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Abstract

ibuti i nlinear parameter optimization..
Stor, Pr. TR, (1975) A coniribution to theory and practice of no: 4
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Nonlinear parameter optimization in least squares was studied from a point oi: wew_of t:dlfft;:rﬂ;ﬁ
geometry. Properties of curvilinear coordinates, scale factors and cur\:ature were investigated. lize
eters of the condition fiunction were expressed as functions of algorithm parameters to gencr

the formulas. The analysis of the convergence process cumulated in the development of Pfoced“f?;
that accelerate convergence, Scale factors were used as weights to the differential corr.ectl.on vect&r P

improve the direction of search. A method to correct for curvature, called back projection me fgcc’
was developed. Use was made of the tangent plane on which the path of search on t!le fitting sur of
was projected. Dieviations from the original direction were corrected by optimizing the anglt?the
deviation and the step factor. The correspondence between rate of convergence and cu‘rvatur‘c of i
path of search was illustrated with an example. A small geodesic curvature at the starting point mc i
cates fast convergence. Curvature properties of the parametric curves appeated to be of more i

fluence than those of the fitting surface. To avoid heavy oscillation of intermediate paraxnefer values a
method was developed that required the intermediate points to be the foot of a perpendicular f;c;;ln
the terminal point of intermediatc observation vectors thus producing paths of control}efi approacil.
Since condition functions may have a complicated structure in that they can be implicit functions,
sequential functions or can consist of mathematical models involving alternative functions, it was
treated how first derivatives can be caleulated and programmed systematically for thes.e f_uncttotrllf-
Methods introduced were made operational by means of a FORTRAN program. A description of the
use of the subprograms and instructions to modify the main program to suit the various algorithms
and procedures developed are given in the Appendices.
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Stellingen

I . .

Alvorens over te gaan tot het doen van statistische uitspraken over uitkomsten van
niet-lineaire regressicberekeningen dienen de drie stadia van linearisering van het ver-
effeningsopperviak afzonderlijk te worden onderzocht.

Dit proefschrift.

I
De door Levenberg en later door Davies en Whitting gegeven geometrische interpre-
tatie van het gebruik van gedempte normaalvergelijkingen is niet volledig zonder ge-
bruik van het respons oppervlak.

Levenberg, X., 1944. A method for the solution of certain nonlincair problems in least squares,
Q. appl. Math. 2: 164-168. _

Davies, M. & L. J. Whitting., 1971. A modified form of Levenberg's correction. In: F. A, Lootsma
(ed.). Numerical methods for non-linear optimization. Academic Press, London and New York.
p. 191-201,

10X
Het zonder meer gebruiken van alle dagen waarop geen neerslag is geregistreerd als
dagen met een neerslagsom gelijk nul, doet geen volledig recht aan het opvatten van de
neerslag als kansvariabele.

v
Indien bij het bepalen van de verwachte duur van overschrijding van afvoertoppen van
kleine rivieren uit de negatief exponenti€le kansverdelingen van de dagafvoer, res-
pectievelijk de topafvoer, geen rekening wordt gehouden met het stochastisch karak-
ter van het optreden van topafvoeren, zal een te grote waarde voor deze grootheid
worden gevonden.

Werkgroep Afvloeiingsfactoren, 1970. Tweede interimrapport, 84 p.

Stol, Ph. Th., 1973, Het gebruik van de negatief-exponentitle kansverdeling voor afvoergegevens en
voor het bepalen van de maatgevende afvoer. Deel IT: Toepassing op afvoergegevens van de Oude
IJssel te Doesburg. ICW Nota 733: 42 p.
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_ Bij het toepassen van een Thiessen-netwerk voor het bepalen van de gemiddelde ge-
biedsneerslag moet de kans dat neerslagmeting op de juiste punten plaats vindt gelijk
aan nul worden gesteld.

Colenbrander, H. J. & Ph. Th. Stol., 1970. Neerslag en neerslagverdeling naar plaats en tijd. Deel-
rapport 5 in: Hydrologisch onderzoek in het Leerinkbeekgebied. Prov. Geld. Arnhem. p. 89-108,

VI
Alvorens over de in de praktijk gevonden samenhang tussen (a) de onderlinge afstand
tussen neerslagwaarnemingsstations en (b) de correlatie tussen neerslaghoeveelheden
in dezelfde tijdvakken op die stations gemeten, een ocordeel uit te spreken is het nood-
zakelijk een analyse met behulp van verschillende neerslagmodellen uit te voeren.

Hutchinson, P., 1970, A contribution to the problem of spacing raingauges in rugged terrain. J. of
Hydrology, 12:1-14.

Stol, Ph. Th., 1972. The relative efficiency of the density of raingauge networks. J. of Hydrology,
15:193-208.

ViI
De motivering die heeft geleid tot de wijze van operationeel maken van metingen van
grootheden dient als vast gegeven bij de in een data base verzamelde meeinitkomsten
te worden opgeslagen en bij het verstrekken van deze te worden vermeld.

VI
Gegevens aanwezig op maalstaten van poldergemalen dienen voor automatische ver-

werking toegankelijk te worden gemaakt en gehouden.

Stol, Ph. Th., 1971. Het vastsicllen van afvoercoéfficiénten van poldergemalen met behulp van
maalstaatgegevens. Waterschapsbelangen, 56: 303-306 en 323-326.

X
Het is niet juist een ééndimensionale deeloplossing in een problcem waarin meer dan

één parameter geoptimaliseerd moet worden als lokaal minimum op te vatten,

Aird, T., 1973. Computational solution of global nonlinear least squares problems. Ph. D. Thesis,
Purdue University, West Lafayette, Indiana: 120 p.

X
Aangezien plaatsnaamborden op veel spoorwegstations niet onder de optimale hoek
zijn opgesteld worden aldaar ter plaatse bekende wachtende reizigers bevoordeeld

boven in treinen passerende vreemdelingen.,

Proefschrift van Ph. Th. Stol
A contribution to theory and practice of nonlinear parameter optimization.
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1. Introduction

1.1 General

Research workers who describe their problems with mathematical formulas in
- which variables and unknown parameters occur, have need for testing their working
hypothesis with the aid of observations. But then they face a new problem, that of
finding the best value of the parameters in their models.

With the aid of a test criterion the term ‘best’ can be made operational. The problem
- that now arises is a complicated one since most models consist of functions that are
- nonlinear in the parameters and iterative methods have to be employed to find ‘best’ or

optimal values for them. Although computers work so fast that execution of some 100
. iteration steps is acceptable for rather small-scale problems, there still are reasons to
search for faster techniques, Execution of series of data on routine basis is one of them.
Appilication of complicated models, with many variables and parameters, to a large
number of observations requiring a manifold of a reasonable number of iterations, isa
second.

" These practical reasons necessitate a theoretical treatment to gain insight in opti-
mization processes. Therefore, in the present study a theoretical approach has been
. made leading to a computer program in which newly developed optlmlzatlon algo-

rlthms are incorporated. : :

Simplifying a complicated optimization procedure by plotting the test criterion or
response as contour curves in a graph with two parameters as variables, apparently
gives an indication of how to find the extremum starting from an arbitrarily chosen
initial point. For most fitting problems this way of representation is inadequate, how-
ever. Least squares techniques have the advantage that except for the above indicated
parameter space, use can be made of the space in which observed and calculated func-
- tion values are plotted. In this observation space the function to be fitted is represented
by a surface covered with a curvilinear coordinate system. The mathematical tools to
investigate such surfaces are treated in Chapter 2. Analysis of the curvilinear coordi-
nate system and its role in the search for more efficient paths on the fitting surface
leads to new algorithms (Chapter 5), that produce paths closer to the final solution
{Fig. 1). Other techniques that serve the same purpose are more empirically based on
intermediate results in the tangent plane to the fitting surface and on results obtained
along the axes of the parameter space (Chapter 6 and 10). -

Main notions that are of importance in optlmxzanon techniques are brleﬂy reviewed

13
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Fig. 1. Perspective drawing of an optimization problem with three directions of search. Given the cmfl-
dition function y = a exp (-bx?) it is asked to optimize @ = (a,5)" given the observation matrix
A= (rx) wherey = (2.50, 3.80, 1.50)" and x = (0.3, 0.1, 0.5)". The starting value is 8@ = (3, 10)".
In the figure three gradient directions are drawn, The steepest descent (-1g) decreases the objective
function (sum of squares) from SO =439 to § = 1.69 with step factor A* = 1.0 in the figure - )
denoted by an asterisk on the path. The modified Gauss-Newton method, operating with differential
corrections d, decreases the response S to a lower value, viz. § = 0.23 taking the step factor in thi§ ,
direction A* == 0.6. Finally the path produced by weights assigned to & has been drawn, The weights
w" ate obtained from differentials of scale factors (Chapter 5) with the aid of equation (5.3.3) and taken
independent of A. Along this path of scarch the response is reduced to .§ = 0,06, with step factor
A* = 1.2. This path proceeds close to the final solution §* = (3.87, 4.09)7 with S(g*) = 0.05.

in Chapter 3. Stress is laid on least squares methods since they are used in this stedy as
the test criterion. ' S S
- In Chapter 4 it is shown that the function subject to such fitting procedures not nec-
essarily need be explicit but that the algorithms that use first derivatives can also be
applied to a variety of functions including branched models of sequential functions, as
those used for the analysis of time series with deterministic models, - :
The efficiency of iterative methods can be improved by choosing good: starting ap-
proximations to the solution of the parameter values, It is reasonable to require these
starting values from the research worker who developed the condition function. Opti- -
mization techniques, however, can lead to paths of progress in the convergence pro-
cess that swing over the fitting surface before the terminal point is reached. The research
worker then may require that intermediate solutions will not move to undesirabie.
directions. For this reason in Chapter 11 an algorithm is developed that produces a fit
. along controlled paths to avoid heavy oscillation of intermediate solutions '

14 - IR



A subproblem is the determination of the minimum response in a given direction of

- search. Algorithms can fail when this subproblem is not adequately solved. Compli-

cations that arise from the special structure of the condition function often are detected

during the execution phase of this subproblem. Special attention has therefore been

given to the determination of the minimum response in one-dimensional search (Chap-
ter 9).

To meet the demands of practice, a computer program has been developed that
consists of subroutine subprograms that can be linked by a main program whose de-
fault deck structure can be modified to perform specific procedures, as for example the
investigation of the properties of the function to be fitted {Chapters 8 and 12), as welt
as for the investigation of the properties of the applied algorithm and of the conver-
gence process itself. This according to the field of interest of the user of the program
(Chapter 13). To avoid time consuming programming of new parameter optimization
problems the program is set up in such 2 manner that in principle only the new con-
dition function and its derivatives with respect to the parameters, need be program-
med (Chapter 7 and Appendix 1.4.1).

Some examples illustrate the developed algorithms. Examples of a hypothetical
* nature clucidate specific properties of fitting procedures. Formulas and data from re-
search practice serve the same goal, without giving an opinion on their value.

. The Appendices contain the complete program, a technical description to it, an ex-
ample of the default output and the most important update instructions.

"1.2 Objective

" We are concerned with a function F, the condition function, of m real variables x
: ordered in a1l x mrow vector of variables’

X = (x 13+ sx jo s, m)
and of p real parameters @ ordered inap X 1 column vector of parameters

0 = (913 p)T
which has to be optmnzed —in a numerical sense — or estimated — in a statistical sense -
on basis of v (v > p) observations ordered ina v X m matrix of observations

A,

N

f (i
X = [x87,. ,x_[,‘],...,xf,,]

..x[v] ,va] s !x'[!r]n.

15



- We assunie that at least one of the parameters occurs nonlinearly in the condition
function Fand write . :

F(x,0) = F(X 1500 0Xp835004,0,)

If F = 0Qcan be solved with respect to x;, 1 < j = m, producing function values y;, it '
is asked to fit the observed values x,, requiring the objective function S, giving the
response

50 = 3 [P OF (12

to be minimized with respect to 6, so it is asked to find

min [S6)]
9

which is supposed to be solved at @ =: 8*,

1.3 Conditions

Tt is assumed that the condition function F has continuous first and second deriva-
tives with respect to 8, k = 1{1)p, for xt1,... x1 i = 1(1)v.

The condition function may be either explicit or implicit and can be determined for
all feasible choices of 8, F being subject to constraints of this type only. Because of
(1.2.1) the same conditions hold for the objective function S,.

Vectors of observed or calculated function values are elements of the v-dimensional
Euclidean space, the observation space, Parameter vectors are elements of the p-
dimensional Euclidean parameter space so x € E* and @ € E®, The norm in these spaces
is defined by the Euclidean norm fix|| = (x"x)* and ||0| = (078)* respectively.

1.4 Terminology

The optimization process is an iterative process, Once n ﬁtﬁng cycles have been

produced, the next updating of the parameter vector 0 can be obtained from the itera-
tion :

0("-"1}(;-) = 9(”)+ is(") (1.4.1)

where 1 is a step factor and s a2 p X 1 vector that produces a direction of search iﬁ the '
parameter space. The step length is given by A)s). If A is determined such that

$(0*7) := minlS 6 ()]
A

the updating is called optimal for 0"+ == g*™, The vector s is obtained by épplica—
tion of a particular algorithm. The process (1.4.1) terminates under control of stopping

16



Set inftial value to
the parameter vector &

Updjte (2] —|-<—
¥

Apply required afgerithm
to determine a
direction of search $

'

Apply required aigorithm

to solve the step factor

to obtain the subminimum of

the sum of squares S in the
direction of search S

'

stopping criteria for
< ‘iteration steps on A fultifled no
yves
. < stopping criteria for
fitting cyclies an @ fultilled >no Fig. 2. Typical flowchart of an algorithm for one-
yes dimensional optimal search in nonlinear optimiza-

tion.

criteria at 8® := the @ for which all stopping criteria in the numerical process are ful-
filled.

Convergence of the algorithm takes place if
lim0® = ¢*

t—+ o

Because the entire process consists of several iterative procedures, a distinction is
made between algorithm fitting cycles and iteration steps as given in Fig. 2.
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2 Functions, vectors and spaces

2.1 Functions and vectors

Functions to be considered can generally be written in the implicit form
F(x,0) = 0 : (2.1.1)

The variables x are supposed to represent observable quantities. The matrix of ob-
servations X is to be interpreted as v row vectors of observed values, each with respect
to m variables, where superscripts refer to observations, so

X = (”Il]r"ax[i]v“’x[v])r
It is convenient to consider X occasionally to be composed of column vectors
X = (X500 X ppeensXy)

F(x,0) is particularized for the observed values of the variables and for specified param-
eter values, e.g.

2 = (LD (2.1.2)
and
6 = (00,....61,....0007 (2.1.3)

Sequences of parameter values up to a terminal vector obtained in a sequence of
fitting cycles, are represented by (2.1.3) where » = 1(1)r. This superscript will also be
used for other vectors, matrices and scalars when referring to a particular fitting cycle.

For the ith vector of observations to the m variables and the nth vector of p param-
eter values we define

FU6™n = F(x[,6™), i=1(1w (2.1.4)

In general, the condition of zero function value is not met by inserting (2.1.2) and
(2.1.3)in (2.1.1). However, in all cases to be dealt with it is assumed that (2.1.1) can be
solved with respect to the jth variable, now denoted by y,, to obtain roots of Fthatcan
be represented by v condition equations

F(y,0®) 1= FGE,..x00 y i . xiL0™) =0 (2.1.5)
For any @ the relationship between implicit and explicit functions can thus be given by
FUl(p,0) = 0« y1 =:f1(0) . (@2.1.6)

21



CItis ‘assumed that solutions y'{,”, i= I{Dv, can be obtained fr'om (2.1.6) by either
- iterative methods or by simple evaluation. Numerical solutions y}7 are components of
anewy X I solution vector

y=f® : o 2.1.7)

Ay X 1 vector of function valyes depends according to (2.1.4) on all observable
magnitudes and is given by

F(‘XJG) = [F(x[ll’a),‘m,F(x[?],a)]T

where, in general, F(X,0) # 0. From this definition it can be seen that the components

of F do not depend on all observations simultaneously. Consequently the solution
vector is obtained from

FOu®) = [F01),... B Mgy T - g @18 -

where the ith Component, / = 1(1)v, is a function of the jth component of the vector y_,‘_
alone, '

Definition 2.1.1,: A vector function v(w) is called a strict function of u if by = v,(u;) for
all £,

Instead of the parameter vector g itself, functions of algorithm parameters will often
be used to obtain the appropriate parameter values. These functions will be called
Parameter functions. They consist of scalars and vectors. Frequently use will be made
of the scalar 4 and the vector s, A Parameter function in its general form reads

B = [8,(1,3),...,0P(A,s)]r

_A strict parameter funéﬁon is given by
-0 = [Bl(ﬁ.,sl),...,ﬂp(l,s,)]r o
A furthé; special case is the lincar and strict parameter function
B(3) = o™ 4. 35 S o |

| < (219

- which is sketched in Fig, 3, The locus of the terminal point of the vector # in this case

18 4 siraight line in the Parameter space. Exploration of the response surface (Fig. 5)
aloqg such a locus s called exploration along a one-dimensional path of search.

Solutions of (2.1.6) whep subtraced from the corresponding observations produce

thevy x 1 difference vector f, _ .
I = ® = ). eyt @110
_ Without loss of generality the cp . : Ibviel
Thep x 1gif 0sen variable can be designated b:YJ |

| erential vector d0 is defined by -
df ;= (dal,...,dek,...,da,,)T
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1 r/; Fig. 3. Parameter space with a linear
. sin and strict parameter function §{i) =
[+ I LT

Differentiation with respect to each of the parameters is denoted by the vector differen-
tial operator V, defined as the p x 1 vector

= (anl ﬁ)r =1 (B0 fp)”
which acts on functions only. Using (2.1.6) without subscriﬁt J, we have for i = 1(1)v
VI = (3, f1 .8 1.0, ™) (2.1.11)
which will be written
| Vi = (70 AR _ (2.1.12)

The total differential of f1*1 reads
dfixe) =£140, + ... + 440,
viiiie \ (2.1.13)

In expressions as df{0™)/68, the order of operation is: differentiate the function f
with respect to the kth parameter and then insert the particular value # = 8™ in the
result.

The square of the length of a vector, say v, will be denoted by any of the expressions
|| # |2, (v,8) or vTv. The cosine of the angle between the directions given by » and v is
written cos(m, ), the inner product of these vectors is denoted by (u,0) or u"v.

" Finally we define vectors and matrices consisting of numbers only, by e.g. 3 :=
(3,...,3)T and 3 :=|| 3|, dimensions being defined such that vector and matrix
operations can be performed. A unit vector in the direction of the kth coordinate of an
orthogonal reference system is denoted by I,. Obviously 77 » = v, and for any matrix
Awehave IT41; = A,. A unit matrix is denoted by I,

To clarify the structure of arguments of vector functions the right-hand side of
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(2.1.9) is sometimes used in full, e.g. #(8 + 4s™). Composite functions like #(6(1))
will often be abbreviated to a(1). :

2.2 Spaces and curvilinear coordinates

The geometric representation of the vector function .
y =£(0) : (2.2.1)

where from now on we drop the subscript j, is a p-dimensional surface in the v-dimfﬂl-
sional Euclidean observation space E¥ (p < v). This surface will be called the fitting

surface. Its properties depend on the form of the condition function fand on the ob-
served values.

The function _
y = f(Gl,...,ek.. 1,9‘(:0),9*4.1,. . .,Bp)

where 6,4 is kept constant, is the locus of a subsurface of the fitting surface. It is the
coordinate surface to be enumerated with 8,(9,
The function

y= f(el(o):" ':BSDI’G&!G&'}?D' --’GLU)) (2‘2-2)

where components with superscripts are kept constant, is briefly denoted by f(0,). It is
the locus of a space curye in E” satisfying (2.2.1) and so a curve on the fitting surface.
Each of the parameters produce a space curve according to (2.2.2). These paramet-

ric cyrves can be considered 3 curvilinear coordinate system on the fitting surface (cf.
Struik, 1961), The implicit form reads

F{p8) =0, k=1(1)p

A geometric representation g given in Fig, 4, where the E* (v — 3) space is sketcbed.

Values of yi11 g0 plotted on an orthogonal v-dimensional reference system of unit
vectors of the v x y ypit matrix J,

Vectors in E¥ having their termy

) inal point on the fitting surface are called position
veclors, e.g. y given by (2,2,

). Position vectors depend on the value of the comp onents
of thep x | parameter vector 9, Thig vector is an element of a p-dimensional Buclid-
€an space E» considering the values 6, % = 1(1)p, coordinates of an orthogonf’ll
P X p reference System I Instead of the fitting surface the parameter space £7 wil
frequeutljf be used, ap ¢xample is given in Fig. 3, ' |

terA;J ;rhl};trary curve op the: fitting surface js given by the vector f(6(1)) with parame- - .

. <an also be considered g one-dimensional subspace that can be plotted on.
an E* parameter space for the algorithm parameter A R

© Sum of squares of deyiay; - ; itten with
@L10)as. = t10n§ * =) according to (1.2.1) can be wri ’
S =fsf

S (223)
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position
vector

Fig. 4. Observation space and fitting surface, with vectors defined in Sections 2.1 and 2.2 evaluated at
#® on the fitting surface.

and so the problem is the minimization of the square of the Euclidean norm of f;,.

Values of § can be assigned to the terminal point of the appropriate vectors .
Plotting these values on a further coordinate the function § = S(@) can be drawn in a
(p + 1)-dimensional Euclidean space E”*!, the response space, giving the response
surface (Fig. 5). The objective function S generally cannot be considered a quadratic
function. It is quadratic in the parameters only if the condition function is linear.

The projection of S(@) = constant on the parameter space E* produces contours in
this space. The p x 1 gradient vector g(8) = VS(8) represents the slope of the (p -+ 1)-
dimensional response surface giving the direction of the greatest rate of change of S'in
the point @, with magnitude || g |i. The gradient in @ is perpendicular to contour § ==
constant in space E7 (cf. Struik, 1961). Parameter functions depending on a single
algorithm parameter A produce an E2 response subspace in E2* 1, The steepest descent
response subspace along N = — 3g can be obtained from coordinate axes for Sand A
(Fig. 5). : :

Evaluated for all observations, that means for all functions T, i = 1(1)v, equation
(2.1.12) leads to the v X p Jacobian matrix
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Fig. 5. Response space, respanse surface and parameter space with the pradient g and the normal N ==
-tg at (' as defined in Section 2.2. The response space is an extension of the parameter spacc, sec
Fig. 3. In a response subspace E2 with coordinate system (4, 5(%}) a subminimum can be determined.
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1
where an arbitrary element is given by J = ‘E—
k o . .
partial derivatives of £ with respect to the parameters,
S0 (2.2.4) is the matrix of column vectors

The matri'x J consists of all
evaluated for all observations,

J= (fl,.f.',f;,...f,,)

where fyisa v X 1 dimensional direction vector in E*
for 8y in the terminal point of the

) (2.2.5)

tangent to the parametric curve
Position vector f(8). See Fig. 4. On the other hand J

& matrix of row vectors of gradients of f141, viz., see
S (2.1.11), . .
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S = AT LA "L LU o L : L (2.2.6)
The length of the kth direction vector will be denoted by. " \

m0) := | SO | = (fuf¥, k=1Dp _ (22.7)
- the scale factor. Scale factors are considered components of the p X 1 vector
B(O) = [h,(0),.... (8-, 1 (B)]" : (22.3)

The squares of these scale factors are the diagonal elements of the square symmetric
p X pmatrix J7J.

" Definition 2.2.1.: Let Ubea p X p matrix with elements Uy, = 0ifi # jand Uy =
v, # 0ifi = j, then U/ will be denoted by ' _ :
v = (0eea0)” =0
and the inverse matrix by
= (Fl—,.'..,-l-)p = U

From this definition we observe that vy = I so.v = ¢°7 and o%v? = L
Unit vectors in the direction of the derivatives are now obtained by

IO K@) , (2.2.9)

with dimensions v X pand p X p giving for the product v X pagain.
. As the cosine of the angle between two vectors is given by the inner product of unit
vectors in their directions, the cosine matrix of the direction vectors of J is conse-

quently given by the square of (2.2.9) giving the p X p cosine matrix

CCim T . o ' (2.2.10)

The p x 1 cosine vector ¢ v';hich consists of the 6osines of fo with each direction vectar

(Fig. 4) is equal to . i . : -
c:=KIflf 17t ' @210

and will be called the vector of partial cosines.

2.3 Linear approximation to the fitting surface

If it is required to approximate f(0V) starting from the position vector JO©°), we
can define the p x 1 difference vector 4 (' in the parameter space by

) O o 4O . S R @3

- which is a linear and strict parameter function. S .
- Taylor expansion of the position vector f(0 ©) .- A®) gives for any component the
expression . : :
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g =0 + T 4 1 T a0

r

(4 (2.3.2

where the remainder 5(A‘°’) is defined by (2.3.2). Obviously from (2.3. 2) and (2.3.1)
8(0) = 0. Usmg (2.1.11), equation (2.3.2) can be written

58 = S + VHE)A + 54®)

Evaluated for all observations, so for all functions £, this becomes — making use of

(2.2.6)-
FOW) = f) + JEHAD + 54 (23.3)

The tangent plane to the fitting surface evaloated at 8@ is spanned by the (column)
direction vectors of J and is given by the linear expression

1d) 1= £(0) + J(O)4

where A is an arbitrary vector producing on the right-hand side linear combinations
of the column vectors of J. The vector 7 is the v X 1 position vector of the tangent
plane.

