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Abstract

The classical way of doing Monte Carlo analysis is : starting from the co-
variance of the input, generate a great number of possible inputs, present
them to the model and deduce from all generated outputs the covariance of
the output. This procedure is widely used in unsaturated zone hydrology
research.

Theoretically it is clear that if the model is non-linear (and unsaturated
zone models are non-linear) the covariance of the output depends also on
non-covariance properties of the input.

In this paper an easy method of investigating the sensitivity of the output
to the non-covariance properties of the input will be presented. The metod
is based on Fourier analysis and changing the phases of transforms.
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Chapter 1

Introduction

It has been recognized in the last few decades that a purely determimstic
approach to describe soil water behavior may not be adequate on a scale
larger than is generally used for a laboratory or small field experiments. Es-
pecially, Monte Carlo technique has been frequently applied to simulate fiow
and transport in microscopically heterogeneous soil structures . There is a
long tradition of using this method to study a chemical transport in aquifers,
however, only recently has it been applied to examime physical processes in
the unsaturated zone (see,e.g., Cislerova {2]).

In the most of the reported studies the Monte Carlo analysis has been
used to express s0il water pressure head, water content, flux or the other
output dynamical variables from the unsaturated zone deterministic - non-
linear models as a stochastic function of the second order properties of the
soil medium (see, e.g., Roth [9] , Russo[10], Hopmans et al. [4]). It is widely
accepted that the analysis gives direct (statistical, based on second order
properties) insight in how the output variables are controlled by spatial vari-
ability of soil parameters provided that statistical (second order) properties
of the parameters are given and reflect the real field variability. On the other
hand, it is theoretically clear that if the model is nonlinear the covariance of
the output depends also on non-covariance properties of the input. An exam-
ination of sensitivity of the output covariance structure to non-second order
properties of the input based on spectral Fourier analysis clearly illustrates
limitations of the classical Monte Carlo approach.




Chapter 2
Random fields

It is very intuitive to associate the term "random field ” with a giant lab-
oratory where investigator can do numerous experiments. Observing the
outcome of all the experiments in the laboratory is equivalent to observing
the realization of the random field. The location of each experimental setup
in the laboratory is identified , in the terminology of random fields by, a
set of "coordinates ”. In a simple experiment the investigator may observe
the value of the random field at one specific location, or simultaneously two,
three or more values at different locations. The outcome of the experiment
is called realization of the random field.

After having intuition built up, in this chapter the more precise defini-
tion and basic properties of random fields that are neccesary to understand
the analysis done in this project will be given. To get familiar with spectral
techniques used, some important aspects of classical random field analysis
in frequency domain will be reflected as well. Mathematics presented in
this chapter mostly refers to two standard textbooks on generalized stochas-
tic processes theory, namely Priestley{8] and Vanmarcke[13] Without loss of
generality we limited our considerations to 2-D index space.

2.0.1 Definitions

Let us suppose that the stochastic quantity which we are studying varies over .
space, so that we may denote it by Z(x). Then at each individual space point
x , Z(x) is a random variable.

Definition 1 A random ( or stochastic ) field , {Z(x)}, is a family of ran-
dom variables indexed by the symbol x , where x belongs to some given index
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set X,

Definition 2 If it takes a continuous range of real values (finite or infinite),
so that X C R2, {Z(x) : x € X} is said to be a continuous field. If elements
of x (coordinates of a point in R?) take a discrete set of values, then {Z(x)}
is said to be a discrete field.

2.0.2 Realizations and ensembles

The fact that for each x , Z(x) is a random variable means that each time we
perform an experiment we will, in general, observe a different value of Z(x).
Thus an observed record of a random field is merely one record out of the
whole colleciion of all posstble records which we might have observed. The
collection of all possible records is called the ensemble , and each particular
record is called a realization of the field. Differences between the realizations
provide a measure of spatial uncertainty

We may think of the sample space §2, as consisting of a set of elements
{w} each of which corresponds to a particular realization, and we may then
denote the various realizations by {Z(x,u1)}, {Z(x,w3)},..., and a typical
realization by {Z(x,w)} or just by z(x) . With this notation the random field
itself would be written as {Z(x,")}, but it is just more convenient to suppress
the variable (w) and denote a random field simply by {Z(x)}.

2.0.3 General specification of a random field

For each x, Z(x) is a random variable and thus has a range of possible values,
some of which may be more likely to occur than the others. Accordingly, for
each x, Z(x) will have a probability distribution function fz(x)(-) defined.
The above approach enables us to discuss the probability distribution of
Z(x) for each individual value x . However, since we are dealing with a col-
lection of random variables {corresponding to the values of the ficld at all
points in space) we may wish to study the joint variation of the values of
the field at all space points. To do this we need to know the joint probabil-
ity distribution of all the random variables {Z(xg),Z(x1), ..., Z(Xm-1)} - In
the case of continuous random field we have to deal with an infinite dimen-
sional joint probability distribution. But in practical situations only discrete
random fields are considered so the joint distribution is finite dimensional..



Theorem 3 For any positive integer m let Xg,X;, ..., Xm—1 be any admissible
set of elements of x. Then under general conditions the probabilistic structure
of the random field {Z(x)} is completely specified if we are given the joint
probability distribution of (Z(xg), Z(X1), ..., Z(Xm-1)) for all values of m and
for all choices of Xo,%4, ..., Xm—1.

