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Self-consistent field theory for the nucleation of micelles
N. A. M. Besselinga) and M. A. Cohen Stuart
Laboratory for Physical Chemistry and Colloid Science, Wageningen Agricultural University,
P.O. Box 8038, 6700 EK Wageningen, The Netherlands

~Received 11 September 1998; accepted 2 December 1998!

We report the first molecular model for the transition states~critical nuclei! that determine the rate
of micelle formation and breakdown. These processes, and homogeneous nucleation of macroscopic
phase separation are handled in a unified way. It turns out that with micelle-forming amphiphiles
several new features appear that do not occur with ordinary phase separation. We predict that the
activation free-energy barrier for micelle formation is maximal but finite at the critical micelle
concentration~CMC! and decreases with concentration. The barrier for micelle breakdown vanishes
at the CMC and increases with concentration. Furthermore, our results indicate formation of
transient large aggregates upon quenches far beyond the CMC. ©1999 American Institute of
Physics.@S0021-9606~99!50610-7#
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INTRODUCTION

Self assembly by amphiphilic molecules such as surf
tants and biolipids in aqueous media, and block copolym
in selective solvents is scientifically intriguing but also
great practical relevance. The equilibrium properties of s
assembled objects have been extensively studied. In the
text of processes such as emulsification, flotation, and de
gency, theratesof formation and breakdown of micelles a
of key importance. So far, these rates could not be deri
from molecular properties. This motivates the present stu

In relaxation experiments on micellar systems usua
two characteristic times are observed. Following the kine
analysis of Aniansson and Wall,1–3 the so called ‘‘fast pro-
cess’’ is usually interpreted in terms of an adjustment
micellar sizes. The ‘‘slow process’’ is assumed to be
change of the total number of proper micelles. Up until no
no theoretical approach has been available to estimate
interpret these rates in molecular terms because no mo
have been available for the transition states involved. A r
exception is the theory by Halperin and Alexander wh
focuses on the fast process in polymeric micelles.4 The
present paper deals with the transition state preceding
formation or breakdown of entire micelles~the slow pro-
cess!. We will introduce a method to model these transiti
states, and we will demonstrate the most important gen
features by examining some selected examples. We will
special attention to the similarities and differences betw
nucleation behavior of simple phase-separating molec
and of self assembling amphiphiles.

There are close parallels between nucleation of new
celles and of a new phase.5 A transition state which domi-
nates the rate of such a process corresponds to a saddle
in the free-energy surface: the lowest ‘‘pass’’ in the fr
energy ‘‘ridge’’ separating the initial metastable homog
neous state from the new inhomogeneous state. At
saddle point, the free-energy is a maximum with respec

a!Electronic mail: klaas@fenk.wau.nl
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the reaction coordinate, for which we can take the aggre
tion numberNa. It is a minimum with respect to all othe
internal variations. In the context of nucleation of pha
transformations, the labile aggregate corresponding to su
saddle point is usually called acritical nucleus.2,3,5–11 We
will also use this term for the case of micelle formation.
little more quantitatively: the reversible work to create
aggregate at a fixed position at conditions of constant te
peratureT, chemical potentialsm, and pressurep is given by

W5U2TS2m•N1pV, ~1!

whereU is the energy,S is the entropy,N is the numbers of
molecules, andV is the volume of the system containing a
aggregate. Clearly,W vanishes for homogeneous bulk sy
tems. Although it is inevitable in a finite closed system th
m and in some cases alsop change eventually as the mediu
gets depleted of the aggregating species, it is justified
assume thatT, m, andp remain constant during the nucle
ation stage, even for a closed system, because a nucle
very small relative to the whole macroscopic system.
maximum ofW(Na) plays the role of an activation barrier i
the kinetics of aggregation. It can be derived that the rate
formation of aggregates~micelles or droplets of a new mac
roscopic phase! can be expressed in the form of a
Arrhenius-type equation:2,3,5,8,9

J5J0 exp~2W* /kT!, ~2!

whereW* is the maximum ofW(Na). The pre-exponentia
factorJ0 is proportional to the arrival rate of molecules at
aggregate of about the critical size, and inversely prop
tional to the width of the activation barrier along the reacti
coordinateNa. Obviously,J is much more sensitive toW*
than toJ0 . An approach to obtainJ0 will be deferred to a
future publication. In the present paper we will concentr
on W* and on the characteristic properties of the critic
nucleus.