Equation (2.3.3) expresses that without the remainder ﬁ(dw’) the position vector
J(@1) can be approxlmated by f(B“”) and a linear combma.tlon of the direction vec-
tors.

Linear approximation with the aid of a tangent plane concerns three important
properties of the fitting surface. They are:
— the fitting surface is replaced by a plane,

— the parametric curves are replaced by straight lines havmg zero curvature, the
directions being fixed at their value at 89,

~ the scale factors are fixed at their value at 8,

Consequently linear approximation produces in general a monorthogonal linear

coordmate system on the tangent plane. If the condition function 1tse1f is linear in 6,,
= 1(1)p, the Jacobian Jis constant and

y=1J0 (2.3.4)

2.4 Optimization condition and normal equations

We consider the optimization problem solved at 6* = ¢ when S(@) aocordmg to
(2.2.3) is minimum. So, using (2.1.10) and (2.1.7, '

5(0) = [x - fO)1"[x — £(0)] | | o @41)

has to be minimum, hence the gradient of § must vanish to obtam a statlonary point
8, for which it is required that

2(0) = VS(6) = (24.2)
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This gradient (Section 2.2)isap X 1 vector whose kth component reads

i) Try _ .
é'é'[x - fOT [x - £(0)]

k

L=£O1Tx — £ + [x - SOV /O k=11)p (24.3)
which is equal to '

£(0) = —2[AOT[x - fOL, k=101 (244
Worked out for all parameters the gradient becomes in virtue of (2.2.5) ‘

£0) = —2I@OTS(® 245

The terminal 0% of a sequence of parameter vectors §® producing the desired
solution is conditioned by (2.4.5) and (2.4.2) so by

IO [x ~ F@)1 =0 _
The argument of the position vector can be replaced by g¢-1_ hence with (2.3.1) and
(2.3.3) producing the condition

[JO] [x — F8¢ D) — J(o(t*l))d(f-i) - &4 ] =0

Defining the p x p matrix

M(e[t)’o(t— 1)) o= [J’(H(t— 1) +A(;_ ”)]TJ(G{‘_ 1)) (2,4_6)
~ wearrive finally at an implicit expression for A4V, viz.,
A= MUY + 4CIAE) - 4%~ 1)] . 24.7)

' Under the assumption that in the arguments of (2.4.6) and (2.4.7) the contribution
of A4%=1 to the function values can be neglected, (2.4.7) gives the solution for 4~1,
which reads

.A(‘_n = M_l-ﬂ.‘fo

where 8(4) ~ §(0) = 0, leaving it understood that evaluation of the right-hand side is

with respect to 8¢~ 1, _
In this and further expressions, M is taken to be the square symmetric matrix

M(0) = [J(6)]"F©) (24.8)
It will be convenient to introduce the p X 1 vector
N@) : = [J(6)1f,(0) * (2.49)
which is called the normal. It is related to the gradient g by (2.4.5) so
' | @410

2(6) = VS(0) = ~2N(0)

hence giving the direction of greatest rate of change for decreasing function values of
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S. IV gives the direction of steepest descent in the parameter space (see Fig. 5).
Using the new symbols the normal equations are given by :

M4e-D = N _ 7 (2.4.11)
where I . o
Sl Dol fif) Gof] |
M= . I | 41y

Notdtttdd oty

Because of (2.3.1) the solution of the normal equations is a direction of search to be in-
serted in (1.4.1)and to be applied according to the scheme in Fig. 2. In this case the al-
gorithm is the unmodified Gauss-Newton method for iterative solution of 6% with
differential corrections d as direction of search, obtained by '

d=M"'N : (2.4.13)
With the cosine matrix C = &°M#* from (2.2.10) the solution reads |
d = K'C'¥'N

The geometric meaning of this optimization procedure is given in Fig. 6. The response
S with respect to the fitting surface is given by (fo.fo). The length of the difference
vector is minimum at 6 if £,(6) is perpendicular to all direction vectots at 0, s0

HEHY LI . YR R

As 0™ s essentially unknown, evaluation of (2.4,14) is with respect to a known param-
eter vector 6~ say, The exact condition thep reads: ' S

SO = JO 0D gy | gy @)

where Jd is_ 2 linear combination of vectors that span the tangent plane 4, producing .

the fo'ot of the perpel_ldicular from the terminal point of the observation vector x on 4,

see Fig. 6. The remainder vector 6 is the difference vector of the projection of x on 4

and on the fitting surface Tespectively, - ST o .
The vector Jd will be called the tota] tangent, the difference vector to the tangent

plane 4 will be denoted by 4. Analogous to (2.2.3) the sum of squares withrespect to .
the tangent plane is defined by ' T :

ds =:,(Af0)T Aﬁ)) . k. .. . . . » : (2.4.16)
The cosine of the angle ¢ between'th, : s )

. : e observat vector y
will be called the mul; ation vector x and the position

ple cosine. The cosine of the angle § between the difference
vector £, and the total tangent Jd will be called the total cosine. The cosine of the

anglgs betwegn the diﬁ'ere.nce vector f5 and the direction vectors f, will be called partial



OBSERVATION SPACE Ev

\

titting surface

Fig. 6. Fitting surface and tangent plane 4. The tangent plane is spanned by the colurnn vectors of J:
the direction vectors fi and f3. The difference between the observation vector x and the position
vector y — the difference vector f; — is projected on the tangent plane giving the vector Jd, which isa
linear combination of the direction vectors. The difference vector with respect to A is denoted by “fp.

cosines. They are components of the vector ein (2.2.11).
If the difference between the fitting surface and the linear approximation is sufficient-
ly small, all vectors can be evaluated at 0%~ which yields instead of (2.4.15)

ﬁ(o(f— 1)) - J(B(l— 1))d(f- 1) 1 J(o(l— I))
and normal equations according to (2.4.11) through (2.4.13) are found again.

In the linear case of (2.3.4), starting at § = 0, the normal is equal to ¥ = J"x and
the minimization of || x—y|/2 leads to

0 =M "Jx |
which gives the solution in one step because the matrices on the right-hand side do not
depend on 6.
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2.5 Useful derivatives

~ In further sections use will be made of first and second derivatives of functions of
parameters and algorithm parameters. Basic formulas are derived in this Section.
Letag x 1 vector of algorithm parameters bt;

A= (Agaeensdjprend)’, g<p _
The parameter function 0(4) then is a function of g algorithm parameters. Now let
the g X 1 vector differential operator with respect to each of these parameters be
7]

] .7
Vi (c—yrii——ye e es— 2.5.1
(axl YR alq) @5.1)

thenthep x ¢ Jacobian reads

00, 90,
51;-»-"95;
' 0 0
= = a_,ll_"“’aTQ) (2.5.2)
80, o9,
Lo, A

We observe that for one algorithm parameter this Jacobian reduces to J§ = d—i which
. d
for linear and strict parameter functions @ = 8(® + )5 again reduces to J¢ = s.

First derivatives of the position vector f{8(4)). An arbitrary element of J{ reads

@ anpiry — wrgm 99 . E
ax,f 0@ = V'f o, 2.5.3)

Referring to (2.2.6) and (2.5.2) we notice that derivatives for all combinations of i and J
can be obtained from the chain rule

I =3 (2.5.4)

Sec:;nd derivatives of the position vector f(8). An arbitrary element of the Jacobian
reads .

Ja _oe)
30,

The second derivative with respect to the ith parameter is
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o)
20,00,

Ju . I=1(1)p | o - @5.5)

N

The elements JLI? for i = 1(1)v, k¥ = 1{1)p, ! = (1)p cannot be ordered in a matrix.
However, only one special case will be involved in our considerations and therefore
we define

T, i= (fuasesfipSazreesfaprees i) | (2.5.6)

whichis a v x (?3%) matrix. The length of the vectors in (2.5.6) can be obtained from
the (31 x (*1') matrix

My, :=J3J, _ (2.5.7)

Tt is assumed that the order of differentiation can be interchanged.
First derivative of the difference vector fo(6(4)). This derivative reads
Ly = L1x - o0

dr’ di

with (2.5.4) this becomes fora 1 x 1 algorithm parameter vector

o
di

If the parameter function is linear and strict this reduces to
L 02 = —Js
ai’

which is the vector opposite to the total tangent vector in Fig. 6 if the direction of
search is chosen by s = d.

First derivative of the Jacobian J(0(AY) multiplied by fo. The kth column of (2.2.4) gives
with the aid of (2.1.13)

A i rd®\e S |
e (yrpd | grandd | graat?
7 ( T T Ji i i) 7 (2.5.8)

‘ T_he scalar product with £, produces in the right-hand side

do dé v do [v]dg [v]
'(ff[‘il—i+ +f£:1=]:i'f)fc[)n + ot (f,[ﬂ]:ifl + o +fkp—df 1o

' Collecting terms that contain %, k = 1(1)p, this becomes
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y V101 Y49 | o\
(f51]f£11]+ o+ 15 ]f[])——d: (fmfm -+ fo \ftp)—df.

henoé giving

dﬁ = o fih- ,(fo,ﬂp)]

Finally, applied to all columns k = 1(1)p of J we obtain the p X 1 vector

de

[ 1(9(1))]% = Noz

where
(fO’fl 1):"-:(.’;)%{11’)
CNyy =] . . B ' (259
(foﬂfl p)a-"s(f;)’f;)p)
the symbol Ny, being suggested by the form of the normal given in (2.4.12).
First derivatives of the square of the scale factors h: +(0). These derivatives reads

dk"(ﬂ)__ = I=1(
a5, do,f"ﬁ‘ XiFs (Hp

For all & and  the results can be collected in the p X p matrix
(fl’fi 1)!" ‘:(filflp)

M, =
1 . . (2.5.10)
(fp’fpl)s ,(.ﬁ;af;;p) ‘

the symbol M, being suggested by the form of the matnx Min (2.4.12). ThlS matrix -
is not symmetrical,

Second derivatives of the response S(0). The p X p matrix with elements -

. als(e) 3 o . . .:‘ .
M 00, k=10p f-—l(l)p. S esw

is called the Hessxan matrix of S. 0m1ttmg arguments the kth component of (2.4. 3)
gives
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§ @
—— S =22
6.9, £t fofu

For all k and / the results can be collected in the p X p matrix

G =2M — 2N,, | (2.5.12)
In the linear casé y - J8 the second derivatives vanish which causes Ny, = @and so

G =2M=2"F
This means that in this case the Hessian of the response equals two times the square of

the Jacobian (cf. e.g. Fletcher, 1969b; Powell, 1972a).

First derivatives of the response S(0(4)). The vector of first derivatives is obtained by
application of (2.5.1) which yields

V7S(00/2,)
V'S(8(2) = .
stfao/aﬂq)

. and, in virtue of (2.4.10)
e (ae/a:tl) NT(30/21,)
‘ l (2.5.13)

(aa/az )

where z and N depend on 8(4). The expression (2.5.13) set equal toa ¢ X '1 vector 0
can be written

g =07 ' ' (2.5.19)

N’"(ae/aiq)

This is the condition for a minimum in a g-dimensional subspace of E? (g = p). Mostly
g = 1 and the search one-dimensional. Then we have

—-2[N(8(_A))]T ff =0 (2.5.15)
which means that the normal must be orthogonal to the direction of search at 0().)

For linear and strict parameter functions this reduces to the conditon

NOGA)) Ls
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Table 1. Summary of matrices containing scalar products of vectors

Used symbol Arbitrary Type Dimension
element

s (fo, Jo) ' scalar 1x1

N (fos &) vector pxl

Noz (fas i) symmetric matrix 2 X p

M U f1) symmetric matrix =~ p X p

M, e, fed) matrix PXP

M, (fa i) matrix i<ty

Second derivative of the response S(0(1)) for linear and strict parameter functions. First

we consider ;7 N(8(2)). Analogous to (2.5.3) we have

%N(G(l)) = [V fof 05,V fof 051" o - (2.5.16)

The derivative of an arbitrary component of Nreads, withfo = x — f

5‘}[@ ~ D% = ~fh + fHe L =10)p
i

The first component of the vector in (2..5. 16) b.ecomes
(=S + £ —fiFy + fif1)s
and finally with (2.5.15), (2.4.12) and (2.5.9)
fisd(;_ﬁ)_) = —2(% [N@EANT"s
=25"(M ~ Ngo)s 2.5.17)
and -&ith the Hessian defined in (2.5.12) -
2SO _ |

(2.5.18)

A summary of matrices containing scalar products of vectors is given in Table 1.

2.6 Quadratic approximation to the response surface

We assume that the response surface in the neighbourhood of a stationary point

can be approximated by a quadratic expression. The Taylor expansion of S(8) about -
(1), where 0 is a linear and strict function of 4, then gives '
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S(e + Ad) —)S(B) = A4Tg + 3124764 + o(A3) (2.6.1)

The first derivatives are obtained from (2.5.13) and the second derivatives from (2.5.18)
and so t1_1e expression in least squares problems reads

= =20ATN + 224T(M — N4 + o(2%) (2.6.2)

At a stationary peint 6* we have g = @ and the matrix & must at least be positive
semidefinite to produce a minimum, hence for A sufficiently small (2.6.1) vields

S@* + Ad) = S(6%) |

In the linear case y = J@, the response S is a quadratic function of the parameters
given by

50 + M) =f, —224TY, + AATT4 (2.6.3)

since V,, then equals #. The Hessian is in this case positive definite because 3G re-
duces to M and ATMA is equal to || J4 |2, the square of the length of a vector that is
a linear combination of the direction vectors. Equation (2.6.3) expresses that S =
[ fo — AJA |3, which is also clear from Fig. 6 where now the tangent plane is the
linear fitting surface.

2.7 Secale factors and arc length
2.7.1 Scale factors

In general the scale factors are functions of all p parameters. Their total differential
is thus given by

g =g, 4+ Prgp,
%, 20,
— V71, d6

For all scale factors this leads to
dh = JEde
An arbitrary element (k,7) of this Jacobian reads
d

am®) =2 (It

. 06,
giving

(¥ -% T — ﬁ‘tT it (2 7 1)
. i‘(j;cfl"c) 2(fkﬁtl) - h_ o d
k
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Using the notation defined in definition 2.2.1 and equation (2.5.10) the total differen-
tial of the scale factors is found to be

dh = hdMlzdg
2.1.2 Arclength

Regarding arc lengths, let s represent the arc length along the kth parametric curve,
then the differential reads

as0) = 1 )2 (df v)l} o,

= U1 d6 = 1) a6, |

The arc length between 6% and 6% is given by
e =

s = j @) a6, - ' 27.2)

If s(A) represents the arc length along an arbitrary curve on the ﬁttmg surface with
parameter A, the dlﬂ“erentlal is

. (6f o, Ly Ide,,)z
a0, da ae FE)
a1 de, M do -L-

<+ .. iy o

(391 i * o0, di Id

~ reyTainddy Tk .
VS dl) + .+ (VIfE ]ﬁ)zj di

The sum of these squares can be written

: do T i Tdﬂ
Z (5 o oy

where the summation sign acts on the gradients only, thus giving a sum , of v matrices

with dimension p X p, which accordin |
s g to (2.4.12) equals M. Consequently the arc
length between 8(A,) and 6(4,) is given by i ’

4

| s ) f {(dzg)) M )dG().)}
: _
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Using (2.4.8) the structure of this integral can be made lucid viz.

da(,l)
f i ) XDy  @13)

which again is a linear combination of the direction vectors at 1.
If the parameter function is linear and strict in an arbitrary linear direction of search

s, (2.7.3) reduces to

s=f 1@t dr _ (2.7.4)
2y :

" Then, if the Jacobian is independent of A, which is the case in the tangent plane to
the fitting surface, (2.7.3) becomes

s = [ Js ] (A = Ay) @75

which intuitively is also clear from Fig. 6. Equation (2.7.5) then expresses the fact that
the arc length is equal to the step factor times the length of the total tangent when s is

takenequaltod.
If, finally, ali parameters are kept constant, except the kth, by taking s = 1, (2.7.4)
becomes

Ay
s={ 1AW dA ' (2.7.6)
Ay )

which is in agreement with (2.7.2), the arc length along 0, on the fitting surface.

2.7.3 Example

The example, for which the formulas and data and calculations are given in Appen-
dix 2.1, can be used to demonstrate the application of (2.7.6). Fig. 7 shows that,
- starting at 8¢® = 1, the length of the total tangent Jd in the tangent plane equals 7.28
~* in units of the metric I for the observation space EZ. The arc length along the only

existing parametric curve on the fitting surface is given by
(1) (1) .
-] L]
I "-fl ||d9 = ea, o = 7.28
S0 6

Since the initial value is 8¢ = 1, it is readily found that 6 = 2.30 which is the so-
lution 0*. Application of differential corrections produces 8 = 09 . d = 3.68 and
. overshooting on the fitting surface takes place (Fig. 7).
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(shitted) ()
[ fitting surface  tangent plane at ©
9 * Lagw
10~ ----%} 230348 AAe
L%
fa 420 arc length
B 1)
. . -A )éhre)de
5 15 © '
. 1" Fig. 7. Use of arclength in the observation space E*
L 10 e‘:o) Ya e(o; _ to determine the optimal step length on the fitting
i s surface which in this example is degenerated fnto a
v o  straight line. The scale factor 4 is the length of the
. ) direction vector f; which in this particular case
o 1 2 ] il 3 coincides with the fitting surface and emanates
' from & = 1.0 with length 2,72 (after Stol, 1962a).
2.8 Curvature

Formulas for the curvature of curves are derived in differential geometry. The prin-
ciples of the theory will be discussed in short. Reference is made to Struik (1961). The
derivation of formulas is for the kth parameter, leaving it understood that for the
other parameters the results are identical.

If f = f(0,) represents the kth parametric curve, then an arc element ds is given by

Cds = L@ 4y @yt o gy

From this it follows that the derivative with respect to 0, reads

ds _ Vi _ o drd_ .
E@: = ‘E = (d_f}: RF’;) Al = by N (2..8.1?

This result gives the possibility to use the more convenient arc length s as a parameter
along the kth parametric curve. Consequently ' ' '

S a6, (dﬂk) ok - I - @82

Equation (2.8.2) represents a tangent vector to the kth parametric curve. The length
of this vector does not depend on s because it is equal to 1. So we have

4 g1 —otr =
ds .

gent when we proceed
n £, is called the curvature vector whose length is the

hence £, L £. The vector [s gives the rate of change of the tan
along the curve. For this reaso
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curvature. The reciprocal of the curvature is called the radius of curvature, The cur-
vature is denoted by

K= Sl

and can be determined as follows. By virtue of (2.8.2) we have

Cp= A (L hy (-

s dsh, dBk B, do,

hence, using (2.7.1) and (2.8.1)

-1
1, =Tuh — .ﬂc(ﬁ:{;d:) (h) (2.8.3)
(h)
The length of this vector can be written with a determinant, using 4,2 = (fi,/o)
s st
= (2.84)

hs
" fiofir) (aaefia)

which is the curvature at @ of the kth parametric curve. A zero second derivative pro-
duces zero curvature. The elements of the determinant can be found on the main
. diagonal of the matrices M, M, and M, (Table 1).

The curvature « is a characteristic for space curves. For curves on surfaces, as para-
metric curves used in the present sence, another characteristic is of importance. This is
the component of the curvature vector f;, in the direction of the tangent plane, the
geodesic curvature. This component is the ordinary curvature vector of the projection
of the curve on the tangent plane to the surface at 8 (cf. Struik, 1961).

The geodesic curvature vector is obtained as follows. The orthogonal projection of a
vector on the tangent plane can be expressed by a linear combination of the basis
vectors which are in the Jacobian J. According to (2.4.9) and (2.4.13) the components
of this linear combination are given by M~ 1Jf,; and so the geodesic curvature vector
itself reads

(fidg = IMUTS,
and the magnitude of the curvature is obtained from

= |(fiel® = fLIM ™IS, . (285)

which can be considered the square of the length of f;, under the metric JM~J7,
A further component of the curvature vector is now obtained by

Jo = (£, + (£

The second vector at the right-hand side is a remainder curvature ina (v — p)-dimen-
sional subspace of the observation space which is orthogonal to the fitting surfacein 6.
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The corresponding curvatures are connected by_

K = (k] + rc,)%

The geodesic curvature in units of /S will be called the relative curvature and it is
given by x,v/S. '

Thus far attention was paid to curvature in the direction of a parametric curve. In -
the general case of curvature in an arbitrary direction of search s the formulas are to be
generalized. Let an arbitrary curve on the fitting surface be given by y(1) = f(8(1))

where 0(1) = 8‘® + 1s. Then, analogous to (2.8.1) we have, making use of the chain
rulein(2.5.4) '

and analogous to (2.8.2)

do
’ = |Js|

fo = Is|dsii
This is a vector of unit length in the direction of the given linear combination of dlrec-

tion vectors.
To determine df, /ds we make use of (2.5.8) to obtain

4 Jieay) = (Ve =: KiF
hence, by this definition

d

_ J(G(A))s = Ks

and obviously Ks = (J-' '$,...,J475)s. The der:vatlve of the length of Js reads

[ TyT ]% s'K"Js _ (Us.Ks)
[[ st (175

~ giving finally for (df;/dA) (dsjdA)~*

- =‘Ks',{fsﬂz — Js(Js,Ky)
W

w.ith. le.ngih. |
_ -' 1 (5,05 ) (Js ,K5) %-_ _ ' K | e
s '

(JS,Ks) .(Ks,Ks)_
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Taking s = (0,...,0,6:,0,...,0)" these formulas reduce to (2.8.3) and (2.8.4) obtained
for the kth parametric curve. : :

2.9 Relationship between spaces

The spaces distinguished merit further comment as regards their relationship. It is
" not adequate to use only the parameter space to illustrate the progress of search. The
tangent space must be used as well, -

First we consider the observation space (Fig. 8). Vectors in the tangent plane are
linear combinations of the direction vectors of J, The metric in the tangent plane is M
because for any p X 1 vector # we have || Jul|? = u"Mu. Vectors u can be represented
in the tangent space with a p x p metric I This is done in Fig. 9 foru = dand u = 3,
respectively. : '

"The image of the path of search on the fitting surface is a curved line obtained by

OBSERVATION SPACE EY

titting surface

- Fig. 8, Observation space with application of differential corrections. On the fitting surface the path of
search generated by s emanates from §® in the direction of Jd. The orthogonal projection of this s-
path on the tangent plane A is denoted by Jb-locus. Contour curves for § == constant are denoted by
C, the neighbourhood of the solution is indicated by C*. The metric of the tangent plane is J7J = M.
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orthogonal projection of this path on the tangent plane. In the Figs. 8 and 9 it is
denoted by b-locus. Although the application of differential corrections is based on the
fact that a direction d to a neighbourhood of the minimum (C¥) can be found, the
image of the actual path of search shows that only in 48¢® it is in the direction of d
(Fig. 9), where the left superscript A4 refers to quantities with respect to the tangent
plane. .

Next we consider the parameter space (Fig. 10). This space also has the p X p metric
I and consequently it has the same coordinates as the tangent space. However, there
are differences that are essential. Contour curves for S(0) = constant form a fixed
pattern in the parameter space. These contour curves change shape in a sequence of
intermediate tangent spaces, they tend toward those in the parameter space when
409 _, A9* The path of search on the fitting surface is curved but it is the locus of
points 0 = 8© 4 s, where s == d, which plots a straight line in the parameter space.

From the representation in the intermediate tangent space it becomes clear that the
curvature of the parametric curves on the fitting surface causes divergent shooting
rather than overshooting. For this reason the method of back projection was developed

in Chapter 6 to find paths that proceed towards the end point of the image of Jd in the.
parameter space (Fig. 10).

PARAMETER SPACE E2

9
< \C /L
—~ Ny
(9 / ~path
\Jd—image
s Nig™) 4 -
\ . Fig. 10. Parameter space with path of search
N(Gm’* Yool o™ 6(2) = 9'® + 2s, where s = d the vector of
L ———‘I differential corrections which emanates from
2 £ Jb-Image 0‘?, Along the s-path the normal N changes
R ] direction. Images of the vector J2 and Jb in the
P | ' observation space are indicated as well. The

ey - metric of the parameter space is I,



3 Features of optimization

3.1 General

~ Methods that are available for unconstrained optimization have been reviewed by
many authors (Brooks, 1959; Spang 111, 1962; Fletcher, 1965; Box, 1966, Box, Davies
& Swann, 1969; Fletcher, 1969b; Murray, 1972a; Powell, 1972a, Dixon, 1974). In
general the optimization problem is to minimize an objective function F(x) subject to
the constraints c,(x) = 0,7 = 1(1)m, where a vector x € E” that satisfies the con-
straints is called feasible. It is assumed that F(x) can numerically be evaluated for all
feasible x.

Here the objective function $(8) is a sum of squared functions. This means that
parameter optimization is a special case of mathematical programming techniques. In
general § is not quadratic in 0 and then its optimization is not a special case of qua-
dratic programming.

3.2 Constraints

Tn the present case no constraints on the values of the parameters are involved.
However, one or more parameters may be bounded to ensure numerical evaluation of
the condition function F in Chapter 2. In case of overshooting during intermediate
iteration steps, the vector @ can enter the unfeasible region. Instead of keeping the
‘'violating parameter constant at its boundary value (Spendly, 1969), subprogram MIN
iterates the parameter vector in the feasible region as close to the bound as predefined
by program options. When oscillating may occur it should be tested in the next fitting
cycle whether the same parameter violates the constraint again before to break down
the parameter vector (Chapters 8 and 9).

