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Chapter 1

Introduction

1.1 Background

Atmospheric dispersion is concerned with the physical and chemical processes that airborne ma-
terials undergo from their emission into the atmosphere to their removal by deposition or rainfall.
These processes include the transport and mixing of contaminants, their chemical/radioactive trans-
formation, and their dilution and deposition.
Atmospheric dispersion is a very common phenomenon, which can be observed at different spa-
tial and temporal scales, from the local meandering of a smoke plume from a stack, to the global
transport of ashes from a volcanic eruption. Other examples of dispersion related problems include
toxic, chemical or nuclear releases, tropospheric ozone formation and transport, as well as urban or
industrial releases. The study of atmospheric dispersion, therefore, has significant implications on
a broad range of atmospheric pollution problems, from forecasting urban air quality to quantifying
sources and sinks of greenhouse gases.
However, predicting with accuracy the transport of pollutants emitted from a source is a very
challenging and complex problem. In fact, atmospheric dispersion is influenced by many factors
such as source characteristics, meteorological conditions and topographic characteristics of the
terrain. Additionally, during transport and mixing, the airborne material may undergo different
physical processes such as dilution, deposition and chemical transformations. Understanding the
complexity of these various processes is therefore essential in order to predict the impact on human
health and on the environment, and to determine the most efficient strategies to control and reduce
its most harmful consequences. A schematic representation of the various issues involved in the
multi-disciplinary study of atmospheric dispersion, from the emission of pollutants to air-quality
regulatory procedures is shown in Figure 1.1.
In this doctoral thesis the focus is mainly on the physical processes involved in the dispersion of
pollutants, namely transport, mixing and chemical transformations.

The large-scale transport of pollutants in the atmosphere is mainly governed by the mean flow
field, such as synoptic-scale circulation, or mesoscale phenomena (for instance sea-breezes and
mountain-valley flows). This mean flow causes the axis of the plume to be aligned with the mean
wind direction. However, the spread of the material is heavily influenced by the local properties
of the atmospheric flow, namely the instantaneous and chaotic fluctuations of the wind velocity

1



Chapter 1. Introduction

Figure 1.1: Atmospheric dispersion is a multi-disciplinary issue. Transport of pollutants is in-
fluenced by local physical properties such as meteorological conditions and characteristics of the
terrain. During the transport, the airborne material undergoes different processes, from turbulent
mixing to chemical transformations and deposition. Atmospheric dispersion has significant im-
plications from a human perspective, which require local, national and international strategies to
prevent and mitigate possible negative effects on human health and the environment (adapted from
Jones, 2004).
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1.2. Turbulent motion in the Atmospheric Boundary Layer

Figure 1.2: Atmospheric dispersion is a common phenomenon. However, the interaction be-
tween the airborne material and the atmospheric flow is a very complex process (photograph from
www.freefoto.com) .

known as turbulence.
Turbulence is a peculiar characteristic of the Atmospheric Boundary Layer (ABL), the lower layer
of the atmosphere just above the Earth’s surface. Its chaotic nature implies that the transport of
material is a stochastic (i.e. random) process, hence the final status of the system is strongly in-
fluenced by small perturbations in the initial conditions. For instance, particles of contaminant
that are released simultaneously can be rapidly separate by the small turbulent motions and subse-
quently follow completely diverging trajectories. This phenomenon is commonly experienced by
observing balloons simultaneously released into the air: balloons that are released from the same
point can be ultimately found hundreds of kilometers apart (Jones, 2004).

Atmospheric turbulence is also the main factor governing the distribution and concentration of
pollutants emitted in the ABL. For example, in the case of strong winds and energetic turbulent
mixing, pollutants are rapidly dispersed and diluted into the atmosphere. On the contrary, in light
wind conditions and weak turbulence, pollutants tend to accumulate near to their source, causing
air-pollution episodes commonly experienced in urban and industrialized areas. A typical example
of an industrial plume dispersing in the atmosphere is shown in Figure 1.2.
To understand and predict atmospheric dispersion it is therefore essential to study and analyze the
characteristics and the properties of the turbulent motion in the ABL.

1.2 Turbulent motion in the Atmospheric Boundary Layer
Turbulent motion in the ABL is generated by the interaction between the atmospheric flow and
the Earth’s surface. In particular, there are two distinct mechanisms for turbulence production in
the ABL: the difference in temperature between the ground and the overlying air (quantified by a
positive/negative surface heat flux) and the friction between air and the surface, which causes the
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Figure 1.3: a) Schematic illustration of the two main driving mechanisms for turbulence produc-
tion in the ABL. During sunny days and low wind speed conditions, large-scale motion known
as thermal convection is generated and the ABL is referred to as the Convective Boundary Layer
(CBL). b) Idealized representation of a plume dispersing in the CBL in the absolute (fixed) coordi-
nates system. The different effect of large- and small-scale turbulent eddies on the plume evolution
are illustrated. In the picture, an example of particle trajectory is also shown: in the Lagrangian
framework, dispersion is studied in a reference frame that moves with the particles. c) Idealized
representation of the same plume in the relative coordinate system, which is the coordinate system
of the plume’s center of mass: in this framework the large-scale motion is removed and only the
small-scale eddies contribute to the dispersion.
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1.3. Motivation of the work and research questions

wind speed to change with height (wind shear). The combination of these two driving mechanisms,
called thermal and mechanical forcing respectively, generates irregular movements of air that are
usually referred to as turbulent eddies. These eddies range in size from a few millimeters to the
entire depth of the ABL (1-2 Km) (Figure 1.3a).
The ABL is usually classified by the relative importance of the thermal and mechanical forcing.
In conditions of strong winds and weak solar insolation, wind shear is the main responsible for
the production of turbulence, and the ABL is said to be in neutral conditions. During nighttime,
the ABL is in stable conditions, because turbulence produced by the friction with the surface is
suppressed by the stratification of the air due to the cooling of the surface.
Finally, during sunny days with low wind speed, the heating of the surface generates a large-scale,
organized motion of warm air (updrafts) and cold air (downdrafts) known as thermal convection.
This motion is typically inhomogeneous and non-isotropic (i.e. it is dependent on the direction). In
particular, the area occupied by the updrafts is smaller (30-40 %) than that occupied by the down-
drafts (60-70 %). As a consequence, the vertical upward motion is stronger than the downward
one. Typical vertical velocities measured in the middle of the CBL are of the order of 2 m/s for
the positive vertical motion and less than 1 m/s for the subsidence motion. During convective (or
unstable) conditions the ABL is referred to as the Convective Boundary Layer (CBL).
Our research focuses mainly on the influence of turbulent motion on plume dispersion in the CBL.

1.3 Motivation of the work and research questions

1.3.1 Turbulent dispersion in the CBL

When a plume is emitted in the CBL, its shape, structure, and evolution are determined by the
interaction between the plume and the turbulent eddies. In particular, eddies that are much larger
than the plume size cause the plume to meander, which is the large-scale movement of the plume
as a whole and the sweeping of the plume’s center of mass. Turbulent eddies that are much smaller
than the plume size, on the contrary, are mainly responsible for the growth of the instantaneous
plume width, by causing an increasing entrainment of air into the body of the plume. The different
effect of large and small-scale turbulent eddies on the motion and spread of a dispersing plume is
illustrated in Figure 1.3b.
The non-homogeneity of the turbulent motions in the vertical direction has a great effect on the
behavior of a plume with respect to its release height. As mentioned earlier, the area occupied by
the updrafts is smaller than that occupied by the downdrafts. As a consequence, a plume that is
emitted from an elevated source, is more likely to be caught by a downdraft, and, consequently,
rapidly transported towards the surface. As a result, very high ground-concentrations are measured
near the emitting source. On the contrary, a plume emitted near the ground will be rapidly trans-
ported upwards by the thermals. This plume behavior was first experimentally observed in the
early 19070’s by Willis and Deardorff (see Section 1.4.3) by simulating the CBL with a water-tank
experiment, and has been more recently confirmed by numerous field campaigns and numerical
experiments.
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Dispersion in absolute and relative coordinate system

Large-scale turbulent eddies are the main responsible for the motion of the plume’s center of mass,
whereas small-scale eddies tend to mix the contaminant inside the plume and consequently increase
the plume size. Therefore the dispersion of a plume as seen from a fixed point of view, or absolute
coordinate system, is driven by the combined effect of large- and small-scale turbulent motions
(Figure 1.3b).
However, if we observed the plume from the point of view of its center of mass (or, equivalently, if
we had a measurement device placed on the plume’s center of mass), we would perceive the effect
of the small-scale eddies only. In other words, by studying dispersion in the coordinate system of
the plume’s center of mass, the so-called relative coordinate system, it is possible to separate the
different contributions of small- and large-scale motions on the plume evolution.
In the relative coordinate system, the (vertically) inhomogeneous meandering motion is removed,
and only the small homogeneous turbulent eddies contributes to the dispersion process. As a
result, the shape and structure of the plume becomes simpler (Figure 1.3c), and its evolution can
be described by means of well-known analytical tools (Gaussian models, see Section 1.4.3).

Dispersion in Eulerian and Lagrangian frameworks

A plume dispersing in the atmosphere can be conveniently described as an ensemble of particles
(for instance the molecules of pollutants) that move in the flow. Each particle follows a trajectory
that is influenced by the combination of the mean wind and the local turbulent properties of the
flow.
Usually, dispersion properties, such as the concentration of the pollutant, are calculated or mea-
sured at fixed points in space (that is in a fixed reference frame). For instance, the concentration
of a pollutant at a certain distance from the emitting source is calculated by measuring the number
of particles that have reached the measurement point at the same time. This approach, known as
Eulerian approach, is most commonly used in field experiments, as well as in laboratory experi-
ments or Eulerian numerical models (see Section 1.4.3).
Alternatively, it is possible to calculate the dispersion properties of the plume in a reference frame
that moves with the particles themselves. In other words, each particle is considered separately, and
each trajectory is followed singularly. This method, known as Lagrangian (or particle) approach,
is the most natural approach for theoretical investigation of turbulent dispersion (see Section 1.4.1)
because it allows us to relate the displacement of the particles to the properties of their turbulent
velocities. Additionally, the particle approach constitutes the basis for a class of mathematical
models known as Lagrangian models (see Section 1.4.3).
These two approaches (Eulerian and Lagrangian) are schematically shown in Figure 1.3b.

The main novelty of this doctoral research is the simultaneous investigation of dispersion in dif-
ferent frameworks. Consequently, new insight is gained on the physical process of dispersion in
turbulent flow such as the CBL. More precisely, plume dispersion is analyzed in both absolute
(fixed) and relative (to the plume center of mass) coordinate systems. Higher-order statistics are
calculated in order to investigate the plume variability (concentration fluctuations) and the sym-
metry (skewness) of the concentration distribution. These properties are related to the turbulence
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1.4. Different approaches to studying atmospheric dispersion

characteristics of the atmospheric CBL, such as the non-homogeneity of the (vertical) turbulent
motion and the effect of the boundary conditions (reflection at the surface and the top of the CBL).
Turbulent dispersion is also studied in both the Eulerian and the Lagrangian frameworks within the
same (numerical) experiment, in order to relate theoretical analysis to experimental (and numer-
ical) studies. By so doing, the validity of the relationship between dispersion characteristics and
turbulent velocity fluctuations (the so called Taylor’s theorem, see below) can be tested as well as
the relationship between their spatial correlation along-wind and the temporal correlation at a fixed
point (frozen-turbulence hypothesis).

1.3.2 Research questions

The main scientific objectives of this research are summarized as follows:
1) To analyze the dispersion properties from the point of view of a particle carried by the flow
(Lagrangian framework) and to relate these to the turbulent characteristics in the fixed (Eulerian)
framework.
2) To separate the different contributions of large- and small-scale turbulent motions by studying
dispersion in absolute and relative coordinate systems.
3) To study the variability and the structure of the plume concentration (such as the symmetry of
the scalar distribution along the plume center of mass) by calculating higher-order statistics (such
as the variance of the concentration and the skewness of the plume position) in absolute and relative
coordinate systems.
4) To investigate turbulent dispersion in a CBL driven by the combined effect of thermal and
mechanical forcing, in order to study the effect of wind shear on the plume spread.
5) To analyze the effect of turbulent motion on chemical transformations in a dispersing plume and
to study the dependence of the concentration fluctuations on the ratio between the time scale of the
turbulent motion to the time scale of chemical reaction.

1.4 Different approaches to studying atmospheric dispersion

The study of atmospheric dispersion is strictly related to the understanding of the turbulent mo-
tion. A systematic investigation of the effect of atmospheric properties on gas diffusion began
at the beginning of the 20-th century, mainly through theoretical studies and experimental field
campaigns. Nowadays, a broad range of tools and methodologies are available for investigating
turbulent dispersion. The most significant ones are described below.

1.4.1 Theoretical analysis

The most significant contribution to the theoretical investigation of turbulent dispersion is the sem-
inal work by Taylor (1921) who established the relationship between dispersion parameters (par-
ticles’ spread) and the turbulent characteristics of the flow (correlation of velocity fluctuations) in
the Lagrangian framework (Taylor’s theorem). The correlation coefficients were further related to
the turbulent spectra through Fourier analysis. This relationship was used to identify the eddies
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Figure 1.4: An example of a experimental measurement of plume dispersion (Ott and Jørgensen,
2001.)

that have the greatest influence on the dispersion process. Taylor’s works have been widely ap-
plied in studies of atmospheric dispersion in the ABL and they provided the basis for many later
developments.
Taylor’s theorem of turbulent dispersion will be investigated in Chapter 3.

1.4.2 Experimental observations

Field experiments are of extreme importance in atmospheric studies because they are a direct mea-
sure of the physical reality. An example of experimental measurement of plume dispersion is
shown in Figure 1.4. The most significant experimental campaigns for the study of atmospheric
dispersion are listed below.
The experimental campaign named ”Project Prairie Grass” (Barad, 1958), was carried out in Ne-

braska in the summer of 1956 in a virtually flat terrain covered with natural prairie grass. Small
amounts of SO2 were released from near ground level in both unstable and stable conditions. Ex-
tensive meteorological measurements were taken on-site during the trials. From the analysis of the
Prairie Grass experimental data, Pasquill (1961) defined different horizontal and vertical disper-
sion rates as a function of wind speed and atmospheric stability classes. This method (extended by
Gifford, 1960) became the established technique for estimating plume growth.
In the ”CONvective Diffusion Observed with Remote Sensors (CONDORS) experiment (Eberhard
et al., 1988; Briggs, 1993) extensive analysis was performed on the behavior of a plume emitted by
a continuous point source in the highly convective ABL. In particular remote-sensing measurement
devices such as radar and lidar were used to measure dispersion properties in three-dimensions.
Plumes from both surface and elevated releases were analyzed, confirming the different behaviors
of a plume with respect to the emission height, as shown earlier by the laboratory results by Dear-
dorff and Willis (see below).
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Figure 1.5: A vertical crosswind section of a plume dispersing the atmospheric CBL as measured
by a Lidar (Ott and Jørgensen, 2001.).

Remote-sensing detectors have been widely used in atmospheric experimental research, because
they allow the detailed visualization and measurements of variables such as atmospheric compo-
sition, temperature and wind. When a lidar (acronym for LIght Detection And Ranging) is used
to analyze atmospheric dispersion, it transmits electromagnetic radiation through the plume, and
receives the portion of light scattered back from the plume particles. Recently (Ott and Jørgensen,
2001), a lidar was used to visualize two-dimensional vertical crosswind sections of a plume at a
certain distance from the emitting source. An example of these measurements is shown in Figure
1.5, where the complex and inhomogeneous structure of the plume is visible.
Experimental measurements of turbulent dispersion are usually carried out with respect to a fixed

reference system (Eulerian framework). However, it is also possible to measure dispersion prop-
erties in the Lagrangian framework, by following the trajectories of neutrally-buoyant balloons
released in the atmosphere (Gifford, 1955; Angell, 1964; Hanna, 1981). However, Lagrangian
measurements are extremely complex, due to the complicated experimental setting required in or-
der to trace the balloon trajectory, the small number of balloons used, and the short sampling time
(which rarely exceeds 30 minutes). As a consequence, experimental estimates of Lagrangian dis-
persion characteristics only have an accuracy of about 50% (Hanna, 1981).

Experimental observations, both in Eulerian and Lagrangian frameworks, have been used in this
doctoral research to thoroughly validate the results.

1.4.3 Physical and mathematical models

A model is an idealized representation of reality. It does not provide information on all the fea-
tures of the real physical system, but is used to study the issues of interest related to the problem
we wish to solve. Models are widely used either as a prediction tool for real-case scenario (such
as weather forecasts or air pollution assessment and control) or as an academic tool to validate
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scientific theories or investigate physical processes that are too complex to be observed in a field
experiment. In contrast to field measurements, in fact, theses models represents a very controlled
experiment, because the flow characteristics are prescribed through initial and boundary conditions
and their results do not depend on local features like terrain characteristics or local meteorological
conditions.
Generally, we can define two broad classes of models:
a) physical models - a scaled-down representation of reality,
b) mathematical models - a description of the system using mathematical relationships and equa-
tions.

a) Physical Models

Physical models are a scaled-down representation of the reality in a controlled laboratory environ-
ment. Two main experimental devices are used to simulate dispersion in a turbulent flow in either
a pure convective or neutral situation, namely water-tanks and wind tunnels.

Water-tanks

Water-tanks are devices in which water is used to simulate the atmospheric turbulent motion of
the CBL. Two kinds of water-tanks exist: convective water-tanks heated from below, and saline
water-tanks in which the flow motion is driven by the different density of salted water.
Water-tanks have been extensively used in the past to study dispersion. In a series of seminal
experiments in the 19070’s and 1980’s, Deardorff and Willis collected a thorough and extensive
dataset of measurements that provided the basis for understanding the behavior of a plume in
the CBL (Willis and Deardorff, 1976; Willis and Deardorff, 1978; Willis and Deardorff, 1981;
Deardorff and Willis, 1982; Deardorff and Willis, 1984; Deardorff and Willis, 1985). In particular,
by studying plumes emitted at different heights, the influence of the source height on the ground
concentration was investigated. It was shown that a plume emitted from an elevated release is
quickly transported downwards by the subsidence motion, due to the inhomogeneous structure of
the turbulent motion in the CBL.
Recently Hibberd (2000) and Weil et al. (2002) improved the measurement technique, calculated
higher-order plume statistics like concentration fluctuations, and extended the study of dispersion
to buoyant plumes.

Wind tunnels

Wind tunnels are a small-scale reproduction of the ABL in which a trace gas is emitted in a wind
field generated by a turbine. Wind tunnels are particularly suited to studying dispersion in nearly
neutral conditions, although thermal stratified facilities also exist. Wind tunnels are also particu-
larly used to study the distribution of pollutants on urban areas by modelling buildings and local
topography (for a general review see Fedorovich, 2004).
In the seminal work by Fackrell and Robins (1982) concentration fluctuations of a dispersing plume
in the neutral ABL were studied and it was found that they depend critically on the emitting source
size. Builtjes and Talmon (1987) have since studied the effect of turbulent fluctuations on chemical
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reactions by distinguish between large- and-small scale motions (called macro- and micro-mixing).

Results from both water-tanks experiments and wind tunnels have been extensively used in this
doctoral research as a validation of the results.

b) Mathematical Models

Mathematical models solve the mathematical equations that describe the physics and chemistry
governing the transport, mixing and transformations of pollutants in the atmosphere.
Dispersion models calculate the concentration of pollutant downwind of a source given detailed in-
formation on the source characteristics, the meteorological conditions, the topography of the area,
etcetera.
The quality of the model prediction is largely dependent on the accuracy of the description of the
physical and chemical processes that govern atmospheric dispersion. In particular, since pollutant
transport is driven by the combination of the mean flow and the turbulent mixing, a correct descrip-
tion of these physical processes is essential for a accurate prediction of atmospheric dispersion.
Mathematical models are classified according to their complexity and the grade of accuracy by
which they represent the physical reality. Broadly speaking, we can distinguish between steady-
state (Gaussian) models and complex models.

Steady-state models (Gaussian models)

Steady-state Gaussian-plume models are currently the most commonly used dispersion models to
estimate the impact of emission sources for air-quality regulatory purposes (Turner, 1994).
The term ”Gaussian” comes from the well-known Gaussian (or normal) distribution, which is used
to calculate the crosswind and vertical distribution of the pollutant at a certain distance downwind
the emitting source. This bell-shaped distribution is described by the following formula (in one
dimension):

c(z) =
Q√

2πσU
exp

[
−(z− z0)2

2σ2

]
(1.1)

where Q is the rate of emission, U is the main wind speed, z0 is the vertical position of the plume
center of mass, and σ is the standard deviation of the concentration. The Gaussian formula is an
analytical solution of the equation for the diffusion of a pollutant (under some assumptions on the
flow characteristics). An illustration of a plume as simulated by a (two-dimensional) Gaussian
formulation is shown in Figure 1.6.
Gaussian models are based on several assumptions, the most relevant being (Ministry for the En-

vironment New Zealand, 2004):
1) During the transport from the source to the receptor point, the mass of pollutant is assumed to
remain constant, i.e. none of the material is removed through chemical reactions, gravitational fall,
or turbulent impact (although chemical transformations can be taken into account by a separate
module).
2) Gaussian models assume that the pollutant is transported in a straight line instantly. They do not
account for turning or rising wind caused by the topography or inhomogeneity of the terrain.
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Figure 1.6: An illustration of a plume as simulated by a two-dimensional Gaussian dispersion
model.

3) The meteorological conditions are assumed to persist unchanged over the time of transport
from source to receptor (steady-state condition). In other words, Gaussian models assume that
the atmosphere is uniform across the entire modelling domain, and that transport and dispersion
conditions exist unchanged long enough for the material to reach the receptor.
4) Gaussian-plume models ’break down’ during low wind speed or calm conditions due to the in-
verse wind speed dependence of the steady-state plume equation.
It is evident that these assumptions (particularly numbers 3 and 4) are significantly limiting if
Gaussian models are to be used to simulate dispersion in convective situations. As explained ear-
lier, in fact, in the CBL, the area occupied by the updraft is smaller than that occupied by the
downdrafts. This results in an inhomogeneous and non-Gaussian distribution of the vertical ve-
locity, which requires a more detailed description of the turbulent structure of the CBL. Moreover,
due to the change in wind speed with height near the surface, it is not possible to select a single
wind speed to be used in a Gaussian model for ground-level releases.
However, even with these limitations, this type of models can provide reasonable results when used
appropriately, and their errors and uncertainties are generally well understood. Moreover, their use
is relatively simple and computationally very inexpensive, and they can be run with very simple
input data developed from standard meteorological recordings (van Ulden and Holtslag, 1985).
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Complex dispersion models

Nowadays, models have been developed that are able to simulate the spatial and temporal vari-
ability of meteorological conditions (mean flow and turbulent mixing), which is one of the most
critical factors in the prediction of atmospheric dispersion. In general, we can distinguish between
two main classes of complex models: Eulerian (or grid-point) models and Lagrangian (or particle)
models. Pollutant concentration in an Eulerian model is represented by the spatial distribution on
a three-dimensional grid of points, whereas Lagrangian models simulate the trajectories of numer-
ous particles driven by the flow.
The three-dimensional meteorological field necessary to calculate either pollutant concentration or
particles’ trajectories is usually calculated by solving a system of mathematical equations describ-
ing the dynamics of the most relevant atmospheric variables, such as wind, temperature and hu-
midity. These models are usually referred to as prognostic models, because they provide a forecast
(or a prognosis) of the meteorological conditions given the initial status of the system (available
for instance from experimental measurements).
Another class of meteorological models includes the so-called diagnostic models, in which the
three-dimensional meteorological field is retrieved by interpolating the available experimental
measurements, without calculating its temporal evolution. Obviously, these models rely heavily
on the availability of data.
Finally, the so-called Lagrangian stochastic models directly formulate the particle position and ve-
locity in terms of stochastic differential equations that describe the turbulent motion of the ABL.
In this doctoral research, the meteorological field is simulated by a Large-Eddy Simulation (LES)
model, which is the best tool available at the current time to describe the turbulent motion in the
CBL (for a detailed description of the LES see Chapter 2). The dispersion of tracers emitted in
the simulated flow is calculated either by solving an equation for its concentration (the Eulerian
approach, used in Chapters 3, 5, and 6), or by calculating the trajectories of fictitious particles
(the Lagrangian approach adopted in Chapter 4). An example of a plume simulated by the LES is
shown in Figure 1.7.

1.5 Outline of the thesis

In close connection with the research questions addressed in Section 1.3.2, the structure and con-
tents of each Chapter of the thesis are briefly described below.

Chapter 2: Large-Eddy Simulation model: description, improvements and testing

Chapter 2 describes the way in which turbulent dispersion in the Atmospheric Boundary Layer can
be studied by means of numerical simulation. The model used in this research is described, with
the focus being on the modifications introduced into the code in order to compute the particles’
trajectories.
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Figure 1.7: Example of a plume dispersing in the CBL as simulated by a LES.

Chapter 3: Relating Eulerian and Lagrangian Statistics for the Turbulent Dispersion in the
Atmospheric Convective Boundary Layer

Atmospheric dispersion is studied by analyzing the behavior of a plume in two different frame-
works, the Eulerian one and the Lagrangian one. In the Eulerian framework, statistical properties
(such as mean concentration, variance etc.) are calculated at fixed positions. This approach is most
commonly used in field measurements and in laboratory experiments. In the Lagrangian frame-
work, the dispersion characteristics are calculated by tracking the trajectories of all the particles
and computing their relative distances. This is the most natural approach for theoretical investiga-
tion of turbulent dispersion. In Chapter 3, we discuss turbulent dispersion in both the Eulerian and
Lagrangian frameworks and we study the relationship between dispersion characteristics in the two
frameworks. This relationship is important in relating the theoretical analysis to the experimental
studies.

Chapter 4: Statistics of absolute and relative dispersion in the Atmospheric Convective
Boundary Layer

In Chapter 4 turbulent dispersion is analyzed in absolute and in relative coordinate system, which
is the reference system of the plume’s center of mass. By so doing, we are able to separate the
effect of the large-scale motion, which is inhomogeneous and non-Gaussian, from the small-scale
motion, which is homogeneous and isotropic. By calculating the relative concentration and the
position (more precisely the probability distribution function) of the plume center of mass, one is
able to retrieve the statistics of the absolute concentration. The study of higher-order statistics such
as the skewness of the position in absolute and relative coordinate systems, allows the structure and
variability of the plume concentration (such as the symmetry of the concentration distribution along
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the plume centerline) to be investigated.

Chapter 5: Dispersion of a passive tracer in buoyancy- and shear-driven boundary layers

In Chapter 5, the effects of different combinations of thermal and mechanical forcing on plume
dispersion are investigated. When the flow is forced by the combined effect of buoyancy and
shear, the characteristics of the turbulent field are different from either the pure convective or pure
shear flow. Although dispersion in either pure convective or neutral conditions has been widely
investigated in the past, less is known on the behavior of a plume dispersing in a CBL driven by
both buoyancy and shear. In this Chapter we show that wind shear reduces vertical dispersion
and enhances the horizontal plume spread. A parameterization for the shear contribution to the
horizontal and vertical dispersion is also proposed.

Chapter 6: The dispersion of chemically reactive species in the Atmospheric Boundary Layer

In this Chapter a review of different studies on the interaction between turbulent transport and
chemical reactions is included. Model results and experimental studies of turbulent reacting flows
in the atmospheric boundary layer are presented to show the modifications and control exerted by
turbulence on the reactivity as a function of the ratio of the time scale of turbulence to the time scale
of the chemical reaction (the Damköhler number). By studying the plume dispersion of a reactant
the dependence of concentration fluctuations on the Damköhler number has also been analyzed.

Chapters 3 to 6 inclusive have been also published, or submitted for publication, as independent
journal papers.
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Chapter 2

Large-Eddy Simulation model: description,
improvements and testing

This Chapter briefly describes the different numerical techniques currently used to simulate the
Atmospheric Boundary Layer. The model used in this work is then thoroughly described, with
focus being on the governing equations, the subgrid parameterization and the surface layer model.
Finally, the main modifications added to the code used in this research are described.

2.1 Simulation of turbulent flow in the Atmospheric Boundary
Layer

2.1.1 DNS, LES and RANS
As discussed in Chapter 1, the ABL is defined as the layer of air just above the Earth’s surface.
Within this layer, turbulent motion of air is generated by the combined effect of the friction against
the surface and the cooling/heating of the ground. Although no unique definition of turbulence
exists, Lumley and Panofsky (1964) pointed out the turbulence’s most significant characteristics:
1) Turbulence is stochastic: turbulent processes are described by non-linear equations, which are
highly sensitive to small differences in the initial conditions.
2) Turbulence is three dimensional and rotational.
3) Turbulence is dissipative: the turbulent energy is produced at large scales and is transported to-
wards the smallest scales of motion (a process called energy cascade), where it is finally dissipated
into heat.
4) Turbulence is characterized by large Reynolds number (i.e. large spatial dimension and small
viscosity).
The turbulent motions for an incompressible flow in a rotating reference system, can be described
by a system of non-linear equations for the conservation of mass and momentum: the continuity
equation and the Navier-Stokes equations, respectively.
The discretized version of these equations can, in principle, be solved numerically by computing
each equation on a defined number of points, the so-called numerical grid. As discussed by Stevens
and Lenschow (2001), problems associated with the cloud-free ABL involve scales spanning at
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Figure 2.1: Schematic representation of the temporal/spatial scales resolved by the three numerical
techniques (RANS, LES and DNS). The line represents a schematic example of energy spectrum
of the wind velocity; peaks in the spectrum show which scale contributes most to the turbulent
kinetic energy.

least 7 orders of magnitude; this implies that the system of equations describing the dynamics of
the entire ABL on all the scales of motion, involves so many degrees of freedom that it is impossi-
ble to be solved for any computer nowadays.
Three different approaches for the numerical simulation of turbulent flows can be distinguished,
depending on the spatial and time scales of the physical process being investigated: Direct Nu-
merical Simulation (DNS), Large-Eddy Simulation (LES) and Reynolds-Averaged Navier-Stokes
(RANS) models. A schematic representation of the different techniques in terms of the temporal
and spatial scales solved by the models, is shown in Figure 2.1.
A DNS explicitly solves the Navier-Stokes equations. Therefore, in a DNS, all eddies down to the
dissipation scale are simulated with accuracy but, as previously mentioned, due to the large span
of temporal and spatial scales, only turbulent flows with a low Reynolds number (typically around
103) can be simulated.
For higher Reynolds numbers (or larger spatial and temporal scales), a direct numerical solution
of the Navier-Stokes equations is not feasible; therefore both RANS and LES solve a system of
equations in which only scales of motion within a lower limit (as given by the grid size) and a up-
per limit (given by the size of the computational domain) are explicitly solved, whereas the small
scales motions are expressed as a function of the resolved variables.

RANS models are commonly used in the study of mesoscale phenomena, which have spatial
scales of the order of tenths/hundreds Km and temporal scales of hours/days. In these models, the
separation between resolved and parameterized scales is based on the presence of the so-called
spectral gap, which divides the mesoscale/synoptic scales from the turbulence scale. This means
that in a RANS there is no dynamical information about the turbulent scales, because all the degrees
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of freedom smaller than the size of the largest (energy-containing) turbulent eddies are averaged
over. It must be noted that the evidence of the gap is still a matter of discussion (Courtney and
Troen, 1990; Galmarini and Thunis, 1999; Jonker et al., 1999), and a net separation of scales is
well defined only for the vertical component of the wind.
The term Large Eddy Simulation (LES) was introduced by Leonard (1974). This technique is
nowadays regarded as one of the most powerful computational tools available for the study of the
ABL (Stevens and Lenschow, 2001).
By solving the governing equation with a LES, most of the energy (70− 80%) of the turbulent
motion is solved explicitly. The so-called “large eddies” are those motion elements that carry most
of the kinetic energy, and are the largest contribution to the turbulent fluxes. These motions are
simulated using a three-dimensional time-dependent numerical integration scheme, which resolves
only the scales larger than the size of the numerical grid (∆). In other words, a system of equations
is solved in which eddies of size less than O(∆) are removed (or filtered) from the dynamics. Thus,
in LES, eddies significantly larger than ∆ are solved explicitly, and their statistical and spectral
properties can be calculated in great detail.
When the system of equations is filtered, the resulting equations for the large-scale component of
the motion contain non-linear terms representing the effect of the small scales on the large ones;
these so-called sub-grid scale (SGS) components are not solved explicitly, but are represented as a
function of the resolved variables (see Section 2.3.3).
Although the LES has been showed to be the most advanced tool for the study of the ABL, it has
three principal weaknesses:
1) It is numerically expensive: a typical domain covers an area of 5 Km in each horizontal direc-
tion and 2 Km in the vertical one. In order to solve accurately the flow in the domain, a grid with
typically 106 points is required.
2) Most of the LES are applied only to idealized, horizontally homogeneous and flat domains. In
contrast to field measurements, the numerical simulation represents a very controlled experiment,
because the flow characteristics are prescribed through initial and boundary conditions. On the
other hand, the comparison with the observational data, which can be affected by the inhomogene-
ity of the ground or large-scale forcing, can be problematic.
3) Since the Navier-Stokes equations are solved numerically on a discrete grid, numerical and trun-
cation errors are introduced. Moreover, near the ground, where strong mean gradients are present
and the eddies are smaller than the numerical grid, the flow field is strongly affected by the SGS
model. However, Nieuwstadt et al. (1991) showed that even with a relatively coarse grid, when
the SGS Reynolds stress is a relatively small part of the total turbulence produced Reynolds stress
(like in the CBL), the results produced by LES are not dependent on the quality of the model. In
other words the statistics of the large-scales motions explicitly solved are not sensitive to errors in
the SGS effects (Stevens and Lenschow, 2001).

2.1.2 LES studies of turbulent dispersion in the Atmospheric Boundary Layer

LES studies of the ABL began in the 1970s with the seminal studies of Deardorff (Deardorff,
1970b; Deardorff, 1974). For the first time, the structure of the turbulent flow was analyzed in un-
precedented detail. In particular, the structure of the inhomogeneous turbulent motions of the CBL,
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characterized by large weak downdrafts surrounded by strong and narrow updrafts, was studied.
New scaling quantities, the convective velocity (w∗) and the CBL height (zi), were also introduced
and successfully applied to scale observational data and numerical results. A high-resolution LES
performed by Schmidt and Schumann (1989) showed that the strongest updratfs, which have the
size of the CBL, can penetrate into the capping inversion and transport warm air from the free
troposphere into the CBL. This phenomenon, known as entrainment, is an important process for
the growth of the CBL.
The ability of the LES to reproduce fully the three-dimensional turbulent motion was applied suc-
cessfully to investigate many different atmospheric processes, from turbulence production and de-
cay to cloud formation. One of the most important applications of LES was the analysis of the
behavior of a plume of contaminants dispersing in the CBL. A brief list of the seminal works in-
vestigating different aspects of turbulent dispersion is reported below.
The first numerical simulation of a plume dispersing in the CBL was performed by Lamb (1978),
who showed that if the plume was released above the surface layer, it would be quickly caught
by the downdrafts and transported to the surface, due to the non-Gaussian characteristics of the
convective turbulent motion. As a result, the ground concentration would reach a maximum close
to the release point. This result, later confirmed by the experimental work by Willis and Deardorff
(1978), has been an important breakthrough in the study of air pollution, because it has shown the
inability of steady-state models to correctly predict dispersion in the CBL. Lately, Nieuwstadt and
de Valk (1987) extended the LES study of plume dispersion in the CBL to buoyant plumes.
Other LES studies of turbulent diffusion include the work by Moeng and Wyngaard (1984), who
showed that the transport of scalar in the CBL is asymmetric: a tracer released at the top of the CBL
(the so called top-down diffusion) is characterized by a different eddy diffusivity than a scalar re-
leased at the surface (bottom-up diffusion). Consequently, the bottom-up scalar can be transported
by large thermals directly from the source to the top of the CBL, without diffusion into the middle
of the CBL. As a result of this so called counter-gradient transport, the bottom-up diffusion is more
effective than the top-down diffusion.
The study of turbulent dispersion was extended to chemically reactive species by investigating the
influence of turbulence on chemical reactions. The first LES of an atmospheric boundary layer
with reactive species was carried out by Schumann (1989). He focused mainly on the segregation
of species caused by the coherent structures generated in the CBL, and showed that chemical trans-
formation proceeds at a slower rate in the CBL because of insufficient mixing. A complete review
of the studies of dispersion of chemically reactive species in the CBL can be found in Chapter 6.
The first LES study of the effect of wind shear on turbulent dispersion was carried out by Ma-
son (1992). In fact, when the flow is forced by the combined effect of buoyancy and wind shear,
the turbulent structure of the CBL is different than in either pure-convective or neutral conditions
(Sykes and Henn, 1989; Moeng and Sullivan, 1994). A systematic study of the effect of different
combinations of thermal and mechanical forcing on turbulent dispersion is presented in Chapter 5.
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2.2 Brief history of the Dutch Atmospheric LES

The Large-Eddy Simulation code used in this research (Dutch Atmospheric LES) was first used to
study the decay of turbulence in the CBL by Nieuwstadt and Brost (1986). Major improvements to
the code were added by Cuijpers and Duynkerke (1993), who adapted the LES for the study of the
specific characteristics of the atmospheric boundary layer. Their addition of a conservation equa-
tion for the total humidity, and the replacement of the potential temperature θ with the liquid-water
potential temperature θl , allowed clouds formation and evolution to be investigated.
The Dutch Atmospheric LES was first compared to other codes in the work by Nieuwstadt et al.
(1991). The results of a simulated dry CBL were compared and validated, and showed a very good
agreement with experimental measurements. This study proved that the turbulence statistics (up to
the third-order moments) calculated by the LES do not depend significatively on the SGS model
or numerics. Other LES intercomparisons were performed later, in particular for studies of cloudy
boundary layers. Later on, the code was used in the study of different atmospheric flows. A list of
the main results and studies carried out with the Dutch LES is reported below.

1) Turbulent dispersion.
The dispersion of a plume in the CBL has been extensively studied by Nieuwstadt and de Valk
(1987), van Haren and Nieuwstadt (1989) and Nieuwstadt (1992). In these works, a line source
of passive tracer was emitted in the simulated CBL and the dispersion parameters were calculated
and analyzed. The influence of large- and small-scale motions on dispersion was also analyzed by
decomposing the total dispersion in the meandering and relative diffusion components. In Meeder
(1998) and Meeder and Nieuwstadt (2000) turbulent dispersion of chemically reactive plumes in
the neutral ABL was investigated. The effect of turbulent mixing on chemistry was studied by
using a SGS model for the chemical reactions inside the numerical grid cell. The study showed
that the SGS mixing played an important role close to the source.

