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DYNAMIC SIMULATION OF MULTINARY DIFFUSION PROBLEMS 
RELATED TO SOIL 

P. A. LEFFELAAR1 

A dynamic simulation model describing 
diffusion of gases in multinary gas mix
tures was developed to calculate the inter
diffusion of gases in complex systems 
where respiration and denitrification take 
place. The model is based on the Stefan
Maxwell equations for concentration dif
fusion of isothermal, isobaric ideal-gas 
mixtures and applies to a one-phase system 
in one dimension. To test the correct im
plementation of the theory in the model, it 
was used to calculate the mole fraction dis
tribution in a gas layer for some ternary 
diffusion problems for which analytical so
lutions to the steady-state situation are 
known. Agreement between numerical and 
analytical solutions was within 1%. Sub
sequently, the model was used to calculate 
the dynamic behavior of a gas system in 
which denitrification takes place and acet
ylene is used to prevent the conversion of 
nitrous oxide into molecular nitrogen. 
When a 2% concentration of acetylene was 
maintained at the surface of the gas layer, 
and biological activity was positioned at a 
depth of 0.25 m, these calculations showed 
the acetylene concentration to reach 1.8%. 
This value is sufficiently high to inhibit 
nitrous oxide conversion into molecular ni
trogen, but would be equal to 2% when 
calculated on the basis of Fick's law. A 
simplified approach to calculate diffusion 
in multinary gas mixtures is proposed and 
tested for the case study of denitrification. 
It turns out that results of the simplified 
approach approximate those of the Stefan
Maxwell equations to within 10%. The ob
jectives of this paper are to discuss the 
model, to compare the results of the nu
merical and analytical solutions of two ter
nary diffusion problems, to report the re
sults of the case study of denitrification, 
and to compare these results with those 
obtained from simplified diffusion theory. 
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Exchange of gases between soil and atmos
phere is of great importance with regard to bio
logical activity of, for example, (micro-)orga
nisms and plant roots in soil. The physical proc
esses causing gas movement are convection and 
diffusion. Convection occurs when a spatial dif
ference in absolute gas pressure exists, e.g., after 
a heavy rainfall (Fliihler and Laser 1975) or 
atmospheric variations in pressure and temper
ature (Kraner et al. 1964), or due to formation 
of gaseous products from nongaseous substrates 
(Stolzy and Fliihler 1978). Diffusion occurs 
when there is a spatial difference in the partial 
pressures of components in a mixture of gases. 

Diffusion in multinary gas mixtures like soil 
atmosphere cannot exactly be described by 
Fick's law (Jaynes and Rogowski 1983; Wood 
and Greenwood 1971). This law assumes that 
gas fluxes can be calculated independently of 
each other as concentration gradient times dif
fusion coefficient. In fact, Fick' s law is a special 
case of the results obtained by the gas kinetic 
theory for multinary gas mixtures (Hirschfelder 
et al. 1964, p. 519). Gas kinetic theory shows gas 
fluxes due to diffusion to be coupled. Thus, gas 
diffusion of, for example, oxygen and carbon 
dioxide due to respiration does influence the 
distribution of an inert gas as nitrogen. As far 
as is known to the author, no mathematical 
solutions are available to study the dynamics of 
the gas phase of soil as a whole. Therefore, a 
simulation model to describe the dynamics of 
diffusion in multinary gas mixtures with source/ 
sink terms based on results of the gas kinetic 
theory as given by Hirschfelder et al. (1964) was 
developed. This model applies to diffusion proc
esses in soil when the mean free path between 
intermolecular collisions (a characteristic value 
is 0.07 JLm for air-gases at 293K and 1 atm) is 
not much more than one-hundredth of the gas
filled pore diameters (Wakao et al. 1965) (a 
characteristic value is 28 JLm for well-drained 
soils at pF = 2, when calculated from the simple 
capillary model, Koorevaar et al. 1983). The 
model does not include the influence of tortuos
ity and area reduction on diffusion, as these 
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depend merely on characteristics of the porous 
medium (Wakao and Smith 1962). 

The mathematics of multinary gas diffusion 
will be seen to be rather involved. Therefore, a 
simplified approach to calculate diffusion in 
multinary gas mixtures is proposed. 

The objectives of this paper are to describe 
the multinary dynamic gas diffusion model, to 
compare some of the model results with known 
analytical solutions to ternary steady-state dif
fusion problems, and then to use the model to 
calculate the dynamic behavior of a gas system 
in which denitrification takes place and acety
lene is used to inhibit the conversion of nitrous 
oxide into molecular nitrogen. Finally, the sim
plified description of multinary diffusion is 
tested for the case study of denitrification. 

SIMULATION MODEL BASED ON THE STEFAN

MAXWELL EQUATIONS 

The equations describing the diffusion veloc
ity of gas j, Vj, relative to the diffusion velocity 
of gas i, vi' in a v-component isothermal, iso
baric ideal-gas mixture for a one-phase system 
in one dimension for ordinary diffusion are 
(Hirschfelder et al. 1964, p. 517) 

f ~ini (Vj - Vi) = !!:__ (!!:!), for i 
i=l n Dii dx n 
j¢i 

= 1, 2, ... ' v (1) 

All symbols for this and other equations are 
defined in the appended list of symbols. These 
v so-called Stefan-Maxwell equations (Cun
ningham and Williams 1980, p. 109) form a set 
of (v- 1) independent equations, since 

v 

L (nJn) = 1 
i=l 

Equation (1) can be used to obtain (v- 1) values 
of the diffusion velocities relative to any partic
ular one. An additional equation that relates all 
fluxes is necessary to obtain all the diffusion 
velocities. Equation (1) has been used success
fully to describe experimental data (Wilke 1950; 
Fairbanks and Wilke 1950). Further, a number 
of analytical solutions for steady-state diffusion 
problems using various boundary conditions 
have been published, by, among others, Toor 
(1957) and Hsu and Bird (1960). 

