price in the as~economy must have a zero intensity if the economy
grows at a higher rate.

Although lemma 4,3,B is stronger than lemma Y4.3.A, they are in fact quite
related. Given lemmas 4,2 and 4.3, we can now construct a general rule for
determining the potential candidate goods and processes of the 'next!
(sub-)economy, i.e. the subset of goods and corresponding processes that

are relevant for Mk+1.

1 < a2 K aess L

Suppose we have an economic solution to this economy, say the, not necessarily

Consider an economy M with r [1$rfmin(m,n)] growth factors a

central, triple (ak,xkyk). Now we rearrange the goods and processes of the
economy according to the scheme of figure 4.8,

In this scheme, processes x? use only goods that have a zero-price. If k#r,
such processes must, because of lemma 4.2, exist The remainder of the
processes are defined as x;. Because (ak, xk, y ) is an economic solution
and thus x By >0, xg contains at least one strictly positive element. The
price vector yk is partitioned into subvectors y1 and y2. Elements of y1

are zero, while elements of y2 are strictly positive. The columns (goods)



116

of Mk are rearranged accordingly. Again, as a consequence of lemma 4.2, if
k#r, y? must contain at least one element. And because kayk>0, y; must

also contain at least one element.

The rearrangement results in four sub-matrices, viz. M11, Mlz, M21 and M22.

It is easy to see that as a direct consequence of the rearrangement rules

M12 and the corresponding sub-matrices A12 and B12 must consist of zeros
only.

If we raise o the intensity of processes x; will become zero (lemma 4.3).

In other words, activities x; will have a zeroc intensity in all sub-econ-

omies Mm with m>k. In the next section we shall show how this property can
be exploited in order to find all (economic) growth factors.

k 13
0 >0
k 11 12=
x1 20 Mk Mk 0
Kk 21 22
x2 20 Mk Mk

Figure 4.8

Mk after rearrangement

4.3.3 Consequences of relaxing rows and penalizing activities

Suppose that we have an economy M and we have found the
economic triple (a1,x1,y )} vhere o is the minimum growth factor of the
economy. Referring to figure 4.7 the problem we are faced with is how to

find a,, Or more generally, given oy how do we find G410 In this section
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we shall propose a procedure how this can be done. We start with
rearranging goods and processes according to figure 4.8, As will become
clear below this rearrangement 1s only done for explanatory reasons, in
'reality' one can refrain from it., The linear program corresponding with

the triple (u1,x1,y1) can now be stated as follows:

min -v
s.t.
x} M:1 + x; M$1 - ve, 20
x; M?a - ve, 20 (4.9)
x: f1 + x; f2 =1
x?l, x12 20

where e = (e1,e2) is a 1 x n row vector consisting of all ones and f = (f1,f2Y
1s am x 1 column vector also consisting of all ones. The objective value

G = min-v of problem 4.9, which is equal to -1 times the game value of M1,
is, by definition, zero. Further, because y; > 0, it follows from the comple—
mentary slackness conditions (see appendix B), that for the second set of
constraints the strict equality applies. The procedure we spoke of above
consists of two steps:

(1) relax rows j for which yj>0; and

(1i) penalize activities i that use goods j for which yJ>0.

The relaxation consists of adding large negative numbers to the right-hand
side of the relevant rows. The penalty consists of adding large positive
numbers to the objective coefficients of the activities concerned.

