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Chapter 1

Introduction
Plant cells do not move with respect to each other, causing the morphology
of the plant to be determined by the oriented cell division and controlled
cell expansion. Therefore, a key issue in plant developmental biology is to
understand how directional growth and the subsequent oriented division of
cells determine the morphogenesis of the whole organism. In developmental

Fig. 1.1. Oriented cell division and plant morphogenesis. Early stages of embryonic development go
through highly variable division plane orientation, while almost no growth in cell size/volume. For
suspensor/root development, cells go through anisotropic expansion and divide perpendicular to the
principle growth direction. Images are adapted from ten Hove et al. (2015) and Smet et al. (2015).

biology, the architecture of both plants and animals is encoded implicitly
as a set of growth instructions, that are executed on and by the cellular
components and individual cells (Davidson, 2006). The developmental steps
affect the morphology of the entire plant. Therefore, the establishment of
the correct progenitor cells at the correct embryonic stages and the forma-
tion of the basic spatial organisation of the plant body are shielded from
the environment. During post-embryonic development, the physiological
responses and interactions of the plant with the environment make up a
broader biological world that extends beyond the genetically encoded body
plan (Scheres and van der Putten, 2017).

During Arabidopsis embryogenesis, particularly the early stages of em-
bryonic development go through highly variable orientation of cell division
plane, while almost no growth occurs (see Fig. 1.1, A). However, suspen-
sor cells and later elongating post embryonic cells go through anisotropic
expansion, where the divisions are always perpendicular to the principle
growth direction (see Fig. 1.1, B and C). Oriented cell division helps to get
efficiently structured layers in the embryo and in post-embryonic organs
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for pattern formation, which directs morphogenesis by supporting growth
in the right direction (anisotropic cell expansion). Whether for purpose
of patterning cell identities or for rendering efficiency to morphogenesis,
understanding plant development requires understanding the processes of
oriented cell division, controlled cell expansion and their interaction with
the formation of a pattern of cell specification.

The work of Turing (1952) has shown that pattern formation can program
fields of cells which behave like “excitable media”, where the characteristic
activities that drive the system into one of several states, were presumed to
be chemical. Analogously, morphogenesis can be seen as patterns elaborated
by “excitable molecular states of the structural building blocks” that can
fall into separate stable states, where each of these states may correspond
to a particular morphology. In normal biological pattern formation, a strong
selective pressure may exist to maintain one of the different possible mor-
phological patterns. For instance, during the early embryonic development
of a species the pattern of cell division may have to be robust to allow
correct cell specification mechanisms. In contrast, without such selective
pressure, preference for stable pattern is not necessary, i.e patterns of pig-
mentation stripes in zebra fish or the shells of individual molluscs, which
display stochasticity (Meinhardt, 1998).

Over the decades, botanists have derived division rules for oriented
cell divisions in plants (Kwiatkowska, 2004). More than a century ago,
Hofmeister (1863) proposed that a new cell wall appears perpendicular to
the principal growth direction of the cell. Fifteen years later, Sachs (1878)
suggested that new cell wall should be inserted perpendicular to existing
cell walls. Ten years later, drawing an analogy with soap bubbles, Errera

Fig. 1.2. Geometrical rules for cell division in plant cell. In this diagram, we summarized four major
rules for cell division proposed by Hofmeister (1863), Sachs (1878), Errera (1888) and Dupuy et al.
(2010).

(1888) postulated that the new cell wall will be a surface with minimum
surface energy. Following this, Besson and Dumais (2011) have recently
included inherent stochasticity of cell division to Errera’s rule and derived a
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rule based on the competition between local minima in energy that was able
to predict the observed division patterns in a wide range of land plants and
algae. They proposed this to be a generic rule for symmetric cell division in
plants. Recently in few simulation models, the cell division rule was often
approximated to be the wall with minimum circumference, which often in
the literature is called shortest wall, passing through the centre of the cell
(Dupuy et al., 2010; Smith et al., 2006; Stoma et al., 2008). On top of these
existing rules, a stochasticity in the positioning of the cell center turns
out to generate more representative cell division patterns (Nakielski, 2000;
Sahlin and Jönsson, 2010). However, none of these deterministic rules were
able to match all actual cell division patterns. Together, these well known
geometrical rules for oriented cell divisions in plants (see Fig. 1.2) give an
intuitive framework for rationalizing cell division planes, but the molecular
mechanism used by the plant to implement these rules is not yet understood.

In this thesis, we search for the molecular rules that underlie geometrical
rules of cell division. It is well known that plant cortical microtubule (CMT)
cytoskeleton plays a decisive role in the oriented division of cells. We also
can conceptualize microtubules as “excitable medium” forming on the
surface of cells. In the absence of microtubule (MT) organizing centers like
centrosomes, higher plants establish an ordered array of microtubules at the
cell cortex, and the orientation of the division plane follows the orientation
of the cortical microtubule array (Jaspersen and Winey, 2004). Besides
controlling cell division plane orientation, a long standing debate is whether
oriented cortical microtubule arrays have a direct role in controlling cell
expansion and cell anisotropy. In the primary cell walls of growing plant cells,
the glucose polymer cellulose is assembled into long microfibrils. The rigidity
and orientation of these microfibrils control cell expansion through providing
a biophysical constraint, to restrict turgor induced cell expansion along
the axis perpendicular to the net orientation of the cellulose microfibrils
(Lloyd, 2001). During interphase, cortical microtubules are typically co-
aligned with the cellulose microfibrils (Lucas and Shaw, 2008; Bringmann
et al., 2012; Crowell et al., 2009). Based on this co-alignment, it has been
speculated that the organization of the interphase cortical microtubules
regulates the axis of cell elongation, by guiding the oriented deposition of
cellulose microfibrils (Green, 1980). However, recent studies have revealed
that cortical microtubule array organization, cellulose microfibril deposition
and the orientation of the cell elongation axis share a complex relationship
(Baskin, 2001; Sugimoto et al., 2001; Himmelspach et al., 2003; Burk and
Ye, 2001). Further attempts towards understanding this complexity have
been made in Baskin et al. (2004), where they proposed that anisotropic
cell growth is dependent on the degree of global microfibril alignment,
while the ordered interphase cortical microtubule arrays play important
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Fig. 1.3. Experimental evidence of: (a) Orientational overlap of CMT array and division plane, and
(b) CMT array guiding efficient anisotropic cell expansion. Images are adapted from Wang and Huang
(2014) and Kimata et al. (2016) .

role in this alignment process. The intimacy in the relationship between
microtubules and cellulose microfibrils became more clear, when Paredez
et al. (2006) discovered that cellulose synthase complexes can actually
move along microtubules. Genetic evidence of the influence of cellulose
synthase activity on cortical microtubule array organization has also been
reported (Paredez. et al., 2008). Recently, a proof of concept about the role
of the cortical microtubule array in guiding the cellulose synthase complex
has been discussed by which the cortical microtubule array can control
anisotropic cell expansion (Emons et al., 2007; Lindeboom et al., 2008). In
Fig. 1.3, we illustrate the orientational overlap of CMT array and division
plane, and also an evidence of CMT array guiding efficient anisotropic cell
expansion.

Taken together, mechanisms behind oriented cell division and controlled
cell expansion that drive plant morphogenesis are hidden inside the proper-
ties allowed by cortical microtubule dynamics. In this thesis, we investigate
division plane orientation in plant cells using this as null hypothesis.

Microtubules as individual molecular aggregates

Microtubules are highly dynamic and filamentous protein polymer aggre-
gates, which form one of the principal components of the plant cytoskeleton.
In Fig. 1.4, we explain the dynamics of an individual microtubule. A single
microtubule generally consists of 13 linear and parallely arranged protofila-
ments, assembled around a hollow core (Mandelkow and Mandelkow, 1994).
Each protofilament is composed of an array of tubulin dimers, consisting
of α-tubulin and β-tubulin monomers. This specific arrangement of the
tubulin-protofilaments results in a rigid hollow rod like structure with
diameter ≈ 25 nm. Both α-tubulin and β-tubulin can bind to GTP, which
promotes polymerization by creating a protective cap. However, shortly
after polymerization, a GTP bound to the β-tubulin of the newly added
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Fig. 1.4. Microtubule structure and intrinsic dynamics. Microtubules are polymers, consisting of linear
and parallely arranged protofilaments, where every single protofilament is composed of an array of
tubulin dimers (α and β monomers). GTP-bound tubulin promotes polymerisation of a microtubule,
resulting microtubule growth. GDP-bound tubulin results in depolymerization that leads to microtubule
shrinkage. Microtubule ends can dynamically switch from growing state to shrinking state, called as
catastrophe or vice versa, called as rescue. The image is adapted from Dráber et al. (2012).

tubulin dimer is hydrolysed to GDP. This results in a decrease in the
binding affinity of the associated tubulin to the adjacent tubulin, leading to
depolymerization. Polymerization of tubulin leads to microtubule growth
and depolymerization of tubulin leads to microtubule shrinkage. Average
growth or shrinkage of a microtubule will be determined by the relative rate
of tubulin polymerization to GTP hydrolysis. If at a microtubule end, the
GTP-bound tubulin polymerization rate is higher than GTP hydrolysed
depolymerization, the microtubule end retains a GTP cap and continues
growing. However, if the rate of polymerization slows down, the GTP bound
to the β-tubulin of the associated tubulin dimer will be hydrolysed, result-
ing in rapid depolymerization and hence shrinking of the microtubule end.
Depending on the instantaneous rate of GTP bound tubulin polymerization
and GTP hydrolysed depolymerization, a microtubule end can switch from
a growing state to a shrinking state or vice versa. Switching of a microtubule
end from a growing state to a shrinking state is called catastrophe and
switching of a microtubule end from a shrinking state to a growing state is
called rescue. This phenomenon of reversible switching of microtubule ends
from one state to an other is called dynamic instability. Microtubules have
structurally two distinct ends - a minus end, exposing α-tubulin, and a plus
end, exposing β-tubulin. On average, GDP bound tubulin is continually
lost from the minus end of a microtubule and get replaced by addition of
GTP bound tubulin to the plus end of the same microtubule. Thus overall
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growth at the plus end and shrinkage at the minus end seemingly moves a
microtubule as a whole. This motion is called treadmilling and has been
observed in both in vitro (Rothwell et al., 1985; Panda et al., 1999; Grego
et al., 2001) and in vivo studies (Rodionov and Borisy, 1997).

Microtubules on the plant cell cortex

In plant cells, microtubules can be categorized in two types, the cyto-
plasmic microtubules that accumulate in a banded pattern during spindle
and phragmoplast formation, and the cortical microtubules, which are
confined to a thin layer of cytoplasm just inside the plasma membrane of
the cell. Fluorescence recovery after photo-bleaching (FRAP) experiments
revealed that the microtubules are fixed with respect to the cell surface,
confirming microtubules do not translate or rotate as a whole (Shaw et al.,
2003; Vos et al., 2003). In the same experiments no evidence was found
for motor activity on the microtubules or detachment (reattachment) of
microtubules from (to) the cell cortex. This indicates that cortical micro-
tubules remain stably attached to the cell cortex. Electron microscopy has
shown a cross-bridging between cortical microtubules and the cell (inner
membrane) cortex, indicating the presence of linker proteins that anchor
the microtubules to the cell cortex (Hardham and Gunning, 1978). Though
the molecular identity of many of these anchor proteins is yet to be re-
vealed (Gardiner et al., 2001; Hashimoto and Kato, 2006; Hamada, 2007;
Kirik et al., 2007), two of them were reported to be CLASP (Ambrose and
Wasteneys, 2008) and phospholipase D (Dhonukshe et al., 2003). In plant

Fig. 1.5. Collision events during microtubule-microtubule interactions and edge-catastrophe during
microtubule to cell-edge encounter. A steep angle of collision leads to induced-catastrophe or crossover
and a shallow angle of collision leads to zippering. When a microtubule encounters a cell-edge, depending
on the degree of curvature at the cell-edge, the microtubule faces a catastrophe. Higher the value of
curvature stronger the probability of suffering an edge-catastrophe. Courtesy for the Drawing of the
schematic representation: B. M. Mulder (AMOLF).

cells, microtubules do not have a well defined organizing center. Instead,
microtubule organizing center activity (via γ-tubulin complex) is localized
at dispersed sites of the cell cortex (Schmit, 2002). This accounts for the
dispersed nucleation of cortical microtubules as well. However, detailed
microscopic observations have revealed that a large majority of cortical
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microtubules are in fact nucleated from nucleation complexes attached to
pre-existing microtubules and at specific angles with respect to the parent
microtubules (Chan et al., 2009; Murata et al., 2005). In spite of their fixed
attachment to the cell cortex, cortical microtubules do show mobility which
is due to treadmilling motion (Shaw et al., 2003; Vos et al., 2004). The pres-
ence of treadmilling motion indicates that plant cortical microtubules are
not anchored at their minus-ends but must be released from their nucleation
sites. Attachment of cortical microtubules to the cell cortex through the
anchoring proteins effectively confines them to a two dimensional surface.
Due to this two dimensional confinement, microtubules interact with each
other via collisions, which occur when the polymerizing tip of a growing
microtubule encounters a pre-existing microtubule. Depending on the value
of collision angle, three different possible events were observed after collision
(Dixit and Cyr, 2004): For shallow angles (. 400), a growing microtubule
bends toward the direction of the microtubule encountered and this kind
of adaptive event is called zippering. For steep angles (& 400), a growing
microtubule slips over the one encountered, called crossover event. Alter-
natively, the encounter leads to a catastrophe, where the initially growing
microtubule switches to a shrinking state. A collision induced catastrophe
is called induced catastrophe. During the course of zippering, two or
more microtubules can form a bundle via the microtubule associated pro-
tein Microtubule Associated Protein (MAP65), which gives an enhanced
microtubule stabilization within a bundle. Growing microtubules on the cell
cortex often encounter domains of high curvature, particularly at cell edges
or corners. Experimental observation on elongating root cells has revealed
that a cortical microtubule encountering a sharp cell edge suffers more edge
catastrophes than those encountering a semi-rounded edge (Ambrose and
Wasteneys, 2008). In Fig. 1.5, we present a schematic diagram of these
different collision induced events. Shrinking of a microtubule due to the
retreating plus end (consequence of catastrophe) or treadmilling minus end
may result in disappearance of the microtubule.

From microtubule array to cell division

In vivo imaging of cortical microtubules has revealed that microtubules
nucleate at the cortex and gradually develop from an initially disorganized
state into a final ordered array, over a time period of an hour (Wasteneys
and Williamson, 1989; Kumagai et al., 2001; Shaw et al., 2003; Vos et al.,
2003; Ehrhardt and Shaw, 2006). The ordered array that comes out as an
emergent property of microtubule dynamics and interactions is relatively
sparse, which eventually converges to a narrow circular bundle of micro-
tubules. This narrow band of microtubules along with actin filaments and
associated proteins, form the preprophase band (PPB) (Mineyuki, 1999;
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Fig. 1.6. A schematic description of the central dogma of plant microtubule dynamics. In the newly
born daughter cell (or the youngest parent cell) cortical microtubules are shorter in length and located
at the dispersed site of the cell cortex, with random local orientations. As the cell grows and gain
maturity, the initially disorganised state of the microtubules develops into a well organised oriented
array (CMT array). Later the relatively sparse array of microtubule aggregates to a dense ring, called
preprophase band (PPB). PPB leaves a spatial marker for the insertion of the new division plane that
guides the cell division. This way, the orientation of the microtubule array determines the orientation
of the division plane (horizontal line, red color). Post division, the entire process of microtubule array
dynamics is repeated in the daughter cells to trigger the next generation of cell division. The image is
adapted from Wasteneys (2002).

Cleary et al., 1992; Granger and Cyr, 2000; McCurdy et al., 2001). Therefore
the orientation of the PPB is same as the orientation of the initial sparse
array of microtubules. In plant cells, during cell division the insertion site of
the cell wall is predicted by the PPB, which is a unique plant cytoskeletal
structure that creates a spatial mark for the insertion site of cell wall on the
plant cell cortex. Several possible mechanisms were suggested to explain
the formation of the PPB (Dhonukshe and Gadella, 2003; Hush et al., 1994;
Vos et al., 2003). However, none of these suggested mechanisms provided
a clear understanding of the physical mechanism behind the formation of
the PPB. Based on experimental observation in tobacco Bright Yellow-2
(BY-2) suspension culture cells , Vos et al. (2004) proposed a “search and
capture” mechanism of the PPB formation (see Fig. 1.7). In this study, the
rate of dynamic instability of the cortical microtubules were observed to be
increased outside the domain of PPB without shortening the microtubule
length. At the same time microtubules were observed to be preferentially
stabilized by the microtubule cross-linking activity of the developing PPB.
This enables the microtubules to stochastically “search” for the domain
of PPB in the cell cortex and get “captured” upon its encounter. For the
initiation of the capture mechanism, a small offset of few cross-linked micro-
tubules in the PPB forming domain was proposed to be sufficient to initiate
a self-perpetuating process (Stoppin et al., 1994). In this experimental
work, no evidence was found for the transportation of microtubules towards
the PPB forming domain via active motor proteins (Asada and Collings,
1997; Reddy, 2001) or enhanced catastrophe of microtubules outside the
PPB domain (Dhonukshe and Gadella, 2003). Experimental evidence of
the stabilization of microtubules in the PPB domain that can catalyse
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Fig. 1.7. Experimental observation of the formation of preprophase band (PPB) in tobacco Bright
Yellow-2 (By-2) suspension cells. The images are adapted from Vos et al. (2004).

the “capture” mechanism, was reported in Hush et al. (1994). The PPB
plays a key role in determining the exact location (determining factor of
symmetric/asymmetric division) of the division plane. During spindle for-
mation and nuclear membrane breakdown, the PPB is also broken down,
leaving behind a spatial marker for the correct insertion of the cell plate
(Lloyd and Buschmann, 2007; Wright et al., 2009; Cleary, 2001; Dixit and
Cyr, 2002; Mineyuki, 1999; Molchan et al., 2002; Pickett-Heaps et al., 1999;
Valster et al., 1997). Cell divides through the formation of an outward
growing cell plate that fuses with the parental plasma membrane and cell
wall along the spatial signature left by the PPB (Staehelin and Hepler,
1996). We call this entire process of cortical microtubule directed plant
cell division The central dogma of plant microtubule dynamics (see
Fig. 1.6). Regarding the positioning of the PPB (hence the division plane),
experimental evidence indicated a strong correlation with the corresponding
nuclear position (Kimata et al., 2016). However, neither the actual deter-
mining factor of the location of the PPB nor the orientation mechanism of
the initial sparse array of microtubule are currently understood.

Genetic control of cell division orientation

The molecular means of cell division patterning is the formation of an or-
dered array of microtubules. A part of the microtubule order may arise from
intrinsic properties of microtubules and cell shape/geometry. The observed
cell division patterns during plant morphogenesis are also developmentally
controlled.In evolutionary sense, the genetic controls must have the poten-
tial to specify division patterns by overwriting the intrinsic (default) rules
dictated by the “excitable system” of microtubule interactions on a specific
cell cortex, when appropriate. Therefore, a fraction of the microtubule or-
der, which essentially characterizes the type of plant morphogenesis, should
come from the explicit genetic controls. As genetic regulators, the plant
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hormone auxin and a few transcription factors, among which the AUXIN
RESPONSE FACTOR (ARF) and PLETHORA (PLT) proteins are known
to be involved in the process of oriented cell division, thus likely to have
influence on the microtubule order and array orientation.

Auxin and MONOPTEROS/BODENLOS proteins

In higher plants, Indole-3-acetic acid (IAA), the main biologically active
auxin, has profound effect on plant growth and development.The ARF
transcriptional regulator family is involved in controlling the expression of
auxin response genes (Guilfoyle and Hagen, 2007; Boer et al., 2014; Li et al.,
2016).ARFs are transcription factors that function by binding to auxin
response elements (AuxREs) on the promoters of auxin response genes,
activating or repressing the auxin response genes. ARF function is regulated
by a second family of transcriptional regulators, the Aux/IAA repressors
(Dharmasiri et al., 2005; Kepinski and Leyser, 2005). The later confer an
auxin response to the ARF target genes. Examples of IAA and ARF proteins
involved in cell division plane orientation are BODENLOS (BDL ,Hamann
et al. (2002)) and MONOPTEROS (MP, Hardtke and Berleth (1998)).
A stabilizing mutation in the BDL gene, i.e bdl mutation, deviates from
normal development of Arabidopsis embryo, as early as the two-cell stage,
at which the apical daughter cell of the zygote divides horizontally instead
vertically (Hamann et al., 1999). A similar phenotype has been reported for
mutations in the MP gene, i.e. mp mutation. Using RPS5A as an embryonic
expressing promoter driving bdl, misexpression of a nondegradable version
of bdl (RPS5A >> bdl) showed strong auxin insensitive phenotypes during
later stages. During the 8→ 16-cell stage transition, nearly all cells divided
abnormally (Yoshida et al., 2014), and the root and cotyledon initiation or
the suspensor derived embryogenesis was lost (Rademacher et al., 2012).
These experimental studies suggested a role for auxin in controlling oriented
cell divisions during Arabidopsis embryogenesis.

PLETHORA (PLT)

The PLT1 and PLT2 proteins are essential for defining the root stem cell
niche , i.e. maintaining the controlled cell divisions, cell growth and division
plane orientations (Aida et al., 2004). Other transcription factors known to
be involved in division plane orientation in Arabidopsis root are TARGET
OF MP (TMO5) and its basic helix-loop-helix interactor LONESOME
HIGHWAY (LHW). Though the role of TMO5 and LHW in altering the
division plane orientation has been specifically studied in the context of
the establishment of the vascular tissue, the exact role of PLT genes in
division plane orientation is not yet explored (Rybel et al., 2013). plt1;plt2
mutants result in stem cell loss, loss of transit-amplifying cells and reduced
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cell expansion. In the root, the PLT proteins are expressed in gradients,
where the expression level is highest in the meristematic zone and gradually
decreases towards the elongation and differentiation zones (Galinha et al.,
2007; Mähönen et al., 2014). In the meristematic zone, where the PLT
level is high, the cells divide more frequently and display slow cytoplasmic
growth. Whereas most epidermis-lateral root cap cells or cortex-endodermis
cells divide anticlinally, their corresponding initial cells, which are close
to the root quiescent center (stem-cell zone) of the root meristem, divide
periclinally and grow at a slower pace. High levels of PLT in the stem-cell
zone and distinct nature of cell division, cell growth and division plane
orientation in this zone, suggests a significant role of these transcription
factors in controlling cellular processes like cell growth and cell division.
Consistently, the activated target genes of the PLT transcription factors
are enriched for genes involved in cell division and growth (Santuari et al.,
2016). It has been shown that the expression of the PLT transcription
factors strongly correlates with a transcriptional response maximum to the
plant hormone auxin in the root tip (Aida et al., 2004; Xu et al., 2006).
Also, the PLT transcription factors have the ability to regulate the local
biosynthesis of auxin (Pinon et al., 2013). Considering the role of auxin in
controlling oriented cell divisions, PLT proteins may also be involved in
division plane orientation.

Modelling oriented microtubule arrays

The PPB is formed through aggregation of an oriented sparse array of
microtubules into a dense ring. Therefore, a key question towards the
understanding of oriented cell division is to understand the formation of
the orientated sparse array of microtubule from an initially disorganized
state. Formation of the ordered array involves interactions of large numbers
of spatially distributed microtubules. While each microtubule undergoes
intrinsic stochastic dynamics, it encounters other microtubules through
collision interactions, that may lead to self-organisation. Here, we can think
of the cortical microtubules as the initial structure molecules (cellular
components), which serve the role of excitable media for a cellular state.
Different states of self-organisation of the cortical microtubules will drive
the corresponding cell into different states of the microtubule array orienta-
tion (building blocks for morphological pattern formation), thus instructing
division plane orientation. The complexity of the self-organisation process of
the microtubules creates a burden to disentangle the individual contribution
of the different microtubule dynamics parameters towards the final order
and orientation of the microtubules array. Several attempts were made to
visualize cortical microtubules in the plant cell cortex using different types
of microtubule markers, where the average behaviour of the microtubules
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was reported as growing stiff polymers with dynamics instability properties
at their ends. The dynamic instability parameters (growing speed, shrinking
speed, catastrophe rates etc.) were quantified (Shaw et al., 2003; Chan
et al., 2003; Dhonukshe and Gadella, 2003; Vos et al., 2004) by marking
the microtubule tips through tagged microtubule-end associated proteins
(Matov et al., 2010). A certain degree of variability was observed in the
measured parameter values between the different studies. The probability
of edge-catastrophe has been measured on elongating root cells (Ambrose
and Wasteneys, 2008). Involvement of a large number of parameters and
the stochastic nature of the individual microtubule dynamics make the
experimental understanding of the self-organisation process of cortical mi-
crotubules difficult, if not impossible. However, the existing experimental
studies inform us about the major ingredients (key parameters) that are
involved in the array formation. The formation of the cortical microtubule
array is a macroscopic phenomenon that depends on the average behaviour
of many microscopic particles, i.e microtubules and their interactions. Math-
ematical/computational modelling has the ability to explain the average
behaviour behaviour of a system of particles knowing only a few key char-
acteristic parameters. Several computational modelling approaches have
been proposed, which were mainly limited to the two dimensional plane
(Zumdieck et al., 2005; Baulin et al., 2007; Shi and Ma, 2010; Dixit and
Cyr, 2004; Allard et al., 2010; Tindemans et al., 2010). Some extensions
to three dimensional surfaces were made, but application of those models
was constrained to regular shapes such as cube (Ambrose et al., 2011) and
cylinder (Tindemans et al., 2014). Studying the formation of ordered array
of microtubules on realistic cell shapes demands a more generic modelling
framework that can be used to simulate microtubule dynamics on any
shape.