3.3 Sequential and unsequential search -

Unsequential search is employed in sitnations where function evaluation is expen-
sive or time consuming. Factorial methods or random experimentation can be used,
although they are less efficient (Brooks, 1959). Since function values in mathematical
models can be obtained by numerical evaluation, most methods for nonlinear opti-
mization of objective functions employ sequential search methods. This means that
new parameter values are obtained from previous values by a fixed set of operations
to update 9. For instance for any algorithm that produces a direction of search s =

) .
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1. 0 = 0" + As®
2{3. 4™ = 2 obtained by applied algorithm

-

4.7 0 = oy (33.0)
5 6®:=g"*" | "

6. s :=s(8"), repeat from step 1

This type of iteration is most common for various choices of s (Cauchy, 1847; Curry,
1944; Crocket & Chernoff, 1955; Hartley, 1961; Spang IH, 1962).
The value of A” can be held constant, A" say, giving in each cycle the iteration

gD — g 4 g n=1(1) - ' (332

In this case A is sometimes called the damping factor (cf. Kowalik, 1967). When
A = 1 in each cycle, the method is a full step method (cf. Hayes, 1974).

3.4 Direct and analytical search

Direct search methods use evaluation of functions only. As a matter of fact they are
heuristic methods or methods of empirical optimization, developed in the parameter
space. A general introduction to these methods is given by Hooke and Jeeves (1961).
The most simple direct scarch method is that of alternating parameters, cach at a time.
Other more complicated methods as Partan algorithms (Wilde, 1965), Simplex al-
- gorithms (Nelder & Mead, 1965) as also Rosenbrocks method (Rosenbrock, 1960)
explore the pattern produced by contours of S = constant in the parameter space and
are called methods of pattern search. Reviews of these methods are given by Spang I1I
(1962), Fletcher (1969a), Fletcher (1969b), Powell (1972a), Swann (1972). Direct
search methods are used in cases where no derivatives of the condition function are
available. This means a loss of efficiency. It will be shown that derivatives can be
found for least squares methods even for complicated models (Chapter 4).

Analytical search methods make use of information about first and second deriva-
tives of the objective function with respect to the parameters to be optimized. Thus,
these methods — also called gradlent methods — use information of the dlrectlon to- .
ward the minimum. '

‘One can dIStIﬂglllSh between methods in which the derivatives are available and
those in which they are approximated. In the last case they are obtained by difference
techniques, evaluatmg the condition functmn for two different values of Bk to appro:b
imate f;..

The first denvatwe of the objcctxve functxon results in the grad1ent g, giving a linear
direction of search toward a minimum with s = —g. This method was proposed first
‘by Cauchy(1847) and is called the method of steepest descent. Modifications have
* been proposed to nnprove the rate of convcrgenoe and to accelerate the numerical
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process. Curry (1944} did show that convergence depends on the metric, B, used, when

§ = —B~'g. When the contours of the objective function are spherical in the param-
eter space, the steepest descent converges in one step. In this case B = I. When the
contours are elliptical, so with a quadratic objective function, conjugate gradient
methods can be applied (Fletcher & Reeves, 1964). These type of methods recently
have been reviewed by McCormick & Pearson (1969), Fletcher (1972a) and Dixon .
(1974).

. If Taylor expansion of the objective function about the current approximation is
employed, the first three terms of the series are used and the optimization method is a
'second order method called the Generalized Newton or Newton-Raphson method.
When the objective function is quadratic in the parameters one step convergence is
obtained by the Newton-Raphson algorithm using the Hessian as metric, so d =
~G-lg.

Linearization of a nonquadratic objective function results in methods where the
metric G is applied and updated in each fitting cycle, This is called a variable metric
method. If a minimum is determined in the current direction of search in each cycle,
the method is an optimal gradient method. Otherwise the method is a fixed step factor
method, that can be used when the decrease of values of the objective function for a
number of fitting cycles according to (3.3.2) is pertinent:

Algorithms where G 1! is approximated by a matrix H, say, and updating of H oc-
curs each cycle (Davidon, 1959), are called Quasi Newton methods. The matrix H is
taken positive definite to ensure reduction of the response S. Several of these methods
have been compared and discussed by Fletcher (1969b). .

Mixed methods make use of both direct and analytical search as the polyalgorithm
for global nonlinear least squares problems designed by Aird (1973). A further exam-

Ple is the simulation of convergence of parameter values as developed in Chapter 10.
After several cycles of analytical search, values obtained thus far for each parameter
separately are extrapolated in an empirical way to accelerate convergence.

3.5 Dimension of search, optimal search

Nonlinear parameter optimization is employed by reducing the number of para-
- meters in each fitting cycle using a ¢ X ! algorithm parameter vector 4, g4 < p, in

which case the search is g-dimensional. In fitting practice the number of algorithm
parameters is small, two at most, when applying techniques for finding an optimal
value of A that gives a subminimum of S. The condition to achieve optimal progress is
given by (2.5.14), For one-dimensional search, that still can be either curved or linear,
this condition reads o

gt 46(J)
7

which for linear and strict parameter functions according to (2.1.9), reduces to(g,s) = 0.

=0
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In ohe—dimensional linear optimal search it is the minimum in the direction of

search that is used to furnish a new starting value for the mext fitting cycle to guaran-
. tee convergence (e.g. Kowalik & Osborne, 1968). The update of 8 for an algorithm
that produces a subminimum in the direction of search s = 5(9) reads

1. 6(7) = 0 + 25

2. S(6(2*™)) = min S(0(1))
A .

3, 4™ = 30 (3.5.1)

4. 97+ = 0(a™)

5. 6™ ;= gty

6. s = s(e("’) repeat from step 1

Smce the minimization in step 2 is nonlinear, 4 is to be solved by iterative methods
(see Chapter 9). )
One-dimensional nonlinear search can be carried out in several ways. Application

of weights to the components of the search vector s as developed in Chapter 5 gives in
step 1in(3.5.1)

0D = 0% + IwP(Ds™ | A X% )

where the weights in the diagonal matrix wP depend on the step factor 4.
One-dimensional nonlinear search can also be obtained by treating two directions
of search with interpolation techniques, The Levenberg method (Levenberg, 1944),
generalized by the Marquardt method (Marquardt, 1963) is an example of such a pro-
cedure, It can be shown that the search with these methods is curved (spiral) and is
determined by the gradient and the differential correction vector (Jones, 1970).
One-dimensional circular search is a special case which depends on two vectors say _
u and v with properties [#|| = ||v| and # L ¢, then step 1 in (3.5.1) would read

8(x) = 0™ + u™ cosa + o™ sing : : (3.5.3)

where now the angle o is the algorithm parameter to be optimized.
Extension to a two-dimensional circular search is obvious. Optimizing the direction
of search and the step length in the new direction, the update of @ is obtained with

- 0@p) =0 + pE™ cosa + ™ sin o) ' : o (3.5.4)

where the algorithm parameter vector 2 = (&,f)7 is subject to optimization.

The back projection method developed in Chapter 6 is an example of the practlcal
use of (3 5.3)and (3.5.4).
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3.6 Convergence of gradient methods

The main problem in optimization is the choice of an efficient new direction of search
and the application of a metric that guarantees fast convergence.

Proofs of convergence for gradient methods are given in literature for various modi-
fications and for specific functions. Curry (1944) gives a proof for the sequential op-
timal steepest descent method. If there is only one stationary point in a region C the
gradient method starting in C will converge to it. The process will anyway terminate in
a stationary point thatis in C. Crockett & Chernoff (1955) give a proof for

s=—Blg (3.6.1)

using eigenvalues of the matrix B~G, where G is the Hessian defined in (2.5.11).
Hartley (1961) proves convergence for the sequential optimal differential correction
method.

The essentials of these proofs are that S{#*)> 0 and bounded. If in a convex region
- in the parameter space with boundary 8, a value 8¥ can be found such that S(@‘V) <
5(0.) for any boundary value @,, and if a direction of search s can be found that gives
S(0?) = SOV + 2Ds) « S(8) the process will converge to a stationary point.
Obviously a sufficient requirement to A that the mentioned inequality be satisfied

: oS

(Spang 111, 1962) reads Zi4=0
method of steepest descent, the Gauss-Newton and the Levenberg method (Tornheim,
1963). Weight and metric of several gradient methods are listed in Table 2.

While for gradient methods S(@@*Y) < S(0) is obtained by optimizing the step
length, the direct search methods achieve this by inspection.

< 0. Such solutions exist for gradient methods as the

Table 2. Conspectus* of gradient search dircctions based on the general formula
=4 | a)~'g.

Method Weight  Metric Search
W matrix scalar
A a
1. steepest descent I I 0 linear
2. general gradient 1 B 0 linear
3, differential correction I M 0 linear
4. scale factor weight w? M 0 curved
5. damped differential correction I M, C o« curved
6. second order, approximation 1 H? 0 linear
7. second order I G 0 linear

* The matrix C'is defined in Chapter 2, matrix w? will be defined in Chapter 5, B denotes

an arbitrary metric matrix. For least squares M = J7J and G = 2(M - No;). The matrix

H stands for an approximation to G~! according to Davidon’s algorithm. Values for «

?191233 are chosen to ensure the metric being positive definite (Davidon, 1959; Marquardt,
).
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3.7 Local and global minima

s

- Optimization algorithms are designed to find the solution g* = 0, they thus find at

least local minima. A necessary condition for a local minimuem {cf. Fiacco & McCor-

- mick, 1968) is that g* = @ and G* a positive semi-definite matrix. A sufficient con-

dition is that g* = ¢ and G'* a positive definite matrix. For a global minimum it is re-
quired that for all @ € E? we have a @* that satisfies

S(0*) < S(0)

There is only little known about algorithms that furnish information on the type of
minimum obtained for arbitrary functions (cf. Spang III, 1962; Murray, 1972b).
Hartley (1961) suggests a grid search of the parameter space. One can also use different

starting approximations and observe whether they converge on the same stationary
point. The entire feasible region should be investigated in this way. Such a type of
numerical analysis is a laborious method, however, even for a small number of
parameters (Powell, 1972a). For least squares problems, paths of search can be found
that avoid heavy oscillation of intermediate results. For the same starting point and
the same algorithm different paths on the fitting surface can then be followed. A
method to achieve this kind of exploration will be paid attention to in Chapter 11.

3.8 Least squares -

Objective functions with the form of a sum of squares have special properties. While
‘the general problem of optimization is in the parameter space, minimization of a sum
of squares S can be studied in the observation space, where the problem is the deter-
mination of the foot of a perpendicular to the fitting surface. For this case Taylor ex- .
pansion produces the normal equations (Sections 2.3 and 2.4). :

When the condition function is linear in the parameters, the objec'tive function is

. quadratic giving G = 2J7J for the Hessian. In nonlinear cases the Hessian reads G =
2J%J — 2Ny, as derived in {2.5.12). The Gauss-Newton method for least squares uses
a metric where the matrix Ny, is considered to be absorbed in the remainder o(A3) of
the Taylor expansion in (2.6.2) (Powell, 1972a). This means that only the first deriva- .
tives of the condition function need to be evaluated. ’ |

Since in most practical fitting problems M = JTJ is positive definite, its use guaran-
tees a descent in the response space emanating from the starting approximation. To
obtain convergence it is necessary to determine the next point in the parametef space
ao‘co.rdmg to the conditions discussed in Section 3.6, This means that determining a-
minimum in the direction of search producing a lower value for the sum of squares is
efficient. This optimal step factor method is called the modified Gauss-Newton method
whichisgivenin (3.5.) withs =d. .~ - - L o e

- Methods have been developed that improve the condition of M by addin ga numbef
t? the diagonal terms of this matrix (Levenberg, 1944 and Marquardt, 1963), but Da- |
vies & Whitting (1972) report the rate of convergence as being slow cdmpar’ed to the
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Gauss-Newton algorithm because of the damping of the normal equations.

A review of methods, which are mostly based on the efficient treatment of the Jaco-
bian and on interpolation techniques between the gradient and the differential cor-
rections, can be found in Jacoby et al., (1972).

3.9 Evaluation of methods

There is no general classification of optimization methods with respect to their
efficiency for arbitrary condition functions. The applicability of an algorithm depends
on the special properties of the functions to be minimized and the extent to which
. assomptions made, hold. The choice of an algorithm therefore depends on several
considerations. Algorithms that ensure convergence may work so slow that applica-
tion without any modification is a waste of computer time. Therefore some algo-
rithms are designed in such a manner that updating of matrices is not carried out in
each cycle but only afier a predetermined number of them.

The slow convergence of the method of steepest descent has been emphasized by
mriny authors (Spang IIT, 1962; Marquardt, 1963; Fletcher, 1969b), although the first
few steps may give an appreciable decrease of the response the rate of convergence is in
general considered unpredictable, Steepest descent convergence will occur even from a
poor initial approximation in the first cycle (Powell, 1972a), but the direction toward
the minimum according to the Gauss-Newton algorithm is often found to be about
perpendicular to the direction of steepest descent for the first fitting cycles (Marquardt,
1963; Davidon, 1969; Powell, 1972b).

The Gauss-Newton method is independent of scaling and although there is no de-
vice to force convergence from a poor approximation (Powell, 1972a) it converges

rapidly when near a solution.
~ Fletcher (1972b) points out that in his experience first derivatives are usually ex-
tremely valuable and that second derivatives do not furnish the same order of improve-
ment. In least squares methods updating of the matrix 2J7J will usually be quite
satisfactory. It will be shown in Chapter 5 that second derivatives are useful when ap-
plying scale factor differentials as weighting system for the differential correction
vector. ' ’

Methods which use a nonlinear search might have advantages over others. They
may follow the natural valleys better, as the Levenberg method does (Curry, 1944).
However, a practical drawback can be the numerical complexity of the method. In the
Levenberg method the algorithm parameter occurs implicit in the metric (Table 2)
which to find the parameter value has to be inverted for each step in the iterative
process. Davies & Whitting (1972) derive a single prediction formula for this parameter
to simplify arithmetics. '

Algorithms that use function values only, have the advantage that no further for-
mulas need be evaluated. The most simple of these algorithms, the alternating direc-
tion or univariate method, usually fails to give convergence in a reasonable number of
fitting cycles (Fletcher, 1969b), especially in situations where contours of the response
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Table 3, Classification of optimization methods in descending efficiency.

Sequential methods Nonsequential methods
Second order methods Factorial methods
First order methods Random methods
Gauss-Newton
Quasi Newton
Conjugate gradient
Zero order methods
Conjugate directions
- Direct search

surface in the parameter space are inclined at about equal angles to the coordinate axes
(Spang III, 1962). When using weak stopping criteria the obtained parameter values
will deviate unpredictably from the required solution.

Some authors, possibly in accordance with their experience, give a classification of
methods in nonlinear optimization as regards their assumed efficiency. A combination
of classifications given by Brooks (1959) Hartley (1961) and Murray (1972d) could
read as given in Table 3.

Classification of various modifications of the above mentioned methods according
to ‘standard’ problems in unconstrained optimization are given by Kowalik & Os-

borne (1968), Sargent & Sebastian (1972), Himmelbiau (1972) Davies & Whitting
(1972), Aird (1973) and Dixon (1974) among others.

3.10 Stopping criteria

Stopping criteria are used to terminate the execution of an optimization problem
for several practical reasons, :

To avoid waste of computer time tests are used in computer programs to stop the
process after a predetermined number of cycles has been performed, so even if no
convergence takes place the number of fitting cycles remains limited. For the same
reasons the use of control cards in the input stream to define the maximum computer
time in a single run, can be advocated. When convergence is apparent one can ter-
minate the numerical process when a required accuracy is obtained.

Main criteria mostly used for the termmatlon of the optimization process are

- magmtude of the relative change of the response in consecutive cycles,

— magnitude of the relative change of the parameter values in consecutive cycles,
- length of the gradlent. ' (

. Sn;pfzzng criteria for least squares methods Wﬂl be dlSCﬂssed in more detall in Sec-
ion , : ‘
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4 Extension of the condition function

4.1 General

Functions that occur in fitting practice have to be put in a suitable form before the
theory discussed in Chapter 2 can be applied. In cases where the derivation and pro-
gramming of second derivatives gives complications it here is assumed that algorithms
based on first derivatives still can be applied. It is then at least necessary to calculate
the components of the vectors £, and f,, & = 1(1)p, numerically. These vectors are
essential when using gradient or differential correction methods. However, the deter-
mination of both vectors is not always achieved by simple numerical evaluation; some-
times an iterative solution of implicit functions and the solution of derivatives from
simultaneous equations is required.

To distinguish between functions of the same variables and parameters but of
different form a left-superscript is introduced, e.g. *F(x,8) and 2F(x,8). Particular
functions will be defined in each section separately. Letter subscripts denote differen-
tiation with respect to the indicated parameter according to (2.1.11) and (2.1.12).

4;2 Functions of different form

A vector of values defined by (2.1.5) reads

1
PG, xf i L xE0.6)

Fy,0) = =0 4.2.0

FixP, x50,y xE,6)

It is not necessary that all functions Fin (4.2.1) have the same form. Generally, equa-
tions (4.2.1) are called the condition equations, where the function F represents the
condition function, hence the observations are subject to v conditions which may be

of different form (Deming, 1948). In this case (4.2.1) must be written
lF(xL;l] x§1]15y51]sx5!+]19 :x!:nl],g)

F(y,0) = =0 (4.2.2)

vF(x[vj x[v]by_s‘,]sx?-’l:—li! sxm 90)
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to distinguish between ¥ dlﬂ‘erent condition functions. According to (2 1.8} this can be
written

F(y;8) = [11*"“:I O5.0),-.. F 0T = 0

which expresses that actually it is the adjusted value y} A= l(l)v, that is subject to v

conditions. The vector of deviations from observed values x, i = 1(1), is obtained
by -

Joir =% =¥

according to (2.1.10). _
If the equations (4.2.2) can be solved, giving y, = f;(8), the Jacobian reads
I = VO,V

With these expressions the theory developed in Chapter 2 can be applied. The subscript
J will be omitted in further sections unless newly defined in the text.

4.3 Implicit functions

Derivatives required to evaluate the Jacobian can also be obtained from implicit
functions F(y,0) = 0. See (2.1.8). -

The ith component differentiated with respect to the kth parameter gives.
ofey _ aF“] aFtN-=t
39, o) = AV

F[;l #0 @3

Evaluated for all observations and all parameters thlS can be written

-Fgf] . 1 —1. _ -FH] F[ﬂ ,Fs’ﬂa
0 .
7! =~ . FE“ ' ' F‘{”,...,Fﬁ'],...,F_E,” o (4.3.2)
_ L : Fm LFM F[‘], F["]

The relanonshlp between the J; aeoblan matnoes for 1mphclt and exphelt f‘unctmns can
be expressed by means of Definition 2 2 1as

i =-F  (433)
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4.4 Nested implicit functions

In this section we are concerned with condition functions of the following type
Fluw,8) =0 (4.4.1)

where v = u(8) and w = w(f). Let calculated values that meet the condition (4.4.1) be
u and let the vector of observed function values be x,, then we have to determine the
components of the difference vector

0 = .1'1 - N (4.4.2)

and of the direction vectors

.&—‘a—é; k =1(1)p

We assume that # can be solved from (4.4.1} iteratively which gives (4.4.2). To solve
J& use s made of the total differential of (4.4.1) with respect to each parameter which
teads for the kth,

oF ou OF dw oF
AFuw0) =L o L W 40 + T 4p =0
W) = o a5 O T e, Y o

from which we obtain witha 1 X 2and a2 x 1 dimensional vector of variables in the
numerator, the solution '

T
y = — & Fw)fk’ " L1y,  F,#0 (4.4.3)

wh1ch has to be evaluated for all i, This equation is a generahzatnon of (4.3.1). An ar-
bitraty element of the Jacobian thus reads

P = -7, FHFE W)’

which is a generalization of (4.3.2).

4.5 Simultaneous nested implicit fanctions
A further extension of the use of implicit functions is given by the following simul- '
taneous system of condition functions
Flu,o,w,8) = 0 ' _ . (45.1)
G(u,0,2,60) = 0

where u,u,ﬁ:, and z are functions of & and the solution is with respect to # and v. The
total differentials dF = 0 and dG = 0 applied to the kth parameter yield after dividing
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them by 40,

6Fau+6Fau dFéw. @F

—— = — =0
au a&k 5!) 69,‘ (3w 59.: aak

dGdu OGdw 6Fdz &G

— e———Ft e F =0
du 66]‘ oo &Bk az 601: 39,‘

from which the partial derivatives u, and v, have to be solved. The solution is obtained
from :

Fu Fv Uy _ —Fwwk_Fk

G, G ||wul |-Gz —6, (4.5.2)
and can be written with a 2 X 2 dimensional matrix and a 2 X 1 dimensional vector
of variables at the right~hand side

“k ' [ G., —Fu Fk + Fka
__ -t (4.5.3)
F,G, - G,F, _ '
-"G“ F Gk + Gzzk

o

which is a generalization of (4.4.3).

Next we assume that (4.5.1) can be written in a special form to obtain mutual solv-
able equations, viz.

F =u— fo,m0) =0 4.5.4)
G =0v— gu,z0) =0 |

then (4.5.3) takes the form

U L L] [h + fowd]
_ 1
. - guf::

| U | B ' L8x _1- L8k + 822 |

‘4.6 Sequential fanctions

Se.quential funcﬁ?ns can be considered a series of multiple nested implicit functions
of different form with respect to the argument. The vector of calculated function val-
ues of such a Sequence can be written, given a starting value ¥, in the following way
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ot I A I R OF
y[2] f[2](y[!] ,9) 2f[2](0)

y=| = [f90ng)| = 11 ) @61

M Lo ey ] e

We have to determine f; and f;, & = 1(1)p. Values of yI can be obtained by simple
evaluation, the starting point for instance being y'°1 = xi%), which enables us to deter-
mine f§ = x{" — y', i = 1(1)v. The first, second, ..., ith component of an arbitrary

vector f; read

ay[ﬂ af[ll
3, 86,

ayIZ] af[Z] ayll] af[zl
%9, oy a0, 6,

| 8 .If] i1 4,,[i—1] i1
A i PRy I
0, a8y &, o6, B _ (4.6.2)

Sequential functions given by (4.6.1) can easily be reduced to functions defined in

Section 2.1. We only need to replace the variable y™*1in the argument of f by observed
af[l‘]

values, say xL, so producing in the derivatives in (4.6.2) 5 = 0,i = 1(1)v and so
gyt ¥y
?yé— = fIY] The observation vector x, is in this case defined by

v o001 L L1 ~1RKT
x, 0= (xPx I x i

1)

The starting value for the sequence, viz. y1% = xI%), will generally not be an optimal
choice. For this reason we can define 31 =: §,,, where 652, can be taken equal to
x5, This new parameter can be used to extend the vector of parameters. To optimize
0,41, partial derivatives with respect to this parameter have to be determined.

In a computer program both possibilities can be built in, their choice being governed
by a system parameter r. Using an auxiliary variable z, and renumbering the parameters
such that now 8, defines yt°7, the series (4.6.1) can be sct up as follows
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: : : A =19, +(01- rx

Pl U gy [21 rpit? 4 (1 — PV

‘ 2 2 31 o pf2 1 — P)xk2!
e B (S CLLA N ) B z 4 (= P

|
<

e @ g ETUan® a-pnD @6

'yp-n T I D & PR (oot} B Y
y[v] =f[w] (z[v] ’9) : : . .

where r = 0 means nonsequential treatment and » = 1 means sequential treatment,
The derivatives of the auxiliary function for{ = 1 are

azlll ) .
e = 0, k=100 -1
06, : (4.6.4)
azt1
80,
The derivatives of the condition function for i = 1(1)v are obtained from
syl 15,1 111 ' ‘
ot _ oot of . k=10p ' (4.6.5)
39,, 62 39,; 69,‘ ) ) . . '

The next component for the auxiliary function can now be prepared

a1 aytﬂ T
= k = 1(1)p, i=11)(»—1}.
R ()p R Q) —1.

where the partial derivatives 8z/d0, cancei out if the system parameter » = 0. As the
functions z always occur in the same way in the functions f, the derivatives can be pro-
grammed efficiently on basis of the following scheme, [ denoting DO-Ioops
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17T i=11w

2| [k = 1()p
[i] [ A, I8
3 |7 Yo
80, oz 06,

d y[i] B F y[i] aflf]

41 =1 , equations
%0, o6 o 0
51Tk = 1(1)p
[#+1] L[]
6 éz — ?y_
00, 06,

where the particular partial derivatives f; for all parameters have to be programmed
separately in step 4 only.,

" In fitting practice it will be helpful to choose » = 0 in the first few fitting cycles to
obtain an improved starting value 0 before applying sequential functions withr = 1.
If the new parameter that represents the starting value y£°1 of the series has to be ex-
cluded from the fitting procedure, this can be done by means of the parameter index
cards in the main program to be discussed in Chapter 8.

In case of time series it is custom to plot ¥}, i = 0(1)v, against i = time, connecting
the points by polygons thus producing a broken line whose first derivative with respect
to time is not continuous. Partial derivatives of the sequential condition function with
respect to the parameters, however, are continuous since also in this case the con-
ditions laid down in Section 1.3 hold.