Before we shall investigate the consequences of doing so, we shall first

explain the reason for it. Referring to our example (figure 4.8 and problem
4,9), activities x;
is relaxed. From the preceding section it is known that activities x; will

are heavily penalized and the second set of constraints

be at a zero level in all economic solutions s k>1. The aim of the
penalties is to eliminate these activities from the economy. On the other
hand goods for which yj>0 are most restrictive for growth. By relaxing rows

J, they stop being scarce. We illustrate these points by a small example:
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U-q 0

a(=am1n) and corresponding optimal x-and y-strategies can be
1=2, x=(%,%) and y=(0,1)' (see also figure 4.9). If
activity 2 is penalized and row 2 is relaxed, 3, i.e. the objective

calculated as o

value of the corresponding linear program ﬁz decreases to -4, thus
V(M2)=4. Corresponding x— and y-strategies are x=(1,0) and y=(1,0)'.
In conformity with the results of the preceding section, only
activity 1 and good 1 are indeed relevant in the search-procedure for
the next economic a. Via the HTW-procedure this factor can be found,
its value turns out to be U, which is, as can easily be checked, an
economic growth factor.

4 o ™
N
| \
v(My) | N
N\
| AN
I \
! \
| \
| \\l «
2 4
Figure 4.9

A small example

In short, the purpose of relaxing rows and penalizing activities is to
eliminate goods and processes that are not relevant in the search-procedure
any more. A consequence of the relaxation is that we come again in a
position v(Ma)>0 (see fig. 4.9) so that the HTW-procedure can be applied

again in order to find a *new' . A more detailed scheme of the algo-

amin
rithm can now be given (figure 4.10).
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stage 1

k k
Determination of i of Mu

by HTW-technique
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l Transition from
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| M, to M)
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Penalize al) processes
that use goods for which
yj >0 and relax
corresponding rows. Define

new economy as ﬁa

All activities
penalized?

Calculate

Stop the algorithm

—_ e — =

Figure 4.10

A detailed scheme of the algorithm
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4.3.5 Proofs of different steps of the algorithm

The proof that the algorithm really works can be broken up into
three parts:

Part 1: A proof of the working of the elimination procedure.

Part 2: A proof that the algorithm ends within a finite number of steps,
i.e, converges.

Part 3: A proof that in the end we have indeed found all economic growth

factors.

Proof of part 1:

To prove part 1 it is sufficient to prove that:

(i) 1If an economic growth factor has been found (e.g. ak) and Ma does
contain growth factors aj>ak, penalties and right-hand side relax-
atilons can be given so that goods that were 'binding' in the
uk—economy and activities using these goods will get a zero value in
the search-procedure. In other words only relevant goods and proces-~
ses are taken into account in the search for a next growth factor.

(ii) After goods and processes have been eliminated the HTW-procedure can

be applied again.
Part 1-1:

We start from problem (4.9) and define the primal and dual problem after

the adjustments have been taken place.

Primal: min x2h -V
s.t.
11 21
- 2
X, Mk * X, Mk ve, 2 0 (4,10)
22
X, M ve, 2 -d
xf =1
X,s%X, 20
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Dual: max - dy2 + w
s.t.
1
Mk ) + f.weo (4.11)

;
21 22
Mo Yp My, +fwslh

-ey = -1
¥is¥g 20

where w is an unconstrained variable. The other symbols are defined as
before. Because there are no sign constraints on v and w, it is easy to see
that both problems have feasible and thus optimal solutions (existence
theorem, appendix B). Moreover, for a20, the maximum value of v can never
exceed max[bij] which must be read as the maximum value of element bij of
output matrix B, Thus, if elements dr of -d are chosen, such that

dr > m?x[bijl for all r, the second subset of constraints of the primél can
never be binding in an optimal solution. In other words, non-relevant goods
can be eliminated. A same line of argument can be used with regard to the
penalties on activities. From the dual it follows that variable w can never

of
1J
input matrix A. Thus if elements hS of h are chosen such that hs > min

exceed min[aij] which must be read as the minimum value of element a

[aij] for all s, the second subset of the dual can never be binding in an
optimal solution. In other words, non-relevant activities can never have a

non-zero level in the optimal solution of the primal. o
Part 1-ii:

The HTW-procedure can be applied again if, after rows and columns have been
relaxed and penalized respectively, the game-value of the resulting matrix,
v(M ), is strictly positive and, at the same time, if the non-eliminated
goods and processes (M " in fig. 4.8 and problem 4.9) satisfy the KMT—con-
ditions on technology. In that case all results of theorem 2.2 are fully
applicable as can easily be verified.