2) Cloudy Boundary Layers.
The investigation of cloudy boundary layers (in particular strato- and shallow-cumulus) was car-
ried out in many studies (Cuijpers and Duynkerke, 1993; Cuijpers, 1994; Siebesma and Cuijpers,
1995; Siebesma and Holtslag, 1996; van Zanten, 2000; Neggers, 2002; Siebesma et al., 2003;
Neggers et al., 2003). In these works, the convective turbulent motion induced by the clouds, en-
trainment process, and cloud size statistics, were thoroughly discussed, in order to understand the
main mechanisms of cloud formation and evolution, and to develop parameterizations to be used
in large scale models like the operational weather forecast models.
The Dutch LES was compared to several other codes in studies related to stratocumulus (Moeng
et al., 1996; Duynkerke et al., 1999; Stevens and Co-authors, 2004) or shallow cumulus (Brown
et al., 2002; Stevens et al., 2001; Siebesma et al., 2003). The effect of longwave radiative cooling
at the top of a smoke cloud on turbulence has been reported in a LES intercomparison study by
Bretherton et al. (1999).
In the study by Siebesma and J.Jonker (2000) it was shown that cloud geometric and morpholog-
ical properties (fractal boundaries) were nicely simulated by the Dutch LES, when compared to
observations (Lovejoy, 1982).
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The combined effect of ultraviolet radiation and turbulent mixing on chemistry in a cloud-topped
boundary layer, was investigated by Vilà-Guerau de Arellano and Cuijpers (2000). The study
showed that the chemical sources and sinks in the cloud influence the vertical concentration pro-
files of the reactants.

3) Interaction between boundary layer and mesoscale.
From the study of the energy spectra Jonker et al. (1999) showed that the dominant contribution to
the variance of potential temperature and turbulent velocities originates from a scale of the order
of the boundary layer height. The energy spectra of passive scalars in the CBL behaves differently
from that of velocity or temperature. Depending on the boundary conditions of the scalar (the
surface flux and the entrainment flux), the spectrum is dominated by the largest scales of motion
(tenths of kilometers, i.e. mesoscale). Mesoscale fluctuations were also investigated by de Roode
et al. (2004), who used a LES to simulate a CBL in a very large domain (25.6 x 25.6 Km2). Their
results showed the need for a large domain size to allow the development of mesoscale fluctuations,
especially in the study of stratocumulus clouds.

4) Turbulent reacting flows.
The influence of turbulent transport on chemical reactions in a point source release was investi-
gated by Meeder (1998), who studied chemical reactions in point source releases. In the study
by Petersen et al. (1999), an irreversible binary reaction involving the bottom-up and top-down
diffusing scalars was investigated. Later, Vinuesa and Vilà-Guerau de Arellano (2003) studied the
importance of the chemical terms for the fluxes and (co)-variances of reactants in a CBL by ex-
plicitly calculating these terms in the flux budget equation. In this study, it was shown that the
vertical profile of the turbulent flux of the reactant species departed from the linear profile, which
was characteristic for the flux of inert species emitted at the surface. Based on this result, Vinuesa
and Vilà-Guerau de Arellano (2004) proposed a parameterization for the limitation of the chemical
reactivity in the CBL.
In the study by Jonker et al. (2004), the spectra of the variance of the concentration of chemically
reactive species in a CBL were studied. For a simple first-order reaction, it was found that the char-
acteristic length scale (defined by the position of spectral peak) demonstrated a clear dependence
on the reaction rate: an increase in the reaction rate lead to a significant decrease in the length scale
of the species.

5) CBL with wind shear.
The role of the wind shear in the development, growth and maintenance of the CBL was stud-
ied by Pino et al. (2003), who showed that the CBL growth is affected by both surface-flux and
entrainment-flux of heat and moisture. The analysis of the turbulent kinetic energy (TKE) budget
showed the important contribution of wind shear at the surface and in the entrainment zone. As a
consequence, the entrainment flux was enhanced, resulting in an increased growth of the boundary
layer.

6) Stable Boundary Layer.
In the study by Galmarini et al. (1998) the LES results for the turbulent structure of a weakly
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stable ABL were compared to a one-dimensional model. The results were shown to be in good
agreement with local-similarity theory and experimental data.
Recently (Beare et al., 2005), a bench-mark case was selected to evaluate and compare the perfor-
mances of 10 different LES models for the Stable Boundary Layer, as part of the GABLS (Global
energy and water cycle experiment Atmospheric Boundary Layer Study) initiative. Although the
results depended on the grid resolution and the subgrid models, they were generally in good agree-
ment with local-similarity theory and experimental data, providing an improved understanding of
the turbulent structure in the stable ABL.

The recent parallelization of the code allows a large number of grid points (up to 512x512x128)
to be used, in order to either simulate a very large domain or to study the turbulent motion with a
very fine resolution. The former is the approach used in Chapter 3, where a large domain is used
to calculate energy spectra and integral time- and length-scales. A very fine grid (10x10x10 m) is
used instead in Chapter 4 to analyze the effect of the internal mixing on concentration statistics for
a dispersing plume.

2.3 Description of the LES

2.3.1 The governing equations
The system of equations governing the thermodynamics of the atmospheric flow in the ABL can
be written in incompressible form (e.g. Moeng, 1998) as:

∂ui

∂xi
= 0 (2.1)

∂ui

∂t
=−u j

∂ui

∂x j
+

θl

θ0
δi3g−2εi jkΩ juk− 1

ρ
∂p
∂xi

+ν
∂2ui

∂x2
j

(2.2)

∂θl

∂t
=−u j

∂θl

∂x j
+Sθl (2.3)

∂q
∂t

=−u j
∂q
∂x j

+Sq (2.4)

where the Boussinesq approximation has been applied.
Equation (2.1) (also known as continuity equation), expresses the mass conservation, equations
(2.2) (known as Navier-Stokes equations, where ui = (u,v,w) is the wind speed), refer to the mo-
mentum conservation, and equations (2.3) and (2.4) are the conservation equations for the liquid
water potential temperature θl and the total humidity q. Note that in all the simulations performed
in this research, a dry CBL was simulated, therefore θl = θ. In (2.2) ρ is the density of the flow
and p is the pressure, δi j is the Kronecker delta, εi jk is the alternating unit tensor, Ω j the earth’s
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angular velocity in the j direction.
Finally, the terms Sθl and Sq in equations (2.3-2.4) represent the source and the sinks of the vari-
able, like the (divergence of the) radiative flux for the potential temperature equation or the phase
changes for water.
An equation for the conservation of a scalar c can be added to the system in the form

∂c
∂t

=−u j
∂c
∂x j

+Sc, (2.5)

where Sc is a source/sink term representing, for example, chemical reactions.

2.3.2 The filtered equations
An exact numerical solution (DNS) of the system (2.1-2.5) is possible only for low Reynolds
numbers, because solving all the scales of motion in a three-dimensional grid would require a
number of grid points that would be far beyond the capability of any computer currently available.
In a LES, only the scales of motion larger than a filter size are explicitly resolved, whereas the
smaller ones need to be parameterized.
The filtering procedure is summarized by the following expression:

ψ =< ψ > +ψ
′′
, (2.6)

which describes how each variable ψ is decomposed into a resolved part < ψ > and a subgrid (or,
more precisely, subfiltered) part ψ′′

. Different types of filters can be applied. In our particular case,
the numerical grid itself is used as a filter, so that the filter operator <> is coincident with the
volume average over the grid cell.
The filter operator is usually supposed to possess the following properties:

<< ψ >>=< ψ > (2.7)

<
∂ψ
∂xi

>=
∂ < ψ >

∂xi
(2.8)

It must be noticed that not all the forms of the filter fulfill conditions (2.7)-(2.8). However, Ghosal
and Moin (1995) showed that the error associated with the non fulfillment of condition (2.8) is of
the same order as the discretization error.
By applying the filter decomposition (2.6) to the equations (2.1)-(2.5), the system of governing
equations becomes:

∂ < ui >

∂xi
= 0 (2.9)

∂ < ui >

∂t
=−∂ < u j >< ui >

∂x j
+

< θl >

θ0
δi3g−2εi jkΩ j < uk >−∂ < π >

∂xi
− ∂τi j

∂x j
(2.10)
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∂ < θl >

∂t
=−∂ < u j >< θl >

∂x j
− ∂ < u

′′
jθ
′′
l >

∂x j
+ < Sθl > (2.11)

∂ < q >

∂t
=−∂ < u j >< q >

∂x j
− ∂ < u

′′
jq
′′
>

∂x j
+ < Sq > (2.12)

∂ < c >

∂t
=−∂ < u j >< c >

∂x j
− ∂ < u

′′
jc
′′
>

∂x j
+ < Sc >, (2.13)

where θ0 is the reference state potential temperature and the viscous dissipation term ν∂2ui
∂x2

j
in the

Navier-Stokes equation is neglected after scale analysis (e.g. Stull, 1988).
The new system of equations (2.9)-(2.13) appears similar to the original one (2.1)-(2.5), but new

terms of the form
∂<u

′′
j ψ′′>

∂x j
appear due to the filtering process. These terms are referred to as

subgrid fluxes and they are new unknown variables in the system. As a consequence, they need to
be expressed as a function of known (resolved) quantities.
The term τi j is the subgrid stress tensor defined as:

τi j ≡< uiu j >−< ui >< u j >−2/3δi j < e >, (2.14)

where < e >= 1/2(< uiui > − < ui >< ui >) is the subgrid Turbulent Kinetic Energy (TKE).
This form of the subgrid stress tensor is chosen in order to distinguish between isotropic and
anisotropic parts (Deardorff, 1974). The 2/3 < e > term is then added back into the pressure term
< π >, which now reads:

< π >=
< p >

ρ0
+2/3 < e > . (2.15)

The pressure term < p > is determined by solving a Poisson equation (see Appendix B).

2.3.3 Sub-grid Scale model
A common way to calculate the SGS terms is by means of the so-called K-diffusion method, in
which the subgrid stress tensor and the subgrid fluxes are expressed as the product of an eddy
viscosity K (or eddy diffusivity) and the local gradient of the resolved variable:





τi j =−Km

(
∂<u j>

∂xi
+ ∂<ui>

∂x j

)

< u′′i ψ′′ >=−Kψ

(
∂<ψ>

∂xi

)
,

(2.16)

where ψ represents a generic scalar variable like temperature, moisture or chemical reactant. For
these quantities, the same eddy diffusivity is used.
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The eddy diffusivity coefficient K can be written as function of the subgrid turbulent kinetic energy
< e >= 1/2 < u

′′
i u

′′
i >, and a length-scale λ.

An additional prognostic equation for < e > has then to be added to the system of equations:

∂
√

< e >

∂t
+ < u j >

∂
√

< e >

∂xi
=

=
1

2
√

< e >

[
−Kψ

g
θ0

∂< θl >

∂z
+Km

(
∂ < u j >

∂xi
+

∂ < ui >

∂x j

)
∂ < ui >

∂x j

]
+

+
∂

∂u j

(
2Km

∂
√

< e >

∂xi

)
− cε < e >

2λ
, (2.17)

where the form of the dissipation term is found by integrating the three dimensional energy spec-
trum E(k) = αε2/3k−5/3, from a filter wavenumber k f to infinity (van Zanten, 2000). The value of
the Kolmogorov constant α is 1.5, k is the wavenumber and ε is the viscous dissipation.
The filter wavenumber is defined as

k f =
2π
c f λ

, (2.18)

where c f = 2.5 (Cuijpers, 1990) and the length scale λ is related to the grid size ∆ defined as

∆ =
1

1/∆x+1/z(k)
, (2.19)

where ∆x is the grid size in the horizontal direction (∆x = ∆y) and z(k) is the height of the k-th
level.
Finally, the dissipation constant is defined as

cε =
2π
c f

(
3
2

α
)−3/2

= 0.7. (2.20)

From Equation (2.17), an expression for the eddy diffusivity coefficient is found by assuming that
the production (shear) term balances the dissipation (Deardorff, 1974), in the case of isotropic
turbulence. This leads to

Km = cmλ
√

< e >, (2.21)

where the constant cm is expressed as

cm =
c f

2π

(
3
2

α
)−3/2

= 0.12. (2.22)

Similarly, the exchange coefficient for the scalar variables Kψ is derived by calculating the dissi-
pation rate of the potential temperature variance in the inertial subrange in the case of isotropic
turbulence, which leads to

Kψ = chλ
√

< e >, (2.23)
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with

ch =
c f

2π

(
3
4

β
)−1 (

3
2

α
)− 1

2

= 3cm. (2.24)

Recently, the length-scale λ used in equations (2.21) and (2.23) was adjusted to take into account
the stable stratification at the top of the CBL (entrainment zone), where λ becomes very small (see
van Zanten, 2000 for details).

2.3.4 Surface model
In order to calculate the subgrid fluxes (equation 2.16), the vertical gradients of the variables have
to be determined. In the mixed layer, the profiles of the variables are assumed to be linear, so that
they can be simply approximated by finite differences, for instance ∂<u>

∂z = ∆<u>
∆z . In the surface

layer, in which the profiles are characterized by large gradients, the finite differences approximation
may lead to large errors, especially if the numerical grid is coarse. Moreover, the flow near the
ground must satisfy the boundary conditions given by the surface fluxes < w′′ψ′′ >0.
In the surface layer, the Monin-Obukhov similarity theory is then used. This assumes that the
gradient of the variable is scaled by the dimensionless height

ζ≡ z/L, (2.25)

where L = −θ0u3∗
gw′θ′

is the Monin-Obukhov length. The dimensional stability functions are defined as:

Φm(ζ) =
kz
u∗

∂V
∂z

(2.26)

Φh =
kz
ψ∗

∂ < ψ >

∂z
. (2.27)

In equations (2.26)-(2.27) V =
√

< u >2 + < v >2 is the horizontal wind speed, and ψ is a scalar
quantity like the potential temperature (θ), total humidity (q) or a chemical specie. The friction
velocity u∗ and ψ∗ are defined as:

u2
∗ =

√
< u′′w′′ >2 + < v′′w′′ >2 (2.28)

ψ∗ =−< w′′ψ′′ >
u∗

. (2.29)

Integrating equation (2.26) between z0 (height at which V (z0) = 0) and a generic height z, leads to

V (z) =
u∗
k
{ln

z
z0
−Ψm(

z
L
)}, (2.30)

27



Chapter 2. Large-Eddy Simulation model: description, improvements and testing

where

Ψm(
z
L
) =

Z z/L

0

1−Φm(ζ)
ζ

dζ (2.31)

represents the correction to the logarithmic profile due to non-neutral conditions (Ψm = 0 in neutral
conditions).
Similarly from Equation (2.27):

< ψ(z) >=< ψ(z0) > +
ψ∗
k
{ln

z
z0
−Ψh(

z
L
)+Ψh(

z0

L
)}. (2.32)

In the LES, the stability functions are parameterized using the following relationships (Businger
et al., 1971; Dyer, 1974; Hogstrom, 1988):

Φm =





(1−16ζ)−1/4 if ζ < 0

1+5ζ if ζ > 0

Φh =





(1−16ζ)−1/2 if ζ < 0

1+5ζ if ζ > 0

Ψm(
z
L
) =





2ln
(

1+Φ−1
m

2

)
+ ln

(
1+Φ−2

m
2

)
−2tan−1(Φ−1

m )+ π
2 if ζ < 0

−5ζ if ζ > 0

Ψh(
z
L
) =





2ln
(

1+Φ−1
h

2

)
if ζ < 0

−5ζ if ζ > 0

The friction velocity is calculated from equation (2.30):

u∗ = kV
(

ln
z
z0
−Ψm(

z
L
)
)

, (2.33)

whereas ψ∗ is calculated from the prescribed values of the surface fluxes (bottom boundary condi-
tion):

ψ∗ =−< w′′ψ′′ >0

u∗
. (2.34)

Surface values of the variables are calculated according to equations (2.30)-(2.32) using the value
of the variable at the first computational level (z = 1).
Finally, the vertical gradients are calculated from equations (2.26) and (2.27).
In the limit of free convection (u∗ = 0) the following relationships are used to calculate the tem-
perature and moisture profiles (Garratt, 1992):

∂ < ψ >

∂z
=−0.7 < w′′ψ′′ >2/3

0

(
g
c0

)
z−4/3. (2.35)
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2.4 Improvements to the code
For this research, two main improvements to the LES were implemented. The first was the modifi-
cation of some of the routines in the parallel version of the code, in order to use a non-equidistant
numerical grid. The second consisted in the introduction of a Lagrangian particle module to calcu-
late the trajectories of the particles released in the turbulent flow. These modifications are discussed
in detail in the following Sections.

2.4.1 Non-equidistant grid
As discussed in Section 2.1, the LES only solves scales of motion larger than the numerical grid.
Many studies (e.g. Nieuwstadt et al., 1991) showed that the statistical results (mean profiles of
variables, second and third-order moments), do not depend on the resolution of the numerical grid
for a well-mixed boundary layer. However, in regions where strong gradients are present, like near
the surface or in the entrainment zone, it is important to solve these gradients in the most accurate
way. Moreover, as pointed out by Schmidt and Schumann (1989), in the analysis of the energy
spectra, good agreement between theoretical analysis and numerical results is found only if the
numerical grid is fine enough to truly resolve at least a significant portion of the large-scale end of
the inertia range.
This means that the numerical grid must be fine enough to resolve the most relevant scales of
motion, and, at the same time, the numerical domain should be large enough to take into account
the largest scale of motion.
A compromise between these two limiting situations can be found if a non-equidistant grid is used,
with finer resolution in the regions where the eddies have a smaller length scale and the gradients
are sharper, typically near the surface and in the entrainment zone. On the other hand, in regions
like the middle of the CBL (where the characteristic eddy size is larger than the grid) and in the
free troposphere (which is usually a zone of little interest) a coarse grid is sufficient to solve the
most relevant scales of motion with sufficient detail.
A test to compare the performances of the model in the Surface Layer using a equidistant and a
non-equidistant grid was performed. The results are shown and discussed in the following Section.
The modifications introduced in the Poisson solver and in the advection numerical scheme are
described in Appendixes A and B.

Equidistant grid versus non-equidistant grid: sensitivity test

In order to find the best compromise between numerical accuracy and time/CPU consumption, two
simulations were performed: the first one (case EQUI) used a vertical grid of 128 points with a
very fine constant resolution of 10 m; the second one (case NON-EQUI) used a non-equidistant,
stretched grid whose first layer was 5 m deep and the successive ones, within the surface layer,
increased exponentially. Above the surface layer, a constant grid of 15 m was used. A schematic
plot of the numerical grids is shown in Figure 2.2.

The advantage of using a non-equidistant grid was twofold: it allowed us to use a finer grid in
the regions where the gradients are sharper, and, additionally, a vertical grid of 96 points was used
instead of 128 points (case EQUI)). This resulted in the equations being solved on a numerical grid
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Case EQUI NON-EQUI
Horizontal domain size (m) 10240 10240

Nx=Ny 256 256
∆x=∆y (m) 40 40

Vertical domain size (m) 1275 1400
Nz 128 96

∆z(1) 10 5
∆z (z > 100 m) 10 15
w′θ′0 (K m/s) 0.1 0.1

ug (m/s) 2 2

Table 2.1: Initialization parameters and boundary conditions used in the simulations.

that was 25% smaller, with obvious advantages in computational time. Details of the initialization
parameters used in the simulations can be found in Table 2.1.
The numerical simulations were run for three hours, and the results were time and spatially (hori-
zontally) averaged over the third hour.
Mean profiles of the variables (wind, temperature and scalar), and the relative vertical fluxes were
compared. Moreover, second-order moments and the skewness of the vertical velocity were ana-
lyzed as well. No significant difference between the two simulations were found above the surface
layer, because in the region where the length scale of the turbulent eddies is larger than the numer-
ical grid, the results should not depend on the vertical resolution.
Attention was therefore turned to the performance of the model in the surface layer, where the use

of a non-equidistant grid may have a larger influence on the results. In order to compare the two
simulations, the profiles of the stability functions Φm and Φh were analyzed as a function of the
dimensionless height z/L. In particular, the values of Φm and Φh were calculated by using equa-
tions (2.26) and (2.27), where the mean profiles calculated by the model were first interpolated
using a second order logarithmic function, and the vertical gradients were subsequently calculated
analytically.
Figures 2.3a) and 2.3c) show the stability functions for the momentum (Φm) and potential tem-
perature (Φh) as a function of the dimensionless height z/L, calculated for the two simulations.
In the Figure, the empirical functions for unstable conditions (Businger et al., 1971; Dyer, 1974;
Hogstrom, 1988), are also shown:

Φm = (1−16ζ)−1/4 (2.36)

Φh = (1−16ζ)−1/2. (2.37)

Clearly, the use of the non-equidistant grid gives a profile of Φm more similar to the theoretical
value than the equidistant grid, which, in the surface layer, has a coarser resolution. The difference
in the value of Φm affects the profile of mean wind, as shown in Figure 2.3b). The value of the
wind speed at the first numerical grid cell reads 1.26 m/s for the non-equidistant grid (at 2.5 m, that
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Figure 2.2: Schematic representation of the non-equidistant (left) and equidistant (right) grids. The
lines represent the cell’s edges, and the stars the cell’s centers.

is half of the first numerical grid cell height) and 1.44 m/s for the equidistant grid (at 5 m). Since
the wind at the surface (z = z0 = 0.15 m) is constrained to 0, the finer numerical grid reproduces
the theoretical logarithmic wind profile more satisfactorily.

The profiles for the stability functions for the potential temperature (Figure 2.3c) do not show
the same differences as for the wind, although a little improvement is found for z/L < 2 using the
non-equidistant grid. However, the mean profiles calculated using the different grids are in very
good agreement (Figure 2.3d). This is explained by the fact that the value of the temperature at the
surface (z = z0) is calculated by equation (2.32) rather than being constrained to a fixed value as
for the wind. In this case, therefore, the resolution of the numerical grid does not have such as a
big impact as for the wind profile.

2.4.2 Lagrangian Particle Module

As discussed in Chapter 1, the dispersion process can be equivalently studied in two different
frameworks: the Eulerian and the Lagrangian.
In the Eulerian framework, statistical properties are calculated in a fixed reference frame. This
approach is most commonly used in field experiments, as well as in laboratory experiments or
Eulerian numerical models.
In the Lagrangian framework, the statistical properties are calculated in a reference frame which
moves with the flow. This is the most natural approach for theoretical investigation of turbulent
dispersion (Taylor, 1921; Batchelor, 1949). In the Lagrangian framework, a plume dispersing in
the atmosphere is regarded as an ensemble of particles that move in the turbulent flow. Instead of
calculating the scalar concentration by means of equation (2.13), a large number of particles are
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Figure 2.3: a) Comparison of the stability function Φm in the surface layer calculated with an
equidistant (dashed line) and non-equidistant (continuous line) vertical grid. The dashed-dotted
line represents the parameterized formulas by Dyer (1974). b) Comparison of the vertical profile
of the mean horizontal wind V calculated with an equidistant (dashed line) and non-equidistant
(continuous line) vertical grid. c) Same as a), but for the stability function Φh. d) Same as b), but
for the potential temperature θ.
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released in the simulated flow, and their trajectories are tracked. The concentration at any point is
derived then by simply counting the number of particles in a given volume.
In addition, by investigating the dispersion in the Lagrangian framework, one is able to study and
derive quantities like the Lagrangian time-scale, which is a critical parameter for both theoretical
and practical applications (see Chapter 3).
The LES provides at each time t the three-dimensional velocity field u j(t), ( j = x,y,z). The position
in the direction j of the ith particle at time t +∆t is then calculated according to

xi
j(t +∆t) = xi

j(t)+ui
j(t)∆t, (2.38)

where ∆t is the time step, and ui
j(t) is the velocity in the position of the particle, calculated by

linearly interpolating the values of the resolved (Eulerian) velocity at the eight closest grid points.
As pointed out by Weil et al. (2004), a more realistic calculation of the particles’ positions should
include in (2.38) the subgrid component of the velocity ui

j
′, which is not directly available from the

LES. The value of ui
j
′ could be computed by solving the Langevin equation using a Markov chain

process, as suggested by Gopalakrishnan and Avissar (2000), or by a simple random walk scheme
(Uliasz and Sorbjan, 1999). A different approach was used by Mason (1992), who added a random
vertical displacement to the motion of the particles close to the surface. Finally, Weil et al. (2004)
used an adaptation of Thomson’s (1987) Lagrangian Stochastic Model in which ui

j
′ was specified

by a Gaussian PDF based on the subgrid stress tensor.
The subgrid velocity is particularly relevant in regions characterized by strong gradients, for exam-
ple near the surface, and may lead to errors in the calculation of ground concentration (Weil et al.,
2004). In our study, particles were released between z/zi = 0.12 and z/zi = 0.9, where the flow
was characterized by constant profiles of wind and potential temperature.
Quantities such as the Lagrangian time scale are only dependent on the velocity contributions of
the largest scales of motion (Degrazia et al., 1998), which are explicitly solved by the LES. This
is corroborated by previous studies by Wang et al. (1995) and by Gopalakrishnan and Avissar
(2000), who found no significant difference in the results if the velocity subgrid component was
taken into account. The subgrid velocity ui

j
′ was therefore not included in our calculations.

A similar argument was used with respect to the choice of the interpolation method used to calcu-
late the Lagrangian velocities ui

j(t) from the Eulerian (resolved) ones (Equation 2.38). Although
linear interpolation is used by many authors (Uliasz and Sorbjan, 1999; Mason, 1992), it can be
considered inadequate in some cases, because it may introduce numerical noise when a particle
crosses the grid-line boundaries (Yeung, 2002). Nevertheless, the error (imprecision) associated
with this process is only relevant at the smallest scales (i.e. scales equal or smaller than the numer-
ical grid). Since the Lagrangian statistics (both autocorrelations and integral scales) are associated
with the largest scale of motion, which are explicitly solved by the LES, we are confident that for
the atmospheric flow the results are rather independent of the interpolation scheme used.
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2.5 APPENDIX A: The Kappa scheme
As mentioned in Section 2.4 some routines in the parallel version of the LES needed to be mod-
ified to use a non-equidistant gird. The modification to the advection numerical scheme is now
discussed.
Referring to Figure 2.4 the one-dimensional advection term can be discretized (in the center of the
k-th cell) as follows:

∂wc
∂z
|k =

fk+1/2− fk−1/2

∆z
, (2.39)

where c is a generic scalar variable (temperature, moisture, passive scalar). The variables fk+1/2
and fk−1/2 refer to the fluxes at the edge of the numerical cell. Since a staggered numerical grid is
used by the model, the velocity are calculated at the edges of the cell, whereas the scalar variables
are calculated in the centers (see Figure 2.4). Therefore, we can write:

∂wc
∂z
|k =

fk+1/2− fk−1/2

∆z
=

wk+1ck+1/2−wick−1/2

∆z
. (2.40)

The problem raises now how to compute the value of ck+1/2 and ck−1/2 with sufficient accuracy.
Following Hirsch (1990) we can use a Taylor expansion formula to write:

ck−1/2 = ck−1 +
(

∆z f (k)
2

)
∂c
∂z
|k−1 +K

(
∆z f (k)

2

)2 ∂2c
∂z2 |k−1, (2.41)

where K is a parameter depending on the accuracy (see below). The first- and second-order deriv-
atives can be calculated according to (see Figure 2.4):

∂c
∂z
|k−1 =

ck− ck−1

∆zh(k)+∆zh(k−1)
(2.42)

∂2c
∂z2 |k−1 =

1
∆z f (k−1)

(
ck− ck−1

∆zh(k)
− ck−1− ck−2

∆zh(k−1)

)
. (2.43)

By substituting equations (2.42) and (2.43) in (2.41) and after some manipulations, we obtain:

ck−1/2 = ck−1 +
∆z f (k−1)

∆zh(k)+∆zh(k−1)
.


(ck− ck−1)

1+K ∆zh(k)+∆zh(k−1)
2∆zh(k)

2
+(ck−1− ck−2)

1−K ∆zh(k)+∆zh(k−1)
2∆zh(k−1)

2


 , (2.44)

which can be rewritten as

ck−1/2 = ck−1 +
∆z f (k−1)

∆zh(k)+∆zh(k−1)
Φ(ck−1− ck−2), (2.45)
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Figure 2.4: Scheme of the non-equidistant grid (in the vertical direction) used by the model.

where

Φ =
1−K ∆zh(k)+∆zh(k−1)

2∆zh(k−1)

2
+

1+K ∆zh(k)+∆zh(k−1)
2∆zh(k)

2

(
ck− ck−1

ck−1− ck−2

)
(2.46)

is the flux limiter function. In case of equidistant grid (∆z f = ∆zh) equations (2.44) and (2.46)
become simply

ck−1/2 = ck−1 +
1+K

4
(ck− ck−1)+

1−K
4

(ck−1− ck−2) =

= ck−1 +
1
2

Φ(ck−1− ck−2) (2.47)

Φ =
1−K

2
+

1+K
2

(
ck− ck−1

ck−1− ck−2

)
. (2.48)

Similar expressions can be found for ck+1/2.
Equations (2.47)-(2.48) are at the basis of the numerical scheme known as higher-order upwind

scheme, or, simply Kappa scheme. As said previously, the order of accuracy depends on the value
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of the parameter K. For K = 1,−1 and 1
3 the scheme corresponds to a 2nd order central, 2nd order

upwind, and the 3rd order upwind biased discretization, respectively (Hundsdorfer et al., 1996).
In the present model, the value K = 1/3 is used.
One of the most important concern regarding a numerical scheme, especially when used for solving
the transport of tracers whose concentrations can be very small, is the positiveness. A scheme is
called positive if, for any non-negative initial solution c(t0), the evolving solution c(t) remains
non-negative for all t ≥ t0.
It can be shown (Hundsdorfer et al., 1996), that the Kappa scheme guarantees positiveness if the
flux limiter function Φ satisfies the following conditions:

Φ = 0 i f r ≤ 0, 0≤Φ≤ δ, Φ≤ 2r, (2.49)

where δ = 2 and the slope ratio r is defined as:

r =
∂c
∂z |k−1/2
∂c
∂z |k−3/2

=
ck−ck−1
∆zh(k)

ck−1−ck−2
∆zh(k−1)

. (2.50)

There are many ways to define a limiter function satisfying conditions (2.49) (see for instance
Suratanakavikul and Marquis, 1999). The model utilizes the following flux limiter function by
Koren (1993):

Φ = max
[

0,min
(

2r,
2
3

r +
1
3
,2

)]
, (2.51)

which is shown to produce accurate results without loosing convergence (Suratanakavikul and
Marquis, 1999).
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2.6 APPENDIX B: The Poisson Solver
In this appendix the Poisson solver is described. As explained in Section 2.4.1, this subroutine
needed to be modified in order to use a non-equidistant numerical grid.

Introduction

The filtered Navier-Stokes equations can be written in the general form as (equation 2.10):

∂ui

∂t
=−∂uiu j

∂x j
+g

θl

θ0
δi3−2εi jkΩ juk−

∂τi j

∂x j
− ∂π

∂x j
, (2.52)

where the angular brackets <> (representing the filter operator) are omitted for sake of clarity.
As explained before, the modified pressure reads

π =
p

ρ0
+2/3e. (2.53)

Equations (2.52) can be split in two contributions according to :

∂ui

∂t
=− ∂p

∂xi
+Rem. (2.54)

where Rem accounts for all the remaining terms in the r.h.s. of Equation (2.52) (advection, buoy-
ancy, rotation and subgrid stress) except for the pressure gradient.
By introducing a fictitious velocity u∗, Equation (2.54) is decomposed as follows:





∂u∗
∂t = Rem

∂u
∂t − ∂u∗

∂t =− ∂p
∂xi

(2.55)

Applying the divergence operator to the second equation of the system (2.55) we obtain:

∇
(

∂u
∂t
− ∂u∗

∂t

)
=−∇2 p, (2.56)

which becomes, using the continuity equation (2.9),

∇
(

∂u∗

∂t

)
= f (u,x,y,z, t) = ∇2 p, (2.57)

that is a form of the Poisson’s equation. Note that ∇u∗ 6= 0 because the fictitious velocity represents
all the remaining terms of the Navier-Stokes equation, whose divergence is not necessarily zero.
Assuming that the Rem term is known (Equation 2.55), we first calculate the pressure by solving
the Poisson’s equation (2.57). Once the pressure is known, we can finally solve for ∂u

∂t in equation
(2.55).
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Time discretization

The discretized form of the l.h.s. of equation (2.54) reads (leap-frog method):

un+1
i −un−1

i
2∆t

=− ∂p
∂xi

+Rem, (2.58)

Similarly as above, a fictitious velocity u∗ can be introduced and the equation (2.58) can be split
into:





u∗i −un−1
i

2∆t = Rem

un+1
i −u∗i

2∆t =− ∂p
∂xi

,

(2.59)

which is the equivalent of the system (2.55).
By applying the divergence operator to (2.59) and making use of the continuity equation, we obtain

∇
(

u∗i
2∆t

)
= ∇2 p, (2.60)

which is the equation we need to solve, namely the discretized form of the Poisson’s equation
(2.57).

Spatial discretization

By defining the quantity

u∗∗i ≡ u∗i
2∆t

, (2.61)

the discretized form of the Poisson’s equation (2.60) reads

∇(u∗∗i ) = ∇2 p. (2.62)

Figure 2.4 shows the numerical grid used in the code, in the vertical direction. The scalar quantities
(temperature, humidity, scalar and pressure) are defined in the center of the cell, whereas the wind
velocities are defined at the edges, so that p(k) is not at the same level then w(k).
Moreover, referring to Figure 2.4, it can be noticed that, if a non-equidistant grid is used in the ver-
tical direction, the distance between two adjacent centers (∆zh) does not coincide with the distance
between two edges (∆z f ).
In discretizing equation (2.62), we have to compute the velocity gradient (l.h.s.) and the pressure
Laplacian (r.h.s) at the same level, namely at the center of the cell. Therefore, the l.h.s. can be
written in the discrete (centered) form as

∇u∗∗i =
u∗∗i+1−u∗∗i

∆x
+

v∗∗j+1− v∗∗j
∆y

+
w∗∗k+1−w∗∗k

∆z f (k)
, (2.63)
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whereas the pressure Laplacian (at the same level) is

∇2 p =
∂

∂x j

(
∂p
∂xi

)
=

1
∆x

[(
∂p
∂x

)

i+ 1
2

−
(

∂p
∂x

)

i− 1
2

]
+

+
1

∆y

[(
∂p
∂y

)

j+ 1
2

−
(

∂p
∂y

)

j− 1
2

]
+

+
1

∆z f (k)

[(
∂p
∂z

)

k+ 1
2

−
(

∂p
∂z

)

k− 1
2

]
. (2.64)

and pressure gradients at the cell’s edge (point i±1/2) are defined as




∂p
∂x |i+ 1

2
= pi+1−pi

∆x

∂p
∂x |i− 1

2
= pi−pi−1

∆x .

(2.65)

A similar formula holds for the y component.
The vertical pressure gradient reads:





∂p
∂z |k+ 1

2
= pk+1−pk

∆zh(k+1)

∂p
∂z |k− 1

2
= pk−pk−1

∆zh(k)
.