4.7 Aliernative functions

A further generalization of the condition function occurs when the structure de-
pends on results obtained by function evaluation. In that case it is not known what the
structure of the entire function is until all alternatives have been chosen. This type of
function belongs to the class of nested implicit functions. An example is given in Fig.
11 where the functions 1fand 2fare supposed to have different forms.

We define the row vector of variables x ;= (x3,...,X,) Where we assume that it is x,
which in this model has to be compared with calculated values y to find the sum of
squares . Values for fi = x{7 — y' can be obtained by numerical evaluation.

The derivatives in which4f;, = 1,2, is involved read respectively

ifu <0
W _ At oty | oy
%, ou 06, o 86, 00,
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Fig. 11, Flowchart for parameter optimization detailed for the calculation of the difference vector fo
of a composite alternative condition function. Particularization of UL § = 1, 23 § = 1(1)v, is caused
by the value of ' which can change for the same 7 at varying values of § in consecutive fitting cycles.

_ iful? 2 0

o _ o0 | o ow oy
= +
aﬂk Ou aﬂk ow 63,‘ 69,‘

In the computer program the derivatives can be included in the subprogram for
function evaluation. The advantage is that the program can be shortened since use can
* be made of auxiliary variables in function as well as derivative function statements.

When the derivatives are written in their own subprogram, an array of integers must
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Fig. 12, Part of flowchart for the calenlation of the difference vector fp and of the first derivatives of a
cemposite alternative condition function. Values of first derivatives are controlled by values of a'%
See Fig. 11 for completion,

be produced that contains information on the step sequence at the »'-decision for
each ;,

Iffis a function of both, v and w, these functions have to be defined for both choices.
An example is given in Fig. 12 where ¢, and ¢, denote constants, The calculation of the
derivatives is indicated in the flowchart.

The functions u, v, w and f'need not be functions of all components of . This means
that for u, v and w only those derivatives have to be programmed whose parameters
occur in the functions mentioned. The function f, which is a function of the parameters
occurring in u, v, w and in its own argument, can be treated as follows. Let the function
udepend on p, < p parameters taken from @ and suppose when treating » that they are
ordered by k, = 1(1)p,, and all this analogous for o, w and f. Numerical calculation of

Jyis then carried out by the following scheme
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[i = 1(1)v g
utt! ' .
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00,
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afII] ] )
fm f o+ 0. Prequations, PrEDP
ky o

In Fig. 11 and in Fig. 12 it is assumed that the step sequence depends on the value of
4", The foregoing procedure can also be used when the function choice is made to
depend on the observation order number i. If for a first group of data, say v,, the right-

hand route is to be chosen the argument in the demsxon statement on u1#1 should read
v, — i

4.8 Combinations of functions

The functions discussed in Section 4.7 can be sequential functions. A flowchart for
the application of such a combination is given in Fig. 13.

Observed values of y and » are components of the v+ 1) % 1 vectors

| Xy i (xlﬂ] A ' o [lv—l] AT C

X, = (x[2°],x[z”,._. X5 1 DT

oIt ls assumecl tlmt values of u are obtained by seqoential functions too and that ob-

servations on u are components of the vector x,. We define the row vector of variables
x =1 (Xs,..,X,) and use x, for the determination of § = Z(xm [”)2. The system

can be set up with system parameters ry and r, as follows K

62



s3h

»
ou A=

e i
m? "

3
en’”

di)i=y

)
_ - y _
Te+1] g tu _.u.nﬁ_.a Lun_..ﬂu
)
™
90 iy 4
suojjonba *d s ey MNa M
" TR
rz A2 Azy A3 A
ALy L="Ba s S A NEN DB ) >
(byb="9y n_u\.n_uf..nn_wn_u~ nm_.u—u
0% o>

p A >_.x —x
A o -
n_u [1p) 4 ___ m i

2:_.5_

_ p
_ n_uh x= n_um [~

0" i n_unn.ax:u _AI_

:oz.u:_._:.__o_:ucou
[-1FHY m_.__._:om_ caxoeq D

feritegus g
an_“_x..... e X
ﬁux. uxv- H 2%
_.Gx.ne.xv. (€

L TR S S Y LI

ALy b=y
3

_ gop 2 5 :..n_u_.. R _

3.
89 n n
suojjonbad o2 M W,
i¥ nlé " 0"
Im
1
ﬂu i3 e h_u
d(L) 1=y

)

_ B M g, h

Az

%
O M g

diLyL=y
]

AZy A M,
Az, ag Az My, N8O A
suo|jonbe td’ A suoppnba Mg by
m?8 m " e o
) A
A= =
[ @pX)Az=gh ] IR

03 o>

e ]
4

| 5xt-ntolisz |
[@ 3pdn |

Fig, 13. Part of flowchart for the calculation of the difference vector fo and of the first derivatives (in-

dicated by letter subscripts) of a sequential alternative condition function.

140 O jonba
Zipun b 188

See Fig. 11 for completion,

63



r; = 0, nonsequential treatment of y
ry =1,  sequential treatment of y
r = 0, nonsequential treatment of #
r; =1, . sequential treatment of u

Auxiliary functions as used in Fig. 13 are
V=0 4 (1~ r s, i=11)+ 1)
Bera -l -1+

-

w

where y1°1 and 41? are starting values for function evaluation. The parameter vector
is defined such that o

¥ =:0,and ul =:9,_,

Observed values x{” and x§ are assumed to be available and are to be used as starting
values for parameter optimization.

Two functions are distinguished, viz. 'v and 2y, to obtain values for v. Each function
has its own subset of parameters. The appropriate derivatives for sequential functions
are obtained automatically by the choice of r, and r, respectively, The starting value
z!'1 depends on the parameter that represents the starting value xt%), However, from
i = 2 onward, the variable z[*1 depends on all parameters because z is a function of y
ifry = 1. Analogous arguments hold for w and u. :

Permutation and partitioning of the components of the parameter vector furnishes

the possibility of excluding either 6,_, or 8,, or both, from the fitting procedure (See
Chapter 8). '

4.9 Special properties of the fitting smrface

Application of sequential and alternative condition functions discussed in this
chapter result in special properties of the fitting surface. This surface depends on both

the form of the condition equations and the observed valyes assigned to the variables.
For x := (X3300Xp) and X : = (x3,...,x,) let

HO) =fx, X8) - - (49.1

be a strict function of the vectors of variables,
surface. Fitting with.
4.9.1).

For sequential functions we define the second ob:
(n + D)t fitting cycle as follows (sce4.6.3) '

x$0) : = [8°,4%@),...,y% gy )7

then y is the position vector to the fitting
out sequential functions takes place on the fixed surface given by

servation vector to be used in the

\\fhere Yl = 1(1)(v—1), is found in the nth cycle, then

- HO) = fx(6),X,0) (492
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Xo(Ar=locus

y (M-locus

Fig. 14. Two members of a family of fitting surfaces for sequential condition functions. The lower
surface is explored by kecping the vector of variables x,(4) constantat 1 = 4™,

Now p(8) is the position vector to another fitting surface (Fig. 14). Since x{” is a func-

tion of the parameters, fitting with sequential functions takes place on a family of sur-
faces; each iteration within a cycle producing a new member of it. Fitting along a
(linear) direction of search in the parameter space can be regarded as fitting along loci
which satisfy

9(2) = g(n) + As(")
@) = (0,0, A,.. " W1T (4.9.3)
HA) = f(x(A).X.6()

The nth intermediate fitting surface can be explored by putting 1 = A® = constant in
the expression for x, in (4.9.3) giving the position vector in Fig. 14,

ALY : = fxPA™),X,000)
The program option to control this is the choice of the value of the system paran‘feter
r =0 in the (2 -+ 1)th fitting cycle. An adequate value for A is in this case the optimal
step factor 4 = 4*®, see (3.5.1).

For alternative condition functions (see Fig. 11) the fitting surface does not change
as long as for all 7 the same choice is made in the decision statement on ut1. A partic-
ular order of the functions 1f and 2fin the nth fitting cycle can be stored in a v X 1
choice vector jm, Components of this vector are ji1 = —1 if ¥*1 <0, ji1 = 41
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fitting surface titting surface
for ji) for j&

Fig. 15. Schematical filustration of 2 discrete fitting surface. Along the dotted line the value of one or

more of the components of the integer choice vector § suddenly changes, causing a jump to a further
fitting surface,

otherwise. Assume a one-dimensional search to be carried out with step factor 4 then

J = j(A). This vector will not vary continuously with 1. It changes value when jumps to
other fitting surfaces occur,

Complications can arise as to the choice of a terminal point 6 since this can be

situated on a surface producing a greater value of the response S than that obtained in
preceding cycles. Such a situation is sketched in Fig, 15.
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S Use of scale factors for accelerating convergence

5.1 General

Convergence in the fitting procedure can be accelerated by choosing directions in
the parameter space that produce paths closer to the minimum of S(6).

Stol (1962b) developed a method where use was made of ratios of scale factors to
obtain weights to be applied to differential corrections d (Section 2.4) to find these
better directions. Determination of weights that depend on the course of scale factors
by varying the position vector yp, involves evaluation of change of scale factor values
when proceeding in the direction of search. Now it depends on the structure of the
condition function whether differentials of the scale factors can easily be used to de-
scribe the scale factor course with second derivatives. Otherwise, when this structure is
complicated, differences have to be applied. However, in that case numerical informa-
tion on two points on the fitting surface must be available.

- The problem of finding weighted corrections to accelerate convergence can be con-
sidered part of the problem of finding corrections for curvature of the fitting surface.

5.2 Role of scale factors

Scale factors were introduced in (2.2.7) and discussed in Sectlon 2.7. Their roIe in
parameter optimization will now be dealt with.

Consider two points on the fitting surface, given by 8 and 8@, with scale factors
AD 1= BOW) and AP := A(B®) respectively.

Assume 8 to be in the direction of differential corrections obtained from (2.4.13)
80 ) = g L 14D, Tt is noted that ¥ is found by projection on the tangent plane
to the fitting surface (Fig. 16). This means that the order of magnitude of the compo-
nents of d'? js based on units along the parametric curves at 8, being A,(6'), k =
1(1)p, (Stol, 1962a and for a one-dimensional example Draper & Smith, 1967).

In the nonlinear case this results in too rapid a progress in a divergent direction or in
slow convergence. Fig. 16 and Fig. 17 show an instance of the first case on a two
Pparameter fitting surface. The differential correction vector in this example is supposed
to be d™ = (3,3)" expressed in units of h, and i, at 6* in the tangent plane.

In the figure the scale factors are assumed to increase, each in its own way, along
the path from f(0") to f(6‘?’). This means that the length of this path on the fitting
surface js considerably longer than the length of the image of this path in the tangent
plane, viz. the length of the total tangent Jd. To overcome the consequences of this
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Fig. 16. Detail of tangent plane to fitting surface at Fig. 17, Detail of fitting sutface wh:r.e the ldtf;
@ with differential correction vector d — (3, 3)"  ferential correction vector d = (3, 3)7 is app ::h
measured in units of the scale factors 4, and k. to OV = (1, 1)7 giving a linear p.ath of ?eaf
~ The terminal point of Jdis obtained by orthogonal  in the parameter space. The terminal point for

projection as sketched in Fig. 6, step factor 1 = 1 i3 §'® = (4, 4)7. The cours'e
of the scale factors induces what mostly is
called overshooting.

. o
situation we introduce weights w to act on d to produce paths closer to the solution 8*.
Obviously the weights have to be chosen inversely proportional to the scale factors

“in newly obtained points §® on the fitting surface along the direction of Jd, therefore
we define the kth component of the P X 1 vector w by the ratio

(01

wib(@) ;= Y 0
<) h(0'D 3 24D

k = 1(1)p 521

hence, denoting the step factor in the weighted direction by 4’
0@ 1= g0 IIWP(H] g ' 5.2.2)
giving new paths on the fitting surface (see Fig. 18 path 2 and 3, and Fig. 1).

In (5.2.2) values for A’ and A have to be determined to make optimal progress. Solu-

tions can be obtained by taking differentials or differences of scale factors depending
on the availability of second derivatives of the condition function,

5.3 Differentials of scale factors
' 531 dpplication . ' ; '

Consider the kth coordinate of the vector in the denominator of (5.2. D,

viz.
.. h,‘(e(Z)(A)‘) ; = B0V + M(n))..

| (5.3.1)
which can be expanded in a Taylor series with respect to the increment Ad
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BAG) = b + Ad)VROY) + 0(2?) (5.3.2)
The scalar product can be written o
d ah,, ah,‘)r
. 6.91 30

in which the elaboration of the arbltrary Ith term of the second vector is given by
2.7.1)

o, =Je
By :
Using the matrix (2.5.10) the results can be collected as follows, for 4 sufficiently small
]!(2)(;_) = A0 4 U!d(l)M(llz)d(n
Finaily the weights (5.2.1) can be given by the vector
wd) = (h + AWM, d)Yh ' (5.3.3)

where vectors and matrices on the right-hand side have to be evaluated at 8 = 80,
Relative to A the expression becomes

w(i) = (1 + 20°R°M, ,d)'1 (5.3.4
5.3.2 Minimum response

The response S in case of weighted corrections taking 2 = 4’ and dropping the
prime can be obtained from

S(2) = £V + w7 f,(0V + iw"(Dd) (5.3.5)

to be evaluated at #V. The general formula for the optimization condition is given in
equation (2.5.14) and for one-dimensional search in (2.5.15). The derivative of the
argument in {5.3.5) with respect to 1 becomes .

(2)s
ag®’ () = wO()d + 4w (A)d
da dA

The kth component gives, using (5.3.3) and {.k.} to denote the kth component of
M, .d

L O 4+ d( by d)
dl RE 4 (kY ¢ dA\RZ + ALk}

which gives N : :
4oy ( - )2 d (5.3.6)
= E .
di hi + Af.k.}
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0

The oﬁﬁmizaﬁon condition for a subminimum along (5.2.2) reads, differentiating
(5.3.5) using (2.5.13), (2.4.12) and (2.5.15)

as@) _ <, " )’d=o
28 ;mum(m(hz )

from which 4 has to be solved. This can be done by means of iterative methods as fzre
discussed in Chapter 9. Since d0(1)/d2 depends on A - see (5.3.6) — the pathalong “.’thh _
exploration of the parameter space takes place is curved, giving a one-dimensional

nonlinear search in the parameter space. The derivative of #(1) has to be evaluated for
each iteration step in searching the subminimum,

. . (2)¢
1t will be noted that 407

A = ¢ = 04(0) has thedirection of d because of (5.3.6).
The properties of the weighting system for 4 = 0 and 4 — oo are, referring to (5.3.3),
WO =1 g = g0, . 0,0) =d

. 2
wn(oo) =40, - 9’(‘2):(00) - g}cl) + {_h’f}_ A k= l(l)p, 01(00) =

06,2, k = 1(1)p, is bounded for M, # 0. If M, ,d = 0, for instance with a linear
condition function, (5.3.3) gives w = 7 and the weights cancel out.

Changing values of A will not change the sign of 6,(1) because of the square in
(5.3.6). This means that, depending on the sign of d, the values of 62, k = 1(Dp,
increase or decrease monotone although the search is nonlinear. In Fig. 18 three paths
of search are sketched. Path 1 is valid for (3.5. 1) with s = d, path 2 for (5.2.2) with
‘A = constant and path3 for (5.2.2) with 4 = A".

* Fig.1givesan example of paths obtained in this way on an actual fitting surface.

PARAMETER SPACE Ez

1
ﬁ,nswnt 9‘2’/}(”
- &

Fig. 18. Ditferential corrections applied in )
three algorithms. In path 1 given by §* =
0 + 1d according to the modified
. Gauss-Newton algorithm. In path 2 given
" by @ = v+ N WP 04E by
weighting  differential corrections with
constant values of scale factor differentials.
In path 3 given by g = g + 1[W*
(19D where the weights depend on the
step factor 2, . . o
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5.4 Differences of scale factors
5.4.1 Application

To avoid the determination of second derivatives of the condition function a differ-
ence method can be applied. We assume that a second point is known numerically
which means that (5.2.1) can be calculated. Suppose this second point be optimal in
the direction d*V) then, with & = k(1)

W(n(l*(”) = [h(l)(i*(l))]dh(l)(o) . (5.4.1)
which can be inserted in (5.2.2) giving, again dropping the prime for A,
PGy = 8 + LW )] Mg (5.4.2)

from which the optimal value of 1 is to be determined.
Analogous to (5.3.4) we can write

w = [1 + FOGE® — 1 . ' (5.4.3)

where A® is supposed to be evaluated at 1 (Fig. 18). In this case the scale factor at
an optimal point in the weighted direction does not agree with that at §**>, To main-
tain correspondence between both, an alternative expression for (5.4.2) would read
generalizing (5.4.1) '

3(2)1(;,_) = g1} 4 1[wv(z)](l)d(1)

again giving a nonlinear direction of search.
5.4.2 Minimum response

In case of differences of scale factors the parameter function (5.4.2) is again a linear
and strict function of d. This means that the direction along the path of search is given
by ‘

ao?rGy

di

independent of the step factor A. Progress is made along a straight line in the param-
eter space. Optimal values of A can be obtained by methods given in Chapter 9.

[WD(}.* (1))](1)d(1)

5.5 Example

For the condition function and data given in Appendix 2.3 three methods have been
compared (Fig. 19). The three methods converge on the same terminal point. The
starting value gives S = 976.40. The modified Gauss-Newton algorithm gives con-
vergence in 25 cycles under default accuracy options (Chapter 13). When using weights
according to differences of scale factors in (5.4.3) with optimal first step length the

71



1000 T
goo \ Method Number of Mean number

L \ _ entries in of Herations Fig. 19. Decrease of sum of squares for
600} SUSROUTINE MK the problem in Appendix 2.3 according
1. 24 65 o three algorithms based on the dif-
] \ 3 s 1210(23’ g;g ferential correction vector d, 1 modified
400f— L& Gauss-Newton: 2 and 3 differential cor-
B -hhhh""'""---. rections weighted with the ratio of scale
200} — i Tteen, factors; 2 with use of differences, the
| \ \ number between parentheses includes
0 s w L My . full optimal search to obtain Rk in
4 8 12 16 20 24 28 each first direction; 3 with use of dif-

number of fitting cycle farentials.

response decreases in the first cycle to S = 71.59. Under the same options the number
of cycles necessary for the same accuracy is 13, Differentials of scale factors produce
weights by means of (5.3.4) that cause convergence in 11 cycles,

As regards the approach to the terminal point, Fig. 19 shows that the modified
Gauss-Newton algorithm gives a response § <C 100 after 18 cycles. Weights based on
differences of scale factors achieve this in the first cycle but it will be remembered that
scale factors from two points must be available and so in each cycle two subminima
have to be calculated, the first to obtain 0*®, the sccond to obtain 8+, With weights
based on differentials of scale factors 6 cycles are needed to obtain § < 100. Now only
- one subminimum has to be determined in each fitting cycle. The least sum of squares

appears to be S(@) = 1.83, which is found with all three methods. -

The results, depicted in Fig. 19, were obtained by the default main program NLV,
the Modification 8.1 and the Modification 9.2, respectively. (See Appendix 1.5).
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6 Correction for curvature by back projection

6.1 General

In Chapter 5 a method was developed to accelerate convergence. Use was made of
the scale factors of the parametric curves. Because of their curvature the locus of the
terminal point of the position vector, which proceeds on the fitting surface along a
linear direction of search in the parameter space, can deviate in undesired directions.

'In the following sections a method is developed that measures and corrects for the
departure from the desired direction of correction. This method consists of orthogonal
projection of the path of search in the fitting surface on the tangent plane at the current
starting point. Because of the fact that the direction of search, which in the present
case is determined by differential corrections, is found with the aid of the same tangent
plane, the method is called the back projection method.

In this chapter the situation at 8% is considered and consequently the matrices J and
M are to be evaluated at this point.

Optimization iterations pertaining to back projection w;ll be denoted by n',

6.2 Mathematical description

Since the tangent plane is spanned by the column vectors of J, the projection of the
vector £, on the tangent plane is Jd (Fig. 20), where dis obtained by (2.4.13).

An arbitrary point in the direction d in the parameter space is denoted by 6¢"* (1)
== @ 1 A4 In fitting practice 6+ will be chosen to represent 8*™, obtained with
A = A**_and the orthogonal projection 48®* 1 of this point on the tangent plane at
6™ will be considered. The normal for this case reads according to (2.4.9)

N = JTU(B("+ 1)) - f(otn))] (6.2.1)

The projection of this difference vector on the tangent plane can be written as Jb, see
Fig. 20. The solution of 4 is obtained from the inverse matrix M " (earlier stored in

the computer memory) by
b e arin (6.2.2)

which is the vector of back projection. o
Now the situation is as follows. Emanating from 8™, the direction of search on the

fitting surface is along Jd in the tangent plane. On the fitting surface the path is curved
and it terminates in the (optimal) point @'+ ¥. Back projection furnishes the informa-
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Fig. 20. lustration of the principle
of the back projection method. Th.cf
point §*+1 on the fitting surface is
projected on the tangent plane
giving 49"+ indicating that the
vector Jb makes an angle ¢ with t‘hf:
direction obtained with differential
corrections.

fitting surface

tion that the subminimum is found in the direction Jb in the tangent plane. Since the
new direction is produced by the disturbing influence of the curvature of the para-

metric curves, corrections have to be applied to find a back projection that is closer tQ
the vector Jdin the tangent plane.

6.3 Two-diménsional linear search

6.3.1 Correction for curvature

In Fig. 20 the situation is sketched where back projection gives a direction Jb too
far to the right of Jd. Correction for this can be made by starting in a direction
to the left of the vector J# for which we take Js (Fig. 21). The magnitude of the
correction can be taken equal to the angle ¢ between the vectors Jd and Jb. The new

direction in the two-dimensiona] tangent subplane spanned by Jdand Jb can be written
as the linear combination Js = gJd 4 BJb. '

- In this tangent subplane we have

TyT S T ' B
- AT _ d"Mb (63D
1@l - 176)  (d" MY 5T MB): PR 3
- From Fig. 22 we can derive the values for o and 8 to obtain the desired correction,
namely R S I
Js=2eosgug My S ©32)
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TWO-DIMENSIONAL TANGENT SUBFLANE

e 2
\\\9\’7—/ Fig. 21. Starting in the direction Jd in the
\ tangent plane a path of search on the fitting
\\ surface is produced whose image is denoted
\\,_/ by curve 1. The tangent subplane is spanned
by the vectors Jd and Jb. Curve 2 is the
image of a path of search on the fitting
surface when starting in the direction Js
which is a linear combination of Jd and Jb.

TWO-DIMENSIONAL TANGENT SUBPLANE

Js
rged | A4 J4
5 -
Fig. 22. Construction of the vector Js in the
Jb Aglneh) two-dimensional tangent subplane as suggested
by Fig. 21.
The length of this vector is obtained from
HJ’s[[2 =4 cos? ¢ |Jd|* — dcos 4) i:Jdllfl d™Mb + |Jd)?
In virtue of (6.3.1) the ﬁrst two terms at the right-hand side vanish and so [|Jsi| = | Jd]|.
The solution of 5 can be obtained from (6.3.2) and reads
W, . | T (633)

§s=2cos¢p d -
. I.Ibﬂ

To avoid matrix calculation this solution can be approximated by one that would be
obtained in the two-dimensional tangent subspace with M = I which gives.

14, | E (634

. 8=2 d—
st d =1’
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where cos ¢ == (4.5)/(I 4]} . 15]).
The search according to (6.3.4) — and analogous for (6.3.3) —can be done by _

B(n'+1)(;t) = a(ll) + s ' (635)

where a first approximation to the step factor can be taken equal to 1*™, o
Apart from the iteration to find A = 1*™ in (6.3.5), the method of back projection
itself can be considered an iterative process. Optimization can be employed for ¢ and
A both, considering them a pair of algorithm parameters. Defining ¢ := 2 cos ¢ the

algorithm parameter vector becomes 4 := (i,c)7 and (6.3.5) then reads

0+ (2) = 0™ + As(c) (6.3.6)
finally giving for the sum of squares the expression
SO = SO + l(cd - ']'l_‘;% ,s)) 637

6.3.2 Directions of search

" The conditions for a minimum are given by (2.5.14) and read in the present case

o _ o eq— 191y (6.3.8)
71~ W] (‘"ir 18] b) ° o
%  LeTod) = 0 | (639)
dc

to be solved for A and ¢,

The tangent subspace spanned By the vectors 4 and b is considered. The directions .
of search are given by differentiating the parameter function (6.3.6) and (6.3.4)

B _ 0 = a1 | 6.3.10)
3 #c) cd ||Eﬂb (.

%’i - | - 63.11)

which is also clear from (6.3.8) and (6.3.9).

