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Abstract

Bosma, W.J.P., Transport of reactive solutes in heterogeneous porous
formations, Doctoral thesis, Wageningen Agricultural University, The Netherlands,
229 pages.

Transport and spreading behaviour of reactive solutes in heterogeneous porous
formations is considered. Spatial variability is modeled by assuming a random
space function (RSF) for the spatially variable properties. In the available literature,
the effect of random spatial variability is mostly limited to considering the
hydraulic conductivity as a RSF. In this thesis emphasis is given to the effects of
spatial variability of physical as well as chemical properties. Linearly and
nonlinearly adsorbing solutes are taken into account. Nonlinear adsorption is
modeled by the Freundlich equation. The etfect of local nonlinear adsorption on
displacement is shown with analytical approximations for different cases. Examples
are a homogeneous column with first-order degradation, a column with two layers
with different adsorption behaviour and a column consisting of many layers with
variable Freundlich adsorption coefficient. The concentration front in the latter one-
dimensional case can successfully be described by a traveling wave front, which
develops in an equivalent homogeneous column. For two-dimensional domains,
displacement of linearly and nonlinearly adsorbing solutes is considered, assuming
the adsorption coefficient and the hydraulic conductivity to be spatially variable.
Results are given in terms of spatial and statistical moments, which describe the
position and shape of concentration fronts and solute plumes. In case of linear
adsorption, analytical solutions derived for the statistical moments compare well
with numerical results. For a nonlinearly adsorbing solute, the boundary conditions
play an important role with respect to the spreading behaviour. If the solute is
continuously injected into the domain, macroscopic front spreading is determined
by spatial variability. Nonlinear adsorption causes a reduction of front spreading
compared with linear adsorption. Similarly, heterogeneity governs the variance of
the mean plume position in case of an instantaneous or finite injection. On the
other hand, the shape of the instantaneously injected plume is determined by
nonlinear adsorption. A mathematical analysis for homogeneous domains can be
useful for describing the plume development in heterogeneous flow domains.

Additional index words: heterogeneity, groundwater quality, stochastic hydrology,
Monte Carlo simulations, traveling wave.
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Chapter 1

General introduction

1.1  Background

The physical and (bio)chemical processes in porous formations are of great
interest in many areas of research. One of these arcas is the field of soil and
groundwater systems, which are important in view of the demand for a clean
environment. Recently, in soil and groundwater research much attention has shifted
to topics that are concerned with the quality of the environment. Examples of these
topics are effects and causes of acid rain, adverse effects of intensive agricultural
production, and processes related to the presence of contaminants in natural soil
and groundwater systems. Understanding of the complex processes that occur when
solutes reach the soil or groundwater would ideally enable making sound decisions
with respect to land use planning, soil and groundwater remediation and economic
development. To obtain this understanding, researchers use and develop different
methods and tools, such as laboratory experiments, field tests and modeling
approaches. Modeling of the physical and chemical processes, as used in this
thesis, can extend experimental findings to situations for which experiments are
impossible or difficult to conduct.

A solute that reaches a soil or groundwater system is affected by physical
and (bio)chemical processes. The physical processes concern the movement of the
solute, such as advection due to water flow and pore scale dispersion due to small
scale variation of water velocities. The (bio)chemical processes affect the
availability of the solute for physical transport phenomena. These processes include
mutual reactions of various solutes present in the system (e.g., complexation),
adsorption reactions of the solute with soil particles, precipitation, and
biodegradation. These processes, which play a role on a local or microscopic scale,

1
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are related and their effects on solute transport can be complicated. A complete

model description of all acting processes in a soil or groundwater system may not

lead to understanding of the transport problem, as effects cannot be attributed
unequivocally to individual processes.
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Figure 1.1 Vertical cross section of soil in the Wieringermeer, The Netherlands (from Finke
and Bosma, 1993)

loam |:| (silty) clay loam

In addition to the local physical and chemical processes a complication in
describing the fate of solutes in soil and groundwater systems is due to the natural
variability of these porous formations. Deposition of soil material, rock weathering
and soil morphological processes are causes of spatially variable soil properties.
Figure 1.1 shows a vertical cross section of a stratified marine soil that illustrates
soil heterogeneity of soil material. Variation of physical and chemical properties
such as hydraulic conductivity, pH and organic matter content, may have a large
impact on the transport behaviour of solutes. The properties vary often over
distances that are much larger than the local scale. Large differences in hydraulic
conductivity, for example, can lead to shorter or longer contaminant travel times
than predicted on the basis of average parameters. In addition to the often unknown
effects of spatial variability, an extra complication of heterogeneity lies in the fact
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Introduction

that the deterministic distribution of the property is often unknown.