In process calculations it is convenient to 
relate molar fluxes (Ni) to stationary coordi-

nates, rather than calculating diffusion veloci
ties relative to one another. Further, to calculate 
the spatial distribution of gases, the space co
ordinate of the system to be simulated is divided 
into a number of layers, Fig. 1 (Frissel and 
Reiniger 1974; de Wit and van Keulen 1975). 
The principal equation used in the simulation 
model is obtained as follows. In an isothermal, 
isobaric ideal-gas mixture, total molecular con
centration is constant, so n in the spatial deriv
ative and in the left-hand side of Eq. (1) cancels. 
Then, replace in Eq. (1) Vi by vi- Vo = (NJcJ 
- v0 , ni by ci:f and n by eN, write out the v 
equations for v terms, and rearrange to obtain a 
set of v linear equations in terms of the products 
of each individual molar flux (Ni) times its 
coefficient. Finally, write down the results in 
matrix notation for a layered system to obtain 
Eq. (2) 

- t ~ ~---- ~ Nl 
ll"t 

j•l c n1j c--nl2 C Dlv &" 
jfl 
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where bars above and ~'s before symbols in
dicate, respectively, the arithmetic spatial aver
age and the finite difference of that symbol, both 
with respect to the layers L and (L - 1) of the 
system. As only (v- 1) equations are independ
ent, the determinant of the matrix of coefficients 
in Eq. (2) equals zero. However, the system can 
be resolved when proper additional equations 
are defined. For instance, if the sum of the molar 

relative layer concentration molar flux 
height in number in layer of of gas i 
layer gas i 

t NNL+1 i 
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FIG. 1. Geometry of gas layer. Direction of flow is 
positive upward. 
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fluxes through each interface is equal to zero, 
one of the rows (e.g., the first one) in the matrix 
of coefficients can be replaced by ls and the 
corresponding right-hand-side element by 0. 
The sum of the molar fluxes through each inter
face is equal to 0 if a soil is exposed at its surface 
to constant concentrations of 02, C02, and N2, 
while at some depth a constant but different 
concentration of 0 2 and C02 exists due to equi
molar respiration (example 2 in "Model Tests," 
below). 

Essentially, at each time step, the model cal
culates on the basis of the gas concentrations 
present at the boundaries and in the layers of 
the system, the concentration gradients (right
hand side of Eq. (2)) and all the coefficients of 
the matrix (left-hand side of Eq. (2) ), except 
those in the first row. Then, the Gauss-Jordan 
elimination method (La Fara 1973, p. 119) is 
used to obtain the interlayer molar fluxes. From 
these, the net flux of each gas to each layer is 
calculated, and the molar equations of continu
ity with production terms 

aci = _ aNi + p. 
at ax l 

(3) 

are solved by integration over a time interval 
that is sufficiently small to maintain stability. 
Thus, the new molar distribution of gases over 
the layers is known. By repeating this procedure, 
the dynamic behavior of the model can be ex
amined. Equation (2) can not be solved by the 
Gauss-Jordan algorithm when a certain gas is 
absent, because a zero pivot element will be 
found. This occurs when a gas has not yet dif
fused throughout the layer. Figure 2 gives the 
flowchart of the heart of the program that proc
esses such zero gas concentrations. First it is 
checked which gases are present at a layer in
terface, and second the gases present are rear
ranged to obtain a matrix of nonzero elements 
in Eq. (2). Then the Gauss-Jordan elimination 
method is used to obtain the interlayer molar 
fluxes, and these results are rearranged in the 
original storage locations. The process is re
peated for each layer interface in case all gases 
may diffuse throughout the layer; see example 2 
in "Model Tests," below. In other options in
cluded in the model, the calculations for layer 1 
are made differently as discussed in the exam
ples. Other options included are: (1) one gas can 
diffuse throughout the gas layer; others experi
ence an absorption barrier at the bottom (see 

I L = 1 I 
_I 

• 
determine which gases are present. 

determine total number of gases, v. 

+ 
rearrange non-zero gas concentrations 

in first v storage locations. 

• calculate the elements in Eq. (2) , 

both left-hand side and right-hand 

side 

+ 
solve Eq. (2) to obtain v 

interlayer molar fluxes 

t 
rearrange the v interlayer molar fluxes 

in the original storage locations 

) 
I L=I,+l I I 

FIG. 2. Flowchart of the program section that proc
esses zero gas concentrations. 

example 1 in "Model Tests"); (2) one gas is 
converted into another gas in the bottom layer 
by some irreversible reaction, while the other 
gases cannot diffuse through the bottom layer; 
stoichiometry of reaction may be chosen as de
sired; (3) a maximum of six gas fluxes may be 
imposed to the bottom part of the gas layer; (4) 
a module containing the kinetics of the case 
study of denitrification as discussed in this pa
per. 

The gas layer has a linear geometry as de
picted in Fig. 1. The binary diffusion coefficients 
in Eq. (2) are calculated from theoretical equa
tions (Hirschfelder et al. 1964) discussed below. 

Numerical calculations are done by a program 
written in Continuous System Modeling Pro
gram III (CSMP III) language (1MB 1975) and 
executed on a DEC-lO machine. This language 
was chosen because of the availability of sophis
ticated methods of integration, e.g., the variable 
time-step methods that generally combine ac-
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curate solutions to the problem and lower com
puter times compared with fixed time-step 
methods. All results presented have been ob
tained by the variable time-step method of 
Runge-Kutta Simpson. 

The program gives results in terms of the 
distribution in space and time of mole fractions, 
interlayer molar diffusion fluxes, and cumula
tive in or outflow of moles of gas at x = 0 and 
X= o. 