For valuesT, m, andp corresponding to a supersaturat
metastable solution,W(Na) for nonamphiphilic molecules
exhibits a maximum only.3,5 Beyond that maximum,W(Na)
2 © 1999 American Institute of Physics
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decreases without bounds upon increasingNa. Hence, aggre-
gates will tend to grow without bounds~as long asT, m, and
p remain constant!, and there is no corresponding equili
rium aggregate size distribution. Self assembly might be
garded as an arrested phase separation: For amphiphil
concentrations above the critical micelle concentrat
~CMC, the concentration above which micelles appe!,
W(Na) exhibits both a maximum and a minimum, corr
sponding to a minimum and a maximum, respectively, in
equilibrium aggregate-size distribution.2,3 The abundancy of
free amphiphiles and of proper micelles@typically Na

5O(100)] is relatively high. In micelles, lyophobic parts o
the amphiphilic molecules are segregated from lyoph
parts and the solvent. Aggregates of intermediate sizes,
the maximum ofW(Na), are scarce. BecauseW(Na) con-
tains a term2Namo , where the subscripto denotes the ag
gregating compound, it decreases sharply upon increa
mo . As a consequence, increase of the concentration of
phiphiles beyond the CMC will predominantly lead to a
increase of the equilibrium concentration of micelle
whereas the equilibrium concentration of free amphiph
remains fairly constant.

For phase separation by homogeneous nucleation,
eral density-functional theories~DFT! have been published
in which W* and other properties of the critical nucleus we
calculated.6–11 These theories in which the density distrib
tion of a critical nucleus is obtained by a variational calc
lation are important improvements over the so-called cla
cal nucleation theory in which a nucleus is presumed to b
droplet of the new phase. However, these density-functio
theories~DFT! were either phenomenological and did n
specify molecular properties,6,7 or they were restricted to
rather simple spherical molecules.8–11 As a consequence
they are completely inadequate to handle self-assemb
molecules.

THEORETICAL APPROACH FOR CRITICAL NUCLEI

Our approach is based on a theory in which comp
flexible chain molecules, e.g., co-oligomers~chains consist-
ing of different segments! can be handled. This theory is
generalization of the self-consistent field lattice theo
~SFT!, originally developed by Scheutjens and Fleer
polymer adsorption at planar surfaces.12 Because we con
sider spherical nuclei~like in the DFT treatments!, a curved
pseudo-lattice consisting of concentric spherical layers
used in the same way as in work on equilibrium properties
self assembled spherical aggregates.13–16 At the mean-field
level, the only relevant properties of the pseudo-lattice
the number of sitesL(z) in each layerz, and thea priori
transition probabilities,lDz(z), of going from a site at layer
z to a site atz1Dz, Dz is 21, 0, or11.13–16Molecules are
modelled as single segments or flexible chains of segme
Each segment occupies one lattice site. Segments on n
boring sites may interact. These interactions are quanti
by the Flory-Huggins~FH! interaction parameterxxy which
represents, in units ofkT, the work of transferring anx seg-
ment from ‘‘purex’’ to a ‘‘pure y’’ medium, or the other way
around.12,17
Downloaded 25 Apr 2005 to 137.224.10.105. Redistribution subject to AI
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In the present theory, the distribution$ni
c% of molecular

states is evaluated (ni
c is the number of molecules of specie

i in statec!. In this context, a molecular state is defined
the layer numbers of each chain segment. Hence, in
present approach different possible conformations of flex
chain molecules are accounted for, in contrast to the DFT
which just the density distribution of rigid molecules
evaluated. A molecular state, as defined here, is degene
the number of possible realizations is given byl i

c(s)Zr i21,
whereZ is the coordination number of the lattice,r i is the
number of segments of ani chain, l i

c5Li
c(s)L i

c(s) where
Li

c(s) is the number of sites of the layer where some segm
s, belonging to ani chain in statec, is located, andL i

c(s) is
the multiple product of thea priori transition probabilities of
going from the layer where segments is located to the layer
where s11 is located, etc., until the last segment, and
going from s to s21, etc., down to the first segment. Co
sistency of all thelDz(z) ensures that the choice of the se
ment numbers, from which an evaluation ofl i

c starts, is
immaterial. The Helmholtz energy of an inhomogeneo
mixture characterized by the distribution$ni

c%, can be ex-
pressed as

F̃~$ni
c%,T!

kT
5(

i ,c
ni

c lnS ni
c

l i
c D 1

1

2 (
z,x,y

nx~z!^fy~z!&xxy . ~3!