This thesis emphasizes the combination of heterogeneity of soil properties
and solute reactivity. The considered heterogeneity varies from a one-dimensional
soil column with two different layers to a two-dimensional groundwater system
with spatial variation of physical and chemical soil properties. The considered
reactions consist of biodegradation and solute adsorption on soil particles.

The development of research in the field of solute transport stems from the
time that fertilizers came into use in agriculture (Bolt, 1982). Following the
formulation of the convection-dispersion equation (e.g., Lapidus and Amundsen,
1952) the number of solute displacement studies has increased considerably. Many
of these studies aimed at solving the convection-dispersion equation for nonreactive
and reactive solutes, subject to various initial and boundary conditions. A number
of analytical solutions describing solutes moving in one-dimensional porous media,
considering linear adsorption, first-order decay and zeroth-order production, were
compiled by Van Genuchten and Alves (1982). Chemical complications, such as
nonequilibrium and two-site adsorption, were studied by, among others, Van
Genuchten et al. (1974), Cameron and Klute (1977), Nkedi-Kizza et al. (1984).
One of the first attempts to model physical heterogeneity was made by assuming
a dual porosity medinm with a mobile and immobile zone. Examples of
applications of this concept are Coats and Smith (1964) and Van Genuchten and
Wierenga (1976).

The above cited works, even those that apply the dual porosity concept,
describe the soil and groundwater system as a continuumn with constant parameters.
The irregular distribution of soil propertics was investigated by Nielsen er al.
(1973) and Biggar and Nielsen (1976). They showed effects of a spatially variable
hydraulic conductivity, and demonstrated large differences between results of
leaching computations with the spatially distributed parameter values and results
computed with averaged values. A study of the degree of spatial variability and the
effects on solute movement was performed at the experimental site in Borden,
Canada (Mackay et al., 1986; Sudicky, 1986).

The complexity of heterogeneity, ie. the deterministically unknown
distribution of the spatially variable property and its unknown effects, provides the
incentive for approaching groundwater problems in a probabilistic framework. A
detailed deterministic model description of the considered problem requires an
enormous amount of data and is computationally intensive. This data requirement
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is too costly for practical applications. On the other hand, the mathematical
statistical model of the spatially variable property can be given in terms of a
limited number of parameters by using a stochastic approach. Consequently, the
results of the modeling problem are also given in statistical terms, i.¢. moments
{mean, variance, etc.).

Stochastic approaches are characterized by assuming a random variation of
the spatially variable property in combination with a description of the spatial
dependency. For example, heterogeneity of the hydraulic conductivity is often
described by assuming a lognormal spatial distribution, given by the mean and the
variance. The spatial dependency, or scale of heterogeneity, is typically described
by a first-order autocovariance function. Early examples of stochastic approaches
are Gelhar et al. (1979) and Dagan and Bresler (1979). Analytical expressions were
derived to describe flow and nonreactive solute transport in heterogeneous media
by, e.g. Gutjahr and Gelhar (1981), Dagan (1984, 1989), Gelhar and Axness
(1983), and Rubin (1990). Various numerical studies have been performed to show
the dispersive behaviour of nonreactive solutes (Graham and McLaughlin, 1989;
Rubin, 19914, b; Tompson and Gelhar, 1990; Bellin et al., 1992).

Traditionally, the development of research dealing with heterogeneity and
solute transport focused on variability of physical parameters, in most cases the
hydraulic conductivity. Chemical reactions in combination with spatial variability
of chemical properties have been taken into account less frequently. Dagan (1989)
mentioned briefly the dispersive behaviour of linearly adsorbing solutes,
considering only the case with perfect correlation between hydraulic conductivity
and adsorption coefficient. Other examples of studies that considered spatial
variability of linear adsorption reactions were given by Roberts ef al (1986),
Garabedian (1987), Chrysikopoulos et al. (1990), Destouni and Cvetkovic (1991).

A linear description of the adsorption isotherm, however, may be a
simplification of reality. Calvet et al. (1980) and De Haan et al. (1987) showed
that solutes such as pesticides and heavy metals may adsorb according to a
nonlinear isotherm. Van der Zee and Van Riemsdijk (1986, 1987) showed effects
of spatially variable adsorption properties and solute application rates in
combination with nonlinear adsorption. They used a semi-two-dimensional field
(consisting of noninteracting columns) to predict the penetration depth of a
nonlinearly adsorbing solute. Van Duijn and Knabner (1990} showed that with
nonlinear adsorption under certain conditions a traveling wave concentration front
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develops in homogeneous porous media.