2.0.4 Moments

Let Z(x) be a random variable with a 1 - dimensional probability density
function fz(x)(¢) . The mean and variance of fzx)({) are defined as :

oo

EZ()] = [ Cfaw(QdS = nx) (2.2)

—Oo

Var [2(x)) = B [{Z(0) — #0F] = [ (¢~ #0)? faeo(O)dC = 0*(x)

(2.2)
The above specified quantities are extremely useful in providing a rough
summary of the form of probability distribution. However, it should be clear
that the two numbers could never fully describe the f({Z(x)) function. Indeed,
there are many distributions with exactly the same p(x) and 0%(x) but with
shapes differing in other respects. To characterize them we need to define
somewhat more general sequence of constants. The constants are called nth
order moments. They can be divided in two groups: rth moments about the

origin given by:
(209" = [ ¢ faw(QdC = () (23)

—c0

and rth order moments centralized about the mean :

E[Zx)] = [ T fa(QdS = pa(x) (24)

—-00

where:



Straightforwardly, on can see:

(%) = (x) (2.5)
pa(x) = 0*(x) (2.6)
In a similar way joint moments that characterize the joint probability

distribution fzpx)z(xy),....26xm-1){C0C1:-Cm_1)0f {Z(x)}are defined as :

E|Z (%) Z(x )™ .. Z(Xpp1 )™ =

oo o0 o«

[]- _[ (™6™ Cons™ ™ Syt o™ 6™ s et ™G
T (2.7)
and
ElZ(xo) Z(x1)" - Z(xm-1) "] =
_/] f O AT L PR (SA N L T G ) - /g U
e (2.8)

for positive integers ng, 1y, nm—1satisfying ng+ni1+...4+nm-1 < n. Setting
ng,n; = 1 and the remaining n’s to 0 we are able to define covariance function
B(x,x') that characterizes the variation of a random field at two locations:
X and X.

B(x,x') = Cov [Z(x), Z(x')] =E [Z(x)Z(x')] — p(x)u(x’) (2.9)
or the correlation function
B(x,x)
o(x)o(x)

where p1(x) and ps(x') are the means and o(x) and o(x’) are the standard
deviations of Z(x) and Z(x') respectively.

p(x,X) = pg(x,x) = (2.10)
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2.0.5 Gaussian fields

Of special interest are the random fields whose multivanate distributions are
normal. These fields are called Gaussian random fields.

Their probabilistic structure is given by the multivariate normal proba-
bility density function :

Fatxo) 2t ) G- mn) = (2m) ) |§|_(%) exp {—% (€- ﬁ)TQ_l (- 1) }

(2.11)
where:
B =Cov [Z(x,),Z(x))]; k,1=0,...,m—1 (2.12)
[ Co ] ] #(Co) ]
€ #(Cy)
g = N :_"ﬂ = - (2.13)
| 'Cm—l | | ;"(Cm—l) |

2.1 Properties and assumptions

A continuous random field usually contains an infinite and uncountable num-
ber of points. In discrete case the number of points is finite but always very
large. However, there iz never enough data to validate fully assumed mul-
tivariate probability distributions. Several key properties of random fields -
homogeneity, isotropy and ergodicity - permit the analyst to make more effi-
cient use of what little data are available to estimate probability distributions
and their statistics.

2.1.1 Homogeneity - stationarity in space
Strict stationarity

The physical fields that are characterized by the feature that their statistical
properties do not change over space are termed ”stationary ” or "homoge-
neous ”.




Figure 2.1: A lattice on which a discrete random field is generated may be
represented as a torus surface. That makes shifts possible

Definition 4 The field{Z(x)} is said to be strict stationary or complete sta-
tionary if, for any admissible X, X, ..., Xp,_1 and any A , the joint probability
distribution of (Z(xg), Z(x1), ..., Z(Xp—1)) ts identical with the joint probabil-
ity distribution of (Z(xe + A), Z(xy + A), ..., Z(Xpm—1 + A)) , t.e. of

fz(xo),z(xx),---,z(xm-;)(‘5041 "'Cm—l) = fZ(Xo+A),Z(x1+A),...,Z{xmq +4) ((o(l---C(m_l))
2.14

where fz(,m),z(xl),___,z(xm_,)(-) denotes the probability density function of
the set of random variables which appear as suffizes.

Remark 1 To make the shifts A possible in a finite space one may think
about the field {Z(x)} as a torus (see Fig.2.1). Then, for any x = (@1, 2,)
and A = (A4, Ag) we have:

X-I'A = (.7:1, IL‘2) + (31, Ag) = ((321 + A]) mod M), (.’Eg + Az) modN)
where 21 =0;..., M =1 and a3 =0;..., ¥ — 1
The property described by Equation 2.14 may be summarized by saying
that the probabilistic structure of a strict stationary field is invariant under
a shift of the coordinate system origin.
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Weak stationarity

In practice, random fields that are assumed to possess stationarity property
do s0 in a limited or weak sense, not in the strict sense. The fields are
then called stafionary up fo order n . Under this weaker condition ,e.g.,
the probability distribution of Z(x) does not have to be identical to the
probability distribution of Z(xg + A} , but the main features of these two
distributions should be the same, i.e.e their moments up to a certain order,
should be the same.

Definition 5 The field Z(x) is said to be stationary up to order m if, for any
admissible xg, X4, ..., Xm—1 and any A , all the joint moments up to order n of
(Z(xn), Z(x1), ..., Z{Xm-1)) exist and equal the corresponding joint moments
up to order n of (Z(xg + A), Z(x; + A), ..., Z(Xpm_1 + A)).

Thus,
BIZ(xo) (X1} . T )™ ] = BlZ(xo+ AV Ly + AV . L1 +A) ]
(2.15)
for any A, and all positive integers ng, ny,.. m_1satisfying no +n1 + ... +
Tim—1 < 1. In particular , setting ny, = ng = ... = ny_1 = 0,we have that for
any t and all ng < n,
E[Z(x)™] = E[Z(0)™] (taking A = —x ) (2.16)
= a constant, independent on x
Also for any x,x’ and all np, ny satisfying ng +n, <n ,
E[Z(x)"Z(x)"] = E|[Z(0)"Z(x —x)"] (2.17)

= function of (x' — x) only

Now let us define stationarity up to order 2 (n=2) as it has been assumed
1 this study.