In this expression, terms linear in$ni% are omitted because
they are irrelevant. The first term, in which the sum exten
over all molecule species and conformations, represents
configuration entropy. The second term represents the n
est neighbor interactions between segments. Herenx(z) is
the number of segments of typex at layer z, ^fy(z)&
5l21(z)fy(z)1l0(z)fy(z)1l1(z)fy(z), with fy(z)
5ny(z)/L(z), is the average fraction ofy segments among
nearest neighbors of a segment at layerz. An admissible
distribution $ni

c% should satisfy the constraints(xnx(z)
5L(z) for each layerz, and (cni

c5ni for each molecular
speciesi. The reversible work of creating an inhomogene
at a fixed position is W5F̃2m̃•N with m̃ i

5(]F̃/]ni)T,nj Þ i
. An expression for the abundance of ea

molecular state in terms of a molecular field is obtained
evaluating]W/]ni

c50 for each i, c, subject to the above
mentioned constraints. It is possible to obtain the segm
density distribution, which determines the molecular field,
means of a chain-conformation propagation scheme.12 This
enables an efficient numerical calculation in which it is n
needed to compute all theni

c explicitly. The aggregation
number of an aggregate is calculated as the excess numb
accumulated molecules:

Na5(
z

L~z!~f~z!2fb!/r , ~4!

wheref(z), fb are the volume fractions of the aggregatin
species at layerz, in the bulk. In theories like the presen
SFT and in DFT, one obtains states of the system for wh
(]W/]Na)m,p,T50, the maxima and minima ofW(Na) as
discussed in the Introduction. These will be labeled by
asterisk. The computational approach will be fully describ
elsewhere.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Equation~3! is a generalization towards inhomogeneo
systems of the Flory-Huggins~FH! expression for a homo
geneous polymer solution.12,17 So, FH theory provides the
description for homogenous isotropic systems and for
miscibility phase diagram that is consistent with the pres
treatment of inhomogeneous systems.

RESULTS AND DISCUSSION

In order to bring out the effects of amphiphilicity, it i
instructive to compare results for solutions of an amphiph
co-oligomer and of a homo-oligomer with the same num
of segments, and for which theaverageinteraction strength
with the solvent is also the same. In terms of FH parame
the latter means that for the homo-oligomer

x5 f axas1 f bxbs2 f af bxab , ~5!

where subscriptss, a, andb indicate the solvent and the tw
segment types of the co-oligomer, andf a and f b are the
fractions ofa andb segments in the oligomer. FH theory fo
homogeneous bulk systems would give the same results
co-oligomer as for a homo-oligomer if the interaction para
eters are related as in Eq.~5! However, as we will see, al
lowing for inhomogeneity in a system, there are marked d
ferences between behavior of the homo-oligomer and the
oligomer.

For the present examplef a5 f b5 1
2, xas52 and xbs

5xab5 1
2, so thea segments are strongly lyophobic, and t

b segments much less so. The average according to Eq.~5! is

x51 1
8. This exceeds the criticalx value for a chain of 20

segments, and FH theory predicts that the volume fractio
the low-concentration phase boundary~binodal! is 6.03
31024. The boundary between the metastable and the
stable regime, the spinodal, is given byf54.1431022. It
should be mentioned that a sharp spinodal is, strictly spe
ing, a mean-field concept. In reality, the boundary betwe
metastable and unstable states and consequently betwee
conditions at which nucleation and growth and at wh
spinodal decomposition occurs is somewhat vague. For
present purpose of demonstrating certain principles, we
not attempt to find parameters that would adequately fit s
cific real-life molecules. Still, the present values do reas
ably well in reproducing certain experimental properties
nonionic surfactants in aqueous solutions, e.g., the de
dency of the CMC upon the length of the hydrophobic ta

When we apply SFT to the aggregation of nona
phiphilic molecules in a supersaturated solution, e.g., mo
mers or simple chain molecules for which all segments
the same, we obtain results such as the dashed curves in
1. W* decreases monotonically with the concentration
tween the binodal and the spinodal; at the spinodal it v
ishes, whereas it diverges at the binodal. The aggrega
number diverges both at the binodal and at the spino
Close to the binodal, the critical nucleus for the hom
oligomer is described adequately as a droplet of the incip
equilibrium phase@see the radial segment-density profile i
Fig. 2~a!#. The density inside the nucleus is similar to t
incipient equilibrium phase~in fact it is slightly higher be-
cause of the Laplace-pressure difference across the cu
Downloaded 25 Apr 2005 to 137.224.10.105. Redistribution subject to AI
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interface!. The surface of the critical nucleus is similar to th
planar macroscopic interface between coexisting phase
equilibrium, which can also be calculated from Eq.~3!. Near
the spinodal, the density varies smoothly over the en
cross section; no part of the critical nucleus is homogene
@see Fig. 2~c!, dashed curve#. At the spinodal the local exces
concentration in the nucleus,f(z)2fb, vanishes, and so
doesW* . Yet, the radius of the critical nucleus andNa both
diverge. These general trends are the same as obtaine
DFT treatments. The predicted behavior near the spinod
an especially important improvement over classical drop
model, which does not exhibit any singularity at the sp
odal, and predictsW* to remain nonzero for all finite con
centrations. The results from DFT treatments and from
present approach are consistent with the notion that at
spinodal, where]2F/]f2 changes sign from positive to
negative, the mixture turns from metastable to unstable,
that beyond the spinodal no activation barrier impedes ph
separation.3,5,6,17