We start with proving that after the elimination procedure has been properly
applied and the economy contains growth factors a > As v(Mk) = —v > 0,
where v is defined as the optimal value of the 1inear program.
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We do not discuss the trivial case in which all activities are penalized:
it follows directly from lemma 4.3 that in that case the economy does not
contain any economic a. Three cases can in principle be distinguished:

(a) v(ﬁk) >0
(b) v(ﬁk) =0

(0) v(H) <o

Case (a) needs no explanation; case (b) and (¢) are special cases which

will be investigated in more detail.

Ad (b): v(ﬁk) =0

If after the adjustments v(ﬁk) = 0, rows which are binding, i.e. rows cor-
responding with goods that have a strictly positive shadow price, have to
be relaxed and activities using/producing these goods have to be penalized.
The reason for this is that activities using/producing these goods will

have a zero intensity in case a, is raised. This can be proven as follows.

k
Let (x,y) be the x and y solution corresponding with v(Mk) = 0. If xand y
are partitioned according to (4,10) and (4.11), it follows from (i) that

§=(§1,0) and §=(§1,0). Thus (4.10) and (4,11) become:

Lo X

11
1M 20
£

1
and

In other words x and § are optimal solutions to the game Mk. Thus, lemmas
4,2 and 4.3 apply, which means that rows and activities can be identified
that do not play any role if o is raised. o

Economies for which case (b) occurs are characterized by at least one

of the following two properties:
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(a) The economy contains a sub-economy that can grow at the same
growth rate as the original economy. Consider, for example an
economy for which:

3-a 0
3-a 3-a

The triple a=3; x=(¥%, %); y=(0,1)' is economic. Penalizing pro-
cess 2, relaxing row 2 and solving the problem again yields
v(ﬁ3)=0, x=(1,0) and y=(1,0)'. It can easily be checked that this
triple is also economic. The definition of a central solution
implies that these instances cannot occur if we look for
central strategies instead of just optimal strategies.

(b) The economy contains a subset of goods and processes that can be
in equilibrium if run on its own at an oo, + This o is however
non-economic in the whole economy. At the same time the economy
does contain a sub—economy that can grow faster than L By way

of illustration, consider the following example:

1-a 0 0
M ={0 3-a 0
(v}
8-a 2-a 2-a
%in and the corresponding optimal strategies can be calculated
as a = 2, x=(1/3, 1/3, 1/3) and y=(0,0,1)'. Penalizing ac-

min
tivity 3, relaxing row 3 and solving the problem again results in

v(ﬁ2)=0, x=(0,1,0) and y=(1,0,0)'. Good 1 has a positive price,
thus row 1 has to be relaxed and activity 1 must be penalized.
Solving the model again yields v(ﬁ2)=1 and after applying the
HTW-technique the second growth factor o=3 will be found.

Ad (e): v(ﬁk) <o

We assert that if v(ﬁk) < 0, then the economy cannot contain an aj > oy .
Suppose that the opposite is true and that a triple (a1,§,§) exists which
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satisfies the axioms. From lemma 4.3 we know that if we partition X in the
same manner as the x vector in (4.,10) and (4.9), i.e. the same elements are
Eut in the same sub-vectors, elements in x2 must have a zero value. Thus
x=(§1,0). Substituting X for x in (4.10) results in:

2
~ve, 2 ~d (4.12)

Because X is economic for aj > o, we may write:

11)

~ 11 1" ~ 11 1 " ~ 11
B - = ~(a,- -
0 < x, ( aJA ) = x,(B (u.J o)A +a AT) § %, (BT -a A
Thus, §1 M11 2 0 and v(ﬁk) = -v 2 0 which contradicts our starting point
above. In other words, if v(ﬁk) < 0, then the economy does not contain -an

aj>ak and we can stop the algorithm. o

We shall illustrate the case by a small example.