Definition 6 The field Z(x) is stationary up to order 2 if

e E[Z(x)] = plx) =, a constant independent on x

10



s E[Z%(x)] = €2, a constant independent on X (using Equation2.16

with ng = 2)
Hence, Var [Z(x)] = &2 — u?2 = 0%,  is also constant independent on
X

Further, for any x, X/,

e E [Z(X)Z(x')] = function of (X — X) only (using Equation 2.17 with
g, My = 1).
Hence, Cov [Z(x), Z(x’)] =E [Z(x)Z(x’)] —p? = Cov(x'—x) function
of (x' —x) only.

2.1.2 Isotropy

Definition 7 The field Z(x) is isotropic if the joint probability density func-
tions remain the same even when the constellation of points Xo, Xy, ..., X;p-1
is rotated .

The above definition, however, applies only to continuous fields : simply if
lattice -defined discrete field is rotated we will obtain a different lattice then
the previous one. In the case of discrete fields we might only try to mimic
the isotropy property by introducing covariance function that depends only
on distance (see Section2.2.1) and by dense discretization what was done in
this project .

2.1.3 Ergodicity hypotesis

The conceptual difficulty in most practical applications of random fields the-
ory is that one deals only with a single realization of the field. The statistical
information over the ensemble has to be based upon that single realization,
since no other information is available. To make it possible one has to assume
so called ergodicity property.

Definition 8 A random field Z(x) is ergodic if all information about joint
probability distributions (and their statistics) can be obtained from a single
realization of the random field. Erplicitly :

o1
BIZ6)) = Jm 1o Sf Z(x)dx (2.18)
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Ergodicity is a generalization of the well known low of large numbers that
states that for independent, identically distributed drawings of a stochastic
variable the sample mean converges to the population mean.

The two means are simply replacable if ergodicity is assumed.

Stationarity often guarantees ergodicity. We can test for homogeneity
of the field by dividing the field into parts and see weather the statistical
information for the parts is the same or not. If they are the same, the field
is homogeneous and ergodicity may be assumed

2.2 Second order analysis

2.2.1 Covariance function of a homogeneous random

field

General information

If the random field is homogeneous, its covariance function will depend only
on the relative position of the points X and X', and we may write:

B(X,X') = B(x - xl) = B(X) = B(XO; Xl) (219)
where x = x — X' is the lag vector whose components are x; = xx — x}
for k=0,1.
2 - dimensional covariance function of a homogeneous random field can
be represented by two functions , both defined for positive lags only:

B(xo,x1) = B(—x0,—x1), Xeox1 20 (2.20)

and

B(xo,x1) = B{~x0,x1) = B(xo0, ~X1), Xo, X120 (2.21)

Likewise for n-dimensional field there are 2°~1 such functions defined for

X > 0 only. It is evident that the same can be said for the normalized
covariance function p(x).

Quadrant symmetry

Of considerable practical importance is the class of homogeneous random
fields whose covariance function is even with respect to each component of
the lag vector :

12
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Figure 2.2: Four point pattern illustrates the concept of quadrant symmetry.

B(xo,x1) = B(—x0, —X1) (2.22)

Random fields whose covariance function obeys Equation 2.22 will be
called quadrant symmetric (¢.s.) . Quadrant symmetry implies homogeneity
in the weak sense. For q.s. fields the covariance function defined for positive
lags only fully represents the covariance structure of Z(x) , since information

from one quadrant of the lag space suffices to describe the multidimensional

covariance structure .
In reference to figure 2.2 , it means that the covariance of values associated
with points 1,2,3,4 must be the same at all the points.

Isotropic covariance structure

If the covariance function depends only on the distance x between points z
and z'

1
x = Ixl = fx - x| = [x§ +x3]* (2.23)

B(x) will have spherical symmetry which implies quadrant symmetry.
Also
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Figure 2.3: An example of radial covariance structure

B(x) = B{x0,x1) = B(x,0) = B{x) = B%(x) (2.24)

where B(x) = B®(x) is the covariance function of random process on
the line (in any direction); BR(x) may be called radial covariance function.
Therefore, if a random field is homogeneous and isotropic, the whole infor-
mation neccesery to describe multidimensional covariance structure will be
contained on one line of the lag space. The isotropic covariance structure
was the only one we used during this research. There was simply not enough
data to take anisotropy into account. To exemplify the isotropy concept, let
us consider 2 - dimensional stationary and isotropic random field with radial
spherical covariance function given by:

3,
BR(y) = 1-3 (i‘)OJiff ;x(?r fx<r (2.25)

where r is a range parameter (see fig 2.3). This 1 - dim function is
enough to describe 2 - dim covariance structure (homogeneous and isotropic)
presented on fig 2.4.

2.2.2 Estimation of mean and covariance based on er-
godic assumption

A natural estimate of u(x) for 2 -D discrete, stationary and ergodic real-
ization of the Gaussian random field (discretized on n x m lattice where

14



Figure 2.4: 2-D spherical covariance surface

n=0,.,N—landm=20,..., M—1) Z(n,m) is given by the sample mean:

N-1M-1

p= S Y Znm) (2.26)

n=0 m=0

Simnilarly a natural estimate of the realization of covariance structure
B(x) is given by

1 N—-1 M-1

Binom)= =Y S Z(n,m)-Z{n+x,m+x) (2.27)
N'MX1=0X2=0

In many practical situations one usually estimates the covariance struc-
ture from one particular realization of the considered field. Afterwards a
theoretical parametric model is fitted (e.g. see Equation 2.25) that , as we
believe, properly describes underlying covariance structure.