The purpose of this thesis is to extend the stochastic multi-dimensional
studies focused on heterogeneity to both physically and chemically heterogeneous
formations, taking into account the reactivity of the solute (linear and nonlinear
adsorption). To do so, some attention is given to the transport behaviour of a
nonlinearly adsorbing solute in a one-dimensional system. These results are used
to describe reactive solute transport in fully two-dimensional heterogeneous soil
and groundwater systems.

1.2  Research objectives

The first objective of this study is to gain understanding of the behaviour of
nonlinearly adsorbing solutes in heterogeneous soil and groundwater systems. With
this understanding, questions can be answered with respect to the importance of
the processes that play a role. In other words, is nonlinearity of adsorption
important, does it lead to a different behaviour than in case of linear adsorption
and is this expected difference significant? Furthermore, under what circumstances
is the spreading process dominated by heterogeneity and in what cases is nonlinear
adsorption more important than spatial variability? To obtain this understanding,
numerical experiments are performed on one and two-dimensional soil systems. In
case of spatially variable physical and chemical properties, the Monte Carlo
approach is used, in which a computation is repeated a large number of times with
different possible spatial realizations of the variable properties. By averaging over
the ensemble, expected behaviour and a measure for the uncertainty are obtained.
These analyses can also be very useful to assess the sensitivity of different
parameters.

A second research objective is to derive some analytical tools that are
readily applicable for estimations of concentrations, plume positions and plume
growth of linearly and nonlinearly adsorbing solutes in various cases. Due to the
large computational requirement of Monte Carlo analyses, numerical methods are
not very suitable for applications in practice. Alternatively, analytical
approximations are evaluated rapidly and they reflect directly the processes
involved. Because their validity is restricted due to the underlying assumptions,
their results can serve as a likely range, rather than as definite point estimates.
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Several simplifications are made to fully understand the processes analyzed
here. First, a single component system is assumed. No mutual reactions between
reactive contaminants are taken into account. Although in many systems these
reactions play an important role, they may be ignored if a large amount of sclute
is present. Secondly, nonlinear adsorption is described by the Freundlich adsorption
tsotherm, a relationship often used to describe adsorption on soil particles
(Chardon, 1984; Van der Zee and Van Riemsdijk, 1987; Boekhold, 1992).
Furthermore, adsorption is assumed to be fast, in other words, nonequilibrium
effects are ignored. This assumption is valid when characteristic reaction times are
significantly smaller than solute travel times. In a groundwater system with small
water velocities, this assumption is often applicable.

An other simplification is the assumption of steady state water flow. This
frequently used assumption may not apply to some cases within the characteristic
time scale of the processes considered herein. Temporal variation, e.g., due to
changes of head gradients by changes in precipitation and evapotranspiration, may
have a large impact. In this case, however, the transport behaviour of nonlinearly
adsorbing solutes in relation to spatial variability is of interest. To fully understand
this problem, transient water flow is not taken into account here.

1.3  Outline of the thesis

This thesis is a compilation of several articles, published in or submitted to
international scientific journals. In the first three chapters, the behaviour of a
reactive solute in a one-dimensional system is considered. Chapter 2 deals with a
homogeneous soil column and a nonlinearly adsorbing solute, subject to first-order
(bio)degradation. An analytical approximation is presented which accounts for the
increasing front retardation factor with time.

In Chapter 3, the nonhomogeneous soil column consists of two layers. The
transporting solute adsorbs linearly in one layer and nonlinearly in the other. The
effect of the layering order is studied and analytical approximations are given for
the downstream concentration fronts.

Chapter 4 contains an analysis of the effect of chemical heterogeneity
(spatial variation of the nonlinear adsorption coefficient) in one-dimensional
columns. An expression for the front shape in homogeneous columns is derived
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and compared with ensemble averaged front shapes for a heterogeneous column.
The results are extended to a semi-two-dimensional domain characterized by
noninteracting soil columns.

Further, the dispersive behaviour of a linearly adsorbing solute in fully two-
and three-dimensional, physically and chemically heterogeneous porous formations
is studied. In Chapter 5, an extension of the analytical solution of Dagan (1989)
is derived for plume spreading in two and three dimensions. The cases of perfect
positive, perfect negative correlation and no correlation between the hydraulic
conductivity and adsorption coefficient are considered. In Chapter 6, the
applicability of the analytical solutions derived in Chapter 5 is tested in the two-
dimensional case. Numerical calculations using particle tracking techniques are
performed to assess the sensitivity of various parameters.