For a fixed value of ¢, ¢™ say, the vector (6.3.10) emanates from 6 as sketched in
Fig. 23. This means that the gradient in (6.3.8) can be used to solve A iteratively,- _
starting with 1 = 2*®, producing the new optimal value A**", Keeping this value

constant, ¢ can be solved iteratively from the gradient in (6.3.9) to obtain ¢*®”. This is
performed along A*)¢ emanating from the point : o T

L Axan M b= Aa(n')
T
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TWO-DIMENSIONAL TANGENT SUBSPACE

Fig, 23. Relationship between direc-
tions of search as ysed in two-dimen-
sional search by back projection,
The steps are: 1 back projection of
9+ producing the vector & in the
tangent subspace; 2 determination of
avector of length||dlin the direction
of b; 3 reflection of this vector in 4
to produce s; 4 initial step along s
with a vector of length ||b]); 5 deter-
mination of the optimal value of the
step factor A to obtain 1*?; 6 op-
timization of the angle ¢ by means
of the parameter ¢ starting at 49"
to obtain ¢**"7,

with initial step factor ¢ asillustrated by point 5 in Fig. 23.
" The optimization in the directions distinguished can be carried out with methods

described in Chapter 9.
6.3.3 Properties of the algorithm parametric curves

In contrast with parametric curves for the condition function, parametric curves

for 2 = (4,¢)7 tend toward orthogonality when»n — co.
Consider the two-dimensional tangent plane spanned by Jd and Jb. The condition

function reads

— F(p llelr) - 2cosd
SOR)= £ (o +A(cd A ¢ =2cosd

The direction vectors to the curvilinear coordinates of the (4,¢)-system are given by

foms{er- 1)
1]
Jo=—21sin¢p Jd

where use was made of (2.5.4) with Jf = (f3.f;) and of (6.3.6) and (6.3.4).
~ The scalar product becomes

f Js= ~24sin é ( i:jﬁ:}l )TMd

which tends to zero for 71 — oo because in the Gauss-Newton algorithm & ™ g,
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6.4 Two-dimensional circular search |

The method described in Section 6.3.2 gives linear search in two directions. The re-
flection of the vector Jb in the straight line given by the vector Jd in Fig. 21 can.be
- replaced by a circular search when moving from point 2 to point 3 in Fig. 23, following
- the circular path that connects the terminal point of the vectors (Idll/118]}b and 5.

6.4.1 Correction for curvature

" Correction formulas are derived for the metric M = JTJ, An orthogonal base for

the two-dimensional tangent subplane is determined (see Fig. 24) by taking a vector‘ _
perpendicular to Jdand of the same length

Jr = ___{__. (dcos ¢ — M b) ' . (6.4.1).
o Isingf \ . | 7B]] :
R 2 B 642)
where Cos ¢ = F@W (
and TMd = 0 | @ 4-'3)
Izl = |7dj

The relationship between z, dand b is obtained from (6.4.1).

The metric can be taken unity (M = I) when applying the formulas {6.4.1) through
{6.4.3) in the two-dimensional tangent subspace analogous to the conversion of (6.3.3)
into (6.3.4). This is done in the remainder of this section. R

An arbitrary vector that is a linear combination of the base vectors zand dwith prop- .
erties analogous to {6.4.3), namely (z,d) = Oand ||z]| == |4}, is given by '

s(f) = z siny -+ dcosy (644
TWO-DIMENSIONAL TANGENY SUBPLANE
Jzl Js
¥ e
[ 7 _

- - Fig. 24. Construction of the vector Js in the two-dimen-
\ . sional tangent subplane as a linear combination- of the
b orthogonal vectors Jd and Jz. The particular case ¥ = ¢

- isillustrated,
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which has a Iength equal to that of 4. Takmg ¥ = ¢ equation (6. 4. 4) reduces to (6.3.4)
using, see (6.4.1),

1 (dcos¢ Id] )
|sin @] [
Wlth (6.4.4) a new parameter vector for two-dimensional circular search is, defining
= (ALY,
0Oy = 6 + As(y) (6.4.5)

=

giving for the sum of squares '
- S(0(2)) = S(O™ + Azsiny + Adcos )
6.4.2 D:‘re(,"tion;s' of search
The directions of search in each point of the two-dimensional (A,4)-coordinate sys-

tem is given by formulas analogous to (6.3.10) and (6.3.11). In the present case they
are

Tk sin § + dcosy = s(¥) (6.4.6)
00 - '
%% (zcosyr — dsiny) 6.4.7

The optimization conditions are again

Ley 28 = @Y _ g
Lg(4)] (51) = 0 and [g(4)] (a w) |

The value of i can be determined from the second condition, keeping A constant. Then
the first condition is used to solve 2, keeping \/ constant. Optimization of each of the
algorithm parameters can be achieved by methods described in Chapter 9.

6.4.3 Properties of the algorithm parametric curves

The directions of search in (6.4.6) and (6.4.7) are orthogonal since the scalar prod-
uct of the vectors 60/0A and 66/0y is '

Az"z sin  cos  — Az7d(sin®y — cos®y) — Ad"dsin ¢ cos iy =0

This holds because z is perpendicular to 4 with equal length.
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" 6.5 Examp]e '

Results bf optimization using back projection techniques are given for the condition
function and data mentioned in Appendix 2.3,
In Fig. 25 the decrease of the sum of squares is plotted against cycle number for
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cycle’
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l\ 1 24
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Fig. 25. Decrease of sum of squares for
the problem in Appendix 2.3 according
to five algorithms. 1 modified Gauss-
Newton; 2 through § methods of back
projection; 2 noncircular search with
metric I; 3 circular search with metric ],
after five cycles transfer was made to
modified Gauss-Newton; 4 noncircular
search with metric M § circular search
with metric M. The course of the partial
cosines for algorithm 3 is plotted in
Fig, 32.

Fig, 26. Relationship beiween sum of

. squares § and angle w for the direction

of circular search with metric 7 for

- various fitting cycles. After five cycles

transfer was made to modified Gauss-
Newton. .



four methods of back projection. In this example the use of the metric I appears to be
more efficient than that of the metric M. The curves in this figure can be compared
with those given in Fig. 19, taking the unweighted modified Gauss-Newton algorithm
as reference. )

A large area of the fitting surface is explored by back projection techniques as can
be scen from Figures 26 and 27 for circular search. They give the relationship between
the sum of squares obtained by rotating the vector s respectively Js about the starting
point (see Fig. 24 and equation (6.4.4)). To avoid an extension of the search in direc-
tions that produce too large values for the sum of squares, a reduction to the angle ¢ in
(6.3.2) and (6.4.1) is applied as a starting value when cos ¢ is negative. In fitting prac-
tice it then appears to be efficient to change the sign of the vector of back projection .
However, in some of such cases the sign of the direction of search that is applied in
subprogram MIN must also be changed to obtain a negative slope at the initial point,
(cycle 2 and cycle 13 in Fig, 27). Since in the present case the search is nonlinear, the
program statement that would change the sign was temporarily deleted, giving an op-
timal search for A alone at ¥ = 0. Otherwise execution would have been terminated
after the second time a positive slope at the initial point was found in the same cycle.

10* ' 10*

cycle2

3
10 o/ 10

cycle 10

102 1©

10! 10

cycle1s
k/\
"""'/ Fig. 27. Relationship between sum of
0 cycle1d o  squares S and angle y for the dircction
oY bl 1 ] 1 10 . . . f
0 R - 4T P of circular search with metric M, for

¢ various fitting cycles.
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The convergence to the final solution is slow after the sum of squares has decreased
_to values below § = 5, say. For circular search with metric 7 the algorithm was trans-
ferred to the Gauss-Newton method with optimal step length after the angle ¢ de-
creased below 0.02 radians or cos ¢ < 0.0008. 7 .
The best result for the given example was obtained with a non-circular search with

~ metric X The number of cyeles necessary to obtain default accuracy decreased from 24
to 9 (Fig. 25).
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7 Structure of the program

7.1 General

The computer program is written in FORTRAN and was run on a CDC 6600 com-
puter using Scope 3.3 UPDATE features (Appendix 1.1).

A program written for the application of different algorithms has to be compiled of
~ subprograms that contain the statements of the subroutines of the entire procedure.
Particular algorithms then can be employed by choosing the proper sequence of sub-
routines in the subprograms by calling them from the appropriately modified main
program. Use is made of SUBROUTINE subprograms only.

The program is divided into three parts. The first part consists of subprograms that
have to be updated for each particular condition function that is to be optimized. 'The
second and third part consist of subprograms that contain algorithm statements and
that need no updating except for the dimensions of the arrays, if desired. Subprograms
are called by the main program NLV {(Appendix 1.2) which can be modified to suit
various algorithms (Appendix 1.5).

Variables that occur in different subprograms are linked by the appropriate argu-
ments or by COMMON statements. Variables that occur in COMMON statements
are subdivided into two blocks. Those whose dimensions of arrays are condition
function dependent are collected in *COMDECK DVAR, those whose dimensions
are algorithm dependent are collected in *COMDECK DFIX together with nonsub-
scripted variables. Condition function dependent subscripted variables are updated
with dimension comdecks as described in Appendix 1.1. See also example given in
Appendix 1.4.1.

To use the program for investigation either of the condition function and its prop-
erties or the convergence process, options are included that are not part of the al-
gorithm. Options can also be used to modify the main program NLV (Chapter 12 and
Appendix 1.5), |

7.2 Condition function statements

S“bPrOgl'ams written as a framework for new condition functions are contained in
the first part of the entire program. They serve two purposes.

Administration The SUBROUTINE INITL was written to produce the specific
headings for problem identification, to initialize variables and counters and to govern

85



Table 4. Update *COMDECKs called by SUBPROGRAMS
mentioned. See also Appendix 1.3 and Appendix 1.4.1,

Contents of the comdecks Comdeck name Called by

Headings XINITL INITL

Dimensions NDIMRD - READ
READ instructions " RDDATA READ
WRITE instructions WTDATA READ
Dimensions NDIMFN FNCTN
Function evaluation NFNCTN FNCTN
WRITE instruction WFNCTN FNCTN
Dimensions NDIMDF DFDA
First derivatives : NDFDA - DFDA
Dimensions NDIMD2 D2FDA
Sccond derivatives ND2FDA. © . D2FDA
Data - : : DATA

Data to be copied to file MYDATA, see Section 7.6.

- the desired output.

Function evaluation Tt is evident that for each new problem to be optimized, the con-
dition function and its derivatives with respect to the parameters is to be programmed.
To be able to apply methods at the level of information available, separate subpro-
grams were written for the evaluation of the condition function (SUBROUTINE

FNCTN), of the first derivatives (SUBROUTINE DFDA) and of the second deriva-
tives (SUBROUTINE D2FDA), S :

- A new fanction and its derivatives can be inserted in the frainework of the program
by means of update decks that are called by the subprograms during an update run

~ before they are written to the compile file. Update decks to be inserted in the different
subprograms are mentioned in Table 4, ' o

N

7.3 Algorithm statements

Sl'lbroutines of gradient methods were written in separate subprograms which can
be linked to obtain modifications of standard methods (Chapter 12). These subpro-
grams form the second part of the entire program. The third part consists of special

procedure subprograms. They need not necessarily be loaded when using the default
* deck structure of the main program NLV. '

7.3.1 Gradient subroutines
A{gorfthm partit:‘qnfng The level at ﬁhich an algorithm can be applied fufnish&ﬁ the

| cnteno.n for partitioning in subprograms. Fig. 28 gives a conspectus of the compo-
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Condition functlion

LEVEL OF ) First derivatives
ARILABILITY

Second derivatives

Curvature information
Differentials of scale factors
Step factor in cne-dimensional

Gradient
Normal equations

CALCULATION Ditferential corrections

COMPONENTS Functlon ew:luqtlon

Slope in ohe-dimensional search
sealch
Second order improvement
POSSIBLE
USAGE Gradient methods

Metheds of direct search

Fig. 28, Conspectus of components of caleulations and their possible usage following from the level of
availability, .

nents of the caleulations that are needed for further elaborations. Apart of the subpro-
grams mentioned in Table 4, subprograms were written for the determination of the
gradient and the composition of the normal equations (NRMEQ), for their solution to
produce differential corrections (SOLVE) and for one-dimensional optimal search
(MIN). The determination of curvature and of differentials of scale factors are spread
through some appropriate subprograms. ' :

Process continuation The convergence process is to be followed carefully in order to
detect whether convergence occurs and to decide whether execution can be terminated.
Decisions based on stopping criteria are taken in two steps. The first step is to in-
vestigate by means of subprogram HOWA the situation on the fitting surface at the
initial point, point 4 say. When the decision is made to proceed with a fitting cycle at
a new point B, the second step is to start the next cycle with the replacement of point 4
by point B which is carried out in the subprogram AISB. After this the first step is re-
peated, and so on, till the stoppig criterion is satisfied.

Administration The output contains the main results of the calculations with respecft
to optimal parameter values and corresponding function values, as well as intermedi-
ate results concerning the applied algorithm and its properties. Subprogram LISTING
controls the output and the listing of tables produced by the first and second parts of
the program, according to the demands of the user. ?

7.3.2 Particular subroutines

Exclusion of parameters Parameters in condition functions canbe kept constant, and
thus excluded from the optimization process, to particularize or simplify the func-
tion. Examples were given in Section 4.8, where a choice was made between sequential
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and nonsequential use. Another possibility is a partitioning of the parameters into
two groups, the first consisting of those that occur nonlinearly, the second of those
that occur linearly in the condition function. Grouping and selective use of parameters
once can be applied in the default deck structure of the main program. Grouping and
partitioning can be saved, however, by means of the subprogram BLOCK that can -
contain 5 different groupings and governs their subsequential use. Details of grouping
are given in Chapter 8. :

Additional subprograms The method of back projection developed in Chapter 6 is
programmed in subprogram BACK. Two further subprograms are included in the .
third part of the program. A method of finding controlled paths on the fitting surface, .
given in Chapter 11, is made operational in subprogram TRACK. Possibilities to
extrapolate intermediate parameter values, as developed in Chapter 10, are available
in subprogram LIHYPEX. "

7.4 Convergence characteristics

1.4.1 Type of convergence

From personal experience it was found that in many least squares problems both
.the sum of squares with respect to the fitting surface § and the sum of squares with
respect to the tangent plane 4 decrease. To distinguish between this situation and the
one where S@*1 < §® while at the same time 4S®+1 > 4§™  the latter situation
will be called Type I convergence and the former Type 11 convergence.

In Fig. 29 the principle of both types is sketched. An example is givén in Section
7.4.3. E . .

fitting surface

tapgent plane

_ TYPET CTYPEL
fhlf' d?;féctpir:;ﬁcg'l:hﬁ the twot]:ypes of convergence distinguished. Proceeding on the fitting surface in
. € arrow, the properties of Type I 1) (a+1))2 . n —
AL II* and 45+ _ ".Afo(u-l- 1) “z > Agm _ convergence are S¢ = ”ﬂ) 2 < &t

ST < S angagien < agon, oo - Type I convergencs is characterizad
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7.4.2 Stopping criteria

Stopping criteria are used for economic reasons. They can be based on several
quantities that give information on the state of the CONVETZEICE Process in consecutive
fitting cycles. Quantities that converge to an unknown value, as the sum of squares and
the parameter values, give this information in 2 relative sense. Quantities based on the
orthogonality of the vector £, on the fitting surface in the final solution, give this in-
formation in an absolute sense.

A sequence of parameter values 8™, n — oo, is assumed to converge to 0*. Several
criteria can be put forward to establish 6 to be a terminal point of the sequence,
where ¢ <C o0. The criterion 85 for the sum of squares reads

i IS™ — S**D| < 5. 5> 0 (7.4.1)
then 0W .= gtn+D)

For the parameters this becomes

if 10 — 08 < 8,8, > 0
then 90 :=g0r*D (74.2)

where k = 1(1)p

Both criteria can be made relative to the order of magnitude of the values of §'and 6
respectively by dividing the expressions by the value obtained in the nth cycle, thus ex-
pressing & in fractions, These criteria do not make use of first derivatives of the con-
dition function, so the rules do not guarantee that a neighbourhood of 0* has been
reached because (7.4.1) and (7.4.2) do not depend on the condition for a minimun.

- With the aid of first derivatives stronger criteria can be put forward. They depend
on the consequences of V§ = ¢, For nonsingular M1, equation (2.4.13) results in
4= 0 for N(#*) = 9. Application of (2.2.11), where J%f, = N, produces a further
criterion in that the components of the vector of partial cosines ¢ have to be zero. l-?rf)m
Fig. 6 it is obvious that at 0* the vector £, and the vector “f; coincide, hence giving
Zero difference in length when the iteration process terminates. )

The foregoing characteristics can also be expressed by the cosine of § (Fig. 6), re-
quiring that the total cosine tends toward zero in consecutive fitting cycles, so

fold 50
Al - ldit

In fitting practice the criterion (7.4.1) has often been found too weak; the criterion
INT < 83, 6y > 0, appears to be one of the strongest. Experience ]ea@ed that the
above given criteria probably can be ordered according to the following sequence
from weak to strong, see also (2.4.16),

[[Sm - S(n+1)l

g | (VS = S1hs (e {05 il (1L (Vs

0os § = (7.4.3)

(7.4.4)
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where {u}, stands for 4™ < 5,8 >0, 6 = 871, and &, = &, k = 1()p, ! = 1()p.

A=+t )
It proved that the partial cosines provide the most efficient criterion even if their .
absolute values may show an increase in the early stages of the convergence process
although the sum of squares is monotone decreasing. The partial cosines give informa-
tion on each parameter separately. They also give a direct geometrical interpretation -
in the observation space with known final values ¢ — 0. This value does not depend on
the step length in one-dimensional search, contrary to (7.4.2) which gives for lincalf
and strict parameter functions with §"** = ¢ + 1s,

10 = 6 = sy

which will satisfy the criterion when

A < 8 fls)

The total cosine is related to the partial cosines since for an arbitrary direction 5
equation (7.4.3) can be written, with (2.2.11) in the form of the row vector '

S A A
as
_ cThPs

oS b =

giving for ¢ = 5,1, the equality cos § = ¢,. For nonsingular M~ the total cosine
tends toward zero when ¢ — 0 using the direction of differential corrections s = d =
M-'N, : o .

In the computer program cosine criteria are set for the partial cosines. The default
value d = 0.001, in FORTRAN defined by COSCRIT — 3, requires that at least three
leading zero decimals appear in the results for the partial cosines. On basis of this
criterion it is decided in subprogram HOWA whether or not further fitting cycles are
to be produced. The same criterion is used on the total cosine in an informative sense.

1.4.3 Example

For the condition function and the data mentioged in Appendix 2.3 results on the
use of convergence characteristics are depicted in Figs 30 and 31. Fig. 30 illustrates
that in this example the process has Type IT convergence during the first 14 cycles of the
modified f_‘vauss-Newton algorithm. It has been found that in general this type of con-
vergence is slow. During the cycles 14 to 19 the convergence is of Type I. Fig. 31
.c_)hows the course of the total and the partial cosines. They are not monotone decreas- .
ing although the sum of squares, depicted in Fig. 30, does. Only during the last few
eyeles the partial cosines decrease simultaneously. A typical example of the behaviour

of par.tial cosix-les is shown in Fig, 32, which gives cosines for the fitting process that
was discussed in Section 6.5 (see Fig. 25, curve 3). _ o
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number of fitting cycle convergence as given in Figs. 29 and 30.
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Fig. 32. Relationship between total cosine and partial cosines for the parameters D, 4, Band Cinthe
condition function of Appendix 2.3, and number of fitting cycle. During cycles indicated by BP back
projection has been applied (circular search with metric I, see Fig. 25); during cycles indicated by

G-N modified Gauss-Newton has been applied showing an increase of the partiaf cosines before they
tend to zero. Sums of squares, Sand 45 respectively, for cach fitting cycle are mentioned in the margin
on the level of the ordinate values for the total cosine, C

7.5 Subroutine control

The subprogram D2FDA for the evaluation of second derivatives is an example of &
subprogram that needs not necessarily be called. Results obtained from D2FDA,
howeve.r, are used in other subprograms and the corresponding statements must be by-
passed in case D2FDA was not called by the main program NLV. This is governed by
the subscripted variable NRINSUB, the subroutine index that counts the number of
entries in each subprogram. The first statement of subprogram INITL is to set the .
subroutine counters to zero, The first statement of the Ith subprogram reads
?‘IFINSI:TB(D = NRINSUB(D) + 1. Since the subroutine index occurs in COMMON
1t 1s possible in every subprogram to test each number of entries. If no use is made of
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subprogram D2FDA, for which I = 5, its counter remains zero, Second derivative
application anywhere in the program can thus be skipped if NRINSUB(S) = 0 in
appropriate IF-statements.

A further advantage of the use of subroutine indices is that initial values to variables
can be set to zero in the subprograms themselves. This can be done during the first
entry, which is recognized by an appropriate IF-statement on the subroutine index.

7.6 Program layout
The arguments of the main program name, NLY, depend on the way the data are

stored, If data have to be read from the input file, the first statement in the main pro-

Table 5. List of subprograms and their entries.

Name of Alternative Main purpose is to
subprogram entry

Part I Function subprograms -
1. INTTL — define initial values

DEFAULT "~ define default values
HEADING ~ produce headings
Z READ — read data
' . NEWZERO — perform univariate direct search
3. FNCIN - evaluate the condition function
4. DFDA - evaluate first derivatives
ORDER - perform optimal Gauss-Newton with parameter vectors
partitioned according to ordered partial cosines

3. D2ZFDA — gvaluate second derivatives

FPart 11 Gradions subprograms

6. NRMEQ — produce the gradient vector
- produce normal equations
7. SOLVE "~ solve normal equations . )
8 HOwA . — investigate the fitting result at point A4, (%)
12. SUMRY - summarize results
. M COMBIN - produce combinatorial search . o
> — find the subminimum (point B, §*™) in the direction of
10. AlS search
) B ~ replace A by B
L. LisTING — produce an output list of intennediate. and final results
' 13, PLOT - plot sequential functions on the line printer
PUNCH .~ punch (or print) intermediate parameter values
Port 171 Particulgy subprograms
& BLock ‘ - store parameter groupings
IS. BACK B1, B2 — perform back projection _
6. TRACK . — perform procedures of controlled approach
& Lnypex — apply parameter value extrapolation formulas
—
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gram reads

PROGRAM NLVINPUT,QUTPUT, TAPE2=INPUT,TAPE3=OUTPUT,

TAPED
If data are written onto a file MYDATA the first statement reads
PROGRAM NLV(MYDATA,OUTPUT,TAPE2=MYDATA,TAPEB =

OUTPUT,TAPE?)

The use of the arguments of the subprogram names are explained in Chapter 13. -
"The subprograms are listed in Table 5 according to the subdivision into three parts
as explained in Sections 7.2 and 7.3. The main purpose of each subprogram is mention-
ed as well. In Appendix 1.5 the modifications of the main program NLYV that call

subprograms from the third part, as well as those that call alternative entries, can be
found. '
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8 Grouping of parameters

8.1 General

For several reasons it is useful to create the possibility to change the parameter
vector. : ‘

The condition function can be extended for instance to a more general form. Then
the research worker can decide to leave out of consideration particular parts of the
function by keeping constant one or more of the parameters by giving them a trivial
value, for example zero. The choice between sequential and nonsequential search
(cf. Section 4.8) is another example where one might decide to keep constant one or
ore of the parameters in the condition function, One can also decide to partition the
tomponents of the parameter vector in two groups: the first consisting of those that
are nonlinear in the condition function, the second consisting of those that are linear
(Hayes, 1974),

Another reason to advocate the possibility to have the disposal of a system for
solving only part of an optimization problem is, that if bounds on parameter values
are exceeded, the parameter vector has to be broken down and its components have
to be rearranged (Chapter 9), S

Finally, in the first steps of the fitting procedure a group of parameters can be more
efficient than the entire parameter vector. This means that fitting cycles then could be
artied out with only p, < p parameters and in a further stage either with the re-
maining p — P parameiers or the entire p X 1 vector. ]

In these cases only that part of the solution of the normal equations that furt.ushes
the required corrections needs attention and only those parameters that remain in the
Parameter vector as to be fitted parameters are subject to alterations.

It is obvious that it is not sufficient to develop a system with which the parameter
vector can be truncated to a 1 X 1 vector. It is also necessary to permute the com-
- Ponents of the Parameter vector to generalize the procedure,

Permutation and truncation of the components of the parameter vec.tor can be
controlled by the user of the program. He has at his disposal parameter index cards
't the main Program deck, as described in Section 8.3.1. for permuting and gr ouping
the parameter vector. Since this grouping takes place before execution of the main
Program, it is unconditional, Permuting and grouping also can be performed automat-
teally during execution, This is unconditional in combipatorial search where' all
' ~ 1 combinations of the components of the parameter vector are subsequentially
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used in a one-dimensional optimal search (entry COMBIN in subprogram HOWA,
see Chapters 12 and 13). Conditional grouping is applied in subProgram MIN
(Chapter 9) when bounds are violated. Finally, in entry ORDER in subprogram
DFDA grouping is based on the values of the partial cosines in the vector .

8.2 Partitioning the parameter vector

The back solution of the complete p X p system of normal equations gives the
possibility to preserve partitioned solutions for 1, 1(1)2,..., 1(1)p,,..., 1(1)p param-
eters, p, << p, in order of occurrence in the parameter vector. Solutions beyond the
required first p; parameters can be useful. For example the length of the p X 1 cor-
rection vector d tends toward zero. In case only p, parameters are applied this holds
for the p, X 1 vector &, say. However, one may wish to remain informed on the
behaviour of the length of the p x 1 vector d after each fitting cycle and so further
solutions must then be available in an informative sense. Other examples are the
partial cosines for those parameters that are not involved in a particular fitting cycle.
As the coordinate system on the fitting surface generally is not an orthogonal one,
so J7J # K°kP, improvement of cosines with respect to parameters not used also may
occur. It is of interest to remain informed on the values of these cosines as well.