1-a 0
M =
o 3~a 2-a

amin and corresponding optimal x and'y solutions can be calculated as

am1n=2' x=(%,%) and y=(0,1)'. According to the above stated rules,
activity 2 has to be penalized and good 2 relaxed. If the problem is
solved again we get v(M)=—1. Thus the economy does not contain more
growth factors. The economic meaning of v(Mz) < 0 is that the economy
contains a subset of goods and processes which can be in equilibrium
when run on its own at a lower growth rate. In the example: process 1
and good 1 with equilibrium growth factor a=1 and corresponding inten-
sity and price factor x=1 and y=1., Within the whole economy, however,
the goods are overproduced at that lower growth rate. Moreover, the
economy does not contain a sub-economy that can grow faster than the

whole economy.

Thus it can be concluded that 1f the economy contains a growth factor
o >0, v(ﬁ)k>0 will occur, either at once or via v(ﬁ)k=0. Once v(ﬁ)k>0, the
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transition from Mk to Mk 1 (see figure 4.10) is completed and % in of MZ+1

is calculated by the HTW—technique. However, we must be certain that an
%in is indeed found in this way. A sufficient proof for this is the proof
that theorem 2.2 is applicable. Referring to the linear program (4.9), we

have shown above that penalized activities x. will always stay at a zero

2

level, Also, rows corresponding with right-hand side coefficients —d will

11
12 K

fies the KMT-conditions on technology. Because sub~matrix A corresponding

to Ml (see figure U4.8) consists of all zeros, all rows of sub—matrix M;1

never be binding. Thus, theorem 2.2 is applicable if sub-matrix M satis—

must have at least one strictly positive entry. And because v(M)k>0, all
columns of Bl1 must also contain at least one strictly positive entry. The
latter can be seen as follows. Suppose B1‘l would have a row & consisting of

all zeros. Then there would exist a vgotgr §=(§1.0) where y1J=0 for ill JEL
which would make the value of the dual problem (4.11) zero. Thus, v(M)k
would be non-positive which contradicts our point of departure. Therefore,
each column of BL1 must contaln at lease one strictly positive element, o
Proof of part 2:

It is easy to see that the algorithm converges within a finite number of
steps, In the algorithm the HTW- and the elimination procedure are succes-—
sively applied. In section 4,2,1 it was explained that the HTW-procedure
stops after a finite number of iterations. Because, thereafter, at least
one good (and consequently at least one process) has to be eliminated,
after at most min(m,n) (m = number of processes; n = number of goods), the
economy does not contain any relevant goods or processes anymore which
means that the algorithm has to stop. o

Proof of part 3:
A sufficient proof of part 3 consists of (i) a proof that all a's found are
economic in the original economy; and (ii) a proof that no economic ao's

have been skipped.
Part 3-i:

Suppose we find the triple (a J,x .Y }. We must prove here that aj is

economic in the overall economy. Or:
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Kk+1

X MJ 20
My <o (4.13)
XBy >0

ylay

must apply. We shall prove that for x=xJ and y = 5 , where yk refers to
the y-solution for a=a, (see figure 4.8) system (4.13) is indeed satisfied.
We refer to problems (4.10) and (4.11). From lemma (4.3) and the discussion
so far, it follows that the first axiom in (4.13) boils down to:

J 11
X MJ 20

which is, in a solution, by definition be satisfied. Because “j is anyhow

economic in M11

NS
% B ¥y >0
and thus
XBy >0
also.
k
3 Y.