Subsequently, the spreading behaviour of nonlinearly adsorbing solutes in
two-dimensional heterogeneous formations is described. In Chapter 7, a continuous
line source in either a chemically or a physically heterogeneous medium is
considered. A Eulerian-Lagrangian method is used to solve the transport problem
by a Monte Carlo approach. In Chapter 8, some analytical expressions are derived
for the plume position and plume growth of a finite solute mass, initially present
in a two-dimensional homogeneous system. Numerical computations are performed
for an instantaneous solute injection, to show the applicability of this solution in
physically and chemically heterogeneous cases. Furthermore, the effect of several
parameters, such as the degree of nonlinearity and the degree of heterogeneity, is
demonstrated and discussed.

Finally, in the last chapter some general conclusions evolving from this
thesis are stated.
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Chapter 2

Analytical approximation for nonlinear adsorbing
solute transport and first-order degradation”

Abstract

Under some constraints, solutes undergoing nonlinear adsorption migrate according
to a traveling wave. Analytical traveling wave solutions were used to obtain an
approximation for the solule concentration front, ¢(z¢), for the situation of
equilibrium nonlinear adsorption and first-order degradation. This approximation
described numerically obtained fronts and breakthrough curves well. It is shown to
describe fronts more accurately than a solution based on linearized adsorption. The
latter solution accounts neither for the relatively steep downstream solute front nor
for the deceleration in time of the nonlinear front.

2.1 Introduction

The contamination of soil and groundwater has provided a major incentive
to study the fate of contaminants. Because most contaminants react with the soil
matrix, the effects of such interactions on transport are of direct interest if we want
to understand the observed phenomena. Whereas experimentation provides us with
the phenomena to be understood, such experimental work does not suffice.
Mathematical modeling gives us a tool to summarize experimental information as
well as to predict the behaviour for conditions that preclude experimentation. For
environmentally hazardous chemicals, experiments may also be undesirable.
Practicaily, this is also the case for solutes that experience a large retardation
which is affected by kinetics. Due to the large retardation, experimental evaluation
of transport becomes time consuming and costly while it is not always feasible to

'by W.J.P. Bosma and S$.E.A.T.M. van der Zee
published in: Transport in Porous Media, 11, 33-43, 1993, 11
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speed up the process by e.g. large flow rates, due to the time dependency of
(bio)chemical interactions. Consequently, a large number of transport models have
been developed. Whereas numerical models are usually more versatile, analytical
models may give more explicit understanding of the phenomena involved, and are
useful for verification of numerical programs. An additional advantage of analytical
solutions is that they are often evaluated more rapidly.

For one-dimensional transport, analytical solutions have been developed for
different situations. For different boundary conditions Van Genuchten and Alves
(1982) compiled solutions that took linear equilibrium adsorption, and zeroth as
well as first order irreversible transformation rates into account.

For transport of solutes subject to kinetic adsorption onto two different sites
with different rate parameters, solutions were given by Selim e al. (1976) and
Cameron and Klute (1977). As was shown by Van Genuchten (1981) and Nkedi-
Kizza et al. (1984), the dual-porosity model developed by Deans (1963), Coats and
Smith (1964) and Van Genuchten and Wierenga (1976) is mathematically
equivalent with the two-site model. Earlier, De Smedt and Wierenga (1979)
showed that different solutions for the cases mentioned can be cast in the same
general form. However, the solutions in each case concerned linear adsorption.

In many cases of practical interest, adsorption appears to be nonlinear. This
nonlinearity may be due to variations in the background electrolyte (Cederberg et
al., 1985; Van Riemsdijk et al. 1987), but can also be observed when the
background electrolyte is not varied, as was shown for heavy metals by
Christensen (1980), De Haan er al. (1987) and Lexmond (1980) and for organic
micro-pollutants by Calvet et al. (1980) and Friesel et al. (1984).