From biological desiderata to modelling strategy

Understanding microtubule dynamics on realistic cell shapes requires a novel
modelling framework. The modelling strategy must be able to meaningfully
represent experimental facts about the dynamics of cortical microtubules.
Though experimental observation showed presence of microtubule nucle-
ation from existing microtubules, for simplicity we ignore such nucleation
and consider only the individual nucleation of microtubules, i.e. homoge-
neous (nucleating at random locations of cell cortex) and isotropic (random
directions of growth upon nucleation). An ordered array of microtubules
is formed from an initially disorganized state, and it can be anticipated
that the interactions among microtubules have a significant role in the
formation of an ordered array. Accordingly, inclusion of microtubule in-
teractions (mainly collision events: zippering, induced-catastrophe and
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crossover) to the modelling framework is essential. When microtubules grow
in a smooth region of the plant cell cortex, the persistence length of a
microtubule is much bigger than the average length, allowing to model
the individual microtubule as a stiff rod-like particle. However, in order
to mimic experimentally observed treadmilling motion, we must enable
dynamic instability at the growing end and a small shrinking velocity at the
minus end of the approximated microtubules. Attachment of microtubules
to the cell cortex automatically implies an influence of cell geometry on
microtubule interaction frequencies. Cell size will have a direct impact on
microtubule interactions, as microtubules on smaller cells will experience
higher frequencies of induced catastrophes. Microtubules that encounter a
cell-edge will suffer edge-catastrophe in a probabilistic way that depends
on the curvature of the cell-edge. As the curvature of the cell-edge is one
of the topological properties of a given shape, here again cell geometry
will influence microtubule dynamics and organisation. Accordingly, the
modelling platform needs to include the effect of cell-edge catastrophe in
microtubule dynamics. The intrinsic difference in cell membrane (the inner
membrane cortex) properties between two cell faces that have different
developmental-ages, requires the modelling framework to treat each of the
cell faces differently. In this way, intrinsic cell membrane (cortex) properties
can be translated into different degrees of microtubule stability. Finally, the
confinement of the dynamics of cortical microtubules to the surface (cortex)
of plant cell effectively reduces the problem from three to two dimensions.
We can exploit this advantage by treating the cell shape as two dimensional
surface but connected in three dimensions in a topologically correct way.

Research outline

Plant morphogenesis is controlled by oriented cell division and controlled
cell expansion, and both of these two processes are influenced by the
oriented array of cortical microtubules. In this thesis work, we aimed to
understand the formation of the oriented array of microtubules by simulating
microtubule dynamics on realistic plant cell shapes (cortex), taken from
Arabidopsis early embryos and the root epidermal cell layer. Through these
studies, we sought to explain the experimentally observed cell division
pattern in the context of almost non-growing embryo stages and in the
anisotropically growing root epidermis.

In chapter 2, we describe the implementation of microtubule simulations
through a novel modelling framework, that allowed us to study microtubule
dynamics on the surface of arbitrary shapes. In chapter 3, we describe
methods to parametrize the simulations before applying the modelling
approach directly into the biological problems.

In chapter 4, we explore the generic role of microtubule interactions and

Plant cortical microtubule dynamics and cell division plane orientation 13



Introduction

cell shapes in the formation order and orientation of the microtubule array,
for convenient biological interpretation of the simulation results.

In chapter 5, using a combination of experiments and simulations, we
investigated the oriented cell division pattern during Arabidopsis early
embryogenesis. We mainly focused on the first five division cycles of the
zygote. Two cell division patterns were addressed, first the normal wild
type and second, the division pattern after BDL mutation.

Chapter 6 addresses the role of PLT proteins in division plane orientation
of the root. Through a combination of experiment and simulation, we studied
division plane orientation in epidermal cells and their initials, both in wild
type and after PLT induction.

In Chapter 7, the research from the experimental chapters is linked
together and placed in the context of the developmental biology of plant
morphogenesis. We end with recommendations for future research.
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Chapter 2

Implementation of simulations
The plant microtubule cytoskeleton is composed of a large number of
spatially extended particles, each endowed with its own intrinsic stochas-
tic dynamics, and is capable of non-equilibrium self-organization through
collisions between these particles. Modelling the complex process of self-
organisation of microtubules is challenging. So far, various authors modelled
the dynamics and self-organisation of cortical microtubules. In one such
model, microtubules were described as a rigid rod and simulated on a square
domain where microtubule dynamics were subjected to periodic boundary
conditions at the domain edges (Baulin et al., 2007). In this model, average
speeds of growth and shrinkage were considered as an approximation of the
fluctuations in growth speed due to dynamic instabilities at the microtubule
tips. For microtubule interactions, when the plus-end of a microtubule
encountered another microtubule, it was instructed to stop and resume its
growth only upon removal of the block. Microtubules were nucleated homo-
geneously and isotropically and discrete time steps were used for dynamic
evolution of microtubules. A similar model was prescribed by Shi and Ma
(2010), but with reflecting boundary conditions at the domain edges. Also,
fluctuations in growth/shrinkage speed due to dynamic instability of the
growing tips, were explicitly considered. However, all these models did not
implement experimentally observed collision rules(1). Based on these colli-
sion rules, an iterative Monte Carlo modelling technique was implemented
by Dixit and Cyr (2004), where each iteration was represented as a finite
time step. The simulation was conducted on a planar domain where micro-
tubules that encountered the edge of the domain were allowed to behave
stochastically. A further enriched simulation approach was taken by Allard
et al. (2010), where microtubules were simulated on a square domain with
periodic boundary conditions at the domain edges. A Gillespie algorithm
(Gillespie, 1977), was implemented to describe the dynamic instability at
microtubule plus ends that resulted in a variable time step. However, a
fixed time step was used to detect and resolve microtubule collisions. In this
model, for the first time, the consequences of edge-catastrophe were explored
by incorporating edge-induced catastrophe on microtubule dynamics at a
pair of opposite edges of the simulation domain. In an extended version
of this model, dynamics of microtubules were simulated on a cubic shape
(Ambrose et al., 2011), where the faces of the cube were approximated

(1)collision rules: zippering, induced-catastrophe, crossover
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by square domains. All the proposed models mentioned so far used finite
time step simulation. As a result, most of these simulations were slow and
inaccurate(2). To overcome these limitations, an intrinsically exact and faster
simulation technique was introduced (Tindemans et al., 2010, 2014). In this
approach an event-driven methodology was adopted that encompasses both
spontaneous stochastic changes in microtubule state as well as determin-
istic collisions. Instead of accounting for all of the different microtubule
dynamics parameters separately, this modelling framework used a single
input control parameter as identified by Hawkins et al. (2010). The use of
this control parameter assured, in advance, the formation of an ordered
array of microtubules within a pre-defined value of simulation end time.
From the existing models that simulate cortical microtubules, most of the
modelling frameworks simulate microtubules on a two dimensional domain.
Only in three of the existing frameworks microtubules were simulated on a
three dimensional surface, but limited to cubic (Ambrose et al., 2011) and
cylindrical surfaces (Eren et al., 2010; Tindemans et al., 2014).

We aimed to simulate microtubule dynamics on shapes realistically re-
flecting the cortex of specific plant cells. As plant cells come in a variety
of sizes and shapes, there is no unique way to describe them mathemati-
cally. Therefore, none of the existing modelling frameworks can be used
for microtubule simulation. It is however possible to approximate a given
cell shape (cortex) by a triangulated surface mesh, where each triangle
represents a part of the whole cell cortex. The microtubule dynamics can be
computed on each of these triangles with proper boundary conditions that
propagate the dynamics to neighbouring triangles, thus allowing us to study
the microtubule self-organisation on arbitrary cell shapes/geometries. In
this chapter, we describe a framework to study the dynamics of microtubules
on triangulated approximations of arbitrary two dimensional or three di-
mensional surface. In Sec. 2.1, we describe the processing of the confocal
image of plant cells for simulation. i.e transforming confocal images into a
triangulated surface mesh. In Sec. 2.2, we explain the techniques behind
simulating microtubules on a three dimensional surface mesh. Finally, in
Sec. 2.3, we prescribe an extension of the modelling framework from a three
dimensional surface mesh to a two dimensional (plane) mesh.

2.1 Processing confocal images for simulation

Using the image processing software morphographX (de Reuille et al., 2015),
we segmented experimentally obtained confocal images (Fig. 2.1) and
extracted all the different cell shapes. Then, cell shapes were approximated

(2)Inaccurate as finite time step made the accuracy of simulation output to be depended
on the choice of time interval
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Fig. 2.1. Image processing steps in transforming confocal image of cell into triangulated surface mesh,
to be used as simulation input. Experimentally obtained confocal image is segmented to extract different
cell shapes, the cell shapes are approximated by triangulated surface, unacceptable artefacts are removed
by using appropriate smoothing filter, and different cell-faces and cell-edges are tagged uniquely. The
output is stored in a simulation input mesh file.

with a triangulated surface mesh. Due to unavoidable noise in experimentally
acquired images, the triangulated approximation of a cell shape often
contained some artefacts. We used the surface mesh processing software
meshLab (Cignoni et al., 2008) to fix such artefacts. The same software was
used to tag the different cell-edges and cell-faces by appropriately colouring
the associated triangles. We calculated the average value of a cell edge-angle
θavgEdg (see Appendix A.1, Measure of edge-angle), associated with each edge,

by using a custom made computer program written in C++. This program is
designed to attribute a cell-edge with a unique cell-edge tag. All the triangles
belonging to that cell-edge copy the associated cell-edge tag. Similarly, a
cell-face gets a unique cell-face tag. All the triangles belonging to that
cell-face copy the associated cell-face tag. Finally, all this information is
stored in a single mesh file, where each triangle has a cell-edge tag and a
cell-face tag.

2.2 Description of the simulation technique

We designed the simulation (modelling) framework to accept the trian-
gulated approximation of a given shape as input mesh file. In the input
mesh file the surface information is encoded via attributing each triangle
with: an edge-tag along with the value of the associated edge-angle, and
a face-tag (see Fig. 2.2). The simulation output allowed us to track and
visualize the dynamics of microtubules at any time point of simulation.
In the following sections, we describe the details of the simulation tech-
nique. In Sec. 2.2.1, we transform the 3D-triangulated surface into a set of
2D-triangles. In Sec. 2.2.2, we describe the dynamics of microtubules on
individual triangles. Propagation of microtubules from one triangle to an
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Fig. 2.2. A given shape is approximated by a triangulated surface. Using our custom made C++
program, we assign a unique tag for each of the different faces and edges. We store the output in a
mesh file, where all triangles associated to a specific face or edge copy the respective face/edge tag.

adjacent triangle is described in Sec. 2.2.3. In Sec. 2.2.4, we explain the
procedure of re-constructing the three dimensional surface and mapping
microtubule segments from the set of two dimensional triangles to the three
dimensional surface.

2.2.1 3D-triangulated surface to 2D-triangles

In the triangulated approximation of the surface, a microtubule, being a
growing/shrinking polymer, can move from one triangle to another. In order
to propagate microtubule dynamics between the triangles, we developed an
algorithm to establish a connectivity graph between two adjacent triangles
(Ueng and Sikorski, 1996). This graph helped to uniquely orient the trian-
gulated surface, i.e the normals of all the triangles collectively orient either
inward or outward to the surface. We transformed the 3D-triangulated
surface from three dimensional x− y − z space to a set of 2D-triangles on
the two dimensional x− y plane. We performed this transformation in two
steps: (1) In three dimensions, rotate all the triangles (see Appendix A.2,
Quaternion rotation of triangles) to re-orient their normals parallel to the
positive z-axis direction, and (2) from this new orientational configuration
in three dimension, translate all the triangles along the z-axis and place
them on the two dimensional x−y plane. Here, making the surface oriented
gave another advantage of having the normals of all the rotated triangles,
collectively parallel to the positive z-axis direction. This way the orientation
of the inner or outer side of the three dimensional surface was preserved,
even though the surface was split into pieces of two dimensional triangles.
The unique orientation of the surface was crucial to propagate microtubule
dynamics consistently either over the inner side or the outer side of the sur-
face. Unless positioned on the same plane in three dimensions, the adjacent
triangles attached to each other through a shared edge in three dimension,

Plant cortical microtubule dynamics and cell division plane orientation 18



Implementation of simulations

Fig. 2.3. Quaternion rotation of triangles from three dimensional surface mesh to two dimensional
plane. ∆ABC and ∆ADC are connected through a shared edge AC in three dimensional x − y − z
space and are separated away after quaternion mapping to two dimensional x− y plane.

get separated after their quaternion rotation into two dimensions (see Fig.
2.3). As a result, a closed triangulated surface in three dimensions was
transformed into a scattered set of triangles in two dimensions.

2.2.2 Microtubule dynamics on individual triangles

We captured the local microtubule dynamics by studying their motion and
interactions in each individual triangle. In order to nucleate microtubules
on the surface, first we randomly selected a triangle from the entire set
and generated a random point P (x, y), uniformly from within the selected
triangle (see Appendix A.2, Homogeneously distributed points within a tri-
angle). This reflected our approach of considering homogeneous nucleation
of microtubules. Upon selecting the position of the nucleation point, we
initiated microtubule growth by assigning a random angle of nucleation
θncl, chosen uniformly from the range [0, 2π] (see Fig. 2.4, left panel, MT
nucleation). This corresponded to our consideration of isotropic nucleation
of microtubules. To deal with microtubule collision events, we implemented
an event-driven simulation technique as described in Tindemans et al.
(2014). This approach doesn’t introduce intrinsic uncertainties in the time
domain, and is both accurate and fast. At any time, we determined the
time of the next event and fast-forwarded the system state to that time,
updated the microtubule lengths to reflect that time, and immediately
processed the event. We repeated this cycle until the system reached to
the predetermined end time of simulation. In our simulation, we separated
all the events into two categories: stochastic events and deterministic events.

Stochastic events
The stochastic events associated with the microtubules are independent and
result from random processes described by nucleation rate (rn), spontaneous
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Fig. 2.4. Simulation description of microtubule events on an individual triangle. Microtubules are nu-
cleated homogeneously and isotropically, upon nucleation a straight line trajectory is assigned as a track
for growth. Dynamic instabilities of microtubule tips are included through specification of spontaneous
catastrophe and rescue rates. Type of collision event, i.e. zippering/induced-catastrophe/crossover, is
determined on basis of the intersection angle between microtubule trajectories (left panel). Selection
process of an event (e) to occur at a time (te) is schematically shown (right panel), where subscript
‘s’ stands for stochastic events (nucleation, catastrophe and rescue) and the subscript ‘d’ stands for
deterministic events (collisions, disappearance, edge-catastrophe and simulation control).

catastrophe rate (rc) and rescue rate (rr). In our simulation, we choose all
the event rates to be constant between successive events. Following the
description of Tindemans et al. (2014), we calculated the time interval tstoch
to the next stochastic event as,

∆tstoch = − log u

R
(2.1)

where u is a uniform random variate on the interval (0, 1) and R is the
total rate of all the stochastic events and expressed as,

R = rnA+ rcN
+ + rrN

−,

where, A is the area of the triangulated surface, N+ and N− are the number
of growing and shrinking microtubules, with speed v+ and v− respectively.
We used a kinetic Monte Carlo algorithm (Fichthorn and Weinberg, 1991)
in determining the next stochastic event time. Memoryless property of
stochastic events allowed us to recalculate the ∆tstoch upon its invalidation,
such as after the execution of any deterministic event.
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Deterministic events
The deterministic events associated with the microtubules include collisions,
disappearance, edge-catastrophe and simulation control (i.e extracting sim-
ulation output at fixed time intervals). All these events are deterministic
events as the event time is fully determined by the state of the system.
To determine and execute the deterministic events, we followed the proce-
dure described by Tindemans et al. (2014). Each time a microtubule was
nucleated, it was assigned a unique trajectory. This helped to determine
the location of the collision between two microtubules by calculating the
intersection point of their trajectories (see Appendix A.2, Intersection point
of two line segments). All the possible intersections between the trajectories
of the microtubules were calculated and stored in a list, which was used for
rapid evaluation of future collision events. In case of microtubule bundle
formation, one trajectory was shared among all the members of the bundle.
To enhance simulation speed, microtubule positions were updated only
when an event has taken place or a simulation output was extracted. For
an instantaneous state of the system, deterministic events occurred at a
predicted time, allowing to pre-compute the required times of all the future
deterministic events and store them in a queue. At any given time, the front
of the queue indicated the time interval to the first deterministic event. In
general, the occurrence of an event (both deterministic and stochastic types)
changed the state of the system, resulting in new deterministic events to
be added to the queue, or outdated some events to be invalidated. In our
simulation, we used a finite tubulin pool, this resulted in the speed of a
growing plus end, at any time t, to be dependent on the collective length
L(t) of all microtubules in the system,

v+(t) = v+
0

(
1− L(t)

Lmax

)
(2.2)

where, Lmax = ρtubA is the length equivalent of the total amount of tubulin
in the cell cortex of area A and finite tubulin density ρtub, and v+

0 is the
growth speed under the assumption of infinite tubulin pool. As the speed
of the growing plus end v(t) varies in unpredictable ways, this made it
impossible to pre-compute collision or boundary traversal times. For this
situation, we created another deterministic event queue. Instead of storing
(and sorting) events by their expected time of occurrence, this queue stored
(and sorted) the distance that a growing plus end will have to travel to
reach the point of collision. At any specific time, we meaningfully converted
the distance corresponding to the first event to an event time, which we
compared with the event time from the other deterministic queue and
the stochastic event time. Based on this comparison, we determined the
event that will occur first (see Fig. 2.4, right panel). If a collision event
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Fig. 2.5. Schematic representation of the probabilities of zippering, crossovers and induced-
catastrophes. This is an approximation of the observations by Dixit and Cyr (2004), combined data
from MBD-DsRed and YFP-TUA6 labeling. For the angle of collision θcol ≤ 400, namely zippering
angle (θz), the probability of zippering was approximated to be Pz = 1, i.e no crossover/induced-
catastrophe. For the angle of collision θcol > 400, total probability was distributed equally to the
probabilities of crossover (Pcross) and induced-catastrophe (Pind−cat), i.e. Pcross = Pind−cat = 0.5,
means no zippering.

was selected, based on the angle of collision (θcol), a zippering/induced-
catastrophe/crossover was executed (see Fig. 2.5). The minus end of the
microtubules was allowed to shrink with a constant treadmilling speed vtm.

2.2.3 Propagating microtubule dynamics

Two adjacent triangles in the mesh were connected via the edge connectivity
graph, a graph through which each edge of a three dimensional triangulated
surface remembers the two associated triangle identities. This means for
the set of two dimensional triangles, that each triangle edge has a unique
link to an edge of another adjacent triangle. We used this edge-to-edge link
to propagate microtubule dynamics from one triangle to another triangle.
∆ABC was connected with ∆ADC through the edge AC, referred to be
a connectivity link. Transition of a microtubule from ∆ADC to ∆ABC
through the edge AC in the three dimensional surface implied, in two
dimensional plane,

1. Translation of the associated growing microtubule tip from edge
AC(∆ADC) of ∆ADC to edge AC(∆ABC) of ∆ABC.

2. Rotation of the microtubule trajectory from ∆ADC to ∆ABC.

Using an affine transformation map (see Appendix A.2, Affine transforma-
tion mapping) on the coordinates of the growing microtubule plus end tip
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at point P
′
(x
′
, y
′
) of edge AC(∆ADC), we translated (Fig. 2.6 left panel)

the tip to the edge AC(∆ABC). Next, we rotated (Fig. 2.6 right panel) the

Fig. 2.6. Propagating microtubule dynamics from one triangle to another triangle. Affine transfor-
mation map is used to translate a growing microtubule tip from edge AC(∆ADC) of ∆ADC to edge
AC(∆ABC) of ∆ABC (left panel). Upon translation, microtubule growth direction is rotated by an
angle θR (see Eqn. 2.3) that equals the angle between AC(∆ADC) and AC(∆ABC). A new trajectory
along this rotated direction is drawn for the microtubule to continue its dynamics on ∆ABC (right
panel).

microtubule trajectory with rotation angle,

θR = arccos

(−→
AC(∆ABC).

−→
AC(∆ADC)

|
−→
AC|2

)
(2.3)

This rotation in two dimensional plane was necessary to keep the micro-
tubule growing along its original straight line path on the three dimensional
surface.

Edge-catastrophe
For microtubules that encountered an edge of the triangulated surface, we
implemented edge-catastrophe according to Ambrose et al. (2011). Due
to the triangulated approximation, a cell edge was composed of many tri-
angles. For each pair of such triangles (Ti, Tj) neighbouring each other,
we defined a unit vector ti,j along their communicating edges (a single
shared edge of two triangles was split into two edges in two dimensions,
but virtually linked through the connectivity graph). In the input mesh file,
all the triangles were attributed with the average angle value θavgEdg of the
cell-edge (Sec. 2.1) to which they belong. Having this information in hand,
whenever a microtubule propagated from one triangle to another, based
on the associated cell edge-tag, we implemented the probability of local
edge-catastrophe p

(i,j)
edg at the crossing edge, by distributing the probability

of total edge-catastrophe PEdg among each pair of triangles as illustrated in
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Fig. 2.7. Implementing edge-catastrophe in microtubule dynamics. When a microtubule passes through
an edge of a triangulated surface, we implement the edge-catastrophe via local bending of microtubules
through a set of triangle pairs (Ti, Tj), which belongs to that edge (left panel). In the two dimen-
sional triangle set, we use Eqn. 2.4 to execute local edge-catastrophe at the edge t(i, j) of Ti, when a
microtubule moves from Ti to Tj (right panel).

Fig. 2.7 with (see Appendix A.2, Local distribution of edge-catastrophes),

p
(i,j)
edg =

Ecat cos−1(n̂i.n̂j)

2θavgEdg

(
1− cos(cos−1(n̂i.n̂j)(1− (m̂(i,j).t̂(i,j))

2))
)

(2.4)

where, 0 6 Ecat 6 2 is an edge-catastrophe multiplier, specific to a certain
edge and its value depends on the biomechanical properties of that edge.
n̂i and n̂j are normals to Ti and Tj respectively, and both pointing either
inwards or outwards to the triangulated surface mesh. m̂(i,j) is the growth
direction of a microtubule passing from Ti to Tj.

Face-stability
For a triangle, a lower value of spontaneous catastrophe (rc) results in
a higher average length of the associated microtubule segments, leading
to a longer lifetime of the segments, in comparison to another triangle
with higher value of rc. This enhancement in lifetime can be interpreted

Fig. 2.8. Implementing face-stability in microtubule dynamics. On a triangulated surface, when a
microtubule passes from a triangle Ti of a face F1 to a triangle Tj of another face F2, we modulate the
face-stability via the local value of spontaneous catastrophe in these triangles (left panel). In the two
dimensional triangle set, when a microtubule propagates from Ti to Tj , we perform an update to the

microtubule about a change in the rate of spontaneous catastrophe from rF1
c → rF2

c .
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as endowing enhanced stability of the microtubule segments by the cor-
responding triangle. Therefore, we implemented the idea of difference in
stability of microtubules at different faces of the triangulated surface, via
face specific different rates of spontaneous catastrophes. We illustrate the
implementation technique of microtubule stabilization in Fig. 2.8. All the
triangles belonging to a face F1 were assigned with a rate of spontaneous
catastrophe rF1

c and the triangles belonging to an adjacent face F2 were
assigned with a rate of spontaneous catastrophe rF2

c , where rF1
c 6= rF2

c . For
transition of microtubules between the triangles of same face (F1 or F2), in
terms of the rate of spontaneous catastrophe, no changes were considered.
However, when a microtubule propagated from a triangle Ti of F1 to a
triangle Tj of F2, the change in the rate of spontaneous catastrophe from
rF1
c → rF2

c was automatically updated.

2.2.4 Mapping microtubule segments from 2D-plane
to 3D-polyhedral surface

We applied inverse quaternion rotation (see Appendix A.2, Quaternion
rotation of triangles) on the two dimensional triangles and the microtubule

Fig. 2.9. Mapping microtubule segments from two dimensional plane to three dimension. To map a
microtubule segment M1M2 of ∆ABC from two dimensional plane to three dimension, we apply the
inverse quaternion rotation operator of ∆ABC to the segment M1M2. A similar operation can be
performed to a microtubule segment M2M3 of ∆ADC. In their three dimensional position, if ∆ABC
and ∆ADC are connected to each other via the edge AC, the microtubule segments M1M2 and M2M3

will also get connected.

segments present on the associated triangles, to reconstruct the three di-
mensional surface while containing the microtubule segments. Through this
transformation, the segments of a microtubule which appeared disconnected
in two dimensional triangles, got connected in the three dimensional sur-
face. As illustrated in Fig. 2.9, the segment M1M2 was attached to ∆ABC
and the segment M2M3 was attached to ∆ADC in two dimensional plane.
After the inverse mapping, these two segments got connected in the three
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dimensional surface and represented a single microtubule with end points
(M1,M3).

An overview of the simulation approach

The result of above set of operations described above is a program that
allows to simulate microtubule dynamics on the triangulated surface of
any shape. This means, we can simulate microtubule dynamics on the
triangulated approximation of realistic plant cell surface. In Fig. 2.10, we

Fig. 2.10. A schematic overview of our simulation approach.

present an overview of the entire simulation approach, which we coded in a
computer program written in C++.