BINARY DIFFUSION COEFFICIENTS 

Molar diffusion fluxes are directly propor
tional to binary diffusion coefficients, Dii, thus 
demanding reliable estimates of these. If possi
ble, accurate measurements of Dii s should be 
used in the calculation of fluxes. But even the 
very extensive compilation of diffusion coeffi
cients by Marrero and Mason (1972) does not 
give all binary combinations of gas pairs that 
would be needed, for instance between Ar, 02, 
N2, C02, air, H20-vapor, NH3, N20, CH4, and 
C2H 2. The Chapman-Enskog theory, however, 
gives expressions to calculate binary diffusion 
coefficients under the following assumptions: (1) 
only binary elastic collisions between molecules, 
(2) a small mean molecular free path compared 
with the dimensions of the gas container, and 
(3) small concentration gradients (Hirschfelder 
et al. 1964). The composition dependence of 
binary diffusion coefficients is usually less than 
5% (Marrero and Mason 1972). Therefore, this 
effect is not considered, and the following 
expression is used (Hirschfelder et al. 1964, p. 
539) 

Dii = ~ (k3N)112 
[T

3
(Mi + Mi;/(2MiMi)Jll

2 

s 1r PCJ ij nij 

(4) 

In Eq. (4) MiMi/(Mi + Mi) is the reduced mo
lecular weight of a pair of unlike molecules. The 
dynamics of collisions between molecules is rep
resented by the dimensionless collision integral 
nii • The physical meaning of the dimensionless 
collision integral is that it indicates the devia
tion of a particular molecular model from the 
idealized rigid-sphere model. For the numerical 
evaluation of the collision integral, a relation
ship between the potential energy of interaction 
and the intermolecular separation distance is 
needed. To this purpose the Lennard -Jones po
tential model is used. This potential model con
tains two parameters or force constants that are 

characteristics of the colliding molecules, i.e., CJii 

and fii· CJii, with dimension of length, is the value 
of the intermolecular separation distance where 
the potential energy is zero and may be consid
ered as the effective molecular size, compared 
with an ideal rigid-sphere model (Marrero and 
Mason 1972). fii is the maximum energy of at
traction occurring between molecules. For more 
details the reader is referred to Hirschfelder et 
al. (1964). The dimensionless collision integral 
is dependent on temperature and is usually tab
ulated as a function of reduced temperature Tii 
(= kT/fij ). The force constants between unlike 
nonpolar molecules, CJii and fii/k, are obtained 
from empirical combining laws, i.e., the arith
metic mean for the collision diameter 

(5) 

and the geometric mean for the maximum en
ergy of attraction 

fii/k = [kik)(fjj/k)]112 (6) 

For all practical purposes, however, Eqs. (5) 
and (6) may also be used to calculate these 
values between polar and nonpolar molecules 
(Mason and Monchick 1962). The constant 3fs 
(k3N/Jr)112 in Eq. (4) equals 8.4210-24 [J3 K-3 

mol-1 ]112. Equation (4) is symmetrical in i andj 
and reduces to the equation for a single compo
nent when properties of identical molecules are 
used, thus yielding the coefficient of self-diffu
sion (Hirschfelder et al. 1964, p. 539). This result 
is used in the case study of denitrification where 
nitrogen originating from denitrification is dis
tinguished from atmospheric nitrogen. 

Table 1 shows the fair agreement between 
binary diffusion coefficients calculated from 
Eqs. (4) through (6) and those calculated by an 
empirical equation given by Marrero and Mason 
(1972) 

ln(pDii) = ln a+ b ln T- c/T (7) 

Equation (7) is to be used at reduced tempera
tures above unity. The calculations have been 
performed at 10 and 20oC for gas pairs that are 
of interest to soil research. Uncertainty limits 
given pertain to results of the empirical equa
tion. The last column in Table 1 presents the 
percentages of deviation of results obtained by 
Eqs. (4) through (6) with respect to those ofEq. 
(7) at 10oC; deviations at 20oC are of the same 
magnitude and are therefore not given. The 
theoretical values stay within the uncertainty 



TABLE 1 

Comparison of binary diffusion coefficients obtained from theory with those estimated from regression analysis 
of experimental data for a number of gas pairs 

Binary diffusion coefficients Deviations of 
Dii X 104 m2 s-1 

results of 

After Hirschfelder et After Marrero and Uncertainty Eqs. (4) 
Gas pair" through (6) al. (1964) (Eqs. (4) Mason (1972) limits,b% 

from those of through (6)) (Eq. (7)) 
Eq. (7) at 

10oC 20°C 100C 20°C 10°C,% 

Ar-CH4 0.1909 0.2034 0.1865 0.1985 3 2.4 
Ar-N2 0.1763 0.1875 0.1785 0.1897 2 -1.2 
Ar-02 0.1765 0.1879 0.1763 0.1872 3 0.1 
Ar-air 0.1762 0.1876 0.1781 0.1892 3 -1.1 
Ar-C02 0.1272 0.1357 0.1379 0.1476 3 -7.8 
CH4-N2 0.1976 0.2103 0.1953 0.2075 3 1.2 
CH4-02 0.1997 0.2128 0.2057 0.2193 3 -2.9 
CH4-air 0.1980 0.2108 0.1977 0.2101 3 0.2 
N2-02 0.1867 0.1987 0.1905 0.2023 3 -2.0 
N2-H20 0.2065 0.2208 0.2249 0.2417 4 -8.2 
N2-C02 0.1383 0.1473 0.1490 0.1596 2 -7.2 
02-H20 0.2079 0.2225 0.2273 0.2442 7 -8.5 
02-C02 0.1369 0.1460 0.1484 0.1584 3 -7.7 
Air-H20 0.2067 0.2210 0.2249 0.2417 5 -8.1 
Air-C02 0.1378 0.1469 0.1489 0.1593 3 -7.5 
H20-C02 0.1461 0.1566 0.1482 0.1620 10 -1.4 
C02-N20 0.0982 0.1049 0.1056 0.1127 3 -7.0 
02-N20 0.1376 0.1468 
02-C2H2 0.1472 0.1569 
N2-N20 0.1391 0.1483 
N2-C2H2 0.1476 0.1573 
C2H2-C02 0.1084 0.1159 
C2H2-N20 0.1082 0.1157 

a For the same sequence of gas pairs, Jaynes and Rogowski (1983) have listed the constants a, b, and c of Eq. 
(7). 

b Uncertainty limits for Dij pertain to results calculated after Marrero and Mason (1972). 

limits of the empirical values except for gas pairs 
involving C02 or H20, where deviations are 
larger by a factor of 2 to 3. Nevertheless, all 
deviations remain well within 10%. Further
more, the temperature dependence of the re
ported binary diffusion coefficients in the tra
jectory 10 to 20oC amounts on the average to 
6. 7 and 6.9% for the theoretical and empirical 
values, respectively. The binary diffusion coef
ficients for the last six gas pairs in Table 1, 
needed in the case study of denitrification, were 
not reported by Marrero and Mason (1972). 