For the case of nonlinear adsorption, no analytical solutions are available for
the development of the concentration front. However, for the limiting case of large
displacement times (or distances) analytical traveling wave solutions were derived
for several cases. Traveling wave behaviour refers to the development of a limiting
front of constant shape and velocity in a homogeneous flow domain. It can be
proven that (for symbols see Notation) for

€>C, fl(e)>0 Fc)<0 (2.1)

[}
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€4<C, Fi©)>0 Fcy>0 (2.2)

a traveling wave is bound to develop (Van Duijn and Knabner, 1990). An
analytical solution for the front shape and velocity (after it has developed) was
given for favourable Gapon divalent exchange by Reiniger and Bolt (1972) and
Bolt (1982). For Langmuir adsorption, Lake and Helfferich (1978) gave an
expression for the limiting front thickness. The traveling wave solution for
Freundiich adsorption was given by Van der Zee and Van Riemsdijk (1987).
Extending this latter result, Van der Zee (1990) gave analytical expressions for the
limiting traveling wave when in the dual-porosity or two-site model the region (or
site) at local equilibrium has a linear adsorption equation, whereas the region (or
site) at nonequilibrium has a nonlinear (Langmuir or Freundlich} adsorption
equation. The case where we have local equilibrium for both regions (one with
linear and the other with nonlinear adsorption) appeared to be a special case of the
one considered by Van der Zee (1990). Whereas the previously mentioned
traveling wave solutions hold for steady state flow, Bond and Philips (1990)
extended the work by Reiniger and Bolt (1972) and Bolt (1982) by deriving an
approximation for transient unsaturated flow.

Our aim is to present an approximation for the case when adsorption is
nonlinear and the solute is subject to first-order rate (bio)degradation. For this case
no exact solutions are available. The analytical approximation is based on the
expressions derived earlier for Freundlich waves by Van der Zee (1990), although
it is equally valid for Langmuir-type adsorption. Its relevance follows from the
context of organic micropollutant transport, such as pesticides (Calvet et al., 1980)
and chlorinated hydrocarbons (Friesel et al., 1984) that often exhibit Freundlich
type adsorption and are subject to (bio)chemical degradation.

2.2  Theory

We consider a solute transported in the positive z direction at steady-state
flow. The solute is subject to adsorption and first-order kinetic losses. For example,
such a first-order loss rate may be due to (bio)chemical degradation in the liquid
phase or passive plant uptake (see, e.g., Van der Zee and Boesten (1990)). Then
the mass balance equation reads

13
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Expressing adsorption on a volumetric basis (i.e., g=ps), we assume that adsorption
is at local equilibrium and given by the Freundlich equation

g=kc®  O<n<l (2.4)

No analytical solution exist for (2.3)-(2.4). For u=0, a traveling wave solution was
developed by Van der Zee (1990). A traveling wave front is characterized by a
constant shape of the front as well as a constant front velocity, provided the flow
domain is physically and chemically homogeneous (for a relaxation of this
constraint, consult Bond and Philips (1990)). For O<n<l, a traveling wave will
form (at 1—eo) provided (2.1) holds (Van Duijn and Knabner, 1990). This is due
to the nonlinearity of adsorption, which causes relatively large concentrations to
move faster through the column than relatively small concentrations (i.e., the latter
experience a larger retardation factor ﬁ(c)=1+q’(c)/9). Hence, nonlinear adsorption
has an effect that opposes dispersional front spreading. When the opposing effects
of nonlinearity and pore scale dispersion are of equal force, the front ceases to
flatten or steepen. Theoretically, this occurs at infinite times, but practically the
limiting traveling wave front approximates the real front after relatively short times
(Van der Zee, 1990).

The analytical expression of the limiting traveling wave front can be
obtained after transformation by

n=z-2% R=1+24() (2.5)
R 0Ac

with R the front retardation factor and assuming
cm)=c@n)  ¢M)=9@1 (2.6)
Observe that 1| was defined slightly different from Van der Zee (1990) where 1

was dimensionless. The solution of (2.3), (2.4) and (2.5) for LEA (local
equilibrium assumption) valid is given by (Van der Zee, 1990)
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_ de _ dg
( )_ _0 :0; =—00 (2.70)
cem=¢, — —_ ]
_ dc dg
(m=0 =() =0, = oo (2.7b)
<M , ; T
R-1 L ywr-m
c(m) =cﬂ[1 —exl)[v R ) -n)(M-M )D (2.8)

assuming p=0. Discussion of the reference M’-values was given in the original
paper (Van der Zee, 1990) and is briefly summarized in the Appendix.

For the case that p>0, no traveling wave exists as the maximum
concentration decreases with depth. Because this concentration controls both the
experienced front retardation factor (R) and the (limiting) front steepness, both will
change as the front proceeds in the positive z-direction. This is in disagreement
with the definition of a traveling wave displacement.