2.3 Extension to two dimensional plane

Our simulation framework allows us to study microtubule dynamics on tri-
angulated three dimensional surfaces. To use this framework on a two dimen-
sional plane, i.e. a two dimensional quadrilateral �ABCD, we constructed
a three dimensional surface by connecting all the vertices of �ABCD to
an another point O, which was located outside the quadrilateral plane
(see Fig. 2.11, virtual 3D-polyhedral). In order to meet the requirement of
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Fig. 2.11. Investigating cortical microtubule dynamics on a two dimensional quadrilateral plane with
periodic boundary condition. Green curved arrows indicate microtubule transfer through periodic
boundary conditions (PBC). An ordered array of cortical microtubule is shown the with associated
orientation of the local order parameters (CMT array).

full triangulation, additionally we triangulated �ABCD minimally with
four triangles ∆ABE,∆BCE,∆CDE and ∆DAE. To be noted, all the
triangles outside �ABCD were prohibited from participating in actual sim-
ulation and were used only to implement the periodic boundary condition
in the microtubule dynamics (see Fig. 2.11, triangulation with PBC), i.e.
a microtubule leaving ∆ADE and entering to ∆ADO was transferred to
∆BCE via ∆BCO. Similarly, ∆ABO and ∆DCO were used to commu-
nicate microtubule dynamics among ∆ABE and ∆DCE. However, the
framework also permits any other boundary conditions. In this way, a two
dimensional quadrilateral �ABCD can be converted into a three dimen-
sional triangulated surface. Now, microtubule dynamics can be simulated
as in a three dimensional closed triangulated surface and the corresponding
microtubule segments can be projected (CMT array (2D)). To get back the
original shape of the quadrilateral �ABCD, the triangles outside �ABCD
and the point O can be deleted.
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Chapter 3

Parameterization of
simulations
In most of the existing microtubule modelling studies, microtubules were
simulated with fitting of the parameters(1) values. The set of parameter
values that worked best for establishing the microtubule order were used
(Dixit and Cyr, 2004; Allard et al., 2010; Shi and Ma, 2010; Ambrose
et al., 2011). Using a mean-field approach, Baulin et al. (2007) were able to
reduce the parameter set of five variables into two variables, namely the
nucleation rate and the ratio of the speeds of growth and shrinkage. In their
mean-field approximation, dynamic instabilities at microtubule plus end
were replaced with an average speed of growth and shrinkage. In that model,
for deterministically elongating microtubules, the experimentally observed
collision induced events were excluded. Instead, the microtubules were
instructed to stop growing, only while obstructed by other microtubules.
The model proposed by Hawkins et al. (2010), also used a mean-field
approximation and reduced the parameter set into one single parameter,
namely the “control parameter”. The name “control parameter” came from
the fact that the value of this parameter allowed them to set in advance the
number of interactions among the microtubules. Collision induced events
were included and the dynamic instability of the individual microtubules
were explicitly considered. The control parameter has been used as input
control in several published simulations to assure in advance the formation
of microtubule order and array (Tindemans et al., 2010; Deinum et al.,
2011; Lindeboom et al., 2013; Tindemans et al., 2014).
For simulation of microtubules on a two dimensional grid, the degree of
order and the orientation of the microtubule array were quantified through a
two dimensional order parameter (Baulin et al., 2007; Allard et al., 2010; Shi
and Ma, 2010), which can capture the dominant alignment direction of the
microtubules on the two dimensional plane. This order parameter was used
to capture the local order and dominant alignment direction of microtubule
on a cubic surface (Ambrose et al., 2011) as well. For a three dimensional
shape, on top of capturing the local alignment of the microtubules, to
quantify the global order and orientation of microtubule array, a three
dimensional global order parameter was introduced by Tindemans et al.

(1)MT parameters: growth/shrinking speed, catastrophe rate, rescue rate, nucleation
rate
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(2014). However, the application of the defined global order parameter was
limited to mathematically describable three dimensional shapes.

For a given shape, at steady state, the formation of an ordered array of
microtubules requires a certain (minimum) number of interactions among
the microtubules, i.e a certain value of the control parameter. This domain
of the value of the control parameter that assures the formation of a stable
ordered microtubule array, was used as the working domain for simulation.
A graphical representation of the degree/strength of microtubule order
as a function of the control parameter has been used before to find the
working domain of simulation (Tindemans et al., 2010; Deinum et al., 2011;
Tindemans et al., 2014).

In this chapter, we aim to parameterize our modelling framework, so that
it suits best to interpret the simulation output in the biological context. To
understand the essential features of the process of microtubule ordering,
the modelling framework should be simple, yet powerful enough to capture
the major characteristics of the process. This requires the modelling ap-
proach to have a clear definition of input control, output measurement, and
robustness of the framework against technical variability and variation in
input parameters. In Sec. 3.1, we define an input control parameter. In Sec.
3.2, we formulate two order parameters to quantify microtubule order and
array orientation. In Sec. 3.3, we describe a method to find the working
domain of simulation. In Sec. 3.4, we test the robustness of the output of
our simulation framework against different triangulations.

3.1 Input control parameter

A certain number of microtubule interactions are necessary to form an
ordered microtubule array, from the initially disordered state. In our simu-
lations, for a given cell (shape), the number of microtubule interactions is
controlled by four classes of parameters (see Table 3.1),

Class I: Collision associated parameters (θz, pcat, pcross).

Class II: Different Speeds (v+, v−, vtm).

Class III: Dynamic instability parameters (rn, rc, rr).

Class IV: Edge-catastrophe associated parameters (θavgEdg, Ecat).

For a given set of collision associated parameters (Class I), the speeds (Class
II, excluding vtm) and the dynamic instability parameters (Class III) were
absorbed into a single control parameter (G), that controls the number of
microtubule interactions (Hawkins et al., 2010). A modified version of the
control parameter that includes vtm, has been used by Deinum et al. (2011).
The control parameter was expressed in terms of ratio of two lengths: (a) the
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Parameter Description Value

v+ growth speed 0.08µm sec−1

v− shrinkage speed 0.16µm sec−1

vtm treadmilling speed 0.01µm sec−1

rr rescue rate 0.007 sec−1

rc catastrophe rate variable: 0.003-0.02 sec−1

rn nucleation rate variable: 0.001-0.01 µm−2 sec−1

ρtub finite tubulin pool density (length equiv.) 10 µm−1

θz angle of zippering 400

pcat probability of induced catastrophe 0.5
pcross probability of crossover 0.5

Table 3.1. Overview of the microtubule parameters and variables with their default values (if appli-
cable). The dynamic instability parameters were used from Vos et al. (2004) and the value of vtm has
been approximated from Shaw et al. (2003). The nucleation rate (rn) has been chosen primarily from
Eren et al. (2010), however also varied to maintain sufficient number of microtubules, such that the
system always reach to an ordered state. The angle of zippering (θz) and probabilities for zippering
(pz), crossovers (pcross) and catastrophes (pcat) were deduced (see Fig. 2.5) from DDixit and Cyr
(2004) , combining data from MBD-DsRed and YFP-TUA6 labeling. In the biological measurements,
no distinction was made between spontaneous catastrophe (rc) and induced-catastrophe, resulting in a
likely high value by an unknown factor. Based on this observed uncertainty and the linear dependency
of G on rc, we used rc as the primary mean to vary G.

average length of microtubules (lavg) and (b) the microtubule interaction
length (l0), the microtubule length that is required to enable sufficient

Fig. 3.1. Control parameter (G) that controls the number of microtubule interactions. This is a ratio
of two lengths: (a) Average length of microtubules (lavg , equivalent to the average length of all the
vertical green lines) and (b) Microtubule interaction length (l0, equivalent to the average length of
all the horizontal black dashed lines), a measure of the microtubule length that is required to enable
sufficient number of interactions.

number of interactions, as (see Fig. 3.1),

G = − l0
lavg

(3.1)

with,

l0 =

(
2(v+ − vtm)2(v− + vtm)

rnv+(v+ + v−)

) 1
3

lavg =
1(

rc
v+−vtm −

rr
v−+vtm

)
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The control parameter (G) allowed them to switch on/off the steady state
microtubule order by controlling the number of microtubule interactions.
The edge-catastrophe associated parameters (Class IV) influence the micro-
tubule catastrophe, thus will effectively get incorporated into the dynamic
instability parameter rc. As a result, irrespective of the individual con-
tribution of all the different parameters, a system of microtubules can
be precisely driven towards ordered/disordered state by modulating the
value of G. Even in the absence of collisions, the microtubule lengths are
intrinsically bounded for G < 0. As G increases towards 0, the number of
interactions between microtubules also increases, resulting in the formation
of enhanced order.

3.2 Output order parameter

For a given configuration of microtubules in a particular state of order,
we define two order parameters to quantify the strength of order and the
orientation of the microtubule array,

1. A local order parameter ©l, which captures the local degree of micro-
tubule order on a part of a surface and the corresponding microtubule
array orientation.

2. A global order parameter ©g, which captures the global degree of mi-
crotubule order on a three dimensional surface and the corresponding
microtubule array orientation.

Measure of local order (©l)
To measure the microtubule order and the orientation of the microtubule ar-
ray at a local domain of the cell (shape), we defined a local order parameter
(©l). ©l has a scalar part (S), which is the absolute value of the highest

Fig. 3.2. Local order parameter (©l). It has a scalar part (S) and a vector part (~Sv , blue arrow).
In a given configuration of microtubules at a specific local domain: (a) For random orientations of

microtubules S ≈ 0 and distribution of ~Sv will be random (left), (b) For well ordered microtubules

S ≈ 1 and distribution of ~Sv will be parallel to the major local orientation of the microtubules (right).
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eigenvalue of the tensor q(2) (see Appendix A.3, Local order parameter

tensor), and a vector part ~Sv, which is the eigenvector corresponding to
S (see Fig. 3.2). The scalar part S indicates degree of local order. For
randomly oriented microtubules S ≈ 0 and for well ordered microtubules
S ≈ 1. Local order parameter orientation vector ~Sv is parallel to the major
local orientation of microtubules and attached to the corresponding local
tangent plane.

Measure of global order (©g)
To measure the degree of global order and the global orientation of micro-
tubule array, we defined a global order parameter (©g). ©g has a scalar
part (R), which is the absolute value of the lowest eigenvalue of tensor Q(2)

(see Appendix A.3, Global order parameter tensor), and a vector part ~Rv,
which is the eigenvector corresponding to R. The value of R indicates the

Fig. 3.3. Global order parameter (©g). It has a scalar part (R) and a vector part (~Rv , magenta
arrow). In a given configuration of microtubules: (a) For random orientations of microtubules R ≈ 0

and orientation of ~Rv will be random (left), (b) For well ordered microtubules R ≈ 1 and orientation

of ~Rv will be perpendicular to the microtubule array (right). The dot (a filled magenta circle) at the

tip of ~Rv is a simplified representation of the microtubule array orientation.

degree of global order. For completely random orientation of microtubules
R ≈ 0 and for well organised microtubules that form an array, R ≈ 1 (see

Fig. 3.3). The global order parameter orientation vector ~Rv reflects the
global orientation of the microtubule array.

Output representation of cell shape and CMT array orientation
For a given cell shape, we use gray coloured face-tag to indicate the faces
shared with neighbouring cells, and white coloured face-tag to indicate
non-shared faces (see Fig. 3.4, without CMT array). We have defined two
order parameter vectors (local and global) to quantify the orientation of
microtubule array. However, unless necessary to show the local orientation
of microtubules, we use the global order parameter vector (~Rv) tips to
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represent the orientation of microtubule array, and as magenta coloured
dots. For a given cluster of different simulation configurations, the average
array orientation is represented by a magenta coloured arrow, along with
an associated microtubule array (see Fig. 3.4, CMT array shown). However,

Fig. 3.4. Output representation of cell shape and microtubule array orientation vector (global order

parameter vector ~Rv) tips. Representation of the cell shape, where the face shared with other cell is
tagged with grey color and the non-shared face is coloured white (Left). Cluster of dots (in magenta
color) representing the tips of the global order parameter vector (Right). The arrow represents the
average orientation of all the dots in the cluster and associates the corresponding orientation of the
microtubule array (CMT array shown). Often, for visual convenience, it is better to hide the average
array orientation and the associated microtubule array (CMT array hidden).

for visual convenience, sometimes we hide the average orientation arrow
and the associated microtubule array (see Fig. 3.4, CMT array hidden).
This last step is especially important for multiple clusters, as drawing an
average orientation will be misleading.

3.3 Working domain

Unless the number of microtubule interactions are sufficient, the formation
of an ordered array of microtubules is not necessarily guaranteed, even
when the dynamics of the individual microtubules reaches a steady state.
However the control parameter (G) can be appropriately tuned to set the
required number of microtubule interactions. To test optimal values of G
that ensure a stable value of R, we simulated microtubule dynamics on the
surface of a sphere for different values of G and measured the corresponding
values of R. The sphere used in the simulation was of the size of a typical
Arabidopsis embryonic cell, as most of the simulations will be performed
on realistic cell shapes representing the embryonic cells (Chapter 5) and
regular shapes having similar dimensions (Chapter 4). In Fig. 3.5 (right
panel), looking at the values of R and the corresponding microtubule array
orientations (not shown), we observed that a value of R & 0.70 was sufficient
to declare the associated microtubule array to be ordered, which assures a
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Fig. 3.5. Heat map showing the working domain of the values of microtubule-microtubule interaction
control parameter G, and corresponding values of the global order parameter R. We can see a value
of G . −0.004 assures sufficient microtubule-microtubule interaction to achieve an order parameter
value R & 0.70 (to see the time evolution, refer to Fig. 3.6, right). The values of l0 and lavg are
calculated using Eqn. 3.1.This figure is generated by simulating microtubule dynamics on the surface
of a triangulated sphere of volume equal to the average volume of an embryonic cell.

stable orientation of the microtubule array at steady state. Following this
observation, we defined the domain of the values of G that correspond to
the values of R & 0.70, as the working domain of simulation. In Fig.
3.5 (left panel), looking at the values of G, it appeared that the working
domain of simulation is G . −0.004. A negative value of G assured that
the microtubule lengths were in the bounded regime. The values of G were
calculated by using Eqn. 3.1 and the parameter values described in Table
3.1.

3.4 Influence of triangulation

The surface of a given cell (shape) can be approximated by using differ-
ent triangulation algorithms, with different number of triangles or/and
triangles with different shapes. Before simulating microtubule dynamics
on the triangulated approximation of the surface of any shape, it has to
be ascertained that the simulation results are robust with respect to the
choices of triangulation, and produce similar simulation results for different
choice of triangulation. In our simulations, the average number of triangles
used to approximate a shape is ' 5000. The surface of the same sphere
that was used to find the working domain of simulation was triangulated
with five different triangle numbers in the range 1000 < T < 10000 (T =
1448, 2160, 2430, 4571, 8486). We simulated microtubule dynamics on the
surface of each of these spheres using the same value of input control param-
eter, G ≈ −0.005, which falls within the working domain (see Fig. 3.5). As
shown in Fig. 3.6, the time evolution of the global order R followed the same
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Fig. 3.6. Effect of triangulation of a given surface on cortical microtubule dynamics. Surface of a sphere
is triangulated in five different ways with varying number of triangles (T = 1448, 2160, 2430, 4571, 8486)
and each triangle having different shape. Dynamics of microtubules were simulated on the surface of
each of these triangulated spherical surface and corresponding time evolution of R is recorded, using
same value of input control parameter G ≈ −0.005, chosen from the working domain (Fig. 3.5) of our
simulation. The simulation result shows our developed framework is robust against different triangulated
approximation of the surface of the sphere.

trajectory for all the different triangulations. This result clearly showed
that the simulation output is robust against variation in triangulation.

3.5 Summary

In this chapter, we have parametrized the simulation of microtubule dynam-
ics on triangulated approximations of arbitrary shapes. We used a single
input control parameter to control the number of microtubule interactions
and explained the significance of this parameter in terms of two length
scales, i.e. average microtubule length and microtubule interaction length.
To quantify the microtubule order and orientation of the microtubule array,
we defined two output order parameters, a local order parameter (S) and a
global order parameter (R). We have shown that for a given shape, using
a combination of input control parameter (G) and output order param-
eter (R), it is possible to assure in advance the formation of an ordered
array of microtubules (the working domain). We prescribed a schematic
representation of the visualization of the microtubule array orientation (see
Fig. 3.4), which will be followed as standard representation in the coming
chapters. To guarantee the robustness of the simulation output against
different choice of triangulation, we compared the simulation outputs of
different triangulation, and proved that our simulation technique is robust
against variation of triangulation.
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Cortical microtubule order as
interplay between shape effect
and stability rules
In the plant cell cortex, starting from an initially disorganized state, an
ordered array of microtubule is formed (Wasteneys and Williamson, 1989;
Kumagai et al., 2001; Shaw et al., 2003; Vos et al., 2003; Ehrhardt and
Shaw, 2006). In the absence of a microtubule organizing center, formation
of an ordered array of microtubules indicates that collision induced events
(Dixit and Cyr, 2004), particularly zippering and induced-catastrophe,
play a significant role in the formation of ordered array. Two dimensional
attachment of the microtubules to the cell cortex adds a physical constraint
to the microtubules, i.e. microtubule can not translate or rotate, but can
treadmill (Shaw et al., 2003; Vos et al., 2004). Due to this attachment,
the dynamics of microtubule is influenced by cell geometry (Gomez et al.,
2016), through a geometrical constraint that depends on the cell shape.
The imposed physical and geometrical constraints can change: (1) The
interaction length (see Sec. 3.1) of the microtubules, which will influence
the rate of collision events; especially the induced catastrophe rate and
(2) The locally isotropic growth of microtubules will be transformed into
globally anisotropic growth. These constrains are directly coupled with the
cell size, which has a direct impact on the microtubule interactions, the
smaller is the size of a cell higher is the frequency of induced catastrophe.
Plant cell cortex is not always smooth, as insertion of every new division
plane creates sharp edges/corners around the perimeter of the inserted
division plane. Upon encountering such edges, microtubules undergo edge-
catastrophe in a probabilistic way that depends on the curvature of the edge
(Ambrose and Wasteneys, 2008). The curvature of a cell-edge is one of the
geometrical properties of a given shape, which implies again the role of cell
geometry in influencing microtubule dynamics and organization. The plant
cell cortex (surface) is composed of multiple cell faces (cell walls) that are
inserted at different time points of development. In terms of the distribution
of linker/anchoring (stabilizing) proteins (Ambrose and Wasteneys, 2008;
Dhonukshe et al., 2003), the newly inserted cell face are likely to be different
from the older ones. Such difference might affect the microtubule ordering
by offering different order of stabilization to microtubules at different
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cell faces. Taken together, potentially there are at least four factors that
might play a role in the self-organization process and the orientation of
cortical microtubule array. In this chapter, we aim to address these different
contributions independently and sketch a general idea about their right
contribution towards the precise orientation of the microtubule array. In
Sec. 4.1, we address the contribution of microtubule interactions. In Sec.
4.2, We study the contribution of shape. In Sec. 4.3 we investigate the
contribution of edge-catastrophe. Finally, In Sec. 4.4, we test the impact of
cell-face induced microtubule stabilization.

4.1 Contribution of microtubule interactions

To find out the contribution of microtubule interactions to the order and
orientation of the microtubule array, we simulated microtubule dynamics
on an open two dimensional quadrilateral plane with periodic boundary
condition in the microtubule dynamics. As the shape of a quadrilateral
is a two dimensional plane, the microtubule array stays attached to the
plane, resulting the global order parameter vector ~Rv (see Sec. 3.2) to be
always perpendicular to the quadrilateral plane. To bypass this triviality,
for quantifying the degree and orientation of the microtubule array on the
quadrilateral plane, we preferred to use an average of all the local order
parameter vectors ~Sv over ~Rv. To recall, local order parameter vectors ~Sv

Fig. 4.1. Simulated orientation of microtubule arrays on a square plane with periodic boundary condi-
tion on the dynamics of the microtubules. Simulation was performed for ≈ 1000 different configurations:
(A) At steady state, an ordered array of microtubule was formed, with the blue arrow representing the

average orientation of the local order parameter vector (~Sv), and (B) Each dot point represents the tip
of an orientation vector associated with a simulation configuration, and parallel to the major alignment
direction of the microtubules. The direction of the local order parameter vector was not unique, instead
the orientations were apparently completely random.

(see Sec. 3.2) were defined to be attached to each triangle of the triangulated
surface and aligned along the direction of maximum microtubule order at
the associated triangle. For simulation, we choose a quadrilateral with equal
height and width, i.e a square plane of size 80 µm × 80 µm, and allowed
microtubule dynamics to continue until the system reached a steady state
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by forming a stable array of microtubules. Our simulation result showed
that at steady state, with proper choice of the value of control parameter
(see Sec. 3.1), a stable array of microtubules was formed (see Fig. 4.1, CMT
array). We performed (≈ 1000) independent simulations and each of them
resulted in a stable array of microtubules with a clear dominant alignment
direction. However, this dominant alignment diretion of the microtubule
array was not unique for all the different realizations, rather the distribution
of these dominant alignment directions appeared to be random (see Fig. 4.1).
This result suggested that, mutual interactions among the microtubules
can drive the system from a disordered to an ordered state, but can not
establish a unique direction of order.

4.2 Contribution of shape

Interactions among the microtubules are directly influenced by the geo-
metrical constraints imposed by the shape. For example as illustrated in
Fig. 4.2, in a 2D shape, which is open at the boundary edges, the dynam-
ics of microtubules will be influenced by the type of boundary condition
used for a growing/shrinking microtubule. In this case, independent of

the shape of the 2D domain, the global order parameter vector (~Rv) is
always perpendicular to the plane of the 2D shape (Fig. 4.2, 2D shape).
However, the same 2D shape when transformed into a quasi 3D shape (Fig.
4.2, quasi 3D shape), the dynamics of microtubules will remain the same,

Fig. 4.2. Schematic diagram explaining the influence of shape on microtubule array orientation: (A)
For a 2D shape, boundary conditions (boundary edges are indicated by inward blue arrow) are required
to propagate the microtubule dynamics. 2D shape makes the orientation of the global order parameter
vector (~Rv) to be always perpendicular to the plane of the microtubule attachment. This trivial orien-

tation of ~Rv is misleading as it doesn’t capture any changes in the actual orientation of the microtubule
array, (B) The same 2D shape is converted into a quasi 3D shape. In this shape, the orientation of
~Rv is no longer trivial, instead depends on the kind of geometrical modification made to transform
the quasi 3D shape into the 2D shape, and (C) The quasi 3D shape is converted into a closed 3D
shape. This transformation removes the necessity of boundary condition. In this case, the number of
microtubule interactions, hence the orientation of the microtubule array (~Rv) will be controlled by the
shape anisotropy and size of the 3D shape. Here, microtubules are schematically shown by green dotted
lines.

but this geometrical modification will result in a non-trivial orientation
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of ~Rv. Finally, transforming the quasi 3D shape into a closed 3D shape
(Fig. 4.2, 3D shape) will influence the orientation of ~Rv by controlling the
microtubule dynamics in the following way:

1. Any constraints of explicit boundary condition in microtubule dynam-
ics will be removed, allowing the microtubules to grow/shrink along
the tracks characterized by the 3D shape.

2. Microtubules growing along the shorter dimension of the shape will
have higher possibility of self-interactions than the larger dimensions.

3. Bigger the size of the shape, smaller will be the number of microtubule
interactions.

Here we investigate the contribution of shape on the orientation of the
microtubule array by simulating microtubule dynamics on regular shapes.
We created different shapes with increased degree of shape anisotropy,
where each of these shapes have volumes equal to the volume of a typical
Arabidopsis embryonic cell. To perform simulation, the surface of all these
shapes was approximated by an appropriately triangulated three dimen-
sional surface.

A sphere is an isotropic shape with infinitely many axes of symmetry.
When we simulated microtubule dynamics on the spherical surface, we ob-
served that the microtubule array orientation was not in same direction for
the different simulation realizations and apparently completely random (see
Fig. 4.3). Due to the isotropic nature of the shape, even though microtubule

Fig. 4.3. Simulated orientation of microtubule array on spherical surface. Simulation was performed for
≈ 1000 different configurations: (A) A schematic representation of the sphere, and (B) Each dot point
represents the tip of an orientation vector associated with a simulation configuration, and perpendicular
to an associated microtubule array. For spherical surfaced the orientation of the microtubule arrays were
apparently completely random.

dynamics was influenced by the geometrical constraints, the microtubule
array was unable to establish a favoured orientation. Next, we studied the
microtubule dynamics on the surface of a rectangular parallelepiped,
with dimension a, b and c along the x, y and z axis respectively. Associated
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with each axis, we defined a vector with magnitude proportional to the
corresponding dimension of the parallelepiped, i.e. ~pa, ~pb and ~pc with mag-
nitude a, b and c, and along the x, y and z axis respectively. We call these
vectors as symmetry director (see Appendix A.1, Symmetry directors). As

Fig. 4.4. Possible paths of microtubule array formation on a cubic surface. A microtubule path is
shown by a coloured line and in three different ways of view: (A) Through the outer surface of the
cube, (B) In the unfolded version of the cube surface, (C) Through the inner surface of the cube, and
(D) Maximum closed paths that can be drawn through: (I) The shortest path over the faces is three
(top panel), (II) Through the diagonal paths is six (mid panel) and (III) Any other closed path is none
(bottom panel).

our first attempt of introducing shape anisotropy, we used a rectangular
parallelepiped with a = b = c, i.e. |~pa| = |~pb| = |~pc| (cube), which meant all
the symmetry directors were identical. On this cubic surface. A collection
of different simulation realizations gave multiple clusters of the microtubule
array orientation. For a given cube, having six faces, a maximum of three
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closed paths (see Fig. 4.4, top panel) can be drawn through the shortest
path over the faces. For the same cube, having twelve edges, a maximum
of six closed paths (see Fig. 4.4, mid panel) can be drawn through all
the possible diagonal paths. There is no other possibility of drawing a
closed path (see Fig. 4.4, bottom panel). So, in total nine closed paths
can be drawn. In our simulation, exactly in total nine different clusters
(see Fig. 4.5) of microtubule array orientation were observed. This result

Fig. 4.5. Simulated orientation of microtubule arrays on the surface of rectangular parallelepiped
with edges having length (dimension) a, b and c. Each dot point represents the tip of an orientation
vector associated with a simulation configuration, and perpendicular to an associated microtubule array.
The cluster of dots that are 1800 away from each other represents same orientation of
the associated microtubule array, hence considered as one cluster. Three different degrees
of anisotropy were introduce: (A) a = b = c, which resulted in nine different clusters of microtubule
array orientation, (B) a > b = c, which resulted in three different clusters (cluster 1: ≈ 42% [417/988]
around ~pa, cluster 2: ≈ 19% [188/988] around ~pb, cluster 3: ≈ 20% [199/988] around ~pc, rest points
sparsely distributed outside the clusters) of array orientation, and (C) a > b > c, which resulted in
two different clusters (cluster 1: ≈ 52% [519/991] around ~pa, cluster 2: ≈ 41% [404/991] around ~pb) of
array orientation. For each level of shape anisotropy, simulations were performed for ≈ 1000 different
configurations.

suggested that inherent anisotropic influence of the shape of a cube can
lead to favoured orientations of microtubule array, as the orientation of
microtubule array reduced from infinite (theoretically random) to nine
possibilities. To enhance the strength of shape anisotropy of the rectangular
parallelepiped, we choose a > b = c, i.e. |~pa| > |~pb| = |~pc|, which resulted in
~pa to be the longest symmetry director, leaving the other two symmetry
directors shorter and identical. Our simulation result showed this increase
in shape anisotropy, further reduced the possible orientation of microtubule
arrays from nine possibilities to three possibilities, where the microtubule
arrays were formed along the shortest path around the three symmetry
directors. The microtubule arrays were formed predominantly around the
symmetry director ~pa (cluster: ≈ 42%) and with almost identical proba-
bilities around the rest two symmetry directors ~pb (cluster: ≈ 19%) and
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~pc (cluster: ≈ 20%) (see Fig. 4.5, (B)). As next level of enhanced shape

Fig. 4.6. Simulated orientation of microtubule arrays on the surface of a cylinder, with height H and
radius r: (A) A schematic representation of the cylinder, and (B) Each dot point represents the tip of
an orientation vector associated with a simulation configuration, and perpendicular to an associated
microtubule array. The cluster of dots that are 1800 away from each other represents same
orientation of the associated microtubule array, hence considered as one cluster. Two dif-
ferent clusters of microtubule array orientation were formed, one around the longest symmetry director
~pH (cluster 1: ≈ 45% [444/996]) and another around the symmetry director ~Pr (cluster 2: ≈ 55%
[552/996]) that resides on the orthogonal plane of ~pH . Simulation was performed for ≈ 1000 different
configurations.

anisotropy, we changed the dimension of the rectangular parallelepiped
by setting a > b > c, i.e. |~pa| > |~pb| > |~pc|. This resulted in all the three
symmetry directors to be different, causing further reduction in the possible
orientation of microtubule arrays, from three possibilities to two possibili-
ties (see Fig. 4.5, (C)). Particularly, microtubules tend to form an array
either around the longest symmetry director ~pa (cluster: ≈ 52%), or around
the second long symmetry director ~pb (cluster: ≈ 41%), but not around
the shortest symmetry director ~pc or another arbitrary symmetry director.
Finally, we simulated microtubule dynamics on a cylinder with height H
(longitudinal dimension) and radius r (radial dimension), where H = 2r.
For this cylinder, we defined a uniquely oriented symmetry director ~pH with
magnitude |~pH | = H, along the longitudinal dimension and a symmetry
director ~pr with magnitude |~pr| = r, along the radial dimension, which
remains invariant in length in the angular range [0, 2π], and resides on the
orthogonal plane of ~pH . Our simulation result showed that microtubules
form arrays around two paths, one around the longest symmetry director
~pH (cluster: ≈ 45%) and another around ~pr (cluster: ≈ 55%) (see Fig. 4.6).