As the force constants aii and Eii are available 
for many gas molecules, applicability of the the
oretical equations is very broad, compared with 
the experimental data given by Marrero and 
Mason (1972). Therefore, Eqs. (4) through (6) 
are used throughout this work. 

The force constants and molecular weights for 

a number of gases of interest to soil aeration 
research are listed in Table 2. Numerical values 
for the dimensionless collision integral are avail
able through Hirschfelder et al. (1964), (Table 
I-M, pp. 1126-1127, column 1). Thus binary 
diffusion coefficients may be calculated for all 
combinations of the gases listed. 

SIMPLIFICATION OF THEORY 

The mathematics of multinary gas diffusion 
is rather complicated. Therefore, we have tried 
to simplify the mathematical description of dif
fusion by the following reasoning. Assume that 
gases in a mixture diffuse independently of each 
other and that each molar flux can be calculated 
by Fick's first law 

(8) 
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TABLE 2 

Molecular weights and force constants for calculating binary diffusion coefficients according to Eqs. (4) 
through (6) 

Gas Ne Ar Air Nz Oz COz 
M X 103 kg mol-1 20.17 39.95 28.97 28.01 32.00 44.01 
(Jii X 1010 rna 2.789 3.418 3.617 3.681 3.433 3.996 
f:;Jk Ka 35.7 124.0 97.0 91.5 113.0 190.0 

Gas CH4 CzHz NzO NHa HzO 
M X 103 kg mol-1 16.04 26.04 44.01 17.03 18.02 
fJ;; X 1010 rna 3.822 4.221 3.879 3.15 2.71 
f:;Jk Ka 137.0 185.0 220.0 358.0 506.0 

a Except for NHa and HzO, from Hirschfelder et al. (1964), pp. 1110-1112. NH3 and H 20 from Monchick and 
Mason (1961), Tables 12 and 14, respectively. 

The binary diffusion coefficients in Eq. (8) are 
related to nitrogen, because the main molecular 
interaction between the different gases will oc
cur with this principal constituent of soil atmos
phere. Different binary diffusion coefficients 
will give different gas fluxes at similar concen
tration gradients, in principle causing gradients 
in absolute pressure. However, gradients in ab
solute pressure in diffusing gas mixtures are 
usually immeasurably small (Marrero and Ma
son 1972), and the effect is that the total molar 
flow LY=1 Ni is zero, thus maintaining isobaric 
conditions. But when Ni is computed according 
to Eq. (8) their sum is not zero. Therefore, the 
corrected flux Ni,corr is computed as follows 

By the minus sign in Eq. (9) and the fact that 
LY=l Xi = 1, the mass balance is maintained. A 
possible additional convective flux, Nconv• from 
gas production is added to this diffusive flux to 
obtain total flux Ni,tot· 

Ni,tot = Ni,corr + NconvXi (10) 

In the simplified mathematical description of 
diffusion, Eqs. (8) through (10) in finite differ
ence form replace Eq. (2) in the simulation 
model. This simplified theory is tested for the 
case study of denitrification. 

MODEL TESTS 

The correct implementation of the theory in 
the dynamic simulation model was ascertained 
by comparing its numerical results, obtained for 
particular sets of boundary conditions and at 
steady state, to corresponding analytical solu
tions. Steady-state analytical solutions to iso-

thermal, isobaric, ordinary diffusion problems 
for ternary idea-gas mixtures for one-phase sys
tems in one dimension have been given by, 
among others, Toor (1957) and Hsu and Bird 
(1960). To give examples of importance for soil 
research, gas mixtures are composed of the fol
lowing gases: Oz, Nz, COz, HzO-vapor, NzO, or 
CzHz. 

Diffusion of HzO-vapor through stagnant Oz 
andNz 

When water vapor diffuses away from a water 
table through a sterile soil, the other gases, 0 2 

and N2 , experience an absorption barrier (Toor 
1957) at the water table due to their low solu
bility in water. Hence, the water table is consid
ered impermeable to oxygen and nitrogen. At 
the onset of diffusion of water vapor into ini
tially dry 0 2-N2 atmosphere, these gases will be 
pushed upward by the water vapor, because the 
system remains isobaric. Fairbanks and Wilke 
(1950) measured the time course of such dis
placed volumes of gas mixtures at the end of a 
long tube from the bottom of which a liquid was 
allowed to evaporate upward. From these data 
they derived the diffusion coefficient of the va
por in the mixture. Eventually, equal molar 
amounts of water vapor will enter and leave the 
gas layer, while oxygen and nitrogen are stag
nant. 

The molar water vapor flux into the first layer 
adjacent to the water table is calculated accord
ing to 

N, = (Ac,/Ax)/(- J, (CJ(ClJ,1))) (11) 

j¢1 

This equation is obtained from Eq. (2) if the 
oxygen and nitrogen fluxes equal zero. The gra-



MULTINARY DIFFUSION 

clients of oxygen (i = 2) and nitrogen (i = 3) in 
that layer may be calculated from ~cJ ~x = N1 cJ 
(c15id· Through the remaining part of the gas 
layer all gases can diffuse freely, but as the 
system will remain isobaric, the sum of the 
molar fluxes through all interfaces should equal 
the molar water vapor flux through the bottom 
of the gas layer. Thus, the additional equation 
necessary to solve Eq. (2) at each layer interface, 
except the first one, becomes ~ Y=1 Ni = N1. This 
is attained in the model by replacing the first 
row in the matrix of coefficients by 1s and the 
corresponding right-hand-side element by N1 
from Eq. (11). 