2.2.3 Short summary

The random fields that have been generated and analyzed in this study are
assuined to be:

e real (not complex)

15



e two dimensional (2-D index space)

discrete (as an approximation of continuous fields)

(Gaussian

stationary up to second order (thus strictly stationary if the fields are
Gaussian)

s isotropic
e ergodic

Under the assumptions the random field {Z (x)} is [ully described by
1 - dimensional probability distribution and the radial covariance structure

B®(x)

Remark 2 The properties mentioned above, excluding Gaussianity, hold for
an arbitrary "elementwise ” function Z(z) = f(Z (x)) for all x
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Chapter 3

Spectral representation of
random fields

The basic formulas that characterize the second order properties of a sta-
tionary random fields in the frequency domain may be derived in several
alternative ways. The more formal approach introduces negative as well as
positive frequencies and assumes the random field to be complex, while the
more physical approach, that will be used in this section, avoids complex
numbers algebra and considers only non-negative frequencies.

3.1 Introduction: 2 -D discrete Fourier trans-
form

Under reasonable conditions (see Vanmarcke[13] p. 84-85) , 2 -D discrete
stationary, mean- centralized (Gaussian random field (given on n x m lattice
wheren =0,...,N—1and m =0,..., M — 1 Z (n, m) may also be considered
to be the double sum of cosine functions that extend to N —1and M —1
respectively. The field may then be represented as a function of spatial
frequencies Z(w;, w,), which allows us to study the field in frequency domain.
The relationship between these two representations is given by the Fourier
transform equations:

H

M-1 —21rw1n —27nw2m
3" Z(n,m) e ) (3.1)
m=0

1 N-—
NM

=l

.F(Z(n m)) = (wl,wg

<
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N-1 M-1 . .
F U Zwr,wa)) =Zln,m) = Y] Y Blun,wa) SFHHIHD (39

w1=0w2=0

w =

o
=
}

Wy

o
I

We can also write Z (n, m) as:

N-1M-1
Zin,m)=p+ Y > Clwiws)cos(win + wem + ¢wyws)) (3.3)

w1=09=0

vy

where

C(wl,wg) = [Z(wl,wg)l ‘ (34)

is the random amplitude, and

P(wr,wa) = arg(Z(wy, ws)) (3.5)

the random phase angle with spatial frequencies w, ws.

3.2 Amplitudes and phases as spatial ran-
dom variables

Since Z (n,m) is Gaussian all amplitudes and phase angles are mutually
independent (see Equation 3.10 ) . Amplitudes are normally distributed and
each phase angle is uniformly distributed over the range (—; ).

Remark 3 For non - Gaussian fields phases and amplitudes are uncorrelated

Each elementary random component C (wy ws) cos(w, n+w,m+¢ (wy wa))
has mean zero and variance:
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o (wiws) = E[(Clwiws)cos(w,n +w,m+ ¢ (wiws)))’]
= E [02 (wl,wg)] E [cos2(w1'n. +wym+ @ (wl,wg))]

= %E [02 (wl,wz)] (3.6)
because
E [cosz(wln +w,m+ ¢ (wl,wz))] = (3.7)

1 1
= ./ﬂ 0052(&)1??. + wam + ¢’ (wl,wz))dqb (LULQJQ) ==
27 J—x 2

Consequently, 2 - dim spectral density function , also called power spec-
trum of the field, is introduced as follows:

S(wn,wa) = ;E [C (i) (3.8)

Since the variance of the sum of independent random functions equals
the sum of their variances we can write:

ol=F [(Z (n,m) — ,u,)z] = Z-O Z;O ;E [C2 (wllwg)] = (3.9)
=TS S, wa) A A,

wlx{) w2=0

3.3 The Wiener - Khinchine relations

By introducing Equation 2.19 into the definition of bivariate covariance struc-

ture B{X,, X;),accounting the fact that the random components C (w; ws) cos{w, n+
w,m + ¢ (w1,wy)) are mutually independent and inserting Equation 3.3, one
obtains:

B(xo,x1) = Cov [Z(0,0) Z (x9, x1)] =

19



N-1 M-1

= > Y E[(C(wiwa) cos(¢ (w1,w2))) (C (wiws) cos(wixg +waxy + ¢ (wr,w2)))]

Wy =0 wa =0

N-1 M~1

Z Z E [02 (wn, wg)] ( /1; cos(wixg + wexy + @ (wi,we)) cos @ (wrwq) do (wl,wg))

w1=0w3=0

Mll

z:z B [C? (w1wp)] cos (wix + wax;) (3.10)
w1=0 wg—o
Of a great importance is the fact that the Fquation 3.10 formally proves
that the covariance structure is independent on phases .
By inserting Equation 3.8 one obtains the first relation of the 2 - dimen-
sional Wiener - Khinchine relations :

N-1M-1
B(xo:X1) = Y. Y Swi,wa) cos (wixp + waX;) (3.11)
w1 =0wp=0
1 N=1M=1
S(wy,wq) = NM Z Z (0> X1) €08 (w1xo + waX;) (3.12)
xo=0x;=0

which, in more formal representation take the form of Fourier transform
pair :

B(Xe: x1) = F 7 (S(wr,w2)) (3.13)

S{wr,we) = F(B(x0,X1))

3.3.1 Conclusions concerning Gaussian fields
For Gaussian fields the following properties hold:

1. the phases are independent, uniformly distributed and independent of
amplitudes

2. amplitudes are Gaussian distributed and independent
As a consequence Gaussian fields are completely determined by power

spectrum S(w1,ws)
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Chapter 4

Methods and procedures

4.1 Materials

To illustrate new approach to deterministic unsaturated zone model sensi-
tivity testing we generated random fields of one particular soil parameter :
scaling factor for hydraulic conductivity. First part of this section gives a
theoretical explanation of physical meaning of the parameter . In second
part, data from an experiment conducted by Hopmaans at al [3] at Hupselse
Beek catchment, we used during input generation are presented.