Here, we explain the reason behind the preferential orientation of the mi-
crotubule array on an anisotropic surface. For a rectangular parallelepiped
with dimension a > b > c, the length of the shortest closed path around
the three symmetry directors ~pa, ~pb and ~pc are La = 2(b+ c), Lb = 2(a+ c)
and 2(a+ b) respectively, i.e La < Lb < Lc (see Fig. 4.7, (C)). As shorter
is the length of a given path, higher is the probability of microtubule
self-interactions along that path, therefore La < Lb < Lc, implies that
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Fig. 4.7. Explanation of the orientational preference of microtubule arrays on an anisotropic shape.
To explain the basic principle of the effect of shape anisotropy on microtubule array orientation, a
rectangular parallelepiped with edges having lengths (dimension) a > b > c is used in this schematic
representation. Microtubule array paths around the three symmetry directors are shown in coloured
line - (A) Blue path with length La = 2(b+c) around the longest symmetry director ~pa, (B) Green path
with length Lb = 2(a+c) around the second long symmetry director ~pb, and (C) Cyan path with length
Lc = 2(a+ b) around the shortest symmetry director ~pc. The edge length inequality a > b > c implies
a corresponding inequality in the microtubule paths La < Lb < Lc. Simulation result revealed (see Fig.
4.5 (C)) that the probability of array formation around the three symmetry directors decrease from
~pa → ~pb → ~pc, which can be linked to the corresponding microtubule path sequence La → Lb → Lc,
suggesting that the shorter the length of a given path the higher is the probability of array formation.

the probability of array formation around the three symmetry directors
should decrease from around ~pa → ~pb → ~pc. Our simulation prediction of
microtubule array formation on regular shapes exactly followed this order.

Biological insight
In the plant cell, attachment of the cortical microtubules to the cell cortex
implies an influence of cell shape/size on microtubule interaction frequen-
cies, thus on the cortical microtubule array orientation. Therefore, a long
standing speculation is that cell shape has an influence on the orientation
of the cortical microtubule array, and thus on the division plane orientation.
Given the variability in the cell shape anisotropy observed within and in
between different plant species, our simulation inference of the sensitivity
of microtubule array orientation to the shape anisotropy, gives a possible
molecular basis towards such speculation.

4.3 Contribution of edge-catastrophe

In a high curvature domain, i.e. at an edge of a given shape, the probability
of edge-catastrophe (PEdg) depends on the value of edge-angle θEdg (PEdg ∼
θEdg). Lets assume for a given shape, a closed path along which microtubules
form an array has length L and the path passes through N number of edges.
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If each of the edges has same value of edge-angle, thus the same probability
of edge-catastrophe PEdg, total probability of edge catastrophe along this

path is P
(L)
tot = PEdgN . Assuming the microtubules are growing with an

average velocity vavg, the average time takes to cover the path is tavg = L
vavg

.

Fig. 4.8. A schematic diagram of the effect of edge-catastrophe on the dynamics of microtubules: (A)
In the center, a cylindrical shape with radius r and height H is depicted. We drew two possible paths of
microtubule array formation, one along a circular path (green:radius r) and another along a rectangular
path (blue: dimension 2r×H), (B) A full view of the circular path that is free of edges, hence no edge-
catastrophe, and (C) A full view of the rectangular path that encounters four edges (cutting red lines)
and induce edge-catastrophe.

So, the rate of edge-catastrophe along this path is,

P
(L)
Edg =

P
(L)
tot

tavg
=
vavgPEdgN

L
∼ N

L
(4.1)

Therefore, for a given shape with equal probability of edge-catastrophe
(PEdg) at all the edges (i.e. all the edges have same value of edge-angle
θEdg), the rate of edge-catastrophe along a path is proportional to the
ratio of the number of edges (N) along that path and the length of that
path (L). In case of the cylindrical shape as illustrated in Fig. 4.8, for the

rectangular path (L = 4r + 2H and N = 4; blue, (C)), P
(L)
Edg ∼ 1

2r+H
. For

the circular path no edge-catastrophe, P
(L)
Edg = 0, as this path (L = 2πr and

N = 0; green, (B)) does not contain an edge. In this case, microtubules
will encounter frequent edge-catastrophe along the rectangular path, but
no edge-catastrophe along the circular path. As a result, the probability of
microtubule array formation will be higher along the circular path.

Here we address the effect of the rate of edge-catastrophe on the dynam-
ics of microtubules, by simulating microtubule dynamics on all the regular
shapes that we considered in Sec. 4.2. For each of these shapes, all the
edge-angles are equal (θEdg ≈ π

2
), which allows us to refer to Eqn. 4.1 for

understanding and interpreting the simulation results.

We began with the rectangular parallelepiped, with dimensions
a = b = c (cube). The edges being of equal length, all the possible closed
paths are roughly of same length L = 4a (including the diagonal paths
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of length 2(1 +
√

2)a = 4.82a ≈ 4a). Additionally, microtubules following
any of these paths encounter same number of edges (N = 4), with all
the edges having roughly same edge-angle (θEdg ≈ π

2
). According to Eqn.

4.1, microtubules suffer equal rate of edge-catastrophe along these paths,
resulting an isotropic distribution of edge-catastrophe rates. Consequently,
inclusion of edge-catastrophe in the microtubule dynamics destroyed the
nine clusters of microtubule array orientation pattern (simulation without
edge-catastrophe, Fig. 4.5, (A)) and produced a completely random distri-
bution (see Fig. 4.9, (A)). Next, we simulated the microtubule dynamics

Fig. 4.9. Simulated orientation of microtubule arrays on the surface of rectangular parallelepiped with
edges having length (dimension) a, b and c, with edge-catastrophe in the microtubule dynamics. Edges
of the shapes are coloured red to indicate that in simulation, the microtubules were subjected to edge-
catastrophe. Each dot point represents the tip of an orientation vector associated with a simulation
configuration, and perpendicular to an associated microtubule array. The cluster of dots that are
1800 away from each other represents same orientation of the associated microtubule
array, hence considered as one cluster. Three different degrees of anisotropy were introduce: (A)
a = b = c, which resulted in apparently random orientation of microtubule array, (B) a > b = c,
which resulted in two different clusters of approximately equal size (cluster 1: ≈ 21% [210/988] around
~pb, cluster 2: ≈ 27% [273/988] around ~pc, rest points sparsely distributed outside clusters and in the
horizontal plane) of array orientation, and (C) a > b > c, which resulted in a single cluster (cluster:
≈ 71% [706/992] around ~pc, rest points sparsely distributed outside cluster and in the horizontal plane)
of array orientation. For each level of shape anisotropy, simulations were performed for ≈ 1000 different
configurations.

on the surface of a rectangular parallelepiped with dimensions a > b = c,
which implies ~pa to be the longest symmetry director and the other two
symmetry directors, i.e ~pb and ~pc to be identical. The path around the
longest symmetry director ~pa has length La = 2(b+c) and the paths around
the symmetry directors ~pb and ~pc has length Lb = Lc = 2(a+ c), as b = c.
All of these paths contain the same number of edges Na = Nb = Nc = 4. As
La < Lb = Lc, using Eqn. 4.1, microtubules were expected to receive more
frequent (larger rate) edge-catastrophe along the path around ~pa than the
paths around ~pb and ~pc, thus avoid forming array around ~pa. Indeed, the sim-
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ulation result showed that deviating from producing three clusters around
the three symmetry directors (simulation without edge-catastrophe, Fig.
4.5, (B)), in the presence of edge-catastrophe, microtubules avoided making
an array around ~pa. Instead, the microtubule arrays were formed around ~pb
(cluster 1: ≈ 21%) and ~pc (cluster 2: ≈ 28%) with almost equal probabilities
(see Fig. 4.9, (B)). Simulating microtubule dynamics on the surface of a
rectangular parallelepiped with dimensions a > b > c, reduced the possible
orientations of microtubule array from two clusters (simulation without
edge-catastrophe, Fig. 4.5, (C)) to a single cluster (see Fig. 4.9, (C)). In this

Fig. 4.10. Simulated orientation of microtubule arrays on the surface of a cylinder with height H and
radius r, and with edge-catastrophe in the microtubule dynamics: (A) A schematic representation of
the cylinder with edges coloured in red to indicate that in simulation, the microtubules were subjected
to edge-catastrophe, and (B) Each dot point represents the tip of an orientation vector associated with
a simulation configuration, and perpendicular to an associated microtubule array. The cluster of
dots that are 1800 away from each other represents same orientation of the associated
microtubule array, hence considered as one cluster. In our simulation, only a single cluster of
array orientation was formed around ~pH . Simulation was performed for ≈ 1000 different configurations.

case, microtubules formed arrays around the shortest symmetry director
~pc (cluster: ≈ 71%), which is the path of least rate of edge-catastrophe.
The path around ~pa, which is the path of highest rate of edge-catastrophe,
was completely avoided. The rest fraction microtubule array orientation
(cluster: ≈ 29%) was sparsely distributed on the orthogonal plane of ~pa, i.e
horizontal plane. Then, We choose the cylinder with height H and radius
r where H = 2r. For a cylinder, there is no edge along the path around the
longest symmetry director ~pH (path length, Lr = 2πr and edge number,
Nr = 0 ), i.e no edge-catastrophe along this path. However, there exist
two edges with high curvature along the path around the other symmetry
director ~pr (path length, LH = H+2r and edge number, NH = 2), resulting
a finite rate of edge-catastrophe. Accordingly, in simulation microtubules
avoided the path around ~pr and made arrays around the longest symmetry
director ~pH , giving a single cluster of microtubule array orientations (see
Fig. 4.10), instead two (as observed in simulation without edge-catastrophe,
Fig. 4.6)
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Biological insight
Plant cell is composed of multiple faces with an associated edge around
the perimeter of the faces. Further, experimental observations have shown
that upon encountering a cell-edge, cortical microtubules undergo edge-
catastrophe (Ambrose et al., 2011). Through our simulation we discovered
that for a given shape, microtubules tend to avoid the paths with higher
rate of edge-catastrophe and follow a path of lower rate of edge-catastrophe,
thus form an array along that path. Considering the existence of edges
that represent the typical characteristic of a plant cell shape, we infer
that edge-catastrophe may play significant role in the orientation of the
microtubule array, thus on the oriented cell division.

4.4 Contribution of face stability

In a given shape, different stability of the microtubules at different cell
faces can have significant influence on the orientation of the microtubule
array. For example on a spherical surface, due to the isotropic nature of
the shape, the orientation of the microtubule array will be random (see Fig.
4.11, (A); also confirmed by our simulation in Fig. 4.3). However, presence

Fig. 4.11. Schematic diagram of the influence of enhanced stabilization of microtubules and the asso-
ciated array orientation: (A) For a sphere without domain of enhanced microtubule stabilization, we
would expect random orientation of microtubule arrays (also showed in our simulation in Fig. 4.3), and
(B) In the presence of a domain that enhanced microtubules stabilization, the random orientation of
microtubule arrays can converge to a unique orientation. Here, microtubules are schematically shown
by green dotted lines.

of a microtubule stabilizing domain can reduce/remove the randomness
of the microtubule array orientation (Fig.4.11, (B)). Stabilization of the
microtubules will lead to an increased microtubule life time in the stabilizing
domain. As a consequence, probability of survival of the microtubules in
the direction of the location of the microtubule stabilizing domain will also
increase, resulting in formation of microtubule array through the stabilizing
domain.
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To test the influence of different face stabilities on the orientation of
microtubule array, here we study two cases:

� Case I: For fixed shape anisotropy, test the orientation of microtubule
array with respect to the orientation of the microtubule stabilizing
domain (face).

� Case II: For fixed orientation of the microtubule stabilizing domain
(face), test the orientation of microtubule array with respect to the
varying degree of shape anisotropy.

To address Case I, we choose a rectangular parallelepiped, with one alter-
nating face that stabilizes microtubules more than the remaining faces. To
study case II, we defined three cylinders of different degree of anisotropy,
and for each cylinder we implemented enhanced microtubule stabilization
at the bottom circular face. Effect of microtubule stabilization, i.e. average
life time of microtubules was modulated via a corresponding modulation in
the value of spontaneous catastrophe (rc), where a lower value of rc results
in a higher average life time of the microtubules, i.e. enhanced microtubule
stabilization.

First, we studied Case I of a rectangular parallelepiped with dimensions
a > b > c, where we incorporated enhanced microtubule stabilization at
one of the faces perpendicular to the longest symmetry director ~pa. In
terms of shape, this face has smallest area and hence impose least possible
degree of enhanced microtubule stabilization. Our simulation result showed
no significant difference in the orientation distribution of the microtubule
array (see Fig. 4.12, (A)) from that of default shape simulation (see Fig.
4.5, (C)). However, compare to default shape simulation, a small fraction
(≈ 14%) of microtubule array orientation was shifted from around ~pa and
redistributed around the rest two symmetry directors, i.e along ~pb and ~pc.
Next, we implemented enhanced microtubule stabilization at one of the
faces perpendicular to the second large symmetry director ~pb. From the
shape perspective, this face has second largest area, resulting in the second
highest possible degree of enhanced microtubule stabilization. This time a
decent fraction of the microtubule array avoided the path around ~pb and
redistributed to form arrays around the rest two symmetry directors (see
Fig. 4.12, (B)). Incorporation of enhanced microtubule stabilization at one
of the faces perpendicular to the smallest symmetry director ~pc, resulted in
complete avoidance of forming arrays around ~pc and arrays were formed
only around each of the other two symmetry directors (see Fig. 4.12, (C)).
To note, from the shape perspective, this face has the largest area, resulting
in the highest possible degree of enhanced microtubule stabilization. These
simulation results indicated that for a shape of fixed anisotropy, micro-
tubules prefer to follow a path that passes through the faces of enhanced
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Fig. 4.12. Simulated orientation of microtubule arrays on the surface of rectangular parallelepiped with
edges having length (dimension) a > b > c, and enhance microtubule stabilization at selected faces.
Each dot point represents the tip of an orientation vector associated with a simulation configuration,
and perpendicular to an associated microtubule array. The cluster of dots that are 1800 away
from each other represents same orientation of the associated microtubule array, hence
considered as one cluster. One of six different faces were (alternatively) allowed to provide enhanced
microtubule stabilization: (A) enhanced stability at one of the face of the face-pair perpendicular to the
longest symmetry director ~pa, which resulted in apparently the microtubule array orientation pattern
of the corresponding default shape (cluster 1: ≈ 38% [377/988] around ~pa, cluster 2: ≈ 43% [424/988]
around ~pb, cluster 3: ≈ 0.05% [46/988] around ~pc), (B) enhanced stability at one of the face of the
face-pair perpendicular to the second longer symmetry director ~pb, which resulted in three clusters
of array orientation, where the majority of the microtubule arrays were formed around the symmetry
directors ~pa (cluster 1: ≈ 49% [492/994]) and ~pb (cluster 2: ≈ 18% [175/994]), the path around ~pc
was almost avoided (cluster 3: ≈ 12% [124/994]), and (C) enhanced stability at one of the face of the
face-pair perpendicular to the shortest symmetry director ~pc, where the formation of microtubule array
around ~pc was completely avoided, instead arrayes were formed around the remaining two symmetry
directors (cluster 1: ≈ 52% [512/994] around ~pa, cluster 2: ≈ 48% [482/994] around ~pb). Stabilization
of microtubules was given via reduced value of dynamic catastrophe (rc). In this particular simulation
we implemented a maximum of 100 times reduction in rc at the face of enhanced stability. For each
case of enhanced face stability, simulations were performed for ≈ 1000 different configurations.

microtubule stabilization. In addition, the greater is the strength of micro-
tubule stabilization at the face, i.e face stability, higher is the possibility of
array formation through the corresponding face.

To address case II, we created three cylinders with different shape
anisotropy, i.e different radius (r) to height (H) ratio k = r

H
. A cylinder has

two circular faces, at the top and bottom. In our simulation, for k = 2 (see
Fig. 4.13, (A)) and k = 1 (see Fig. 4.13, (B)), the enhanced microtubule
stabilization at the bottom face was able to give a robust orientation of
microtubule arrays, which pass through that face. Any other possible path
of microtubule array formation was avoided. However, for k = 0.5 (see Fig.
4.13, (C)), though a major fraction of microtubule array (cluster: ≈ 70%)
was formed through the face of enhanced microtubule stabilization, a signif-
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Fig. 4.13. Simulated orientation of microtubule arrays on the surface of cylinders with different degrees
of shape anisotropy, i.e. radius (r) to height (H) ratio k = r

H
, and enhanced microtubule stabilization

at one of the circular face (here bottom face). Each dot point represents the tip of an orientation vector
associated with a simulation configuration, and perpendicular to an associated microtubule array. The
cluster of dots that are 1800 away from each other represents same orientation of the
associated microtubule array, hence considered as one cluster. Three different degrees of shape
anisotropy (i.e use of different value of k) were introduced: (A) k = 2, which resulted in one cluster of
microtubule array formation around ~pH , (B) k = 1, which again resulted in one cluster of microtubule
array formation around ~pH , and (C) k = 0.5, which resulted in microtubule array formation around
each of the symmetry directors ~pH (cluster 1: ≈ 70% [696/992]) and ~pr (cluster 2: ≈ 30% [296/992]).
For each degree of shape anisotropy, simulations were performed for ≈ 1000 different configurations.
Stabilization of microtubule was given via reduced value of dynamic catastrophe (rc). In this particular
simulation we implemented a maximum of 100 times reduction in rc at the face of enhanced stability.

icant fraction of microtubule (cluster: ≈ 30%) arrays was formed through
the alternative curved face as well. These simulation results suggested that
the influence of enhanced microtubule stabilization can favour the formation
of the microtubule array through the face of enhanced microtubule stabi-
lization, but the influence is limited by the degree of anisotropy of the shape.

Biological insight
In the context of plant cell division, for example during Arabidopsis early
embryogenesis, the new division plane (cell face) is inserted through the
previous new cell faces. As division plane orientation follows the orientation
of the cortical microtubule array(1), suggesting the cortical microtubule
array should form through the previous developmentally new cell faces
(cortex). Therefore, our simulation results infer possibility of enhanced
microtubule stabilization at the developmentally new cell face.

(1)Chapter 1: From microtubule array to cell division
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4.5 Discussion

In this chapter, we explored contribution of microtubule interactions, shape
anisotropy, edge-catastrophe in microtubule dynamics and the differential
microtubule stabilization in the orientation of the microtubule array. Our
simulations revealed that mutual interactions among the microtubules can
lead to the formation of an ordered array but not sufficient to establish a
unique direction of dominant microtubule alignment. We also learn that
microtubules can sense the anisotropy of a given shape and respond to it by
forming the microtubule arrays along some selective paths. We found that
microtubules avoid paths with higher rate of edge-catastrophe and find the
smoothest possible path to form an array. Another interesting finding is
while enhanced stabilization of microtubules in a particular domain has the
potential to favour a particular orientation, anisotropy of the shape can
delimit this effect. These simulation predictions brings an important insight
towards the understanding of cortical microtubule array formation in the
plant cell cortex. We can perceive the role of cell shape and microtubule
stabilizing factors in the formation of oriented microtubule array, thus the
division plane orientation.
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Chapter 5

Explaining the orientation of
Arabidopsis embryonic cell
division planes
Arabidopsis embryogenesis starts with the asymmetric division of the zygote,
creating a smaller apical and larger basal cell. After division of the zygote,
the apical cell gives rise to the embryo lineage that generates most of the
plant body, whereas the basal cell produces the short-lived suspensor lineage
(Jürgens, 2001; Wendrich and Weijers, 2013). The subsequent divisions

Fig. 5.1. Precise orientation of cell division plane during early embryogenesis of Arabidopsis form the
structured layer of cells, which plays a crucial role in the post-embryonic morphogenesis of the entire
plant body. The image is adapted from Yoshida et al. (2014).

that take place in the suspensor cells are horizontal, resulting in a single
layered connecting structure to maternal tissues. In the early stages of
Arabidopsis embryogenesis, the different stages of the apical cell derived
embryo are named after the number of cells in the pro-embryo (Jürgens,
1995). During these transitions, the apical cell goes through divisions with
highly variable orientations of the division plane, without significant growth
in cell size/volume (see Fig. 5.1). In the later stages, growth significantly
increases and becomes anisotropic. The basal suspensor cell and its next
generations go through anisotropic expansion, where the divisions are
always perpendicular to the principal growth direction. Plant cells do not
move with respect to each other, causing the morphology of the plant to
be determined by the oriented cell division and controlled cell expansion.
In the absence of growth, oriented divisions precisely pattern the tissue
boundaries and establish cell layers that will be propagated to make the
plant morphogenesis efficient. It is imperative to understand the rules of
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early oriented cell division, as these rules will define the tissue architecture
that underpins plant morphogenesis during anisotropic growth phase.

Based on different instances of observed division plane orientations, sev-
eral geometric rules for oriented cell division have been proposed (Hofmeister,
1863; Sachs, 1878; Errera, 1888; Besson and Dumais, 2011). However, none
of these rules match the actual embryonic cell division patterns. Any geomet-
ric rule should be supported by mechanisms based on cellular components
involved in cell division plane orientation. Higher plants establish a highly
ordered array of microtubules at cell cortex, and the orientation of the
division plane follows the orientation of the cortical microtubule array. The
preprophase band (PPB), a dense ring of microtubules formed through the
aggregation of the oriented sparse array of the cortical microtubules predicts
the insertion site of the new division plane (Vos et al., 2004; Cleary, 2001;
Dixit and Cyr, 2002; Mineyuki, 1999; Molchan et al., 2002; Pickett-Heaps
et al., 1999; Valster et al., 1997). It has been recognised that this is an
important clue towards the molecular understanding of oriented cell division
in plant cell (Staehelin and Hepler, 1996).

An ordered array of microtubules is formed through interactions of large
numbers of spatially distributed microtubules. Each individual microtubule
has their own intrinsic stochastic dynamics, and at the same time they
interact with each other through collisions, namely zippering, crossover
and induced catastrophe (Dixit and Cyr, 2004). The inherent stochasticity
in the dynamics and the complexity that arises through the interactions,
make the experimental understanding of the self-organisation process of
cortical microtubules difficult. However, in some existing experimental
studies the dynamic instability parameters (Shaw et al., 2003; Chan et al.,
2003; Dhonukshe and Gadella, 2003; Vos et al., 2004) and the probability
of edge-catastrophes were measured (Ambrose and Wasteneys, 2008). Using
a combination of theoretical (Hawkins et al., 2010) and computational
studies (Tindemans et al., 2010, 2014), we developed a novel modelling
framework (see Chapter 2), that uses the existing experimental data and
simulate microtubule dynamics using meaningful biochemical parameters
on realistic plant cell shapes (cortex). We mathematically described an
order parameter (see Chapter 3), to quantify the orientation of simulated
arrays of microtubule in steady state. The simulated orientation of the
microtubule array can be used to explain the division plane orientation.

In this chapter, we aim to explain the oriented cell divisions during
Arabidopsis early embryogenesis in the bdl mutation, which has compromised
auxin signalling. We focus on the first five division cycles of the zygote,
i.e. zygotic cell and 1,2,4 and 8-cell stages of embryo development and the
suspensor cells. We found in Sec. 5.1 that cell shape and edge-catastrophe
in microtubule dynamics can generate a robust orientation of microtubule
array. Using a combination of experiment and simulation, in Sec. 5.2,
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we show that the similar condition is sufficient to produce microtubule
array pattern that explains the observed division plane pattern during early
embryonic development, observed in the bdl mutation. In Sec. 5.3, we
infer the possible role of anisotropic growth/stress in microtubule dynamics,
thus on the associated array orientation. Finally, in Sec. 5.4, we propose a
minimal mechanism for the formation of the preprophase band (PPB).

5.1 Interplay between shape anisotropy and

and edge catastrophe predicts a robust

orientation of division plane

Our simulation of microtubule dynamics on regular shapes such as sphere,
cube, cylinder etc., showed that shape anisotropy plays a crucial rule in re-
ducing number of microtubule array orientations to a few finite possibilities
(see Chapter 4). At the early stages of embryogenesis, all the cell shapes from

Fig. 5.2. Simulated orientation of microtubule array on default embryonic cell shapes of Arabidopsis.
Simulations were performed for ≈ 1000 different configurations. Each dot point represents the tip of
an orientation vector associated with a simulation configuration, and perpendicular to an associated
microtubule array. The cluster of dots that are 1800 away from each other represents same
orientation of the associated microtubule array, hence considered as one cluster. For each
of the different cell stages (1-cell stage, 2-cell stage, 4-cell stage and 8-cell stage), we found two distinct
cluster of microtubule array orientation. Simulations were performed on cell shapes that were imaged
under normal (wild type) condition. Cell templates used in these simulations were provided by Saiko
Yoshida and Dolf Weijers (WUR). For statistical reason, we also performed simulations on the other
partner pairs and the results were similar.