(2.66)

As a result, the discretized form of the Laplacian of the pressure reads

∇2 p =
pi+1−2pi + pi−1

(∆x)2 +
p j+1−2p j + p j−1

(∆y)2 +

+
1

∆z f (k)

(
pk+1− pk

∆zh(k +1)
− pk− pk−1

∆zh(k)

)
, (2.67)

and the Poisson equation (2.62) becomes

u∗∗i+1−u∗∗i

∆x
+

v∗∗j+1− v∗∗j
∆y

+
w∗∗k+1−w∗∗k

∆z f (k)
=

=
pi−1−2pi + pi+1

(∆x)2 +
p j−1−2p j + p j+1

(∆y)2 +apk−1 +bpk + cpk+1, (2.68)

where

a =
1

∆z f (k)∆zh(k)
(2.69)

c =
1

∆z f (k)∆zh(k +1)
(2.70)

b =−(a+ c). (2.71)
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Poisson Solver in the LES code

In the code used in this study, the routine FILLPS.F first computes, from Equation (2.59), the sum

u∗∗i =
u∗i

2∆t
=

un−1
i

2∆t
+Rem, (2.72)

and then solves for the divergence ∇u∗∗i (equation 2.63).
This is followed by the routine SOLMPJ.F that extracts the pressure p solving the Poisson’s equa-
tion (2.68), given the value of ∇u∗∗i calculated by FILLPS.F, applying a FFT in the two peri-
odic directions (x and y), and solving a tridiagonal matrix in the vertical direction. The routine
TDERIVE.F computes the velocity tendency ∂ui

∂t ≡ up, from Equation (2.54), namely

∂ui

∂t
≡ up = Rem− ∂p

∂xi
= u∗∗i − un−1

i
2∆t

− pi− pi−1

∆x
− p j− p j−1

∆y
− pk− pk−1

∆zh(k)
, (2.73)

where equation (2.72) has been used, and the pressure gradient has been discretized at the same
level of the velocity field.
Since by definition

∂ui

∂t
=

un+1
i −un−1

i
2∆t

, (2.74)

the routine TSTEP.F can finally calculate the velocity at the time step n+1

un+1
i = up2∆t +un−1

i . (2.75)
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Chapter 3

Relating Eulerian and Lagrangian Statistics
for the Turbulent Dispersion in the
Atmospheric CBL

3.1 Introduction
Atmospheric dispersion is a topic of great importance especially in relation to pollutant transport.
Two different approaches, known as the Eulerian and the Lagrangian frameworks, are used to de-
scribe this process.
In the Eulerian framework, statistical properties are calculated in a fixed reference frame. This
approach is most commonly used in field experiments, with surface or aircraft platforms, (Briggs,
1993; Lenschow and Stankov, 1986), as well as in laboratory experiments (Willis and Deardorff,
1976; Willis and Deardorff, 1981; Weil et al., 2002) or Eulerian numerical models (Lamb, 1978;
Henn and Sykes, 1992; Mason, 1992).
In the Lagrangian framework, the statistical properties are calculated in a reference frame which
moves with the flow. This is the most natural approach for theoretical investigation of turbu-
lent dispersion, as in the works by Taylor (1921) and Batchelor (1949), who established seminal
theoretical relationships between dispersion parameters and turbulent characteristics in flows char-
acterized by homogeneous turbulence. These relationships have been widely applied in studies of
atmospheric dispersion in the atmospheric boundary layer (ABL). Turbulence in the atmospheric
Convective Boundary Layer (CBL), however, is vertically inhomogeneous and the flow is gener-
ally characterized by large downdrafts of cold air surrounded by narrow strong updrafts of warm
air. As a result, the vertical velocity is positively skewed, and the turbulent transport is asymmetric
(Wyngaard and Weil, 1991). Another relevant aspect in atmospheric dispersion is that the vertical
transport is confined between the surface and the inversion at the top of the CBL.
Previous theoretical analysis have been applied to inhomogeneous flows, in particular in the works
by de Baas et al. (1986), Georgopoulos and Seinfeld (1988) and Degrazia et al. (1998), who
related dispersion parameters and Lagrangian properties (like the integral time scale) to spectral

The content of this Chapter has been published on Journal of the Atmospheric Sciences (62, 2005) with J. Vilà-
Guerau de Arellano, A.A.M. Holtslag and P.J.H. Builtjes as co-authors.
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characteristics of the atmospheric CBL.
Experimental measures of Lagrangian statistics in the CBL are very difficult to obtain. Experi-
ments with grid-generated isotropic turbulence (e.g. Sato and Yamamoto, 1987; Voth et al., 1998;
Ott and Mann, 2000) are only partly representative of the turbulent transport in the atmosphere.
Measurements of Lagrangian statistics in the atmosphere require the use of neutrally-buoyant bal-
loons (Gifford, 1955; Angell, 1964; Hanna, 1981). As pointed out by Hanna (1981), due to the
complicated experimental setting required in order to trace the balloon trajectory, the small num-
ber of balloons used, and the short sampling time (which rarely exceeds 30 minutes), experimental
estimates of the Lagrangian time scale have solely an accuracy of about 50%.
Another alternative method to calculate Lagrangian statistics is by means of numerical simula-
tions, that is, the trajectories of particles released in a numerically generated turbulent flow are
tracked in space and time. The most accurate approach is Direct Numerical Simulation (DNS) by
which the governing equations of the turbulent motion are directly solved numerically. Due to the
high number of degrees of freedom needed to solve all the scales of motion of turbulence, Yeung
and Pope (1989) and Squires and Eaton (1991) investigated Lagrangian properties of isotropic
turbulence only at low Reynolds numbers therefore making it difficult to extrapolate the results to
atmospheric applications.
Since Lagrangian statistics are strongly influenced by the large scales of motion (Wang et al.,
1995), a more suitable approach for studying Lagrangian statistics in the ABL is by Large Eddy
Simulation (LES). By simulating the atmospheric flow with LES, the largest energy-containing
scales of motion are solved directly and only the effect of the smallest (subgrid) scales are parame-
terized (e.g. Nieuwstadt et al., 1991). To our knowledge, only very few studies have investigated
Lagrangian statistics using LES: Wang et al. (1995) studied the ratio of the Lagrangian to the
Eulerian time scales and the particle mean-square dispersion in a simulated turbulent channel flow,
a highly idealized approximation of the neutral ABL. The Lagrangian statistics were only calcu-
lated for two different values of the Reynolds number (Re = 3200 and Re = 21900) and only at a
few selected levels within the Boundary Layer (BL). Uliasz and Sorbjan (1999) calculated vertical
profiles of Lagrangian time scales in the CBL but neither further investigation on other turbulence
properties (such as the energy spectra) nor direct application to dispersion characteristics were
made.
In our study, a LES is used to calculate Eulerian and Lagrangian statistics in the atmospheric CBL.
In contrast to field measurements, the numerical simulation represents a very controlled experi-
ment, because the flow characteristics are prescribed through initial and boundary conditions. In
addition, the use of a large numerical domain and a long integration time allow us to obtain reliable
statistics in both space and time.
Three main research issues are addressed in this study:
First, the turbulent characteristics of the flow are studied in the Eulerian framework by analyzing
the energy spectra and velocity autocorrelations. Spatial and temporal analysis are carried out in
order to derive length and time scales. These integral scales are usually related by Taylor’s hypoth-
esis of frozen turbulence. The LES results allow us to investigate the validity of Taylor’s hypothesis
in our numerically simulated CBL.
Second, Lagrangian statistics are calculated and the relationship between flow properties (autocor-
relations) and dispersion characteristics (particles’ displacements) is discussed through Taylor’s
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analysis of turbulent dispersion (Taylor, 1921).
Finally, the relationship between Eulerian and Lagrangian frameworks is studied by calculating
the ratio β between the Lagrangian and Eulerian time scales. This is relevant for improving the de-
scription of turbulent dispersion in the CBL and for relating theoretical approaches to experimental
studies. Currently used parameterizations derived either in previous field atmospheric experiments
(Hanna, 1981) or through theoretical analysis based on analytical spectra (Degrazia et al., 1998)
are validated against the LES results.
The outline of the Chapter is as follows. The theoretical background of the research is provided
in Section 3.2; in Section 3.3 the numerical experimental setup is described and definitions of the
calculated variables are given. The LES results for the Eulerian and Lagrangian statistics are then
presented and discussed in Sections 3.4 and 3.5 respectively. In Section 3.6 the application of these
statistics to atmospheric dispersion is examined. Finally in Section 3.7 the relationship between
the two frameworks is studied. The range of validity of existing parameterizations for the value of
the Lagrangian time and the ratio between Lagrangian and Eulerian time scales are also compared
with the LES results.

3.2 Theoretical background
Dispersion in the atmosphere is related to the displacement of particles from one other. Assuming
an ensemble of particles moving in the turbulent flow, the displacement in the jth direction, at a
time t after the release, is defined as:

x′j2(t) =
(

xi
j(t)− xi

j(t)
)2

, (3.1)

where xi
j(t) is the position of the ith particle and the overbar represents the average over all the

particles.
Following the classical analysis of Taylor (1921), this displacement is expressed as a function of
the properties of the turbulent flow according to

x′j2(t) = 2σ2
j

Z t

0

Z t ′

0
RL

j (τ)dτdt ′, (3.2)

where σ j is the (square root of the) velocity variance, and RL
j (τ) is the Lagrangian autocorrelation

function, defined as

RL
j (τ) =

u′j(t)u
′
j(t + τ)

σ2
j

. (3.3)

Here, u
′
j(t) = ui

j(t)− ui
j(t) is the velocity fluctuation of the ith particle at time t and τ is the time

lag.
Relationship (3.2) has two analytical limits for short and large times, respectively:

x′j2(t) = σ2
jt

2 t << T L
j (3.4)
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x′j2(t) = 2σ2
jT

L
j t t >> T L

j (3.5)

where the Lagrangian (integral) time scale T L
j is defined as (e.g. Hinze, 1975)

T L
j ≡

Z ∞

0
RL

j (τ)dτ. (3.6)

There is a large uncertainty in the value of the Lagrangian time scale and its dependance to other
variables of the ABL. For instance, values reported in literature vary from T L

v,w ∼ 80 s (Hanna,
1981) to T L

v ∼ 10000 s (Gifford, 1987). Theoretical analysis of by Degrazia et al. (1998) relates
the Lagrangian time scale to flow characteristics (for details see Section 7):

T L
j ∼C

zi

σ j
, (3.7)

where the value of the constant (C∼ 0.17) is in agreement with the experimental results by Hanna
(1981) in the middle of the CBL.
Lagrangian statistics are seldom measured experimentally in the CBL, and T L

j is normally inferred
from Eulerian statistics using the following relationship:

T L
j = β jT E

j , (3.8)

where T E
j is the Eulerian integral time scale, and β j is the ratio of the Lagrangian to Eulerian

time scales. Atmospheric measurements of β j usually range between 3∼4 (Gifford, 1955; Angell,
1964), whereas Hanna (1981) found a value of β j = 1.6.
The value of β j is dependent on the turbulence intensity i = σ j/U (where U = U(z) is the mean
wind speed) by the relationship

β j =
C
i

= C
U
σ j

, (3.9)

where the value of the constant C ranges in literature from 0.35 to 0.8 (see, e.g., Wang et al., 1995),
with a theoretical value of 0.44 (Wandel and Kofoed-Hansen, 1962) and an experimentally mea-
sured value of 0.7 (Hanna, 1981). Numerical simulations by Wang et al. (1995) lead to C = 0.6.
LES allows us to calculate Eulerian and Lagrangian statistics for an atmospheric CBL within the
same numerical experiment. From the LES results, the autocorrelation function (3.3) is calculated
in both Eulerian and Lagrangian frameworks, and the integral scale (3.6) is derived. From the
computed particle trajectories, dispersion statistics (3.1) are calculated and related to the turbulent
characteristics of the flow through equation (3.2). By so doing, we investigate the influence of the
inhomogeneity of the flow and the presence of the CBL boundaries on atmospheric dispersion.
Finally, the values of the Lagrangian time scale and the ratio β j (3.8) are compared with experi-
mental measurements and previous proposed parameterizations (equations 3.7 and (3.9).

3.3 Description of the numerical experiment
The LES code used here was the parallelized version of the one described by Cuijpers and Duynkerke
(1993) and Siebesma and Cuijpers (1995), in which a set of filtered prognostic equations for the
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dynamic variables (wind velocity, potential temperature, and turbulent kinetic energy) was solved
on a staggered numerical grid. The space and time integrations were computed with a Kappa
(Vreugdenhil and Koren, 1993) and leap-frog numerical schemes, respectively.
The numerical domain covered an area of 10.240 x 10.240 km2. A horizontal grid length of 40 m
was used (256 grid points in each horizontal direction). A non-uniform grid of 96 points was used
in the vertical direction, with the vertical grid resolution varying from 5 m near to the surface to 15
m above the surface layer.
The subgrid fluxes were closed by relating them to the gradient of the solved variable by means
of an exchange coefficient, which depended on the subgrid turbulent kinetic energy, and a length
scale, which was related to the grid size. By so doing the grid anisotropy was to a certain extent
implicitly taken into account by the subgrid closure.
The aspect ratio, that is, the ratio between the horizontal domain dimension to the CBL height zi,
was around 10 (with zi ∼ 940 m). Lateral periodic boundary conditions wee imposed for all the
variables. A time step of 0.25 s. was used.
At the top of the CBL, an inversion strength of ∆θ = 5 K was imposed, which strongly limited
the vertical motion of the flow in the entrainment zone. As shown by Moeng and Rotunno (1990),
the turbulent flow near the top of the CBL is strongly influenced by the capping inversion; the
updrafts convert their kinetic energy into that of horizontal motion. Moreover, in this region, there
are fewer updrafts than in the middle of the CBL. As a result, the skewness of the vertical velocity
increases. The change of the turbulence structure due to the strong inversion has a large impact on
the particles’ vertical motion, as will be discussed later.
A geostrophic wind of 5m/s aligned in the x direction and a heat flux of 0.156 K.m/s were im-
posed as constant forcing and the simulation was run for an initialization period of 2 hours (i.e.
the period of CBL development needed to ensure that a (quasi-)stationary state is reached). After
this period, the gradients of the mean variables were independent on time, and the turbulent kinetic
energy had become constant. The average values of the convective velocity scale w∗ was 1.7m/s
and the shear/buoyancy ratio u∗/w∗ was equal to 0.21 (where u∗ is the friction velocity). The value
of the stability parameter −zi/L was ∼ 40. According to the classification used in Holtslag and
Nieuwstadt (1986) this simulated flow is mainly driven by convective turbulence.

3.3.1 Lagrangian particle model

After the initialization period, 1024 particles were released on a regular horizontal grid at 50 dif-
ferent levels (from z = 100 m to z = 850 m), that is, a total of 51200 particles. The horizontal
distance (x and y direction) between the initial position of each particle was 320 m, in order to
assure statistical independence. The position and velocity of each particle was recorded every 5
seconds for the following 5120 s. Here, it is important to point out that the Lagrangian statistics
(autocorrelations and integral scales) are mainly dependent on the contribution of the largest scale
of motion. For example, the integral scale is directly related to the peak of the energy spectra
(Hanna, 1981); therefore a long sampling time is required to completely solve the most relevant
scales of motion. Besides, tracking the particle using shorter time steps does not improve the re-
sults at smaller scales. In fact, since the horizontal grid size is 40 m and the mean wind speed is
5 m/s, each particle remains in the same numerical grid cell for an average time of 8 s. Scales
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of motion smaller than the grid size are therefore filtered out by the LES. A test performed by
tracking the particle every second did not show significant differences in the particle trajectories
and velocities.
The position in direction j of the ith particle was calculated according to:

xi
j(t +∆t) = xi

j(t)+ui
j(t)∆t, (3.10)

where ∆t is the time step, and ui
j(t) is the velocity of the particle calculated by interpolating linearly

the values of the resolved (Eulerian) velocity at the eight closest grid points. As pointed out by
Weil et al. (2004), for a more realistic calculation of the particles’ position, the subgrid component
of the velocity ui

j
′ should be included in (3.10). The value of ui

j
′, which is not directly available

from the LES, could be computed by solving the Langevin equation using a Markov chain process,
as suggested by Gopalakrishnan and Avissar (2000) or by a simple random walk scheme (Uliasz
and Sorbjan, 1999). A different approach was used by Mason (1992), who added a random ver-
tical displacement to the motion of the particles close to the surface. Finally, Weil et al. (2004)
used an adaptation of Thomson’s (1987) Lagrangian Stochastic Model in which ui

j
′ is specified by

a Gaussian PDF based on the subgrid stress tensor.
The subgrid velocity is particularly relevant in regions characterized by strong gradients, like near
the surface, and may lead to errors in the calculation of ground concentration (Weil et al., 2004). In
our study, particles are released between z/zi = 0.12 and z/zi = 0.9, where the flow is characterized
by constant profiles of wind and potential temperature.
Moreover, as discussed earlier, a quantity such as the Lagrangian time scale is dependent on the ve-
locity contributions of the lower frequencies only, and therefore the velocity subgrid scales are not
very relevant. This is corroborated by previous studies by Wang et al. (1995) and by Gopalakrish-
nan and Avissar (2000), who found no significative difference in the results if the velocity subgrid
component was taken into account. Also, a simulation run with a finer grid (10 x 10 x 10 m) did
not show differences in the results at large scales, as discussed below. The subgrid velocity ui

j
′ was

therefore not included in our calculations.
A similar argument is used with respect to the choice of the interpolation method to calculate the
Lagrangian velocities ui

j(t) from the Eulerian (resolved) ones (equation 3.10). Although the linear
interpolation is used by many authors (Uliasz and Sorbjan, 1999; Mason, 1992), it is inadequate as
it may introduce numerical noise when the particle cross the grid-line boundaries (Yeung, 2002).
Nevertheless, the error (imprecision) associated with this process is only relevant at the smallest
scales (i.e., scales equal or smaller than the numerical grid). Since the Lagrangian statistics (both
autocorrelations and integral scales) are associated with the largest scale of motion, which are ex-
plicitly solved by the LES, we are confident that for the atmospheric flow the results are rather
independent of the interpolation scheme used.

3.3.2 Definition of statistical variables
Autocorrelation functions and integral scales are calculated from the LES results in both the
Eulerian and Lagrangian frameworks.
In the Eulerian framework, both temporal (Et) and spatial (Es) analysis are performed. Temporal
analysis is the calculation of statistics from time series collected at fixed positions. Spatial analysis
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Figure 3.1: Sketch of the different methods used in this study to calculate statistics. Eulerian
statistics are calculated both in space (Es) and in time (Et). Lagrangian statistics (L) are calculated
by following the particles’ trajectories.

is the calculation of statistics from data collected at different locations at fixed time (or averaged
over a certain time).
In the Lagrangian framework (L), statistics are calculated from the particles velocities calculated
by the LES according to (3.10). These different approaches are illustrated schematically in Fig-
ure 3.1. The theoretical definitions of the autocorrelation functions in the different frameworks is
reported in the appendix. From the autocorrelation, the integral length scales (λ) and time scales
(T ) are derived in both Eulerian and Lagrangian frameworks. There are two drawbacks in the
determination of the integral scales according to (3.6). First, if the sampling time is limited, the au-
tocorrelation may not approach to zero, a problem encountered by Hanna (1981) in his Lagrangian
field experiment. Second, if the autocorrelation shows oscillations around zero (e.g. Deardorff
and Willis, 1985) the value of the integral scale calculated by (3.6) is zero. This is the case for
wave-like signals, as shown by Csanady (1973).
The autocorrelation function for a pure stochastic motion has an exponential shape, that is, R(τ) =
exp(−τ/T ), where T is the integral scale (Csanady, 1973). In this case, the integral scale calcu-
lated by (3.6) is equal to the time Te required for the autocorrelation to drop to 1/e. Therefore,
the measurement of Te is the method commonly used in the majority of the studies related to at-
mospheric flows (Hanna, 1981; Wang et al., 1995; Deardorff and Willis, 1985; Mason, 1989). As
will be discussed later, in the atmospheric CBL the shape of the autocorrelation for the vertical
velocity may differ from that of a simple exponential, and therefore the use of Te as definition of
integral scale is not appropriate.
In our study the integral scales are defined according to (Lenschow and Stankov, 1986):





T = max
(R t

0 R(τ)dτ
)

λ = max(
R r

0 R(r′)dr′)
(3.11)
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Figure 3.2: Normalized energy spectra of the wind velocity components in the middle of the bound-
ary layer (z/zi = 0.5) calculated by spatial analysis (Es). For clarity, the spectra have been divided
by the factors shown near the curves. The following experimental data are also shown: ∗ represents
Deardorff and Willis (1985), + represents Schmidt and Schumann (1989), and • repersents Kaiser
and Fedorovich (1999) the thin line represents the vertical velocity spectra for a simulation with a
very fine uniform numerical grid (10 x 10 x 10 m).

This definition gives the same result as (3.6) for an exponential autocorrelation, but it allows us to
calculate more adequately the results for wave-like motion, like the vertical motion of a particle in
the atmospheric CBL.

3.4 Eulerian statistics

Eulerian statistics are calculated in a fixed framework. Eulerian length and time scales have already
been investigated in a large number of studies, both experimentally and numerically (e.g Caughey
and Palmer, 1979; Hanna, 1981; Lamb, 1982; Deardorff and Willis, 1985; Lenschow and Stankov,
1986; Mason, 1989). However, there is an essential difference between field experiments and
numerical studies. Field experiments (e.g Hanna, 1981) usually provide temporal analysis (i.e.
statistics derived by the analysis of time series collected at fixed positions), whereas in numerical
(e.g Mason, 1989) or laboratory experiments (e.g Deardorff and Willis, 1985) data is collected at
different locations at a fixed time (or averaged over a certain time); that is, spatial analysis is used.
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These two analysis are usually related by Taylor’s hypothesis of frozen turbulence (Tennekes and
Lumley, 1972), which is always assumed but seldom validated. Here we analyze both time and
spatial statistics in the Eulerian framework and evaluate the relationship between them.

3.4.1 Spatial analysis
One-dimensional spectra of the wind velocity components were obtained by Fourier transforming
the LES results along the mean wind direction and then averaging these over all parallel lines. Each
of these spectra was obtained from the model output every 10 minutes and then time averaged.
Figure 3.2 shows the normalized energy spectra for the wind velocity components calculated in
the middle of the BL (z/zi = 0.50). The LES results agree with the tank experiments by Deardorff
and Willis (1985), the numerical results by Schmidt and Schumann (1989), and the wind tunnel
data by Kaiser and Fedorovich (1999). As the Figure shows, the numerical domain is sufficiently
large to solve all the relevant scales of motion. In fact, the vertical profile of the velocity variances
calculated as integral of the spectra (not shown) are in agreement with previous experimental and
numerical studies (Willis and Deardorff, 1974; Lenschow et al., 1980; Dosio et al., 2003).
At short scales (k/zi > 20), the slope of the spectra departs from the theoretical slope k−5/3. This is
a consequence of the finite numerical grid, as explained by Pasquill (1974). However, as mentioned
earlier, the autocorrelation (and therefore the length scale), depends mainly on the larger scales,
which are solved by the model. To investigate the dependence of the results on the smaller scale of
motion, we performed a simulation using a very fine uniform numerical grid (10m x 10m x 10 m);
the result (shown only for the vertical velocity) shows that, as expected, the shape (slope) of the
spectrum at short scales is improved, but at large scales (k/zi < 20) the shape of the spectrum and
the magnitude and position of the spectral peak (which is proportional to the integral scale) are not
modified. As was also pointed out by Schmidt and Schumann (1989), simulations with a different
set of coefficients in the subgrid parameterization of their model showed a slight improvement in
the spectra, but both the results at large scales and the agreement with measurements were not
altered significantly.
Due to the scatter, it is not easy to estimate the wavelength Λ j of the spectral peak. For the
horizontal velocity, both Λu andΛv are generally in agreement with the relationship by Caughey
(1982):

Λu,v = 0.15zi, (3.12)

However, at heights z/zi > 0.8, we found larger values for the wavelength, Λu,v = 1.8zi at z/zi = 0.9
and Λu,v = 1.9zi at z/zi = 1, respectively. For the vertical velocity, the vertical profile of Λw follows
the curve,

Λw/zi = 1.8 [1− exp(−8z/zi)−0.0003exp(8.5z/zi)] , (3.13)

which is similar to the expression suggested by Caughey and Palmer (1979), as shown by Figure
3.4a where the vertical profile of Λw/zi is also compared with the atmospheric data by Caughey
and Palmer (1979) and Graf and Schumann (1992), and the wind tunnel data by Kaiser and Fe-
dorovich (1999).
Figure 3.3 shows the autocorrelation function for the three wind components calculated at three
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Figure 3.3: Eulerian autocorrelation function RE(r) calculated according to (3.29) at different
heights as a function of the normalized space lag r/zi. The continuous line is the u component, the
dashed line is the v component, and the dashed-dotted line is the w component. The following ex-
perimental data are also shown: 4 and ¦ represent Mason (1989) (u component and w component,
respectively) and + and • represent Deardorff and Willis (1985) (u component and w component,
respectively).
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Figure 3.4: a) The continuous line is the vertical profile of the normalized length scale Λw (wave-
length of the spectral peak) for the vertical velocity. The following experimental data are also
shown: + represents Caughey and Palmer (1979), ∗ represents Kaiser and Fedorovich (1999), and
• represents Graf and Schumann (1992). The dashed line is the parameterized curve (3.13). b)
Vertical profiles of the Eulerian length scale λ j (normalized by the CBL height) calculated accord-
ing to (3.11). The continuous line is the u component, the dashed line is the v component, and
the dashed-dotted line is the w component. The following experimental data are also shown: ∗
represents Khanna and Brasseur (1998), • represents Mason (1989), and ¦ represents Deardorff
and Willis (1985).

different heights (z/zi = 0.1, z/zi = 0.5, z/zi = 0.8). The results are in agreement with the ex-
perimental data by Deardorff and Willis (1985) and numerical experiment by Mason (1989). In
the middle of the boundary layer, the autocorrelation function for w does not differ significantly
from the autocorrelation functions for u and v. Near the surface layer and near the inversion, on
the contrary, the autocorrelation function for the vertical velocity decays more rapidly than for the
horizontal components.
This is corroborated by the vertical profiles of length scales λ j (3.11), shown in Figure 3.4b. Al-
though a direct comparison is not possible due to the different definition of the length scale, our
LES results agree with previous numerical studies (Mason, 1989; Khanna and Brasseur, 1998)
and laboratory experiments (Deardorff and Willis, 1985). The length scales remain approximately
constant (with a variation of about 10% from the mean value) between z/zi = 0.2 and z/zi = 0.7.
Lenschow and Stankov (1986) also showed that the profiles of the horizontal length scales remain
constant with height.
In the region below z/zi < 0.2 and in the entrainment zone, the length scales differ significantly

from their mean value in the bulk of the CBL. In particular the vertical length scales decrease with
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Figure 3.5: Normalized energy spectra of the wind velocity components in the middle of the bound-
ary layer (z/zi = 0.5) calculated by temporal analysis (Et). For clarity, the spectra have been divided
by the factors shown near the curves. The atmospheric data by Caughey and Palmer (1979) are
also shown (∗).

height whereas the horizontal ones increase. As shown by previous studies (Mason, 1989; Moeng
and Rotunno, 1990; Khanna and Brasseur, 1998), the flow near the inversion zone is characterized
by more isolated and discrete eddies, rather than large downdrafts surrounded by narrow updrafts
as in the middle of the CBL. Although the size of the eddies (updrafts) remains mostly constant
with height, near the top of the CBL there are fewer updrafts than at lower levels. This leads to
a increase in the skewness of the vertical velocity in the inversion zone, as shown by Moeng and
Rotunno (1990). They also showed that in a CBL characterized by a strong inversion the updrafts
convert part of their kinetic energy into that of horizontal velocity field; as a result, vertical motion
is converted into horizontal.
The results of Lenschow and Stankov (1986) show that the horizontal length scale maintains a
more constant profile near the top of the CBL, and the vertical length scale continues growing with
height. Their results were obtained as average of measurements for different boundary layers, with
values of the shear/buoyancy ratio u∗/w∗ varying from 0.18 to 0.46 and the stability parameter
−zi/L varying from 7.5 to 54. It is therefore possible that wind shear influenced the results in
some cases. As shown by Carruthers and Hunt (1986), the values of the length scales depend
on the atmospheric stability of the upper layer. Mason (1989) also observed that the results by
Lenschow and Stankov (1986) near the top of the CBL could have been influenced by the presence
of large scale motion in the stable layer above the inversion.
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Figure 3.6: Eulerian autocorrelation function RE(τ) calculated according to (3.26) at different
heights as a function of the non dimensional time lag t∗. The continuous line is the u component,
the dashed line is the v component, and the dashed-dotted line is the w component.
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Figure 3.7: Vertical profiles of the Eulerian time scale T E
j calculated according to (3.11). The

continuous line is the u component, the dashed line is the v component, and the dashed-dotted
line is the w component. In the Figure, the Eulerian time scale for the vertical wind component
calculated according to (??) is also shown (*).

3.4.2 Temporal analysis

Time series for the three velocity components were collected at 1024 points uniformly distributed
in the horizontal domain for each vertical level. Spectra were subsequently calculated and averaged
over the points (horizontal space average over the whole domain).
Figure 3.5 shows the energy spectra for the wind velocity components calculated in the middle of
the CBL (z/zi = 0.5). In spite of the large scatter in the observations, our results agree qualitatively
with the atmospheric data by Caughey and Palmer (1979) (although they show spectra only at
z/zi = 0.9). As explained earlier, also in this case the fall of the spectra from the theoretical slope
at small scales (large frequencies) is a consequence of the time step used, but it does not influence
the values of the autocorrelations and time scales.
The autocorrelations for the three wind components at different heights are shown in Figure 3.6 and
the vertical profiles of time scales T E

j calculated according to (3.11) are shown in Figure 3.7. Both
the autocorrelation and the integral-scale profiles have similar values and vertical shape to the ones
calculated through spatial analysis (Figures 3.3 and 3.4). Atmospheric measurement of Eulerian
integral time scales for convective conditions (−zi/L ranging from -20 to -375) are reported by
Hanna (1981), although no vertical profiles are shown. In his work, averaged values of T E

u ∼ 44 s
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and T E
w ∼ 55 s are reported, and they agree with the LES results.

Here, it is worth mentioning that the integral scales can be also calculated directly from the spectra.
In fact, assuming an autocorrelation with an exponential shape Hanna (1981) showed that

T E ∼ 1
6

Tm, (3.14)

where Tm is the period at which spectral peak occurs. Although a precise determination of the
spectral peak is difficult, relationship (3.14) is generally well satisfied for all the wind components.
For instance, values of the integral scales calculated at z/zi = 0.5 according to (3.14) are T E

u = 56
s, T E

v = 34 s and T E
w = 53 s. In Figure 3.7 the vertical profile of T E

w calculated according to (3.14)
is plotted, showing that the agreement is very satisfactory. However, as pointed out by Hanna
(1981), the determination of the integral scale from the autocorrelation function is preferable, as it
leads to more accurate results.

3.4.3 Validation of Taylor’s hypothesis of frozen turbulence in atmospheric
flows

As mentioned earlier, field experiments usually measure variables that evolve with time. In lab-
oratory experiments and numerical simulations, on the other hand, spatial analysis is often used.
The two frameworks are related by Taylor’s hypothesis of frozen turbulence. Following Pasquill
(1974), Taylor’s hypothesis is applied to autocorrelations and spectra as follows:

R(t) = R(x) i f x = Ut (3.15)

US(n) = S(k) i f n = Uk (3.16)

This in turn leads to the relationship between Eulerian length and time scales,

UT E = λE (3.17)

where U is the (height dependent) mean wind in the x direction (along which data is collected).
As explained earlier, in the simulated strongly convective CBL the wind profile is mostly constant
between z/zi = 0.1 and z/zi = 0.9. The length scales λE and time scales T E are calculated from
both autocorrelation functions and spectra through equations (3.11) and (3.14) respectively. To our
knowledge, this is the first time that length and time scales are calculated with two independent
methods within the same experiment, allowing a direct validation of relation (3.17). The vertical
profile of the ratio 1

U
λE

T E , calculated by combining the results shown in Figure 3.4 and Figure 3.7, is
close to one for all the wind components, which shows that Taylor’s hypothesis (relationships 3.15
and 3.16) holds in the simulated CBL. Only in the regions very close to the surface (z/zi < 0.05)
and at the top of the CBL (z/zi > 0.95), where a strong wind shear is present, the ratio 1

U
λE

T E is
slightly different than 1, being 1.2 and 0.8 respectively.
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Figure 3.8: Mean plume height (plume centerline) of particles released at three different heights
(z/zi = 0.2,0.5,0.85 respectively) and example of an individual trajectory (vertical position as
function of time) of a particle released at z/zi = 0.5.

3.5 Lagrangian statistics

Lagrangian statistics were calculated by following, both in space and in time, the particles released
at different positions in the simulated CBL. In Figure 3.8, an example of particle trajectory (i.e.
vertical position as function of the non dimensional time t∗ = (zi/w∗)t) is shown. The particle
is released in the middle of the boundary layer (z/zi = 0.5) and is rapidly caught by the thermals
which transport it in a wave-like motion between the boundaries of the CBL. This motion is typical
of meandering plumes in a strongly convective boundary later.
In the same picture, the mean plume height (plume centerline) of particles released at three dif-

ferent heights (z/zi = 0.2,0.5,0.85 respectively) is also shown. The vertical motion at short times
after the release (t∗ < 1) is largely dependent on the release height. As shown, particles released at
z/zi = 0.2 are caught by the updrafts and rise very quickly, whereas particles released at z/zi = 0.8
descend more slowly and remain in the upper part of the CBL for a long time. The difference in the
particles’ motions at short times is related to the different vertical structure of the turbulent flow
at different heights of the CBL and to the conversion of vertical motion into horizontal due to the
strong inversion at the top of the CBL, as explained earlier.
At longer times (t∗ > 2), all particles are (on average) in the middle of the CBL and therefore they

have a similar behavior, moving in a periodic motion between the boundaries of the CBL.
In short, the vertical inhomogeneity of the flow influences the particle motion at short times,
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Figure 3.9: Lagrangian energy spectra of the vertical velocity for a particle released in the middle
of the boundary layer.

whereas the presence of the CBL boundaries affects the particles’ motion at longer time. As will
be discussed later, these two effects have a direct influence on the shape of the autocorrelation and
consequently on the values of the Lagrangian time scale.
Figure 3.9 shows the spectra of the vertical velocity for a particle released in the middle of the
CBL. As explained by Corssin (1963), the Lagrangian spectra in the inertial subrange follows a
n−2 slope. With respect to the Eulerian one, the peak shifts towards smaller frequencies, as shown
by Hanna (1981). The value of the spectral peak frequency with respect to the one calculated in
the Eulerian framework will be discussed later.
Lagrangian autocorrelations calculated using (3.30) are shown in Figure 3.10 as a function of the
dimensionless time t∗. To have statistically sound results, they are presented as average over par-
ticles released at three different heights: particles released below z/zi = 0.25 (10240 particles),
particles released between z/zi = 0.25 and zs/zi = 0.75 (30720 particles) and particles released
above 0.75 (10240 particles).
There is a noticeable difference between the autocorrelation for the horizontal (v) and the vertical
(w) wind component. The horizontal autocorrelation (Figure 3.10a) closely follows an exponential
decay (i.e. at z/zi = 0.5 R(τ) = exp(−τ/200)), characteristic of a Markov process. The shape of
the autocorrelation is independent of the height of the release, but it is clear that the integral of the
autocorrelation for particle released above z/zi = 0.75 is slightly larger than the one for particles
released in the middle of the CBL.
The vertical autocorrelation departs from an exponential function. The shapes of the autocorre-
lation of particles released below z/zi = 0.25 or between z/zi = 0.25 and z/zi = 0.75 are quite
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Figure 3.10: a) Lagrangian autocorrelation for the horizontal (v) motion for particles released
at different heights. The function R(τ) = exp(−τ/200) is also shown (dashed-dotted line). b)
Lagrangian autocorrelation for the vertical (w) motion for particles released at different heights.
Equation (3.18) is also shown (dashed-dotted line).

similar and peculiar. Both have a strong minimum (at t∗ = 1 and 1.4, respectively), and they reach
constant value close to zero at larger times. This particular shape of the autocorrelation is found
for periodic (or wave-like) motions, as explained by Csanady (1973). In the CBL, the particles’
vertical motion is limited by the bottom and the top boundaries, and the particles move periodi-
cally within the CBL, as shown in Figure 3.8. This autocorrelation is analytically reproduced by
combining a stochastic motion (characterized by an exponential autocorrelation) and a wave-like
motion (characterized by a sinusoidal autocorrelation). The resulting autocorrelation has a shape
similar to the analytical function (Csanady, 1973),

RL(τ) = e−mτ
[
cos(nτ)− m

n
cos(nτ)

]
. (3.18)

As Figure 3.10b shows, the function (3.18) with m = 0.9 and n = 1.5 fits the LES results accurately
for the release at z/zi = 0.5.

As mentioned previously, experimental measurements of Lagrangian statistics in the CBL are
extremely rare. In his study, Hanna (1981) calculates the integral time arbitrarily assuming that TL
corresponds to the time lag at which R(τ) first drops to 0.37, therefore implicitly assuming an ex-
ponential shape for R(τ). However, he pointed out that the autocorrelation curves do not approach
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zero at the largest time lags available. This may implicate that his dataset (30 minutes record) was
too short to show the negative behavior of the autocorrelation function at large times.
In their study of synoptic scale Lagrangian autocorrelation function, Daoud et al. (2002) analyzed
a large database of modelled 10-day atmospheric trajectories, and they showed indeed an auto-
correlation function whose shape is similar to that in our study (although in their case, it is the
horizontal velocity autocorrelation). They also relate this shape to wave-like motion of the particle
in the atmosphere.
Numerical investigations of Lagrangian statistics in turbulent flow are reported by Wang et al.
(1995) and Yeung and Pope (1989). The latter performed a DNS of isotropic turbulence at relatively
low Reynolds number (< 100); therefore their study s not directly comparable with atmospheric
turbulence. Wang et al. (1995) performed a LES of a turbulent channel flow at Reynolds number
of 21900, which can be regarded as an idealization of a neutral atmospheric boundary layer. In our
opinion, particles released in a neutral BL have a different behavior compared to a pure-convective
CBL. As shown by Dosio et al. (2003), a tracer released in a near neutral BL is transported hori-
zontally rather than vertically; the vertical dispersion is reduced whereas the horizontal dispersion
is enhanced. Therefore, the vertical wave-like motion, which leads to the negative-shaped autocor-
relation, is largely reduced in a neutral BL.
In fact, as Figure 3.10b shows, the shape of the autocorrelation for particles released above z/zi =
0.75 (where the turbulence characteristics are different than in the bulk of the CBL) is much more
close to an exponential shape, especially at short time. At longer time (t∗ > 2) when the particles
are in the middle of the CBL the autocorrelation shows the negative minimum (but smaller than
the other cases), and finally it reaches zero.
From the autocorrelation function the following function is calculated:

T L
j (t) =

Z t

0
RL

j (τ)dτ (3.19)

By definition (3.6), the Lagrangian time T L
j is therefore the limit for large times of T L

j (t).
Figure 3.11 shows the function T L

j (t) for the horizontal and vertical motion as a function of t∗. For
the horizontal motion, T L

v (t) grows constantly until it reaches a (fairly) constant asymptotic value.
This asymptote represents the Lagrangian time (3.6) and it has a value T L

v = 230s for particles
released between z/zi = 0.25 and z/zi = 0.75. The time at which the autocorrelation drops to 1/e
is Te = 200s. Such small discrepancy is due to statistical errors related to the small fluctuations
around zero for large time lags (2 < t∗< 4) (Figure 3.10a). In fact, as shown in Figure 3.10a, the
analytical function R(τ) = exp(−τ/200) fits very well the autocorrelation calculated by the LES.
The Lagrangian time for particles released above z/zi = 0.75 has a larger value (T L

v = 310s), as
explained previously.
For the vertical motion, the curve T L

w (t) follows closely the one for the horizontal motion for
short times (t∗ < 0.5) before reaching a maximum and finally dropping to zero. The value and
the position of the maximum depend on the release height, being T L

w = 175s for particles released
below z/zi = 0.75 and T L

w = 100s for particles released above z/zi = 0.75.
It is therefore clear that in the atmospheric CBL the Lagrangian properties at short times depend on
the release height, due to the turbulence vertical structure. Moreover, a peculiar difference exists at
large times between vertical and horizontal direction, due to the limitation by the lower and upper
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Figure 3.11: Integral of the autocorrelation (3.19) for the horizontal (a) and vertical (b) wind
components for particles released at two different heights (Continuous line: z/zi = 0.5, dashed
line: z/zi = 0.85).

boundaries to the vertical motion. These effects have a large influence on the autocorrelation shape
and the value of the Lagrangian time, as shown. This difference between horizontal and vertical
motion has also a great effect on the particle displacement (dispersion), as it will be discussed in
the next Section.