Given the results sofar y = —l——— is equivalent with: y = (—% , : ) where
elements yJ and y; correspond with non-zero elements in yk (see figure 4.8)

J

and y” respectively. Because

12 K

e Y2 so

and
22 k

M ¥

it follows that

12 k
/25
My ¥

and (4.14)

22 k
Mj v, / 2 <0

7N
o

also.
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From (4.10) it follows that

1 _k

Mj y1

<o (4.15)
If (4.14) and (4.15) are taken together it is easily seen that the second
axiom in (4.13) is also satisfied. no

Part 3-ii

For the proof that no economic ao's have been skipped we refer to figure
(4.11). Suppose L has been found by the HTW-procedure, After relaxing/
penalizing non-relevant rows and activities v(Mk) turns out to be v.
Further, we assume that, after raising a, the next growth factor found
appears to be o We shall prove graphically that no ad am<a1<ak, ag
economic, can exist then. Suppose the opposite is true. Given the results
above, it is clear that, if in M& the same activities and rows as in ﬁk are
penalized and relaxed respectively, the game-value will not be affected,
i.e. V(Ml) = v(ﬁk) = 0. Because theorem 2.2 is applicable to v(ﬁu), a
decrease of ay will result in an increase (or staying equal) of V(Ma)'
Referring to figure (4.11), either a—ug. or b—ug or c—al

easy to see that these routes are all impossible: a~ay because the optimal

must apply. It is

value of the objective of the corresponding linear program is —G, b—az
because v(ﬁa) is continuous in « and, finally, e, is ruled out because of
the single-valuedness of V(Ma) (no bifurcation). In other words, @y cannot
be an economic growth factor and as a consequence, no economic a's can be

skipped. D

Because parts 1, 2 and 3 have all been proven, we may conclude that the
algorithm works. It may be of interest to compare our algorithm with those
of Weil and Thompson. Compared with Weil's algorithm, we need not decompose
matrix Ma in order to determine relevant goods and processes in sub-economy
a; . Instead we make use of the resulting shadow prices to eliminate non-
relevant goods and processes. A second difference concerns the testing of a
resulting growth factor in the overall economy. As we have proven in part

3—-i above, we can be assured that each oy is economic in the overall

in
economy also.,
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V(Ma) ’
v(ﬁa)

O ag oKk

Figure 4.11
An illustration of the proof that no growth
factors can be skipped

Central in Thompson's algorithm is that it searches along the axis v(Ma)=0,
taking, during the procedure, all goods and activities into account. The
main difficulty in this procedure is that central solutions are required to
determine domains which cannot contain economic growth factors. As exp-
lained in section 4.3.1 , it is exactly this difficulty which makes
Thompson's algorithm less suitable for practical problems. By making use of
lemma (4.3), in our algorithm the search-procedure can be limited to a
subset of goods and processes only. The rules for penalizing/relaxing
processes/goods have, moreover, as a consequence that the search for a
"new' economic o always starts from a position v(ﬁa) > 0 so that the
HTW-bisection method can be applied in a straightforward manner, i.e.
without searching for central solutions.

To end this section we shall state two theorems. Although already known
(see for example Moeschlin [58], KMT [39] and with regard to theorem 4.2,

theorem 2.6), the proofs are simpler.

Theorem 4.1:
In the original Von Neumann model there is at most one economic

growth factor.
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Proof:

In the original Von Neumann model a13+bij>0 for each ij. Or each good is
either used as input or as output in each process. This means that having
found %, all processes have to be penalized in stage 2 and Ml1 (figure 14.8)

which contains all economic growth factors except O will be empty. O

Theorem 4,2:
A Von Neumann model with a KMT-technology has at most min (m,n) eco—

nomic growth factors (m = number of processess n = number of goods).

Proof':

Each time an economic growth factor has been found processes using goods
that have a strictly positive price, have to be penalized. There is, by
definition, at least one such good, which is used by at least one process.
Thus after maximum min (m,n) steps all processes are penalized and the
search-procedure can be stopped. 0

4,3.6 The algorithm

Having discussed and proven the various parts of the algorithm,
we shall now present the different steps explicitly. A schematized illus-
tration is given in figure. 4.12.