1→ 8-cell stages are anisotropic. This prompted us to simulate microtubule
dynamics on these default cell shapes, to study the cell shape induced
possibilities of microtubule array orientations. For simulations, we used
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triangulated approximations of cell surfaces from the 1-cell stage, 2-cell
stage, 4-cell stage and 8-cell stage of embryonic development. In all the

Fig. 5.3. Simulated orientation of microtubule array on embryonic cell shapes of Arabidopsis with edge-
catastrophe in microtubule dynamics. Simulations were performed for ≈ 1000 different configurations.
Each dot point represents the tip of an orientation vector associated with a simulation configuration,
and perpendicular to an associated microtubule array. For each of the different cell stages (1-cell stage,
2-cell stage, 4-cell stage and 8-cell stage), we found one unique cluster of microtubule array orientation.
The arrow vector is drawn through the mean position of all the dots in a cluster and represents the mean
orientation of the associated microtubule array. Cell edges are coloured red to indicate that in simulation
microtubules were subjected to edge-catastrophes. The red dotted line represents predicted average
alignment direction of the associated microtubules, thus the division plane orientation. Simulations
were performed on cell shapes that were imaged under normal (wild type) condition. Cell templates
used in these simulations were the same as used in Fig. 5.2.

four different cell stages, the simulated orientation of microtubule arrays
predicted two different possibilities of microtubule array orientation (see
Fig. 5.2). This result indicates an important contribution of cell shape in
delimiting the oriented divisions to two possibilities. However, the experi-
mentally observed unique orientation of division plane suggests involvement
of other factors, which helps to reduce the shape-induced two possibilities of
microtubule array orientation into one unique orientation. Experimental ob-
servation indicates that microtubules undergo edge-catastrophe at cell edges
with high curvature (Ambrose et al., 2011). When we simulated microtubule
dynamics with this cell-edge induced edge-catastrophe, our simulation
on the same set of cell shapes showed one robust orientation of microtubule
array (see Fig. 5.3). Incorporation of edge-catastrophe was sufficient to
obtain one unique microtubule array orientation for all cell shapes taken
from 1 → 8-cell stages. This result suggested that with general assump-
tions on microtubule dynamics, but without any genetic/developmental
cue, early embryonic cells already possess a definite preference for orienting
the microtubule array, and by inference, the division plane. However, note
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that the simulated orientation of microtubule array was not the same as the
experimentally observed normal (wild type) orientation of the cell division
plane, except during the 2→ 4-cell stage transition of embryo development.

5.2 Cell shape anisotropy and edge catastrophe

are sufficient to recreate the bdl cell division

patterns

Existence of genetic control in division plane orientation was described
by Hamann et al. (1999), where suppression of the transcriptional auxin
response by a nondegradable version of the BDL suppressor protein switched
18% of the division planes during 1 → 2-cell stage transition. Recent
quantification of cell division orientation during early embryogenesis revealed
that genetic control overrides geometric division rules (Yoshida et al., 2014).
In our recent experimental data, we observed an additional role of auxin in
orientation of division plane, as misexpression of a nondegradable version of
bdl (RPS5A >> bdl) resulted in noticeably tilted horizontal division during
4 → 8-cell stage transition, in contrast to the sharp horizontal division
that happens in normal (wild type) condition (observation: Thijs de Zeeuw,
WUR). Such deviations in division plane orientation suggests that BDL
mediated auxin signalling is required as a developmental input during early
embryonic development. Accumulation of defects became prominent during
the 8→ 16-cell stage transition, when almost all cells divided in different
division planes compared to the precisely controlled vertical divisions in wild
type condition. The differences in cell division pattern between wild type
and in the bdl mutated case suggests an active role of auxin in orienting the
cell division plane. As our simulations did not account for any transcriptional
auxin response, a comparison with the bdl mutated division pattern was
appropriate to test whether our simulation rules recreated the bdl division
pattern.

Following the same protocol as described in Yoshida et al. (2014), we
generated bdl lines and imaged the different cell stages of embryonic de-
velopment. We performed three dimensional segmentation of the images
to precisely quantify the orientation of the division planes (see Fig. 5.4).
Because the location and orientation of the newly inserted division plane
in parent cell plays an important role on the shape of daughter cells, we
compared the shapes of the different cell stages in wild type vs bdl embryos
during 1→ 2→ 4→ 8-cell stage transitions. For each cell-stage, we found a
difference in shape. Simulated array of microtubule, with edge-catastrophe
in microtubule dynamics, correctly predicted the horizontal division plane
orientation for 1→ 2-cell stage transitions in bdl mutation (though in exper-
iment only ≈ 18% horizontal division was reported (Hamann et al., 1999))
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Fig. 5.4. Cell division pattern in bdl embryos of Arabidopsis. During 1 → 2-cell stage transition in
most cases (≈ 82%) the cell division occurs vertically, however a noticeable fraction (≈ 18%) go through
horizontal division as well. The 2 → 4-cell stage transition shows vertical division. During 4 → 8-cell
stage transition, a tilted horizontal division is observed. The 8 → 16-cell stage transition leads to
random orientation of division. Cell templates used in these simulations were provided by Thijs de
Zeeuw (WUR).

and the vertical division plane orientation for 2→ 4-cell stage transition.
Next, we compared the simulated orientation of microtubule array with the

Fig. 5.5. Simulated orientation of microtubule array on embryonic cell shapes of Arabidopsis for
1 → 2 → 4 → 8-cell stage transitions, with edge-catastrophe in microtubule dynamics. Simulations
were performed for ≈ 1000 different configurations. Each dot point represents the tip of an orientation
vector associated with a simulation configuration, and perpendicular to an associated microtubule array.
For each of the different cell stages (1-cell stage, 2-cell stage, 4-cell stage and 8-cell stage), we found one
unique cluster of microtubule array orientation. The arrow vector is drawn through the mean position
of all the dots in a cluster and represents the mean orientation of the associated microtubule array. Cell
edges are coloured red to indicate that in simulation microtubules were subjected to edge-catastrophes.
The red dotted line represents predicted average alignment direction of the associated microtubules,
thus the division plane orientation. Simulations were performed on cell shapes that were imaged in the
bdl mutation. Cell templates used in these simulations were provided by Thijs de Zeeuw (WUR).

division plane orientation at the 4→ 8-cell stage transition state. The array
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orientation correctly predicted the experimentally observed tilted horizontal
orientation of cell division. Noteworthy, the experimental observation of

Fig. 5.6. Simulated orientation of microtubule array on embryonic cell shapes of Arabidopsis for
8 → 16-cell stage transition, with edge-catastrophe in microtubule dynamics. Simulations were per-
formed for ≈ 1000 different configurations. Each dot point represents the tip of an orientation vector
associated with a simulation configuration, and perpendicular to an associated microtubule array. For
each instances of 8-cell stage cell shapes, we found one unique cluster of microtubule array orientation.
The arrow vector is drawn through the mean position of all the dots in a cluster and represents the
mean orientation of the associated microtubule array. Cell edges are coloured red to indicate that in
simulation microtubules were subjected to edge-catastrophes. The red dotted line represents predicted
average alignment direction of the associated microtubules, thus the division plane orientation. Simula-
tions were performed on cell shapes that were imaged in the bdl mutation. Cell templates used in these
simulations were provided by Thijs de Zeeuw (WUR).

the highly aberrant division plane orientation during 8 → 16-cell stage
transitions were also reflected in our simulations, on the different instances
of 8-cell stage cell shape templates (see Fig. 5.6). We next tested whether
the resulting orientation of the microtubule array in aberrant bdl 8-cell
stage cell shapes gave rise to the division planes actually seen in bdl mutants
during 8 → 16-cell stage transition. To address this question, we recon-
structed mother cells in 8-cell bdl embryos by merging the corresponding
16-cell stage daughter pair of cells and simulated microtubule dynamics
on that mother cell. The simulated array orientation predicted exactly the
division plane orientation of the mother 8-cell stage cell (see Fig. 5.7).

However, during 1→ 2-cell stage transition the prediction was partially
correct, as simulation with edge-catastrophe predicted only horizontal divi-
sion (see Fig. 5.5, 1-cell stage) whereas instances of both aberrant horizontal
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Fig. 5.7. Confirming the simulation prediction of the division plane orientation during 8 → 16-cell
stage transition on bdl cell shapes of Arabidopsis. We took cell shapes from 16-cell stage and merge
the corresponding daughter cells to recreate the dividing parent cells (reverting to 8-cell stage). We
simulated microtubule dynamics on the recreated parent cell shapes (i.e the recreated 8-cell stage)
to get a prediction of their division plane orientation in the 16-cell stage. From the available experi-
mental samples, we choose two different instances (more frequent in experimentally observed samples)
of 16-cell stage for simulation. Simulated microtubule array orientation successfully predicted the ex-
pected division plane orientation. Microtubules were simulated with edge-catastrophe at the cell edges.
Simulations were performed for ≈ 1000 different configurations. Each dot point represents the tip of
an orientation vector associated with a simulation configuration, and perpendicular to an associated
microtubule array. The arrow vector is drawn through the mean position of all the dots in a cluster
and represents the mean orientation of the associated microtubule array. Cell edges are coloured red
to indicate that in simulation microtubules were subjected to edge-catastrophes. The red dotted line
represents predicted average alignment direction of the associated microtubules, thus the division plane
orientation. Cell templates used in these simulations were provided by Thijs de Zeeuw (WUR).

(≈ 18%) and correct vertical (≈ 82%) divisions were experimentally ob-
served in the bdl mutation. We designed toy simulations to identify the
required factor to predict the exact ratio of horizontal to vertical divisions
during 1→ 2-cell stage transition in bdl. Requirement of auxin response has
already been reported for the vertical division that have been observed in
wild type, but the exact mechanism for the contribution of microtubule dy-
namics is not yet known (Yoshida et al., 2014). We didn’t find a significant
difference in cell shape between the bdl mutated and wild type 1-cell stage
embryo, indicating that only cell shape and edge-catastrophe could not
establish a vertical division. At this early stage of embryonic development,
we didn’t observe significant growth, removing the possibility of having
the effect of cell growth on the dynamics of cortical microtubules. This
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suggests that to explain the auxin induced vertical division, in simulation
a necessary factor needs to be incorporated in a way that recapitulates
a corresponding vertical orientation of the microtubule array. In terms of
shape attributes, the 1-cell stage is relatively simple, as it is composed of
two cell-faces (a basal face shared with the suspensor cell and other ap-
proximately hemispherical non shared face) and one cell-edge that connects
those two faces. The simplicity of this shape delimits the possibilities of
factors, required to incorporate in the microtubule dynamics to obtain a
vertical array orientation:

� Case I: Simulating microtubule dynamics without edge-catastrophe
(default shape).

� Case II: Simulating microtubule dynamics without edge-catastrophe
and enhanced stability(1) to microtubules at the pole, i,e. a microtubule
stabilizing apical polar cap.

� Case III: Simulating microtubule dynamics without edge-catastrophe
and enhanced stabilization of microtubules at the basal face.

Simulation in study Case I (see Suppl Sec. S.1.1) and Case II (see Suppl
Sec. S.1.4), resulted in random orientation of microtubule array, however
Case III (see Suppl Sec. S.1.3) resulted in vertical orientation of the
microtubule array, both in the bdl and wild type cell shapes of 1-cell
stage embryos. Based on these simulation results, we argued that the
minimal assumption on the way by which the cell at 1-cell stage can
establish a vertical orientation of microtubule array is to give enhanced
microtubule stabilization at the basal face (shared with the suspensor cell),
which is also the developmentally new cell face for this cell. Therefore, a
possible mechanism of auxin effect is enhanced microtubule stability at the
developmentally new cell face. In the bdl mutation, a mixture of horizontal
and vertical divisions suggested that auxin signalling may be partially
affected at the 1-cell stage through a stabilizing mutation in the BDL gene.
In simulation, effect of the bdl mutation on top of auxin signalling can be
brought in the following ways:

� Case IV: Simulating microtubule dynamics with enhanced stabi-
lization of microtubules at the basal face (auxin effect) and edge-
catastrophe (bdl effect).

� Case V: Simulating microtubule dynamics with enhanced stabiliza-
tion of microtubules at the basal face (auxin effect) and reduced
edge-catastrophe, i.e lower probability of edge-catastrophe (partial
bdl effect).

(1)Enhanced face-stability corresponds to longer lifetime of the microtubules
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Fig. 5.8. Simulated orientation of microtubule array on embryonic cell shapes of Arabidopsis during
1 → 2-cell stage transitions, with enhanced stabilization of microtubules on developmentally newly
inserted cell face and reduced edge-catastrophe in microtubule dynamics at the edge of that new face.
For this particular case the developmentally new face is the basal face. Simulations were performed for
≈ 1000 different configurations. Each dot point represents the tip of an orientation vector associated
with a simulation configuration, and perpendicular to an associated microtubule array. Depending
on choice of the strength of enhanced microtubule stability and reduction level of edge-catastrophe,
we found two possibilities (two clusters of microtubule array orientation vector) microtubule array
orientation. The arrow vector (in magenta colour) is drawn through the mean positions of all the dots
in a cluster and represents the mean orientation of the associated microtubule array. In this particular
simulation, we considered two fold enhancement of microtubule stabilization (i.e. two times reduction in
microtubule dynamic catastrophe rate, rc) at the new face and two fold reduction in edge-catastrophe
(i.e two times reduction in microtubule edge-catastrophe multiplier, Ecat) at the edge of the new face.
The red dotted line represents predicted average alignment direction of the associated microtubules,
thus the division plane orientation. Simulation was performed on cell shape that was imaged in the bdl
mutation. Cell template used in this simulation was provided by Thijs de Zeeuw (WUR).

Simulation in study Case IV (see Suppl Sec. S.1.2) resulted in only a mild
fraction of vertical (≈ 38%) and major fraction of horizontal (≈ 62%) orien-
tation of microtubule array, however study case Case V (see Fig. 5.8) with
an appropriate ratio of enhanced stability and edge-catastrophe (reduced
edge-catastrophe) to microtubules, predicted the experimentally observed
fractions of vertical and horizontal orientations of division. In particular, a
two fold enhancement of microtubule stabilization at the face of enhanced
microtubule stabilization(2) to microtubules at the new cell face (basal face)
along with a two fold reduction of edge-catastrophe in microtubule dynam-
ics, was able to generate the experimentally observed ≈ 18% horizontal and
≈ 82% vertical division in the bdl mutation. In conclusion, we found that a

(2)Two fold enhancement of face-stability corresponds to two times reduction in the
dynamic catastrophe rate of the microtubule at that face, which results in an over all
increase in average life time of the microtubules at that face
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combination of the cell shape, cell edge-catastrophe and auxin mediated
enhance stabilization of microtubules at the developmentally new cell face
of the 1-cell stage embryo, were sufficient to give the cortical microtubule
array orientation pattern, that follow the cell division in bdl mutation.

5.3 Anisotropic growth and/or stress may

have role in division plane orientation

The Arabidopsis zygote is highly asymmetric in shape and produces the first
embryonic cell and a suspensor cell, through an asymmetric division. Like
the zygote, the first suspensor cell is also highly asymmetric in shape and
go through an asymmetric division. Among the resulting pair of daughter

Fig. 5.9. Cell division pattern in the zygote and suspensor cells of Arabidopsis. Cell templates used in
these simulations were provided by Viola Willemsen (WUR).

cells, the basal cell appears to be highly asymmetric and elongated in
comparison to the upper cell. In the next division cycle, the asymmetric
daughter at the basal further divides asymmetrically, while the upper one
divides symmetrically (see Fig. 5.9).

Division in zygote

Being the first embryonic cell, the zygote does not contain any previous
division plane, resulting in the absence of cell edges and edge-catastrophe
in microtubule dynamics. Accordingly, we simulated microtubule dynamics
on the surface of the zygotic cell shape without edge-catastrophe in micro-
tubule dynamics. Our simulation revealed two preferred microtubule array
orientations (see Fig. 5.10). The major fraction of the orientations predicted
a horizontal division, which matched with the experimentally observed
division plane orientation of the zygotic division, both in wild type and in
bdl mutation. However, a minor faction of the microtubule array orientation
predicted a vertical division. Hence, our simulation result suggested the need
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Fig. 5.10. Simulated orientation of microtubule array on the zygote cell shape of Arabidopsis. Sim-
ulations were performed for ≈ 1000 different configurations. Each dot point represents the tip of an
orientation vector associated with a simulation configuration, and perpendicular to an associated mi-
crotubule array. The cluster of dots that are 1800 away from each other represents same
orientation of the associated microtubule array, hence considered as one cluster. We found
two distinct clusters of microtubule array orientation. Simulation was performed on cell shape that
was imaged under normal (wild type) condition. Cell template used in this simulation was provided by
Viola Willemsen (WUR). Simulations performed on cell shapes that were imaged in the bdl mutation
gave similar results.

for as yet unidentified additional factors other than auxin, to completely
remove the existing possibility of vertical zygotic division. A possible hint
towards this additional factor may be anisotropic growth, as it has been
reported that the gene YODA (YDA) is required for elongation of zygote
(Lukowitz et al., 2004). In loss of function mutants, i.e. yda, the zygote does
not elongate properly though manages to divide horizontally (wild type
division orientation). In contrast to wild type suspensor cell which divides
horizontally, in yda the division is often vertical and with high frequency.

Division in suspensor cells

For the suspensor cells, the upper daughter contains two faces, and each
of them are associated with an edge, and the lower daughter contains one
edge bearing face. For the upper daughter, out of the two edges, one edge is
associated with the cell face shared with the 1-cell stage embryonic cell, and
the other edge is associated with the only edge of the lower daughter. We
simulated microtubule dynamics on the surface of the suspensor cell shapes,
both with and without edge-catastrophe in microtubule dynamics. For both
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Fig. 5.11. Simulated orientation of microtubule array on suspensor cell shapes of Arabidopsis. Sim-
ulations were performed for ≈ 1000 different configurations. Each dot point represents the tip of an
orientation vector associated with a simulation configuration, and perpendicular to an associated mi-
crotubule array. The cluster of dots that are 1800 away from each other represents same
orientation of the associated microtubule array, hence considered as one cluster. Inde-
pendent of the inclusion of edge-catastrophe, the lower daughter (elongated) gave two possibilities of
microtubule orientation (left/right, bottom panel). Inclusion of edge-catastrophe produces one unique
orientation of microtubule array for the upper daughter (right, upper panel). Cell edges are coloured
red to indicate that in simulation microtubules were subjected to edge-catastrophes. The red dotted
line represents predicted average alignment direction of the associated microtubules, thus the division
plane orientation. Here, simulations were performed on cell shapes that were imaged under normal (wild
type) condition. Cell templates used in these simulations were provided by Viola Willemsen (WUR).
Simulations performed on cell shapes that were imaged in the bdl mutation gave similar results.

upper and lower suspensor cells, our simulations without edge-catastrophe
in microtubule dynamics, revealed two possibilities of microtubule array
orientations (see Fig. 5.11, left). Interestingly, our simulation with edge-
catastrophe in microtubule dynamics, showed one unique possibility of
microtubule array orientation for the upper daughter, but again (as without
edge-catastrophe) the lower daughter produced two possible microtubule
array orientations - horizontal and vertical (see Fig. 5.11, right). Presence
of two cell edges within a close separation distance (due to the shorter longi-
tudinal span) in the upper daughter, resulted in frequent edge-catastrophes
along the longitudinal/vertical direction. As a consequence the microtubules
preferred an alternative path of least edge-catastrophe, which is the horizon-
tal direction. However, for the lower daughter, despite the edge, effectively
the frequency of edge-catastrophe was negligible, due to the large longitudi-
nal spanning of the cell. As a result, the lower daughter behaved almost
like the default shape, i.e microtubule simulation without edge-catastrophe.
Hence, independent of auxin signalling, the upper suspensor cells always
divide horizontally. In the light of simulation result for the lower daughter,
we inferred the necessity of an additional factor than auxin as in zygote, to
exclude the vertical orientation of the microtubule array.

Considering the rapid elongation of the fertilized egg that form the
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basis of the shape anisotropy of the zygote, we surmised that anisotropic
growth/stress might have an effect in the dynamics of microtubule, as
postulated in the context of shoot apical meristem (Uyttewaal et al., 2012;
Burian et al., 2013; Landrein and Hamant, 2013; Hamant et al., 2008;
Sampathkumar et al., 2014; Heisler et al., 2010). For the lower suspensor
daughter, there is no concrete evidence of rapid growth. It has been well
studied that, for a give stiffness properties of the cell wall, shape anisotropy
has the potential to generate anisotropic stress patterns, which have an
impact on the dynamics of microtubule. This observation suggests that
inhibition of anisotropic growth or a consequent change in stress anisotropy
have a role in division plane orientation, i.e. on microtubule dynamics.
The argument of stress anisotropy might also hold for the zygotic division.
More generically, we think the growth anisotropy and/or shape anisotropy
induced anisotropic stress patterns in the cell wall, might play a crucial role
in oriented cell division by affecting microtubule dynamics (see Chapter 6)
and the associated array orientation.

5.4 Nuclear position correlates with the PPB

formation site that determines location

of division plane

For bdl embryonic development, the molecular basis behind the division
patterns of the first five division cycle of zygote was understood via simulat-
ing microtubule dynamics of those cell shapes. Through simulated array of
microtubules, we were able to predict the orientation of division plane but
not the location of division plane, which plays a determinant role in sym-
metric/asymmetric divisions. In the context of early embryo development,
instances of both symmetric and asymmetric divisions are observed. Partic-
ularly, the zygote and lower suspensor cells always divide asymmetrically,
which requires to understand the process of specifying the division plane
location, i.e the PPB formation. In plant cells, the preprophase band (PPB),
a circular bundle of microtubules (along with actin filaments and associated
proteins), predicts the insertion site of the new cell wall. It has been well
studied that the formation of the PPB involve the dynamics of cortical
microtubule and the formation of the associated microtubule array (Dhonuk-
she and Gadella, 2003; Hush et al., 1994; Vos et al., 2003). However, the
mechanism behind the formation of the PPB is not yet understood. Among
the many different conjectures, a compelling one is the “search and capture”
mechanism of the formation of PPB (Vos et al., 2004). The core idea is that
through increased dynamic instability, microtubules stochastically “search”
for the domain of PPB in the cell cortex and get “captured” upon its
encounter, via the cross-linking activity at the PPB domain. A small offset
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Fig. 5.12. Simulation of microtubules to understand the formation of PPB from an ordered (sparse)
array of microtubule (left panel). We started from an ordered array of microtubules and initiated a
small offset of increased nucleation rate at the region of the cell shape (cortex) that resides at the
close vicinity of the nucleus. Within an hour (biological time) of triggering the offset, we observed the
formation of a dense ring of microtubules, i.e the PPB. We performed simulations for three different
positions (apical,basal and central; right panel) of the nucleus and observed a strong correlation between
the nuclear position and the PPB location. Nucleus is shown as a sphere in light blue colour. The cell
shape used in this simulation was provided by Viola Willemsen (WUR).

of few cross-linked microtubules, i.e due to microtubule nucleation from
nearby nucleus of the cell in the PPB forming domain, was proposed to be
sufficient to initiate the capture mechanism (Stoppin et al., 1994). Initiation
of the capture mechanism at the close vicinity of the nucleus indicated
a strong correlation between the nuclear position and the PPB location
(Kimata et al., 2016). So, two parameters need to be considered to simulate
the formation of PPB from an ordered (sparse) array of microtubule : (1)
An increased rate of dynamic instability outside the PPB forming domain,
and (2) small offset of increased nucleation rate at the close vicinity of the
nucleus. From the corresponding experimental study, consideration of both
parameters are necessary for the PPB formation. However, whether a single
parameter of the two is sufficient or the relative contribution of these two
parameters in the formation of the PPB is yet to be explored. Simulation
has the advantage to efficiently address these different curiosities, which
may be challenging in experiment. Accordingly, we simulated microtubules
by using this minimal experimental evidence, to understand the formation
of PPB from an initially sparse array of microtubules (see Fig. 5.12). In the
experimental observation, the increased rate of dynamic instability outside
the PPB forming domain, didn’t lead to significant change in microtubule
lengths. Our simulation output is characterised by a single input control
parameter that depends only on the two lengths, namely average micro-
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tubule length (depends on the rate of dynamic instability) and microtubule
interaction length (depends of nucleation rate). As the microtubule lengths
outside the PPB forming domain didn’t show a significant change during
the PPB formation, we took this advantage and considered only a small
increase of nucleation rate as the additional input variable. In the simulation,
we started from an ordered array of microtubules and triggered a small
offset of increased nucleation rate at the cell cortex that resides at the close
vicinity of the nucleus(3). Within an hour (biological time) of triggering the
offset, indeed we observed the formation of a dense ring of microtubules
from the initial sparse array. We varied the nuclear position and observed
that the correlation was robustly maintained.

5.5 Discussion

In this chapter, we addressed the molecular basis of oriented cell division
during early embryogenesis, particularly the first five division cycles of the
zygote of the plant Arabidopsis when auxin signalling was compromised.
Using a combination of experimental observation of division plane orienta-
tion and simulation of microtubule dynamics on realistic cell shapes, we
explained the division patterns during the early embryonic development.
We found that for the embryonic linage of cell divisions, which starts from
the apical 1-cell stage embryo, a combination of cell shape anisotropy and
edge-catastrophe in microtubule dynamics are sufficient to produce the
array orientation patterns that predict the bdl division plane orientation
patterns. However, prediction of the asymmetric horizontal division of the
zygote and the elongated lower suspensor cell, require additional factors,
which we speculated to be the anisotropic growth/stress pattern that needs
to be incorporated in the microtubule dynamics. Understanding the asym-
metric division needs an approach of stepping out from just predicting the
orientation of division plane and additionally a prediction of the location
of division plane, i.e the preprophase band (PPB) domain. Our simulation
study explains the strong correlation between the location of the PPB
and nuclear position observed by experimental biologists, suggesting the
existence of a mechanism of nuclear migration towards the PPB forming
domain.