3.6 Horizontal and vertical dispersion

In this Section, the relationship between the flow properties and the dispersion characteristics is
analyzed. In particular, dispersion characteristics are calculated in both Eulerian and Lagrangian
frameworks. Taylor’s relation (equation 5.14) relates the autocorrelation R(τ) to the particles’
displacement x′j2(t) (3.1); both these quantities are calculated in the Lagrangian framework. As
pointed out by Blackadar (1998), for practical applications the Lagrangian quantity is often re-
placed with the Eulerian one σ2

x j
. The latter refers to the standard deviation of the position of all

the particles that lie at distance X = Ut downwind the source, whereas x′j2(t) refers to all the parti-
cles that have travelled a time t since leaving the source. Some of them will be situated closer and
some further from the source than the distance X. In practical application, the Eulerian quantity
σ2

x j
is calculated (measured) instead of the Lagrangian x′j2(t), assuming that the difference is not
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very great.
By using the LES results, we calculate both σ2

x j
and x′j2(t) and compare them with Taylor’s re-

lationship (5.14). To calculate the Eulerian dispersion, particle are tracked as function of space,
instead of time, and σ2

x j
is calculated at intervals equal to the grid size from the initial position.

The results are shown in Figures 3.12-3.13 and discussed below.

3.6.1 Horizontal dispersion

For the horizontal motion (Figure 3.12) Taylor’s theory is satisfactorily fulfilled. The Lagrangian
displacement y′2(t) is similar to the Eulerian dispersion parameter σ2

y , and both agree with previous
studies and laboratory measurements (Lamb, 1978, Willis and Deardorff, 1981). Equation (3.2)
follows closely the displacement curves, and it shows the expected limits at short and long times,
respectively σvt and 2σv(T L

v t)1/2. This satisfactory agreement is closely related to the exponential
shape of the autocorrelation (Figure 3.10), leading to a constant limit at long times for the value of
the Lagrangian integral time (Figure 3.11).

3.6.2 Vertical dispersion

The results for the vertical dispersion are shown in Figure 3.13. It is first important to notice that
also in this case, the Lagrangian displacement z′2(t) and the Eulerian dispersion parameter σ2

z are
very similar, which implies that, for practical purposes using Eulerian dispersion parameters in-
stead of the Lagrangian one does not lead to large errors. This is related to the fact that Taylor’s
hypothesis of frozen turbulence holds in the simulated CBL, as shown before. As a result, disper-
sion statistics calculated for particles that travelled a time t after the release are equivalent to those
calculated for particles that lie at distance X = U/t from the source.
However, for the vertical motion the comparison between the particle displacement and Taylor re-
lationship (3.2) is less satisfactory and requires a more detailed analysis and discussion. Since the
shape of the vertical autocorrelation function and the Lagrangian time depend on the particle re-
lease height, the results are presented separately for particles released below and above z/zi = 0.75.

Particles released below z/zi = 0.75

The vertical displacement (3.1) calculated from the particle trajectories agrees with previous ex-
periments (Lamb, 1978) and reaches a constant limit of z′2(t)∼ 0.3, characteristic of an ensemble
of particles uniformly mixed within the CBL. Equation (3.2), on the other hand, agrees with the
displacement and previous experiments only at short times (t∗ < 0.7). This time is of the same
order of magnitude as the turnover time and corresponds to the period when the particles, just after
being released, are still unaffected by the CBL boundaries. In other words, the particles are in a
regime of ”free motion”.
As Figure 3.13b shows, at longer times equation (3.2) reaches a constant limit of about 0.5. This
limit is due to the peculiar shape of the autocorrelation for vertical motion for t∗ > 2, which leads
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Figure 3.12: Normalized horizontal dispersion parameters as a function of the dimensionless time
t∗. The continuous lines are the Eulerian displacements y′2(t) (3.1), the dotted lines are the Eulerian
dispersion parameters σy, and the dashed line represent Taylor’s theory (5.14). a) Horizontal dis-
persion for particles release below z/zi = 0.25. Data (¦) from the numerical experiment by Lamb
(1978) are also shown. b) Same as a), but for particles released between z/zi = 0.25 and z/zi = 0.75.
The water-tank data (•) from Willis and Deardorff (1981) are also shown. c) Same as a) for parti-
cles released above z/zi = 0.75.
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3.6. Horizontal and vertical dispersion

Figure 3.13: Normalized vertical dispersion parameters as function of the dimensionless time t∗.
The continuous lines are the Eulerian displacements z′2(t) (3.1), the dotted lines are the Eulerian
dispersion parameters σz, and the dashed line represent Taylor’s theory (3.2). a) Vertical dispersion
parameters for particles release below z/zi = 0.25. The dashed-dotted line represent expression
(3.2) calculated using the function T

′
L(t). Data (¦) from the numerical experiment by Lamb (1978)

are also shown. b) Same as a), but for particles released between z/zi = 0.25 and z/zi = 0.75.
The water-tank data (•) from Willis and Deardorff (1981) are also shown. c) Same as b), but for
particles released above z/zi = 0.75.
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Figure 3.14: Time scale T
′

L(t) (equation 3.21) for particles released at z/zi = 0.5 (continuous line)
and za/zi = 0.85 (dashed line).

to T L
w = limt→∞ T L

w (t)' 0 (see Figure 3.11b). As a result, equation (3.2) becomes

x′j2(t)∼
Z t

0

Z t ′

0
RL

w(τ)dτdt ′ =
Z t

0
T L

w (t ′)dt ′ = const (3.20)

As mentioned earlier, Taylor’s diffusion theory was developed for homogeneous turbulence, whereas
the CBL is characterized by vertically inhomogeneous turbulence. Moreover, the vertical motion is
bounded by the CBL boundaries and in strongly convective conditions the particles are transported
in a wave-like motion as shown in Figure 3.8. Therefore we consider it more appropriate to make
a distinction between free and bounded motion, as discussed later.

Particles released above z/zi = 0.75

The displacement of particles released above z/zi = 0.75 is strongly affected by the turbulent struc-
ture in the upper part of the CBL. As discussed previously, the turbulence structure near the top
of the CBL is different than in the lower layers, due to the strong capping inversion, and vertical
motion is converted into horizontal. As a result, at short times, when the particles have not reached
yet the middle of the CBL, the vertical displacement is diminished. At longer times (t∗ > 3) the
particles are well mixed within the entire CBL and the displacement (3.1) reaches the constant
limit of about 0.3 as explained earlier. However, also in this case, equation (3.2) overestimates this
limit at longer times (Figure 3.13c).
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Distinction between free and bounded motion

A more adequate interpretation of the LES results with respect to expression (3.2) is obtained if the
two regimes (free motion and bounded motion) are considered separately, in other words, when a
distinction is made between shorter and longer times after the release.
As previously shown, the period of time in which the particles are in a regime of free motion
(before being affected by the CBL boundaries) is of the same order of magnitude as the turnover
time. If t0 is the time at which the function T L

w (t) reaches its maximum value, then T L
w (t0) = T L

w
according to (3.11). A new time scale is defined as:





T
′

L(t) = T L
w (t) t ≤ t0

T
′

L(t) = 0 t > t0
(3.21)

The function T
′

L(t) is shown in Figure 3.14 for particles released at z/zi = 0.5 and z/zi = 0.85.
This function is consistent with the two limits (for shorter and longer times) that the function T L

w (t)
must fulfill.
If we now recalculate (3.2) using the new function T

′
L(t), the result agrees more satisfactorily with

the experiments and the particle displacement z′2, as shown in Figure3.13.

3.7 Relationship between Eulerian and Lagrangian frameworks
In this Section, we derive relationships between the Lagrangian and Eulerian frameworks from the
LES results for the autocorrelation functions and spectra.

3.7.1 Integral Lagrangian time scale
Figures 3.15a and 3.15c show the vertical profiles of time scales T L

j calculated from the autocor-
relation functions according to (3.11). Both the horizontal and the vertical Lagrangian time scales
are almost constant with height for z/zi < 0.7. The vertically averaged values below z/zi < 0.7
are T L

v = 220 s and T L
w = 180 s respectively. As explained earlier, the Lagrangian time scale can

also be calculated directly from the spectra, using an expression similar to (??). By using this
method, averaged values of T L

v = 235 s and T L
w = 210 s are found, which shows that the two ways

of determining T L
j are equivalent. However, the determination of the integral time by the spectral

technique leads to greater uncertainties due to the difficulty to locate precisely the spectral peak.
Our results are in agreement with the measurements by Phillips and Panofsky (1982) (T L

v ∼ 190
s). Other previous experimental studies show a large uncertainty in the value of the Lagrangian
time. For instance, atmospheric measurements range from 70− 80s (Hanna, 1981) to 104s (Gif-
ford, 1982). The numerical studies by Wang et al. (1995) and by Uliasz and Sorbjan (1999) do
not provide a direct value of the calculated integral time scale. As pointed out by Hanna (1981),
atmospheric measurements are influenced by the complexity of the experimental setup and the
short sampling time. Moreover, the results depend on different meteorological conditions during
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Figure 3.15: a) Vertical profiles of horizontal Lagrangian time scale as calculated by LES (contin-
uous line) and parameterized according to (3.23) (dashed line). b) Ratio between the horizontal
Lagrangian and Eulerian time scales as calculated by LES (continuous line) and parameterized
according to (3.25) (dashed line). c) Same as a), but for the vertical wind component. d) Same as
b), but for the vertical wind component.
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the measurement campaign. The LES results, on the contrary, are obtained from a more controlled
experiment and from a longer time series of data.
The value of the Lagrangian time scale is commonly parameterized as a function of CBL Eulerian
characteristics (Angell, 1964). In particular, T L

j is related to the wavelength of the spectral peak Λ j
according to (Degrazia et al., 1998)

T L
j =

√
π

16
Λ j

σ j
. (3.22)

By substituting in (3.22) the values of Λ j calculated by the LES (expressions 3.12 and 3.13) the
following relationships are found:

T L
v = 0.17

zi

σv
(3.23)

T L
w = 0.2

zi

σw
[1− exp(−8z/zi)−0.0003exp(8.5z/zi)] . (3.24)

As shown by Degrazia et al. (1998), equations (3.23) and (3.24) agree with the atmospheric
measurements by Hanna (1981) in the middle of the CBL. In Figures 3.15a and 3.15c expressions
(3.23) and (3.24) are compared with the LES results. Both parameterizations are able to reproduce
the LES results correctly for heights below z/zi = 0.7.
Above z/zi = 0.7 the LES results show an increase of T L

v with height (Figure 3.15a). This is
consistent with the calculation of the integral time scale from the spectral peak, which shows an
averaged (above z/zi = 0.7) value of T L

v = 260 s. As discussed in Section 4a, the value of the
wavelength Λ j calculated by the LES is Λu,v = 1.8zi at z/zi = 0.9 and Λu,v = 1.9zi at z/zi = 1.
If these values are used in (3.22), a better agreement is found between the LES results and the
parameterization.

3.7.2 Value of the ratio β j

Figures 3.15b and 3.15d show the ratio β j of the Lagrangian to Eulerian time scales for the hor-
izontal and vertical wind components. For the horizontal wind component, βv varies between 4
and 6, with a vertically averaged value of βv = 5. The irregular vertical profile of βv is due to
fluctuations in the autocorrelation function (Figure 3.10a). For the vertical wind component, the
values of βw calculated by the LES has a vertically averaged value of 4. Values in literature range
form 1.8 (Hanna, 1981) to 4 (Angell, 1964).
The value of β j is usually related to the intensity of turbulence i = σ j/U by (3.9), as explained
previously. In Figure 3.15b the following parameterization proposed by Hanna (1981) is also
shown:

β j = C
U
σ j

= 0.7
U
σ j

. (3.25)

As it can be seen, despite the fluctuations, the parameterization is in satisfactory agreement with
the LES results.
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As shown in Figure 3.15d, the parameterization (3.25) for the vertical component agrees with
the LES results only for z/zi < 0.7. Other values of the constant C range in the literature from
0.35 to 0.8 as reported by Pasquill (1974). Theoretical analysis by Wandel and Kofoed-Hansen
(1962) leads to C = 0.44 whereas the numerical simulation by Wang et al. (1995) gives a value
of C = 0.6. To illustrate the dependence of the parameterization on the value of the constant C,
expression (3.25) is shown in Figure 3.15d for two values of the constant, respectively C = 0.4 and
C = 0.7. As stated by Hanna (1981) the value C = 0.7 gives the best fit for the overall dataset,
whereas the value C = 0.4 fits the experimental data for high wind speed better, and it is in better
agreement with the LES results for z/zi > 0.7

3.8 Conclusions
Eulerian and Lagrangian statistics were calculated by means of a LES. A large numerical domain
and a long integration time were used in order to obtain reliable statistics both in space and in time.
The flow characteristics were studied by analyzing the energy spectra and velocity autocorrelations
in both the Eulerian and Lagrangian frameworks.
Three main research issues were studied. First, Eulerian statistics were calculated by means of
spatial and temporal analysis. The two frameworks are related by Taylor’s hypothesis of frozen
turbulence. Characteristic length and temporal scales were derived by means of two different
methods, namely through the analysis of the autocorrelation function and the spectral peak, allow-
ing a direct validation of Taylor’s hypothesis, the results of which were satisfied in the simulated
CBL.
Second, the relationship between flow properties (autocorrelations) and dispersion characteristics
(particles’ displacements) was discussed through Taylor’s analysis of turbulent dispersion. Results
showed that for the horizontal velocity, the autocorrelation had an exponential shape, characteristic
of a stochastic motion. As a result, horizontal dispersion was satisfactorily described by Taylor’s
diffusion theory. On the contrary, the autocorrelation function for the vertical velocity had a more
complicated shape, due to the vertical inhomogeneity of the turbulent flow. Moreover, the particle
vertical motion is confined between the CBL boundaries. As a result, particles move following a
wave-like motion and the value of the integral scale was zero. Taylor’s analysis correctly predicted
the particles’ displacement at short times, but overestimated the asymptotic limit at longer times.
The use of a different method to calculate the Lagrangian integral time (3.11), allowed us to distin-
guish better between free and bounded motion, and a better agreement between Taylor’s relation-
ship and particle vertical displacement was found.
This study was completed by verifying the equivalence between Lagrangian particles’ displace-
ment x′j2 and the Eulerian dispersion parameter σ2

x j
. The comparison showed that, for practical

purposes, using Eulerian dispersion parameters instead of the Lagrangian one does not lead to
large errors. This is related to the fact that Taylor’s hypothesis of frozen turbulence holds in the
simulated CBL.
Finally, the relationship between Lagrangian and Eulerian framework was investigated through the
calculation of the Lagrangian integral scales and the ratio β. Vertical profile of T L

j showed that the
integral scales remain constant at heights z/zi = 0.7. The difference in the turbulence characteris-
tics near to the inversion, influenced the particles’ motion, which is transformed from vertical into
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horizontal. This affected the values of the integral scales in the upper layers of the CBL, where the
horizontal time scale increased, whereas the vertical time scale was reduced. Currently used para-
meterizations for the ratio β, derived either in previous field atmospheric experiments or through
theoretical analysis, were compared with the LES results, showing a satisfactory agreement. The
present study indicates the need of further investigation on the values of time and length scales
near the inversion zone (z/zi > 0.7) of the CBL, and their implication on atmospheric dispersion.
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3.9 APPENDIX A: Definition of statistics

3.9.1 Eulerian statistics
Time series of Eulerian velocities ut are measured at different fixed positions (1024 points uni-
formly horizontally distributed for each vertical layer). The Eulerian autocorrelation function is
calculated according to (Daoud et al., 2002)

RE(τ) =
ΣN− j

t=1
[
(ut −ut)(ut+ j−ut+ j)

]
[
ΣN− j

t=1 (ut −ut)2
]1/2 [

ΣN− j
t=1 (ut+ j−ut+ j)2

]1/2 , (3.26)

where τ = j∆t is the time lag, and N is the number of time steps ∆t. The mean velocities are
defined according to

ut =
ΣN− j

t ′=1ut ′

N− j
(3.27)

ut+ j =
ΣN− j

t ′=1ut ′+ j

N− j
=

ΣN
t ′= j+1ut ′

N− j
. (3.28)

The autocorrelation is then spatially averaged over all the fixed measurement positions.
Spatial autocorrelation is calculated from the velocities ui measured at different positions along the
wind direction (recorded every 10 minutes) as follows:

RE(r) =
ΣN− j

i=1
[
(ui−ui)(ui+ j−ui+ j)

]
[
ΣN− j

i=1 (ui−ui)2
]1/2 [

ΣN− j
i=1 (ui+ j−ui+ j)2

]1/2 , (3.29)

where r = j∆x is the space lag and ∆x is the grid size. Autocorrelations calculated according to
(3.29) have been subsequently averaged over all the parallel lines and over time.

3.9.2 Lagrangian statistics
In the Lagrangian framework, the autocorrelation function is calculated using the particle velocities
ui(t) derived according to (3.10). At each time t0 + τ (where t0 is the release time and τ is the time
lag) the Lagrangian autocorrelation RL(τ) is calculated following Wang et al. (1995) as

RL(τ) =
<

[
ui(t0)−< ui(t0) >

][
ui(t0 + τ)−< ui(t0 + τ) >

]
>

< [ui(t0)−< ui(t0) >]2 >1/2< [ui(t0 + τ)−< ui(t0 + τ) >]2 >1/2
(3.30)

where the average (indicated by <>) is made over all the particles released at the same height.
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Chapter 4

Statistics of absolute and relative dispersion
in the Atmospheric Convective Boundary
Layer

4.1 Introduction
To understand and predict the dispersion of compounds in the Atmospheric Boundary Layer, it is
very important to determine with great accuracy concentration statistics such as mean, variance
and skewness.
In fact, the variance of the plume distribution is a direct measure of the plume spread (dispersion
parameter), whereas concentration fluctuations quantify the variability of the compound distribu-
tion. Concentration fluctuations are a consequence of the turbulent mixing that generates complex
and inhomogeneous distribution of the compound within the plume, and they can be of the same
order of the mean concentration, even at large distances from the emission source (Fackrell and
Robins, 1982; Deardorff and Willis, 1984; Sykes and Henn, 1992).
Third-order moments such as the skewness of the plume position, provide information on the struc-
ture and the shape of the plume, and quantify the asymmetry of the concentration distribution with
respect to its mean position. In the Convective Boundary Layer (CBL), the main responsible of
this asymmetric concentration distribution is the inhomogeneous and non-Gaussian large-scale tur-
bulent motion. Moreover, a further contribution to the skewness of the plume shape is given by
the reflection of the plume at the CBL boundaries, which tends to accumulate the scalar near the
surface and in the entrainment zone at the top of the CBL.
Briefly, turbulence in the CBL is characterized by eddies with a large range of temporal and spatial
scales, from the Kolmogorov scale (10−4 m) to the entire depth of the CBL (103 m). By relating
the length scale l of the turbulent eddies to a characteristic length scale of the plume σr (the plume
width in a coordinate system relative to the centerline instantaneous position), Yee and Wilson
(2000) proposed three regimes that characterize the growth and structure of the plume. If σr << l,
typically close to the source, the larger eddies cause the plume meandering, which is the large-

The content of this Chapter has been submitted for publication on Journal of atmospheric Sciences with J. Vilà-
Guerau de Arellano as co-author
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scale motion of the plume as a whole and the sweeping of the plume centerline. This large-scale
motion is highly inhomogeneous and characterized by a vertical velocity that is positively skewed.
In addition, the vertical motion is constrained by a rigid surface at the ground and a more perme-
able one (depending on the inversion strength) at the entrainment zone, at the top of the CBL.
When σr ∼ l, the scalar concentration is affected by the increasing entrainment of air into the body
of the plume. This process is known as relative diffusion and it is the main responsible for the
growth of the instantaneous plume width.
Finally, when σr ≥ l the turbulent eddies are mainly responsible of the internal (in-plume) mix-
ing of contaminant. This internal mixing is quantified by the relative concentration fluctuation
intensity icr (defined as the ratio of the standard deviation to the mean concentration in relative
coordinates), which is the main contribution to the production of concentration fluctuation at large
distances from the source, where the meandering component becomes small.
To distinguish and quantify the different contributions of large-scale (meandering) and small-scale
motion (relative diffusion) on the evolution of a dispersing plume, it is useful to calculate second-
and third-order moments in two different coordinate systems. By analyzing dispersion in absolute
framework, which is the coordinate system defined relative to a fixed point (e.g. the source loca-
tion), the statistical properties of the scalar concentration are influenced by the full spectrum of
turbulent eddies. As a result, the (square of the) plume spread σ is the sum of the meandering
and the relative diffusion. In the relative framework, the coordinate system moves with the instan-
taneous plume centerline position. In this framework, therefore, the (vertically) inhomogeneous
meandering motion is removed, and consequently the concentration statistics are only dependent
on the small turbulent eddies (l << σr), which are homogeneous and isotropic.
Although there is not a clear physical separation between ”large” and ”small” scales, the mean-
dering component and the relative diffusion were assumed to be statistically independent in the
pioneer study by Gifford (1959), who developed an analytical model for the calculation of higher-
order concentration statistics as a function of two independent terms: the Probability Distribution
Function (PDF) of the plume centerline position and the PDF of the concentration in relative coor-
dinates.
Gifford’s analysis provided the basis for later studies (Yee et al., 1994; Yee and Wilson, 2000; Luhar
et al., 2000; Reynolds, 2000; Franzese, 2003), which incorporated in-plume fluctuations (that were
neglected in Gifford’s model) by specifying the PDF of the relative concentration, and took into
account the inhomogeneous and skewed turbulence structure of the CBL by calculating the posi-
tion of the plume centerline from one-particle Lagrangian model trajectories. In all these studies,
the intensity of relative concentration fluctuations is the key variable for the determination of the
relative concentration PDF, but neither observational nor numerical data in the atmospheric CBL
is currently available for an appropriate estimation of icr.
Measurements of dispersion statistics (PDFs) in absolute and relative frameworks have been re-
cently discussed by Munro et al. (2003a) and Munro et al. (2003b) who analyzed seven different
datasets of Lidar measurements. Unfortunately, measurements were only available in the horizon-
tal (crosswind) direction at a fixed height. As a result, the vertical non-Gaussian inhomogeneous
structure of the plume could not be analyzed. Moreover, the plume centerline could have been
wrongly estimated, in particular under convective conditions, when the instantaneous plume cen-
terline was above the line of sight of the Lidar.
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In the study by Ott and Jørgensen (2001) a Lidar was used to obtain vertical cross sections of a
dispersing plume at 100 m from the source. Mean and variances of absolute and relative concen-
trations were calculated, but only vertically and horizontally averaged results were presented.
In our study, a Large-Eddy Simulation (hereafter LES) is used to analyze the dispersion of a pas-
sive scalar in absolute and relative coordinate systems. More explicitly, we first calculate the mean
concentration, concentration fluctuations, dispersion parameters and skewness of the vertical posi-
tion in both reference coordinate systems. To the best of our knowledge, this is the first time that
a complete three dimensional field of concentration statistics of a dispersing plume is analyzed in
both frameworks in the atmospheric CBL.
Second, we calculate the PDF of the plume centerline and the PDF of the relative concentration.
These results are further analyzed and related in terms of the skewness of the centerline position
and the intensity of relative concentration fluctuation, which are critical variables in the formula-
tion of operational models. Third, following Gifford’s analysis and by using the estimated PDFs,
we derive concentration statistics that are finally compared with the ones directly calculated by the
LES.
The Chapter is structured as follows: the theoretical background is exposed in Section 4.2. In Sec-
tion 4.3 the numerical model and the experimental setup are described. The results are presented
and discussed in Section 4.4. Finally, conclusions and remarks are discussed in Section 4.5.

4.2 Theoretical background
Let c = c(x,y,z, t) be the instantaneous concentration of a scalar at the downwind position x from
the source. By definition, the n− th moment of concentration in a fixed (absolute) reference frame
reads:

cn(x,y,z)≡
Z ∞

0
cn pc(c|x,y,z)dc, (4.1)

where pc is the concentration PDF.
At each time t and any downwind distance x, let (ym,zm) be the position of the plume centerline. It
is now possible to define the system of coordinates relative to the instantaneous plume centerline
position as:

{
yr = yr(ym) = y− ym
zr = zr(zm) = z− zm.

(4.2)

Consequently, for each downwind position x, the concentration field relative to the plume centerline
coordinate system is defined as:

cr(x,yr,zr, t) = c(x,ym + yr,zm + zr, t). (4.3)

Similarly to Equation (4.1), the n− th moment of the relative concentration can be calculated as:

cn
r (x,yr,zr)≡

Z ∞

0
cn pcr(c|x,yr,zr)dc, (4.4)
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where pcr is the PDF of the concentration in the reference frame of the plume centroid.
Assuming that the meandering and relative diffusion contributions are statistically independent,
Gifford (1959) related the absolute concentration PDF to the relative concentration PDF by:

pc(c|x,y,z)≡
Z Z

pcr(c|x,yr,zr)pm(x,ym,zm)dymdzm, (4.5)

where pm is the PDF of the instantaneous plume centroid position.
By substituting Equations (4.5) and (4.4) into (4.1) we obtain:

cn(x,y,z) =
Z Z

cn
r (x,yr,zr)pm(x,ym,zm)dymdzm, (4.6)

which relates the absolute and the relative concentration statistics.
By simulating the plume dispersion with a LES, in this paper we investigate the validity of Equa-
tion (4.6). In particular, we calculate and discuss the PDFs of both the plume centerline (pm) and
the relative concentration (pcr). These results are first used to test the validity of current parame-
terizations for pm and pcr. These PDFs are subsequently used to derive higher-order moments by
calculating the r.h.s of Equation (4.6). These results are finally compared with the statistics directly
calculated by the concentration fields (l.h.s of Equation4.6).

4.3 Numerical Setup

4.3.1 Model description
The LES code used here is the parallelized version of the one described by Cuijpers and Duynkerke
(1993) and Siebesma and Cuijpers (1995), in which a set of filtered prognostic equations for the
dynamic variables (wind velocity, potential temperature, turbulent kinetic energy) is solved on a
staggered numerical grid. The space and time integrations are computed with a Kappa (Vreugden-
hil and Koren, 1993) and leap-frog numerical schemes respectively.
The subgrid fluxes are closed by relating them to the gradient of the solved variable by means of an
exchange coefficient, which depended on the subgrid turbulent kinetic energy, and a length scale,
which is related to the grid size.
A conservation equation for the passive tracer is added to the governing set of equations. It reads

∂c
∂t

=−ui
∂c
∂xi

− ∂u′ic
′

∂xi
, (4.7)

where c is the mean (filtered) scalar concentration, ui is the mean wind and u′ic
′ is the subgrid flux.

The horizontal numerical domain covers an area of 5.120 x 5.120 km2. In order to be able to solve
the small scales of motion a very fine grid is used, with a resolution of 10 m in all the directions
(512 grid points in each horizontal direction and 128 in the vertical).
The aspect ratio, that is, the ratio between the horizontal domain dimension to the CBL height
zi, is around 6.6 (with zi ∼ 780 m). Lateral periodic boundary conditions are imposed for all the
variables. However, as soon as the scalar reaches the lateral boundaries the simulation is ended, as
the plume statistics become meaningless. A time step of 0.25 s. is used.
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4.3.2 Flow characteristics
At the top of the CBL, an inversion strength of ∆θ = 5 K is imposed, A geostrophic wind of 2m/s
aligned in the x-direction and a heat flux of 0.1 K.m/s are prescribed as constant forcing (lateral
and surface boundary conditions). The simulation is run for an initialization period of 2 hours (i.e.
the period of CBL development needed to ensure that a (quasi)stationary state is reached). After
this period, the gradients of the mean variables are independent on time and the turbulent kinetic
energy has become constant. The average values of the convective velocity scale w∗ is 1.38 m/s
and the shear/buoyancy ratio u∗/w∗ is equal to 0.14 (where u∗ is the friction velocity). The value
of the stability parameter −zi/L is ∼ 136. According to the classification used in Holtslag and
Nieuwstadt (1986) this simulated flow is mainly driven by convective turbulence.

4.3.3 Plume concentration calculation
After the initialization period, an instantaneous line source (ILS) of scalar (non-buoyant tracer) is
emitted along the x axis at zs/zi = 0.28. The line source measures one grid spacing both in the
vertical and in the horizontal (y) direction. The line source can be equivalently interpreted in terms
of a continuous point source (CPS), by using the relationship t = x/u as explained by Willis and
Deardorff (1981) and Nieuwstadt and de Valk (1987). As the numerical grid moves with the mean
wind along the x direction, this relationship transforms the numerical x coordinate in the physical
elapsed time after the release of the scalar. The line source after a certain time t is therefore
equivalent to the time evolution of the concentration pattern of a scalar released from a CPS at a
certain distance x = ut.
In order to obtain statistically sound results, nine different realizations are performed, in which the
horizontal position of the instantaneous release is changed. The results are subsequently ensemble-
averaged over the different realizations.

4.3.4 Definition of statistical parameters
Figure 4.1 shows a vertical cross section of an idealized instantaneous line source c(x,z) at a certain
time t after the release. As explained in the previous Section, the spatial coordinate x is equivalent
to the physical time t due to the equivalence between ILS and CPS. As a result, all the statistics
can be interpreted as a function of the downwind distance x = u/t.
Let z be the instantaneous (vertical) position of a particle in the plume. The instantaneous center-
line position zm and the mean plume height z are defined as follows:

zm =
R

zcdydzR
cdydz

and (4.8)

z =
R

czdVR
cdV

, (4.9)

where dV = dxdydz.
From these mean quantities, the fluctuation of the absolute (z′), relative (z′r) and centerline (z′m)
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Figure 4.1: Idealized instantaneous line source dispersing in the simulated CBL. The spatial co-
ordinate x is equivalent to the physical time t = u/x for the equivalence between ILS and CPS. In
the figure, the vertical position z, the mean plume height z and the instantaneous plume centerline
position zm are shown together with their respective instantaneous fluctuations (z′ and z′m). Note
that z′r = zr. The relative coordinate system is defined with respect to the instantaneous plume
centerline position zm.

positions are calculated as follows:

z′ = z− z (4.10)

z′r = z− zm = zr (4.11)

z′m = zm− z. (4.12)

The absolute vertical dispersion parameters σz is defined according to Nieuwstadt (1992) as fol-
lows:

σ2
z =

R
cz′2dVR

cdV
. (4.13)

The absolute dispersion σz is decomposed into meandering (σzm) and relative dispersion (σzr)
according to:

σ2
z = σ2

zm +σ2
zr, (4.14)

where:

σ2
zm =

R
z′m2cdVR

cdV
and (4.15)
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σ2
zr =

R
z2

r cdVR
cdV

. (4.16)

Similarly, the third-order moments of the vertical position are defined as:

z′3 =
R

z′3cdVR
cdV

(4.17)

z′m3 =
R

z′m3cdVR
cdV

(4.18)

z′r3(t) =
R

z3
r cdVR
cdV

. (4.19)

Similar expressions to (4.8-4.19) hold for the horizontal position y.
The absolute and relative concentration fluctuations are derived using:

σ2
c(t,y,z) =

R
(c− c)2dx

Lx
and

(4.20)

σ2
cr
(t,yr,zr) =

R
(cr− cr)2dx

Lx
, (4.21)

where t = x/u, Lx is the domain size, and c is

c(y,z, t) =
R

cdx
Lx

. (4.22)

A similar expression holds for cr.
From the instantaneous centerline position, the PDF pym and pzm are derived as:

pym(t,y′m)dy′m = prob{y′m < ym(x, t) < y′m +dy′m} (4.23)
pzm(t,z′m)dz′m = prob{z′m < zm(x, t) < z′m +dz′m}, (4.24)

where the horizontal and vertical increments (dy′m and dz′m) are defined by the numerical grid size
(10 m).

4.4 Results and discussion

4.4.1 Dispersion in absolute coordinate system
The plume statistics (first-, second- and third-order moments) in the absolute coordinate system
are now discussed. As explained earlier, the statistical properties of the scalar concentration in the
absolute coordinates system are influenced by both meandering and relative diffusion.
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Figure 4.2: a) Normalized vertically-integrated mean concentration as a function of the dimension-
less time t∗. b) Normalized cross-integrated mean concentration. In the picture, the normalized
mean plume height z/zi (continuous line) and the position of the maximum concentration (dashed
line) are also shown. c) Normalized horizontal (σy) and vertical (σz) dispersion parameters. The
following experimental and numerical data are also shown: Willis and Deardorff (1978) (4); Hib-
berd (2000) (*); Nieuwstadt (1992) (¦). d) Skewness of the vertical plume position Sz = z′3/σ3

z . In
the picture, the data by Luhar et al. (2000) are also shown (∗).
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Mean concentration, variance and skewness

Figures 4.2a and 4.2b show the vertically-integrated and crosswind-integrated concentrations as a
function of the normalized distance t∗, defined as

t∗ =
w∗
zi

x
u

=
w∗
zi

t. (4.25)

Figure 4.2a shows that, in the horizontal plane, the mean concentration has a Gaussian shape. The
centerline position, also shown in the picture, moves slightly with time due to the presence of a
small wind in the crosswind (y) direction.
The crosswind-integrated concentration is shown in Figure 4.2b, where both the plume mean height
position z and the position of the maximum concentration are also shown. The value of z calcu-
lated by the LES overestimates slightly the water-tank results by Willis and Deardorff (1978) (not
shown), probably because of the small difference in the initial plume position (zs/zi = 0.28 in our
study compared with zs/zi = 0.25 in Willis and Deardorff, 1978). The ground-level maximum
occurs at t∗ = 0.65, in close agreement with the water-tank experiment. The elevated maximum,
due to the fast rise of the plume caught by the updrafts, occurs at t∗ = 1.7, and the correspondent
surface minimum is present around t∗ = 1.75. At larger distances (t∗ ∼ 2.6), the position of the
maximum concentration descends below the plume mean position z, meaning that the plume is not
perfectly well-mixed yet. This result is in agreement with the data by Willis and Deardorff (1978)
and Deardorff and Willis (1982), who stated that the well-mixed condition in achieved only at very
large distances from the source (t∗ = 6).
The total horizontal and vertical dispersion parameters (σy and σz), are shown in Figure 4.2c, where
they are compared with laboratory data (Willis and Deardorff, 1978; Hibberd, 2000) and other LES
results (Nieuwstadt, 1992), showing a satisfactory agreement. The vertical dispersion σz reaches
an asymptotic limit around 0.29 when the plume is vertically confined between the ground an the
top of the CBL. The horizontal dispersion parameter, on the contrary, follows closely Taylor’s re-
lation of turbulent dispersion, that is, σy ∝ t at short times, and σy ∝ t1/2 at longer times.
The skewness of the vertical position is defined as

Sz =
z′3

σ3
z
, (4.26)

where z′3 is calculated according to equation (4.17). In a flow characterized by the inhomogeneity
of the turbulence, the skewness quantifies the asymmetry of the plume with respect to its mean
position (first-order moment).
The evolution of Sz is shown in Figure 4.2d. The skewness is positive between 0 < t∗ < 1.4. In
fact, since the CBL is characterized by a positively skewed vertical velocity, the plume is more
likely to be caught by a downdraft and, consequently, it is transported towards the surface. As a
result, the plume is more likely to be below its mean position z, as shown by the maximum plume
concentration, which is closer to the ground than the plume mean height (Figure 4.2b). Because,
by definition, the average of the instantaneous plume position must coincide with z, this means that
the tail of the PDF of the plume position has to be highly positive. As a consequence, the value of
the skewness Sz is positive.
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For 1.4 < t∗ < 2.6 the skewness has a negative value. As Figure 4.2b shows, the plume is caught by
an updraft, and a elevated maximum is present at distances 1.2 < t∗ < 2.2. It is now more probable
that the plume lies above its mean position. The skewness, therefore, must have a negative value.
At t∗ = 2.6 the skewness becomes slightly positive, correspondingly to the descent of the plume
maximum concentration. As explained early, only at large distances the plume is well mixed and
Sz approaches zero. The evolution of Sz is in very good agreement with the data by Luhar et al.
(2000), calculated from his Lagrangian particle model.

Concentration fluctuations

Figures 4.3a shows the horizontal cross section of the concentration fluctuation intensity ic = σc
c

near the ground (z/zi = 0.007). Figure 4.3b shows the contour of ic in the plume mean horizon-
tal position (y/zi = 0). The LES results agree with previous experimental and numerical studies
(Deardorff and Willis, 1984; Luhar et al., 2000; Weil et al., 2002). As expected, the concentration
fluctuation is larger at the edges of the plume, and it has the smallest values near the plume cen-
troid. It is noteworthy that even at relatively large distances (t∗ = 2) the fluctuation concentration
is of the same order that the mean concentration.
The concentration fluctuation intensity along the plume mean horizontal position (y) at ground is
shown in Figure 4.3c. Our results agree generally with all the previous studies and are in very
good agreement with the water-tank experiment by Weil et al. (2002). The results show that ic
decreases rapidly with distance from the source, and it reaches an asymptotic limit of about 0.35.
However, there is still a large uncertainty on the value of ic at short distances. The numerical results
by Franzese (2003) (not reported here) show a minimum at t∗ = 0.4 and a maximum at t∗ = 1.2,
which are not present in our results. Franzese (2003) explained the presence of the maximum as a
combination of two different effects: the decay of ic (in the plume’s centerline) with distance from
the source, and the growth of ic with distance from the centerline at any fixed position from the
source. At any distance t∗ from the source, the value of the ground concentration (and consequently
the value of ic) depends strongly on the plume spread σz and the position of the plume mean height
z. Since in the work by Franzese (2003) the value of z overestimates the experimental results,
especially between 0.5 < t∗ < 2, the edge of the plume is located close to the ground. Since σc
reaches its maximum value at the plume’s edges, as a result the value of ic may be overestimated.
Also the water-tank experiments by Deardorff and Willis (1984) show a relative maximum of ic
around t∗ = 1.4, but they doubted about the validity of their data. If the ”anomalous” maximum
in the data by Deardorff and Willis (1984) is excluded (as suggested by the same authors) a good
agreement is found among all the experimental data and the LES results. The LES results by Henn
and Sykes (1992) are in contrast with the other results at short distance (t∗ < 2) probably due to the
low vertical resolution (40 m) and the relative high ratio between the the source size and the eddy
dimension.