The analytical solution with respect to the 
steady-state molar water vapor flux, N1, is im
plicitly given in 

(12) 

(Hsu and Bird 1960), where a12 = N1o/(cD12), r 
= D12/D13, Q = (1 - Xlb)/(1 - X10), and X2° is 
the average mole-fraction of gas 2, oxygen, be
fore any water vapor has diffused into the gas 
layer. Equation (12) was solved for N1 by an 
iterative procedure using as a first guess the 
steady-state flux from the simulation model. 
The analytical solution with respect to the 
steady-state mole-fraction profiles of the stag
nant gases oxygen, i = 2, and nitrogen, i = 3, are 
obtained through integration of the Stefan
Maxwell equations dXJdx = (Ntf(cD1i)) Xi, 
subject to the boundary condition xi = Xi0 at 
x = o, yielding 

Equation (13) shows that the mole-fraction pro
files decrease exponentially from the top, x = o, 
to the bottom, x = 0, of the gas layer. 

The molar water vapor flux and mole-fraction 
profiles obtained by simulation after about 300 
s, and analytically by Eqs. (12) and (13), are 
reported in Table 3 for the following conditions: 
293K, 1 atm, X10 = 2.3094 X 10-2, X10 = 0.0, X2° 
=Xu, = 0.2, X3° = X3o = 0.8, D12 = 2.2251 X 
10-5 m2 s-\ D13 = 2.2082 X 10-5 m2 s-\ c = 
41.5696 mol m-3, o = 0.05 m. The binary diffu
sion coefficients between water vapor and oxy
gen and between water vapor and nitrogen, re
spectively, are almost equal, making the analyt
ical solutions of Eqs. (12) and (13) sensitive to 
slight changes in the input parameters. Table 3 
shows that results of the mole-fraction profiles 
and the molar water vapor flux as calculated by 
the simulation model and the analytical solu
tion, respectively, do not differ more than 0.1%. 
Note that although 0 2 and N2 possess concen
tration gradients, they are stagnant. This result 
indicates that if concentration profiles are used 
to predict fluxes, the interpretation of results in 
terms of Fick's first law would not be correct. 
As a consequence, calculations of gas fluxes from 
measured oxygen concentration profiles by 
means of Fick's first law, and soil respiration 
rates from the differences between these fluxes 
at different depths in soil as proposed by de Jong 
and Schappert (1972) for carbon dioxide, would 
result in overestimates of soil activity. To give 
an order of magnitude, oxygen consumption was 
calculated from the steady-state profile given in 
Table 3 as 3.5 X 10-5 mol 0 2 m-3 s-1 using the 
binary diffusion coefficient between oxygen and 
nitrogen from Table 1. This value may be com
pared to respiration figures of de Jong and 

TABLE 3 
Comparison between model results and analytical results with respect to the steady-state mole-fraction profiles 

and the molar water vapor flux, respectively 

Relative height in gas 
layer x/o 

0.95 
0.65 
0.35 
0.05 

Molar water vapor 
flux 

Simulation model Analytical solution 

mole-fraction 

0.199768 
0.198379 
0.197000 
0.195631 

0.799064 
0.793468 
0.78791 
0.78239 

0.430110-3 

0.199768 
0.198381 
0.197004 
0.195636 

0.799065 
0.793475 
0.78792 
0.78241 

0.4296 10-3 
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Schappert based on carbon dioxide profiles. The 
average value read from their Fig. 3 is about 1 
X 10-5 mol C02 m-3 s-1. Thus the evaporating 
water already causes an oxygen profile that sug
gests a respiration rate much greater than that 
found in practice. 

Equimolar counterdiffusion through a stagnant 
third gas 

When steady-state conditions prevail in soil 
with respect to the exchange of carbon dioxide 
(i = 1) and oxygen (i = 2) with the atmosphere, 
the third gas, nitrogen (i = 3), is stagnant when 
Eqs. (14) and (15) are simultaneously satisfied 
(Toor 1957). 

N, = -N2 = (__!_ ~ __!_) R~x In(~::) (14) 

D1a D2a 

( Du) ( Du) 1 - D2a (XlO - XlO) + 1 - D1a 

(
Xao) · (X2o- X2o) = ln Xao (15) 

Equation (14) gives the molar fluxes Ni of com
ponents C02 (i = 1) and 02 (i = 2) when the 
molar nitrogen flux (i = 3) equals 0, but N3 = 0 
only when the mole fractions are related so as 
to satisfy Eq. (15). For a numerical evaluation 
of Eq. (15) the mole fractions of carbon dioxide, 
oxygen, and nitrogen at the surface of the gas 
layer, i.e., at x = o, are set equal to 0.0, 0.2, and 
0.8, respectively, and at depth x = 0 the mole 
fraction of carbon dioxide is set equal to 0.1. 
The binary diffusion coefficients for the relevant 
gas pairs, as obtained from the theoretical equa
tions at 20°C, are taken from Table 1. The mole 
fraction of nitrogen at depth x = 0, X30 , may be 
expressed as 1 - X10 - X2o· Subsequently, Eq. 
(15) may be solved by an iterative procedure, 
because the mole fraction of oxygen at x = 0, 
X 20 , is the only unknown left. For this example 
it is found that X20 = 0.1204, and X30 = 0. 7796. 
The diffusion fluxes of carbon dioxide and oxy
gen can now be calculated from Eq. (14). At 
atmospheric pressure, a temperature of 20oC, 
and a layer thickness of 0.05 m, this yields N1 = 
-N2 = 0.12236 10-2 mol m-2 s-I_ In this example 
all gases can diffuse freely through the gas layer, 
while the sum of the molar fluxes equals zero 

v 

L Ni= 0 
i=1 

To compare the performance of the simulation 
model with the analytical solution, Eq. (2) was 
solved using this additional equation by replac
ing the first row in the matrix of coefficients by 
1s and the corresponding right-hand side by 0. 
The model was run with the above-mentioned 
conditions. 

The molar flux established for carbon dioxide 
was N1 = 0.12226 10-2 mol m-2 s-\ which is but 
0.08% lower than the analytical result. By this 
time, (after about 300 s) the flux of molecular 
nitrogen was about 10-9 mol m-2 s-1. Neverthe
less, this gas shows a concentration gradient of 
17 mol m-4

• Interpretation of this concentration 
gradient in terms of Fick's first law would cause 
a flux of -0.25 10-3 mol m-2 s-1 when the binary 
diffusion coefficient of the gas pair nitrogen
carbon dioxide is used. Nitrogen experiences a 
so-called diffusion barrier (Toor 1957), indicat
ing that the resistance of the gas layer to the 
transfer of nitrogen is infinite. 