In the context of the first five division cycles of the zygote, the division
plane orientation pattern observed in wild type (see Fig. 5.13) is different
from the bdl mutation, which compromised auxin signalling. Morphologically,
the most significant difference in division plane orientation between bdl
and wild type have been observed during 8→ 16-cell stage transition. In
contrast to the aberrant divisions in the bdl mutation, in the wild type

(3)Simulation details of the PPB formation mechanism is described in Suppl Sec. S.2
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embryos, a precisely controlled division occurs that separates the inner
and outer cells that create the protoderm. Based on this observation, it
has been hypothesized that auxin response prevents a default shortest wall
rule as defined by cell shape, forcing the cell to choose another division
wall (Yoshida et al., 2014). Through our simulation approach, the correct

Fig. 5.13. Cell division pattern in wild type embryos of Arabidopsis. During 1→ 2-cell stage transition
the cell division occurs vertically. The 2→ 4-cell stage transition shows vertical division. During 4→ 8-
cell stage transition, the division is horizontal. During the 8 → 16-cell stage transition, the division
is parallel to the surface of the embryo. Cell templates used in this diagram was provided by Viola
Willemsen (WUR).

prediction of division plane orientation in bdl mutation by oriented array
of microtubules and a simplistic explanation of asymmetric cell division,
suggested a similar approach towards the molecular understanding of the
wild type division pattern. Therefore, using our simulation understanding
of the possible role of auxin in influencing the microtubule dynamics and
the anisotropic growth/stress response of microtubules, we aim in future to
study the wild type division pattern occurred during the early embryonic
development.
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Chapter 6

Division plane reorientation in
Arabidopsis root epidermal
cells
In contrast to early embryogenesis, where division planes are chosen and
cell divisions are executed without significant cell growth, the formation
of organs involves cell divisions in growing tissues. For example, the Ara-
bidopsis root has a main axis of growth with a group of dividing cells at
the growing end of the root. These cells, collectively referred to as ‘root

Fig. 6.1. Division plane orientations in Arabidopsis root cells: root initials/stem-cells (left panel) and
differentiated root cells (right panel). Our experiments on differentiated root cells were focused on
epidermal cells, so we also highlighted the epidermal layer (light blue, right panel). Images are adapted
from Willemsen et al. (2008) and Dolan et al. (1993).

meristem’, contribute new cells by divisions of which the majority is oriented
perpendicular to the main axis of growth. In Arabidopsis and many other
dicotyledonous plants, cells originate from distinct tiers of cells, referred to
as ‘closed meristem organisation’ (vonGuttenberg, 1964). In many plants,
the position of origin of these cell tiers contains slowly dividing cells called
‘quiescent centre’ (QC) cells. The cells at the end points of the cell files
that make up each of these distinct cell layers, display division planes
which give rise to one daughter cell occupying the position of its mother
cell. These stem-cell like cells are referred to as initials: epidermis/root-cap
initials, cortex/endodermis initials and columella initial (see Fig. 6.1, left).
In Arabidopsis, all initials are in contact with the centrally positioned QC
cells and these have been shown to be important to maintain the stem
cell properties of the surrounding initials (van den Berg et al., 1997). The
initials may display periclinal divisions, with a division plane parallel to
the nearest root surface, thus creating new tissue layers. However, the cells
born out of all the different initials that are positioned away from the
centre develop into tissue specific cell types, and divide perpendicular to
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the principal growth direction of the root (Dolan et al., 1993), see Fig. 6.1,
right). In this case the division planes are also perpendicular to the nearest
root surface, and from classical definition, are called anticlinal divisions.
As plant cells cannot move relative to each other, the entire root tissue
architecture depends on properly oriented cell divisions.

The shape anisotropy of the root cells following from the growth anisotropy
of the root, leads to pre-division cells with a longer dimension along the
principal root growth direction and a shorter dimension in the plane per-
pendicular to the principal growth direction. Divisions perpendicular to
the principle growth direction fit the classical division rule proposed by
Hofmeister (1863), but also the postulate of a “shortest wall” rule of cell
division (Dupuy et al., 2010; Smith et al., 2006; Stoma et al., 2008; Besson
and Dumais, 2011) as a default rule for root cell division. Neither of these
rules have a molecular mechanistic basis so far. Experimental observations
on anisotropically growing cells reveal that the orientation of the divi-
sion plane matches with the orientation of the cortical microtubule array
(Wang and Huang, 2014). However, the molecular/physical basis behind
the establishment of such order and orientation of the cortical microtubule
array remained unclear. The possible known default factors that control
the cortical microtubule dynamics are cell shapes (Gomez et al., 2016) and
edge-catastrophe (Ambrose et al., 2011). Additional factors that might
also be involved are auxin-dependent transcriptionally regulated enhanced
face-stability/reduced edge-catastrophe to microtubules. Considering these
factors into microtubule dynamics, we were able to explain the oriented
cell divisions during early embryonic development (See Chapter 5). In the
shoot apex, stress-related changes in cortical microtubule stability have
been proposed to play a role in tissue growth (Uyttewaal et al., 2012;
Burian et al., 2013; Landrein and Hamant, 2013; Hamant et al., 2008;
Sampathkumar et al., 2014; Heisler et al., 2010). Here, we have analysed
cell division orientations in the easily accessible Arabidopsis root epidermis
in an attempt to combine microtubule network based cell division rules,
that we have derived in mostly non-growing embryonic cells, with potential
rules operating in growing cells inspired on the findings in the shoot apex.

It has been shown that the expression of the PLETHORA(1) transcription
factor strongly correlates with a transcriptional response maximum to the
plant hormone auxin in the root tip (Aida et al., 2004; Xu et al., 2006). In
the root, the PLTs are expressed in a gradient manner (see Fig. 6.2, right),
where the expression level is highest in the meristematic zone and gradually
decreases towards the elongation and differentiation zone (Galinha et al.,
2007; Mähönen et al., 2014). In the stem cell region of the meristematic zone
where the PLT level is highest, the epidermis/root-cap initials divide in a

(1)The PLETHORA1 (PLT1, At3g20840) and PLT2 (At1g51190) genes encode AP2-
domain transcription factor family members
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Fig. 6.2. Different growth zones in Arabidopsis root and expression pattern of the plethora transcription
factor (PLT; PLT1,PLT2,PLT3). Images are adapted from Ubeda-Tomas et al. (2012) and Galinha et al.
(2007).

periclinal orientation more frequently and grow very slowly. More mature
epidermal cells encounter anticlinal divisions. Here we use induction of PLT
expression as a means to change cell division orientation in the epidermis
and analyse how this reorientation is affected by auxin signalling and edge
catastrophe. Our recordings of precise cell shapes and volumes are then
used in simulations of microtubule ordering, which reveal that, besides the
rules derived from non-growing cells, an additional mechanism must be
active to ensure proper orientation of cell divisions in the growing root.

Distinguishing parent cell and just divided parent cell
To trace the orientation of the division planes and extract the cell shapes for
microtubule simulation, using MorphograpX, the experimentally obtained
images were three dimensionally segmented. Tracing of division plane orien-

Fig. 6.3. Three dimensional segmentation of the confocal image of a Arabidopsis root to detect the
daughter pair of just divided cells (segmented cell layer). A clear distinction between a non-divided
parent cell and a just divided parent cell can be made by detecting the daughter pair of just divided
cells (division instances; three different division instances are shown here) and non-divided parent cell
(division instances; light blue). Microtubule simulation will be performed on the parent cells that will be
re-created by merging their corresponding daughter pairs (daughter pair → parent cell). Non-divided
cells (parent cell; cross marked) will be excluded from simulation. Image segmentation credit: Viola
Willemsen (WUR).

tation was done by identifying the daughter pair of just divided parent cells
(detailed procedure is illustrated Fig.6.3). To make sure that simulation of
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microtubule dynamics are performed on an about to divide cell cortex, we
re-created the parent cell shape by merging the corresponding daughter pair.
Non-divided cells were considered as still at the developmentally growing
stage, thus ignored (see Fig. 6.3, cross marked).

Classification of division plane orientations
First, we quantified division plane orientations of epidermal cells and epi-
dermal stem-cells, in wild type Arabidopsis roots and in mutants perturbing
auxin regulation and edge catastrophe rates. In our experiments, we ob-
served three different types of division plane orientation. To make a clear

Fig. 6.4. Classification/re-definition of division plane orientations. A root axis is defined along the
principle growth direction of the root (long arrow in magenta color) and the root surface follows the
surface of the dotted cone like structure (cyan color). Three different types of division plane orientation
are shown : anticlinal-horizontal (green color), anticlinal-vertical (blue color) and periclinal (red color),
both within a root (upper panel) and schematically (lower panel).

distinction between the different types, we redefined the classical definition
(i.e. anticlinal/periclinal divisions) of division plane orientations (see Fig.
6.4). We defined a root axis along the principle growth direction of the root.
Then, we classified the different types of division planes with respect to the
root surface and the root axis as,

� anticlinal-horizontal: The plane of division, that is at right angle
to the nearest root surface and perpendicular to the root axis.
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� anticlinal-vertical: The plane of division, that is at right angle to
the nearest root surface and parallel to the root axis.

� periclinal division: The plane of division, that is parallel to the
nearest root surface.

6.1 Divisions in normal condition

In this experiment, 35S PLT2-GR plants were grown for three days in (1
2
ms

+ dmso) medium. As a control experiment, they were transferred back into
the same medium and were grown for another fifteen hours before imaging.
Upon imaging, we observed that while the overall size of the epidermal cells

Fig. 6.5. Experimentally observed anticlinal-horizontal divisions in Arabidopsis root epidermal cells
under normal (wild type) condition. The construct used in the experiment: PLT2-GR -dex (+15 hrs).
Image courtesy: Viola Willemsen (WUR).

were different at the different root growth zones, they were able to retain a
typical shape, which later we referred as WT-shape, independent of their
position in the root. All the observed cell divisions were anticlinal-horizontal
(see Fig. 6.5). We performed three dimensional segmentation of the roots
using MorphograpX and extracted the segmented version of the epidermal
cells (see Fig. 6.6, left), which were triangulated approximations of the
actual cell surface (cortex). We scanned through those segmented epidermal
cells which represented daughter pair of just divided parent cells (following
procedure described in Fig.6.3), allowing us to trace the orientation of the
corresponding division plane (see Fig. 6.6, right). For all such daughter
pair of cells, we re-created the parent cells by merging their corresponding
daughter pair into a single cell.To have a prediction of the experimentally
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observed division via the cortical microtubule array orientation, we simu-
lated microtubule dynamics on the re-created (about to divide) parent cell
shapes with edge-catastrophe in microtubule dynamics. Simulated micro-
tubule array orientation predicted periclinal division (see Fig. 6.7), which
contradicted the experimentally observed anticlinal-horizontal division. At

Fig. 6.6. Three dimensional segmentation of an Arabidopsis root grown under normal (wind
type/PLT2-GR -dex) condition, for quantifying the division plane orientations of the epidermal cells
(left panel). Tracing of all the divisions that took place in the epidermal layer of the sample (right
panel). We observed presence of anticlinal-horizontal divisions only. The segmented cell shapes were
used for microtubule simulation. Image segmentation credit: Viola Willemsen (WUR).

first sight this contradiction appeared quite striking, as we thought the ex-
perimentally observed anticlinal-horizontal division to be the default choice

Fig. 6.7. Predicting division plane orientation in wild type Arabidopsis root epidermal cell shapes
(WT-shape) through microtubule array formation. A parent cell was created by merging the corre-
sponding daughter pair cells, obtained through the three dimensional segmentation of the root cells.
Dynamics of microtubule was simulated on the recreated parent cell shape with edge-catastrophe in the
microtubule dynamics at the cell edges. Simulations were performed for ≈ 1000 different configurations.
Each dot point represents the tip of an orientation vector associated with a simulation configuration,
and perpendicular to an associated microtubule array. Cell edges are coloured red to indicate that
in simulation, the microtubules were subjected to edge-catastrophes. The red dotted line represents
predicted average alignment direction of the associated microtubules, thus the division plane orienta-
tion. Simulated microtubule array predicted periclinal division which was against the experimentally
observed anticlinal-horizontal division.

of division for the epidermal cell, thus must be an outcome of cortical micro-
tubule dynamics driven by cell shape anisotropy and cell edge-catastrophe.
Simulation based on auxin rule, i.e developmentally new cell faces offer
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enhanced stabilization of microtubules, and the edges around these faces
induce reduced amount of edge-catastrophe (auxin rules as derived from
embryonic cell division, Chapter 5), did not help at all towards the rota-
tion of the microtubule array to correct the orientation from periclinal to
anticlinal-horizontal direction. This result suggests involvement of other
factor that must overwrite the default/auxin based rules for microtubules
to promote anticlinal-horizontal orientation of the microtubule array. We
believe that the anisotropic growth of the root might be the factor. As
such growth anisotropy can directly influence the microtubule dynamics
by generating anisotropic stress, and also indirectly can create anisotropic
stress pattern through generating shape anisotropy. Anisotropic stress can
favour the orientation of microtubule array by forming bundles parallel to
the direction of maximal stress (Landrein and Hamant, 2013).

6.2 Divisions under PLT2 induction

In Arabidopsis root the PLETHORA transcription factors (PLTs) are
expressed in a gradient manner, with hight levels of expression in the meris-
tematic zone. To identify the role of PLTs in division plane orientation,

Fig. 6.8. Experimental comparison of periclinal division frequencies between normal (wild type/-dex)
condition and under plt1,plt2 double mutant, for the cells in the Arabidopsis root meristematic zone.
Use of the double mutant wipe out the PLT activities, resulting significant decrease in the periclinal
division frequency. Image courtesy: Viola Willemsen (WUR).

we performed the PLT knock-out experiment and quantified the periclinal
division frequencies in the root meristem zone. We observed a significant
reduction in the frequency of periclinal division in PLT knock-out (plt1,plt2),
when compared with the wild type (WT) condition (see Fig. 6.8). Our quan-
tification of periclinal division was focussed in the meristematic zone, as the
PLT genes are redundant in this zone, thus a knock-out in PLT-genes was
expected to have stronger phenotype. Indeed, the outcome revealed active
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Fig. 6.9. Experimentally observed anticlinal-vertical/periclinal divisions in Arabidopsis root epidermal
cells under PLT2 induction. The construct used in the experiment: PLT2-GR +dex (+15 hrs). Image
courtesy: Viola Willemsen (WUR).

role of the PLTs in inducing periclinal divisions, which suggested that the
over expression of PLTs in the PLT depreciated root zones might enhance
the periclinal division frequency. Accordingly, we performed PLT2 over-
expression experimentally in the root. In the experimental procedure, after
growing 35S PLT2-GR plants for three days in (1

2
ms + dmso), we transferred

them into the (1
2
ms + dmso + 10µM dex) medium and allowed to grow

for another fifteen hours before imaging. The induction of dexamethasone
(+dex) which activates PLT2, resulted in several instances of periclinal (see
Fig. 6.9, root longitudinal view) and anticlinal-vertical (see Fig. 6.9, root
surface view), Root longitudinal section view) divisions. We performed three
dimensional segmentation of the roots using MorphograpX and extracted
the segmented version of the epidermal cells (see Fig. 6.10, left), which were
a triangulated approximation of the actual cell surface (cortex). We scanned
through those segmented epidermal cells which represented daughter pair of
just divided parent cells (following procedure described in Fig.6.3) that went
through anticlinal-vertical/periclinal divisions. This allowed us to trace the
orientation of the corresponding division plane (see Fig. 6.10, right). For all
such daughter pair of cells, we re-created the parent cells by merging their
corresponding daughter pair into a single cell. Looking at the re-created
parent cells, we found that under PLT2 induction, the shape of the cells that
encountered anticlinal-vertical/periclinal divisions, were significantly differ-
ent from the WT-shape. From here on, among the cells that went through
a change in shape and a consequent anticlinal-vertical/periclinal division
under PLT2 induction, we referred the anticlinal-vertically diving cell shapes
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Fig. 6.10. Three dimensional segmentation of an Arabidopsis root grown under the PLT2 induction
(wind type/PLT2-GR +dex), for quantifying the division plane orientations of the epidermal cells (left
panel). Tracing of all the divisions that took place in the epidermal layer of the sample (right panel). In
addition to anticlinal-horizontal divisions, we also observed the presence of anticlinal-vertical and peri-
clinal divisions. The segmented cell shapes were used for microtubule simulation. Image segmentation
credit: Viola Willemsen (WUR).

as PLT-shape I and the periclinally dividing cell shape as PLT-shape II.
We were curious to know whether the experimentally observed divisions can
be predicted via simulated array of microtubules. Simulated microtubule
array orientation with edge-catastrophe in microtubule dynamics at the cell
edges, indeed gave correct predictions (see Fig. 6.11). A change in shape

Fig. 6.11. Predicting division plane orientation in PLT2 induced Arabidopsis root epidermal cell shapes
(PLT-shape I and PLT-shape II) through microtubule array formation. Parent cells were created by
merging the corresponding daughter pair cells, obtained through the three dimensional segmentation of
the root cells. Dynamics of microtubules was simulated on the recreated parent cell shapes with edge-
catastrophe in the microtubule dynamics at the cell edges. For a given shape, simulations were performed
for ≈ 1000 different configurations. Each dot point represents the tip of an orientation vector associated
with a simulation configuration, and perpendicular to an associated microtubule array. Cell edges are
coloured red to indicate that in simulation, the microtubules were subjected to edge-catastrophes. The
red dotted line represents predicted average alignment direction of the associated microtubules, thus the
division plane orientation. Simulated microtubule array predicted the experimentally observed division
for both types of cell shape.

anisotropy of a cell requires a corresponding change in its stress anisotropy,
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i.e a change in the principle stress direction. Here we asked the question, if
the observed anticlinal-vertical/periclinal division under PLT2 induction
was:

1. An immediate consequence of a change in stress anisotropy.

2. A consequence of a change in cell shape that was due to a change in
stress anisotropy of the cell.

To see whether it was an immediate effect of a change in stress anisotropy,
we extensively searched for the cells that did not undergo a change in shape
from WT-shape but still went though an anticlinal-vertical/periclinal
division under PLT2 induction. Indeed, we found such divisions that actually
resembled the simulated prediction of division for WT-shape (separate
simulation not shown as it corresponds to the similar outcome of Fig.6.7).
However, observed occurrences of periclinal divisions in such shape were few.
This observations suggested the necessity of quantitative analysis on the
frequencies of different types of division for each of the three different types of
shape (see Sec. 6.4). For PLT-shape I and PLT-shape II, it is very likely
that in terms of microtubule response, these cells survived the immediate
effect of the change in stress anisotropy, but their shape were affected. As
a consequence, their division fate fell under the control of the modified
cell shape and edge-catastrophe modulated microtubule dynamics. Division
plane orientations predicted by the simulated orientation of the microtubule
array in all the three different types of cell shape (WT-shape, PLT-
shape I and PLT-shape II) correspond to the divisions observed under
PLT2 induction. Here, the prediction of division plane orientation through
microtubule array orientation were made, by controlling the microtubule
dynamics through default factors, i.e. cell shape and edge-catastrophe. This
suggests PLT2 induction leads to the default choice of cell division. To form
an array that predicts the wild type division, i.e. anticlinal-horizontal, an
additional factor must come into play to override the impact of the default
factors in controlling the microtubule dynamics. We think, this yet to be
discovered factor out competed the effect of PLT2 induction in the cells,
that continued to retain the WT-shape and anticlinal-horizontal division
under PLT2 induction.

6.3 Divisions in stem-cells

In all our experimental root samples, independent of PLT2 induction (PLT2-
GR +/- dex treatment), the epidermal initial cell (epidermal stem-cell)
always divided periclinally (experimental data not shown here) helping
to form the lateral root cap and the epidermal layer. However, other
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experimental studies have shown other possibilities of the epidermal stem-
cell divisions as well (Campilho et al., 2006). In order to get a prediction
of the division plane orientation through microtubule array formation, we
simulated microtubule dynamics on the surface of epidermal stem-cell shapes

Fig. 6.12. Three dimensional segmentation of an Arabidopsis root grown under normal (wind
type/PLT2-GR -dex) or PLT induced (PLT2-GR +dex) conditions, for quantifying the division plane
orientations of the epidermal stem-cells (left panel). Tracing the divisions that took place in the epi-
dermal stem-cells of the sample (right panel). We observed presence of periclinal divisions. However,
occasionally an anticlinal-vertical divisions have also been observed. The segmented cell shapes were
used for microtubule simulation. Image segmentation credit: Viola Willemsen (WUR).

(see Fig. 6.12, image segmentation process). As before, a dividing parent
cell shape was generated by merging a daughter pair (epidermal/root-cap
initials) of cells. The simulated orientation of the microtubule array with
equal edge-catastrophe at the edges, predicted an orientation of the division
plane, which was oriented somewhere in between anticlinal-vertical and
periclinal division (hence undefined in Fig. 6.13). Here, we were inspired
to reconsider the auxin based rule that we discovered in explaining the
embryonic division plane pattern. Considering the auxin rule has a strong
biological basis, as the epidermal initial cells are in the close vicinity of
the stem cell niche where expression level of auxin is high. Accordingly, we
simulated microtubule dynamics with the idea that newly inserted cell faces
offer more microtubule stabilization, and compared to the old cell edges,
the edges associated with the new cell faces offer reduced edge-catastrophe
(auxin rule as derived from embryonic cell division, Chapter5). Interestingly
with this rule, the simulated microtubule array orientation predicted the
possibilities of both periclinal (confirming our experimental observation)
and anticlinal-vertical divisions (Campilho et al., 2006), where the ratio of
these probabilities can be varied by changing the strength of microtubule
stability (edge-catastrophe) at the developmentally new cell faces (edges).
Finding the molecular basis (through experiments) that offers such selective
enhancement of stability or reduced edge-catastrophe to microtubules in
auxin response, will be interesting.
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Fig. 6.13. Predicting division plane orientation in Arabidopsis root epidermal stem-cell shapes through
microtubule array formation. A parent cell was created by merging the corresponding daughter pair
cells, obtained through the three dimensional segmentation of the root cells (as shown in Fig. 6.12). For
a given shape, simulation was performed for ≈ 1000 different configurations. Each dot point represents
the tip of an orientation vector associated with a simulation configuration, and perpendicular to an
associated microtubule array. Dynamics of microtubule was simulated on the parent cell shape: (a)
with edge-catastrophe at the cell edges which predicted one (anticlinal-vertical) of two possibilities of
experimentally observed divisions, (b) with enhanced stabilization of microtubules at newly inserted cell
faces and a corresponding reduction of edge-catastrophe at the edges of those new faces, i.e auxin rule. In
this later case the simulated microtubule array predicted both possibilities (anticlinal-vertical/periclinal)
of the experimentally observed divisions. Cell edges are coloured: (1) Red to indicate that in simulation,
the microtubules were subjected to full edge-catastrophes and (2) Blue to indicate that in simulation, the
microtubules were subjected to a reduced amount of edge-catastrophes . The red dotted line represents
predicted average alignment direction of the associated microtubules, thus the division plane orientation.

6.4 Quantitative analysis of division planes

For better understanding of the biological process that leads to flip in
division plane orientation or change in cell shape in the epidermal cell, we
have decided to take a more quantitative approach. In this approach, our
main goal is to quantify the root zone based frequencies of the different
types of division, i.e. anticlinal-horizontal, anticlinal-vertical and periclinal
divisions, that occur in wild type or PLT2 induction. This will give us an
idea about the spatial correlation, if any, between the PLT2 expression and
division plane orientation. To understand the role of PLT2 in changing
growth/stress anisotropy of the epidermal cells, or the importance of growth
anisotropy in the as yet to be understood wild type anticlinal-horizontal
divisions, we want to make quantitative measure of the change in shape
anisotropy between wild type and PLT2 induction. A computer program is
under development in collaboration with the developers of MorphograpX,
to specifically address these quantifications. Until now, the program can
already quantify the orientation of the different types of division with respect
to the root axis (i.e global orientation) and the three possible symmetric
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Fig. 6.14. Quantifying division plane orientations. A root axis was drawn through the center of the
root and the root tip. The daughter pair of each divided cell were labelled with a unique index (parent
labelling). A computer program was used to: (a) Find the closest approximation of the actual division
plane (circular disc in magenta colour), and (b) Project the three best possible division plane (assuming
symmetric division; circular disc in blue, green and yellow colour), perpendicular to the three principle
axis of the cell. The orientation of the actual division plane was compared with respect to both the
the root axis (global orientation) and the three possible symmetric division plane (local orientation).
Credits:: Root segmentation: Viola Willemsen (WUR), Analysis tool: Soeren Strauss and Richard Smith
(MPI).

divisions perpendicular to the three principle axis of the cells (i.e. local
orientation). Briefly, in Fig. 6.14, we illustrate the procedure.

6.5 Discussion

Previously, we derived cortical microtubule array orientation rules in non-
growing early embryos and their correlation with cell division orientation.
Here, using a combination of experiment and simulation, we looked for the
mechanisms behind oriented cell division in anisotropically growing cell.
We found that the experimentally observed anticlinal-horizontal division
in the elongating root epidermal cell can not be predicted by the cortical
microtubule array orientation, when the cell shape and edge-catastrophe
were considered to be the only external modulator of microtubule ordering.
This result suggested the presence of another factor in the formation of
microtubule array in the epidermal cells. Under PLT2 induction, a large
number of epidermal cells showed anticlinal-vertical/periclinal divisions
and the shape of the cells differed from the WT-shape. Interestingly for
PLT2 induced case, the simulated orientation of microtubules was able
to predict the experimentally observed orientation of division plane. The
change in the shape of the epidermal cells under PLT2 induction and
consequently the match in microtubule array orientation with the division
plane orientation, reconfirmed the role of shape anisotropy as an important
factor in microtubule dynamics. However, the genetic pathway that links
the PLT2 action with the cell shape deformation, needs to be explored. Also,
finding the role of PLT2 in microtubule biochemistry that determines the
orientation of microtubule array, hence division plane orientation, will be
interesting. In general for anisotropically growing cells, it has been shown
that the microtubule dynamics is influenced by the anisotropic stresses
and the orientation of microtubules follows the maximum stress direction
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Fig. 6.15. Schematic view of the origin of anisotropic stress in root epidermal cells and the correspond-
ing effect on cell shapes. An epidermal cell which would have the shape of a rectangular parallelepiped
under no/low stress condition (PLT-shape I and PLT-shape II), will approximately take the shape
of a round-edged (almost) pyramid (WT-shape) under the given compressive stress (green arrows)
as shown above. Further due to the anisotropic growth of the root, an additional tensile stress (blue
arrows) will be imposed on the cells. A competition between these two stress components will determine
the principle stress direction on the cells, which further will influence the microtubule dynamics, as
discussed in the text.