( 1) Set k=0, i=0.

( 2) Formulate the linear program Mk+1 = M1 corresponding with the
original economy, i.e. without penalties on activities and
relaxations of rows.

( 3) Choose a non-negative number % so that v(M ) > 0.

( 4) Choose a strictly positive number u so that v(M ) < 0.

( 5) Let u,=u, k=k+1 and i=i+1.

(6) 1r u1—2 < g, where ¢ is some prescribed small constant, then set
u,+4
1
a, = [ > ] and go to (9)

(ai i1s an economic growth factorl).
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Start

Set k,1=0, ? such that
v{Mg)>D, u such that

v(My)<0
ug = u
k = k+1
i= 441
v = ug-t
u, + 8
no
a= - St o= v(M)
i i
Mc= ﬁ'l yes
k -
L= amin u1 + 2
Q.= ——=s—c
i 2
a‘- econ. growth fac.
Solve
d>o0 v{M;)

define (new)

solve
d= v(ﬁi)

activities
penalized

Figure 4.12

Flow diagram of the algorithm
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u1+2

3 .

Let o = (

Solve the model M?.

- if v(M:) < 0, replace u, by o, and go to (6).

- if v(M?) > 0, replace % by o, and go to (6).

i

Solve the model Mk. Change the linear program. Penalize activities

i
that use/produce goods that have a strictly positive (shadow-) price.
Relax rows corresponding with goods that have a strictly positive

(shadow-) price. Define the new model as ﬁk. If all activities are

i
penalized, go to (11).

Solve ﬁ:. v(ﬁ§)=d.

§+1 = ﬁ:, replace % by ay and go to (5).

- if d=0, then, M: = ﬁ?, go to (9).

= if d>0, then M

- if d<0, go to (11).
End.
4,3.7 An example

To illustrate the working of the algorithm, we shall apply it
small example. The numbering of the different steps below corresponds
the numbering in section 4.3.6.

1: We start with k=0, i=0.

2: The original economy is:

-3a 0 3-a 1-20 =50

1 3-a 0 0 0 2-20

M;Mu = 1 1-a 3-a 1-a 4-3a
420, 0 2-0 2-a 1

0 0 5-a 0 b-a

Step 3: For =0, v(Ml) s 0.
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Step U4: For u=8, v(M&)(O.
Step 5: u1=u=8; K=k+1=1, i=i+1=1,

Step 6: We define e=.00001, thus u1—£ > €.

Step T: A new o is defined as: 31 = §%9 = 4,

Step 8: For a=l, v(Ml) £ 0, thusrllu1 is replaced by s i.e. u1=4.

Step 6: uy - % = 40 > €.

Step T: o, = 5 = 2.

Step 8: For @, = 2, v(M;) $ 0, thus U, is replaced by @, i.e. u = 2.

=% =2-0>c€

.

Step 6

=4

.

ete. culminating in

u,+
Step 6: u, -~ % $ e and a: = = 1, which is the minimim economic

1 2
growth factor of the economy.

Step 9: The corresponding process intensities and prices are:
x1 = (1/5, 1/5, 1/5, 1/5, 1/5) and

y1 = (0, 1, 0, 0, 0) respectively.
Only good 2 has a strictly positive price. Thus the second row of
the linear program is relaxed. Because good 2 is used/produced by
the third process, this activity gets a high penalty. Because not
all activities are penalized we continue with:

= ﬁ1 and we start the HTW-procedure again with

Step 10: v(ﬁ}) > 0. Thus M° 1

1
=1,

Step 5: u1=8. k=2, i=2,
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Step 6: u1~£ = 8-1 > e.

8+1

Step 7: a, = - = 4.5

2

Step 8: v(Mi 5) <€ 0, thus u, becomes 4,5,

Step 6: u1—2 = §.5-1 > €,

) 4.5+1
Step T: a2 == = 2.75.
2
Step 8: v(M2.75) < 0, thus u, becomes 2.75

ete., culminating in

u, +4

Step 6: u L < € and a, = —3

factor of the original economy.