A third example (data not reported), where 
oxygen diffuses through the gas layer to form 
carbon dioxide at x = 0, while nitrogen is stag
nant after some time, also compared well to the 
appropriate analytical solution given by Hsu and 
Bird (1960). 

From the good agreement between numerical 
and analytical solutions and the fact that the 
method of solving Eq. (2) is identical when more 
than three components are involved, it is con
eluded that the model can be used to study the 
dynamic behavior of more complex systems for 
which no analytical solutions are available. 

DENITRIFICATION; A CASE STUDY 

During denitrification nitrate serves as an 
electron acceptor for microorganisms at low oxy
gen concentrations, with the result that the 
gases N 20 and N 2 can be produced (Delwiche 
1981). Direct field estimation of N2 emission is 
difficult because of the large concentration of 
N2 in the atmosphere. However, acetylene 
( C2H2) inhibits the reduction of nitrous oxide to 
molecular nitrogen (Yoshinari et al. 1977). 
Therefore, estimates of nitrogen losses from soil 
can be obtained by measuring nitrous oxide, 
while acetylene is supplied to the soil atmos
phere through probes inserted into soil (Ryden 
et al. 1979). From these probes acetylene has to 
diffuse through the macropore space and from 
there into the soil crumbs where denitrification 
is expected to occur (Leffelaar 1979; Smith 
1980). 
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The major question of interest in this case 
study is whether calculations of gas diffusion 
according to the Stefan-Maxwell equations yield 
significantly different results for respiration and 
denitrification compared with Fick's law. To 
assess this difference, acetylene is chosen as a 
measure because its dynamic behavior can also 
be calculated by an analytical solution (Crank 
1975). As production of gases causes convection 
(Stolzy and Fliihler 1978), acetylene will be 
pushed away from the sites where denitrification 
takes place. Therefore, subquestions of interest 
are: (1) can effective concentrations of acetylene 
be reached at locations in soil where denitrifi
cation takes place to inhibit the conversion of 
nitrous oxide to molecular nitrogen, without se
verely disturbing the soil atmosphere?; if so (2) 
what time does it take to reach such effective 
concentrations compared with estimates based 
on Fick's law?; and (3) what overall gas move
ment takes place in the profile due to net pro
duction of gases? 

To investigate these questions the following 
system is studied. A soil layer 0.25 m thick and 
having linear geometry as depicted in Fig. 1 is 
subdivided into 10 equal layers. The soil surface, 
i.e., at x = o, is continuously supplied with a 
mixture of air and 2% of acetylene, while gas
eous products of denitrification, nitrous oxide 
and molecular nitrogen, released from soil are 
continuously removed. Thus the gas composi
tion at the soil surface for 02, C02, N2 from the 
atmosphere (subsequently called N2at), C2H2 
added, N20, and N2 from denitrification is 20.0, 
0.03, 77.97, 2.0, 0.0, and 0.0%, respectively. As a 
first approximation biological activity is located 
in the deepest sublayer, i.e., layer 1. Below this 
layer soil is impermeable to gases. The overlay
ing nine inert sublayers serve as a resistance to 
diffusion. The production terms (Pi) in layer 1 
are defined by Eqs. (16) through (22) 

Po
2 

= -k1ro
2 

(16) 

Pco2 =- Po2 + k2cNo3 (1- ro2 ) (17) 

PN
2
at = 0.0 (18) 

Pc
2

H 2 = 0.0 (19) 

order rate constants, respectively. Rate-limiting 
concentrations of oxygen and acetylene may 
occur. This is introduced in the equations by ri, 
where i refers to either oxygen or acetylene. It 
is assumed that ri is a linear function of gas 
concentration between a lower, li, and a higher, 
hi, limit, as depicted in Fig. 3. When nitrate is 
present and lo

2 
< Co

2
< ho

2
, both aerobic respi

ration and denitrification occur. Increasing de
nitrification activity with decreasing oxygen 
tension in continuous culture studies of Hy
phomicrobium X was reported by Meiberg et al. 
(1980). When lc2 H 2 < Cc2H 2 < hc2H 2 , the conver
sion of nitrous oxide to molecular nitrogen, Eq. 
(21), is partially inhibited. Partial inhibition of 
nitrous oxide reduction below 1% of acetylene 
in anaerobic moist soil was reported by Yoshi
nari et al. (1977). When Co

2 
> ho

2
, ro2 equals 

unity, and equimolar respiration takes place as 
shown by Eqs. (16) and (17). 

Molecular nitrogen occurs both as the gas 
produced by denitrification, Eq. (21), and as 
atmospheric nitrogen. These gases with differ
ent origins are separately followed in the model. 
The additional equation to solve Eq. (2) at each 
sublayer interface except the first one is 

where N 1 is calculated from the net specific 
production rate (mol m-3 s-1 

), as obtained by 
the sum of Pi of Eqs. (16) through (21) times 
the volume of the biologically active layer and 
divided by the surface area between layers 1 and 
2. 

1 
r· I 

PN2o = 0.5 ksCNo3 (1 - ro2 ) - PN2 (20) 0 --. .............. _,_ ___ -ir---------

(21) 

PNo3 = -ksCNo
3 
(1 - ro

2
) (22) 

where k1 and k2 , k3 , k4 are zeroth-order and first-

lj h· I c· I 
FIG. 3. General relationship between reduction 

factor and gas concentration. For numerical values of 
li and hi see text. 
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Model parameters 

The zeroth-order rate constant k1 = 3.95 10-4 

mol 0 2 m-3 s-1 is based on work by Greenwood 
and Goodman (1964). These authors also indi
cated that respiration remains constant down to 
low values of oxygen concentration, thus sup
porting the assumption of a zeroth-order proc
ess. The first-order rate constant k3 in Eq. (22) 
equals 6.53 10-6 s-1• This value is derived from 
Avnimelech (1971), who reported nitrate disap
pearance as a function of initial concentration 
and temperature under conditions favorable for 
denitrification. Following Eq. (1) from Yoshi
nari et al. (1977), the reduction of 1 mole of 
nitrate will result in the production of 1 mole of 
carbon dioxide and 0.5 mole of nitrous oxide. 
Therefore k2 in Eq. (17) is taken equal to k3, 
and k3 in Eq. (20) is multiplied by 0.5. Also, as 
a first approximation, rate constant k4 is taken 
equal to k3 • The initial amount of nitrate is 88.6 
g N03- m-2 (200 kg N03--N ha-1