(Uyttewaal et al., 2012; Louveaux et al., 2016). A lot of effort has been put
into understanding the relationship between the anisotropic cell growth and
cortical microtubule array orientation (Baskin, 2001; Sugimoto et al., 2001;
Himmelspach et al., 2003; Burk and Ye, 2001). A conceptual model on
microtubule dynamics and their ability to self-organize in bundles parallel
to the direction of maximal stress has also been proposed (Landrein and
Hamant, 2013). In the proposed model microtubules were considered to
have more catastrophes along the perpendicular direction of maximum
stress, thus higher possibility of array formation along the maximum stress
direction. The cells at the different stages of early development do not grow
significantly which allowed us to neglect the growth effect in microtubule
dynamics. In the context of root epidermis, an instance of slow growing cells
are the epidermal stem-cells, which are located in the meristematic zone
of the root where auxin level is high. These stem-cells divide periclinally
with occasional instances of anticlinal-vertical division. Accordingly, the
simulated orientation of the microtubule array with auxin based rules
in microtubule dynamics, successfully predicted the possibilities of both
anticlinal-vertical/periclinal divisions. However, presence of anisotropic
growth in the root epidermal cells indicates consideration of the effect of
the associated stress response to the microtubule dynamics. In Fig. 6.15,
we present a schematic view of the origin of anisotropic stress in root
epidermal cells and its effect of cell shapes. The WT-shape is likely a
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consequence of anisotropic stress. A relaxation in such stress anisotropy
will lead to a different conformation of shape that closely relates to the
shape that often arises due to PLT2 induction. Growth is rather a general
property associated with any cell, independent of their specific type. From
this point of view, out of our curiosity, we looked at the cortex cells as well.
According to our expectations, while normal (wild type) cortex cells went
through horizontal division, under PLT2 induction a significant number
of cortex cells went through anticlinal-vertical/periclinal divisions (data
not shown). This suggests, in the simulation model inclusion of cell growth
effect on microtubule dynamics is important. Our modelling framework can
be extended to simulate microtubule dynamics on growing cell, where the
cell growth will be performed by using the Finite Element Method (Reddy,
2006). However, in the present situation, we can not incorporate the effect
of cell growth in the dynamics of microtubule, as further experimental
work is required to meaningfully bias (effect of cell growth) microtubule
stability in a preferred direction (i.e. maximal stress direction). From
the experimental side, it will be interesting to promote anisotropic cell
growth inhibition, where expected outcome of such experiment will be a
large number of anticlinal-vertical/periclinal division instead of the normal
anticlinal-horizontal division. Based on existing genetic tools (Scheible et al.,
2001; Harris et al., 2012; Worden et al., 2015), we can now perform such
anisotropic growth inhibition experiments.
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General discussion and outlook
Oriented cell divisions generate structured layers of cells that support
growth in the right direction, which results in the efficient anisotropic
growth that ultimately drives plant morphogenesis. Thus, understanding
the mechanism of oriented cell division appeared to be a key factor towards
the understanding of plant morphogenesis. The hitherto proposed rules
of division plane orientation in plant cells are geometric rules, instead of
rules underpinned by mechanisms based on cellular components involved
in division plane orientation. Many experimental observations have shown
that the orientation of division plane follows the orientation of the cortical
microtubule array. In this thesis, we took a modelling approach that is
inspired by experiments, to connect the molecular basis of oriented cell
division via the cortical microtubule cytoskeleton to geometric rules. This
chapter links relevant parts of the thesis, with an intention of addressing a
broader question:

What is the relation between plant morphogenesis and the molec-
ular basis of oriented cell division ?

We succeeded in developing a modelling framework to investigate (simulate)
the basic rules of microtubule dynamics. This framework allows us to inte-
grate regulatory effects such as edge-catastrophe and the impact of shape
anisotropy on microtubule dynamics (Chapter 2). A given cell shape by
default includes basic microtubule regulators such as shape anisotropy and
edge-catastrophe. A key control factor appears to be the minimum number
of microtubule interactions, which suffices for the formation of a robustly
ordered and orientated microtubule array. The modelling framework allows
parametrization for robust order and orientation of the microtubule array
through a control parameter as input, which can be set to yield the “ordered
domain” of microtubules by tuning the number of microtubule interactions
(Chapter 3). Furthermore, we defined a suitable output order parameter
vector, which quantifies the order and orientation of the microtubule array.
The modelling framework maintains its robustness against the inherent
stochasticity in microtubule dynamics, such as spatial randomization in
nucleation or occurrence of stochastic microtubule events. Such robustness
can be realized via simulating different configurations with variable initial
stochasticity, which lead to similar average orientation of the microtubule
array. As the orientation of division plane follows the orientation of the
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cortical microtubule array, the same order parameter vector enables to
predict the division plane orientation.

The robustness of the division plane orientation indicates buffering of
the fluctuations that take place in the microtubule dynamic parameters
due to different cellular processes. The parametrization of our simulation
framework, which leads to the formation of robustly orientated microtubule
array, meaningfully captures biological buffering of fluctuations in the dif-
ferent microtubule dynamic parameters.

Our simulation of microtubule dynamics on regular shapes turned out
to be profoundly informative about the basic and regulatory effects on
microtubule dynamics, that contribute to the formation of an ordered array
(Chapter 4). We learnt that mutual interactions among microtubules are
necessary to form an ordered array. Also, microtubules sense the shape
anisotropy and accordingly form arrays only along selective paths that allow
sufficient microtubule self-interactions. Additionally, microtubules avoid
paths with a higher rate of edge-catastrophe and prefer a path of least
edge-catastrophe to form an array. Our tests on the biological influence of
different stabilization of microtubules at developmentally different cell faces
indicated that enhanced stabilization of microtubules (microtubules have
longer lifetime) at a certain face favours an array formation through that
face, however the anisotropy of the shape can delimit this effect. Taken
together, the simulation results on regular shapes provided crucial insights
into the constraints operating on cortical microtubule array formation, as
we could conceptualize the significant contribution of cell shape factors
without assuming any genetic control.

Taking cell shape into account when considering microtubule dynam-
ics enabled us to predict divisions in mostly non-growing embryonic cells
(Yoshida et al. (2014); in silico, we made the simplifying assumption of no
growth between 1→ 16-cell stage) of the plant Arabidopsis (Chapter 5). In
the absence of auxin signalling (i.e. in the bdl mutant), the experimentally
observed division plane pattern can be predicted via simulation of micro-
tubule dynamics considering only edge-catastrophe. To explain the observed
vertical division during the 1→ 2-cell stage transition, our simulation result
indicated that a vertical division could be achieved by auxin mediated
enhanced stabilization of microtubules at the developmentally new cell face.
This result provides a strong hypothesis for molecular functions that might
lead to the wild type division pattern of this and other cell stage transitions.

During preprophase band (PPB) formation, microtubules stochastically
“search” (through increased dynamic instability without significant change
in the microtubule length) for the domain of PPB in the cell cortex and get
“captured” (through cross-linking activity at the PPB forming domain) upon
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its encounter. This is known as the “search and capture” mechanism of the
formation of the preprophase band (PPB) (Vos et al., 2004). To translate
these experimental observations in simulation, we took into consideration
that invariance of the microtubule length indicates no change in the input
control parameter (G), which depends on the average microtubule length.
Considering triggering of the offset, a compelling mechanism is increased
nucleation in the cortex around the close vicinity of the nucleus. Therefore,
using G and nucleation rate as ingredients, we embedded the principle of the
“search and capture” mechanism into our simulation framework (Chapter 5)
by implementation of a stabilizing influence of the nuclear position on the
location of the PPB, which is known to guide the insertion of division plane.
This implementation allowed us to explain the first asymmetric division.

Finally, we inferred the necessity of one more rule that incorporates the
effect of anisotropic growth/stress pattern in microtubule dynamics, to
explain the divisions in the anisotropically growing cells, i.e. the elongating
zygote and root epidermal cells of Arabidopsis (Chapter 6).

The Hofmeister (1863) rule assumed the new cell wall to be perpendicular
to the principal growth direction. This rule is not applicable to the divisions
in non-growing cells. The division rule proposed by Sachs (1878) states that
new cell wall (face) is perpendicular to existing cell walls (faces). This rule
creates ambiguity for cells with a large number of cell faces, as often the
newly inserted face does not necessary intersect all the exiting faces. In such
cases, the division predictions will be incomplete or can be considered as a
partial prediction. The division rule suggested by Errera (1888) is based
on the idea that the new cell wall will be a surface with minimum surface
energy, and in computer simulations by Dupuy et al. (2010), the division
rule was often approximated as the wall with minimum circumference, which
often in the literature is called as shortest wall, passing through the centre
of the cell. These two rules are:

(i) Ambiguous, particularly for irregular shapes, i.e plant cell shapes, as
there are multiple possibilities of division plane with same minimum
surface energy or circumference.

(ii) Not explicit about the orientation of the division plane, rather linked
to the surface area or circumference of the division plane.

Therefore, for these two rules, we can approximate the corresponding ori-
entation of the division plane and compare that with the experimentally
observed division plane orientation. Following the above explained criteria,
we examined the outcome of the different division rules against experimen-
tally observed divisions plane orientation in non-growing embryonic cells
and anisotropically growing root epidermis cells of Arabidopsis.
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Geometric rule vs cell geometry based CMT simulation
In many of our simulations, we did not consider any genetic/mechanical
control factor that might influence the dynamics of microtubules, hence
division plane orientation. Therefore corresponding simulation prediction
of division plane orientation through microtubule array orientation can
be appropriately compared with the division pattern observed under loss
of function or perturbation in a key developmental controller (genetic or
stress/growth) of oriented division. In this thesis, we performed only a
genetic perturbation (leaving out mechanical perturbation such as modula-
tion of anisotropic stress/growth for future research) towards oriented cell
division, and in two different cell types:

1. The zygote and during the first five division steps of the bdl apical
1-cell stage embryo, which has compromised auxin signalling

2. The root epidermal cells under PLT2 induction.

The observed division plane orientation under these genetic perturbations
are likely to be a result of the oriented microtubule array, which is formed
via basic regulatory effect of shape anisotropy and edge-catastrophe. Accord-
ingly, in the Table 7.1, we compared the observed division plane orientation
with the corresponding prediction of the different geometric rules of divi-
sion and microtubule array orientation, where microtubule dynamics was
simulated with cell geometry based rules, i.e. shape anisotropy and edge-
catastrophe. The division rule proposed by Hofmeister (1863) predicts a

Table 7.1. Comparison of the different rules for cell division when a key genetic control in division
is compromised. PLT-shape I: Epidermal cell that divides anticlinal-vertically under PLT2 induction
and PLT-shape II: Epidermal cell that divides periclinally under PLT2 induction. Experimentally
observed division plane orientations are shown by the blue (solid) lines. The symbols used in the table
stands for: 3→ correct prediction (green), 7→ incorrect prediction (red), ?→ not applicable and ??→
incomplete/ partially prediction.

correct division only for the division of the zygote. Sachs’s rule of division
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(Sachs, 1878) makes a correct division prediction only for the zygote and
the 2-cell stage of the bdl embryonic development. An approximation of
the corresponding orientation of the division plane that results from the
proposed rule of Errera (1888) or the rule used in the computer simulation
of Dupuy et al. (2010), reveals that both these rules are able to give a match
with the correct division for almost all the different cell types considered,
except the 1-cell stage and 4-cell stage divisions of the bdl embryonic devel-
opment. Taken together, none of the proposed geometrical rules are able to
predict the division plane orientation for the entire set of divisions, which
occur during the first five division cycles of the bdl embryos and PLT2
induced epidermal cells. The only division that is predicted correctly by all
the different geometrical rules is division of the zygote. Interestingly, the
simulated orientation of microtubule array is able to predict the division
plane orientations for the entire set of cells, except the zygote and the 1-cell
stage embryo, where the predictions are partial. To be specific,

� For the bdl 1-cell stage embryo, the simulated microtubule array
predicted only the experimentally observed partial horizontal division,
leaving out the major fraction (≈ 82%) of vertical divisions, which is
also observed in experiments.

� For the zygote, only a fraction of simulated microtubule array orien-
tation predicted the experimentally observed horizontal division. A
major fraction (≈ 56%) of simulated microtubule array orientations
predicted vertical divisions, which is against experimental observation.

The experimentally observed vertical division (≈ 82%) of the bdl 1-cell
stage embryo is correctly predicted (Sachs, 1878) or mapped (Errera, 1888;
Dupuy et al., 2010) by all the geometrical rules, when applicable. The
simulated array of microtubules is able to predict this vertical fraction of
division only when, an additional rule of auxin mediated enhanced micro-
tubule stabilization at the basal face is considered (see Table 7.2, with auxin

Table 7.2. Comparison of the different rules for cell divisions (orientation) with the experimentally
observed vertical division (≈ 82%) of the bdl 1-cell stage embryo. Experimentally observed division
plane orientation is shown by the blue (solid) line. The symbols used in the table stands for: 3→ correct
prediction (green), 7→ incorrect prediction (red) and ?→ not applicable.

rule). This suggests, in spite of genetic perturbation through bdl mutation, a
strong genetic control is retained, which influences the microtubule dynam-
ics towards formation of the vertical array. For the zygote, the same auxin
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rule of enhanced microtubule stabilization can not be used as this cell does
not contain multiple faces with different developmental age. This leaves us
to search for another rule for microtubule dynamics that suppresses the
simulated prediction of vertical divisions (≈ 56%) of the zygote.

Growth/Stress anisotropy based rule to overwrite geometric rules
To disregard the microtubule simulated vertical division (≈ 56%) in the
zygote, where implementation of an auxin rule is inapplicable, we could
think about mechanical control (anisotropic stress/strain) on microtubule
dynamics. Considering mechanical response, anisotropic growth/stress re-

Table 7.3. Comparison of the different rules for cell divisions (orientation) in wild type condition.
WT-shape: Wild type epidermal cell. Experimentally observed division plane orientations are shown
by the blue (solid) lines. The symbols used in the table stands for: 3→ correct prediction (green), 7→
incorrect prediction (red), ?→ not applicable and ??→ incomplete/ partial prediction.

sponses of microtubules are relevant, specially because the zygote undergoes
rapid anisotropic growth after fertilization of the egg cell. For example, the
wild type root epidermal cell also grows anisotropically and subsequently
all the geometrical rules of division fail to give a correct prediction of
division, except the rule of Hofmeister. Here, the simulated microtubule
array with auxin rule of microtubule stabilization at developmentally new
cell faces, fails to give a correct division plane prediction (see Table 7.3,
with auxin rule). The simulation prediction, when possible influence of cell
growth/stress in the microtubule dynamics was not considered, also turned
out to be incorrect. The rule of Hofmeister is based on anisotropic growth
(principle growth direction), and Table 7.3 indicates that such a specific rule
for anisotropic growth is needed to overwrite many of the default geometric
rules of division, possibly via influencing the default microtubule dynamics.
This is in line with experimental evidence that anisotropic growth might also
have a role in the reorientation of the microtubule array, thus influencing
on the dynamics of microtubules (Uyttewaal et al., 2012; Landrein and
Hamant, 2013; Louveaux et al., 2016). The wild type 1-cell stage embryo
does not grow significantly and all the geometrical rules of division appear
to give the experimentally observed vertical division, except the rule of
Hofmeister. In this case, the simulated microtubule array with implementa-
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tion of auxin mediated microtubule stabilization at the basal face (see Table
7.3, with auxin rule), appears to be sufficient to predict the vertical division.

However, from the molecular perspective, the only partially correct pre-
diction of division plane orientation for the zygote (or any elongated cell, i.e
suspensor) and incorrect prediction of division for wild type epidermal cells
make sense. These cells either grow significantly resulting in elongated in
shape or are under strong anisotropic stress. These observations indicate that
for anisotropically growing cells, the influence of anisotropic growth/stress
in the dynamics of microtubules needs to be considered explicitly. Therefore,
the next step in modelling will be to simulate microtubule dynamics on
growing cell surfaces, which is possible by implementing the Finite Element
Method (Reddy, 2001) on triangulated approximations of the cell shape.
However, simulations that incorporate growth effects in microtubule dy-
namics require further experimental knowledge on growth/stress responses
of microtubules such as via stress mediated induction of katanin, which
severs microtubules at crossover sites (Uyttewaal et al., 2012; Landrein and
Hamant, 2013; Louveaux et al., 2016). For non-growing or slow growing
cells, the auxin rule of enhanced microtubule stabilization at the develop-
mentally new cell face(s) might be sufficient to give correct division plane
orientation for wild type cells. However, as plant cells acquire multiple faces
inserted at different developmental time points, the distribution of micro-
tubule stabilizing factors at the different cell faces might vary significantly.
Therefore, experimental determination of the density of such microtubule
stabilizing factors at the cortex of different cell faces will be interesting.
Ideally, future improvements in imaging technology may allow us to directly
measure microtubule dynamics at different cell surfaces in vivo.

Our modelling prediction of the formation of the preprophase band (PPB)
is based on compelling experimental observations, but certain hypotheses,
such as favoured microtubule nucleation at the PPB forming domain of
the cortex need more detailed experimental confirmation. Based on our
simulation result in the context of elongating/growing cells, we speculated
about the influence of anisotropic stress distribution in the dynamics of
microtubules. A good way to measure such influences will be by experiments
that modulate anisotropic cell growth inhibition (Scheible et al., 2001; Har-
ris et al., 2012; Worden et al., 2015), and quantify the frequency of division
plane reorientation. In the growing epidermal cells, the transcriptional
regulation of division plane reorientation stimulates a further experimental
search for the genetic regulation underneath microtubule dynamics, i.e how
does auxin signalling via TIR1 genes (Ruegger et al., 1998) or CLASP
(Ambrose et al., 2007) lead to changes in activity of microtubule associated
proteins.
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In summary, in the absence of key genetic control of oriented cell division,
the best accuracy in predicting the division plane orientation in Arabidopsis
cells is obtained through the simulated array of microtubules, where the
microtubules are individual molecular aggregates. This brings a significant
insight towards the molecular understanding of oriented cell division in plant
cells, and therefore on mechanisms that guide efficient plant morphogenesis.
The differently regulated embryonic divisions observed in monocots such as
maize (Clark and Sheridan, 1988; Costa et al., 2003; Magnard et al., 2004;
Wright et al., 2009; Phillips and Evans, 2011) can possibly be addressed
using our understanding of divisions in the embryos of Arabidopsis, combined
with yet to be fully substantiated mechanisms that control the division
plane orientation when cells undergo anisotropic stress. In this way, we may
be able to generalize molecular principles of oriented cell division to many
other plants.
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S.1 Case study for 1-cell stage bdl embryo of

Arabidopsis

To get a hint towards understanding the experimentally observed vertical
division during 1 → 2-cell stage transitions, here we investigate a few
possibilities.

S.1.1 Default shape simulation

In this section, we describe our simulation result of microtubule dynamics
on the default shape. Simulated orientation of microtubule array showed
apparently random distribution in bdl mutant (see Fig. S.1). When we

Fig. S.1. Simulated orientation of microtubule array on default 1-cell stage embryonic shape of Ara-
bidopsis. Simulation was performed for ≈ 1000 different configurations. Each dot point represents the
tip of an orientation vector associated with a simulation configuration, and perpendicular to an as-
sociated microtubule array. We found almost random distribution of microtubule array orientation.
Simulation was performed on cell shape that was imaged in the bdl mutation. Cell templates used in
these simulations was provided by Thijs de Zeeuw (WUR).

compared this simulation result with the corresponding wild type shape
simulation result, we found that the bdl 1-cell shape simulation showed higher
degree of randomness in the microtubule array orientation distribution. By
comparing the degree of shape anisotropy present between the wild type
1-cell stage and the bdl 1-cell stage embryos, we found that the wild type
1-cell stage shape is a bit elongated towards the vertical direction than
the corresponding bdl shape. It is interesting to see that, even such little
difference in shape anisotropy can have an impact on the orientation of the
microtubule arrays.

S.1.2 Combined effect of edge-catastrophe and enhanced
microtubule stabilization at the basal face

In this section, we describe our simulation result of microtubule dynamics
with edge-catastrophe and enhanced stabilization of microtubules at the
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basal face. Simulated microtubule arrays showed a majority of horizontal

Fig. S.2. Simulated orientation of microtubule array on embryonic cell shape of Arabidopsis during 1→
2-cell stage transition, with edge catastrophe at the edge and enhanced stabilization of microtubules at
the basal face. Simulation was performed for ≈ 1000 different configurations. Each dot point represents
the tip of an orientation vector associated with a simulation configuration, and perpendicular to an
associated microtubule array. We found two clusters of microtubule array orientation: horizontal ≈
62% (607/981), vertical ≈ 38% (374/981). Stabilization of microtubules was given via reduced value
of dynamics catastrophe rate (rc). In this particular simulation we implemented a maximum of 100
times reduction in rc at the basal face, which was still unable to give an anticipated full 100% vertical
orientation. Cell edge is coloured in red to indicate that in simulation microtubules were subjected to
edge-catastrophe. Simulation was performed on cell shape that was imaged in the bdl mutation. Cell
templates used in these simulations was provided by Thijs de Zeeuw (WUR).

orientation with a small fraction of vertical orientation (see Fig. S.2). This
simulation result indicated that enhanced stabilization of microtubules
at the basal face has the potential to generate vertical orientation of
microtubule array, however presence of edge-catastrophe might suppress
the actual effect.

S.1.3 Effect of enhanced stabilization of microtubules
at the basal face

In this section, we describe our simulation result of microtubule dynamics
with enhanced microtubule stabilization at the basal face without edge-
catastrophe in the dynamics of microtubules. As shown in Fig. S.3, in the

Fig. S.3. Simulated orientation of microtubule array on embryonic cell shape of Arabidopsis during
1 → 2-cell stage transitions, with enhanced stabilization of microtubules at the basal face. Simulation
was performed for ≈ 1000 different configurations. Each dot point represents the tip of an orientation
vector associated with a simulation configuration, and perpendicular to an associated microtubule ar-
ray. We found only one cluster of microtubule array orientation, which was vertical ≈ 98% (971/991).
Microtubule stabilization was given via a reduced value of dynamics catastrophe rate (rc). For consis-
tency with previous simulations, we implemented a maximum 100 times reduction in rc at the basal
face. However, We observed a 5− 10 times reduction in rc at the basal face was sufficient to generate
a full vertical microtubule array orientation. Simulation was performed on cell shape that was imaged
in the bdl mutation. Cell templates used in these simulations was provided by Thijs de Zeeuw (WUR).
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absence of edge-catastrophe, enhanced microtubule stabilization at the basal
face was sufficient to generate a full vertical orientation of the microtubule
array.

S.1.4 Effect of microtubule stabilizing polar cap

In the context of microtubule stabilization, biological reference to a micro-
tubule stabilizing apical domain (i.e. a microtubule stabilizing polar cap)
needs to be determined. In this section, we use our modelling framework

Fig. S.4. Simulated orientation of microtubule array on embryonic cell shape of Arabidopsis during
1 → 2-cell stage transitions, with microtubule stabilizing apical domain (i.e a microtubule stabilizing
polar cap). Simulation was performed for ≈ 1000 different configurations. Each dot point represents
the tip of an orientation vector associated with a simulation configuration, and perpendicular to an as-
sociated microtubule array. We found apparently random distribution of microtubule array orientation.
Microtubule stabilization at the apical polar cap was given via a reduced value of dynamics catastro-
phe rate (rc). For consistency with previous simulations, we implemented a maximum of 100 times
reduction in rc at the basal face, which was still unable to give an anticipated vertical microtubule
array orientation. Simulation was performed on cell shape that was imaged in the bdl mutation. Cell
templates used in these simulations was provided by Thijs de Zeeuw (WUR).

to explore the effect of such a microtubule stabilizing polar cap on the
microtubule array orientation. Accordingly, we simulated microtubule dy-
namics by defining an apical domain that provides enhanced microtubule
stabilization. For the same range of the degree of enhanced microtubule
stabilization (as used for simulation with enhanced microtubule stabilization
at the basal face), the microtubule stabilizing apical cap failed to generate
a vertical distribution of microtubule array orientation (see Fig. S.4). For
comparison with the simulation outcome with microtubule stabilization
at the basal face (Sec. S.1.3), we restricted the area of the microtubule
stabilizing apical domain to be equivalent to the area of the basal face.

S.2 Simulating the PPB formation mechanism

To understand the formation of the preprophase band (PPB), here we
describe our simulation implementation of the “search and capture” mech-
anism (Vos et al., 2004). Starting from an ordered sparse array of micro-
tubules, we triggered a small offset of increased nucleation rate at the
surface domain (cortex) that resides at the close vicinity of the nucleus.
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Fig. S.5. Simulation of the PPB formation mechanism. First, microtubule dynamics was simulated on
the cell shape with basic rules of microtubule dynamics and integration of regulatory effects. In this case
the regulatory effect was inclusion of edge-catastrophe in the dynamics of microtubules, which leads to
the formation of an order array of microtubule at steady state (CMT array). Assuming the nucleus to
be located at the center of the cell, immediately upon formation of the ordered array of microtubules,
we triggered a small offset of increased nucleation rate (≈ 20%) at the shape surface (cortex) that
resides at the close vicinity of the nucleus (increased nucleation; red dotted domain). Within an hour
(biological time) of the triggering the offset, the sparse array of microtubule collapsed into a dense ring
of microtubule, i.e the PPB (PPB formation). Cell templates used in these simulations was provided
by Viola Willemsen (WUR).

Upon triggering of the offset, within one hour (biological time), we observed
the formation of a dense ring of microtubules from the initial sparse ar-
ray (see Fig. S.5). These dense ring can be viewed as a resemble of the
preprophase band (PPB).