4.4.2 Meandering component
In this Section the plume meandering is discussed by analyzing the second- and third-order mo-
ments, and the PDF of the plume instantaneous centerline position. An example of trajectories of
the plume centerline position zm is shown in Figure 4.4a. Close to the source (t∗ < 0.8), the shape
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Figure 4.3: a) Horizontal cross section of the concentration fluctuation intensity ic at ground
(z/zi = 0.007). b) Vertical cross section of ic in the plume mean horizontal position y. c) Concen-
tration fluctuation intensity along the plume mean horizontal position (y) at ground. The following
experimental and numerical data are also shown: Weil et al. (2002) (×); Deardorff and Willis
(1984) (2 and 4); Henn and Sykes (1992) (*).
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Figure 4.4: a) Example of trajectories of the plume instantaneous centerline position zm. The plume
mean height position z is also shown. b) Normalized horizontal (σym) and vertical (σzm) variances
of the plume centerline position (meandering)r. The laboratory data by Hibberd (2000) (*) and
the LES data by Nieuwstadt (1992) (¦) are also shown. c) Skewness of the vertical meandering
Sm = z′m3/σ3

zm.
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of the ensemble of trajectories is similar to the mean cross-integrated concentration (Figure 4.2b),
because meandering is the main contribution to the plume motion when the plume size is smaller
than the characteristic turbulent length-scale. The spread of the instantaneous plume centerline
position reaches its maximum around t∗ = 0.5, and then it slowly diminishes. Far from the source,
when the plume is vertically confined between the CBL boundaries, the instantaneous plume posi-
tion becomes similar to the mean plume height z,which has reached the asymptotic value of 0.5.
The second-order moment of the horizontal and vertical centerline position (σym and σzm) calcu-
lated by the LES (equation 4.15) agrees satisfactorily with previous laboratory experiments and
numerical simulation (Figure 4.4b). As explained, σzm reaches a maximum value around t∗ = 0.5,
and then it decays quickly to a very small value when the plume vertical motion is limited by the
boundaries and zm ∼ z. In the horizontal direction, the plume motion is not limited and the me-
andering component σym is in agreement with the theoretical analysis by Csanady as reported by
Weil et al. (2002)





σym = σvt at short distances

dσ2
ym

dt = 0 at long distances,
(4.27)

which implies that σym approaches a constant value at large distances.
The evolution of the skewness of the instantaneous centerline (vertical) position

Szm =
z′m3

σ3
zm

, (4.28)

is shown in Figure 4.4c. The skewness of the meandering position provides information on the
distribution of the plume as transported by the large-scale turbulent motions. As pointed out by
Luhar et al. (2000), there are no currently available data to validate the evolution of Szm. The LES
results provide an estimation of the downwind variation of the meandering skewness and they can
be useful to derive a suitable parameterization.
Close to the source, meandering is the main contribution to plume dispersion, because the plume
size σr is smaller than the turbulent length scale l. Therefore the concentration distribution is
mainly affected by the large-scale motions. As a result, at t∗ < 0.5 the meandering skewness is
very similar to the total skewness Sz (Figure 4.2d).
The meandering skewness follows closely the motion of the plume carried by the large-scale ed-
dies, because, by definition, the meandering represents the contribution of the large scale motion
to the plume total dispersion. In particular, Szm is positive when the plume is transported down-
ward by the subsidence motion (t∗ < 1 and t∗ > 2.4), and it becomes negative when the plume is
transported upward by the thermals, as shown by the position of the maximum concentration in
Figure 4.2b. The meandering skewness has a different behavior than the total skewness at distances
t∗ > 0.5. For example, at t∗ = 1.1, Szm is negative, whereas Sz is still positive. This difference will
be further discussed below, when the third-order moment of the relative diffusion is discussed.
In the numerical model by Luhar et al. (2000), the meandering skewness Szm was assumed equal
to the total one Sz. As explained, this assumption is valid only at very short distances form the
sources (t∗ < 0.5) when dispersion is dominated by meandering.
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Figure 4.5: PDF of the plume centerline instantaneous position (pym and pzm calculated by the LES
according to equation 4.24 at different distances from the source (t∗ = 0.5,1.2,3). The Gaussian
parameterization (4.29) is also shown (dashd line).
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The evolution of the meandering skewness is closely related to the value of the PDF of the
plume’s centerline position. From the instantaneous centerline position (ym(x, t),zm(x, t)) (equa-
tion 4.8), the PDFs of the plume centerline pzm and pym are calculated at any downstream distance.
The results are shown in Figure 4.5 at selected distances from the source (t∗ = 0.5,1.2,3), where
the PDF are shown as a function of the normalized relative position (zm−z)/σzm (and equivalently
for the horizontal PDF).
The horizontal PDF pym is well reproduced by the Gaussian function

pym =
1√

2πσym
exp

[
− y2

m
2σ2

ym

]
, (4.29)

which is commonly used as parameterization for the plume horizontal mean position PDF (Yee and
Wilson, 2000; Luhar et al., 2000; Franzese, 2003) based on the water-tank experiment by Willis
and Deardorff (1978). This result is explained by the homogeneity of the horizontal motion in the
atmospheric CBL.
The LES results for the pzm are shown in Figures 4.5b, 4.5d, and 4.5f respectively. As previously
discussed, when the meandering skewness was analyzed, three different shapes of the PDF can be
distinguished: at short distances from the source, when the plume is transported by the downdraft,
the PDF is positively skewed (Figure 4.5b). At larger distances (t∗ = 1.2, Figure 4.5d), the plume
is transported upwards by the thermal motions. Therefore it is now more likely that the plume
instantaneous centerline lies above its mean value. As a result, pzm becomes negatively skewed.
Finally, the PDF becomes once again positively skewed (t∗ = 3 Figure 4.2f). It must be noticed that
for a uniformly well-mixed plume, the PDF would have a Gaussian shape, centered on the plume
mean position. Our LES results are consistent with the water-tank data by Willis and Deardorff
(1978), who showed that the well-mixed condition is reached only at very large distances from the
source (t∗ > 6).
Although out of the scope of this work, finding a suitable parameterization for the PDF of the
vertical plume position would be of great practical interest, because it would allow the estimation of
concentration statistics through Gifford’s formula (4.6) without the need of calculating the position
of the plume centerline by means of a LES or Lagrangian stochastic models. As the LES results
show, the shape of pzm is highly complex, and it may depend on different factors such as the
turbulent characteristics of the CBL, plume characteristics (such as σzm and Szm), distance from
the source, and height of the release.

4.4.3 Dispersion in relative coordinate system
Mean concentration, variance and skewness

Figures 4.6a and 4.6b show the normalized vertically- and cross-integrated mean concentration in
the relative coordinate system. The vertically integrated concentration (Figure 4.6a) has a Gaussian
shape similar to the one in absolute coordinates (Figure 4.2a), as expected. In the relative coordi-
nates system, the concentration pattern is always aligned along the line yr = 0, which is the position
of the centerline. The crosswind-integrated concentration is shown in Figure 4.6b. Moreover, to
allow a direct comparison, vertical cross sections of averaged absolute and relative concentrations
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Figure 4.6: a) Normalized vertically-integrated relative concentration as a function of the dimen-
sionless time t∗. b) Normalized cross-integrated relative concentration. In the picture, the position
of the maximum concentration (dashed line) are also shown. c) Normalized horizontal (σyr) and
vertical (σzr) relative diffusion parameters. The following experimental and numerical data are
also shown: Hibberd (2000) (*); Nieuwstadt (1992) (¦). d) Skewness of the vertical relative plume
position Szr = z′r3/σ3

zr. In the picture, the data by Luhar et al. (2000) are also shown (∗).
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Figure 4.7: Vertical cross-sections of averaged concentration in absolute (a, c, e, and g) and rel-
ative coordinates system (b, d, f, and h) at different distances from the source (t∗ = 0.5,1,2,3
respectively).

at different distances from the sources (t∗ = 0.5,1,2,3 respectively) are shown in Figure 4.7.
Since in the relative coordinate system the meandering, which characterized the large-scale in-

homogeneous and skewed motion, has been removed, one expects that the relative concentration
has a more homogeneous and Gaussian distribution. This is evident especially close to the source
(t∗ < 1), where the plume is still very narrow (σr << l) and it has not reached the boundaries
yet. For instance, at t∗ = 0.5, the scalar distribution in absolute coordinate is vertically highly in-
homogeneous. The distribution is skewed, and the maximum concentration is located close to the
ground (Figure 4.7a). In relative coordinates, on the contrary, the plume is very narrow and it shows
a Gaussian distribution both in the horizontal and vertical direction (Figure 4.7b). At t∗ = 1 the
plume in relative coordinates has reached the CBL boundaries and it still shows a quasi-Gaussian
distribution (Figure 4.7d), but the maximum concentration is somehow below the plume centerline
(Figure 4.6b). This deviation form the Gaussian distribution is an effect of the reflection of the
plume by the ground, which occurs at t∗ = 0.5 (Figure 4.2b), and causes the relative concentration
to be positively skewed (see below).
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At larger distances (t∗ > 1.2), the maximum lies above the relative mean height. Both the absolute
and relative concentration present an elevated maximum around t∗ = 2 caused by the reflection with
the CBL top after the plume was transported upward by the thermals (Figures 4.7e and 4.7f). It is
noteworthy that the relative concentration shows a distribution very similar to the absolute concen-
tration (figs. 4.7g and 4.7h). Since at large distances from the source the meandering component
becomes small, the relative diffusion is the main contribution to the plume dispersion as shown
by Figure 4.6c, where the vertical and horizontal relative dispersion parameters are shown. As a
result, the concentration distribution in absolute coordinates is influenced mainly by the in-plume,
small-scale motions, and the absolute concentration is very similar to the relative concentration for
t∗ > 1.5.
This result is corroborated by the analysis of the skewness of the vertical relative plume position
Szr = z′r3/σ3

zr, shown in Figure 4.6d. Generally the relative skewness has a little value, because
the relative concentration distribution is affected mainly by the small-scale motion, which is ho-
mogeneous and Gaussian. These small asymmetries in the relative concentration distribution are
due solely to the reflections by the CBL boundaries. The reflection by the ground is the cause of
the small positive value of Szr at distances between 0.5 < t∗ < 1.5. At larger distances (t∗ > 1.5),
the relative skewness becomes negative due to the reflection by the CBL top, and Szr becomes very
similar to total skewness Sz. This result is explained by the fact that the meandering contribution
becomes very small at t∗ > 1.5 and consequently z′3 ∼ z′3r . The numerical data by Luhar et al.
(2000) overestimate significantly the LES results, especially close to the source. In their work,
Luhar et al. (2000) assumed the following balancing relationship between the meandering and
relative third-order moment:

z′3L = z′3m + z′3r . (4.30)

From the definition of the third moments (equations 4.17, 4.18 and 4.19), it can be shown that

z′3L = z′3m + z′3r −3zz′r2 +3zmz′r2 = z′3m + z′3r −3zσ2
zr +3zmz′r2. (4.31)

The different terms in equation (4.31) are shown in Figure 4.8 as a function of t∗. As explained,
close to the source (t∗ < 0.5), the total dispersion is dominated by the meandering, because the
plume is very narrow. As a result, z′r ∼ 0 and z′3 ∼ z′m3. Far from the source (t∗ > 1.5), the
meandering contribution becomes small because the instantaneous plume centerline position zm
approaches its mean value z (Figure 4.4a). As a result, z′m ∼ 0 and z′3 ∼ z′r3. Figure 4.8 shows that
the non-linear cross-terms −3zσ2

zr and 3zmz′r2 do not balance themselves, and their contribution is
very important especially at distances between 0.4 < t∗< 1.5. These cross-terms are significant as a
result of the reflection of the plume by the ground and the top of the CBL. A physical interpretation
of the cross-terms and their influence on the relative concentration is discussed thoroughly in the
next Section.

Concentration fluctuations

Figures 4.9a and 4.9b show the contour of the relative concentration fluctuation intensity icr = σcr
cr

in the plume mean height (z) and in the plume mean horizontal position (y) respectively. To our
knowledge, this is the first time that complete horizontal and vertical two-dimensional fields of
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Figure 4.8: Evolution of the third-order moments of the total (continuous line), meandering (dashed
line) and relative (dashed dotted line) vertical plume position. In the Figure, the sum of the the
non-linear cross-terms −3zσ2

zr and 3zmz′r2 is also shown as dashed dotted dotted line. Note that,
for clarity, all the terms have been divided by the factor 106.

relative concentration fluctuations are shown. In their study, Fackrell and Robins (1982) showed
relative intensity of fluctuation concentration calculated as the maximum r.m.s. of concentration
(σ̂) divided by the maximum mean concentration (ĉ) at any downstream position. This approach is
valid in neutral conditions, when the plume centerline coincides with the position of the maximum
concentration. As shown earlier, in the CBL these two heights are different, and icr may be differ-
ent than σ̂

ĉ .
The horizontal cross section of relative concentration fluctuation (Figure 4.9a) has a shape similar
to the one in absolute coordinates (Figure 4.3a), because the horizontal motion is homogeneous and
Gaussian in both the reference coordinate systems. The vertical cross section (Figure 4.9b) shows
a pattern similar to the relative mean concentration (Figure 4.6b): at short distances icr spreads
uniformly until it is influenced by the boundaries, around t∗ = 1.
The value of icr in the plume centerline (y,z) is shown in Figure 4.9c. Very close to the source,

σcr is zero because the plume is so narrow that the only the very small eddies can generate in-
plume fluctuation. As a result, cr(t)∼ cr. As the plume grows, the mixing process is driven by an
increasing number of eddies, and σcr grows consequently. The intensity of relative concentration
fluctuations reaches a maximum of icr = 1.4 around 0.5 < t∗ < 1 when the plume size is of the same
order of the turbulent length scale and all the turbulent eddies participate to the internal mixing. At
larger distances, icr slowly decreases with the distances from the source. At very large distance,
for an ideally well-mixed condition, the scalar concentration must be close to its mean value, so
that σcr is relatively small.
In the previous studies by Yee et al. (1994) and Yee and Wilson (2000), the value of icr was as-
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Figure 4.9: a) Horizontal cross section of the relative concentration fluctuation intensity icr in the
plume mean position z. b) Vertical cross section of icr in the plume mean horizontal position y. c)
Relative concentration fluctuation intensity along the plume mean position (y,z). The numerical
data by Luhar et al. (2000) are also shown (*).
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Figure 4.10: PDF of relative concentration in the mean plume position (y,z) at different distance
from the source (t∗=0.1,0.5,1.5,2.5 respectively). In the Figure the parameterization (4.33) is also
shown as a dashed line.

sumed to be constant in a crosswind cross-section of the instantaneous plume at any distance,
because their model was develop to be used in homogeneous and isotropic turbulence.
In the study by Luhar et al. (2000), the value of icr was parameterized in order to obtain the best
fit of the total calculated concentration fluctuation ic. The values of icr calculated by Luhar et al.
(2000) are also shown in Figure 4.9c. Although the general shape is similar, the parameteriza-
tions predict the maximum at larger distances from the source than the LES results. It must be
noticed that whereas the LES results are obtained by direct calculation of icr, the parameterization
is explicitly calculated in order to obtain the best fit of the results for the total intensity ic.

PDF of relative concentration

The PDF of the relative concentration is calculated from the evolution of cr as:

pcr(c|t∗,yr,zr)dc = prob{c < cr < c+dc}, (4.32)

where the concentration increment dc is taken equal to one hundredth of the maximum concentra-
tion. Figure 4.10 shows the PDF calculated in the plume mean position (y,z) at different distance
from the source (t∗=0.1,0.5,1.5,2.5 respectively). The LES results show that pcr has mainly two
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characteristics shapes: an unimodal type with the mode at non-zero value of cr, and an exponen-
tial type (or unimodal with the mode at cr = 0 (fig. 4.10b). As expected, the former type is the
most probable in the plume centerline, as shown by Munro et al. (2003a), because the relative
concentration in the mean plume position is very often different than zero. On the contrary, far
from the centerline, small concentrations are more probable, and consequently the PDF shows an
exponential shape. However, the LES results shows that at distances between 0.5 < t∗ < 1 pcr has
an exponential shape also in the plume centerline (Figure 4.10b). This may be explained by the
fact that the at distances between 0.5 < t∗ < 1.5, when dispersion is dominated by meandering,
the plume instantaneous vertical position zm is very unlikely to coincide with its mean position z
(Figure 4.4a). As a result the time evolution of the relative concentration cr is highly intermittent.
When the instantaneous plume position zm is closer to its mean value (t∗ > 1.5, Figure 4.4a) the
PDF of relative concentration is once again unimodal with the mode at non-zero (Figures 4.10c
and 4.10d).
The LES results are compared with the following Gamma parameterization (Yee and Wilson, 2000;
Luhar et al., 2000):

pcr(c|t∗,y,z,ym,zm) =
λλ

crΓ(λ)

(
c
cr

)λ−1

exp
(
−λc

cr

)
, (4.33)

where λ = 1/i2cr. As shown in Figure 4.10, parameterization (4.33) is able to reproduce correctly
the shape of pcr at any distances from the source. Since the parameterization depends heavily on
the value of the intensity of relative concentration fluctuation icr, the agreement between the LES
results and relationship (4.33) demonstrates the accuracy of the calculation of icr.

4.4.4 Validation of Gifford formula
As explained in Section 4.2, the absolute and relative mean concentrations (and higher-order mo-
ments) are related by Gifford’s formula (4.6). In his study, Gifford (1959) pointed out that possible
statistical variations in the shape of cn

r are not taken into account, since cr should approach its av-
erage value if the sampling time is long enough. However, equation (4.6) is strictly true only if the
plume is not affected by the boundary conditions. When the plume is reflected by the boundaries,
in fact, the shape of the relative concentration is changed and, as a consequence, equation (4.6) has
to be modified, as will be shown.
In order to visualize the physical process, one can consider the time evolution of the plume at a
fixed distance from the source, as illustrated schematically in Figure 4.11a. The centerline position
zm(t) shows the instantaneous vertical motion of the plume in the absolute coordinate system. If
the plume is transported by a downdraft and reaches the ground (for instance between t1 < t < t2
and t3 < t < t4 in the Figure), it is reflected by the surface and the concentration is enhanced as
illustrated by the shaded area in the Figure. In the relative coordinate system (Figure 4.11b) the
relative concentration has a Gaussian distribution centered on the plume centerline only when the
plume is not affected by the boundaries (for instance between t0 < t < t1 and t2 < t < t3 in the Fig-
ure). If the plume reaches the ground and it is reflected, the relative concentration is modified and
its distribution is skewed as illustrated by the shaded areas in Figure 4.11b. Since the concentration
is higher, the plume spread must be smaller, as illustrated by the fact the relative concentration be-
tween t1 < t < t2 is narrower than between t0 < t < t1. Therefore, the instantaneous relative plume
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4.4. Results and discussion

Figure 4.11: a) Time evolution of an idealized plume at a certain fixed position downwind the
source in the absolute coordinate system. the continuous line zm(t) represents the instantaneous
plume centerline position. the shaded areas between t1 < t < t2 and t3 < t < t4 represent the
concentration reflected by the surface. b) Same as a) but in the coordinate system relative to
the plume position zm(t) (relative coordinate system). The continuous solid line at zr = 0 is the
plume centerline (corresponding to zm(t) in absolute coordinates. The shaded areas represent the
concentration reflected by the surface. The dashed line represent the path of integration z1− zm(t).

width z′r2(t) between t1 < t < t2 does not coincide with its mean value σ2
zr. This is the reason why

the cross terms −3zσ2
zr and 3zmz′r2 in equation (4.31) do not balance themselves.

The absolute mean concentration at the height z = z1 is related to the relative mean concentration
by the equation:

c(z1) = cr(z1− zm(t)) (4.34)

by the definition of the relative coordinate system. The r.h.s of equation (4.34) implies that one has
to integrate the relative concentration along the path z1− zm(t), which is illustrated by the dashed
line in Figure 4.11b. By considering a finite sampling time, one can write:

c(z1) = cr(z1− zm(t)) =
N

∑
j=1

cr(t j)
N

= ∑
i

Nzi

∑
1

cr(zi)
Nzi

Nzi

N
= ∑

i
cr(zi)

l
p(zi), (4.35)

93



Chapter 4. Statistics of absolute and relative dispersion in the Atmospheric Convective Boundary Layer

where N is the number of the samplings t j, Nzi is the number of times that the integration path

z1−zm(t) encounters the height zi (illustrated by the points A,B,C, and D in Figure 4.11b), cr(zi)
l
is

the relative concentration locally averaged over the points A,B,C, and D, and finally p(zi) = Nzi/N
is the PDF of the plume centerline in the position zi.
It is evident that equation (4.35) is equivalent to Gifford’s formula (4.6) only if the local average
cr(zi)

l
coincides with the mean relative concentration cr(zi). This is true only if the relative con-

centration cr varies little with time, i.e. the plume is not perturbed by the CBL boundaries.
The importance of the effect of the boundaries on the calculation of the absolute mean concen-

tration is illustrated in Figure 4.12 where Gifford’s formula (4.6) is directly applied to the LES
results. Figure 4.12a shows the cross-wind integrated absolute mean concentration calculated di-
rectly from the LES results as a function of the dimensionless time t∗ (note that this figure is the
same than Figure 4.2b). Figure 4.12b shows the cross-wind integrated absolute mean concentration
calculated through Gifford’s formula (4.6) from the relative mean concentration cr and the PDF of
the plume centerline pm. It is evident that Gifford’s formula gives a satisfactory result for distances
t∗ < 0.4, before the impact of the plume on the surface. For t∗ > 0.4, Gifford’s formula repro-
duces correctly the general plume behavior but it underestimates sensibly the mean concentration,
especially close to the ground (z/zi < 0.2). As explained previously, this result is due to the use in
equation (4.6) of the mean relative concentration cr instead of the more correct local average cr

l .
Since the calculation of the local average requires the knowledge of the time evolution of the rela-
tive concentration, it is evident that its direct calculation for use in equation (4.6) is unsuitable for
practical use. However, a more practical way to compute the absolute mean concentration can be
found, in which instead of cr

l a parameterization of cr is used that takes into account the skewness
of the relative plume position. This methodology is explained in the next Section.

Parameterization of the relative mean concentration

In their model for isotropic dispersion Yee et al. (1994) assumed for cr a simple circular symmet-
ric Gaussian, both in y and z. Both Luhar et al. (2000) and Franzese (2003), on the contrary,
distinguished between horizontal and vertical motion, by assuming:

cr =
Q
u

pyr pzr, (4.36)

where Q is the amount of contaminant emitted per unit time, and pyr and pzr are the PDF of mean
particle positions relative to the plume centerline. In the horizontal direction a simple Gaussian
relationship is assumed:

pyr =
1√
2πsy

exp

[
−(y− ym)2

2s2
y

]
. (4.37)

The Gaussian parameterizations (4.37) fits closely the values of cr calculated by the LES normal-
ized by its value in the plume centerline (z = zm) (not shown).
For the vertical PDF, both Luhar et al. (2000) and Franzese (2003) assumed a Gaussian form
with multiple reflections due to the CBL boundaries. Moreover, Luhar et al. (2000) incorpo-
rated the skewness of the relative position by assuming the same closure procedure used in Luhar
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4.4. Results and discussion

Figure 4.12: a) Normalized cross-integrated mean concentration as a function of the dimensionless
time t∗ as calculated by the LES. The position of the maximum concentration is also shown (dashed
line). b) Normalized cross-integrated mean concentration as calculated by Gifford’s formula (4.6)
using the relative mean concentration cr. c) Normalized cross-integrated mean concentration as
calculated by Gifford’s formula (4.6) using the parameterization (4.39) for the relative mean con-
centration. d) Absolute mean concentration at ground in the plume horizontal mean position (y) as
calculated by the LES (continuous line); as calculated by using Gifford’s formula with the relative
mean concentration cr (dashed-dotted-line); as calculated by using Gifford’s formula with the pa-
rameterization (4.39) (dashed line). The water-tank data by Willis and Deardorff (1978) are also
shown (*). 95
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et al. (1996) for the vertical velocity PDF. As a result, the parameterization for the vertical relative
position PDF reads:

pzr =
2

∑
j=1

N

∑
n=−N

a j√
2πσ j

{
exp

[
−(z− zm +2nzi− z j)2

2σ2
j

]
+ exp

[
−(−z− zm +2nzi− z j)2

2σ2
j

]}
,

(4.38)

where N is the number of reflections (3 in this work), and the other parameters are defined as Luhar
et al. (2000):
z1 = S̃zr f σ1/|S̃zr|
z2 =−S̃zr f σ2/|S̃zr|
σ1 = σ̃zr a2/[a1(1+ f 2)]1/2

σ2 = σ̃zr a1/[a2(1+ f 2)]1/2

a1 = 1− [r/(4+ r)]1/2 /2
a2 = 1−a1

r = [(1+ f 2)3S̃zr
2]/[(3+ f 2)2 f 2]

f = 2/3|S̃zr|1/3

In our work, the same parameterization is used, in which the relative skewness Szr is replaced by:

S̃zr =
1

σ3
zr

(
z′r3−3zσ2

zr +3zmz′r2
)

=
Sz

σ3
zr

[σ3
z −

Szm

Sz
σ3

zm]. (4.39)

By so doing, the instantaneous variability of the relative concentration is taken into account by
means of the cross terms. Expression (4.39) is similar to the parameterization for the relative
skewness used by Luhar et al. (2000), but in their formulation the value of the skewness Sz was
assumed equal to the meandering one Szm, which is valid only close to the source, as discussed
previously.
It must be noticed that since the parameterization (4.38) already includes reflections, the relative
dispersion parameter σ̃z is parameterized similarly to Franzese (2003):

σ̃z =
at3∗[

1+(at2∗/b)2/3
]3/2 , (4.40)

where the parameters a = 1/2(0.4w3∗/zi) and b = 100 are chosen in a way that σ̃z ∼ σzr close to
the source and σ̃z ∝ t at large distances.
If parameterization (4.39) is used in Gifford’s formula (4.6), the resulting absolute mean concen-
tration is more similar to the value of c directly calculated by the LES, as shown in Figure 4.12c.
In particular, it is evident that the position of the maximum concentration (indicated in the figure
by the dashed line) is better reproduced, especially at short distances (t∗ < 1) where the reflection
by the ground occurs. The importance of calculating correctly the position of the maximum con-
centration is corroborated by analyzing the evolution of the ground concentration shown in Figure
4.12d. The value of c at ground calculated directly by the LES (continuous line) agrees satisfacto-
rily with the water-tank data by Willis and Deardorff (1978). If the relative concentration cr is used
directly in Gifford’s formula (4.6), the resulting absolute ground concentration (dashed-dotted line)
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underestimates sensibly the LES results. If parameterization (4.39) is used instead, the resulting
absolute ground concentration (dashed line) is closer to the LES results. Discrepancies still exist
especially at distances 0.5 < t∗ < 1, which may indicate the need for a better parameterization of
the relative concentration. Discrepancies between the calculated mean concentration and the LES
results are also noticeable near the top of the CBL. This result is explained by the fact that a simple
parameterization like equation (4.38) does not consider the difference between the reflection at
ground and in the inversion zone. When the plume reaches the ground it is simply reflected by the
surface, because no deposition is taken into account in the model. The entrainment zone, on the
contrary, does not act like a simple reflecting barrier, because the structure of the turbulence in that
area is very complex and the plume can be transported even beyond zi. This effect is evident at
distances t∗ > 1.5, when the position of the maximum concentration calculated by using parame-
terization (4.39) (Figure 4.12c) is underestimated when compared to the one directed calculated by
the LES (Figure 4.12a). In this case, the direct use of the relative concentration cr gives a better
results (Figure 4.12b).

4.5 Conclusions
By means of Large Eddy Simulation (LES), plume dispersion in the atmospheric Convective
Boundary Layer (CBL) was studied in two reference systems: the absolute coordinate system, and
the coordinate systems relative to the plume’s instantaneous center of mass. By so doing, it was
possible to separate the different contributions of small- and large-scale motions on the plume’s
evolution. In the relative coordinate system, in fact, the (vertically) inhomogeneous meandering
motion was removed, and only the small homogeneous turbulent eddies contributed to the disper-
sion process.
The evolution, shape, and symmetry of the scalar distribution was first analyzed by calculating the
mean plume position, the dispersion parameters (variance), and the skewness of the plume posi-
tion in both the coordinate systems. In particular, the analysis of the third-order moments showed
that the structure and the symmetry of the scalar distribution was affected by both the turbulent
characteristics of the CBL (inhomogeneity of the vertical large-scale motion), and the presence of
the boundary conditions (surface and top of the CBL). In fact, the skewness of the plume’s center-
line position was mainly influenced by the meandering of the plume as it was transported by the
updrafts and dowdrafts. On the contrary, the skewness of the relative position was mainly affected
only by the reflection of the plume by the CBL boundaries, because in the relative coordinate sys-
tem the large-scale motion was removed. However, it is noteworthy that the third-order moment of
the absolute position is not balanced by the sum of the meandering and relative diffusion contribu-
tions, but non-linear cross terms generated by the reflection of the plume by the boundaries have
to be taken into account.
Mean concentrations and concentration fluctuations were also studied in absolute and relative co-
ordinate systems. In particular, the internal (in-plume) mixing of the scalar within the plume was
analyzed by calculating the intensity of relative concentration fluctuation icr. The evolution of icr
was used in the parameterization of the probability distribution function (PDF) of the relative con-
centration, showing a very good agreement with the LES results.
Finally, the validity of Gifford’s formula, which relates the absolute concentration’s high-order
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moments to the relative concentration and the PDF of the plume’s centerline, was studied. It was
found that, due to the presence of the CBL boundaries, Gifford’s formula is not able to correctly
reproduce the value of the absolute mean concentration, especially near to the ground. This re-
sult was explained in terms of the effect of the reflection of the plume by the boundaries, which
causes the relative concentration to depart from a Gaussian distribution and to become skewed. As
a result, the need of using a local average for the calculation of the relative mean concentration in
Gifford’s formula was shown. Alternatively, the results were improved by using a parameteriza-
tion for the relative mean concentration that takes into account the skewness of the relative plume
position.
However, the present study indicates the need of further investigation for the effect of the CBL
boundaries on dispersion. In particular, the evolution, the structure, and the shape of the rela-
tive concentration need to be further analyzed in order to find a suitable parameterization for the
locally-averaged relative concentration, to be used in Gifford’s formula when the plume is affected
by the CBL boundaries.
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Chapter 5

Dispersion of a passive tracer in buoyancy-
and shear-driven boundary layers

5.1 Introduction
Atmospheric dispersion is a process governed by the turbulent characteristics of the Atmospheric
Boundary Layer (ABL). The structure of the ABL during convective conditions (Convective Bound-
ary Layer, hereafter CBL) is strongly influenced by the combination of the thermal (buoyancy) and
the mechanical forcing (wind shear). In very unstable conditions (−zi/L > 10 where zi is the height
of the CBL and L the Monin-Obukhov length) buoyancy is the main driving mechanism for the tur-
bulence production through the whole layer, and the flow field is characterized by large subsidence
motions of cold air (downdrafts) surrounded by narrow strong updrafts of warm air. The effect of
this asymmetric turbulent structure on dispersion was widely investigated by means of laboratory
experiments (Willis and Deardorff, 1976; Willis and Deardorff, 1981; Deardorff and Willis, 1985
and Weil et al., 2002), field campaigns (Briggs, 1993) and numerical simulations using fine-scale
models which resolved explicitly the most relevant scales of the CBL (Lamb, 1982; Henn and
Sykes, 1992; Nieuwstadt and de Valk, 1987; Nieuwstadt, 1992; Liu and Leung, 2001).
In contrast with this flow, the structure of the CBL in conditions of weaker stability (−zi/L < 10),
when the flow is forced by the combined effect of buoyancy and shear, was studied recently and
the formation of two-dimensional roll structures aligned with the wind was observed. The turbu-
lent field was classified according to scaling parameters such as the shear-buoyancy ratio u∗/w∗
(where u∗ is the friction velocity and w∗ = (g

θziw
′θ′)1/3 is the convective velocity scale) and it was

found to be different from either the pure convective or pure shear flow, as shown for example by
Moeng and Sullivan (1994) and Sykes and Henn (1989). Here, g is the acceleration of gravity, θ is
the potential temperature, w is the vertical velocity, primes indicate perturbations, and an overbar
indicates averaging.
However, less is known about the dispersion in this situation of weak and moderate convection
(−zi/L < 10) as pointed out by Weil (1988). Only a few studies (Mason, 1992; Gopalakrish-
nan and Avissar, 2000; Luhar, 2002; Fedorovich and Thäter, 2002) have investigated dispersion

The content of this Chapter has been published in Journal of Applied Meteorology (42, 8, 1116-1130, 2003) with
J. Vilà-Guerau de Arellano, A.A.M. Holtslag and P.J.H. Builtjes as co-authors.
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in a convective boundary layer driven by both shear and buoyancy. In those works, results from
(mainly) stochastic models and wind tunnel experiments were presented, and only Mason (1992)
used a Large-Eddy Simulation model to investigate the evolution of the dispersion parameters. In
his study, however, a clear systematic relationship between the properties of the turbulent flow and
the dispersion characteristics under various stability regimes was missing.
Here we use a Large-Eddy Simulation (LES) to generate CBLs with different combinations of
surface heat flux and geostrophic wind. The simulated CBLs range from pure convective to near-
neutral conditions, and they are classified according to scaling parameters such as u∗/w∗ and
−zi/L. The dispersion characteristics of a plume of passive scalar released at different heights
are studied as a function of these dimensionless parameters. In addition, the effect of the increas-
ing wind shear on the plume meandering and the concentration fluctuations is discussed in relation
to the different stability regimes.
Once the dispersion process is described in terms of the scaling parameters, we propose para-
meterizations for the dispersion parameters σz and σy for flows driven by the combined effect of
buoyancy and shear. In conditions of weak convection, in fact, the understanding of the dispersion
process still presents large uncertainties (Weil, 1988) and suitable parameterizations of the disper-
sion parameters are therefore needed.
In Section 5.2 we describe the numerical code used and the classification of the various simu-
lated CBLs. The LES results for the flow structure and dispersion characteristics are thoroughly
discussed in Section 5.3, where they are validated for the pure convective cases, for which ex-
tensive datasets are available. The effect of increasing wind shear on the flow dynamics (velocity
variances) and dispersion statistics is then studied in Section 5.4. The parameterizations for the dis-
persion parameters in buoyancy- and shear-driven boundary layers (BLs) are proposed in Section
5.5 and validated against the LES results. Symbols are listed and defined in the Appendix.

5.2 Description of the numerical experiment
The LES code used in this work is described by Cuijpers and Duynkerke (1993) and Siebesma and
Cuijpers (1995), in which a set of filtered prognostic equations for the dynamic variables (wind
velocity, potential temperature, turbulent kinetic energy) is solved on a staggered numerical grid.
The subgrid fluxes are closed by relating them to the gradient of the solved variable by means of
an exchange coefficient. A conservation equation for the passive tracer is added to the governing
set of equations. It reads

∂ψ
∂t

=−ui
∂ψ
∂xi

− ∂u′iψ
′

∂xi
, (5.1)

where ψ is the mean (filtered) scalar concentration, ui is the mean wind and u′iψ
′ is the subgrid flux.

The space and time integrations are computed with a Kappa (Vreugdenhil and Koren, 1993) and
a Runga-Kutta numerical schemes respectively. Lateral periodic boundary conditions are imposed
for all the variables. However, as soon as the scalar reaches the lateral boundaries the simulation is
ended, as the plume statistics becomes meaningless. A time step of 1 s. is used.
Four different values of the geostrophic wind (0.5, 5, 10, 15 m/s) and three different surface heat
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Cases Ug(ms−1) −zi/L u∗/w∗ S∗
B1 0.5 7.5x104 0.02 0
B2 0.5 1.8x104 0.03 0
B3 0.5 5.8x103 0.04 0
B4 5 100 0.15 0.17
B5 5 41 0.21 0.27

SB1 5 18 0.27 0.74
SB2 10 7.8 0.34 0.88
S1 10 4.0 0.46 2.1
S2 15 3.4 0.47 1.6
NN 15 1.9 0.59 3.1

Table 5.1: Classification of the different simulated cases. For the definition of the dimensionless
shear S∗ see equation (5.31).

fluxes (0.052, 0.1, 0.156 mK/s) are prescribed in order to generate CBLs with different combina-
tions of thermal and mechanical forcing.
The numerical domain covers an area of 10 Km x 10 km solved with a horizontal grid length of
62.5 m. A grid of 40 points is used in the vertical direction; the vertical grid spacing (25 m, 30
m and 50 m) is modified, depending on the case being investigated, on the basis of the different
initial conditions (surface heat flux). The CBL height is computed analyzing the vertical profile of
a inert tracer continuously released by means of a constant surface flux. The value of the roughness
length z0 is set to 0.15 m for all the cases. The aspect ratio, that is, the ratio between the horizontal
domain dimension to the CBL height, varies from 6.6 for the most convective case (zi ∼ 1500 m)
to 12 for the near-neutral one (zi ∼ 800 m).
An initialization period (i.e., the period of CBL development) of 4 hours is needed to insure that
a (quasi)stationary state is reached for all the simulated flows. The simulated wind profiles are
characterized by shear at the bottom and at the top of the BL. Moreover, for high values of the
geostrophic wind, a change of the wind direction with height is observed.
The simulated CBLs are classified according to the values of the shear-buoyancy ratio u∗/w∗.
When u∗/w∗ > 0.35, two-dimensional roll structures appear in the velocity fields aligned with
the mean wind direction, as shown by the numerical simulation of Sykes and Henn (1989). This
change in the turbulent pattern can influence the diffusion process because of the disruption of the
horizontal turbulence’s isotropy and the increase of the horizontal velocity variances.
To complete this classification, the stability parameter −zi/L is used, following Holtslag and
Nieuwstadt (1986), to define the four simulated BL archetypes used in this study: pure-convective
BL (cases B1 trough B5: −zi/L ≥ 40, u∗/w∗ ≤ 0.2), shear-buoyancy-driven BL (cases SB1 and
SB2: u∗/w∗ = 0.25 and u∗/w∗ = 0.35, respectively), shear-driven BL (cases S1 and S2,−zi/L∼ 4,
u∗/w∗∼ 0.46) and near-neutral BL (case NN,−zi/L∼ 2 u∗/w∗ = 0.58). The initial conditions and
the dimensionless parameters for the simulated cases are summarized in Table 5.1.