4.1.1 Hydraulic conductivity scaling factor - some the-

ory.
The theory of scaling is based on the similar media concept, introduced by
Miller and Miller [6]. A general purpose of developing this procedure was
to describe a stochastic nature of soil variables fields using one - parameter
representation (a field of just one parameter). Similar media differ only in
the scale of their internal microscopic geometries and have therefore equal
porosities and equivalent particle and pore-size distributions. The purpose of
scaling is to simplify the description of statistical variation of soil hydraulic
properties. Peck [7] defined a scaling parameter o as being the ratio of the
microscopic characteristic length of a soil and the characteristic length of a
reference soil:

Ax

Gy = F (4.1)
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where X = Xg, X3, ..., Xm—1 18 a set of locations. The application of scaling,
however, can be extended by estimating scale factors relative to the degree of
saturation, with the result that the assumption of identical porosities can be
eliminated. Nevertheless, scaling should be restricted to soil locations having
some reasonable morphological similarity. By this simplification, the pattern
of spatial variability is described by set of scale factors , each of which relates
the soil hydraulic properties at each location to a representative mean. Three
scaling parameters may be used to define a linear model of the actual spatial
variability in the soil hydraulic properties as follows [14] :

K(h) = apK*(h) (4.2)
0(h) = agf*(h*) (4.3)
h = ok’

in which , for the most general case , oy, o, ¢, are mutually independent
scaling factors for the water content, the pressure head and the hydraulic
conductivity, respectively. The functions K*(h*) and #*(h*) representing
scaled mean hydraulic conductivity and scaled mean water retention curves
are described by well - known van Genuchten[12] model :

0,—0, *
61- + (1+!ah.|n)m h < 0

(L") = X
) = 4, b0 a4)
1
m = 1-— ; n>1 (4.5)
*LPAY KK} (h*) h* <0
where
sl s\ ™12
K* (h*) = Sit [1 - (1 _ Sem) ] (4.7)
and
g'(h*) — 0,
S, = (—) (4.8)

93 - 91-
in which h* is scaled mean pressure head , #, and &, denote residual and
saturated water contents, respectively, and K, is the saturated hydraulic
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conductivity. HEquations 4.4 and 4.6 constitute a 5 - parameter model (
a,n, b8, K,).

Less general scaling methods arise by invoking certain relationships be-
tween , o, o and «p. For example, the original Miller and Miller scaling
procedure is obtained by assuming ap = 1 and ap = J%_k . So in this case,
actually knowledge about scaling factor for hydraulic conductivity suffices to
fully describe spatial variability in the soil hydraulic properties (Equation4.2)
as related to the mean characteristics.

The spatial variability may then be modelled by the scale factor random
field given by the covariance structure (if the assumptions from Section 2.2.3
hold) . Theoretically [?}, it is known that the logarithm of the scaling factor

Uriog = log ((Ik) (49)
is normally distributed with:

E [akk’g] = uaklog
Var [aklog] = Jiklog (410)

so the common approach, that is also used in our study, is to simulate
Qg 10g flelds .

4.1.2 Data from Hupselse Beek watershed

To generate realizations of the scaling factor random field we used informa-
tion about probability distribution and dependency structure estimated by
Hopmans at al. [3] in the study area Hupselse Beek. All the data utilized
in this project concern A - horizon when all 3 sampling schemes were com-
bined. Figure 4.1 shows non-parametric form of semivariogram estimated for
A and BC horizons. From that dependency range (R) and sill value (0% o)
were taken to be : 5 m and 0.47 respectively. The mean value ( ) was
specified as -0.1154.

“Otk log
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Figure 4.1: Semivariograms of scale factor values of A and BC horizons

4.2 Monte Carlo analysis

4.2.1 Classical approach

A classical way of doing Monte Carlo analysis in the case of deterministic
models is to generate a great number of input field realizations with correct
probabilistic behavior, present them to the model and deduce from all gener-
ated outputs their particular statistics (we were especially interested in the
covariance structure of the output). This can be seen in Fig.4.2. Firstly, one
has to provide a Gaussian random field generator with information about the
spatial mean and variance - covariance structure. The information is usually
obtained from experimental semi-variogram. Secondly, the model is excited
for several times by different realizations of the Gaussian field . Lastly, all
the output fields that correspond to the input realizations are analyzed in
terms of first and second order moments . To gain an insight into controlla-
bility of the output variables by spatial variability of soil parameters (input
fields), first and second order statistics are compared and usually functional
relationship between them is derived.
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Figure 4.3: Novell aprroach to the classical Monte Carlo analysis

4.2.2 Modification - novel sensitivity analysis.

From the theoretical point of view , however, it is obvious that if the deter-
ministic model is non-linear (and unsaturated zone models are non-linear)
the second order statistics of the output do not only depend on second order
properties of the input. Non - second order properties might be emphasized
by non-linear model, so the standard Gaussian input field generation pro-
cedure cannot be used alone to detect this effect. As an alternative for the
(Gaussian method, we proposed a simple modification. We applied Fourier
transform to the input fields, changed the phases of the transforms, and
eventually took inverse transform to go back to space domain.