From a point of view of efficiency this may not always be satisfactory. Suppose
21 << p. In grouping, normal equations are evaluated for all p parameters, but only
P are employed in the following fitting cycle. When the advantage of the availability
of informative parameters is not great, it is not efficient to calculate all products and
cross products of the matrix M = J7J. To avoid time consuming unnccessary cal-
culating and printing, it is advisable to reduce the optimization problem to a smaller

Table 6. Scheme of status in the program, denoted by x, of parameters after permutation.
Use '

Status

to be fitted informative constant
Parameter vector ) X X x
Evaluation of condition function X X - X
Evaluation of first derivatives X X X
Evaluation of second derivatives X X X
Normal equations X b3
Partial cosines X x
Correction to parameters X X
Length of normal vector X x
Length of differential vector X X
‘Application of corrections X
Curvature of parametric curves X
Differentials of scale factors - X
Optimal step factor ' x
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“size with a p, X p, matrix M. So parameters that are not involved in a particular
fitting cycle then are taken constant for efficiency reasons.

These considerations lead to the concept of tripartitioning the parameter vector
into to be fitted, informative and constant parameters, see Table 6. .

Permutation and grouping are program options achieved by parameter index cards.
As each parameter occurs subscripted in the condition function it must have a fixed
place in the parameter vector. Hence permutation has to be carried out by indirect
- subscripting of the parameters. Grouping by the user is carried out by rearranging
parameter index cards in the desired order in the main program deck. It then is auto-
matically employed throughout all subroutines. Alternative groupings can be saved
in subprogram BLOCK,.up to a number of five. The use of this subprogram is ex-
plained in Chapter 13. '

8.3 Application
8.3.1 Main program NLV

Permutation of parameters is a one-two-one mapping of the components of the
original vector onto the components of the permuted vector. When permuting, each
parameter obtaines a new subscript. The old and the new subscripts have to be kept
in store to preserve the uniqueness of the permutation. This permutation is carried out
by means of the parameter index cards.

After parameter values have been defined, the main program therefore continues
with for example the following statements '

K=0 o - ©
K=K+1 $ IP(K)=4 $ JP@=K
K=K+1 $ IP(K)=2 $ JP(2)=K
l ' NPART=K B M
K=K-+1 $ IP(K)=1 - $ IP(1)=K '
: . NPAR =K~ @

K=K+1 $ IP(K)=3 $ TP(3)=K .

' MPAR =K 3

- In this case the order of the parameters 0y, 82, 05 and 0, has been changed into
04, 82, 6,, 0,. The old subscripts are indicated by TP(K), the new subscripts by JP(k)
on the parameter index cards. The maximum number of parameters p is denoted by
MPAR. For to be fitted and informative parameters truncation is achieved by NPAR,
this is the total number of parameters to be included in the normal equations. Final-
ly NPART defines the first p, parameters that have to be fitted. ' :
The order of cards that define the grouping must be (0), (1), (2), and (3) respecti.ve-
ly, the first and last in fixed positions. The parameter index cards and the defining
cards (1) and (2) —in that order — can be permuted, thus giving tripartitioning of the
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parameter vector. The restrictions are
1 < NPART < NPAR < MPAR = p
oausing MPAR to be fixed at the value p.

8.3.2 Subprogram FNCTN

The subroutine subprogram that calculates the function values uses the parameters,
called by the subscripted variable C in the argument, in the original order, so:

DO 200 I=1,NDATA
200 YCLC(I)== function of X(I,J) and C(K)'

Calculated values YCLC are obtained from the independent variables X(IJ) and
the parameter values C(K). In the function the jth independent variable for j=
1(1)m, in FORTRAN J=1,NVEC, and the kth parameter for & = 1(1)p, or K=,
MPAR, take their own place and all parameters are needed. Therefore the compo- _
nents of the parameter C are not subject to permutation, neither to grouping. an

Evaluation of the condition function is for all data i — 1(1)v, or I=1,NDATA, -
thus producing the vector S

¥ =10
according to (2.2.1).

8.3.3 Subprogram DFDA

In the general case the first derivatives with respect to the parameters are funct_iOI'ls
of all parameters. This means use of the unalteted parameter vector. However, in
preparing the calculation of permuted normal equations, the vectors of first deriva-

tives themselves have to be permuted. This can be done using the JP indirect subscript
as follows (Appendix 1.4.1) ' ' '

K1=IP(1) $ K2=IP(2) $ K3=JP(3) § K4=JP(d)
DO 200 I=1,NDATA o "
FA(IK1)= function of X(LJ) and CK)
- FA(LK2)= ibid
. FA{LLK3)= ibid
200 FA(LK4)= ibid o .
The functions at the right-hand sides denote the derivatives ff’lféq fPand 5,
respectively. The left-hand sides, evaluated for gll data, produce for the example ,
givenin Section 8.3.1. the Jacobian R DY SRR SR o
T=Uufafufd
according to (2.2.5)."
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8.3.4 Subprogram D2FDA

The appropriate construction of permuted second derivatives is more complicated
because cross derivatives occur. The total number of second derivatives equals (°31)
or in FORTRAN MT*MPAR/2. In the example given in Section 8.3.1 this number -
is equal to 10. The pairs of subscripts of the unpermuted parameters are replaced by
a single subscript KL, in our example according to

(KL= (1,1), (1,2}, (1‘,3)., (1,4); (2,2), (2,3), 2,4); (3,3), (3,4); (4.4
KL = 1, 2,3,4;5,6,7;8,9;10 "

The subscripts IDGL of the diagonal (K=L) are computed by
IDGL%(K—I)*(Z*MPAR—-K)/Z-!—K forall K

However, when permuting, K and L have to be replaced by the new subscripts
JP(K) and JP(L), for shortness denoted by KV and LV respectively. In those cases
where KV > LV the subscripts are exchanged before calculating their single sub-
script KL. This part of the program reads (Appendix 1.3 and 1.4.1)

KL=0

DO 4K=1,MPAR $ DO4L=K,MPAR $ KL=KL+1!
KV=JP(K) $ LV=JP(L)

IF(KV.LE.LV) GOTO 5

KRES=KV § KV=LV $ LV=KRES

5 LV=LV—KV _

4 IL(KL)=(KV—1)*2*MPAR-KV)/2+KV+LV
K1=IL(l) $ K2=IL(2) $ K3=IL(3) $ K4=IL(4)
K5=IL(5) $ K6=IL(6) $ K7=IL(7) $§ K8=IL(8) -
K9=IL(9) $ K10=IL(10) -

DO 200 I=1,NDATA

FAA(I,K1)= function of X(I,J) and C(X)
FAA(LK2)= ibid s

200 FAA(LK10)=ibid

The new single subscripts are stored in IL(KL). For the example given in Section
8.3.1, the relationship between palrs of permuted subscripts and the old and new

smgle subscnpts is

{KV’LV)— (4 4), @, 2), @, 1). (4 3), (2 2) 2,1), (2,3); (L,1), (1 3) (3.3)
KL =10, 7, 4, 9; 5,2, 6; 1,3;8
ILKL) = 1, 2,3,4;5,6,7;8,9;10
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The indicated functions at the right-hand sides in the program text following the DO
200 statement denote for our example the second derivatives f1%, f143,....74, respective-
ly. The left-hand sides, evaluated for all data, produce the matrix J, as defined in
(2.5.6) now with permuted column vectors.

FNCTN DFDA
I  YoC(I} FA(I,JP(K))}
l"""‘*""""‘“""““"‘“;
I
' 4 2 1 3 & Kbefore storage
t ] BEEBERREEE
2 . o] |o| |o] |o] is
- L] L] L] - L
. . of |o] Je| [l |s extended
. . o Tel 1ol 1o |« Jaccbian
. . . . - . . of first
. o |of |o] {e] |» derivatives
NDATA |7 HEHERENE
difference 1 2 3 4 5 K after storage
vector
FA(I K}
NPART & 2 HA (K}
NPAR : 3 - -
NT = 4 [ 3
Tz & .
MPAR = 4 zZ z ¥ 5
MT =5
: BE&E 1 0 scate factors
Dimension of T B H sum of squares
arrays equals I T T R |
MPAR or MT ! Lo
1 .
Q12 3 4 5 ANORMWKO K
scalar products 1 [4dT4ZT=1]4s "9
of extended 2 22|27 28 2
matrix of 3 Hiis 3
normat 4 55 4
equations s - 5
_ 1 2 3 N7 ‘stalar products
~ of extended .
NRMEQ _ . MIKL) normal

Fig. 33. Flow of first derivatives FA and of differences YOO through suBrOutjnes in the .subprogl'ams

N, DFDA and MEQ. The Jacobian is extended with the difference vector, Scale factors aré
stored in HA, extended with the Square root of the sum of squares stored in HA(MT). The normal
and the sum of squares are stored in ANORM. .-~ . : e
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8.4 Consequences for first and second derivative flow

Permutation of the parameter vector has consequences for the flow of the deriva-
tives through the subroutines.

The example of Section 8.3.1 is used in Fig. 33 which schematically shows the
flow of the first derivatives and the difference vector through subroutines of subpro-
grams FNCTN, DFDA and NRMEQ. The truncated normal is preserved in a vector
ANORM extended with the sum of squares. The normal equations are solved for
NPAR parameters of which the solution for NPART parameters is stored in the
vector DELTA. The solutions for 1; 1,2; 1,2,3; ...; 1(1)NPAR parameters obtained
in the subprogram SOLVE are saved in the extended matrix M together with the
inverse matrix. This is illustrated in Fig. 34.

In subprogram MIN the solution stored in DELTA is applied to the relevant para-
meter values stored in A. In the equation for B the subscript K ranges from I(1)
NPART. The indirect subscripting causes the flow of the components of the parame-
ter vector as given in Fig. 35. Parameters that play the role of informative parame-
ters, in the present example 6,, and constants, in the example 83, are not altered by
differential corrections DELTA. -

SOLVE
- K\l' 1 2 3 a4 5 DELTA{K) K
partiagland 1 a4 4 - ———— 1
total 2la4l2 | 2f | |-=-—————- NPART » 2
solutions z{a2122[1 NPAR = 3
and Inverse 4 [41]121] 11 ' NT =4
matrix 5 s
S diffarential
: MIK.L) corrections
) MIN
K ALK} ~ A(IP(K)) + EPS » DELTA(K) « B(IP(K) B(K) K
PO resfd]eemeee e @—--e>f@-r [ 1
2 IR S -] EE TR 2]~ e 2]-- + 12| 2
3 [ | N E 3
4 [4]--2 ] ] ] (4] 4
tnitiat differential new
araimeter
eg}"gergeter correc_tlons \pfalues

Fig. 34, st i i and of the inverse matrix (lower triangle) for the first
orage of solutions (upper triangle)  difforential corrections DELTA for

NPAR permuted parameters in the matrix M and the vector o
the to be fitted NPART parameters.

apply differential cotrections DELTA to

Fig. 35, Flow of f the parameter vector to . .
the components o p . Tho niew parameter vector is u sed in

the parameter 6, and @, stored in the initial parameter vector
one-dimensional search. The step factor is denoted by EPS.
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' " PAA (LILIKL)

- Fig. 36. Flow of first and sccond derivatives to obtain the matrix Ja, stored in FAA, the diagonal

terms of the matrix M,,, stored in FAA? and the matrix M, ,, stored in FAFAA.

For the flow of second derivatives the cross second derivatives are stored in their

‘mew order of occurrence IL(KL) as illustrated by Fig. 36. To keep the possibility of
using any number of parameters, all second derivatives are, for our example, stored
in (3) columns. From these columns scalar products are calculated to obtain the diag-
onal of the matrix M,, (equation 2.5.7) and the entire matrix M, , (equation 2.5.10).

The latter is stored in the NPART X NPART matrix FAFAA.
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9 Finding the minimum response in a given direction

9.1 General _

When in a certain fitting cycle a direction of search s is adopted, the subminimum
of the response S in this direction can be determined. The fitting problem thus is
reduced to the determination of the optimal step length A*®s™ in (3.5.1), which can
be solved in the response subspace giving a subminimum (Fig. 5). The search then is
called optimal search. .

Methods to be applied depend fo a certain extent on the progress already made
‘during the preceding fitting procedure. In a neighbourhood of the minimum of §,
~ where linear approximation to the fitting surface is accurate enough, the entire cor-
rection vector obtained in the Gauss-Newton algorithm can be added to the parameter
vector (cf. Deming, 1948; Hayes, 1974). In this situation the efforts to achieve a bet-
ter starting point by iteration procedures are superseded by the advantage of proceed-
ing at once with further fitting cycles. Before a neighbourhood of the minimum
response is reached, the optimum rate of progress in the new direction is to be deter-
mined to ensure real improvement of the actual parameter values.

In this chapter the parameter 8+ is considered a lincar and strict function of the

direction of search s™.

9.2 Review of methods

. In the response subspace (Fig. 5) we assume our problem solved for * if

- ds(@)|
TTdi |A=ar

~0 | ©21)

which produces optimal search along s® in "+ 1 = o™ 4 A5, .

In case the fitting surface is linear the response surface is quadratic (Section 2.6) 'and
the (A, S(2))-diagram will plot a parabola in any direction . This can be derived
from (2.6.3) where for any constant vector s, d2S/dA* = 2sTJ7Js > 0. When the
fitting surface is nonlinear but is approximated by a quadratic surface, the {4, S(A))}-

relationship is also represented by a parabola. : :
To find the subminimum, several methods have been suggested. Hartley_(l96.1)

calculates three values of the response, viz. -

- §(0), 53), S1) ©92.2)
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The optimal value of A where the approximating parabola through (9.2.2) attaing
its minimum then is given by the prediction

S(0) — S(1)
5(0) - 258 + S()

It is to be checked whether S(A*) < S(0) to be sure that an improvement is obtained.

A method where only two response values arc needed was mentioned by Rueden-
berg (Hartley, 1961). He uses .S(0), S(1) and the slope dS/dA at A = 0 which is given
by (2.5.15) which gives —2N7s and so the prediction is

A* = NTS
S(1) — S(0) + 2NTy

the vector N to be understood as evaluated at 4 — 0. In this case a check is also re-
quired, ' -

A method which tries to find the minimum by checking the results each time and
that can be used where parabolic approximation is not allowed, is described by
Booth and Peterson (1960). Their method (Fig. 37) works by halving or doubling the
step factor A, When new calculated values of the response S$(4) no longer decrease,
the last three values are used to find the minimum by approximation according to
(9.2.3). The method principally is based on the following ideas. If 5(}) > S(1) both
points are assumed to be located to the left of the minimum on the (4, S(A))-curve.
If S(3) < S(1) both points are assumed to be located to the right of the minimum, In
case this is not true it will only be detected after many further calculations have al-
ready been made. In fitting practice the (2, S(A))-relationship is often found to be

P gl 0.23)

(9.2.4)

Fig, 37. Flowchart of mini-
mtization by halving or dou-
bling the step factor (after
Booth & Peterson, 1960).




highly asymmetric, so here also it is to be tested whether the value S{A*) actually
is smaller than any of the other values of the response found thus far.

The methods described above have no stopping criterion that depends on the
condition for a subminimum. The test whether the value S(A*) is smaller than any of
the other values found in the current direction, does not guarantee that the best value
of the step factor is found. Techniques that for this reason use first and second
derivatives of the response are discussed in Sections 9.3 and 9.4,

9.3 Use of first derivatives

9.3.1 Root finding

In finding a subminimum of the response, use can be made of the actual function
applied in (2.4.1). We transform the problem into the search for a root of the first

derivative of the (4, S{2))-curve.
The calculation of the first derivative of the condition function is then necessary,

but the advantage of using it is the more complete information on the process of
finding the subminimum and the possibility to apply a simple stopping criterion.
The slope to the (2, S(4))-curve in any arbitrary point is given by (2.5.15) and for any
linear path of search with parameter 1 by

'@ = ‘%S(B"" + 2™y = —2[N(D)]'s™ (9.3.1)
- In the general case this is a nonlinear function of 4 and it is to be solved by iterative
methods, The solution A* must meet the condition

~2ANEHTT = 0

The component of the gradient g() = —2N(4) in the direction of an arb.itrary
unit vector is called the directional derivative, which is the rate of cha.nge of S. in Ehe
direction of this vector. Let s/||s|| be such a unit vector, then the directional derivative

along this direction is given by

(9.3.2)

V103) iy (9.3.3)
sl

Let ¢(1) be the angle between the gradient and the direction of searcl_1 s, then ‘the
scalar product (9.3.3) can be written [|g(A)] - 1 cos[¢(8™ + As®)]. This expression
takes its maximum for constant A when ¢ = 0, so by taking s in the dlrf:cnqn of the
gradient itself, The greatest rate of change therefore is found in the direction of g
and, consequently, the steepest descent takes place along N, cf. (2.4.1(-)). The descent
in the direction of s is zero if the directional derivative vanishes, 50 if for coaitant
s the argument of the cosine becomes $(@® + A*s™) = /2 and g(4%) and 5 . al:l
Perpendicular (cf. Section 2.5 and equation (2.5.13)). This may be called optim
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\1
92 . :

ste

constant

Fig. 38. Path of search in the parameter
space E? for the subminimum of the re-
" sponse § in an arbitrary direction s and in -
the direction of the steepest descent N(0).
The solution is obtained when the gradient
at §*+V is perpendicular to s or the gra-
& © o dient at @+ is perpendicular to ¥(0).

gradient search (cf. Spang III, 1962). In Fig. 38 this is the case at ¢+ 1 in the direc-
tion of 5, and at 6"+ 1 in the direction of the steepest descent at 6™ taking s = N(0).
- Equation (9.3.1) can also be expressed as a cosine, viz. :

[zD]" s ' ' .
cosp(l) = SN 5 _ 9.3.4)
MO g I Semes S

- The minimum of S along s is obtained by setting (9.3.1), (9.3.3) or (9.3.4) equal
to zero. These equations are spoken of as measures of slope. They all give the same
solution for A. The measures of slope are indicated by numerical, directional and
cosine tangent respectively. The choice is governed by the calling program NLV,_bY
means of the argument of the subprogram name MIN. © =~~~ - - -’

9.3.2 One-dimensional linear seqrch

- The ‘Regula Falsi’ (see e.g. Stanton, 1961 and Fig. 39 for factor R = 1) can be_
applied succesfully when two points are known that enclose the desired solution. To
obtain 2 pair of points with this property, the following: procedure is employed in
subprogram MIN. - AR : : S DT TS TR
. The first point of the (2, S(A))-curve, when 4 = 0, has a negative slope if 5 = N oF
§ =4, because (9.3.1) and (2.4.13) produce —2NTN and —2NTM~'N which are
- always negative (cf. Kowalik & Osborne, 1968). A starting value 4 = A© is applied-
In case ds/d] at A==1© jg positive, the location of the root is already enclosed. It
S'%) is still negative a step factor 4 = 24 is applied. The step factor. is
doubled until the first positive value of the (4, S’(A))-relationship is found. Now two
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® .
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a ku:u :m 20 X en®
v [
' o 5 .1}
t, - - ’ R BN
o —i——g ' - A Fig. 39. Scheme of the order of calculation to en-
t. femeemeee - 74 close the minimum response S with the aid of a
! measure of slope 7. Function evaluation is per-
/g i ~ formed from point 1 through 5. The 6th point is
AT @Y b—y) " obtained by using the factor R. Indicated by r_ and
reduction ~ .~ -~ 4 is the region for values of slope that satisfy the
factor stopping criterion. With R = 1 the ‘Regula Falsi’

_ will be performed.

approximations to the root are available. In Fig. 39 this is the case in the fifth itera-
tion step. The minimum is located somewhere in the interval (A_, 4.), where 1_ =
last found abscissa with S <C 0 (point 4) and 2, = first found abscissa with §" >0
{point 5). .
As the (4, S'(4))-curve may deviate apprec1ab1y from a straight line, a modlﬁed
‘Regula Falsi’ - illustrated by Fig. 39 —is an option in subprogram MIN. The arc
between the points 4 and 5 is replaced by the chord. A new abscissa Ae (/T..., Ais

found by the update formula

1 =], - RT, ’1___‘1:_ S : ' (9.3.5)
where' - o

T= measure of slope aocordmg to {9.3. 1), (8.3. 3) or (9 3. 4)

R==reduction factor (0 < R= 1)
—,+ = subscripts denoting location with respect to the minimum at ta= i

In further iteration steps cross partitioning of the chord is emp]oyed IfTr<0 equa-
“011 (6.3. 5) is used if at the current pomt T 2 Ousels made of |
——""—"‘_ T B R &
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Fig. 39 illustrates the advantage of using the reduction factor R in a special case.
However, as the shape of the (4, $'(1))-curve may be different in each special case, it
should be investigated whether it makes sense to use other values than unity for R as
a default value. Because of the application of cross partitioning, values of R greater
than unity can cause unpredictable results in that the iteration takes place at one side
of the minimum only.

Obviously the ‘Regula Falsi’ works with R = 1.

9.3.3 Sropping criteria

Use of first derivatives makes it possible to introduce adequate stopping criteria.
In the first place it is required that the positive value T(A,) be less than
ty 1= —p,T(0), in the second place that the negative value 7{A_) be greater than
t_ i= p_T(0), see Fig. 39. Values can be assigned to p,, and p_ in the main program
NLYV, the default value is set to 0.1 (10%, of the slope at 4 = 0). Higher values can be
efficient in the first number of fitting cycles since the {4, S(1))-curve then often is
needle-shaped. ‘ :

Stopping values for the step factor 1 and the absolute value of the numerical tan-
gent T given by (9.3.1) are built in in subprogram MIN. If doubling the step factor
results in 4 > 10, the step factor is fixed at A == 10 and a last iteratjon with this value -
is performed. When |7} < 0.1 x 10~'° no further iterations are carried out. In
both cases the step factor that produces the least value for the sum of squares is cho-
sen and a return to the main program NLV is made.

The total number of iteration steps permitted is governed by the argument of
SUBROUTINE MIN when greater than the default value 3. ‘

9.3.4 Example

For the condition function and the data mentioned in Appendix 2.2, the number
of iteration steps is determined for various values of the process parameters when
applying the modified Gauss-Newton algorithm. The entries in Table 7 are the stop-
ping criteria p and the reduction factor R. The number of iteration steps is listed for
thF f:ycle that gives the first subminimum and for the one that gives the second sub-
minimum, :

The increase of the number of jterations necessary to fulfill a given accuracy de-
creases for high values of R, Numbers obtained at values of the reduction factor
equal to 0.8, 0.9 and 0.95, are of the same order of magnitude as numbers found with

. the ‘Regula Falsi’ given in Table 8. Also in this case the number of iteration steps
only decreases slighty when p takes smaller values. Values for the measure of slope
denoted by numerical tangent and cosine tangent, as derived in (9.3.1) and (9.3.4),
are headed by 1 and 2 respectively. The sum of squares § calculated for these cases
do not differ much. The results obtained with the default algorithm (R = 1,p- =P+

= 0.1) are given in bold type. See also Table 9 where the number of iteration steps
in further cycles are also mentioned, : : - -
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Table 7. Number of iteration steps to obtain the subminimum according to the Gauss-Newton
algorithm for various values of the reduction factor R and the measure of aceuracy p, p = p,, for
condition function and data mentioned in Appendix 2.2.

Reduction  First subminimum,- : Second subminimum,
factor R . pfraction of slope p fraction of slope
06 04 02 01 005 001 06 04 02 01 005 001

04 14 14 16 18 22 28 7 1 13 17 19 25
s . 14 14 16 18 20 24 7 9 1 13 15 19
06 - 4 14 16 16 18 22 5 7 7 9 11 13
0.7 14 14 16 16 18 20 5 5 7 8 9 12
0.8 14 14 16 16 17 19 5 6 6 8 8 10
09 - 14 14 16 16 16 18 6 6 6 7 7 9
0.95 14 14 16 16 16 17 7 7 7 7 8 9
0.999% 14 14 19 19 19 19 14 14 14 14 14 14

Table 8. Number of iteration steps to obtain the subminimum according to the Gauss-Newton
algorithm for the ‘Regula Falsi® for various values of the measure of accuracy g, . = p4, and
for the numerical tangent (1) and the cosine tangent (2), for condition function and data men-
tioned in Appendix 2.2.

First subminirmum Second subminimum
4 number of S@*mn - number of S(g*=n

iterations , iterations

1 2 1 2. 1 2 1 2

06 - 14 16 2690  26.07 6 5 13.87 1385
0.4 14 16 2690 2607 6 5 13.87  13.85
02 - 15 19 2598 2597 7 6 13.85 13.85
01 16 19 2597 2597 8 7 1385 1385
005 16 20 2597 2597 9 7 1385  13.85
0.01 17 a1 2597 . 2597 10 8 1385 1385

9.4 Use of second derivatives
9.4.13 Root finding

The ‘Regula Falsi’ convergence gives a linear approach to the root of a function.
- When  certain conditions are met the Newton-Raphson algorithm can be used, It
is faster because of a guadratic approach, since the number of correct decimals ropgh-
ly doubles with each iteration step (see e.g. Stanton, 1961).
Application of the Newton-Raphson algorithm requires t Hatic
derivative of the (4, S"(A))-relationship, so it requires the second derivative

he evaluation of the
of the
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response with respect to 4, given in (2.5.17) and (2.5.18). Consequently the method
requires the evaluation of (*4!) second derivatives and so the advantage of using it
for searching a subminimum is to be weighed against this disadvantage. Application
can be justifiable when the number of parameters p and the number of data v is small.
. If it is asked to find the solution of f{ix) = 0, the Newton-Raphson iteration re-
quires the evaluation of : :

(1)
x
x1®) o (1) _ JOx)

FED)

(9.4.1)

where -

x{1? = starting point of the iteration, near enough to the required root that the tan-

gent to f(x) at (x™, f{x™1)) cuts the abscissa in a point nearer to the root than
XD,

x® = point of intersection which meets this condition.