We now turn our attention to the central results, nam
the behavior ofW* for an amphiphilic molecule also give
in Fig. 1 ~solid curves!. These curves have a surprising stru
ture, especially at low concentrations, which indicates t
the behavior is fundamentally different from that of simp
nonamphiphilic molecules. Rather than to diverge at a b
odal concentration, as in the previous case,W* exhibits
cusps ~labeled B atfB55.9131024 and C atfC54.14
31024). Branch BC represents proper micelles. The cor

FIG. 1. ~a! Work of formation of critical aggregates as a function of bu
volume fraction~volume fraction of free molecules!. ~b! Excess number of
molecules accumulated in such aggregates. Drawn curves are for a
oligomer a10b10 , dashed curves are for a homo-oligomer of 20 identi
segments for which theaverageinteraction with the solvent is the same a
for the co-oligomer. The binodal and spinodal for the latter oligomer
indicated on the ordinate. The values of the interaction parameters are g
in the text.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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sponding aggregates have a segregated structure as i
pected for micelles@see Fig. 2~b!#. The lyophobica segments
are found in the core of the aggregate whereas the relati
lyophilic b segments are located at the periphery. Such st
tures cannot be handled by the versions of DFT mentio
above. The modeling by SFT of micelles at equilibrium h
been discussed elsewhere.13–16 In these treatments the wor
of formation of an aggregate at a fixed position, as plotted

FIG. 2. Radial volume-fraction profiles of aggregates.~a! Homo-oligomer at
f57.731023 ~this is just above the binodal!. This profile is very similar to
that of a planar interface between coexisting phases as calculated fo
same parameters.~b! Co-oligomer at the CMC (f54.1431024). This ag-
gregate exhibits a pronounced segregation of lyophobica segments and
lyophilic b segments.~c! Co-oligomer and homo-oligomer atf53.8
31022 ~slightly below the spinodal!. Segregation ofa and b segments is
almost absent, and the overall profile of the co-oligomer and the ho
oligomer are nearly the same. Small ticks indicate the centers of the la
layers. To guide the eye, calculated points are connected by straight li
Downloaded 25 Apr 2005 to 137.224.10.105. Redistribution subject to AI
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Fig. 1~a!, is supplemented with a translational entropy ter
In this way, the equilibrium concentration of micelles is o
tained. The concentration of free molecules at which cus
occurs is identified as the CMC. By comparing this CM
with the binodal concentration given above, we see that
celle formation sets in at a concentration below that at wh
separation of a macroscopic internally homogeneous ph
would occur. As was already mentioned in the Introductio
the work of formation of micelles decreases steeply w
increasing chemical potential and thus with the concentra
of free amphiphiles, so that upon addition of amphiphi
beyond the CMC, the increase of the concentration of
celles is orders of magnitude larger than for free a
phiphiles.

The branch AC in Fig. 1~a! gives the work of formation
of critical nuclei. Close to the CMC, the critical nuclei o
branch AC have a similar segregated structure as depicte
Fig. 2~b!. Owing to this segregation, the work of formatio
of the critical nuclei is smaller for the amphiphile than f
the homo-oligomer, and remains finite. Increasing the c
centration from the CMC towards the spinodal point A, t
critical nuclei are less and less structured, and finally beco
structureless, diffuse objects similar as for homo-oligome
This is illustrated by the radial density profiles in Fig. 2~c!.
Such behavior is as expected: upon approach of the spin
the bulk correlation length increases and the density profi
become more and more diffuse, resembling critical point
havior. Near the spinodal the correlation length exceeds
size of the chain molecule and the effects of chain amphip
licity are washed out. As a consequence, all the propertie
the amphiphilic labile aggregates gradually converge w
those of the critical nuclei formed by the homo-oligome
Indeed, also the work of formation of the labile aggrega
becomes more and more similar to that for the hom
oligomer, and the curves for the amphiphile and the hom
oligomer meet at the spinodal@point A in Fig. 1~a!#.