An instantaneous line source (ILS) of scalar (non-buoyant tracer) is emitted along the x axis at
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two different heights (zs/zi = 0.078 and zs/zi = 0.48, where zs is the release height) after a well
mixed boundary layer has been established (i.e. at the beginning of the fifth hour of simulation).
These two emission heights are selected to study the diffusion process from both a ”near-ground”
(i.e. in the surface layer, zs < 0.1zi) and an ”elevated” release.
The line source measured two grid spacings in the vertical direction and one grid spacing in the
horizontal (y) direction. The line source can be equivalently interpreted in terms of a continuous
point source (CPS) by using the relationship t = x/u as explained by Willis and Deardorff (1981)
and Nieuwstadt and de Valk (1987). As the numerical grid moves with the mean wind along the x
direction, this relationship transforms the numerical x coordinate in the physical elapsed time after
the release of the scalar. The line source after a certain time t is equivalent to the time evolution of
the concentration pattern of a scalar released from a CPS at a certain distance x = ut.
For each simulated case, three different realizations are performed, in which the horizontal position
of the instantaneous release was changed. The results are subsequently ensemble-averaged over
the different realizations and the above-mentioned CBL classification.
In order to analyze the dispersion characteristics of the plumes in the various flows, it is convenient
to introduce the statistical parameters used in our study.
The vertical and horizontal dispersion parameters σz and σy are defined according to Nieuwstadt
(1992) as follows:

σ2
z =

R
c(z− z)2dVR

cdV
and (5.2)

σ2
y =

R
c(y− y)2dVR

cdV
, (5.3)

where c is the space-dependent concentration, dV = dxdydz, and z and y are the mean plume height
and the mean plume horizontal position, respectively, defined according to

z =
R

czdVR
cdV

and (5.4)

y =
R

cydVR
cdV

. (5.5)

The spatial integration along the x coordinate is equivalent to the physical time integration, due to
the equivalence between ILS and CPS discussed earlier.
Because in many experimental studies (e.g., the water-tank experiments of Willis and Deardorff,
1976; Willis and Deardorff, 1981) the vertical dispersion parameter is calculated as the displace-
ment from the source height, rather than from the mean plume height, we computed also this
vertical dispersion parameter σ′

z defined as

σ
′2
z =

R
c(z− zs)2dVR

cdV
. (5.6)
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Figure 5.1: Dimensionless vertical profiles of the velocity variances for the pure-convective cases
B1-B5. The LES results and standard deviation are represented by continuous line and horizontal
bars respectively. The following data from laboratory experiments and field campaigns are shown:
• Willis and Deardorff (1974); × Lenschow et al. (1980); 4 Deardorff and Willis (1985); ¤ aver-
age of field measurements of Caughey and Palmer (1979) as reported by Schmidt and Schumann
(1989). The LES results for the SB1-SB2 cases (u∗/w∗ ∼ 0.3) are also shown as dashed line.

The dimensionless crosswind-integrated concentration Cy, is calculated (Nieuwstadt and de Valk,
1987) by

Cy =
zi
R

cdxdyR
cdV

. (5.7)

Last, from the concentration’s time series, the concentration fluctuation is derived using

σ2
c =

R
(c− c)2dt

∆t
, (5.8)

where t = x/u, ∆t = 1 hour, and the time-averaged concentration

c =
R

cdt
∆t

(5.9)

5.3 Dispersion in a pure-convective boundary layer
In this Section, we discuss the dynamics and the dispersion characteristics simulated by means
of LES under pure convective conditions (averaged over the cases B1-B5, u∗ < 0.3). They are
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presented not only in order to confirm the correct behavior of the model by comparing them with
available laboratory and atmospheric experiments, but also as a reference point for the simulations
when shear is introduced.
We first analyze the vertical profiles of the velocity variances as they provide direct information
on the flow structure and are directly related to the dispersion parameters. The diffusion charac-
teristics (plume spread and ground concentrations) are next discussed and are compared with the
experimental data. Various commonly used parameterizations (interpolations of laboratory or nu-
merical results) designed for buoyancy-driven boundary layers are further compared with the LES
results.

5.3.1 Velocity variances

Figure 5.1 shows the profiles of vertical and horizontal velocity variances scaled with the convec-
tive velocity scale w2∗. The velocity variances are calculated as space (cross horizontal) and time
(one hour) average of the velocity fluctuations. Various experimental data (laboratory and field
campaign) are also shown for comparison (Willis and Deardorff, 1974; Lenschow et al., 1980;
Deardorff and Willis, 1985; Caughey and Palmer, 1979). Although the scatter in the measure-
ments is large, the LES results are in reasonable agreement. A maximum value of < w2 > /w2∗ of
around 0.42 is found at z/zi = 0.4, in agreement with previous numerical simulations (Schmidt and
Schumann, 1989; Moeng and Sullivan, 1994; Henn and Sykes, 1992; Nieuwstadt et al., 1991, not
shown in the Figures). On the other hand, although both the calculated profiles of horizontal vari-
ances, < u2 > /w2∗ and < v2 > /w2∗, are in close accord with the data of Willis and Deardorff (1974)
and Lenschow et al. (1980), they significantly underestimate the Minnesota and Ashchurch data
by Caughey and Palmer (1979) and the water-tank data by Deardorff and Willis (1985) (Figures
5.1b and 5.1c). Our LES data however are in agreement with other numerical simulations (Schmidt
and Schumann, 1989; Moeng and Sullivan, 1994; Henn and Sykes, 1992; Nieuwstadt et al., 1991).
Moreover, in the very recent water-tank experiment by Weil et al. (2002), from the least-square fit
of the horizontal dispersion data (for a plume released at zs/zi = 0.15) they extrapolated a value of
σv/w∗ = (< v2 > /w2∗)1/2 = 0.51 in agreement with our numerical simulation results.
As suggested by Schmidt and Schumann (1989), in a pure CBL, buoyancy is the main production
term of vertical variance, whereas the horizontal variance, driven by pressure fluctuations, is really
only important near the surface. In their opinion the data by Deardorff and Willis (1985) were
influenced by shear caused by the horizontal inhomogeneities in the surface heat flux. Also, the
data by Caughey and Palmer (1979) may have been influenced by surface shear. In fact, we note
that the variances calculated by the LES for the SB cases (u∗/w∗ = 0.3, also shown in Figure 5.1)
are in better agreement with their results.

5.3.2 Mean plume height and dispersion parameters

Near-ground release

Figures 5.2 shows the dispersion characteristics (mean plume height, vertical and horizontal dis-
persion parameter) for a near-ground release (zs/zi = 0.078). The dimensionless space (time) is
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z

z

Figure 5.2: a) Mean plume height in a pure convective boundary layer (cases B1-B5) for a near-
ground release as function of the dimensionless distance (time) X defined by equation (5.10). The
LES results and standard deviations are represented with solid line and vertical bars, respectively.
The following laboratory experiments and field data are shown: • Willis and Deardorff (1976); ×
Weil et al. (2002); ¦ Briggs (1993). b) Vertical dispersion parameter as calculated from the LES
results by equation (5.2) (σz) and (5.6) (σ′

z). The laboratory experiments by Willis and Deardorff
(1976) (•) and Briggs (1993) (¦) are also shown. The dashed line represents equation (5.11). The
dashed-dotted line represents the meandering component calculated by the LES compared with
the water-tank data by Weil et al. (2002) (4). c) Horizontal dispersion parameter as calculated by
the LES (solid line) and parameterized according to equation (5.14) (dashed line). The following
laboratory experiments and field data are shown: • Willis and Deardorff (1976); × Weil et al.
(2002). The dashed-dotted line represents the meandering component calculated by LES compared
with the water-tank data by Weil et al. (2002) (4).
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defined as:

X =
w∗
zi

x
u

=
w∗
zi

t. (5.10)

Although the scatter in the CONDORS data (Briggs, 1993) is large, the mean plume height calcu-
lated by the LES (Figure 5.2a) is in satisfactory agreement with the experiments (in particular with
the water-tank results).
In Figure 5.2b, the LES results for the vertical dispersion parameter, as calculated by both equa-
tions (5.2) and (5.6) are shown. As mentioned earlier, the two differ in that one uses the release
height whereas the other uses the mean plume height in the definition of the vertical dispersion
parameter. The LES results are compared with the laboratory data by Willis and Deardorff (1976)
and the CONDORS data by Briggs (1993), and they are found to be in good agreement with the
experimental data in both cases.
For short times (X < 1) the model results fit well with the expression

σ′
z

zi
= 0.52X6/5, (5.11)

which is very similar to that proposed by Lamb (1982), who suggested σ′z
zi

= 0.5X6/5, for X < 6/5
in case of near-ground release (zs/zi < 0.1).
The LES results for the horizontal dispersion parameter (Figures 5.2c) are in very good agreement
with the laboratory data for X < 2. Several parameterizations (extrapolation of numerical results
or experimental campaign) were proposed in the literature. The numerical results by Lamb (1982)
suggested





σy
zi

= 3
5X X < 1

6

σy
zi

= 1
3X2/3 1

6 < X < 3,

(5.12)

whereas Briggs (1985) suggested

σy

zi
=

0.6X
(1+2X)1/2 (5.13)

as best fit to many different experimental data (both surface and elevated release). As suggested by
Briggs (1985), equation (5.13) might be regarded as the limiting minimum value for the horizontal
dispersion parameter for the CBL, with higher values expected in presence of wind shear. In the
same Figure, we depict the following relationship derived from experimental data (Gryning et al.,
1987):

σy

zi
=

σv/zit
(1+ t/2Tv)1/2 =

σv/w∗X
(1+ X

2Tv

zi
w∗ )

1/2
, (5.14)

which is in excellent agreement with the LES results. The Lagrangian time Tv is parameterized
following Luhar (2002) as:

Tv = 1.7(
σv

w∗
)2 zi

w∗
∼ 300s, (5.15)

106



5.3. Dispersion in a pure-convective boundary layer

and it is in agreement with the experimental values of Weil et al. (2002).
Although all the equations (5.12), (5.13), and (5.14) fit the LES results within the standard devi-
ation, we consider that equation (5.14) is the one that includes explicitly the dependence of the
dispersion parameters on the turbulence, rather than empirical constants either derived by statisti-
cal theory or extrapolated by experimental data.
Last, we discuss the decomposition of the (vertical) dispersion parameters into two components,
the meandering (mz) and the relative dispersions (sz) as proposed by Nieuwstadt (1992):

σ2
z = m2

z + s2
z (5.16)

The meandering part describes the contribution of the large-scale turbulent eddy motion, and the
relative dispersions quantifies the increasing size of the plume due to small-scale mixing. They are
defined as follows:

m2
z =

R
(zl− z)2cdVR

cdV
(5.17)

s2
z =

R
(z− zl)2cdVR

cdV
, (5.18)

where the local plume height zl is defined as

zl =
R

zcdydzR
cdydz

, (5.19)

Similar expressions hold for the horizontal components.
Although Nieuwstadt (1992) already studied the differentiation between meandering and relative
diffusion, his results were influenced by the small domain used that limited the horizontal scale
of motion. Moreover no data (either field campaign nor laboratory studies) were available at that
time for the comparison. The meandering components calculated by the LES agrees well with the
numerical simulation by Nieuwstadt (1992), the laboratory data, and the theoretical analysis by
Csanady as reported by Weil et al. (2002)





my = σvt X << Tv

dm2
y

dt = 0 X >> Tv

(5.20)

which implies that my approaches a constant value at large distances.

Elevated release

In Figure 5.3, the dispersion statistics for the plume emitted from an elevated release (zs/zi = 0.48)
are shown. The LES results show a satisfactory agreement with laboratory and experimental data.
In Figure 5.3b only σz [equation (5.2)] is shown as the mean plume height does not differ too much
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Figure 5.3: As Figure 5.2 but for the elevated emission. The laboratory data by Willis and Deardorff
(1981) are shown as •; For the mean plume height (a) the CONDORS data (¦) are used as they
appeared in van Haren and Nieuwstadt (1989). The parameterizations are represented with dashed
lines [in (b) equation (5.21); in (c) equation (5.14)].
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Figure 5.4: Crosswind-integrated ground concentrations for a near-ground release (a) and an el-
evated release (b) in the pure-convective cases B1-B5. The LES results are represented with the
continuous line. The following laboratory data are shown: in (a) • Willis and Deardorff (1976); ¦
Weil et al. (2002). In (b) • Willis and Deardorff (1981). The numerical results by Lamb (1982)
are also shown (¦). For both the release height the empirical formula by Briggs (1985) is shown as
dashed line [equation (5.24)].

(∼ 15%) from the initial release height (Figure 5.3a), and in consequence σz ∼ σ′
z.

The best fit for the LES results at short times is the following relationship:
σz

zi
= 0.52X (5.21)

which is in good agreement with the parameterization suggested by Lamb (1982) for X < 2/3 for
elevated releases: σz

zi
= 0.5X .

The results for the horizontal dispersion parameter are shown in Figure 5.3c. They are very similar
to the experimental data obtained by Willis and Deardorff (1981) up to X = 2.
Some further considerations can be addressed by comparing the horizontal dispersion results for

the near-ground release (Figure 5.2c) with the elevated release (Figure 5.3c). As pointed out by
Briggs (1985) and confirmed by our LES results, the horizontal spread at short distances (X < 1)
for a near-ground release grows faster than that of the elevated release. This is due to the conversion
of vertical motion into horizontal at the base of the updrafts and the downdrafts near the surface.
In spite of these differences, equation (5.14) reproduces correctly (within the standard deviation)
the horizontal spread for both the releases (near-ground and elevated).
On the contrary, at large distances the LES results have the same values independent of the release
height. This result is explained by the fact that the plume released near the ground is rapidly raised
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up by the updrafts and is above the surface layer at distances X > 0.3. Because the vertical profile
of < v2 > /w2∗ remains constant above the surface layer (Figure 5.1c), one expects similar values of
the horizontal parameter for both the near-ground and the elevated release. This is consistent with
the analysis of Briggs (1993), who shows that the empirical fit of CONDORS data for the near-
ground release approaches that for the elevated release as time increases. Lamb (1982) suggested
the same empirical formulation for σy/zi both for near-ground and elevated releases, for X > 1:

σy

zi
=

1
3

X2/3 (5.22)

which agrees well with our LES results.

5.3.3 Non dimensional crosswind-integrated ground concentrations
Figure 5.4 shows the normalized crosswind-integrated ground concentrations [Cy calculated by
means of equation (5.7) at z=0] for the near-ground and the elevated release. The cross section of
the normalized crosswind-integrated concentrations (contours of Cy as function of height) will be
shown in the following Section (Figures 5.8a and 5.9a). For the near-ground release, the pattern
generally agrees with the laboratory results of Willis and Deardorff (1976) and other numerical
simulations (Nieuwstadt and de Valk, 1987; Lamb, 1978). The maximum occurs at X = 0.25 in
close agreement with the water-tank experiment, and although the LES results slightly overestimate
the data by Willis and Deardorff (1976) and Weil et al. (2002) for 0.25 < X < 1, they reproduce
correctly the slope which follows the expression

Cy = 0.9X−3/2, (5.23)

suggested by Nieuwstadt (1990) and by Briggs (1993) as the best fit for the Prairie Grass and CON-
DORS experimental data, respectively.
The surface minimum due to the fast rise of the plume caught by the updrafts occurs at X = 1.8,
close to that observed by Willis and Deardorff (1976) and the value Cy = 0.8 at X = 1.5 suggested
by Briggs (1993).
Several parameterizations exist that are used to predict the ground concentrations. From the lab-
oratory results of Willis and Deardorff (1976) and Willis and Deardorff (1981), Briggs (1985)
extrapolated the empirical curve

Cy =
0.9X ′9/2Z−11/2

s

[Z−3/4
s +0.4X ′9/2Z−9/2

s ]4/3
+

1

1+3X ′−3/2Z1/2
s +50X ′−9/2

, (5.24)

where Zs = zs/zi. This formula reproduces correctly the X−3/2 tendency for 0.2 < X < 1. In ad-
dition, it predicts a surface minimum corresponding to the lifting of the tracer in the upper half of
the CBL and finally it approaches the uniform vertical mixing asymptote Cy = 1 at large distances.
Following Gryning et al. (1987), in order to fit our LES results the curve is shifted towards higher
values of X substituting X ′ = 0.8X .
For the elevated release (Figure 5.4b), we note that the surface maximum occurs at X = 1.1,
whereas both Willis and Deardorff (1981) and Nieuwstadt and de Valk (1987) give Cy = 1.7 at
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X = 0.8. This suggests that the plume calculated by our LES reaches the ground later than the
laboratory experiment. Our results agree with previous numerical simulations by Lamb (1982),
Henn and Sykes (1992), and Liu and Leung (2001), whereas in the CONDORS data discussed by
Briggs (1993) the location of the maximum is unclear (before or after X = 1). Willis and Deardorff
(1981) and Nieuwstadt and de Valk (1987) show that the plume lifts off rapidly and the ground
concentration reaches a surface minimum around X = 2.5. The LES predicts that the tracer re-
mains near the surface at longer distances from the source, with the minimum occurring at X = 3.5
(as it can be seen in Figure 5.9a in which the crosswind-integrated concentrations are shown), in
agreement with Lamb (1982) and Henn and Sykes (1992). The faster lifting off in the water-tank
may be explained by a small positive buoyancy acquired by the droplets used in their experiment,
as suggested by Willis and Deardorff (1981).
Although we are aware that a complete validation of a numerical model would require a much
wider and deeper comparison with experimental data, in this Section we showed that the LES re-
sults are in good agreement with available experimental data, previous numerical studies, and the
fitting expressions derived from field campaigns. Therefore we are confident that the LES is able
to simulate dispersion under conditions of pure convection.

5.4 Dispersion in a buoyancy- and shear-driven boundary layer
We now discuss the results for the CBL driven by both buoyancy and shear. From here on, all the
results are scaled by the velocity scale:

w3
m = w3

∗+5u3
∗. (5.25)

This expression was proposed firstly by ? (?) on the scaling of the turbulent kinetic energy equa-
tion, and it was modified by Moeng and Sullivan (1994) on the basis of their numerical simulation
results. The velocity scale wm takes into account both the characteristic velocity scales for convec-
tive and shear driven flows as well as providing a suitable scaling for the second-order moments of
turbulence (Moeng and Sullivan, 1994).
we similarly define the new dimensionless distance (time) as follows:

Xm =
wm

zi

x
u

=
wm

zi
t. (5.26)

5.4.1 Velocity variances
As in the previous Section, we first discuss the LES results for the dynamic variables and then
analyze the plume dispersion characteristics. The increasing wind shear modifies the turbulent
flow structure, and this modification is reflected by the profiles of velocity variances. As pointed
out previously, the dispersion parameters are directly proportional to the velocity variances. As a
consequence, a correct calculation of these variables is essential to understand and parameterize
the behavior of the dispersion characteristics under different flow regimes.
As pointed out by previous studies (Sykes and Henn, 1989; Moeng and Sullivan, 1994), buoyancy
and shear act differently on the turbulence’s structure. The interaction between these two mech-
anisms results in the disruption of the horizontal isotropy of the flow. According to Moeng and
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Figure 5.5: Dimensionless vertical profiles of the velocity variances calculated by the LES are
shown for all the cases: continuous line (pure buoyancy cases: B1-B5); dashed line (shear-
buoyancy cases: SB1-SB2); dotted-dashed line (shear cases: S1-S2); dashed-dotted-dotted-dotted
line (near neutral case: NN). For comparison, the numerical results of Moeng and Sullivan (1994)
for their SB1 case (u∗/w∗ ∼ 0.6) are also shown (¦).

Sullivan (1994), in a CBL driven by both shear and buoyancy the turbulent pattern is peculiarly
different from either a pure-convective or a neutral situation. In fact, the shear near the ground cre-
ates small streaky structures which are lifted up by buoyancy and merged to form two dimensional
rolls in the middle of the CBL.
The effect of shear in the u and v wind components is clearly noticeable in Figure 5.5, in which
the profiles of the velocity (fluctuations) variances are shown for the run classified according to in-
creasing wind shear (see Section 5.2). Numerical simulations (Sykes and Henn, 1989; Moeng and
Sullivan, 1994) and wind-tunnel measurements (Fedorovich et al., 2001, not shown) show similar
profiles of < u2 > and < v2 > characterized by the presence of maxima at the bottom and at top of
the CBL. In these regions, in fact, the energy is transferred from the vertical to the horizontal scale,
because the thermals are influenced by the shear and the presence of the boundaries. As shown
in Figure 5.5a, another important feature is the reduction of the vertical velocity variance by the
increasing of wind.
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5.4.2 Mean plume height and dispersion parameters
Near-ground release

Figure 5.6 shows the statistics of the dispersion process (mean plume height, vertical and horizontal
dispersion parameter) for the near-ground source for all the simulated CBLs, averaged according
to the classification discussed above. As pointed out by Mason (1992) and Gopalakrishnan and
Avissar (2000), the mean effect of the increasing wind speed is the reduction of the vertical mixing.
This reduction is related to the decrease in the value of the vertical velocity variances profiles,
discussed previously.
The mean plume height and the vertical spread (Figures 5.6a and 5.6b) show similar characteristics.
As the wind speed increases, the tracer is lifted up more slowly as it is advected horizontally by
the wind. As explained previously, the presence of the ground reduces the vertical motion so
that the vertical spread grows slowly for the near-ground releases. For the near-neutral case (NN;
−zi/L = 1.8) the buoyancy is too weak to lift up the tracer and, in consequence, it remains close to
the surface. The vertical spread grows almost linearly up to a distance of Xm = 1, and only at very
large distances does it slowly reaches an asymptotic limit as the tracer is spread all over the layer.
For short distances (Xm < 1), the growth of σ′

z/zi is consistent with the neutral limit proposed by
Briggs (1985)

σ′
z

zi
= 0.64

u∗t
zi

= 0.64
u∗
wm

Xm ∼ 0.28Xm, (5.27)

which is also shown in the Figure. The growth of σ′
z/zi for the intermediate cases (SB and S1-S2)

lies between the two extreme situations, pure buoyancy and near-neutral, in agreement with other
numerical results by Mason (1992) and Gopalakrishnan and Avissar (2000). A parameterization
which encompasses all the cases, from pure buoyancy to neutral situation will be presented and
discussed in the next Section.
In Figure 5.6c the results for the horizontal spread (σy/zi) are shown. As the wind shear increases,
the horizontal spread is enhanced and, in the near-neutral cases, its value can double that for the
pure-convective cases, in agreement with the research conducted by Mason (1992) and Luhar
(2002).
To determine the importance of the shear contribution, we can study the effect of wind shear on

the horizontal dispersion by decomposing (Venkatram, 1988)

σ2
y = σ2

yb +σ2
ys, (5.28)

where σyb refers to the buoyancy-generated dispersion and σys is the contribution due to the change
in the wind direction with height (shear-generated dispersion). A parameterization for the shear
contribution was proposed by Luhar (2002) for coastal fumigation models. In the next Section we
will use that approach to develop a parameterization for the horizontal dispersion in a buoyancy-
and shear-driven boundary layer and it will be compared with the LES results.

Elevated release

Figure 5.7a shows the mean plume height for all the simulated cases for an elevated release. The
pure-buoyancy (B1-B5) and the shear-buoyancy cases (SB1-SB2) show a very similar pattern,
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Figure 5.6: (a) Mean plume height, vertical dispersion parameter (b) and horizontal dispersion
parameter (c) for a near-ground release for all the cases as calculated by the LES as function of the
dimensionless distance (time) Xm defined by equation (5.26). In b) the long-dashed line represents
the neutral limit [equation (5.27)].
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Figure 5.7: As Figure 5.6 but for an elevated release. In (b) the long-dashed line represents the
neutral limit [equation (5.29)].
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whereas in the shear cases (S1-S2) the minimum in the mean plume height is reached at further
distances away from the sources (Xm = 1.7), because the tracer is advected horizontally by the
wind and simultaneously transported downward. Moreover, in the near-neutral case the mean
plume height does not show a sensible displacement from its initial value, as the tracer is scarcely
influenced by the thermal forcing.
The vertical and horizontal dispersion parameters are shown in Figure 5.7b and 5.7c respectively.
They have the same general behaviors as previously discussed for the near-ground release for all
the cases. The vertical spread for short times (Xm < 0.5) is generally consistent with the Taylor’s
law

σz

zi
= σw

t
zi

= 0.51
w∗
wm

Xm, (5.29)

as shown for the near-neutral case.
The horizontal spread is enhanced, and far enough away from the source (Xm > 1), its value is
similar to that for the near-ground release, as discussed previously for the pure-convective cases.

5.4.3 Crosswind-integrated and ground concentrations

Near-ground release

Figures 5.8a-d show the crosswind-integrated concentrations (Cy) for the near-ground release. The
relative ground concentrations are shown in Figure 5.8e. Cy is strongly affected by the relative
importance of buoyancy and shear. In fact, as the shear-buoyancy ratio increases the tracer is ad-
vected horizontally for a longer time before being lifted up by the thermals. In the shear-buoyancy
case (SB), the pattern is somewhat similar to the pure convective BL; an elevated maximum is
present at Xm = 2 but the surface minimum is now extended to Xm = 3.5. In the shear cases (S1
and S2, Figure 5.8c) the tracer is transported by the wind for a long time before being lifted up by
the weak buoyancy. A surface minimum is present at Xm = 3, but the relative elevated maximum
is not evident. In the near-neutral case (NN), the wind is so dominant that it keeps the tracer close
to the ground even at large distance from the source.
This behavior has an important effect on the ground concentrations, as shown by Figure 5.8e. All
the simulated cases show a similar concentration maximum at Xm = 0.25. In fact, at very short
distances (Xm < 0.2), the plume is still in the surface layer, as shown by Figure 5.6a. In this region
the vertical structure of turbulence is similar in all the cases, as shown by the value of the vertical
velocity variance close to the surface (Figure 5.5a). The vertical dispersion parameter (Figure 5.6b)
also shows similar value in all the stability regimes for Xm < 2.
At greater distances form the source (Xm > 0.2), the different contribution of thermal and me-
chanical turbulence strongly modifies the vertical dispersion (as shown in Figure 5.6b) and, as a
consequence, the ground concentration, which increases markedly with the wind speed. Finally,
a common asymptotic value is reached around Xm = 4 when the tracer is uniformly spread within
the mixed layer.
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Figure 5.8: a-d): Normalized crosswind-integrated concentrations (Cy) for a near-ground release.
Contour lines are shown every 0.1 for Cy > 1 and every 0.15 for Cy < 1. (e) Ground concentrations
(Cy at z=0) for all the simulated cases.
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Figure 5.9: Same as Figure 5.8, but for the elevated release.
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Figure 5.10: The ratio of meandering to relative-dispersion (mz/sz) calculated by the LES for all
the simulated cases for the near-ground (a) and the elevated release (b).

Elevated release

Figure 5.9 shows the crosswind-integrated and ground concentrations for the elevated release.
As for the near-ground release, the increasing wind and the simultaneous reducing of the buoy-
ancy affect the plume dispersion, which show different behaviors according to the increasing
shear/buoyancy ratio.
The shear-buoyancy cases (SB1-SB2) show the same general pattern as the pure buoyancy condi-

tion, but the elevated minimum that was visible for the pure-convective cases (Xm = 1, z/zi = 0.75,
Figure 5.9a) is now no longer present (Figure 5.9b) and the maximum ground concentration is
shifted to a greater distance from the source (Xm ∼ 1.3, see Figure 5.9e). The buoyant force starts
raising the plume at Xm = 2.5, and a ground minimum is visible around Xm = 3.4. In the shear
situation (cases S1-S2) the ground maximum is shifted further towards large distances (Xm = 1.8)
and no surface minimum is found, proving that the buoyancy is unable to raise the tracer after it
has reached the ground. In the near-neutral regime, the plume show a typical Gaussian behavior,
the tracer remains elevated even at large distances and no surface maxima is present.
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Figure 5.11: Relative concentration fluctuation intensity on the plume centerline at ground level is
shown for the near-ground (a) and the elevated release (b) for all the simulated cases. The following
experimental data are also shown: ¦: Weil et al. (2002); ×: Deardorff and Willis (1984); •: Henn
and Sykes (1992).

5.4.4 Meandering and relative dispersion in a buoyancy- and shear-driven
boundary layers

As shown previously, the vertical dispersion parameter can be represented as the sum of the mean-
dering and relative diffusion components, according to equation (5.16). The results in a pure CBL
have already been discussed by Nieuwstadt (1992) but the investigation of the relative importance
of meandering and relative dispersion in case of weak convection is still missing.
In Figure 5.10 the ratio between the meandering component and the relative diffusion (mz/sz) is

shown as function of the distance from the source Xm for all the simulated cases. As shown by
Nieuwstadt (1992) the meandering is important especially at short distances, where the plume mo-
tion is governed by the thermals. After reaching a maximum, the meandering component rapidly
decreases, because the plume motion starts being affected by the surface and the inversion zone
(CBL top). It finally reaches a constant value when the tracer is uniformly mixed. This general
pattern is confirmed by our results as shown in the Figure.
For a near-ground release (Figure 5.10a), we note that the contribution of the meandering to the
vertical spread is always less important than the relative diffusion. The meandering is reduced by
the increasing wind shear especially at short distances (Xm < 1). This is explained by the presence
of the ground which limits the vertical motion; as the wind increases and the buoyancy diminishes,
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the tracer remains close to the surface for a longer time before being lifted up, and so the vertical
motion (meandering) remains limited.
For the elevated release (Figure 5.10b), the plume motion in the pure-convective flow is dominated
by the meandering at short distances (mz/sz > 1), in agreement with the results of Nieuwstadt
(1992). As the wind increases, it reduces the vertical motion but for Xm < 0.75 the meandering
still remains the principal contribution to the vertical spread; in fact, as discussed previously, the
wind profile shows a strong shear only near the ground, that means that in the middle of the BL the
buoyancy force is still the main driving process in the plume dispersion.

5.4.5 Concentration fluctuations

The study of the concentration fluctuations has a great importance in the atmospheric dispersion
problems as they can be of the same order of magnitude as the mean concentrations. The valuation
of the concentration uncertainty was investigated in the past either in convective conditions or in
neutral flows by laboratory experiments (Fackrell and Robins, 1982; Deardorff and Willis, 1984
and Weil et al., 2002) and numerical simulations (Henn and Sykes, 1992 and Sykes and Henn,
1992). From the concentration fields calculated by the LES, the value of the concentration fluc-
tuations intensity are explicitly calculated [equation (5.8)] and is compared with the experimental
results. It is unfortunate that, because the fluctuations intensity depends strongly on the source size
(Fackrell and Robins, 1982) and, moreover, the results in the literature for the neutral scale were
scaled with different length and velocity scales, only a qualitative comparison is carried out.
The relative concentration fluctuation intensities σc/c on the plume centerline at ground level are
shown in Figure 5.11a and in Figure 5.11b for the near-ground and the elevated release, respec-
tively.
The LES results for the near-ground release (Figure 5.11a) in the pure convective cases (B1-B5)
show that the concentration fluctuation intensity decreases with the distance from the source, sim-
ilar to the results for the experimental data. However, they underestimate the water tank data by
Deardorff and Willis (1984) and Weil et al. (2002) due to the differences in the values of the source
size and release height (zs/zi = 0.134, zs/zi = 0.15 and zs/zi = 0.078 for Deardorff and Willis,
1984; Weil et al., 2002 and our study, respectively). The source size and the ratio between it and
the eddy size, in particular, are the main factors that determine the value of the maximum, as ex-
plained by Henn and Sykes (1992). Our initial plume size (instantaneous line source) is determined
by the vertical grid length (varying form 25 to 50 meters) and it may be larger than the eddy size
at this source height resulting in a underestimation of the fluctuation maximum.
The major source of concentration fluctuation is the meandering of the plume, as explained by
Fackrell and Robins (1982). As the wind shear increases, the meandering and, as a consequence,
the concentration fluctuations are reduced. In the near-neutral situation (NN), a nearly constant
value is found at each distance from the source consistently with the wind tunnel data by Fackrell
and Robins (1982) (around 0.5).
The results for the elevated release (Figure 5.11b) are in a very good agreement with the numer-
ical experiment by Henn and Sykes (1992), and a marked maximum is found at Xm = 0.3. This
is consistent with the maximum in the meandering component shown in Figure 5.10b. In fact, for
the elevate release, the vertical motion of the plume is dominated at short distances by the large
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eddies. Similar to the previous discussion, the reduction of the meandering is responsible for the
diminution of the fluctuation intensity maximum as the wind shear increases.

5.5 Parameterization for the dispersion in a buoyancy- and shear-
driven boundary layers

In this Section, parameterizations for the dispersion parameters σy and σz are proposed. These
expressions are evaluated for all the simulated flows. Although many studies are available either
in the pure convective or neutral limit, attempts to parameterize the behavior of the plume in a
buoyancy and shear-driven BL are scarcer (Briggs, 1985). The dispersion parameters are directly
related to the velocity variances whose vertical profiles change with the increasing wind shear
because of the change in the turbulent structure (Figure 5.5).
Below, we propose parameterizations that include the combined effect of buoyancy and shear on
dispersion. The parameterizations can be used to calculate the plume dispersion in condition of
relatively flat terrain and homogeneous land surfaces.

5.5.1 Horizontal dispersion parameter
As stated previously, the veering of wind direction with height increases the horizontal disper-
sion according to equation (5.28) in which the shear contribution (σys) is added to the buoyancy-
generated dispersion (σyb) calculated by equation (5.14). Different expressions have been proposed
for the shear-generated horizontal spread which are written below in a general form as

σ2
ys = aS2

∗ f
(

σb
wtcT d

w

)
, (5.30)

where t is time, Tw is the Lagrangian time for the vertical turbulent velocity, and a a constant. The
coefficients b, c and d determine the curve’s slope ranging from a cubic tendency at small values
of t (b = 2, c = 3, d = 1) to a linear tendency at large times (b =−2, c = 1, d =−1). In our study
the non dimensional wind direction shear S∗ is defined, following Luhar (2002), as

S∗ =
V
wm

θm, (5.31)

where θm is the difference between the geostrophic wind direction and the wind direction at the
mean plume height, and V is the total wind intensity (V 2 = u2 + v2) at the same height.
Explicit testing of expressions (5.30) are rare by either field campaign or numerical models and
therefore our LES results could be useful in deriving and evaluating a suitable parameterization for
horizontal dispersion under shear conditions.
As discussed previously, the buoyancy-generated dispersion can be satisfactorily parameterized
with equation (5.14) whereas the shear contribution is calculated rearranging the formula proposed
by Luhar (2002) as follows:

σ2
ys =

a0S2∗σ2
wTwX3

mzi/wm[
1+

(
Xm
X0

)3]2/3 . (5.32)
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Figure 5.12: a) Horizontal dispersion parameter as calculated by the LES for the various cases
(continuous lines) and parameterized according equation (5.28) (dotted-dashed lines). (b) Shear-
generated horizontal dispersion as parameterized according to equation (5.32) for the various cases
(dashed lines). The dispersion parameter σy/zi for the pure buoyancy cases (continuous line) is
shown to illustrate the contribution of shear to the horizontal dispersion.

Equation (5.32) is an interpolation between the cubic (X3
m) and linear (Xm) dependence on Xm that

were discussed previously. The distance X0 marks the transition between the two tendencies, from
cubic to linear, and it is defined as

X0 =
( z4

i
a0b0σ4

wTwτc

)1/2 wm

zi
. (5.33)

From the LES results, X0 ranges from 2.7 in the SB1-SB2 cases to 3.3 in the near-neutral situation.
The value of the constants a0 and b0 are fixed to 0.09 and 60, respectively, and τc = 0.7zi/wm,
following Luhar (2002).
Figure 5.12a shows the value of σy calculated by equation (5.28) compared with the LES results.

We found a good agreement for all the cases studied. Figure 5.12b shows the shear contribution
only, compared with the total dispersion for the pure buoyancy cases (in this case σy = σyb because
the shear is absent). Our results show that for large values of the wind, the shear contribution is of
the same order of magnitude or larger than the buoyancy-generated dispersion, in agreement with
the analysis of Luhar (2002).
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Figure 5.13: Vertical dispersion parameter for a near-ground release as calculated by the LES for
the various cases (continuous lines) and parameterized according equation (5.38) (dotted-dashed
lines).

5.5.2 Vertical dispersion parameter
The vertical spread is strongly dependent on the source height (Weil, 1988). For a elevated release,
the dispersion parameter at short times must follow Taylor’s law

σz

zi
=

σw

w∗
X . (5.34)

For a near-ground release, on the contrary, the presence of the ground converts the vertical motion
into horizontal motion. Therefore, the vertical spread is reduced, and the growth departs from
linearity. Moreover, as discussed previously the increasing of the shear/buoyancy ratio produces a
wind profile characterized by strong shear near the BL boundaries (surface and entrainment zone),
whereas in the middle of the layer the u component of the wind remains constant with height.
For this reason, we propose two different parameterizations for σz, depending on the release height.
The vertical dispersion parameter for a source above the surface layer (elevated release) can be
successfully represented by the formula

σz

zi
=

σw

w∗
X = 0.51

w∗
wm

Xm, (5.35)

which fits our LES results accurately.
For a near-ground release, at short distance from the source (Xm < 0.5), two opposite effects have
to be taken into account: the reduction of the vertical spread due to the surface and the increasing
contribution produced by the shear. Notice that, in order to facilitate the use of the parameteri-
zation, the vertical dispersion parameter is calculated as the displacement from the source height
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[equation (5.6)], rather than from the mean plume height. As shown previously [equation (5.11)],
in the pure-convective BL (u∗ ∼ 0) the growth of σ′

z/zi follows

σ′
z

zi
= 0.52X6/5 (5.36)

in the pure-convective limit, whereas in the near-neutral case the vertical spread grows linearly
according to

σ′
z

zi
= 0.6

u∗
wm

Xm. (5.37)

The constant 0.6 is the best fit for our results, and it is consistent with the field campaign neutral
limit σz = 0.64u∗t that was indicated by Briggs (1985).
In the intermediate cases, in which buoyancy and shear are acting simultaneously, the LES results
show that the vertical spread growth falls in between the two limits (Figure 5.6b). In consequence,
we suggest a parameterization which combines equations (5.36) and (5.37):

σ′
z

zi
=

[(
0.52

w∗
wm

)12/5

X2/5
m f +

(
0.6

u∗
wm

)2
]1/2

Xm, (5.38)

where the function f depends on the atmospheric surface layer stability according to

f =

(−0.2 zi
L

)3

[
1+

(−0.2 zi
L

)3
] . (5.39)

Equation (5.38) has the correct limits for the pure buoyancy (−zi/L→∞, f = 1) and neutral limits
(−zi/L = 0 , f = 0) discussed above. The weighting function f [equation (5.39)] accounts for
the reduction of vertical spread with shear already noticed by previous works (Mason, 1992 and
Gopalakrishnan and Avissar, 2000). However, to our knowledge, this is the first time a parameter-
ization which explicitly accounts for this effect is presented and evaluated.
In Figure 5.13 the parameterization [equation (5.38)] is compared to the LES results for all the
simulated cases at short distances (Xm < 1). According to Briggs (1985) parameterizations for the
vertical dispersion parameter are valid only when Xm < 0.7 because at greater distances, when the
tracer is lifted off by the thermals, the vertical distribution becomes non-Gaussian. At greater dis-
tances (Xm > 2), when the tracer is uniformly mixed, the vertical spread reaches a constant values
(about 0.55) as shown in Figure 5.6. As shown in Figure 5.13, equation (5.38) reproduces correctly
the LES results at short distances (Xm < 0.6) for all the cases.