So finally we had two sets of input fields : first one generated according
to classical Gaussian procedure and a second one generated by altering the
phases of the Fourier transforms of the first set. It is worth to be stressed
that, as proved by Equation 3.10 , the covariance structure of the second
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Figure 4.4: An example of phases altered Gaussian random field

Phases
ateration
Gsussian mndom
fleld generstion NEWPHASE, , - (CLDPHASE )" New fleid

Figure 4.5: Another example of phases alteration : cubic transformation
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input set is ezactly the same as covariance structure of the first set. As il-
lustrated in Fig. 4.3 the model was excited by the two input sets and , as
a consequence, two output sets were obtained. We expected that covariance
structure of the first output set would be different from the covariance struc-
ture of the second output set. Figure 4.4 clearly demonstrates a concept of
phases alteration. In this example phases of the Gaussian field were squared
and after taking inverse Fourier transform a new field was generated. Ob-
viously, this is not the only way to change the phases. There are infinitely
many possibilities, bearing in mind that we deal with real (according to
the assumptions made in Section 2.2.3) random fields which imposes some
constraints on the phases alteration function used, e.g., logarithmic phases
transformation is not allowed since the phases of a Gaussian field are uni-
formly distributed over the range [—m; 7| . In Fig.4.5 cubic transformation of
the Gaussian filed phases was performed. One can easily observe the differ-
ence between the "new fields ” from Fig. 4.5 and IYig.4.4. In contrast, their
covariance structures are exactly the same. Therefore, by altering the phases
of just one realization of the Gaussian field in almost arbitrary way many
different realizations might be produced.

4.3 Random field simulation by convolution

Realizations of the scaling factor for hydraulic conductivity random field that
follows the assumptions mentioned in Section 2.2.3 were simulated using a
new spectral modification of simple nearest - neighbors model !. Accord-
ing to notation introduced in Section 3 the field {Z(x)} ? will be denoted
as Z(n,m). We assumed that the Z(n,m) was determined by the classical
nearest - neighbour model:

Z{n,m) = Y_ d{n—ny,m—m)e(n,m) (4.11)

ni,my

where:

! Description of nearest-neighors model that was, in combination with Monte Carlo
analysis , applied to analyse the stochastic nature of output variables of 1-D unsaturated
zone model can be found in Anderson and Shapiro [1]

2The scaling factor for hydraulic conductivity random field should be notified
as{ g 10g (X} }, but since the simulation method described in this Section might be apllied
to generate the fields of the other spatial variables , the general notation was used,
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n,m,n,m = 0,.,2°—1
b = positive integer that describes discretization density

1if 21—+ (2"1—k)?2<R?

d(v,k) = 0 if (21— )24 (21— k)2 > R?

R — dependency range evaluated from
experiental semi-variogram
e - Gaussian white noise matrix
Ele(m,my)] = 0
Var [e(n,my)] = 1
Covle(ny, my),e(ng,ma)] = 0
Equation 4.11 shows that value of the field Z(n, m) at a particular location
(n,m) is a sum of all neighbors £(n;,m,) that lie within a range R from
the location. Although constant term 2°~! was added for purely numerical
reasons, the general idea of the Z(n,m) model remains the same.

Applying the discrete Fourier transform operator to the both sides of the
Equation 4.11 we obtain:

F(Z(n,m)) = F( > d(n—ni,m—mi)e(ni, m)) (4.12)

71,73

The right hand side of the Equation 4.12 is nothing else than Fourier

transform of a discrete convolution and can be rewritten as:

F( Y~ d(n—ni;m—my)e(ng,m))

- Fldsem,m) (4.13)
with a property that:
F(d* =(n1,m1)) = F{d(n,m))Fle(n,m)) (4.14)

Consequently, the Z(n, m) can be compactly expressed as:
Z(n,m) = F~H(F(d(n,m))F (s(rn, m))) (4.15)
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Figure 4.6: Covariance structure ”without ” and ”with * multiplier e™("+m,

It is apparent that by means of d(n,m) kernel function we can model
any arbitrary covariance structure . In this project, however, we did not
assume a particular parametric model of the covariance structure. To obtain
a realization of the Z(n,m), denoted as z(n, m), R parameter was taken from
an experimental semivariogram (see Section 4.1.2) and a realization of the ¢
matrix, denoted as £ ,was generated . After standardizing the z(n,m), the
appropriate mean (g, ) and sill (07, ) values were imposed. So our final
realization z(n, m)*of the Z(n,m) took the following form :

(4.16)

|:\/_——[;V akloz] +)uaklog

The covariance structure of the z(n, m)*was calculated according to the
formula:

b(xo, x1) = F 7 (IF (2(n, m)" — po)|* e7™) (4.17)

where
Xo, X3 =-2"11-21 0.2 —1-2

The aim of introducing term e***+™) to the Equation 4.17 was to present
information about covariance structure, encoded in a power spectrum, in the
most readable way (see Figure 4.6 ), i.e. in the middle of a picture.

Figure 4.7 gives an impression of typical realizations of the field and
its covariance structure. The realizations of covariance structure in both
cascs match properties described in Section 2.2.1 except isotropy and thus
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Figure 4.7: Two possible realizations of z(n, m)*and corresponding b(x,, X;)

quadrant symmetry. On the other hand , the underlying covariance structure
B(xqg, X;) (derived from the whole ensemble of the realizations of the Z(n,m)
) is direction independent, i.e., isotropic. This is guaranteed by the Equation
4.11.

4.4 Input fields generation scheme

As it was mentioned in Section 4.1.2 the probability density function of the
logarithm of the scaling factor (c).g) is assumed to be Gaussian. Conse-
quently, we used the convolution method to generate several realizations of
the g y,g (x) field . From this set one particular realization whose covariance
structure was almost isotropic? was selected. From now on this realization
will be called "mother ” field . In the next step the Fourier transform of the
"mother 7 field was taken and phases in the Fourier space were calculated.