Expressed in the symbols used in (9.3.1) and (2.5.17) the equation (9.4.1) becomes
(cf. Davies & Whitting, 1972) '

FLe] ___ A g [N(Am)]rs .
ST[M(lm) - Noz(}*(_n)]s -

(042

Asthe direction of search s is chosen arbitrarily, (9.4.2) can be used for differential
corrections d even if they are determined using first derivatives only, viz. d = M~ !N.
The second term at the right-hand side of (9.4.2) is spoken of as the prediction formu-
1a for the step factor. '

We restrict attention to a linear condition function. Then N, vanishes and M does
not depend on 4, so for any vector sin (2.5.17) ' '

S"(y = 2s"Ms = constant = _ R ' (4.3)

This expression is greater than zero for s 5 0 (Section' 2.6) which means that the

(%, St4))-curve has a minimum in the first quadrant because S'(0) < 0 and S(4) > 0.
Now (9.4.2) reduces to

(T . : . y
A2 o0 [N:jMi] s - T (9449

Using differential corrections, so 5 =
d"™MM-'N(0) using (24.13)at A

S"{A) = ~S(0) = constant

d, the denominator in (9.4.4) bccor'nes" '.
= 0. From (9.4.3) and (9.3.1) it now follows that

©49

. wher? S(0) <. 0. Ec;uation (9.4.5) expresses that the slope of. the straigﬁt tine for the
(4, S'(2))-relationship is equal to the negative value of its intercept on the ordipate.
The equation of the line itself reads TR AEETAEA
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S = —(1 — DS'(0) ' : - .. ©46)

which has a root at A = 1, giving a full step in the direction of search. For nonlinear
condition functions this result may be used in near-linear situations so when d¥N.d
- now present in (9.4.2), is sufficiently small.

9.4.2 Initial step factor

Second derivatives can be used to predict the step factor in a certain fitting cycle
(see Davies & Whitting, 1972; and for a discussion in detail for variable metric
algorithms Dixon, 1972). This prediction value can be used as an initial value for
A to start the iteration process. Inserting 4 = 0 in (9.4. 2) gives

@ INOTs | e
STEMO) — Noa Ol | o

The choice to use (9.4.7), only makes sense if the CALL D2FDA statement is present,
Application then is possible by an appropnate modlﬁcation of the main program
NLV (Section 12.3).

‘Without using second derivatives a starting value 2V can be declared in the main
program, the default value being 0.001, In further fitting cycles A“*+! = A*®,
n = 1(1)t is automatically chosen as initial vatue in the next cycle.

In fitting practice the solution 4‘® obtained with second derivatives according to
(9.4.2) can be compared with the solution by the iterative procedure to be described
in Section 9.5.1 which gives the optimal value A% When in preliminary cycles both
- values differ appreciably, one should prefer A*(>, When after several cycles it appears
that 4%+ 1 js 5 good prediction for A*®, ore should prefer A#** without further
iterations. A criterion could for example be 0.51%@ < 2¢+1 < L5A*®,

Since the routine is to enclose the root of any of the expressions (9.3. 1}, (9. 3. 3) or
(9.3.4), in subprogram MIN, the employed initial value is automatically reduced. The
default value for this reduct;on is A = £ Assummg AF@H1) = JR, thls reduction
gives

2 J.*(") ;L*(n+1) <% 4 %0 91¥0+1) < 8 l*(”)

thus producing mtervals symmetnc about the assumed new optimal value and 2
value twice as large. '

543 Infarmation on curvamre :

-*Second derivatives (.:'an be used to obtain information on the curvature of the djrf:c-
tion of search on the fitting surface at the initial point (Section 2.8). Before pr oceeding
with the proper minimization routine, subprogram MIN starts with the determina-
tion of the geodesic curvature in the chosen direction of search.
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9.4.4 Example

Initial values for the step factor obtained by the prediction formula (9.4.7) can be
compared with optimal values obtained by the iteration process in subprogram MIN,
This is done in Table 9 for the condition function and data given in Appendix 2.2
and Appendix 2.3, example 1 and 2 respectively, by consequent use of the modified
Gauss-Newton algorithm. For each cycle the corresponding prediction value of the
step factor was also calculated. It is observed that in example 1 from cycle 4 on, there
exists a good agreement between both values. In example 2 the values deviate from
cycle 17 through 21. These are the fitting cycles where the partial cosines start to
- approach zero as was illustrated in Fig. 31. In Table 9 the number of iterations to
obtain the subminimum in the cycles mentioned was determined for the ‘Regula Falsi’
and default accuracy options viz. p_ = p, = 0.1. The first subminimum is obtained
after 16 respectively 15 iterations, then the number of iterations is found to be 6 in
almost all cycles. In example 2 this number slightly increases in cycles where the
course of the partial cosines is irregular (Fig. 31).

The radius of geodesic curvature (x,)~! is listed in Table 10 as absolute values

and values relative to +/S in each initial point of a fitting cycle. Fast progress is made
in the cycles 18 through 22 where the radius of curvature is large and so the curvature
in the direction of search is small. For a plot of the decrease of S in subsequent fitting

Table9. A comparison between predicted step factors obtained with formula (9.4.7) and optimal step
factors as obtained with the ‘Regula Falsi’ to determine the subminimum in subsequent fitting cycles
for example 1 (Appendix 2.2) and example 2 (Appendix 2.3) when applying Gauss-Newton, The
number of iteration steps in each cycle is also given. .

Example 1 Example 2 ‘
Cycle Step factor Number Cycle Step factor Number Cycle Step factor Number
pre-  iterated pre-  iterated . pre-  iterated.
dicted dicted dicted
1 0.0 00 0 1 00 00 o0 13 00332 00333 6
2 0.8334 10753 16 2 03354 12043 15 14 0.0396 00397 6
3 0.9302 04885 § 3 00104 00103 7 15 00438 0.0491 5
4 09950 10094 7 4 00116 00117 6 16 00632 00641 5
5 1.0606 09161 6 5 00129 00130 ¢ 17 0.0893 0.0918 6
6 0.9787 1.0482 6 6 00144 00144 ¢ 18 01498 0.1615 7
7T 10686 1.0659 6 7 00159 00160 ¢ 19 03930 0.5458 8
8 00177 00177 ¢ 20 03765 0.7294 6
9 00197 00197 ¢ 21 05643 1.3269 7
10 00221 00221 6 - 22 09255 1.0399 6
11 00249 00250 6. " 23 09596 09808 6
12 00285 00286 ¢ 24 1.0278 1.0309 6
25 11436 1416 6 .
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Table 10. Values of quantities at the initial point of each fitting cycle for example 2, see Appendix 2.3.

Fitting hy Total 1™l (il Radius of geodesic
cycle cosine curvature in direction d
* absolute relative to
VS
1 976.4 9967 2966 6.1 27.39 0.88
2 3272 9808 2400 58.4 041 0.02
3 3239 . .9825 2267 52.3 045 0.03
4 320.3 .9843 2133 46.6 0.50 003"
5 316.3 9862 2000 41.6 0.56 0.03
6 311.8 9882 1859 37.0 0.62 0.04
7 307.0 29902 1742 32.8 0.69 0.04
8 301.6 9922 1617 29.0 0.78 0.04
9 295.7 9940 145 25.6 0.88 0.05
10 289.3 9956 1376 224 101 0.06
1 2821 9970 1261 19.5 1.17 0.07
12 274.0 .5980 1148 168 1.40 0.08
13 - 264.9 9986 1037 143 1.72 0.1
4 254.4 9988 927 11.9 220 0.14
15 241.9 9986 - 818 94 3.03 0.19
16~ 226.4 9979 707 69 4.67 0.31
17 205.6 9966 592 4.1 9,14 0.64
18 172.9 9944 464 2.1 25.54 1.94
19 87.5 9869 273 42 16.33 1.74
20 38.1 9751 162 0.9 2969 4.81
21 49 7926 785 0.12 31.21 14.08
2 1.8 0338 0.71 0.048 0.34 0.25
23 1.8 0028 013 0.0027 3.90 2.88
4 1.8 0002 00026  0.0005 0.12 0.08
¥ 1.8 0000 0.0007  0.0000 - -

cycles see Fig, 25. It is observed that the steep decrease of sum of squares § from. cycle
1 to cycle 2, occurs in an approximately linear direction of search with radius of

curvature equal to 27.39 (Table 10).

5.5 Subprogram MIN

3.5.1 Finding the optimal step factor

Subprogram MIN starts with setting to zero the indices IREQN and .IREQP that
save the state of the measure of slope 7' relative to the stopping criteria & and ¢,
(Fig. 40). An index ITO for the choice of the route through the program is set to L
The first calculation of T is for A — 0. A starting value ¥ can be ‘_16°Iaf'ed n 'the
main program NLYV, the default value being 0.001. For reasons explained in Secflon
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9.4.2 a reduction is employed taking A = 4.4? as the first step factor.
The iteration process consists of the following procedures (Fig. 40).

Ist procedure  'With a given arbitrary correction vector s the sum of squares S and
the desired measure of slope T to the (1, S(1))-curve at 2 = 0 is calculated. If 7 hap-
pens to be positive, the sign of s is changed. Next, § is evaluated at i = 4,419, ‘
2nd procedure The step factor is doubled until a point is encountered where the
slope is positive. '

R#1

3rd procedure The chord between the two points (A_, T_)and (4, T",) last found is
used to approximate the root of $'(A} = 0, until both the last found negative value
T and the last found positive value T, meet the required stopping criteria 7_ and £,
at A~ 'and 1} respectively. - -

4th procedure The mean value of A~ and A%, is employed as a possible value for 1*,
with which the last iteration step is performed.

R =1, ‘Regula Falsi’

3rd procedure 'The chord between the two points (A, 7_) and (1., T',) last found
is used to approximate the root of S'(A) = 0, until cither the last found negative value
T or the last found positive value T, meets the required stopping criteria #_ and ¢,

at A~ and A} respectively. ‘
4th procedure. One further iteration is carried out, producing a possible value for 4*.

R#1,R=1

Jth procedure The value of A which gives the least value for the response ou.t of
those calculated during the entire iteration process is finally employed as optimal
step factor A*, The value A = A* is saved by means of the COMMON statements.

9.5.2 Treatment of bounded parameters

When doubling parameter values during the first stages of the iteration process to
find the subminimum, predefined boundary values may be violated. In subprogram
MIN this is detected by a separate routine. When boundary values are exceeded the
routine iterates backwards in the direction of search to find a parameter vecto-r wh?se
- terminal point is close to the boundary but inside the feasible region. The violating
Parameter is kept constant in further cycles, reducing the number. of tobefitted pa.ram-
eters to p — 1, then grouping of parameters according to Section 8.2 automatically

takes place. : ’ ' . .
When no boundary values are defined in the main program deck, this routine 18
bypassed. ' '
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9.5.3 One-dimensional nonlinear search

Subprogram MIN is suitable for linear and strict parameter functions.The correc-
tions to parameter values can be obtained by adding the components of the vector
of direction of search to the corresponding components of the parameter vector. In
FORTRAN statements

DO 12K=I,NP $ IPK=IP(K)
12 B(IPK)=A(IPK)+EPS*CRCTN(K)

The direction of search is stored in CRCTN, and the step factor 4 in EPS.

In nonlinear search formulas for the direction of search have to be derived bydi-
ferentiating the parameter function with respect to the step factor as algorithm parat-
eter, see (2.5.15). This is done in the subprograms BACK and LIHYPEX for the
special methods developed in Chapter 6 and Chapter 10. In these subprograms the
direction of the nontinear search is calculated and stored in CORR, the paramet!
values are calculated and stored in B, both being subscripted variables that occur m
COMMON. Control then bypasses the above mentioned DO-loop in subprogratl
MIN. CORR is assigned to CRCTN by means of the SUBROUTINE MIN atg¥
ment, for further use in the subprogram. '
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10 Convergence of parameter valaes by extrapolation

10.1 General

Extrapolation of intermediate results can be employed at various stages of the
fitting process. In these cases it is often the response surface or a response subsurface
that is described by means of lower degree polynomials. Examples are the minimiza-
tion in a direction of search by means of an approximating parabola and the approxi-
mation of the response surface by quadratic functions to assess the Hessian (Spend-
ley, 1969; Murray, 1972b).

However, these techniques can also be used to simulate the convergence of param-
“fer values. In many cases the path produced by the relationship between j and
05,5 = 1(1)n, shows only little curvature, Still, linear extrapolation of the terminal
Points of parameter vectors obtained in preceding fitting cycles is not satisfactor_y,
because in nonlinear optimization final values for each parameter separately ijll
generally not be obtained with the same step factor. So other functions must be tried.

- Values of G, j = }(1)n, can be plotted against the cycle number j or versus the
cumulated values of A*D, piving ordered pairs

GaDYYy  and (i 120 grliny

i=1
In the first case parameter values in subsequent cycles are equidistant for j = 1(1)n,
" the second case their location is assumed to depend on the step factor.

The constants occurring in the parameter function to be used for extrapolation have
1o be solved from results of previous fitting cycles. Although such constants have to
be determined for cach condition function parameter separately they are not sub-
;‘Egpted in this chapter, leaving it understood that they are collected in arrays ranging

P. _ _

For convenience sake we define in this chapter the following auxiliary quantitics,

PRuitting the subscript k for an arbitrary component of 8

0, :< g - grn, A 1= Zj“;'*(i)’ hii=h—4 (10.1.1)
: i=1
In Sections 10,3 and 10.4 it is required that
(10.1.2)

g S0 < gad gr() > g2 > gr3)
wlze, o 1(Dn.
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10.2 Fourth degree extrapolation

Simulation of convergence with a fourth degree polynomial was based on five

. equidistant fitting cycle numbers. After rescaling the parameter function becomes
with 1 = —4(1)0

0)=a+b2+ D)+ cR+D*+d2+ D3+ e2+1*
where the solution for the constants is given by

0 0 24 0 01 [e*

2 —16 0 16 -2| |g*®
-1 16 —-30 16 —1} |g*®

-2 4 0 -4 2| [o*@®
1 -4 6 -4 1] {g™®

o Ao o8
I

The direction of search in the parameter space for an arbitrary component of s is
given by

(A)m@_b+20(2+l)+3d(2+ﬂ.)z+4e(2+2.)3

producing a nonlinear direction of search, The optimization of A can be achieved with

subprogram MIN, see Section 9.5.3. A trivial starting value is the equidistant unlt
A = 1, which produoes a predzctlon for g6},

16.3 Hyperbolic extrapolation

In hyperbolic simulation (Fig. 41) it is assumed that 6*¢ tends toward 8* by means
of a hyperbolic r_eIationship. The general formula for each parameter then reads

c<o

et(‘l)

1

[}

|

i

1

]

|

[ . Fig, 41. Schematic illustration of using threc inter-
?'\ : mediate fitting results for hyperbolic extrapolation
3 A based on Fara.mcter valum and cumulatxve step -
factors ; )
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5 c . . ’
BA)=——+a, b<i
W=s"zta bk
where « is an approximation to 6*. The three constants are solved from three not
necessarily equidistant points. Simulation of convergence then is based on the points
(A, 0¥, (A, 8% and (4, 0O (10.3.1)
- The first step to the solution of the constants is to eliminate a by taking the differences
8,, and @5,. The next step is solving these differences for ¢. Equating gives
b = A3 03243 — 4330314,
j'21932’, - 132921

30

-0 .
¢c=—222; —b)(3, - })
ASZ

and
a=g__°
13 -— b ’
Finally we use, relative to the point last mentioned in (10.3.1)
O =a+ —C° . 130 (10.3.2)
Ay + ) —b

with initial step factor 4 = 2, when entering subprogram MIN for the optimiz.a_tion
of 1. Terminal points are 8(0) = §* and 8(c0) = a. The direction of search in the
parameter space is for an arbitrary component of s given by

sy _ —-c
di (A + 4 —b)

which gives a nonlinear direction of search. The solution is restricted by a2 numbe:r
of conditions that have to be checked for each parameter separately. Reference is

made to (10.1.1) and (10.1.2). iti
The algorithm parameter A is valid for the entire vector 8 and so conditions on 4

hold for all k. We observe that there is no solution if 1;; = 0. On the o?her handifl;,
= 0 the solution reads b = 1,, which inserted in the equation for ¢ gives ¢ = 0 and

the hyperbola degenerates into its asymptotes. In this case extrapolation is t? be
employed by

5(4) =

a = 2% _ g*¥d), b =0, ¢ = =B334y (10.3.3)

to be inserted iﬁ (10.3.2). Terminal points of search in this case are 8(0) = *

and §(co) = 0% 4 @,,. All other cases have the property Ay < dp < da
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If for a condition function parameter it is found that 63, = 0, the solution is
b = A, and ¢ = 0 and so 6(%) = 0*™ for any choice of 4 in (10.3.2). Finally if 0, =
0 the solution given by (10.3.3) can be used. The particular parameter for which this
solution holds is extrapolated linearly.

The conditions can be summarized with

1021/221] > [832/432] ' © (1034
which can easily be interpreted geometrically. It covers the situations ¢ >0 and

‘¢ < 0 (Fig. 41).

10.4 Exponential extrapolation

In exponential simulation (Fig. 42) it is assumed that 0* tends toward 6% by
means of an exponential relationship. The general formula for each parameter reads

o) = ce P i g

where the constants are solved from a set of points according to (10.3.1). The first

steps are analogous to those described in the former section. Then we arrive at 2
nonlinear equation for & which reads

%.2._ 1 —exp(=bisy,)
031 exp (bdy) — 1

This can be written, introducing the auxiliary variables tl(bl) and #(b2) requiring
l = l‘zforb1 ~—b2 aﬂdbl 7& 0

%
]
4]
A
o

Fig. 42. Schematic illustration of using three
intermediate fitting results for exponential ex-
trapolation based on parameter values and
cumulative step factors.

g
o
~>'
>
W
o
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’ b2 dt - : 4.
t1(by) = O35(e 1721 — D, EB‘; b, =0 = A3:03; (10.4.1)

~bihsay d%‘ = A33053 (104.2)
2

ta(bs) = O34(1 — ¢ by =0 _

which are monotone functions because of the conditions laid down in Section 10.1.

In (10.4.1) we have £,(0) = 0, ¢,(0) — 00; in (10.4.2) this is £,(0) = 0, £,(c0) = 0,,.
The condition for a solution thus 18 43,832 << 1320,3. The iteration procc?dure starts
with the calculation of ¢, for a given value of b,; equating #, = #; t!le -equfatlon ( 10.51. D
is solved for b, and the solution is put equal to b; and so on. Elimination of # gives
the iteration formula

b, = In[8;, — 0,y exp (;bziaz)] —Inf;, {10.4.3)
(=
}'21

The first iteration step can conveniently be performed with b, = co. Back solution
of ¢ and q yield

= 032
e_'.bj.a _ e—bz.z

and -
a=g*® _ ce—bia

Parameter values relative to the point last mentioned in (10.3.1) now can be obtained
from

- ; : 10.4.4
) =a+ce BTN 450 (10.4.4)

with initial step factor 1 = 2, when entering subprogram MIN for th::' OP?;III?;H:I’:;
of 4. Terminal points are §(0) = 0** and 8(c0) = a. The direction of sea
Pparameter space is for an arbitrary component of s given by

o) = WD _ b+ D

giving a nonlinear direction of search. B
This solution also is restricted by a number of conditions, analogous to those for

. . . =0
hyperbolic extrapolation, Again we have no solutxo‘n if 13‘3. =0, fl'surthef, Az _
' produces 5 — co and the solution preferred under this condition rea

! i
a=20"_ g p=1, c=—0e° (10.4.5)

' ' N — 9% and
to be inserted in (10.4.4). Terminal points of search are i this case 6(0) = 6** an
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8(00) = g% 4 f35. For decreasing vaIues of @ slopes in (10.4.1) and (10.4. 2) are
negative. The condition for a solution then is 4,85, > Aaa02y.

If for a condition function parameter it is found that #,, = 0 the solution for any
choice of 4 in (10.4.4) gives 0(4) = 6*®, Finally 8,, = 0 requires a solution by (10.4.

5). The particular parameter for which this solution holds is extrapolated linearly.

The conditions can be summanzed with (10.3.4) covermg the suuatmns c>0 and

¢ < 0 (Fig. 42).
b

10.5 Program options

The extrapolation procedures are programmed in subprogram LIHYPEX Spec1ﬁc .
options are governed by the appropriate arguments of the subroutine and the calling
programs, The statement reads -

SUBROUTINE LIHYPEX(LHE,NI1,N2,N3,NCRIT,LIST)

where the folllowing‘choioes can be made

LHE == 1, fourth degree polynomial extrapolation.
= 2, hyperbolic extrapolation,
= 3, exponential extrapolation. '
NI1,N2,N3, fitting cycle numbers that define the intermediate optlmaI points to be
used. If LHE = 1 five equidistant points are chosen, the first and second being
given by N1 and N2.
NCRIT, critical number of significant figures to predetermine the required accuracy
of the iteration process in (10.4.3). A suitable value is NCRIT=3. The

number of iterations for each parameter is confined by a default value
25 defined in the subroutine,

' LIST =1, a list of intermediate results will be produced
' =0, I1st1ng is suppressed

In subprogram LIHYPEX it is tested whether the number of cycles is. sufﬁmently
large to perform the extrapolation with the points required by-N1, N2 and N3. The
subprogram can be called by a modification of the main program NLV and then is
automatically called by subprogram MIN. In the last case the statement reads CALL
LIHYPEX (LPX +- 10,0,0,0,0,0) and it is used to jump to the calculation of
6(2) and 5(2) only, for optimizing 1. In subprogram MIN the DO-loop that calculates
parameter values 6 1s bypassed as explamed in Secnon 9.5. 3 ‘

10.6 Example '_ '3

i i

Far the condlt:on functlon and data given in Appendix 2.3 exponential extrapo' _
lation was applied. Intermediate parameter vectors chosen to be used for extrapolation
were %2, *@ and §*6), obtained with the modified Gauss-Newton algorithm.
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1000 -
B 1+ Gauss Newton |
BOO[~ 120 f:gsn;eﬁ:?:}::lnl:t:uluhon
800
400— :
| el e .. Fig. 43, Decrease of sum of squares for the
200 e problem in Appendix 2.3 according to two
\\ algorithms. 1 modified Gauss-Newton; 2 modi-
: el \ fied Gauss-Newton with exponential extra-
) 4 et Lt polation of parameter values obtained in the

16 24
number of TW‘"‘Q CW“'—‘ 2nd, 4th and 6th cycle. See also Figs. 19 and 25.

For each parameter, exponential approximation was applied. The optimization of the
algorithm parameter 4 gives a decrease of the sum of squares from 311.8 to 40.3 in
the 6th fitting cycle which is illustrated in Fig. 43. The modified Gauss-Newton algo-
rithm needs 19 further cycles, but after exponential extrapolation only 7 further cycles
were needed., _

Table 11. Parameter values obtained in the fitting cycles mentioned. In the
upper part for the modified Gauss-Newton algorithm, in the lower part after
in the 6th cycle exponential extrapolation was employed based on intermediate
results in cycles 2, 4 and 6. For condition function and data see Appendix 2.3.

Fitting I Parameters in condition function
cycle

PR .. D 4 B c
Gauss-Newton .

] 0.0 3840 13100 0.2746 3.489
2 1.204 37.94 0.8067 02117 10.772
4 1.226 38.10 0.8187 0.2365 9570
6 1.254 38.31 0.8345 0.2674 8.385
1o 38.93 0.8847 0.3529 6.167
15 4031 1.0508 0.5392 722
20 37.81 2.2101 0.6662 2117
25 ' 18.31 21277 0.5474 3,047
Gruss-Newton and exponential : - B

1 0.0 38.40 1.3100 0.2746 1.489
2 1.204 37.94 0.8067 0.2117 10.772
4 1.226 38.10 0.8187 0.2365 9.570
6 1.254 38.31 08345 - 02674 - 8385
6 1.702 4042 . 12617 0.6144 4468
Io 38.22 21315 0.5509 2,952
B 3831 - 21211 054M4 3.047

* Exponential extrapolation.
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Table 12. Values of constants for'exponcntial extrapolation,

See Table 11.

Condition Exponential extrapolation constants
function b

parameter a ¢

D 44,145 1.0 —20.447

A 2,018 10 - 4.147

B 0.925 1.675 5.371

c 4413 9.537 0.619 x 10¢

The solutions converge to the same parameter values, but it is as if a number of
. intermediate results is skipped when using extrapolation. A summary of results is
given in Table 11. The upper part of the table gives a sequence of results obtained
with the modified Gauss-Newton algorithm. The lower part gives the results obtained
with this algorithm, with in the 6th cycle application of exponential extrapolation.

In Table 12 the constants used in exponential extrapolation are given for the param-
eters of the condition function.
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11 Controlled approach by intermediate observation vectors -

11.1 General

In parameter optimization the path on the fitting surface along which convergence
is achieved depends on

- the choice of the initial value of the condition function parameters,
~ the algorithm applied,
- the strategy on step length.