= 2, which is the minimum but one growth

Step 9: The corresponding x and y vectors are:
x* = (0, 1/3, 0, 1/3, 1/3) and
y2 = (0, 0, 0,1, O) respectively

Good 4 has a strictly positive price. This means that processes 1
and 4 get penalized. Further, the fourth row is relaxed. Not all
activities are penalized, thus we go on with:

3=ﬁ2 and =2,

~2
Step 10: V(M2) > 0, thus MZ=M

Step 5: u1=8, k=3, i=3.

Step 6: u1-£ = 8-2 > €.

8+2
Step T: ay = 5 5.

Step 8: v(Mg) < 0, thus u, becomes 5.

1

Step 6: u1—1 =5-2> ¢



Step

Step

Step

Step

Step

Step

Step

Step

Step

Step

Step

Step

Step

10:
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5+2
(!3 ="—2—= 3.5.

v(e) ) € 0, thus u, becomes 3.5.

1

u1—2 = 3.5-2 > €.

0y = 352 L o1,

3

3
v(M2.75) > 0, thus & becomes 2.75.

u,!"'l = 305"2-75 > €.

3.5+2.75 _
oy = 225 3.125

ete. culminating in

u,+%

u1-2 S eand o, = s 3, which is the third growth factor of

3 2
the economy.

The corresponding x and y vectors are:

© = (0, 1/5, 0, 0, 4/5) and

Y3 = (1, 0, 0, 0, 0)' respectively.
Good 1 has a positive price. Thus the first row and the second
process are relaxed and penalized, respectively. Except for the
fifth process, all activitles are penalized. Therefore it is easy
to see that o=U4 is the only growth factor left. The algorithm
finds this o in the usual manner, i.e.:

v(ﬁg) > 0, thus Mg = §3, and g-3.

3’
u1=8, k=l, i=l,
u-% = 8-4 > g,

8+3
uu =‘—2—'= 5.5
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n
5‘5

8: v(M. _) £ 0, thus u, becomes 5.5

1

etc. culminating in
u1+2

2

factor of the economy.

6: u -~ < € and @y = ~ U, which is the fourth economic growth

: The corresponding x and y«veetors.are:
xu = (0, 0, 0, 0, 1) and

3
y = (0, 0, 0, 0, 1) respectively.

After the elimination rules have been applied, it turns out that

(Yo}
-

all processes are penalized.

Step 11: End.

We have found four economic a's, viz. a

=2,a3=3andau=4.

=1, a

1 2
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Chapter 5
BANGLADESH: SOME BACKGROUND INFORMATION

5.1 PLAN OF THE CHAPTER

In this chapter we shall provide some background information to the
reader who is less acquainted with Bangladesh. A number of topics will be

covered; the emphasis will lie on the economic environment.

The chapter is organized as follows: In section 5.2 some basic facts on
Bangladesh geography and demography are presented. Thereafter, in section
5.3, a brief sketch will be given of the nation's history. The last section
of the chapter, i.e, section 5.4, will be devoted to the Bangladesh economy.

Given the modest length of the chapter, it will need no explanation that
the coverage of the topics is both condensed and incomplete. For more
information the reader is referred to the references mentioned in the
footnotes of the chapter and to other books and articles on Bangladesh from
the bibliography at the end of this study.

5.2 GEOGRAPHY AND DEMOGRAPHY"®

Bangladesh is a deltaic region of about 144,000 square kilometers,
i.e. 4,25 times the size of the Netherlands. It is bounded by India on
three sides (see map 5.1): in the west, the north and the east; in the
southeast there is a small boundary with Birma. In the soutﬁAlies the Bay

of Bengal. The Himalayas are not far from the boundary in the northwest.

“* Main sources of information for this section are BBS [9] and Rashid [79].