For homogeneous mixtures withfC,f,fB, points of
branch AC represent the activation barrier in the process
formation of a micelle of branch BC. As shown in Fig. 1~a!,
this activation barrier decreases upon increasing concen
tion. For f.fB micelles cannot exist, and branch AC re
resents the activation barrier for the formation of aggrega
that would grow on without bounds, ifT, p, and m would
remain constant~similarly as discussed above for homog
neous nucleation of phase separation!. However, it is inevi-
table in any finite closed system that the concentration
free molecules decreases as the aggregates grow. H
eventuallyf will drop below fB and the large aggregate
that form initially will disappear. The final result will be a
micellar solution.

For the sake of clarity we have so far only consider
aggregation processes occurring in a homogeneous solu
in which no other aggregates are yet present. However,
most common situation in experiments on micelle kinetics
that micelles are already present. A quench will lead to
change of the distribution of micelles; both the total numb
of proper micelles changes as well as the size distribution
the micelles. Because a low concentration of micelles har
influences the activity of the amphiphiles, we can witho

the

o-
ce
s.
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much error apply the graphs of Fig. 1 if we read forf the
volume fraction of unaggregated molecules. The activat
barrier that has to be overcome in order to dissolve a mic
is given by the difference between the work of formation
a micelle@a point on branch BC in Fig. 1~a!#, and the work
of formation of a corresponding labile critical nucleus@the
corresponding point on branch AC in Fig. 1~a!#. As can be
seen in Fig. 1~a!, this activation barrier vanishes at the CM
where the work of formation of a proper micelle and of
critical nucleus coincide. Upon increasing the concentrat
above the CMC the activation barrier for micelle breakdo
increases.

For a quench of a micellar system beyondfB, the mi-
celles that are present can evolve into transient large ag
gates such as discussed above, but in this case withou
need to pass an activation barrier. Again, the resulting la
aggregates will disappear as the solution gets deplete
unaggregated amphiphiles, and the final result will be a
cellar solution. This may explain the initial angle-depend
increase of scattering intensity observed in recentT-jump
experiments on ‘‘Pluronics’’18 because with these am
phiphilic compounds a temperature jump can bring the s
tem quite far beyond the CMC.

There is also a third branch in Fig. 1~a!, that originates
from point B, and goes up steeply~intersecting AC!. Radial
density profiles~not included in the present paper! analogous
to Fig 2~b! show that the aggregates corresponding to
branch are bilayer vesicles. A region with dilute solution
enclosed by a thin film of amphiphiles with a thickness th
is about the same as the diameter of the micelle as show
Fig. 2~b!. This film has a stratified structure witha segments
in the middle andb segments enriching the inner and ou
surfaces. For the present system, these vesicles will be sc
at equilibrium becauseW for vesicles exceeds that for m
celles.

In this paper we have chosen to present results for on
few characteristic examples of binary mixtures. Howev
the approach to nucleation that is introduced here is q
versatile and easily applied to other systems. Apart fr
nucleation of phase separation and of micelle formation
breakdown in binary systems, examples of which are ex
ined above, the approach is applicable to more complex m
tures as well, e.g., to the case where nucleation of ph
separation is influenced by a third, surface active compon
These more complex cases will be elaborated in future w

In the present study we have established a unified pic
Downloaded 25 Apr 2005 to 137.224.10.105. Redistribution subject to AI
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for activation barriers occurring in nucleation of phase se
ration and in the kinetics of micelle formation and brea
down. We arrived at some striking predictions that should
experimentally accessible but that have so far not been c
sidered in the interpretation of experiments. For the nuc
ation of phase transformations it was already well kno
that the activation barrier is infinite at the binodal, and d
creases upon increasing activity~;concentration! of the
component that will form the new phase. Our results indic
that with micelle formation there is also a significant depe
dency upon the depth of a quench. The activation fr
energy barrier for micelle formation is maximal but finite
the CMC and decreases as the activity of the amphiph
increases. The activation barrier for micelle breakdown v
ishes at the CMC and increases with increasing activity
the amphiphiles. Furthermore, our results indicate that
quenches far beyond the CMC, transient large aggreg
will be formed. Those aggregates will disappear as the s
tion gets sufficiently depleted of unaggregated amphiph
and a micellar solution will eventually form.
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