) located in the 
deepest soil layer. Nitrate is assumed to be ef
fectively depleted when 0.5% of the initial 
amount is left. The lower and upper values of 
the concentrations of oxygen and acetylene in 
Fig. 3 are taken equivalent to 0.1 and 1.0%, 
respectively. The gas fluxes defined in Eqs. (16) 
through (21) refer to the surface area of soil as 
a whole. To satisfy these fluxes at a gas-filled 
porosity of t=, the fluxes inside the pores must be 
approximately t:-<413

> times as large (Millington 
1959), where the factor 4/3 combines both area 
reduction and tortuosity. To incorporate this 
effect on gas fluxes for t: = 0.05, the rate con
stants k1, k2 , and k4 were set higher by a factor 
of 50. Rate constant k3 was also multiplied by 
50 to reduce computer time by increasing the 
nitrate depletion rate. 

Results and discussion of case study 

Figure 4 depicts the dynamics of the relative 
mole fraction of each gas and the relative con
vective flow in the biologically active deepest 
sublayer, i.e., layer 1. Absolute values of mole 
fraction or convective flow may be calculated 
from the curves by multiplying a specific value 
by its maximum, also given in Fig. 4. The arrow 
in Fig. 4 separates two periods. In the first period 
0 2, C02, N2at and added C2H2 diffuse in the soil 
layer, while oxygen and carbon dioxide are in
volved in equimolar respiration. In the second 
period the oxygen concentration is smaller than 
1% and denitrification occurs. Nitrous oxide and 

relative mole fraction (-) 
relative convective flow(···-) 

10 ~ '\ 

0.5 

100 200 

maximum mole fracl!~n 
co, 273 c,H, 2 ro 
N,o 275 ro·' N1 6 ro-' 

N?t. 7997 01 2 

maximum convective flow 
.3110. 3 mol m-2 s-1 

300 
time (min) 

FIG. 4. Relative mole fractions of 0 2 , C02 , N2
8

\ 

CzHz, NzO, and Nz (full lines) in sublayer 1 and 
relative convective flow (dashed line) through gas 
layer as a function of time. 

molecular nitrogen are formed and cause a gas 
flow away from the active layer, because below 
this layer soil is impermeable. The influence of 
this convective flow on acetylene diffusion was 
evaluated by comparing its time course to results 
obtained by Eq. (4.17) of Crank (1975) (data not 
shown) using Dc2H2-N2 from Table 1. This re
veals that at the time of maximum convective 
flow the relative mole fraction of the simulated 
curve is about 14% lower. Furthermore, it takes 
12% longer to reach the level of 1% acetylene. 
After the time of maximum convective flow, 
Crank's equation diverges strongly from the 
simulated result. At about 100 min a relative 
mole fraction of 0.97 is calculated, while in fact 
acetylene is seen to stabilize at about 0.9 at the 
end of the simulated period. Molecular nitrogen 
of atmospheric origin is partially removed from 
the soil profile. A maximum of 9% of the nitro
gen initially present is removed at the time of 
the minimum in the N2at curve. After this time 
the profile is partially replenished with atmos
pheric nitrogen. The time of occurrence of the 
minimum in the N2at curve does not coincide 
with the time of maximum convective flow. 
However, the minimum in the N2at curve coin
cides with the maxima in the C02 and N20 
curves. This implies that the overall movement 
of N2at is not mainly determined by convective 
flow, but rather by the accumulation of gases as 
C02 and N 20. The fact that both N 2 at and C2H2 
do not reach their atmospheric values in the 
long run may also be explained by the accumu
lation of C02 in the profile, as convective flow 



MULTINARY DIFFUSION PROBLEMS 

has become negligible by then. At the onset of 
denitrification the relative mole fractions ofN20 
and N2 increase rapidly. N 2 is hardly formed as 
the level of 1% of C2H 2 is quickly reached. 
Therefore, mainly N 20 is formed. Observe that 
the maximum mole fraction of nitrous oxide 
appears much later than the maximum convec
tive flow. As nitrous oxide is the principle cause 
of convective flow, both maxima would be ex
pected to coincide. This result demonstrates the 
complex behavior of gas mixtures with mutually 
dependent diffusion fluxes and convective flow 
due to source/sink terms. 

The questions stated earlier can now be an
swered. (1) Effective concentrations of acetylene 
may be reached in soil to inhibit the conversion 
of nitrous oxide into molecular nitrogen without 
severely disturbing the soil atmosphere. (2) The 
time to reach this concentration is about 12% 
longer compared with the usual calculations, 
e.g., Eq. (4.17) of Crank (1975). (3) Overall gas 
movement due to gas production and accumu
lation of gases as carbon dioxide and nitrous 
oxide amount to a maximum of 10% for atmos
pheric nitrogen. These figures show that acety
lene diffusion is not seriously affected by de
scribing the diffusion process by the Stefan
Maxwell equations. 

The case study of denitrification was also used 
to test the simplified theory of gas diffusion as 
summarized in Eqs. (8) through (10). Results 
(data not reported) are very similar to those of 
the rigorous theory. The largest difference was 
found for the maximum nitrous oxide concen
tration, which was 8% lower, compared with the 
rigorous theory. This remarkable agreement 
may be ascribed to the similarity of binary dif
fusion coefficients, which do not differ by more 
than a factor of 2. As a result, the correction 
term in Eq. (9) will be small compared with the 
concentration diffusion term, i.e., Eq. (8). This 
reasoning is supported by the fact that, for the 
limiting case of equal binary diffusion coeffi
cients, both Eq. (2) and Eq. (9) reduce to Eq. 
(8). However, when diffusion of gases in multi
nary gas mixtures with largely different binary 
diffusion coefficients is to be investigated, the 
Stefan-Maxwell equations must be used. 