However, it was shown that the traveling wave has developed (practically)
after a small displacement of the front into the column (Van der Zee, 1990).
Assuming that the solution (2.8) is valid instantaneously and that the change in the
maximum concentration (at depth z) is slow, we might postulate that the traveling
wave front aptly reacts to this change. In other words, the downstream front shape
changes sufficiently fast to be in agreement with (2.8) at the local (at depth z)
maximum concentration that can be attained in view of first-order decay. Based on
this working hypothesis it is relevant to quantify the local maximum concentration
that can be attained. This concentration (denoted ¢, follows from solving (2.3) for
the situation that the downstream front has moved beyond depths of our interest.
The steady-state solution for

BDEE__BV%E -p0c=0 (2.9)

dz*

¢=c, z= (2.10a)
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ey 700 (2.10D)
dz

was given by Van Genuchten and Alves (1982; p36), i.e.,
¢g(2)=c, exp [_Zz_vf)_ (1-y1+4pDfv? )] 2.1D

The steady-state solution (2.11) applies to both linear and nonlinear cases, because
the nonlinear term vanished by multiplication with zero i.e., when dc/0:=0,

1 dg(c) _ 0C _ 1 notsom 9€ _
—————=R-1)—=(kc " /0)—=0 2.12
e at ( )Bt e, )Bt @12

(at steady-state described by (2.11)). Based on our working hypothesis, the terms
in the exponential argument of (2.8), i.e., R=1+(k/0)c, !, depend on the local
maximum concentration that can be attained at n=0 (the downstream front position,
henceforth denoted by z"). For the downstream front shape we therefore have to
replace ¢, in R by ¢,’(z"). For the concentration levels, controlled by the pre-
exponential ¢;-value in (2.8) we expect that (2.11) provides a good approximation
as discussed. Therefore, this ¢;,-value is to be replaced by the depth-dependent
Cp (27). Observe that this is identical with the approximation applied by Bolt (Bolt
1982; sec. 9.7) for the linear adsorption case. Finally, we need to approximate the
position of the front, using (2.5). Due to the decreasing c,’(z)-values with
increasing depths, the retardation factor has become depth dependent; the
downstream front decelerates with increasing depth. To account for this we have
to set

2*=vilR(z")) 2.13)

where {R(z")) is a weighted average retardation factor for the front that has arrived
at depth, z". An expression for {R(z")) is given in the Appendix. Finally, n" in (2.8)
is also concentration dependent. For the cases to be discussed, the ensuing depth
dependence appeared to be small for 11" and no correction was made for this
parameter.
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The mentioned changes of (2.8) result in:

. P_l . 1H(1-r)
cmy=c, {l —exp["(DP X(1-myn-n )} 2.14)
P=1 +.g_[c0’(z’)]"’1 2.15)
N=z-vtkR(z")) (2.16)

and 1" as given in the Appendix.

2.3  Ilustrations

To evaluate the approximation defined by (2.14)-(2.16) for (2.3)-(2.4)
numerical calculations were performed. A finite difference solution of (2.3)-(2.4)
based on a Crank-Nicolson approximation of (2.3), using a Newton-Raphson
iteration scheme was obtained. A fixed concentration boundary condition was used
at the inlet boundary (z=0). A zero gradient boundary, well below depths of
interest, was used for the downstream boundary. The initial concentration, c;, in the
column was set at a negligibly small value. Stability criteria based on a linear
transport problem, as given by Van Genuchten and Wierenga (1974), were met.

For illustration and verification of the numerical solution, some reference
cases for zero decay were considered first. In Figure 2.1a and 2.15 the numerical
solution is shown together with the analytical traveling wave solution (for details
see Van der Zee (1990)). In these cases, the parameter values as given in Table 2.1
were used. We observe that for the dispersivities assumed, which are in the range
given by Frissel er al. (1970) for natural soils, the traveling wave soon corresponds
with the numerical curves. The agreement improved fastest for the case with the
largest dispersivity.

To test the accuracy of the approximation derived from the traveling wave
solution, three cases were simulated that account for first order (bio)chemical
transformation. Because the discrepancies between the analytical and numerical
results of Figure 2.1 were largest for L, (= D/v) equal to 1.6 cm, this value was
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Figure 2.1 Fronts at five times for (a) L, equal to 0.016 m or (&) 0.03 m. Solid line: analytical
solution (2.7)-(2.8), Symbols: numerical approximation.

Table 2.1 Parameter values
Parameter Fig. 2.15 Fig. 2.2 Fig. 2.3 Fig. 2.4
e 0.445 0.445 0.445 0.445
p (kg m™) 1350 1350 1350 1350
{ (m) 2 2 2 2
v(my™" 1.9 1.9 1.9 1.9
L, (m) 0.03 0.016 0.016 0.016
D (m® y) 0.057 0.03 0.03 0.03
¢y (mol m™) 0.02 0.02 0.02 0.02
¢, (mol m™) 0 0 0 0
k (mol'™ m*™") 42 4.2 42 42
n 0.65 0.65 0.65 0.45
ny™ 0 3.73 1.37 3.73
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Figure 2.2 Froats for a solute with first-order degradation. Symbols: numerical approximation;
Solid line; analytical solution (2.14)-(2.16); Dashed line: analytical solution (2.17).
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assumed in the additional calculations.