3 Coivariance structure of ensemble of realizations of our randoim field is isotropic - that
is guaranteed by the structure of our model. However, practically we deal with sample
realizations of the field and so with sample realizations of covariance structure. If one has
a bad luck the covariance structure may look like the upper-right picture of Figure 4.7
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Afterwards they were randomized five times using uniform pseudo-random
number generator on the interval [~; 7] to produce 5 input ficlds out of the
mother field.

Remark 4 This procedure is known as a classical spectral method for gener-
ating random fields. A realization oywg (X) of the random field with a given
covariance function B(x) (which in this case is the covariance function of
the "mother ” field) is generated by invoking the Wiener - Khinchine theo-
rem (see Equation 7?). As it was mentioned before the theorem states that
the Fourier transform of the covariance function equals the spectrum S(w)
of theagog (X), namely

S(w) = F[B(x)] (4.18)
where the spectrum of Gxig (X) i3 defined as S{(w) = |axiog (w)|* with

Qg (W) = F [B(x)]? €#) (4.19)

So to numerically simulate different realizations of g1 (X) in space do-
main one has to substitute phases ¢ (w) in the above formula by uniformly
distributed random field Q on the interval [—m; 7| and take the inverse Fourier
transform which can be written as:

1o (%) = F L [F[BOO)? ] (4.20)

The random phases of the 5 input fields were then altered using simple
sorting function. This operation indicated in Figure 4.8 by the arrow under
the phases of the "mother ” field picture , assigns the random phases to
different frequencies without changing the values of the phases. Only is the
phases location altered in the Fourier space. While it is true that the sorting
is a "nasty ” mathematical transformation since it is non - algebraic and a
kind of periodicity is apparent in the fields produced that way (see reddish
pictures in Figure 4.8 ), it was applied just to show problems that might occur
with the classical Monte Carlo analysis. Once again it is important to stress
that both input sets: one generated by the classical spectral method and the
second one generated by sorting the phases of the first set, had exactly the
same covariance structure as the " mother field ”.
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4.5 TUnsaturated zone water flow simulation

Vertical water flow through the column of loam was simulated with the finite
element code HYDRUS 2-D ver.1.0 (Simunek at al [11]) We considered a
two - dimensional region 10 m wide and 5 m deep, which was discretized
on a 64x128 grid. At the upper boundary we assumed athmospheric water
flow with maximum infiltration from 0,5h till 2.5h of a simulation time of
80 hours. At the lower boundary a free drainage occurred.. The vertical
boundaries were impermeable. Initial pressure head was set to -100 crn. The
model was excited by the two input sets described in the previous section.
Figure 4.9 shows a summary of all the simulation parameters used in this
study.

4.6 Examples of output fields analysis

Volumetric water content 8 was defined as an output variable from unsatu-
rated zone model . To provide a rough description of the 6 spatial structure
we estimated horizontal, band - limited autocorrelation function (HACF).
Expression " band-limited ” implies that the HACF was estimated only within
the selected band, namely the submatrix (0-7 vertical grid units and 0-127
horizontal grid units) of the soil column. It was expected that in this near-
surface zone the highest variation in the water content spatial distribution
would occur, due to simulated rainfall event. HACF was calculated for three
selected simulation times : 6h, 50h an 80h, using a well - known Fourier
transform pair :

B 1 N-1
palm) = FH 3 [F(nm)l) (4.21)
n=0
N =7
m = 0,1,.,127

Then, HACF of the © fields related to phases-randomized input set was
compared with HACF of the © fields related to non-algebraically transformed
mnput set. To get a better insight into differences between the two HACF's,
we averaged each of them over the set of corresponding realizations of the 8
fields and presented them in the form of plot. In addition, for each simulation
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Unsaturated zone mode: HYDRUS - 2D ver 1.0

Type of low : vertical Boundary discretization:
Tlfr!e units : hours Number of vertical columns: 128
Initial time : 0 h Number of horizontal columns : 64
Final time :80 h
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Free drainage

Figure 4.9: Parameters for water flow simulation



time and for each output set we estimated probability distribution function
and accompanying second order moments.
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Chapter 5

Results and Discussion

The HACE’s of the © fields for two input sets are presented in Figure 5.1.
By comparing the graphs it can be seen that were are differences between
HACF’s related to classically generated and phases - altered realizations of
input fields. This effect is best illustrated by HACF’s averaged over real-
izations of the © fields (see Figure 5.2). Table 5.1 illustrates second order
moments associated with each realization. Systematic differences between
means and variances of two sets of output fields were observed; means and
variances of the second set were higher then corresponding moments from the
first set. One may argue that differences in means were negligibly small, but
taking into account magnitude of variances they were significant. Therefore,
two sets of input fields with exactly the same covariance structure generated
two sets of output fields with different variances, meaning that non-Gaussian
effects were amplified by non-linear unsaturated zone model. In the analy-
sis presented in this project we concentrated , however, on just two aspects
of modified Monte Carlo analysis : means and variances. The idea was to
show the maximum effect. Nevertheless many other aspects might have been
considered, for example probability distribution peaks or moments of chosen
fluxes etc.
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time = 6h

realization nr | input set 1 input set 2

mean variance | mean variance
1 0.317 9.6.107% | 0.329 0.001
2 0.32 10.100% | 0.328 0.001
3 0.316 58.107% | 0.333 0.001
4 0.315 6.04 .10~ | 0.329 0.001
5 0.321 851 -107¢ | 0.334 0.001
average 0.318 7.99.1074 | 0.33 0.001

time = 50h

realization nr | input set 1 input set 2

mean variance | mean variance
1 0.273 6.74 -107% | 0.293 9.19 .10-1
2 0.281 7.15 1071 | 0.287 10 1074
3 0.275 5.21 .107% | 0.299 9.2.107%
4 0.271 7.12.107* | 0.292 7.87 1074
5 0.288 6.35-107* [ 0.299 8.67 -10~*
average 0.277 6.51 .107* | 0.204 8.99.10-4

time = 80h

realization nr | input set 1 mput set 2

mean variance | mean variance
1 0.271 4,53 -107% | 0.293 9.2 .10 4
2 0.279 5.35 -10 * | 0.285 9.36 -10~*
3 0.272 4.21.107* | 0.296 8.05 -10~4
4 0.269 5.51 -107* | 0.289 6.7 -10°1
5 0.286 5.65 -10~% | 0.297 7.6 104
average 0.275 5.05-1071 | 0.292 8.18.1074