5.6 Conclusions
The dispersion of a passive scalar in boundary layers driven by different combinations of buoy-
ancy and shear was investigated by means of large-eddy simulation and evaluated with laboratory
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and field observations. Four boundary layer archetypes varying from the pure-convection to near-
neutral situation were simulated and classified according to the shear-buoyancy ratio u∗/w∗ and
the scaling parameter −zi/L. Particular attention was focused on the values of the dispersion para-
meters, the ground concentrations and the concentration fluctuations.
A good agreement between the LES results and the laboratory and field experiments was found in
the pure-convective situation.
The influence of the increasing wind shear was first studied on the flow statistics (profiles of ve-
locity variances) because the dispersion characteristics are directly dependent on the turbulence’s
properties. The results show an increase in the horizontal velocity variance and a reduction in the
vertical velocity variance.
The main effect of the wind shear on dispersion statistics results in a reduction of the vertical
spread, whereas the horizontal spread is enhanced. As a consequence, the ground concentrations
are strongly influenced and the LES results show that the increasing wind tends to advect the plume
horizontally for a longer time. The tracer therefore reaches the ground at greater distances from
the source. For the near-ground releases, at very short distances the ground concentrations show
a similar behavior in all the simulated flows. This is explained by the fact that for Xm < 0.3 the
tracer is still in the surface layer where the turbulent and dispersion statistics (σw/wm and σz/zi)
have similar values for all the stability regimes. At greater distances (0.3 < Xm < 3), the plume is
strongly affected by the different ratio between the thermal and mechanical forcing, and the ground
concentrations increase markedly with the increasing wind shear. Finally at Xm > 3 the tracer is
uniformly spread within the mixed layer and a common asymptotic value for the ground concen-
tration is found.
The meandering component of the vertical dispersion is also modified by the wind shear, in partic-
ular, near the ground where the presence of the surface tends to enhance the shear, which reduces
the looping of the plume. This reduction is especially visible at short distances from the source
(Xm < 1) where the plume motion is influenced by the large turbulent eddies and the meandering
is the main contribution to the vertical dispersion.
Because meandering is the main source of concentration variance, the maximum of the concen-
tration fluctuations is shown to diminish as the flow becomes less convective. Although the dif-
ferences in source size and release height do not allow a direct comparison, the LES results agree
qualitatively with the experimental results both in convective and in neutral conditions.
Parameterizations for the dispersion parameters that account for the combined effect of buoyancy
and shear were proposed. The parameterization for σy is partially based on a previous study by
Luhar (2002) in which the wind rotation was explicitly considered in the shear-generated disper-
sion. The parameterization of σz accounts for the two opposite effects: the reduction of the vertical
motion near the ground and the shear generated turbulence. Both the parameterizations give satis-
factory results when compared with the LES data in all the simulated cases and they will be further
tested in operational models for dispersion.
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5.7 APPENDIX A: List of symbols
Cy Crosswind-integrated concentration
c Time averaged concentration
g Acceleration of gravity
L Monin-Obukhov length
my Meandering component of the dispersion in the horizontal direction
mz Meandering component of the dispersion in the vertical direction
S∗ Dimensionless shear
sz Relative dispersion in the vertical direction
Tv Lagrangian time for the horizontal turbulent velocity
Tw Lagrangian time for the vertical turbulent velocity
u,v,w Wind components
< u′2 >= σ2

u Horizontal (u) velocity variance
u∗ Friction velocity
Ug Geostrophic wind
V Total mean wind
< v′2 >= σ2

v Horizontal (v) velocity variance
< w′2 >= σ2

w Vertical velocity variance
wm Convective velocity scale for BLs driven by buoyancy and shear
w∗ Convective velocity scale
X Dimensionless distance (time)
Xm Dimensionless distance (time) for BLs driven by buoyancy and shear
y Mean plume horizontal position
z0 Roughness length
z Mean plume height
zi CBL height
zl Local plume height
zs Source height
σ2

c Concentration fluctuation
σy Horizontal dispersion parameter
σyb Horizontal dispersion parameter: buoyancy contribution
σys Horizontal dispersion parameter: shear contribution
σz Vertical dispersion parameter
σ′

z Vertical displacement from the source height
θ Potential temperature
θm Difference between the direction of the geostrophic wind and the wind

at the mean plume height
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Chapter 6

The dispersion of chemically reactive
species in the atmospheric boundary layer

6.1 Introduction

Turbulence is the most important characteristic of the Atmospheric Boundary Layer (ABL), which
extends from the Earth’s surface to the free troposphere. In this region, turbulence is fully three-
dimensional (Tennekes and Lumley, 1972; Holtslag and Nieuwstadt, 1986; Wyngaard, 1992), and
is the driving process that disperses and mixes chemical species. Consequently, the reactivity of
chemical reactions can depend on the ability of turbulence to mix the reactants. In the ABL, mix-
ing conditions are very different from those in a laboratory chemical chamber, where species are
homogeneously mixed and there is a large concentration of reactants (Finlayson-Pitts and Pitts,
1986). For instance, it is known that the coherent structures present in the convective boundary
layer or the stratified flow in the stable boundary layer create conditions where the reactants are
not well mixed. As a result, under certain atmospheric and chemical conditions, turbulence can
limit the reactivity of the species. In this paper, we review how turbulence influences the chemical
transformations and how we can represent this process in large scale atmospheric chemistry mod-
els.
Since the seminal papers by Donaldson and Hilst (1972), Bilger (1978), Fitzjarrald and Lenschow
(1983) and Thompson and Lenshow (1984), the role that physical processes, and in particular tur-
bulence, play in the transformation of reactants has become clearer. Following these pioneering
studies, other authors (Brost et al., 1988; Kramm et al., 1991; Hamba, 1993; Gao and Wesely,
1994; Vilà-Guerau de Arellano et al., 1995; Galmarini et al., 1997a; Verver et al., 1997; Gal-
marini et al., 1997b; Petersen et al., 1999) have investigated various ABL reacting flows in order
to find out under which conditions and for which scaling parameters chemistry is limited by tur-
bulence. The majority of these studies account for the influence of turbulence on the chemistry by
including a chemical term in the governing equations. Under specific conditions of turbulence and
chemical reactivity, a scale analysis of these governing equations reveals that the chemical terms
can be of the same order of magnitude as the dynamic terms. In particular, this occurs when the

The content of this Chapter has been published on Meteorology and Atmospheric Physics (87, 23-38, 2004) with
J. Vilà-Guerau de Arellano, A. Dosio, J.-F.Vinuesa, A.A.M.Holtslag and S.Galmarini as authors.
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time scale of the chemical reactions is of similar order to the time scale of the turbulent mixing.
In such situation, atmospheric turbulence controls the chemical reactivity. As a consequence, the
behavior of chemically active species can differ from the behavior observed and modelled of inert
scalars. A well-studied example of the slow down of chemical reaction because of the inefficient
turbulent mixing in the ABL is the transformation between NO and O3.
Almost all the studies mentioned above are based on attempts to model the discretized govern-
ing equations and to analyze how the presence of the chemical terms causes deviations from inert
scalar behavior. A shortcoming of these studies is that they require a parameterization of the ver-
tical turbulent mixing. This parameterization is normally based on weak physical assumptions
concerning the mixing-length scales. The research carried out by means of large-eddy simulation
(LES) has helped to overcome this problem. Stevens and Lenschow (2001) stated that LES allows
us to control flow simulations, and thereby to confine the relevant aspects of a given flow found
previously in theoretical studies. It is in this context that LES has enabled us to investigate further
the governing parameters and the main characteristics of turbulent reacting flows. The Damköhler
number, identified and used previously in the cited modelling studies, was used successfully to
classify the archetypal flows simulated by LES. The majority of LES studies have simulated ABL
under convective conditions by using different, but rather simple, chemical schemes. A brief sum-
mary of the most important LES studies of atmospheric reactive flows is given below.
Schumann (1989) carried out the first LES of an atmospheric boundary layer with reactive species.
He focused mainly on the segregation of species caused by the coherent structures generated in a
convective boundary layer (CBL) and showed that chemical transformation proceeds at a slower
rate in the CBL because of insufficient mixing. In a simulated CBL flow with similar character-
istics, Krol et al. (2000) studied the effect of heterogeneous mixing on a more complex chemical
mechanism. They found that, although the species are largely segregated, the effect of turbulence
on the chemical reactions is almost negligible because species are close to a chemical equilibrium,
i.e. there is a balance between production and destruction. However, the perturbation of this equi-
librium, triggered by non-uniform emissions, leads to a decrease in the reaction rate. As Patton
et al. (2001) showed in their LES study of a turbulent reacting flow in and above a plant canopy,
these disturbances can have a larger effect close to the sources and sinks of the reactants. Recent
spectral analysis of reactants, based on LES results (Jonker et al., 2004), confirms that the variance
power spectra of the reactive compounds also depends on the Damköhler number and on the state
of chemical equilibrium between the reactants.
The role of turbulence in the reactivity of species is particularly important close to the point sources
or urban areas where large amounts of pollutants are released. Since the growth of the plume and
the transformation of species are strongly dependent on the interaction of different scales, the re-
action rate of certain chemical reactions in and around the plume can be slowed down (in the case
of non-premixed species) or enhanced (in the case of premixed species). Here, we will first show
how a simple chemical decay modifies the relative variability of the plume dispersion downstream
from the reactant release and across the plume. Secondly, with regard to non-linear reactions, we
discuss how the segregation of species can considerably reduce the chemical reactivity. We also
examine several modelling techniques that have been used to explain the main processes of chem-
ically reactive plumes.
It is important to notice that majority of the processes mentioned, and in particular turbulent mix-
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ing and the emissions at a point or from a surface area, occur on spatial and time scales that are
too small to be explicitly resolved by the grid prescribed in large scale atmospheric models. These
sub-grid processes therefore require an adequate parameterization that includes the relevant pa-
rameters of the transformation of species in the atmospheric boundary layer. Some examples of
sub-grid parameterizations are described.
The fundamental concepts, which include the governing equations and the main dimensionless
numbers, are discussed in Section 6.2. In Section 6.3, we show the contribution that the chemical
term makes to the flux of reactive species and we introduce a key variable in atmospheric turbu-
lent reacting flows: the intensity of segregation. This variable quantifies the heterogeneity of the
mixing between the reactants. In Section 6.4, we describe and analyze the main characteristics of
the dispersion of chemically active plumes and we include a summary of the most relevant studies.
In the concluding Section, we provide suggestions for future research studies on turbulent reacting
flows in the atmospheric boundary layer.

6.2 Governing equations and dimensionless numbers
To determine the evolution of chemical species in the ABL, one needs to solve not only the flow-
governing equations, but also the conservation equation of chemical species. The concentration
(mass per volume) of each constituent must satisfy the following equation (Lamb and Seinfeld,
1973):

∂ci

∂t
+

∂(uαci)
∂xα

= Di(
∂2ci

∂xα∂xα
)+Ri(c1, ....,cN ,T,F)+Si(x, t), (6.1)

where ci is the concentration of species i, t is time, uα is the α-component of the wind velocity, xα
is the α-component of the space variable, Di is the molecular diffusivity, Ri is the rate of chemical
production or loss, N is the total number of chemical species, T is the temperature, F is the actinic
flux (of photochemically active species), and Si accounts for the sources and sinks. The repeated
subscript α indicates a summation over the three components. The chemical term in (6.1) can be
written explicitly as:

Ri =
M

∑
j=1

ηi jk j

N

∏
l=1

c
βl j
l , (6.2)

where ηi j is the stoichiometric coefficient for species i in reaction j, k j is the reaction rate constant
for reaction j and βl j is the reaction order of species l in reaction j. The number M represents
the total number of reactions that species i undergoes. The dependence of the reaction term on the
temperature and actinic flux is included in the reaction rate k j.
By defining the following scales of the turbulent reacting flow: length (L), velocity (U), temper-
ature (Θ) and concentration (C0i, i=1,....N), one can formulate equation (6.1) in a dimensionless
form:

∂c̃i

∂t̃
+

∂(ũαc̃i)
∂x̃α

= (ReSci)−1(
∂2c̃i

∂x̃α∂x̃α
)+ R̃i(c̃1, ...., c̃N , θ̃, f̃ )+ S̃i(x̃, t̃), (6.3)
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where the symbol ∼ refers to a dimensionless variable, Re is the Reynolds number and Sci is the
Schmidt number (the ratio of the kinematic viscosity to the molecular diffusivity of species i).
Turbulent flows in the ABL typically have a Reynolds number of 107 and a Schmidt number around
1. Hence, (ReSci)−1 is generally a small number. Consequently, the molecular diffusivity term can
be omitted in equation (6.3).
The dimensionless reaction term R̃i reads:

R̃i =
M

∑
j=1

ηi jDa j

N

∏
l=1

c̃
βl j
l . (6.4)

The term (6.4) is therefore a function of the Da j and the ratio of the concentration scales (r = <B>
<A>),

where < B > and < A > are the concentrations. This chemical term can be written in a generic
form as:

R̃i = Da j r =
(

τ
τc

)
r. (6.5)

The dimensionless number Da j depends on the ratio of the flow time scale (τ=L/U) to the chemical
time scale (τc), which varies according to the reaction order. If Da << 1, we know that the chemical
reaction proceeds at a slower rate compared to the turbulence, and one can assume that turbulence
can mix the species homogeneously before the reaction takes place. With Da ≈ O(1), turbulence
and chemistry interact with each other, such as in combustion processes. In combustion, turbulence
can limit the chemistry if the turbulent mixing between species is inefficient. On the other hand, the
heat release caused by a chemical reaction can modify the velocity fields of the turbulent reacting
flows. Because of the low concentrations of reacting species in the ABL, the heat release due to
chemical reactions has a negligible effect on the temperature field. As a consequence, it is only
turbulence that exerts an effect on the chemical reactions.
Because atmospheric flows are characterized by a large number of spatial and temporal scales, and
we want to achieve a proper classification of the turbulent reacting flows, it is convenient to define
two Damköhler numbers to determine the effect of large and small dynamic scales on the reaction.
The corresponding numbers are defined as (Bilger, 1980; Komori et al., 1991; Molemaker and
Vilà-Guerau de Arellano, 1998):

Dat =
τt

τc
and Dak = τk

τc
= (ν

ε )
(1/2) (τc)−1. (6.6)

The first number, Dat , accounts for the mixing driven by the large scales. For instance, in the con-
vective boundary layer, τt is the turnover time of the large-eddies generated by convection, and is
defined as the ratio of the boundary layer depth to the convective velocity scale (Deardorff, 1970a).
The second number, Dak, relates the mixing activity of the smallest atmospheric turbulent scales,
defined by the Kolmogorov time scale, to the chemical reaction rate. The time scale τk is a function
of the kinematic viscosity of the air (ν) and the turbulent kinetic energy dissipation rate (ε). For a
second-order chemical reaction, the characteristic time scale of the chemical reaction is defined as
τc = (kC)−1 where k is the reaction rate and C is the concentration of species.
Another relevant scaling parameter in (6.5) is the ratio of the species concentration. Species that
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Figure 6.1: A description of the relation between the Damköhler numbers (Dat , lower x axis,
and, Dak, upper x axis) and the concentration ratio (r). The Figure depicts the specific effects of
turbulence on species A that in a non-premixed situation reacts with B, according to the non-linear
reaction A + B → P . Notice that Dat > Dak always.

are relatively less abundant than other reactants are influenced more by the effects of turbulence
on the reactivity. The relation between the Damköhler numbers and the concentration ratio r is
represented in Figure 6.1 for a non-linear reaction A + B → P where A and B are non-premixed.
The Figure shows the effects of turbulence specifically for the reactant A. For the slow chemistry
regime, Dat < 1, turbulence is able to mix the reactants uniformly. For Dak < 1 < Dat , a moderate
chemistry regime, the larger turbulent scales are unable to mix the reactants uniformly, and the
segregation between them causes either a reduction or enhancement of the reaction rate. In this
regime, one can expect that once the species are mixed by the large scales, the mixing at smaller
scales will proceed faster than the chemical reaction, since τt is always larger than τk. As a con-
sequence, the reactivity is not limited by the small-scale turbulence. For Dak À 1 (fast chemistry
regime), turbulence controls the chemical reactions at all the turbulent scales. If r < 1, similar
limitations due to turbulence can be expected for species B.
Table 6.1 shows the large span of time scales associated with atmospheric phenomena, and the
chemical transformation time scales of some important atmospheric compounds. It is evident that
a realistic chemical mechanism can contain species that react in all three of the above-mentioned
regimes. Stockwell (1995) calculated the Damköhler number Dat for a complete gas-phase at-
mospheric chemistry. Although he used a different definition of Dat , he found that Dat > 1 for
a large number of species. In particular, reactions involving hydroxyl radicals and reactions of
peroxy radicals with nitric oxide fall into the categories of moderate and fast chemistry.
However, the conditions Dat > 1 and r > 1 are necessary, but not sufficient to determine the ex-
tent to which turbulence limits the chemical transformations. In the moderate and fast chemical
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Approximate time scale (s) Chemical species Atmospheric phenomena
10−1−1 OH,HO2(HOx) Turbulence
102−103 NO,NO2(NOx) Thermal updrafts
103−104 CH2O, Isoprene Convection, thunderstorms
105-106 H2O,SOb

2 Synoptic weather fronts
107 Ot

3,CO General circulation
108-109 CH4 Climate changes

Table 6.1: Typical time scales of transformation of chemical species and of some atmospheric
phenomena (superscript b refers to the atmospheric boundary layer and superscript t refers to the
free troposphere).

regimes, the complementary condition which defines the state of the turbulent reacting flow, is
whether the reactants are in or out of chemical equilibrium. In fact, in a situation where chemistry
is in balance, species are produced and depleted at comparable rates and consequently reactants
will act as inert scalars (Krol et al., 2000; Vilà-Guerau de Arellano and Cuijpers, 2000). Chemi-
cal mechanisms have a tendency to adjust towards equilibrium. Nevertheless, these equilibria can
be prevented or disturbed by driving atmospheric processes like the separation of species by up-
drafts and downdrafts in the convective boundary layer, by insufficient mixing in a stably stratified
boundary layer (Galmarini et al., 1997a), by the presence of clouds (Vilà-Guerau de Arellano and
Cuijpers, 2000), or by the emission of species in the ABL (Krol et al., 2000).

6.3 The presence of the chemical terms in the averaged equa-
tions

It is not feasible to resolve all the relevant spatial and time scales of the atmospheric flow nu-
merically. As a consequence, equations (6.1) and (6.3) must be solved in terms of the statistical
moments of the concentration distribution. The wind and the concentration variables are decom-
posed into an average component (〈uα〉 and 〈ci〉, i.e., first moments or the mean) and a fluctuation
or stochastic component (u′α and c′i), that is, the Reynolds decomposition is applied. Several de-
finitions of averages, which are indicated here by the general symbol 〈〉, can be used to average
the governing equations of the chemical species: the ensemble average, the time average, the
one-dimensional average or the volume average (Garratt, 1992). By applying the Reynolds de-
composition to the variables uα and ci, the Reynolds averaging properties (〈〈uα〉〉 = 〈uα〉 and
〈u′α〉= 0) and making use of the incompressible form of the continuity equation, one arrives at the
following form for equation (6.3):

∂〈c̃i〉
∂t̃

+ 〈ũα〉∂〈c̃i〉
∂x̃α

+
∂〈ũ′αc̃i

′〉
∂x̃α

= 〈R̃i〉+ 〈S̃i〉 (6.7)
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Figure 6.2: a) Vertical profile of the dimensionless fluxes for a species emitted at the surface. The
inert species is represented by a continuous line and the species characterized by a Dat = 4.1 and
Dak = 0.27 is represented by a dashed line. The values are made dimensionless using mixed layer
scaling: the boundary layer height (zi) and the convective velocity scale (w∗) (Deardorff, 1970a). b)
Vertical profiles of the flux budget for the reactant characterized by Dat = 4.1 and by Dak = 0.27.
The following contributions are presented: B: buoyancy; G: concentration gradient; T: turbulent
transport; P: pressure correlation; D: dissipation and CH: chemistry

where 〈R̃i〉 reads:

〈R̃i〉= 〈
M

∑
j=1

ηi jDa j

N

∏
l=1

(〈c̃l〉+ c̃l
′)βl j〉. (6.8)

In the ABL, the main reactions of chemical species are of first or second-order. Important third-
order reactions can generally be reduced to quasi second-order chemical reactions. Therefore, one
can assume that the order of reactions is equal to or smaller than 2, i.e. (∑M

j=1 βl j ≤ 2); and in that
case, the non-dimensional chemical term in the average concentration equation reads:

〈R̃i〉=
M

∑
j=1

ηi jDa j

[
N

∏
l=1
〈c̃l〉βl j + 〈

N

∏
l=1

c̃l
′βl j〉

]
. (6.9)

Equation (6.7) governs the average concentration evolution, and contains the new terms 〈ũ′αc̃i
′〉 and

〈∏N
l=1 c̃l

′βl j〉, i.e. second-order moments. The presence of these terms leads to the usual closure
problem: there are more unknown variables than there are equations to solve. In equation (6.7), the
term 〈ũ′αc̃i

′〉 is the turbulent flux of species i. This term describes important processes in the ABL,
such as exchange between the free troposphere and the ABL, turbulent transport, mixing in the
ABL, and deposition at the surface. The term 〈∏N

l=1 c̃l
′βl j〉 in (6.9) accounts for the variances and

covariances of reactive species. It describes the variability of the average concentration distribution
and quantifies the capacity of turbulent reacting flows to mix chemical species. The Reynolds
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averaged governing equations for the second-order moment with suitable parameterizations of the
pressure gradient term, the dissipation term, and the third-order terms, make it possible to close
the average concentration equation. The derivation of these second-order equations can be found
elsewhere (Stull, 1988; Garratt, 1992).
Here, we concentrate only in the chemical terms in the second-moment equations for chemically
reactive species. Note that the terms are written in a general and compact form. In this way, and
after algebraic manipulations, one can derive the chemical term for the first-, second- or higher-
order reactions explicitly.
The chemical term in the flux equation 〈ũ′αc̃i

′〉 reads:

〈R〉〈u′αc′i〉 =
M

∑
j=1

ηi jk j

N

∏
l=1
〈u′α(〈cl〉+ c′l)

βl j〉. (6.10)

The chemical term in the variance equation (〈c′2i 〉) can be written as:

〈R〉〈c′2i 〉 = 2
M

∑
j=1

ηi jk j

N

∏
l=1
〈c′i(〈cl〉+ c′l)

βl j〉, (6.11)

and, finally, the chemical term in the governing equation for the covariance between two different
species (〈c′ic′k〉, i 6= k) is:

〈R〉〈c′ic′k〉 =
N

∑
k=1

M

∑
j=1

ηi jk j

N

∏
l=1
〈c′k(〈cl〉+ c′l)

βl j〉. (6.12)

It is important to mention that the chemical terms (6.10), (6.11), and (6.12) introduce a new
Damköhler number for the flux and (co-)variances what is now a function of the concentration
flux/(co-)variances scales instead of the averaged concentration (Vinuesa and Vilà-Guerau de Arel-
lano, 2003).

6.3.1 Non-linear flux of the reactive species
To demonstrate the importance of the chemical terms in the governing equations, we study the
role of the chemical term in the flux budget equation. On the assumption that there is horizontal
homogeneity, the flux equation reads:

∂〈w′c′i〉
∂t

=−〈w′2〉∂〈ci〉
∂z︸ ︷︷ ︸

G

+
g

Θo
〈w′c′i〉

︸ ︷︷ ︸
B

− ∂〈w′2c′i〉
∂z︸ ︷︷ ︸
T

− 1
ρ
〈c′i

∂p′

∂z
〉

︸ ︷︷ ︸
P

(6.13)

+ν〈c′i
∂2w′

∂z
〉+νci〈w′

∂2c′i
∂z
〉

︸ ︷︷ ︸
D

+〈R〉〈w′c′i〉︸ ︷︷ ︸
CH

,

where the letters on the right-hand side are: (G) the concentration gradient term, (B) the buoyancy
term, (T) a turbulent transport term, (P) a pressure-concentration interaction term, (D) the molecu-
lar dissipation term, and (CH) the chemical term.
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6.3. The presence of the chemical terms in the averaged equations

Figure 6.3: Instantaneous horizontal distributions at z/zi = 0.1 of the (a) vertical velocity, (b)
reaction zone for a uniform emission and (c) reaction zone for a non-uniform emission.
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Figure 6.4: Vertical profiles of the intensity of segregation for the turbulent reacting flow charac-
terized by Dat = 4.1 for the uniform emission (continuous line) and for the non-uniform emission
(dashed line).

For a second-order reaction of species A and B with a reaction rate k the chemical term 〈R〉〈w′a′〉
(term 6.10) of species A reads:

〈R〉〈w′a′〉 = − k (〈w′a′〉〈b〉+ 〈w′b′〉〈a〉+ 〈w′a′b′〉). (6.14)

Vinuesa and Vilà-Guerau de Arellano (2003) used a LES technique to study the importance of the
chemical terms for the fluxes and (co)-variances of reactants in a CBL. They explicitly calculate
the chemical term (6.14) in the flux budget equation. As an example, the vertical profiles of the
fluxes of a passive scalar and of a reactant emitted uniformly (species A) at the surface are shown
in Figure 6.2a. The fluxes are calculated from the fluctuating quantity estimated from a horizontal
slab average. They were averaged over a period of one hour. The other reactant (species B) is en-
trained at the top of the convective boundary layer. The reaction between A and B is a irreversible
second-order reaction. In this turbulent reaction flow, the turbulent Damköhler number of species
A is 4.1 and the Kolmogorov Damköhler number is 0.27. These numbers indicate that turbulence
is limiting the chemical transformation (moderate chemistry regime). As the Figure shows, the
flux of the reactant species departs from the linear profile; which is characteristic for the flux of
inert species emitted at the surface (Wyngaard, 1992).
Figure 6.2b shows the vertical profiles of the thermodynamic terms and the chemical term (6.14)
of the flux budget equation of the reactant species previously shown in Figure 6.2a. The order of
magnitude of the chemical term is comparable to that of the thermodynamic terms, and, conse-
quently, it has an effect on the flux profile, causing it to depart from linearity. In this particular
case, the chemical term is a negative term throughout the boundary layer and tends to destroy the
flux of reactive species.
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6.3. The presence of the chemical terms in the averaged equations

6.3.2 Segregation of species
The compounds in the ABL are generally not well mixed. To illustrate the heterogeneity of the
mixing, we use the results of turbulent reacting flows calculated by means of LES. The numerical
experiment simulates a CBL with two reactive species. The first one is released at the surface and
the second one is entrained at the top of the boundary layer. Figure 6.3 shows an instantaneous
horizontal distribution of the vertical velocity at z/zi = 0.1 (Figure 6.3a) and the reaction zones
(Figure 6.3b and Figure 6.3c) for the reactant (Dat = 4.1) shown in Figure 6.2. For a second-order
transformation with a reaction rate k, the reaction zone is defined by the product 〈kAB〉.
To study the effect of discontinuous emissions, two different LES numerical experiments were
carried out. In the first one, we prescribed a uniform source emission at the surface. In the second
numerical experiment, the emission released followed a Gaussian distribution centered at the mid-
dle of the simulation domain. A large amount of the emission (95 %) took place within an area
of 700 m radius. This distribution is similar to the emission pattern in an urban area, with large
releases of pollutants in the city center and fewer emissions towards the outskirts.
As the Figure shows, in the lower part of the CBL, the reaction zones are located at the core of
the thermal updraft motions, which are characterized by positive vertical velocities. Figures 6.3b
and 6.3c show the differences between a uniform release and a non-uniform release. In addition to
the segregation due to the transport asymmetry of the CBL, the discontinuity of surface emission
enhances the segregation between the reactants. In Figure 6.3c, all the reactions zones are found
close to the edge of the Gaussian distribution emission, where the majority of the reaction is con-
centrated.
It is therefore important to quantify how efficiently the species are mixed by turbulence. The inten-
sity or coefficient of segregation (Is) is the variable that characterizes the mixing of the reactants. It
is derived from the chemical term of the average concentration equation (6.9) (Danckwerts, 1953).
Once again, using the assumption ∑M

j=1 βl j ≤ 2 and factorizing equation (6.9), one obtains:

〈R̃i〉=
M

∑
j=1

ηi jDa j

[
N

∏
l=1
〈c̃l〉βl j(1+ Is j)

]
(6.15)

where Is j is the intensity of segregation for reaction j defined as follows:

Is j ≡ 〈∏N
l=1 c̃l

′βl j〉
∏N

l=1〈c̃l〉βl j
. (6.16)

For a second-order reaction with species A and B this term reads:

Is =
〈A′B′〉
〈A〉〈B〉 . (6.17)

The above quantity describes the extent to which the reactants are mixed (or segregated). The lim-
iting values of Is depend on the Damköhler number, the transport direction of the species, and the
ratio of the concentrations of species. The minimum value, Is = −1, corresponds to the situation
in which species are transported in opposite directions (case of non-premixed reactants), and the
chemical reaction rate is infinitely fast, i.e., Da j → ∞. In that circumstances, the reaction takes
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place in an infinitely thin zone. The maximum limiting value, Is = ∞, is also given by a reaction
characterized by Da j → ∞. In this case, species are transported in the same direction and have
been previously mixed homogeneously.
Figure 6.4 shows Is for the turbulent reacting flow of the uniform emission (Figure 6.3b) and
non-uniform release (Figure 6.3c). In the bulk of the CBL, the asymmetry created by the differ-
ent dynamic characteristics of the thermals and subsidence motions, leads to a segregation of the
reactants. This inefficient mixing causes a reaction to undergo 20 % slower than a reaction that
takes place when species are homogeneously mixed. Moreover, the discontinuity of the Gaussian
emission field causes an additional segregation of the species. For this particular case, the Is value
is close to the minimum value of −1, which implies that there is hardly any chemical reaction
because of the almost total segregation of species.

6.4 Chemically reactive plumes
Plumes of reactive species constitute a particular, but important, case of turbulent reacting flows in
the ABL. Large quantities of compounds are normally discharged into the ABL by point sources.
The released pollutants are dispersed by atmospheric turbulence, and undergo chemical transfor-
mations by reacting with ambient species. These plumes are characterized by emissions with high
concentrations. The atmospheric turbulence not only drives the plume dispersion and mixing, but
it can also limit the transformation of species. Therefore, to study the distribution and evolution of
chemically active plumes one can make use of the dimensionless numbers presented in the previ-
ous Section.
We first discuss the dispersion of a plume that decays with a first-order reaction and, secondly,

we analyze the effect of turbulence on the mixing on the transformation of species that react with
second-order reactions. In the first numerical experiment (Section 6.4.1), turbulence is driving the
dispersion, but the chemical transformation of species does not depend on the capacity of turbu-
lence to mix the compounds. In the second situation (Section 6.4.2), we discuss the emission of
species from a point source (for instance NO) which reacts non-linearly with an ambient species
(for instance O3). In this case, the reactivity depends on how efficient the turbulent mixing is in
bringing species together.

6.4.1 The effect of chemistry: simple decay
The dispersion of a passive tracer in a CBL has been studied by means of LES (Dosio et al., 2003).
On the basis of the same numerical experimental setup, we analyzed the dispersion characteristics
of a plume formed by a reactant that decays at a reaction rate j s−1 in a boundary layer driven
mainly by convection, with a constant geostrophic wind equal to 5 ms−1. For this simple decay,
the turbulence Damköhler number Dat is defined by the turbulent time τt = (zi/w∗), where w∗ is
the convective velocity scale (see Deardorff, 1970a) and zi is the depth of the boundary layer. The
chemical time scale is simply τc = j−1 s. Different simulations in which Dat is varied, were carried
out to determine the effect of a chemical decay on the averaged concentration and the concentra-
tion fluctuations. Figure 6.5 shows the time evolution of the instantaneous concentration in the
plume centreline, at 750 m downstream from the point release. The point source is located in the
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Figure 6.5: Time evolution of species undergoing a decay in a first-order reaction with different
Damköhler numbers: 0.06 (continuous line), 0.6 (dashed), 3 (dashed-three dots) and 6 (dashed-
dotted).

Figure 6.6: Hourly averages of relative concentration fluctuations in the plume centreline, as a
function of the downstream position for different values of the turbulent Damköhler number.
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Figure 6.7: Horizontal profile of the relative concentration fluctuations across the plume centreline
at x=750 m, for different values of the turbulent Damköhler number. The plume edge is located at
the value y/zi=0.2.

middle of the ABL. It can be seen that the intermittent nature of the concentration is maintained
for all cases shown (Dat=0.06 (almost inert), Dat=0.6 (slow chemistry), Dat=3 (moderate chem-
istry), Dat=6 (fast chemistry)). For all the Dat numbers, the instantaneous concentrations show an
identical pattern for the fluctuations generated by the atmospheric turbulence. The variation in the
absolute value of the concentration is due only to the chemical decay.
Because of the chemical transformation, the variability, quantified by the concentration variance,
is also modified. The presence of the chemical term in the concentration fluctuation equation (term
6.11) modifies the concentration variance, which now will depend on the turbulent Damköhler
number. Notice that this term for a first-order decay is − j〈c′2〉. Figure 6.6 shows the relative con-
centration fluctuations for the same simulation as in Figure 6.5. All the simulations are conducted
with the same initial and boundary conditions (source size, emission release, boundary layer char-
acteristics). The four cases show the characteristic pattern found in experimental and numerical
studies, with a maximum of σc/〈C〉 downstream from the release (Fackrell and Robins, 1982;
Sykes et al., 1992). However, for the chemically active plume, we found that the decay enhances
the relative value of the concentration fluctuations with respect the absolute value, and shifts the
position of the maximum further downstream. Consequently, the value of the maximum and its
downstream location depend not only on the plume position, the source size and the dispersion
characteristics, but also on the reactivity of the species. Figure 6.7 shows the horizontal profiles of
the relative concentration fluctuation across the plume at 750 meters from the point release. The
σc/〈C〉 values increase with the Damköhler number at the plume edge (y/zi = 0.2) and close to
the centreline (y/zi = 0.0). Plume variability depends on the interaction of the plume with the
boundary layer characteristics and the reactivity of the emitted species.
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6.4.2 The effect of turbulence on chemistry: non-linear reaction

As mentioned in the previous Sections, turbulence limits the reactivity of the non-linear reactions
because it is unable to mix the species uniformly. For elevated plumes, this effect is even larger
than for surface releases, because plumes are normally characterized by high concentration gradi-
ents. As a consequence, species are highly segregated in the vicinity of the plume.
Before continuing with the discussion, it is important to describe how the spatial scales of tur-
bulence affect the dispersion of plumes. Large spatial scales govern the dispersion of the plume
in a process called meandering, or macro-mixing. The smallest scales of the turbulence are the
most active in mixing the plume reactant with the ambient species. These fluctuations are called
“in-plume” fluctuations. The process is also known as micro-mixing. In the discussion below, we
focus on the effect of “in-plume” fluctuations on the chemical reactivity. Joergensen and Mikkelsen
(1993) described a method for removing the effect of meandering in the plume dispersion to study
solely the ”in-plume” fluctuations. Although there is still a lack of complete observational evi-
dence, experiments and field campaigns showed the effect of turbulent fluctuations on chemical
reactions (Builtjes and Talmon, 1987; Ibrahim et al., 1987; Komori et al., 1991; Brown and Bilger,
1998). The intensity of segregation was measured in the majority of these experiments. Figure 6.8
shows the value of Is as a function of the ratio r, for an NO-plume (NO is nitric oxide) released in
the atmospheric surface layer and then reacting with ambient ozone (O3), according to the reaction
NO + O3 → P (Komori et al., 1991). This reaction is normally characterized by Da≈ O(1), that
is, turbulence controls the chemistry. In spite of the scatter in the observational data, it is clear that
Is values are not negligible and they increase with the concentration ratio (as previously shown in
Figure 6.1). Similar results were found in laboratory experiments performed by Brown and Bilger
(1998) (Figure 9 in their paper) for the same species and chemical reaction. Their observations
show the increase of Is for a large Damköhler number and the decrease of Is downwind of the
point release. To complete the discussion of the observational studies, we show in Figure 6.9 the
variation of the intensity of segregation across the horizontal direction of the plume, at various
distances from the release point. For a chemically reactive plume, Is was calculated using a full
second-order turbulent closure model implemented in a discretized Gaussian plume model (Gal-
marini et al., 1995). As in Figure 6.7, the large concentration fluctuations are located in the plume
centreline (r/σ=0; note that in the Figure r is now the distance from the plume centerline). The
values range from -1 at x=1200 m to -0.05 at x=2600 m. The absolute value of Is increases with
downwind distance (minimum values at 1200 m) and finally the Is values diminish until they are
negligible, i.e, until the species are uniformly mixed with ambient air. The distance where the
segregation effects are relevant depends on the strength of the source emission and the boundary
layer characteristics.

LES studies of chemically active plumes corroborate the discussed earlier results. Sykes et al.
(1992) found that, for the same reaction, the control of turbulence can reduce the rate by a factor
of six. Meeder and Nieuwstadt (2000) agreed with the previous results by Sykes et al. (1992), and
stressed the importance of the smallest turbulent scales for fast chemical reactions (Dak >> 1).
In their LES, they introduced a sub-grid parameterization that accounts for the incomplete mixing
inside the grid cell. Recently, other LES studies have dealt with more complex chemical mecha-
nisms. Herwehe et al. (2002) showed that the intensity of segregation can be positive if species are
premixed before they are emitted and introduced into the ABL. As a consequence the reactivity of
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Figure 6.8: Observations of the intensity of segregation (Is = 〈NO′O′
3〉/〈NO〉〈O3〉) as a function of

the ratio r = 〈NO〉/〈O3〉 for an NO-plume released in the atmospheric surface layer and reacting
with ambient O3 (Komori et al., 1991).