S.3 Sensitivity of microtubule array orientation

to embryonic cell shape anisotropy

For both wild type and bdl shapes, simulation on 2-cell stage cell without
edge-catastrophe in microtubule dynamics, predicted two possibilities (hori-
zontal/vertical) of microtubule array orientation. On the same shapes, with
inclusion of edge-catastrophe in microtubule dynamics, the two possibili-
ties were reduced to a single possibility (one cluster of microtubule array
orientation). The average orientation of the microtubule array correctly
predicted the experimentally observed vertical division. However, in the bdl
shape, a noticeable spreading was observed in the cluster of microtubule
array orientation of the microtubule array orientation vector tips. This
intrigued us to look at the geometrical details of these cell shapes. Ac-
cordingly, we made a comparison and found that in wild type shape the
longitudinal dimension was greater than the lateral dimension, but in the
bdl shape the longitudinal and lateral dimensions were almost equal (see
Fig. S.6). In wild type shape, relatively shorter lateral dimension leads
to more frequent encountering of the microtubules with the edges. Thus
more edge-catastrophe along the lateral direction, resulting in increasing
possibility of array formation along the longitudinal (vertical) direction,
which is a path of less frequent edge-catastrophe. In bdl shape, comparable
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Fig. S.6. Effect of the bdl mutation on the cell shapes of Arabidopsis embryo. The cell shape at 2-cell
stage bdl embryo was compared with the corresponding wild type shape. In wild type case, longitudinal
dimension (L) was greater that the lateral dimension (L > D). In the bdl induced case, the dimensions
were almost equal (L ≈ D). When microtubule dynamics was simulated with edge-catastrophe enabled,
the difference in shape did not alter the average orientation of the microtubule array, but a noticeable
difference was observed in the variation around the mean orientation (see Fig. 5.3 vs Fig. 5.5, 2-cell
stage). Cell templates used in these simulations was provided by Viola Willemsen (WUR).

lateral and longitudinal dimension did not favour any of the two directions,
in terms of the frequency of encountering an edge. However, the overall
extent and curvature values of the edges along the lateral dimension still
managed to favour possibilities of microtubule array formation along the
longitudinal (vertical) path. This explains the origin of the spread in the
cluster of microtubule array orientations in bdl shape.
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A.1 Geometric measures on a triangulated

shape

If Γ ∈ R is a region in space occupied by a three dimensional object with
uniform material density ρ(x, y, z) = 1. Then, we can define the three
dimensional moment of order (k + l +m) as,

Q(klm)(Γ) =

∫
Γ

ρ(x, y, z) xkylzm dΓ

=

∫
Γ

xkylzm dΓ [as ρ(x, y, z) = 1]

=

∫
Γ

−→
∇ ·
−→
V (klm) dΓ

=

∮
S

−→
V (klm) · n̂ dS (A.1)

where,
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An acceptable solution for Vx, Vy and Vz is,
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(A.2)

For a three dimensional triangulated surface mesh, the total moment of the
region enclosed by the triangle mesh can be expressed as,

Q(klm)(Γ) = Q(klm)(S)

=

∮
S

−→
V (klm) · n̂ dS

=
N∑
i=1

∮
Ai

−→
V (klm) · n̂i dAi

=
N∑
i=1

Q(klm)(Ti) (A.3)
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where, N is total number of triangles in the mesh and Ai is the area of the
iit triangle (Ti). Further simplification gives,

Q(klm)(Ti) =

∮
Ai

−→
V (klm)·n̂i dAi =

3∑
j=1

nij

∮
Ai

V
(klm)
j dAi =

3∑
j=1

nijTij (A.4)

where,

nij = ĵ · n̂i,

and

Tij =

∮
Ai

V
(klm)
j dAi (A.5)

Now, for the ith triangle, we can use the barycentric coordinates (xb, yb),
where 0 ≤ xb, yb ≤ 1 and 0 ≤ xb + yb ≤ 1, to position a point inside the
triangle by,
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Having this, we can express Eqn. A.5 as,

Tij =

∮
Ai

V
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j dAi = 2Ai
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0
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where the integrand V
(klm)
j (Ti) is defined as,
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Following Eqn. A.4-Eqn. A.6, we get

Q(klm)(Ti) = 2Ai

∫ 1

0

∫ (1−xb)

0

V
(klm)
j (Ti) dxb dyb (A.7)

Using Eqn. A.3 and Eqn. A.7, we get the moment of the triangulated
polyhedral,

Q(klm)(S) =
N∑
i=1

Q(klm)(Ti) =
N∑
i=1

2Ai

∫ 1

0

∫ (1−xb)

0

V
(klm)
j (Ti) dxb dyb (A.8)
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From here on we assume,

Q(klm)(Γ) = Q(klm)(S) = Q(klm) =
N∑
i=1

Q(klm)(Ti)

Volume

Total volume occupied by the object,

MΓ =
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Centroid

Centroid (xC , yC , zC) of the object,
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Symmetry directors

The inertia tensor,

I =

Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz

 (A.9)

with tensor components,

Ixx =

∫
Γ

(y2 + z2) dΓ

= Q(020)(Γ) +Q(002)(Γ)

=
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Iyy =

∫
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Izz =
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Ixy = Iyx =
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xy dΓ

= Q(110)(Γ)

=
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Q(110)(Ti) (A.13)

Iyz = Izy =
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yz dΓ

= Q(011)(Γ)

=
N∑
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Q(011)(Ti) (A.14)

Izx = Ixz =

∫
Γ

zx dΓ

= Q(101)(Γ)

=
N∑
i=1

Q(101)(Ti) (A.15)

Each of the three vectors corresponding to the three eigenvalues of the
inertia tensor (I), will be an axis of symmetry, i.e symmetry director.

Measure of edge-angle (curvature)

In a triangulated surface, two faces adjacent to a domain of sharp curvature
(i.e an edge), will be an approximation of many triangles. As a result, the
edge will be a combination of many triangles. For each of the two adjacent
faces at an edge, we assign an average face normal. The average face normal
is a vector, having an average orientation of the normals of all the triangles
associated with a face. For a flat face, the average face normal will reflect
the orientation of the individual triangle face normals. For a curved face,
individual orientation of the triangle normals associated to the edge will vary
a lot with respect to each other. This will result in an average orientation
of the face normal that does not necessarily reflect the orientation of the
individual triangle face normals. Here, we calculate the average edge-angle
( θavgEdg) for the following cases:
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1. Consider an edge, which connects two flat faces K1 and K2. If the
faces are with average face normal n̂K1 and n̂K2 , we can calculate,

θavgEdg = θ
(K1−K2)
Edg = cos−1(n̂K1 .n̂K2) (A.16)

2. Consider an edge, which connects a flat face K with a curved face
S. For the curved face S, we can use the dot product of the flat
face (average) normal n̂K and the curved face local normals n̂

(S)
l (l =

1, 2, 3, ...N) to calculate the local edge-angles, where N is the total
number of local triangles associated with the curved face S, and fall
in the domain of the edge. An average over these local edge-angles
will give,

θavgEdg = θ
(K−S)
Edg =

∑N
l=1 cos−1(n̂K .n̂

(S)
l )

N
(A.17)

Normalization of local edge-angles

For each triangle-pair (Ti, Tj) with normal n̂i and n̂j, the local edge-angle
between the triangle pairs is,

θ
(Ti,Tj)
edg = cos−1(n̂i · n̂j) (A.18)

At a give edge, using the value of the edge-angle θavgEdg and θ
Ti,Tj
edg , we define

a weight factor,

w
(i,j)
edg =

1

θavgEdg

cos−1(n̂i.n̂j) (A.19)

This is also a measure of normalized value of edge-angle between the triangle
pair (Ti, Tj) , normalized with respect to the average edge-angle θavgEdg.

A.2 Simulation technicalities

Quaternion rotation of triangles

To rotate ∆ABC from three dimensional x−y−z space to two dimensional
x − y plane, we define an appropriate rotation operator, a quaternion
Q(∆ABC). We also define a unit outward normal to the plane of ∆ABC,

n̂(∆ABC) =

−→
AC ×

−→
BA

|
−→
AC ×

−→
BA|

Using a unit vector ẑ along z-axis, we calculate,
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1. The angle of rotation: θ
(∆ABC)
rot = cos−1

(
n̂(∆ABC).ẑ

)
2. The axis of rotation: û(∆ABC) = n̂(∆ABC) × ẑ

Using θ
(∆ABC)
rot , û(∆ABC) and an extension of Euler’s formula, we construct

the required rotation operator, i.e. the quaternion,

Q(∆ABC) = e
θ
(∆ABC)
rot

2

(
u

(∆ABC)
x î+u

(∆ABC)
y ĵ+u

(∆ABC)
z k̂

)

= cos

(
θ

(∆ABC)
rot

2

)
+ (u(∆ABC)

x î+ u(∆ABC)
y ĵ + u(∆ABC)

z k̂) sin

(
θ

(∆ABC)
rot

2

)
(A.20)

In matrix form,

Q(∆ABC) =


cos
(
θ
(∆ABC)
rot

2

)
sin
(
θ
(∆ABC)
rot

2

)
u

(∆ABC)
x

sin
(
θ
(∆ABC)
rot

2

)
u

(∆ABC)
y

sin
(
θ
(∆ABC)
rot

2

)
u

(∆ABC)
z


Similarly, we construct the corresponding inverse quaternion,

Q−1(∆ABC) = cos

(
θ

(∆ABC)
rot

2

)
− (u(∆ABC)

x î+ u(∆ABC)
y ĵ + u(∆ABC)

z k̂) sin

(
θ

(∆ABC)
rot

2

)
(A.21)

In matrix form,

Q−1
(∆ABC) =


cos
(
θ
(∆ABC)
rot

2

)
− sin

(
θ
(∆ABC)
rot

2

)
u

(∆ABC)
x

− sin
(
θ
(∆ABC)
rot

2

)
u

(∆ABC)
y

− sin
(
θ
(∆ABC)
rot

2

)
u

(∆ABC)
z


Using combination of Q(∆ABC) and Q−1(∆ABC), we rotate ∆ABC from

present orientation, i.e. n̂(∆ABC)), to a new orientation, n̂(∆ABC)||ẑ. Rotation
of ∆ABC can be performed by applying the quaternion rotation Q(∆ABC) to
each of the triangle vertices A(X1, Y1, Z1), B(X2, Y2, Z2) and C(X3, Y3, Z3)
separately. To rotate these vertices, first we express them in quaternion
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form,

Q(A) = e
π
2 (Ax î+Ay ĵ+Az k̂)

= 0 +
(
X1 î+ Y1 ĵ + Z1 k̂

)
Q(B) = e

π
2 (Bx î+By ĵ+Bz k̂)

= 0 +
(
X2 î+ Y2 ĵ + Z2 k̂

)
Q(C) = e

π
2 (Cx î+Cy ĵ+Cz k̂)

= 0 +
(
X3 î+ Y3 ĵ + Z3 k̂

)
(A.22)

In matrix form,

Q(A) =


0
X1

Y1

Z1

, Q(B) =


0
X2

Y2

Z2

 and Q(C) =


0
X3

Y3

Z3


After quaternion rotation, the surface of ∆ABC is now parallel to x− y
plane with vertices having a constant value of z-coordinate say,

z = zoff(∆ABC) (A.23)

Further, applying an appropriate z-axis translation, we place ∆ABC exactly
on the two dimensional x− y plane, i.e making z = 0. After the rotation
(if necessary, also the z-axis translation), the vertices acquire their new
position,

A(X1, Y1, Z1)→ A(x1, y1, 0)

B(X2, Y2, Z2)→ B(x2, y2, 0)

C(X3, Y3, Z3)→ C(x3, y3, 0)

where,
0
x1

y1

0

 = Q(∆ABC)Q(A)Q
−1

(∆ABC)


0
x2

y2

0

 = Q(∆ABC)Q(B)Q
−1

(∆ABC)


0
x3

y3

0

 = Q(∆ABC)Q(C)Q
−1

(∆ABC)
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Affine transformation mapping

For ∆ADC with vertices A(x
′
1, y

′
1), C(x

′
2, y

′
2) and D(x

′
3, y

′
3), we define

following two matrices,

F(∆ADC) =

[
x
′
2 − x

′
1 x

′
3 − x

′
1

y
′
2 − y

′
1 y

′
3 − y

′
1

]
and b(∆ADC) =

[
x
′
1

y
′
1

]
For ∆ABC with vertices A(x1, y1), C(x2, y2) and B(x3, y3), we define fol-
lowing two matrices,

F(∆ABC) =

[
x2 − x1 x3 − x1

y2 − y1 y3 − y1

]
and b(∆ABC) =

[
x1

y1

]
After the affine transformation map, if the point P

′
(x
′
, y
′
) on the edge

AC(∆ADC) is mapped at point P (x, y) on the edge AC(∆ABC) then,[
x
y

]
= F(∆ABC)F

−1
(∆ADC)

(
P
′
)

+
[
b(∆ABC) − F(∆ABC)F

−1
(∆ADC)

(
b(∆ADC)

)]
(A.24)

Using Eqn. A.24, we can map any point at the edge AC(∆ADC) affine to the
edge AC(∆ABC).

Homogeneously distributed points within a triangle

For a given triangle ∆ABC with vertices A → (x1, y1), B → (x2, y2) and
C → (x3, y3), we generate a homogeneously distributed point P (x, y) within
this triangle, through a combination of the vertices (A,B,C) and a pair
of uniformly distributed random numbers (r1[0, 1], r2[0, 1]) as described in
(Osada et al., 2002),

−→
P = (1−

√
r1)
−→
A +

√
r1(1− r2)

−→
B +

√
r1r2

−→
C

Exact coordinate of P (x, y) can be calculated as,

x = (1−
√
r1)x1 +

√
r1(1− r2)x2 +

√
r1r2x3

y = (1−
√
r1)y1 +

√
r1(1− r2)y2 +

√
r1r2y3 (A.25)

Intersection point of two line segments

To find the intersection point of the line segments P0P1 and Q0Q1, we

define three vectors û =
−→
P 1 −

−→
P 0, v̂ =

−→
Q 1 −

−→
Q 0, ŵ =

−→
P 0 −

−→
Q 0. We also

define a vector v̂(s) = ŵ + sû along the direction of v̂, parametrised by a
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scalar parameter s. If the line segments P0P1 and Q0Q1 intersect at point
I = P (sI), then at that point,

v̂(sI) = ŵ + sI û.

As v̂(sI) is parallel to v̂, we find the value of the scalar parameter, s = sI
at the intersection point as follows,

v̂(sI) ‖ v̂ → v̂(sI).v̂
⊥ = 0→ (ŵ + sI û).v̂⊥ = 0→ sI = − v̂

⊥.ŵ

v̂⊥.û

We can use, the pair of points (P0, P1) and sI to calculate the intersection
point between the line segments P0P1 and Q0Q1 as,

−→
I =

−→
P 0 + sI(

−→
P 1 −

−→
P 0) (A.26)

Local distribution of edge-catastrophes

At a given edge (domain of high curvature) between two adjacent faces,
the bending angle θB (see Fig. A.7, (B)) of a growing microtubule across
the edge is determined by the value of edge-angle (θavgEdg, (see Fig. A.7, (A))
and the direction of the microtubule growth. Suppose a microtubule is
bending through the edge E when it makes a transition from the face F1

to the face F2. We draw a curve C through the mean curvature domain
of this edge E. Now, we define a unit vector m̂c along the direction of the
microtubule growth and a unit tangent vector t̂c to C at the point, where
the microtubule transits from F1 to F2 (see Fig. A.7). Based on m̂c and t̂c,
we also define a smoothing angle,

θs = cos−1(m̂c.t̂c) (A.27)

We call θs to be smoothing angle, as depending on the value of this angle, the
actual bending angle will be smooth (for θs = 0) or harsh (for θs = π

2
). Then,

in terms of θs and θavgEdg, we express the bending angle for the microtubule
at this edge as,

θB = f(θs)θ
avg
Edg (A.28)

where, f(θs) is a smoothing function. The maximum achievable value of
the bending angle is θmaxB = θavgEdg, which is true at θs = π

2
and the minimum

achievable value of the bending angle is θminB = 0, which is true at θs = 0.
This implies,

f(θs) = 1 , at θs =
π

2
= 0 , at θs = 0

(A.29)
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Fig. A.7. Schematic diagram of microtubule bending angle at an edge. (A) Edge angel (θavgEdg), (B)

Bending angle (θB) and (C) Smoothing angle θs, which is an angle between the direction of microtubule
growth (m̂c) and the tangent (t̂c) to the curve C at the point of the microtubule crossing, along the
mean curvature domain at the edge.

Any form of f(θs) that satisfies Eqn. A.29 and interpolate in the range
0 6 θs 6 π

2
, will be an acceptable choice of the smoothing function. For our

simulation we use,

f(θs) = sin2 θs (A.30)

Combining Eqn. A.28 and Eqn. A.30 we get,

θB = θavgEdg sin2 θs (A.31)

Experimental observations have shown that at an edge, the probability of
edge catastrophe (PEdg) is roughly proportional to the bending angle (θB),
i.e

PEdg ∼ θB

However, given the experimental challenge in finding the exact relation, we
formulate the following working relation,

PEdg =
Ecat

2
(1− cos(θB)) (A.32)

where 0 6 Ecat 6 2, is an edge-catastrophe multiplier, specific to a certain
edge and its value depends on the biomechanical properties of that
edge. In elongating root cells, on a smooth domain of cortex (θB ≈ 0)
microtubules undergo less edge-catastrophe. At a sharp edge with a value
of θB ≈ π

2
, microtubules are already prohibited from crossing that edge, i.e

receive full edge-catastrophe (PEdg = 1). We mathematically describe this
as,

PEdg = 0 at θB = 0

= 1 at θB =
π

2

(A.33)

From Eqn. A.32 and Eqn. A.33, we find that our definition of PEdg can
be implemented in elongating root cells with Ecat = 2. Importing the
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expression of θB (see Eqn. A.31) into the Eqn. A.32, we end up with the
following expression of the probability of edge catastrophe,

PEdg =
Ecat

2

(
1− cos(θavgEdg sin2 θs)

)
=

Ecat
2

(
1− cos(θavgEdg(1− cos2 θs))

)
(A.34)

Using the value of θs (see Eqn. A.27) in Eqn. A.34 we get,

PEdg =
Ecat

2

(
1− cos(θavgEdg(1− (m̂c.t̂c)

2))
)

(A.35)

Now, using the local edge information of each pair of triangles (Ti, Tj),

i.e. θ
(Ti,Tj)
edg (Eqn. A.18) and w

(i,j)
edg (Eqn. A.19), we can distribute the total

edge-catastrophe PEdg (Eqn A.35) among the triangle-pair as,

p
(i,j)
edg =

Ecatw
(i,j)
edg

2

(
1− cos(cos−1(n̂i.n̂j)(1− (m̂(i,j).t̂(i,j))

2))
)

=
Ecat cos−1(n̂i.n̂j)

2θavgEdg

(
1− cos(cos−1(n̂i.n̂j)(1− (m̂(i,j).t̂(i,j))

2))
)

where, m̂(i,j) is the growth direction of a microtubule passing from Ti to Tj
and t̂(i,j) is a unit vector along the shared edge between Ti and Tj. n̂i and
n̂j are normals to Ti and Tj respectively, and both pointing either inwards
or outwards to the triangulated surface mesh.

A.3 Order parameter

Consider a (piecewise) smooth oriented 2-manifold M embedded in R3,
which we call the surface. Except for possibly a set of areal measure zero,
we can endow a tangent space at each of its points σ with an orthonormal
reference frame defined by two unit vectors ê1(σ) and ê2(σ), using the
prescription that the outward normal to the surface is given by,

n̂(σ) = ê1(σ)× ê2(σ)

At this local tangent pane, the orientation of a particle at σ can be described
by a unit vector,

ω̂ = ω1 ê1(σ) + ω2 ê2(σ) + ω3 n̂(σ)

= ω1 ê1(σ) + ω2 ê2(σ) + 0 n̂(σ)

= cosα ê1(σ) + sinα ê2(σ) (A.36)

where α ∈ [0, 2π) is the orientation angle of ω̂ with respect to the direction
of ê1(σ).
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Local order parameter tensor
The local order parameter tensor q(m)(σ) at σ is O(2) irreducible tensor
associated with rotations around n̂(σ), but now interpreted as tensors
embedded in the ambient 3-space as,

q(m)(σ) = q
(m)
i1i2 ...im

(σ)
⊗
k=1,m

êik(σ)

where
⊗

denotes direct product.

We follow the convention that lower in italic indices take on the values
{1, 2} and we adopt Einstein summation convention. Components of the
tensor q(m)(σ) upto order two are explicitly given by ,

q(0)(σ) = 〈1〉σ
q

(1)
i (σ) = 〈ωi〉σ
q

(2)
ij (σ) = 2 〈ωiωj 〉σ − δij (A.37)

where 〈. . . 〉σ denotes orientational average, i.e. if distribution of possible
orientations at σ is coded into a normalized orientational distribution ψσ(α),
then the orientational average is,

〈f 〉σ =

∫ 2π

0

dαf (α)ψσ(α).

On the local tangent space, the tensor components are symmetric and
traceless for m ≥ 2.

For example

q
(2)
ij =

[
2 cos2 α− 1 2 cosα sinα
2 cosα sinα 2 sin2 α− 1

]
=

[
cos 2α sin 2α
sin 2α − cos 2α

]
we choose the normalization such that,

q
(m)
11···1(σ) = 〈cosmα〉σ

Global order parameter tensor
We can average the local order parameter tensors over the full surface to
extract the global order parameter tensor,

Q(m) =

∫
dA(σ)ρ(σ)q(m)(σ)∫

dA(σ)ρ(σ)
(A.38)

where ρ(σ) is the local areal density of the orientable constituents present on
the elementary area dA(σ). For m ≥ 2, symmetric and traceless properties
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of q(m) remain conserved by the surface averaging process, i.e Q(m) is also
symmetric and traceless.

Consider a triangulated three dimensional surface, where a bunch of rod
like particles (line segments) are distributed over each triangle of the three
dimensional surface. For a triangle E, at its center we assign a tangent
plane with an orthonormal reference frame defined by the unit vectors ê1, ê2

and n̂ = ê1 × ê2. Lets assume on the plane of this triangle, a particle of
length li(E) is oriented with angle θi, with respect to the direction of ê1. In
the local tangent frame, corresponding orientation vector (Eqn. A.36) of
this particle is,

ω̂i = ωi1 ê1 + ωi2 ê2 + ωi3 n̂

= cos θi ê1 + sin θi ê2 + 0 n̂

= cos θi ê1 + sin θi ê2 (A.39)

In matrix form,

ωi =

ωi1ωi2
ωi3

 =

cos θi
sin θi

0


If q(2)(E) is the local order parameter tensor associated with the triangle
E, then the associated tensor components (Eqn. A.37) are,

q
(2)
11 (E) =

2
∑lmax

i=1 li(E)ωi1ω
i
1∑lmax

i=1 li(E)
− 1

q
(2)
22 (E) =

2
∑lmax

i=1 li(E)ωi2ω
i
2∑lmax

i=1 li(E)
− 1

q
(2)
33 (E) =

2
∑lmax

i=1 li(E)ωi3ω
i
3∑lmax

i=1 li(E)
− 1 = 0

q
(2)
12 (E) =

2
∑lmax

i=1 li(E)ωi1ω
i
2∑lmax

i=1 li(E)
− 1 = q

(2)
21 (E)

q
(2)
13 (E) =

2
∑lmax

i=1 li(E)ωi1ω
i
3∑lmax

i=1 li(E)
− 1 = q

(2)
31 (E) = 0

q
(2)
23 (E) =

2
∑lmax

i=1 li(E)ωi2ω
i
3∑lmax

i=1 li(E)
− 1 = q

(2)
32 (E) = 0

where lmax is the total number of particles present in the triangle E.
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In matrix form,

q(2)(E) =

q
(2)
11 (E) q

(2)
12 (E) q

(2)
13 (E)

q
(2)
12 (E) q

(2)
22 (E) q

(2)
23 (E)

q
(2)
13 (E) q

(2)
23 (E) q

(2)
33 (E)

 =

q(2)
11 (E) q

(2)
12 (E) 0

q
(2)
12 (E) q

(2)
22 (E) 0

0 0 0

 (A.40)

This local order parameter tensor q(2)(E) is defined at the local tangent
frame attached to the triangle E. To express this tensor with respect to the
global coordinate frame, first we express the basis vectors (ê1, ê2, n̂ = ê1× ê2)
of the local tangent frame with respect to the global frame (x̂, ŷ, ẑ) as,

ê1 = e
(x)
1 x̂+ e

(y)
1 ŷ + e

(z)
1 ẑ

ê2 = e
(x)
2 x̂+ e

(y)
2 ŷ + e

(z)
2 ẑ

n̂ = n(x) x̂+ n(y) ŷ + n(z) ẑ

In matrix form,

e1 =

e
(x)
1

e
(y)
1

e
(z)
1

 , e2 =

e
(x)
2

e
(y)
2

e
(z)
2

 and n =

n(x)

n(y)

n(z)


Now, we define a rotation matrix P between the local tangent frame and
the global frame,

P =

e
(x)
1 e

(x)
2 n(x)

e
(y)
1 e

(y)
2 n(y)

e
(z)
1 e

(z)
2 n(z)


Using the rotational transformation, we express the local order parameter
tensor q(2)(E) with respect to the global coordinate frame as,

qr
(2)(E) = Pq(2)(E)P T

For all the triangles of the three dimensional polyhedral surface, averaging
over the local order parameter tensors qr

(2), we will get the global order
parameter tensor (Eqn. A.38),

Q(2) =

∑N
j=1 Ljqr

(2)(Ej)∑N
j=1 Lj

(A.41)

where Lj is length of all the particles present on the triangle Ej and N is
the total number of triangle used to approximate the polyhedral surface.
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English summary
This thesis work aimed at a better understanding of the molecular basis of
oriented cell division in plant cell. As, the efficiency of plant morphogenesis
depends on oriented cell division, this work should contribute towards a
fundamental understanding of the molecular basis of efficient plant mor-
phogenesis.

In chapter 2, we describe a modelling framework that allows us to
simulate microtubule dynamics on the surface of arbitrary shapes.

In chapter 3, we explain the parametrization of the simulations framework
that meaningfully captures biological buffering of fluctuations in different
microtubule dynamics parameters.

In chapter 4, we explore the generic role of microtubule regulatory effects
such as shape anisotropy, edge-catastrophe and enhanced microtubule
stabilization on the orientation of the microtubule array.

In chapter 5, through a combined approach of experimental observations
of cell division patterns and simulation of microtubule dynamics, we describe
a possible molecular basis of oriented cell division during Arabidopsis early
embryogenesis.

In Chapter 6, we infer the necessity of incorporating anisotropic growth/stress
response of microtubules towards understanding division plane orientation
in the growing epidermal root cells of Arabidopsis.

In Chapter 7, we summarise how the research work described in this
thesis, yields new insight in oriented cell division of plant cells. With this,
we contribute to an enhanced understanding of efficient plant growth and
morphogenesis.
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