CONCLUSIONS 

1. The simulation model presented enables us 
to study the integral dynamics of diffusion proc
esses in soil atmosphere. 

2. Gas profiles showing concentration gra
dients may be stagnant for some components. 
Interpretation of such profiles in terms of cal
culations of gas fluxes at different depths and 
production terms from the differences between 
these gas fluxes would wrongly suggest nonzero 
production terms. 

3. Denitrification is only slightly affected 
when the influence of a diffusion resistance on 
this process is calculated according to the Ste
fan-Maxwell equations, compared with Fick's 
law. 

4. The Stefan-Maxwell equations as imple
mented in the simulation model must be used to 
study the dynamic behavior of gas mixtures 
whenever binary diffusion coefficients differ by 
more than a factor of 2. 

5. Simplified theory gives satisfactory results 
when binary diffusion coefficients do not differ 
by more than a factor of 2 and when one con
stituent of the gas phase is abundantly present, 
so that binary diffusion coefficients may be re
lated to this component. 

SUMMARY 

Results of a dynamic simulation model de
scribing diffusion of gases in multinary gas mix
tures agree well with analytical steady-state so
lutions for ternary diffusion. This confirms the 
correct implementation of diffusion theory in 
the simulation model. Subsequently, the model 
has been used to calculate the dynamic behavior 
of a gas system in which denitrification takes 
place. Acetylene is taken as a measure of 
whether or not denitrification is significantly 
affected by describing the diffusion process by 
the Stefan-Maxwell equations, compared with 
an analytical solution to Fick's law. The case 
study then shows that denitrification is not sig
nificantly affected. The same case study is used 
to show that multinary diffusion can be well 
approximated by Fick' s first law when modified 
to maintain isobaric conditions. In general, the 
simulation model based on the Stefan-Maxwell 
equations must be used to study the dynamic 
behavior of gas mixtures. However, simplified 
theory will give satisfactory results when binary 
diffusion coefficients do not differ by more than 
a factor of 2, a condition usually met in the gas 
phase of soil. 

The model is useful to gain insight into: 
1. the dynamics of diffusion in complex gas 

systems containing sink/source terms 
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2. the length of time to attain, if possible, a 
steady-state situation 

3. the order of magnitude of the gas fluxes 
through the profile 

The computer program may be adapted easily 
to incorporate other kinetics of gas conversions, 
number of gases, and number of layers. The 
model will form part of an extended model in
cluding water flow and biological denitrification. 
This extended model should provide a means 
for calculating denitrification in soil aggregates 
not saturated with water and will be subject to 
integral verification by specially designed exper
iments. 

NOTE 

A listing of the computer program that pro
duced these results is available from the author. 

ACKNOWLEDGMENTS 

I wish to express my appreciation to Prof. J. 
Schenk and Prof. H. J. Merk (Technical Uni
versity of Delft) for stimulating discussions in 
the early stages of this work and to Prof. C. T. 
de Wit, Dr. J. Goudriaan, and Prof. G. H. Bolt 
for reviewing the manuscript. 

Symbol 

a, b, c 

LIST OF SYMBOLS 

Meaning 

empirical constants in Eq. 
(7) 

Unit 

a Pa m2 s-1 (Kb)-1 

c K 
ci, c molar concentration of mol m-3 

component i and all com-

k 

kl 
k2, ka, k" 
li,hi 

L 
Mi 

ni, n 

ponents together, ci = Pi/Mi 

v 

c = L Ci 
i=1 

molar concentration of 
component i in layer L 
binary diffusion coefficient 
for gas pair i - j 
Boltzmann constant, k = 
R/N = 1.3805 10-23 

zeroth-order rate constant 
first-order rate constants 
lower and upper gas con
centration limits where re
duction factor ri becomes 0 
and 1, respectively 
layer number 
molecular weight of com
ponent i, Mi = Pi/ci 
molecular concentration or 
number density of compo
nent i and all components 
together 

v 

n= L ni 
i=l 

mol m-3 s-1 
s-1 
mol m-3 

kg mol-1 

NL 
p 
pi 
Q 

ri 

R 
t 
T 
Tii 

u 
Vo 

X 

p;, p 

molar flux of component i 
molar flux of component i 
in layer L 

mol m-2 s-1 
mol m-2 s-1 

Avogadro's number, N = 
6.0225 1023 

maximum number of layers 
pressure Pa 
production term of gas i mol m-3 s-1 
ratio of total mole fraction 
of nonmoving components 
at x = o and x = 0 of gas 
layer 

ratio of diffusion coeffi
cients, r = D12/ D1a 
reduction factor for com
ponent i 
gas constant, R = 8.3142 Pa m3 mol-1 K-1 
time s 
absolute temperature K 
reduced temperature, Tii = 
kT/Eij 
number of components 
mass average velocity of m s-1 

mixture with respect to sta-
tionary coordinates 

uo = (.± Pivi)/(.± Pi) 
J=l 1=1 

velocity of component i m s-1 

with respect to stationary 
coordinates, V; = N;/c; 
diffusion velocity of com- m s-1 

ponent i with respect to the 
mass average velocity of 
the mixture, Vi = V; - v0 

distance between centers of m 
layers or space coordinate 
mole fraction of component 
{ in general and at x = 0 
and x = li of gas layer, re
spectively 
mole fraction of component 
i when no moving gas is 
present 
dimensionless quantity, a 12 
= N1o/(cD12) 
total thickness of gas layer m 
finite difference of con
cerning symbol with re
spect to layers L and L - 1 
gas-filled porosity 
Lennard-Jones potential J 
parameter; maximum en-
ergy of attraction between 
like molecules of compo
nent i and between unlike 
molecules of components i 
andj 
mass concentration of com- kg m-3 

ponent i and all compo-
nents together, Pi= ciMi 

v 

p = L Pi 
i=l 

Lennard-Jones potential m 
parameter; collision diam-
eter for like molecules of 
component i and for unlike 
molecules of components i 
andj 
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summation operator 
dimensionless collision in
tegral based on the Len
nard-Janes intermolecular 
potential field 
superscript; arithmetic spa
tial average of concerning 
symbol with respect to the 
layers L and L - 1 
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