Figure 6.9: The intensity of segregation as a function of the distance from the plume centreline (r)
made dimensionless by the dispersion parameter (σ) at various distances from the release point.
The intensity of segregation was calculated using a chemically reactive plume model (Galmarini
et al., 1995).
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the species can be enhanced. Lewellen and Lewellen (2001) found that the reaction rates within a
wake plume generated by the emission of species from an aircraft, were largely reduced. The latter
LES results and aircraft observations by Tan et al. (1998) demonstrated that the chemistry related
to the HOx species is limited by the turbulent fluctuations in and around the plume. Several other
modelling techniques have been used to explain the role of turbulence on chemical reactions of
species emitted at point sources. Bilger et al. (1991) and Brown and Bilger (1998) overcame the
problem of the chemical term in the governing equations by solving them for a conserved scalar.
This conserved scalar is a combination of several reactants, and it acts as a passive species. An-
other possible approach is based on calculating the statistics of reactive plumes using methods that
are based on the probability distribution functions (PDF) of the species (Pope, 1985; Fraigneau
et al., 1996; Gonzalez, 1997). Other modelling studies have attempted to close the covariance term
〈c′ic′k〉 by relating it to the variance (Karamchandani and Peters, 1987) or by explicitly solving
the covariance equations (Galmarini et al., 1995). Lamb (1978) and Georgopoulous and Seinfeld
(1986) proposed parameterizations to calculate the covariance 〈c′ic′k〉 as a function of the instanta-
neous concentrations. A more applied type of methodology proposed by Bange et al. (1991) is
based on the estimation of new dispersion parameters calculated from instantaneous concentration
measurements. By characterizing a plume by more adequate dispersion parameters, these authors
attempt to reduce the effect of concentration fluctuations on the model calculations. These stud-
ies agree about the importance of turbulent mixing for controlling the plume reactivity, and about
the necessity of using the Damköhler number and the concentration ratio to describe the turbulent
reacting flows.

6.5 Conclusions and future perspectives
Atmospheric turbulence is the main mechanism that drives the dispersion, the mixing, and the
transformation of chemically active species. In the case of emitted compounds that react with
ambient species according to a second-order reaction, the reaction rate can decrease because the
reactants are segregated. This reduction is more significant when the time scales of turbulence and
chemistry are comparable. The key scaling numbers, which determine the effect of turbulence on
the chemical transformations, are the Damköhler numbers and the ratios of the concentrations in
the species. On the basis of these numbers, one can identify three regimes for turbulent reacting
flows: slow, moderate and fast. For moderate and fast chemistry regimes, turbulence strongly con-
trols the reactivity of the transformation. In the ABL, the chemical reactions associated with the
compounds NOx and HOx are normally in the moderate and fast regimes. In order to account for
the effect of turbulence on chemistry, one should include the chemical term in the average concen-
tration equation (term 6.8) and in the flux and (co-)variance equations (terms 6.10 to 6.12). When
these terms are included the distribution and evolution of the mean concentration and the second-
order moments can deviate largely from the moments of the inert species. Another relevant factor
is the state of equilibrium between species. If the species are in chemical equilibrium, they act as
passive species. Physical processes such as turbulent mixing, injection of species at the surface or
at the inversion zone, and the presence of clouds can disturb this equilibrium. The LES technique
has let us study all these processes numerically and has given us a fundamental understanding and
a detailed description of the atmospheric turbulent reacting flows. However, close to the emission
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sources, the LES results can be affected by errors due to the assumption of uniform mixing within
the grid cell. In the future, more research should be directed towards the development of a parame-
terization to account for this effect. The effect can be particularly important for species that react
at a fast reaction rate (for instance radicals) or in conditions where the ABL is stably stratified.
Regional and large-scale atmospheric chemistry models have to treat the aforementioned processes
in the form of sub-grid parameterizations since they occur at scales smaller than the grid size. It
is therefore necessary in modelling studies to incorporate the modification of the reaction rate
caused by heterogeneous mixing. Several studies have already proposed sub-grid parameteriza-
tions to account for these effects. In their study of the convective boundary layer, Chatfield and
Brost (1987) and Petersen et al. (1999) proposed using the mass-flux approximation to represent
the segregation of species due to the asymmetry of the rising and subsiding motions within the
boundary layer using the mass-flux approximation. Because of the complexity of the atmospheric
chemistry, a more simpler approach may be useful to start with. Let us introduce an effective
chemical reaction rate ke f f which accounts for the non-uniform mixing in atmospheric flows and
is defined as ke f f = k(1 + Is), where k is the reaction rate measured under homogeneous condi-
tions. The intensity of segregation should be estimated from observations (Builtjes and Talmon,
1987; Brown and Bilger, 1998; Kramm and Meixner, 2000) or using a parameterization that relates
Is to known quantities (Petersen and Holtslag, 1999; Vinuesa and Vilà-Guerau de Arellano, 2003).
This parameterization can be applied to surface and point source releases. For the latter, ke f f might
depend on the downstream position and the distance from the plume centreline. In the turbulent
reacting flows with large emission release associated to power plants or urban areas the influence
of turbulence on chemistry can lead to large errors and discrepancies in the measurements. Close
to the sources, species are highly segregated and far from chemical equilibrium. Hilst (1998) and
Russell and Dennis (2000) stressed that plumes can only be crudely approximated in large-scale
models. A well-known example is the emission of nitrogen compounds in rural areas characterized
by large emissions of biogenic compounds (Verver et al., 2000). Generally, models assume that
the nitrogen compounds are mixed instantaneously which can lead to model errors. Consequently,
plumes embedded in large-scale models should take into account for the effects of turbulent mixing
on chemical reactions. Following this line, Karamchandani et al. (2000) developed a model that
includes the effects of turbulent fluctuations on non-linear reactions in the dispersion of a reacting
plume with a complex chemical mechanism. They found that the inclusion of turbulent fluctua-
tions in the reaction between nitric oxide and ozone gives a more accurate representation of the
dispersion of chemically reactive species (see Figure 3 in their paper).
In spite of the large numbers of process modelling studies performed in the last decade, more ex-
perimental evidence is needed to investigate the role of physical processes in chemical reactions
and to provide a data base that can validate model results (Kramm and Meixner, 2000; Vilà-Guerau
de Arellano, 2003). Specific questions that still need to be studied on the basis of observations are:
(1) the divergence with height of the reactive species in the atmospheric surface layer and (2) the
measurement of the intensity of segregation for different chemical species and under various condi-
tions of atmospheric stability and dispersion. Further research activities should combine laboratory
experiments, observations and modelling studies in order to derive a similarity theory for turbulent
reacting flows. On the basis of this theory, it should be possible to incorporate into regional and
global models scaling laws that will account for the influence of turbulence on chemical reactions.
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Chapter 7

Summary and Perspectives

7.1 General conclusions

The dispersion of a plume in the Atmospheric Boundary Layer is a very complex phenomenon that
includes the transport, the mixing and the chemical transformations of the plume material. When
a plume is dispersed in the ABL, its shape, evolution, and internal structure are determined by the
interaction between the plume and the turbulent eddies that characterize the atmospheric motion.
To understand and predict atmospheric dispersion, it is therefore essential to study and analyze the
characteristics and the properties of the atmospheric turbulent motion.
Nowadays, a broad range of tools and methodologies are available for investigating turbulent dis-
persion. In particular, the fast growth in computer’ performance has allowed one to simulate the
atmospheric flow by numerically solving a system of mathematical equations that describe the
evolution of the main atmospheric variables, such as wind speed, temperature, and humidity. This
technique is known as numerical simulation. One of the most powerful numerical techniques
available for the study of the ABL, is the Large-Eddy Simulation (LES), which explicitly solves
the most relevant scales of turbulent motion. The LES technique is particularly suited to study
the Convective Boundary Layer (CBL), which is characterized by large-scale, organized motion
of warm air (updrafts) and cold air (downdrafts) known as thermal convection. In this doctoral
research, a LES has been used to simulate with great detail the evolution in space and in time of a
plume dispersing in the CBL.
The main novelty of the research is the simultaneous investigation of turbulent dispersion in differ-
ent frameworks. By studying dispersion in two coordinate systems, namely the absolute (or fixed)
coordinate system, and the relative coordinate system (that is the coordinate system of the plume’s
center of mass), it was possible to separate the different contributions of small- and large-scale
motion on the plume evolution. In the relative coordinate system, in fact, the (vertically) inho-
mogeneous meandering motion was removed, and only the small homogeneous turbulent eddies
contributed to the dispersion process.
Turbulent dispersion was also studied in both the Eulerian and the Lagrangian frameworks. In the
Eulerian framework, dispersion properties, such as the concentration of the pollutant, are calcu-
lated or measured at fixed points in space. In the Lagrangian framework, each particle in the plume
is followed singularly, and dispersion properties are calculated in a reference frame that moves
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with the particles themselves.
The use of different reference systems allowed many research questions to be addressed, as dis-
cussed in Chapter 1. The main results of this research are summarized below.

In Chapter 3, atmospheric dispersion was studied by calculating energy spectra and velocity au-
tocorrelations in both the Eulerian and the Lagrangian frameworks (Research Question 1).
In particular, Eulerian statistics were calculated by means of both spatial and temporal analysis.
Spatial analysis is mostly used in numerical or laboratory experiments, where data is collected at
different locations at a fixed time (or averaged over a certain time). Temporal analysis is mainly
used in field experiments, where statistics are calculated by the analysis of time series collected at
fixed positions. These two analysis are usually related by Taylor’s hypothesis of frozen turbulence,
which is always assumed but seldom validated. By deriving characteristic length and temporal
scales through the analysis of the autocorrelation function and the spectral peak, Taylor’s hypoth-
esis was successfully validated in the simulated CBL.
The relationship between flow properties (autocorrelations) and dispersion characteristics (par-
ticles’ displacements) was also discussed through Taylor’s analysis of turbulent dispersion. A
distinction was made between horizontal and vertical motion, in order to study the effect of the
inhomogeneity of the vertical structure of the turbulence and the presence of the CBL bound-
aries (surface and top of the CBL) on the particle’s motion. The results showed that the horizontal
dispersion was satisfactorily described by Taylor’s diffusion theory, because the homogeneous hor-
izontal motion was characterized by an exponential autocorrelation function. On the contrary, the
autocorrelation function for the vertical velocity had a more complicated shape, due to the vertical
inhomogeneity of the turbulent flow and the presence of the CBL boundaries, which limited the
vertical particles’ motion. As a result, particles moved following a wave-like motion. Taylor’s
analysis correctly predicted the particles’ displacement at short times, when the particles’ motion
was not affected by the boundaries, but overestimated the asymptotic limit at longer times. The
use of a different method to calculate the Lagrangian integral time, allowed us to distinguish better
between free and bounded motion, and a better agreement was found between Taylor’s relationship
and particles’ vertical displacement.
This study was completed by verifying the equivalence between Lagrangian particle displacement
(that is, the particles’ displacement measured at fixed travel times) and the Eulerian dispersion
parameter (that is, the particle displacement as a function of the distance from the source). The
comparison showed that, for practical purposes, using Eulerian dispersion parameters instead of
Lagrangian ones does not lead to larger errors. This is related to the fact that Taylor’s hypothesis
of frozen turbulence holds in the simulated CBL.
Finally, the relationship between the Lagrangian and the Eulerian frameworks was investigated by
calculating the ratio β between Lagrangian and Eulerian time scales. These time scales can equally
be derived either by calculating the integral of the autocorrelation function, or by determining the
frequency of the spectral peak. Since there is usually a large scatter in the spectra, the use of the
autocorrelation function gives the most accurate results.
Currently used parameterizations for the Lagrangian time scale and the ratio β, derived either in
previous field atmospheric experiments or through theoretical analysis, were calculated as a func-
tion of the flow characteristics (CBL height and velocity variances). These parameterizations were
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compared with the LES results, and showed a satisfactory agreement.

In Chapter 4, plume dispersion in the CBL was studied in two coordinate systems: the absolute
coordinate system and the coordinate systems relative to the plume’s instantaneous center of mass.
By so doing, it was possible to separate the different contributions of small- and large-scale mo-
tions on the plume’s evolution (Research Question2). The shape and the symmetry of the plume
distribution was also analyzed by calculating the mean plume position, the dispersion parameters
(variance), and the skewness of the plume position in both the coordinate systems (Research Ques-
tion3).
The analysis of the third-order moments showed that the symmetry of the scalar distribution was
affected by both the turbulent characteristics of the CBL (inhomogeneity of the vertical large-scale
motion), and the presence of the CBL boundaries. In fact, the skewness of the plume’s centerline
position was mainly influenced by the meandering of the plume as it was transported by the up-
drafts and dowdrafts. On the contrary, the skewness of the relative position was mainly affected
only by the reflection of the plume by the CBL boundaries, because in the relative coordinate sys-
tem the large-scale motion was removed.
Mean concentrations and concentration fluctuations (that quantify the concentration variability)
were also studied in absolute and relative coordinate systems. In particular, the intensity of relative
concentration fluctuation icr was calculated, because it quantifies the internal (in-plume) mixing
of the scalar within the plume. The evolution of icr is a critical parameter in operational models
for turbulent dispersion, because it is used in the parameterization of the probability distribution
function (PDF) of the relative concentration. A currently used parameterization for the PDF of the
relative concentration was calculated as a function of icr, and showed very good agreement with
the LES results.
Finally, the validity of Gifford’s formula,which relates the absolute concentration to the relative
concentration and the position (PDF) of the plume’s centerline, was studied. It was found that, due
to the presence of the CBL boundaries, Gifford’s formula was not able to correctly reproduce the
value of the absolute mean concentration, especially near to the ground. This result was explained
in terms of the effect of the reflection of the plume by the boundaries, which caused the relative
concentration to depart from a Gaussian distribution and to become skewed. The results were im-
proved by using a parameterization for the relative mean concentration that took into account the
skewness of the relative plume position.
This study showed the importance of analyzing higher-order statistics in order to understand the
evolution of a plume dispersing in the atmospheric CBL, and to derive an operational model for
turbulent dispersion. Moreover, the LES technique was shown to be an ideal tool for the detailed
study of the plume’s internal structure and variability. Therefore, the LES results can be used to
better interpret the measurements of remote-sensing instruments (such as lidars), which are able to
directly measure the in-plume structures of a dispersing plume.

In Chapter 5, the dispersion of a plume in boundary layers driven by different combinations of
buoyancy and shear was investigated (Research Question4).
Different boundary layer archetypes varying from the pure-convection to near-neutral situation
were simulated and systematically classified according to the shear-buoyancy ratio u∗/w∗ and the
scaling parameter −zi/L.
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Good agreement was found between the LES results and the laboratory and field experiments in
the pure-convective situation.
The influence of the increasing wind shear was first studied on the flow statistics (profiles of veloc-
ity variances) as the dispersion characteristics are directly dependent on the turbulence’s properties.
The results showed an increase in the horizontal velocity variance and a reduction in the vertical
velocity variance.
The main effect of the wind shear on the dispersion statistics resulted in a reduction of the verti-
cal spread whereas the horizontal spread was enhanced. Consequently, the ground concentrations
were strongly modified, because the increasing wind tended to advect the plume horizontally for
a longer time, and the tracer therefore reached the ground at greater distances from the source.
The meandering component of the vertical dispersion was also studied as a function of the increas-
ing wind shear. Meandering is the main contribution to dispersion especially near to the emitting
source, where the plume is transported by the large-scale eddies. The meandering component was
modified by the wind shear, in particular for plumes emitted near to the ground, where the presence
of the surface enhanced the shear, which in turn, reduced the looping of the plume. As meandering
is the main source of concentration variance, the maximum of the concentration fluctuations was
shown to diminish as the flow becomes less convective.
Finally, parameterizations for the dispersion parameters that account for the combined effect of
buoyancy and shear were derived. In the parameterization for σy, the wind rotation was explicitly
considered in the shear-generated dispersion. The parameterization of σz accounted for the two
opposite effects: the reduction of the vertical motion near the ground and the shear generated tur-
bulence. Both the parameterizations gave satisfactory results when compared with the LES data in
all the simulated cases.

Chapter 6 consisted in a complete review of the studies of dispersion of chemically reactive
species in the ABL (Research Question5). In particular, the effect of turbulent mixing on chemical
transformations within a plume was analyzed. In fact, the reaction rate of compounds that react
with ambient species can decrease if the reactants are segregated because of a non-uniform mix-
ing. In a plume, characterized by emissions with high concentrations, this segregation between
the species within the plume and the ambient air is relevant especially near the edge of the plume,
where the concentration gradients are high.
It was also shown in this Chapter that one of the key scaling numbers that determine the effect of
turbulence on the chemical transformations, is the ratio of the time scale of turbulence to the time
scale of the chemical reaction (the Damköhler number). On the basis of the Damköhler number,
three regimes for turbulent reacting flows were identified: slow, moderate and fast. For moderate
and fast chemistry regimes, characteristic of compounds like NOx and HOx, turbulence strongly
controls the reactivity of the transformation, and the mean concentration and the second-order mo-
ments can deviate largely from the moments of the inert species. In particular, it was shown that,
for a plume formed by species that decay with a first-order reaction (such as, for instance, a ra-
dioactive decay), both the absolute concentration and the concentration variability (concentration
fluctuations) strongly depend on the Damköhler number.
The effect of turbulent mixing on a second-order chemical transformation in a plume has been
studied by many authors by means of different modelling techniques and measurements. All of
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these studies agreed on the importance of turbulent mixing for controlling the plume, and the need
to use the Damköhler number to characterize the turbulent reacting flows.
The effect of turbulent mixing on chemical reaction is critically important especially for regional
and large-scale atmospheric chemistry numerical models, because they generally assume that the
chemical species are instantaneously and uniformly mixed within the grid cells. It is therefore
necessary to incorporate, in the form of a parameterization, the modification of the reaction rate
caused by heterogeneous turbulent mixing. An intuitive and simple approach is to define an effec-
tive chemical reaction rate ke f f , which accounts for the non-uniform mixing in atmospheric flows
as a function of the reaction rate measured under homogeneous conditions, and the intensity of
segregation (that is the ratio between the covariance of the reactive species and the product of their
mean concentration). The intensity of segregation should be estimated from observations, or using
a parameterization that relates it to known quantities.

7.2 Future perspective
Although atmospheric dispersion has been widely investigated since the beginning of the last cen-
tury, it was only in the last two decades that the development of increasingly complex numerical
models (such as LES) allowed one to simulate in detail the structure and the evolution of the at-
mospheric turbulent motion. The results of these models have greatly improved the knowledge
and the understanding of the processes that influence the transport, the mixing, and the chemical
reactions of species in a dispersing plume.
However, there are still open questions that need further investigation and can be addressed in fu-
ture researches.
First, in our study, only idealized domains, characterized by flat terrain and homogeneous heat flux,
were studied. Dispersion in the atmosphere is influenced by local features such as topography, in-
homogeneity of the terrain and the land use (such as canopy and forests), and presence of obstacles
and buildings (such as urban areas). In addition, the variability of the meteorological conditions,
such as mesoscale and synoptic circulation, entrainment processes, and cloud formation and evo-
lution, can alter significatively the flow circulation and the turbulent motions. The investigation of
these issues requires further developments in the LES codes (in order to account for a larger num-
ber of physical processes), and a growth in the numerical capabilities of the computers (in order to
run such a code).
Additionally, the improvement in the computational performances would allow one to describe in
greater detail the smallest scales of motion, which were shown to be mainly responsible for the
internal mixing of contaminants within the plume, and, as a consequence, of great importance in
the study of the effect of turbulent mixing on chemical reactions.
Finally, the numerical simulation of ABL in stable conditions is still very uncertain, although sig-
nificant progresses have been made in the recent years. Atmospheric dispersion in conditions of
stable stratification may lead to very high ground concentrations. Therefore, a systematic investi-
gation of turbulent dispersion in the stable boundary layer is a great, but very important, challenge.
Numerical simulations are not the only tool available to study atmospheric dispersion, and obser-
vational evidence (through laboratory experiments and field campaigns) is essential to validate and
complement the numerical experiments. This is true especially for the study of the interaction be-
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tween atmospheric turbulence and chemical reactions, because of the difficulty to detect accurately
very small and very fast variations of chemical concentrations in the ABL. In particular, specific
questions that still need to be addressed by means of experimental observations are: (1) the diver-
gence with height of the reactive species in the atmospheric surface layer, and (2) the measurement
of the intensity of segregation for different chemical species and under various conditions of at-
mospheric stability and dispersion.
Further research activities should combine laboratory experiments, observations and modelling
studies in order to increase our understanding of the above mentioned processes. On the basis of
this knowledge, it should be possible to incorporate into operational local, regional, and global
models, scaling laws and parameterizations that will account for the majority of the processes
responsible for atmospheric dispersion.
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Samenvatting
De verspreiding van pluimen in de atmosferische grenslaag is een zeer complex fenomeen, waar
zowel transport en de menging van het pluimmateriaal als de chemische omzettingen een rol spe-
len. Als een pluim zich verspreidt in de AGL, dan wordt haar interne structuur, vorm en evolutie
bepaald door de interactie tussen de pluim en de turbulente wervels in de atmosfeer. Indien we
atmosferische verspreiding willen begrijpen en voorspellen, dan is het essentieel om de karakter-
istieke eigenschappen van atmosferische turbulentie te bestuderen en te analyseren. We beschikken
tegenwoordig over een breed scala aan methodieken en hulpmiddelen om turbulente verspreiding
te onderzoeken. In specifieke zin is het zo dat het, door de sterke groei in de capaciteit van com-
puters, mogelijk is geworden om atmosferische stromingen numeriek te simuleren. De numerieke
simulatie bestaat uit het oplossen van een stelsel van gekoppelde vergelijkingen, welke de evolutie
van de belangrijkste atmosferische variabelen zoals wind, temperatuur en vocht beschrijft. Deze
techniek wordt ook wel kortweg ”numerieke simulatie” genoemd. En van de meest krachtige tech-
nieken om numerieke simulatie van de AGL mee uit te voeren is de zogenaamde ”Large-Eddy
Simulatie” (LES), waarmee men in staat is om de meest relevante schalen van turbulente beweg-
ingen op te lossen. De LES techniek is in het bijzonder geschikt om de zogenaamde convectieve
grenslaag (CGL) te bestuderen, aangezien deze een zekere graad van grootschalige organisatie
bezit met structuren van warme opstijgende lucht en structuren met koude dalende lucht (zoge-
naamd thermieksysteem). In dit promotieonderzoek is een LES gebruikt om pluimevolutie in de
CGL in detail te simuleren, zowel in de ruimte als in de tijd. Het meest vernieuwende van het
onderzoek is het feit dat turbulente dispersie simultaan in twee verschillende ”frameworks” wordt
bestudeerd. Door dispersie in twee verschillende cordinaatstelsels te bestuderen, namelijk in het
absolute (of vaste) systeem en in het relatieve systeem (d.w.z in het cordinatiesysteem t.o.v. het
massacentrum van de pluim), was het mogelijk om een onderscheid te maken tussen de invloed
van kleinschalige en van grootschalige beweging op de evolutie van de pluim. Zo werd bijvoor-
beeld de bijdrage van verticale inhomogene meanderende bewegingen verwijderd in het relatieve
cordinatensysteem, zodat alleen kleine homogene turbulente wervels nog een bijdrage leveren in
het verspreidingsproces in dit framework. In de huidige studie is turbulente dispersie bestudeerd
in zowel het Euleriaanse als in het Langrangiaanse framework. In het Euleriaanse framework wor-
den dispersie-eigenschappen zoals bijvoorbeeld de concentratie van een verontreiniging berekend
en/of gemeten op een vast punt in de ruimte. In het Langrangiaanse framework daarentegen, wordt
elk afzonderlijk deeltje in de pluim gevolgd en worden de dispersie-eigenschappen berekend in het
referentie-frame dat zich met de deeltjes meebeweegt.

Hieronder volgt een korte beschrijving van de inhoud van de afzonderlijke hoofdstukken.
Een algemene introductie over het belang om atmosferische dispersie te bestuderen wordt gegeven
in hoofdstuk 1. Daarnaast komen verschillende hulpmiddelen bij de bestudering van turbulente
dispersie in de AGL aan de orde en worden de belangrijkste onderzoeksvragen van deze studie
geponeerd.

Hoofdstuk 2 geeft een overzicht van de verschillende numerieke technieken welke zoal gebruikt
worden om de AGL te simuleren. Het model dat in deze studie gebruikt is, wordt uitvoerig
beschreven. Daarbij ligt de focus op de basisvergelijkingen, de subgridparameterisatie en op het
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oppervlaktelaagmodel. Tenslotte, worden de belangrijkste modificaties van het model en toevoeg-
ingen aan het model beschreven.

In hoofdstuk 3 wordt atmosferische dispersie bestudeerd door energiespectra en autocorrelaties van
de snelheidscomponenten te berekenen en dat zowel in het Euleriaanse als in het Langrangiaanse
framework. Zo wordt voor de ”Euleriaanse statistiek” zowel ruimtelijke als temporele analyse
toegepast. Ruimtelijke analyse wordt met name veel gebruikt in numerieke en laboratoriumexper-
imenten, waarbij gegevens worden verzameld op verschillende locaties voor een gegeven tijdstip
(of eventueel gemiddeld over een zeker tijdsinterval). Temporele analyse daarentegen wordt vaak
toegepast bij veldexperimenten, waarbij de statistiek wordt berekend uit analyse van tijdreeksen
verzameld op specifieke (vaste) plaatsen. Deze twee analysetypen worden dikwijls aan elkaar
gerelateerd via de zogenaamde ”Frozen Turbulence” hypothese van Taylor. Deze hypothese wordt
feitelijk altijd aangenomen maar zelden gevalideerd. In de huidige studie is Taylor’s hypothese
met succes gevalideerd voor de gesimuleerde CGL, namelijk door afleiding van de karakteristieke
tijd- en lengteschalen uit de analyse van het spectrum (spectrale piek) en uit de analyse van de au-
tocorrelatiefunctie. De relatie tussen stromingseigenschappen (autocorrelaties) en dispersiekarak-
teristieken (deeltjesverplaatsingen) is onderzocht door middel van Taylor’s analyse van turbulente
dispersie. Er is daarbij een onderscheid gemaakt tussen horizontale en verticale bewegingen, om
zo het effect van inhomogeniteit van de verticale structuur van turbulentie op de deeltjesversprei-
ding te onderzoeken, alsmede om het effect van de aanwezigheid van ’randen’ in de CGL (d.w.z
oppervlak en top) op deeltjesverspreiding te onderzoeken. De resultaten laten zien dat horizon-
tale dispersie afdoende kan worden beschreven met behulp van Taylor’s diffusie theorie, omdat
de homogene horizontale bewegingen gekarakteriseerd kunnen worden met een exponentile au-
tocorrelatiefunctie. De autocorrelatiefunctie voor de verticale bewegingen heeft echter een meer
gecompliceerde vorm, ten gevolge van de verticale inhomogeniteit in de turbulentie en t.g.v. de
aanwezigheid van randen, welke een beperking opleggen aan de verticale bewegingsvrijheid van
deeltjes. Dit resulteert in een golf-achtig bewegingspatroon van de deeltjes. Daarbij voorspelt
Taylor’s analyse de verplaatsing van de deeltjes op korte tijdschaal correct, d.w.z wanneer de be-
weging nog niet benvloed is door randen, maar overschat zij de assymptotische limiet op langere
tijdschaal. Door gebruik van een andere methode om de Langrangiaanse integraal-tijdschaal te
berekenen, kunnen we een beter onderscheid te maken tussen vrije en ’begrensde’ beweging en
daarmee wordt een betere overeenstemming bereikt tussen Taylor’s relatie en de werkelijke verti-
cale verplaatsing van de deeltjes. Dit gedeelte van het onderzoek is voltooid door een verificaties-
tudie naar de equivalentie tussen de Langrangiaanse deeltjesverplaatsing (d.w.z de verplaatsing van
deeltjes gemeten op gezette reistijden) en de Euleriaanse dispersie parameter (d.w.z de verplaats-
ing van de deeltjes as functie van de afstand tot de bron). De vergelijking liet zien dat het gebruik
van Euleriaanse dispersieparameters in plaats van Langrangiaanse dispersieparameters, voor prak-
tische doeleinden, niet leidt tot grote fouten. Dit heeft te maken met het feit dat Taylor’s hypothese
van ”frozen turbulence” geldig is in de door ons gesimuleerde CGL. De relatie tussen de Lan-
grangiaanse en de Euleriaanse schrijfwijze is onderzocht door de ratio tussen de Langrangiaanse
tijdschaal en de Euleriaanse tijdschaal β te berekenen. Deze tijdschalen kunnen worden bepaald
uit hetzij de integraalschaal van de autocorrelatiefunctie, hetzij uit de bepaling van waarde van de
frequentie bij piek in het spectrum. Omdat er vaak veel spreiding zit in de spectra, geeft het gebruik
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van bovengenoemde autocorrelatiemethode in de regel het meest nauwkeurige resultaat. De gang-
bare formuleringen uit de literatuur voor de Langrangiaanse tijdschaal en voor de ratio β, d.w.z
de parameterisaties die eerder zijn afgeleid uit veldexperimenten of uit theoretische overwegingen,
zijn berekend uit de stromingskarakteristieken (CGL hoogte, varianties van wind snelheid). Deze
parameterisaties zijn vergeleken met de LES resultaten, wat resulteerde in een voldoende goede
overeenstemming.

In hoofdstuk 4 wordt pluimverspreiding in de CGL bestudeerd in vanuit twee verschillende cordi-
naatsystemen: het absolute cordinatiesysteem en het cordinatiesysteem relatief ten opzicht van de
massazwaartelijn. Als zodanig is het mogelijk om de verschillende bijdrage van kleinschalige en
grootschalige luchtbewegingen aan de pluimspreiding te scheiden en te kwantificeren. De vorm
en symmetrie-eigenschappen van de pluimspreiding zijn geanalyseerd door de gemiddelde posi-
tie van de pluim te berekenen, alsmede de dispersie parameters (variantie) en de scheefheid van
de pluimpositie te berekenen in beide cordinaatstelsels. De analyse van de derde-orde momenten
laat zien dat de symmetrie van de verdeling van de scalair benvloed wordt door zowel de tur-
bulentiekarakteristieken van de CGL (inhomogeniteit van de grootschalige verticale bewegingen)
als door de aanwezigheid van de randen. Zo wordt de scheefheid van de massazwaartelijn van de
pluim vooral bepaald door het meanderen van de pluim als gevolg van het transport door opwaartse
en neerwaartse thermiekbellen. De scheefheid van de relatieve positie daarentegen wordt vooral
bepaald door reflectie van de pluim aan randen van de CGL, aangezien de grootschalige beweging
in het relatieve systeem uitgefilterd is. Er is ook een studie gemaakt naar de concentraties en de
fluctuaties van concentraties (d.w.z. variabiliteit van concentraties) in zowel het absolute als in het
relatieve cordinatensysteem. Zo is de intensiteit van de relatieve concentratiefluctuaties icr berek-
end, aangezien deze een maat is voor de interne menging binnen de pluim. De tijdsontwikkeling
van icr is een kritische parameter in operationele dispersiemodellen, aangezien zij gebruikt wordt
bij de parameterisatie van de kansdichtheidsfunctie (PDF) van de relatieve concentratie. In de
huidige studie is een gangbare parameterisatie voor de PDF van de relatieve concentratie berekend
als functie van icr , hetgeen resulteerde in een zeer goed overeenkomst met de LES resultaten.
Tenslotte is de geldigheid van Gifford’s formule onderzocht die de absolute concentratie relateert
aan de relatieve concentratie en de positie (PDF) van de massazwaartelijn. Daar kwam uit dat Gif-
ford’s formule niet in staat is om de waarde van de absolute gemiddelde concentratie te reproduc-
eren en dan voornamelijk vlak bij de grond, als gevolg van het feit dat de CGL begrensd is aan de
randen. Dit kan worden verklaard als zijnde het gevolg van pluimreflectie aan de randen, waardoor
de relatieve concentratie een scheve verdeling krijgt en daarmee afwijkt van een Gaussverdeling.
De resultaten zijn verbeterd door voor de relatieve gemiddelde concentratie een parameterisatie te
gebruiken die rekening houdt met de scheefheid van de relatieve pluimpositie. Deze studie laat zien
dat analyse van hogere-orde statistiek van belang is om de ontwikkeling van pluimdispersie in de
CGL te kunnen begrijpen en om te komen tot een operationeel dispersiemodel. Bovendien, heeft
de LES techniek bewezen dat zij een ideaal hulpmiddel is om de interne structuur en variabiliteit
in detail te kunnen bestuderen. Daarom kunnen LES resultaten worden ingezet om de metingen
die verkregen zijn m.b.v. remote-sensing instrumenten (zoals bv. lidars) en die daarmee in staat
zijn om direct de interne structuren in de pluim te bemeten, beter te interpreteren.
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In hoofdstuk 5 is de dispersie van pluimen onderzocht in grenslagen die aangedreven worden door
een combinatie van ”shear” en ”bouyancy”. Verschillende archetypen van grenslagen zijn ges-
imuleerd, varirend van puur convectieve tot bijna neutrale grenslagen en zijn tevens systematisch
geclassificeerd volgens de shear-buoyancy ratio u∗/w∗ en de schaalparameter −zi/L.
Voor de puur convectieve situaties werd een goede overeenkomst gevonden tussen de LES resul-
taten en de laboratorium- en veldexperimenten. De invloed van windschering is in eerste instantie
bestudeerd vanuit de stromingsstatistiek (profielen van windsnelheidsvarianties), omdat de disper-
siekarakteristieken direct afhangen van de turbulentie-eigenschappen. De resultaten laten een toe-
name van de horizontale snelheidsvariantie zien en een afname in de verticale snelheidsvariantie.
Het hoofdeffect van windschering op de statistiek van de dispersie is het feit dat zij de verticale
spreiding reduceert, terwijl de horizontale spreiding juist toeneemt. Als gevolg hiervan treden er
sterke veranderingen op in de concentraties nabij de grond, aangezien de toenemende wind de neig-
ing heeft om de pluim gedurende langere tijd te advecteren, zodat de tracer op grotere afstand van
de bron de grond pas bereikt. Ook de meanderende component van de verticale dispersie is onder-
zocht als functie van de toenemende windschering. Het meanderingsproces levert de hoofdbijdrage
aan de dispersie, met name dicht bij de emissiebron, alwaar de pluim door grote wervels getrans-
porteerd wordt. De meanderende component verandert door toedoen van de windschering en dan
met name voor pluimen die dicht bij het aardoppervlak gemitteerd worden, waar de aanwezigheid
van het oppervlak leidt tot een toename van de schering die op haar beurt het ’loop-en’ van de
pluim onderdrukt. Doordat meanderen de hoofdoorzaak is achter de variantie van concentraties,
vermindert het maximum van de concentratiefluctuaties op het moment dat de stroming een minder
convectief karakter krijgt. Tenslotte zijn er parameterisaties afgeleid voor dispersieparameters die
rekening houden met het gecombineerde effect van buoyancy en windschering. Bij de parameter-
isatie voor σy is er expliciet rekening gehouden met rotatie in de bijdrage van windschering aan
de dispersie. Bij de parameterisatie van σz wordt rekening gehouden met twee tegengestelde ef-
fecten: het feit dat turbulentie nabij de grond gegenereerd wordt door windschering en het feit dat
grote verticale bewegingen nabij de grond worden onderdrukt. Voor al de gesimuleerde gevallen
kwamen beide parameterisaties behoorlijk goed overeen in vergelijking met de LES resultaten.

In hoofdstuk 6 wordt een compleet overzicht gegeven van studies naar de verspreiding van chemisch
reactieve stoffen in de AGL. In het bijzonder is er aandacht gegeven aan het effect van turbulente
menging op chemische omzettingen. Het blijkt dat de reactiesnelheid van bepaalde chemische
componenten die met stoffen in de omgeving reageren, omlaag kan gaan, wanneer de betref-
fende reactanten ruimtelijk van elkaar gescheiden zijn als gevolg van niet-uniforme menging. In
het geval van een pluim, een emissievorm waarbij hoge concentraties kunnen optreden, is deze
ruimtelijke scheiding tussen de pluim en de omgevingslucht vooral relevant aan de randen, daar
waar de concentratiegradinten groot zijn. Er is in dit hoofdstuk tevens aangetoond dat de verhoud-
ing tussen de turbulentietijdschaal en de tijdschaal van de chemische omzettingen (het zogenaamde
Damkhlergetal) een sleutelparameter is, die bepaalt hoeveel impact turbulentie heeft op chemische
omzettingen. Op basis van het Damkhlergetal kunnen er drie regimes voor turbulente reactieve
stromingen worden onderscheiden: regimes met langzame, matig snelle en snelle chemie. Voor de
regimes met matig snelle en snelle chemie, karakteristiek voor componenten zoals NOx en HOx,
wordt de uiteindelijke reactiviteit van de componenten sterk bepaald door de turbulentie. In een
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dergelijke situatie kunnen de gemiddelde concentratie en de tweede-orde momenten sterk afwijken
van dezelfde statistische momenten van inerte stoffen. In het bijzonder toont onderzoek naar een
pluim bestaande uit een stof met een ’eerste-orde reactie verval’ aan (zoals bv. bij radioactief ver-
val), dat zowel de absolute concentratie als de variabiliteit van de concentratie (fluctuaties) sterk
afhangt van het Damkhlergetal. Vele auteurs hebben, door gebruik van verschillende meet- en
modelleringstechnieken, het effect van turbulente menging op tweede-orde chemische omzettin-
gen in een pluim onderzocht. Uit alle studies kwam naar voren dat turbulente menging bepalend is
voor pluim en dat het Damkhlergetal gebruikt moet worden om de turbulente reactieven stromin-
gen te kunnen karakteriseren. Het effect van turbulente menging op chemische reacties is juist van
kritisch belang voor regionale en grootschalige numerieke modellen, omdat deze in het algemeen
de aanname doen dat chemische componenten instantaan en uniform gemengd zijn binnen een
gridcel. Daarom is het noodzakelijk om de verandering van de reactiesnelheid ten gevolge van het-
erogene turbulente menging te verdisconteren in de vorm van een parameterisatie. Een eenvoudige
en intutief aantrekkelijke aanpak is het definiren van een zogenaamde effectieve reactiesnelheid
Ke f f , die de non-uniforme menging in de atmosfeer in rekening brengt, als functie van de reacties-
nelheid zoals gemeten onder homogene condities en als functie van de segregatie-intensiteit. Met
segregatie-intensiteit wordt daarbij bedoeld: de ratio tussen de covariantie tussen de reactieve com-
ponenten en het product van hun gemiddelde concentraties. De segregatie-intensiteit moet daarbij
worden afgeleid uit observaties, of worden geparameteriseeerd in termen van bekende grootheden.
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