In Figure 2.2, the concentration-fronts are shown for three times with p=3.73
yr! (parameters as given in Table 2.1). The numerically obtained fronts appear to
be adequately described with the analytical approximation. The corresponding case
where sorption was linearized, given by the analytical solution (for c¢;=0)

+

c(z,f) _1 CXP[(V_m)Z}e e Rz-mt

Co 2 2D 2( DR !I)U.S
+ R
Lexp| B g |_SETT @2.17)
2 2D Q(DRII 0.5

with m=v(1+4uD/ )", of Van Genuchten and Alves (1982; p. 60), shows large
deviations from the numerical results. The time ¢ used for (2.17) was adapted to
lead to the same downstream front position as found numerically. Apparently, the
effect of adsorption nonlinearity on the downstream fronts is significant. The
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Figure 2.3 As Figore 2.2, with smaller rate parameter n (u=1.37 instead of 3.73).
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Figure 2.4 As Figure 2.2, with more pronounced nonlinearity (n=0.45 instead of n=0.65).
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approximation (2.14)-(2.16) therefore improves the prediction of the front shape
and front position compared with the linearized case (2.17), and may be of use
despite its ad-hoc formulation.

0.6
o 05
=
g o4r
=
3
5 03t
0 Fig. 2.3
. 02t ~
g
D .
= o1k F1g<.2
00 20 40 60 80 100
time (y)

Figure 2.5 Breakthrough curve at z=2 m for cases corresponding to Figures 2.2 and 2.3.
Solid line: analytical approximation of (2.14)-(2.16); Symbols: numerical
approximation.

Additional situations were evaluated, one letting the decay rate parameter p
be smaller than in Figure 2.2, ie., u=1.37 yr’', as shown in Figure 2.3. The
correspondence between numerical and analytical solutions is even slightly better.
Taking y=3.73 yr' and allowing a more pronounced nonlinearity of adsorption by
setting n=045 gave the results of Figure 2.4. As other parameters were kept
constant and cy<1, a decrease in n resulted in a larger front retardation. The
agreement of (2.14)-(2.16) with the numerical front is almost as good as for n=0.65
and significantly better than the prediction using the linearized approach. As can
be seen from Figures 2.2-2.4, the front retardation factor indeed slightly increases
as the front moves to larger depths. This follows from the distances between z=0
and the different front positions found for multiples of the same time lag. The good
approximation of mean downstream front positions justifies the use of the depth
weighted average retardation factor (R(z")). Additional illustrations in Figure 2.5
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show that the approximation is also able to describe breakthrough curves well. The
breakthrough curves correspond to the cases of Figures 2.2 and 2.3. The high
degree of nonlinearity of the case corresponding to Figure 2.4 causes very low
steady-state concentrations at a depth of 2 m.

2.4  Conclusions

Due to adsorption nonlinearity, concentration fronts may exhibit less
dispersional spreading than in the case of linear adsorption, given particular
conditions specified herein (2.1)-(2.2). Analytical solutions for such nonlinear
transport can be derived for the limiting case (#—e<), which are, in a practical
sense already valid after relatively short times. These solutions that describe the
traveling wave that will form were used to approximate the concentration front for
the case of nonlinear adsorption and a first-order transformation rate (e.g. radio-
active decay or (bio)chemical degradation). Although no traveling wave forms for
the latter cases, the approximations give a good description of the concentration
fronts. This illustrates that, for parameter values considered, the front shape
changes fast enough, subject to a local concentration change due to first-order
decay, to be in agreement with a local traveling wave. Although the illustrations
concerned Freundlich type adsorption, the approximation based on (2.11) will also
be applicable for Langmuir adsorption, provided the appropriate traveling wave
solution given by Van der Zee (1990} is used. When the nonlinear adsorption
process is not at equilibrium but subject to first order kinetics, the approximation
is still of use when taking into account the effective dispersion coefficient that
incorporates the nonequilibrium effects, as given by Valocchi (1985) or Van der
Zee (1990). However, in that case the displacement time after which a good
agreement is found may be larger. The results found by linearizing the adsorption
equation will give a poor description of the downstream front. Moreover, the
linearized case does not predict a downstream front deceleration with increasing
time. The approximation presented may be of use for predictions of transport in
laboratory experiments and to verify numerical transport programs for nonlinear
adsorption and first-order degradation or decay.
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Appendix