Table 5.1: Second order moments of water content 6 in band - limited soil
column domain for different simulation times for phases - randomized fields
(input set 1) and non-algebraically phases transformed fields (input set 2)
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Figure 5.1: HACF of water content © in band - limited soil column domain
for different simulation times for (left) phases - randomized input fields and
(right) non-algebraically phases transformed input fields
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Chapter 6

Conclusions

In summary it can be stated that

1. Methodology developed in this project works and it is easy to imple-
ment

2. Non - Gaussian properties are important and should be taken into
account especially in the case of non-linear models

3. The presented. tools should become an integral part of Monte Carlo
analysis framework They can provide a user with an additional valuable
information.
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Chapter 7

Appendix

7.1 Random fields generation in MathCad 6.0
plus

Radnom fields generation by spectral nearest-neighours method was done
by mean of MathCad 6.0 plus. A simple code was developed to generate
unconditional scaling factor for hydraulic conductivity fields. Phases-change
trick was implementend using built-in 2-D Fourier Transform functions. A
characteristic example showing typical behaviour and computations to be
performed, follows.



Nearest neighbour random field generation by convolution.

Rafal Wojclk, P.J.J.F Torfs
Finld parameters input:
H =10 ~ langth of the arsd in x-diraction
V=10 - fength of the arsat In ¥ -ditection
b =7 - hotizontal and vericat discrebzation paramater
R:=5 - range of depandency (fom estimated semi - variogram}
8ill :=0.45 - variance of the fleld (from eslimated sami - variogram}

means = 1.056 - spalinl mean
k1:=0 %k2:=2° m:=kl.k2-1
N:=0 12:=2* n:=0.2-1 i:=ﬁ
MNormally distributed psaude - randem aumber generator input:

g =€ -mean
g ;=1 - etandard deviadon

. (zh— 1_ m) 2 (25* 1_ 11) : 2 {startof the random fald generation
d(n,mR) = |1 if - H| + " -IV| <R by Fourier transform convolution}

0 otherwise
B =d(n,m,R}
N, :=morm{k2,;,2)

{peneration of nonmally distributed random matrix}

Nomal{n) = |U-N,

for ie 1.0
U« sugment (U, Ni)

U
¢ :=Nomal(12 - 1)
Fe :=CFFT(:)
FD :=CFFT(D)
an,m :=li'z‘.m-l'7D“.“l {convolution}
z = ICFFT(Fz} ﬂuw:“uﬁﬁ;r}ur the convolution = Gaussian

{impasin utal n and ce}
zgauss ::[({Z— mm(z))),ﬁ]+m“ pasing spatal mean and varian
avar(z)

Phasas - chenged eid genaration:

Fzgauss := CFFT(zgauss )
OLDPHASES, :=urg(Fzgauss _'m)
RAND, . =md(24)—1 N
NEWPHASES, ,, = (RAND, ) it anc side says et wrcodes ooy

phases ransk bon - sl

NEWPHASES1<‘> = sort (NEWPHASESQ>) Eﬂ;. columns af chases matrix in ascends ngorﬂcr]
A :=NEWPHASES Al :=NEWPHASES1

Figure 7.1: MathCad code - Partl
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Imposing symmetry on A and A1 matrices (technical step ta assure correcitess of inverse Foutier transform} :

m=1.2""_1n=1.22""1_1%

Avm LAo,z"—m
Azb—], TAb1 b
Ano ™ P _no
An 2! :7Azb—n -1

ni=1.22"1_1 m=2-1p 1281
An'm l=-A2b

—n,2bum

A, ,=OLDPHASES,

A s =OLDPHASES |
Ay-y i~OLDPHASES , |

A :=OLDPHASE
2b—l,2b—l 2%- l’zb— 1

n=0.2"-1 m=0.2"-1
NEWCFF], = (|Fzgausg, )0 ™™
zphaseschanged:= ICFFENEWCFF}
zphaseschangedlog :=e( fum)
AL
NEWCFFT] = ([Fzgaussnymn-e n.m
zphaseschanged1:= ICFFINEWCFFT]

zphaseschangedlog] ::e( h,m)

{Wiriting the fiels to o the ASCIl files}

m=0L2"1_1n=0.22"1_1

Aly y=-Al

A12b_ l,m :=-A]2b_ l,ib—m

A , =OLDPHASES,

Al
0,20~

= S
Alzb_l.ﬂ OLDPHA Ez§_1,0

| ;=OLDPHASES , |
0,2

A :=0OLDPHAS
lzb—l,zb—l LDPHA Ez§—1’2b—1

{tonstruction of a naw Fourier transform out of the phases -
changed Fzgauss transform}

{random field after phases change - Gaussian space}

{Exponential transformation to get rid of
negative values of zphasaschanged field - Log
space }

{Procedure repeated for phases changed 1.5

WRITEPRI{]) = Re{submatrifzphaseschangediogll,2” ' - 1,k1,k2- 1))
WRITEPRI1) =Re{submatrifzphaseschangedlog]l1,2>~" - 1,k k2- 1))

Figure 7.2: MathCad code - Part 2
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