For a front that has arrived at z=z we can give an expression for the average retardation
factor in the domain O<z<z". First define

z’ =vz/i_f RE)E=vKREZ") @.L1)
z

R is depth-dependent because

R=R(C)=1+%[co'(z)]"" 212)

and ¢, (z) depends on (2) according to (2.11). Writing for (2.11)

6 D)=, exp(z(;;)m)} (2.13)
and
ey [1 4D ]‘” (214)
v

we obtain for {R(z"))
e L (71 ke of E0-m) 215
{(Rz™)) z_j: 1 5% [ex 5 ] dt, (2.1.5)

Integrated this yields
. L -1 k 2D a-1 2 1L6
{R(z")= —~ F(n 1)(v m)co ex T(n (v~ )}Em% ] (2.1.6)

For a known velocity (v) and time (f) the depth (z") of the downstream front may be obtained by
combination of (2.I1.1) and (2.1.6) by simple iteration.

The reference location 1" in (2.8), where c(n")=0, is given by Van der Zee (1990,1991) by
his (44)

n'=-(4+G" QLD

In contrast with Van der Zee (1990) 1 is not made dimensionless, by division with I. Therefore,
in (2.1.7), A equals for LEA valid D/v=L, in the (z.f)-coordinate system instead of L/l The term
G follows from the integral (B-3) of Van der Zee (1990), i.c.,
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O+ke !
G'=L—— 2 |"In(l-¢/" c'™)dec (2.1.8)
(1-nm)kc,”

as can be found straightforwardly by introducing the original variables in the transformed (B-3)
of Van der Zee (1990). It was found that G is relatively insensitive to whether ¢, or c, (z") was
used to calculate G,

Notation
A parameter
c concentration (mol m™)

N depth-dependent local maximum concentration {mol m™)
Ac,cq.0; concentration difference, feed concentration, initial concentration {mol m™)
D pore scale diffusion/dispersion coefficient (m® y™))
f adsorption isotherm
f derivative of fto ¢
il second derivative of fto ¢
G parameter
k nonlinear adsorption coefficient {mol'* m**-")

) column length (m)

L, dispersivity (m)

m parameter

7 Freundlich sorption parameter

P function of ¢,

Ag change in ¢ (mol m™)

q adsorbed amount (volumetric basis) (mol m™)
g’ derivative of g to ¢

R nonlinear retardation factor

R retardation factor for concentration ¢

R, linear retardation factor

{R(2)} depth-dependent average retardation factor, for front at depth z°
s adsorbed amount {mass basis) (mol kg")

t time (y)

v flow velocity (m y™)

z depth (m)

7 downstream front depth (m)

o parameter

n transformed coordinate (m)

n reference point value of 1 (m)
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0 volumetric water fraction

g first-order decay parameter (y™)
£ parameter

P dry bulk density (kg m™?)
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Chapter 3

Analytical approximations for nonlinear adsorbing
solute transport in layered soils’

Abstract

We consider reactive solute transport in a soil consisting of two layers that have
different (bio)chemical properties. Assuming adsorption is adequately described
with the Freundlich equation, the degree of adsorption nonlinearity differs. Using
simple corrections the fronts are approximated analytically for the case that the top
layer adsorbs nonlinearly whereas the subsoil layer adsorbs lincarly (case 1) and
for the case (2) that the layering order is reversed. By comparison with numerical
calculations we show the adequacy of the analytical approximations as well as the
effect of layering order on the subsoil front shapes. The layering order appears to
affect the fronts which is in disagreement with conclusions by Selim ef al. (1977),
For the case of a layered soil with nonlinear adsorption and first-order decay,
analytical approximations appear to describe the numerically computed fronts well.

3.1 Introduction

Solute transport in soil is of interest from the scope of soil and groundwater
contamination. In order to understand the phenomena involved, many experimental
studies have been conducted. Additionally, mathematical modeling (numerical and
analytical) of the transport processes can be useful in situations where experiments
cannot be carried out. For these cases many numerical models and solutions have
been developed. Analytical solutions have the advantage that they reflect directly
the involved phenomena and that they are evaluated rapidly. Also, analytical
solutions are often used for verification of more comprehensive numerical models.

‘by W.I.P. Bosma and S.E.A.T.M. van der Zee
published in: Journal of Contaminant Hydrology, 10, 99-118, 1992. 27