Appropriate choices can be made by the user of an optimization program, but by
this no conditions are set to the path of search to be followed. It might be of interest
to the research worker, however, to know that the minimum response was reached
without heavy oscillation of the intermediate solutions in undesirable directions
(see Section 1.1),

In this chapter a method is developed that gives a controlled approach to 6*
starting at 6 by gradually increasing the distance to the fitting surface from zero to
the value at the terminal point of the observation vector. Although the procedure does
not give an acceleration of the convergence process, the advantage is found in that
it reduces the relative curvature of the fitting surface and the parametric curves (Sec-
tion 2.8) and produces on the fitting surface a locus of points that are closest to the
terminal points of intermediate observation vectors.

11.2 Procedure
11.2.1 Reduction of the original difference vector

. , . . )
Starting from the initial approximation 9 intermediate observation vectors x

¢an be found with '
EREEY CO%
20 (-0 4 g — D) (11.2.1)
p=__1 i=1)N, = N<®

N+1-7%
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intermediate fo(o™) ! of controlled approach by intermediate ob-
observation g, . : .
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3‘3&"%%?" ! cribe loci in the observation space. 1 locus *
1(g%axd® f b wWhen using the original difference vector
——

£5(9') only; 2 Tocus when using subsequent
difference vectors f,(0), i =1(1)¥; 3 when
using fo(f1) to start a new procedure 2 to
proceed from N, in again N sieps for bettér
control.’ -

2]
*

e 1 2 -1 I S
fitting surface

e

when an approach to x = x'™ in N steps is employed. The locus of the terminal points
of x is illustrated in Fig. 44 by line 1. In this linear case the locus is the original
difference vector fo(8°) = x — f(0?). For the construction of these vectors ¥ no
further points on the fitting surface are needed.

Intermediate observation vectors are obtained by adding to the position vector
at 8 the original difference vector reduced with a factor §. The orthogonal projec-

tion of their terminal points on the fitting surface are determined, giving controlled
approach to @*. .

11.2.2 Reduction of sequential difference vectors. ..

- The procedure can be repeated when as a result of fitting on '{cm the optimal param- -
eter has be found, now using 80 as the starting point for a new difference vector.
This results in a slower progress to the terminal point of the observation vector x itt

the first stages (curve 2 in Fig. 44). Intermediate observation vectors in this case aré
obtained by _ . . .

o T f(ﬂ(o))

x“) :=f(0(i_i)) + ﬁ[x __f(e[f‘l))} . (11.2‘2) .
“Nrioy THDN,  N<w T (123)

where' ou- 1.’ can 'I'Je chosen to denote 8%~ 1_If the fitting slurfaoelis. appi.‘bximéted by
a straight line (Fig. 44), the terminal points of the intermediate observation vectors
arc obtained by the intersection of lines, expressed in a (u,v)-reference system,

H=N_—1i"

and
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—bu
V= —
N+ 1‘ —1i
where 5? = S(8*) and i = 1(1)N. Elimination of { yields-
' n(u + 1) =b . . B
Thus the locus of the terminal points of x is a hyperbola with asymptotes # = —1

and v = 0. Also here the orthogonal projection of the terminal points on the fitting
surface gives controlled approach to 8*.

11.3 Application .

Since each step in the controlled approach method is subject to a fitting procedure
to find the next value of @, available optimization algorithms can be used. To obtain
the intermediate results weaker stopping criteria than the default values (Section 13.4)
could be employed. On the other hand, to ensure that the path on the fitting surface
really is controlled, criteria that are too weak are in contradiction with the purpose
of the method. The disadvantage of a relatively strong stopping criterion in the deter-
mination of intermediate results is partly compensated by increasing the number of
steps on the fitting surface. For the chosen example the number of cycles in each step
was found to decrease slightly in these situations (Section [1.4). -

The factor # in (11.2.1) and (11.2.2) is defined such that-the original observation
vector x is reached in a predefined finite number of steps N. If required, from a cer-
tain step N, on progress to this vector can be done in more steps by replacing the

original difference vector by fo(6"¥). .
Such an approach is indicated in Fig. 44, curve 3, where at step N, the value of { in

(11.2.3) is set to 1 again. : .
The method and its modifications are part of subprogram TMCK-

114 Examp]e

For condition function, data and starting values mentioned in Appendix 2.2, con-
trolled approach was applied using the method developed in Section 11.2.1. For
each parameter separately the results are plotted in Fig. 45. The n.umb?rs refer to the
the number of steps that the original difference vector f, was divided in. For N = 1
the full difference vector was used, the total number of fitting cycles using modlf?ed
Gauss-Newton being 7. Then the value N = 4 was applied. The number of‘ﬁt'tmg
cycles for each step then was 5, 4, 4 and 5 respectively. In each step tht? dewa;tlons
from the ultimate trend are damped.- For N = 10 only the terminal points 0w per
step are given. For N = 50 these points constitute the-heavily drawn curve. In the
latter case 3 fitting cycles per step were needed. : _

.Although the intermediate parameter values, especially of the first and the last
parameter, in controlled approach show the influence of the curvature of the para-
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metric curves, a cross section through the fitting surface gives no indication that this
surface is curved along the path used in this controlled approach. This is illustrated in
Fig. 46 that gives the calculated distance of the fitting surface to the intermediate
points of the original difference vector for N = 50,

To gain a better insight a schematic view is given (Fig. 47) of parametric curves on

25
28
24
() . .
20 1(07) Fig. 46. Cross section through the fitting
% sutface (heavy dots) obtained by plotting
12 calculated distances from the original dif-
8 ference vector fo(§°’) to the fitting surface,
A when applying equation (11.2.1) with N =
e 0 S e g s o 50 to condition funcfion and data of Ap-
points on fitting surface pendix 2.2. See also Fig. 45.
FITTING SURFACE FITTING SURFACE
~_ ¥ . gv
T~ Sy ot T e2:404
“'""--.._E_""‘O.:?g.. "-.,_._... s aso
2 oare ) Tl aas
-’ ‘.
L= 0378 e
- _.-% : s'ﬂs
- : 6.37/ E S
__,...-’E’ L 24
* oag——" .
e . 250
L ] -
- Bt
. L]
L]
e 0,34

033

032 __

[
2

L)
/

8

/

9(01.
3489

e
0.2746 : aso \

curves for parameter ¢

Curves for parameter B

Fig. 47. Path of centrolled abproach on the fitting surface from @ to 6, fof tWo parameters, passmg
calculated intermediate parameter values as obtained by equation (11.2.1) with N = 50, for condition
function and data of Appendix 2.2, Hypothetical parametric curves that could have produced these

* Tesults are drawn, See also Figs. 45 and 46,
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the fitting surface that could produce results analogous to those depicted in Figures
45 and 46. For two parameters the path from 62’ to 8% is given when passing the param-
eter values that form the intermediate results for N = 50 in controlled approach.
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I The program
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12 Application

12.1 Testing the fqrmulas for first and second derivatives

- Formulas for first and second derivatives can be tested for programming errors by
2 comparison of calculated function values and results empirically obtained (Murray,
1972d). In order to test all derivatives the parameter index cards (Section 8.3.1) are
arranged such that NPART = MPAR. The comparison proposed is valid in the
neighbourhood of the solution. This can be simulated by using a vector of calculated
function values, obtained with the initial parameter values, as new observation vector.
To this purpose calculated values are rounded to numbers with five significant figures.

First derivatives can be tested with the aid of the (4, S(4))-relationship. The slope
to the curve at 6¢1(4) being given by (9.3.1), which with differential corrections reads,
see (2.4.13) and (2.4.9) .

S () = —2[f@VANTTIO VD) TS, | (12.1.1)

where vectors and matrices without argument are to be evaluated at 6 and where
8O = g® 1 1g©), - :

In this expression the first derivatives occur evaluated at two points on the fitting sur-
face. Approximation to the slope is obtained by means of central differences at A, given
by . _

S(exs) = Shi-1)

i+1 T A'i—l

§'(4)
where in this case, according to the program option, 4,.; — 4= Ay —A,—;. Values
obtained this way can be compared with those calculated with (12.1.1). They are printed
on the same line in the output list by appropriate statements in subprogram MIN.

Second derivatives can be tested by means of the optimal step factor and the weights
obtained with scale factors. The optimal step factor is found empirically in each
fitting cycle in subprogram MIN and printed in a summary of the entire fitting pro-
cess by subprogram LISTING. On the same line of the output list, values calculated _
with (9.4.7) are mentioned. In this last mentioned equation use of second derivatives
- is essential. Empirically and analytically determined values can be compared as done -
in Table 9, S

Comparison can also be made for the course of the scale factors
formulas for differentials (Section 5.3) and for differences (Section 5.4). The first

method requires the use of the matrix Mz, defined in (2.5.10), which is compiled of
| 133
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second derivatives, the second method uses first derivatives only. Comparison is per-
formed best with results obtained in the second cycle,

12,2 Default algorithm

The default deck structure of the main program NLYV, given in Appendix 1.2, pro-
duces the Gauss-Newton algorithm with step factor optimization. Under control of
default options the output contains the following main items

- Numerical analysis of the convergence process in which is involved the calculation
of the partial cosines; the total cosine; the length of the vector of differential correc-
tions and the length of the normal vector for the first NPART and the first NPAR
permuted parameters.

- Numerical analysis of the fitting procedure by means of a list of intermediate and
final results for parameter values; optimal values of the step factor; reduction of the
sum of squares to the fitting surface; course of the sum of squares to the tangent
plane; course of the multiple cosine and the multiple correlation,

- Numerical information on scale factors.
~ Test on normality of the distribution of residuals (Fisher, 1958) and a 959 confi-

dence interval about the empirical frequency distribution of the residuals according

to the Kolmogorov-Smirnov statistic (Siegel, 1956).
~ Determination of a linearized 95% confidence interval in the tangent plane about

the final parameter values.

The default deck can be modified to be suitable for va

rious algorithms and proce-
dures developed in earlier chapters. '

I12.3 Selective use of main program NLV

In Table 13 useful modifications are collected. Arguments of the subroutine sub-
programs are omitted unless their use is needed to perform a specific routine.‘!n tI.wt
case adequate values are listed in the arguments by replacement statements, it being
understood that the right-hand side of the replacement statement has to be inserted

only. Details on arguments are given in Chapter 13.
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- 13 Description

13.1 Function snbprogi;ams

In this section subroutine subprograms that need updating for every new function |
to be optimized are briefly commented. :

SUBROUTINE INITL

This subroutine initializes values of variables to produce a correct first fitting cycle.
Summation fields are set zero, devisors are set 1.

ENTRY DEFAULT Algorithm and process parameters are defined in this entry.

The user can redefine the default values in the main program NLV, preferably after
the CALL DEFAULT statement. . ° '

ENTRY HEADING  This entry produces a list of default values and values actué.llly
used, a list of initial parameter values and bounds to parameters if any. Appropriate
values have to be defined in the main program NLV.

*COMDECK XINITL Update deck for specific headings, comments and legends
to formulas and symbols to be used. B :

SUBROUTINE READ (IREADD, IWRITED, LASTI)

IREADD index to read data.
= 0 specific read statements bypassed.

> 0 data to be read in specific routine.
IWRITED index to write data.

= 0 output list of data is not produced.
# 0 output list of data will be produced.

LAST] number of data to be listed if IWRITED 0.
=1,=2,..,, = NDATA.,

Last data is listed for any value of LAST1 =< NDATA.

*COMDECK RDDATA Update deck for specific statements to read data.
*COMDECK WTDATA Update deck for specific statements to write data.

Observations are stored in the matrix X and the vector YOBS. Working field for
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observed function values X(I,1) = YOBS(I). If IREADD > 0 the specific routine
to read and to count data is performed. Two lists of initial parameter values are pro- -
duced. The first in the original order of occurrence, the second according to permuta-
tion and grouping as: to be fitted, informative or constants. '

ENTRY NEWZERO _ Arguments are transformed into the following variables.

PROC correction in %, of the value of the parameter to define step length in alternat-
ing directions according to the parameters.

IREPT1 number of times to repeat the procedure for each parameter to be fitted.

IREPT2 number of times the entire procedure is to be repeated.

An alternating direction method (univariate direct search) is applied. To each param-
eter separately a step length is added as well as subtracted. If the central value has
not the lowest sum of squares the procedure is extended for at most IREPT1 times
in the direction of the lowest sum of squares. For all parameters the entire procedure
is repeated IREPT? times unless all parameters in order of search have their lowest
sum of squares at the central value of the last three investigated values. '

SUBROUTINE FNCTN (C,LSTC,SQ,LSTSQ,ISTOP,YCLC,YOC,LISTY,LAST1)

C parameter values for which the condition function is to be evaluated.

LSTC index to list vatues of C.
== 0 no list is produced.

# 0 output list will be produced if INK3==3.

5Q sum of squares.

LSTSQ index to list observed function values, calculated function values, differences
between them and SQ. '
= 0 no list is produced.
> 0 output list will be produced if INK3=3.

ISTOP index to return to calling program after function has been evaluated.
= 1 instant return takes place. )
# 1 no instant return, calculation of multiple cosine and multi
tween X(I,1) and YCLC(I) is performed.

YCLC calculated function values.

YOC differences between observed and calculated function values.

LISTY index to list specific output, output to be programmed by the user.
= 0 no list is produced. - '
> 0 output lst will be produced. '

LAST1 see SUBROUTINE READ.

ple correlation be-

 * COMDECK NFNCIN : Update deck for specific statements for fugction evalua-
~ tion, ' :
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*COMDECK WFNCTN Update deck for specific output list of function values. -

Function values calculated with the parameter vector C(K) are stored in YCLC(I)..
Differences between X(1,1) and YCLC(I) are stored in YOC(I) and their sum of
squares in SQ. Informative results are the multiple cosine and the multiple correlation
between the vectors X(I,1) and YCLC(I), which are stored in respectively XCRLMT
and XCOSMT in COMMON. The sum of the YOC(I) values is calculated and prmted

- unless LSTSQ =0 . .

SUBROUTINE DFDA (C,H,YCLC,YOC,LSTH,LSTFA,LAST1). .

C parameter values for whlch the first derivatives are to be evaluated.
H scale factors. :
YCLC calculated function values. -
YOC differences between observed and calculated function values to be stored-in
FA(LMT). ~
LSTH index to produce output list of scale factors.
= 0 no list is produced. :
> 0 output list will be produced if INK7-=3.
LSTFA index to produce output list of evaluated first derivatives.
== 0 no list is produced.
# 0 output list will be produced if INK7~=3.
LAST1 See SUBROUTINE READ, .

*COMDECK NDFDA Update deck for specific statements for first derivative
evaluation. :

First derivatives evaluated with the parameter vector C(K) are siored in the mairix
FA(LK). The difference vector YOC(T) is stored in FA(I,MT). The square of the
length of the derivative vectors are stored in FA2(K), the sum of squares in F A2(MT).

Scale factor values are returned via the argument variable H(K), the square root of
the sum of squares via H(N’l') :

ENTRY ORDER The last argument is only used i\n a specific case

LAST! if first derivatives are programmed in SUBROUTINE FNCTN deﬁne
LAST1=99999 .

The first NPAR permuted parametcrs are ordered aocordmg decreasmg pal‘tlal
cosines. Those parameters for which the absolute value of this cosine is greater than

the mean of the absolute values for K=1 NPAR are selected as NPART to be ﬁttﬂd
parameters, . , RS
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SUBROUTiNE D2FDA(C, SQ H,YCLC,YOC,LSTD2,LASTI1) -

LSTD?. index to produce output list of evaluated second denvatwes (ﬁrst 9 permuted
_ parameters at most).
" = 0 no list is produced.
"> 0 an output list will be produced if INK7=3.
Other variables have already been defined.

*COMDECK ND2FDA Update deck for specific statements for second derivative
evaluation. :

Second derivatives evaluated with the parameter vector C(K) are stored in the
matrix FAA. The square of the length of the derivative vectors are stored in FAA2(K).
Scalar products that are elements of the matrix 34, , are stored in the matrix FAFAA
{K,L), those of the matrix N, in FOFAA(K,L).

13.2 Gradient subprograms -

In this section subroutine subprograms that need no updating for new functions to
be optimized are briefly commented.

'SUBROUTINE NRMEQ(YOC,CNORM,LSTNM,ISTOP,H,LSTEQ,KCOS,M02)

YOC see SUBROUTINE FNCTN
CNORM normal, - 3
LSTNM index to produce output list of the normal.
" = 0 no list is produced.’
# 0 output list will be produced if INK7=3.
ISTOP index for calculation of the normal and-sum of squares only.
# 0 no further calculations are performed.
= 0 execution proceeds.
H scale factors.
LSTEQ index to produce output list of normal equatnons
" = 0 no list is produced.
# 0 output list will be produced if INK7 =3,
KCOS index to calculatc the cosine matrix out of t
normal. - :
= {) no cosines are calculated
- # 0 cosines will be calculated and printed for ﬁrst an
M02 lndex to use the second derivatives of the condition functlon to obtam the
Hessian G = 2(M — Ny2). -

= 0 no use is made of Ny2
# 0 use is made of N, unless no second derivatives are avallable

he normal equations and the

d last cycle only if LSUMRY
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Normal equations are calculated for the first NPAR permuted parameters. From
these equations the cosine matrix of the cosines of the angles between FA(LLK) and
FA(I,L) is calculated and the vector of the partial cosines of the angles between
FA(I,MT) and FA(1.X).

SUBROUTINE SOLVE(C,SOLN,NP)

- Cparameter values for which the normal equations are to be compiled.
SOLN solution of differential corrections for NP parameters.
NP first NP permuted parameters for which the solution of the normal equations is
_ stored in SOLN(NP).

Normal equations are solved by means of the Choleski-algorithm, Partial solutions
for 1, 1(1)2,..., 1{1)NPAR parameters according to their permutation and grouping
are stored in the upper triangle of the matrix M. The inverse matrix M~! (diagonal
and upper triangle) is stored in the lower triangle of the extended matrix M. For the
first and last cycle the cosine matrix of M1 is calculated and printed if LSUMRY

# 0. The standard deviation of the estimates of the parameters are stored in
STDEV(K).

SUBROUTINE HOWA

This subroutine subprogram investigates how the situation of the fitting procedure
is at the initial point A for each new cycle. Numerical results are collected, checked
and printed in the first and last cycle. A summary of solutions of the normal equations
is produced. Informative resulits on the relative rate of change of scale factors and the
curvature are printed. The stopping criterion is tested. The test is performed on
- basis of a cosine criterion COSCRIT. The default value is 1000 which means that
cosines with three zeros after the decimal point fulfill the criterion, A scheme of the
complete test is given in Table 14. For NYS2—4Hbb** the fitting procedure is con-
sidered to be terminated and one more cycle is performed by defining NCYCLS=

NC+1 which leads to NOCLC=NCYCLS in the main program NLV in the next
cycle.

Tal?Ie 14, Variables that. savo the state of the cosine criterion. Initially four blanks (4Hbbbb) are
assigned to all no-yes variables. These are changed in the following cases.

Variable

-Cosing criterion fulfilled

noe yes

Partial cosines for to be fitted parameters
Partial cosines for informative parameters
Total cosine for to be fitted barameters

NYS1 = 4Hbb** NYS2 = 4Hbb**
NOYESI = 4Hbb** NOYES2 = 4Hbb**
NYS3 = 4Hbb** NOYES3 = 4Hbb**
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ENTRY SUMRY This entry is called by main program NLV if NOCLC >
NCYCLS. This condition is fulfilled automatically if NYS2=4Hbb** (see Tabl_e '
14). A comprehensive summary of the numerical and statistical results will be pro-

duced (see Appendix 1.4.2).

ENTRY COMBIN This entry produces a combinatorial search. The minimum
value of the sum of squares after one cycle for (/%) to (Jparr) Parameters is
calculated. The parameter vector is automatically permuted and reduced to the size
of t'he best combination before the return to the main program takes place. Combina-
torial search can be performed for the first 14 permuted parameters at most. The
parameter vector can be permuted and grouped in advance in main program NLYV.

SUBROUTINE MIN(CRCTN,LETLIST,ITAN,START,STEP,ITIMES,LPX,

JUMP)
CRCTN vector of direction of search defined in the calling program.
= CORR for arbitrary direction of search.
= DELTA for differential corrections.
= NORMA for steepest descent at A.
INK7 and

LETLIST index to produce output list. LETLIST options override INK3,
INK8 conditions
== () no list is produced.
= ] list of iteration steps (EPS, SQ-relationship) will be produced.

- =2 list of initital and optimal parameter values will be produced.
= 3 complete output of the iteration process will be produced.

ITAN index to define type of tangent to be used.
= 0 (LETLIST==0 is required). No iteration ta
SQ)-relationship will be produced emanating from
STEP and number of steps equal to ITIMES;
= 1 numerical tangent is used.
= 2 directional tangent is used.
= 3 cosine tangent is used. -~

START starting value if ITAN=0.

STEP step length if ITAN=0.

ITIMES total number of (jteration) steps t
done if ITAN > 0. In the last case, however, the i
number is reached when the required accuracy con

LPX index to define the use of subprogram LIHYPEX.

JUMP index to define 2 jump to a second branch of the (EP
= 0 no jump takes place.

— 1 minjmum of a second branch will be used.

kes place but a table of the (EPS,
EPS=START, with step lgngth

hat will be performed. At Jeast 3 steps are
teration stops before the defined

ditions are fulfilled.

S,5Q)-relationship.

s completely defined when entering this subroutine
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the curvature in the direction of search is calculated here. The curvature in the direc-
- tion of CRCTN is produced without determination of the minimum by taking
ITIMES=0. Then the list parameter LETLIST is effective with 0 or 1. The geodesic
curvature is stored in XGEOQ, o

SUBROUTINE AISB

The statements to assign variables valid at B to variables valid at the initial point
A are collected in this subroutine subprogram. The replacement is for A=B, YCLCA
=YCLCB, YOCA=YOCB, HA=HB, ANORM=BNORM and SQA=8QB. In-
formation on the course of scale factors from A to B is produced if LSUMRY=2. -

SUBROUTINE LISTING (INDALL)

INDALL index to reduce information to be listed.
= 0 listing of partial cosines for each cycle. _
= 50 listing of parameter values obtained in each cycle.
.= 1 complete list of intermediate and final results obtained in each cycle.

Independent of the value of INDALL a summary of the iteration to a subminimum

-~ in each cycle is given with respect to number of iterations, optimal step factor, sum
of squares with respect to the fitting surface and to the tangent plane and lengths of
NORMAL and DELTA vectors. * : ‘

ENTRY PLOT For sequential functions plot of the curve against time can be pro-

- duced on the line printer. An upper (TOP) and lower (BOTTOM) function value have
to be defined in main program NLV : S =

" ENTRY PUNCH. Final parameter values are punched or printed,. controlled by .
the argument INDALL. : : o '

INDALL=1 final parameter values are punched on punch cards and can be used as
input in further fitting cycles in main program NLV, : S .
= 0 final parameter values are printed on the line printer in a convenient layout

suitable for instant punching on cards, These can be used as'input in further fitting
cycles. . - o , _ . & ,

- 13.3 Particular subprograms .
In this section subroutine subprograms. that need no tipdatiﬁg al;d for, which load-

ing is optional are briefly commented.

142 .



SUBROUTINE BLOCK(NBLOCK,NROTATE,NCYC,CCRIT)

NBLOCK index variable that governs the creation and use of permutation and
grouping of parameters in blocks.
= 1,..., = 5 sequential definition of at most 5 blocks. Further arguments equal to
_ zero. Default number of blocks NBLOCK = 1. In this case the subroutine need not

be called by main program NLV,
= 0 blocks are used in order of creation. Fitting procedures start with first BLOCK

defined.
NROTATE number of blocks that sequentially will be used. After block number
NROTATE has been used, the first block will be used again. “
NCYC number of fitting cycles that the same block will at most be used.
CCRIT cosine criterion with respect to the total cosine. This criterion overrides the
- criterion COSCRIT when blocks are being used. It acts analogous to COSCRIT. If
the criterion is fulfilled the next cycle starts with the next block, whether or not the -
actual block in execution has already been used during NCYC cycles. If the crite-
rion CCRIT is fulfiiled for all blocks defined, execution terminates in a normal way

" in NLV.

The subroutine subprogram furnishes possibilities to make sequential use of dif-

_ ferent parameter permutation and grouping. Independent of the values in the argu-
ment, the fitting process terminates in a normal way if for all MPAR parameters the
cosine criterion is fulfilled. A typical example of the us¢ of blocks is two blocks with

. MPAR parameters among which some are bounded. If a parameter exceeds his bound
in'a certain fitting cycle and has to be deleted from the parameter vector, the remaining
parameters may fulfill the cosine criterion. As oscillation of parameter values can
occur, execution of the fitting procedure with the second block will automatically
test whether the deleted parameter can be improved after all. In the affirmative the

final result can be a fit for all MPAR parameters again.
SUBROUTINE BACK(NPZ,LISTZ,JACBZ,ICIRCZ,LASTIZ)

NPZ number of the first permuted parameters involved in this algorithm.
A suitable value is NPZ=NPART.

LISTZ index to produce output list.
= 0 no list is produced. : :
= 1, 2, 3 main results are printed and the va

* for output from subprogram MIN.
2 5 main results are printed without output from subp

JACBZ index that controls the required metric. '
= 0 tangent space, metric L :
= 1 observation space, metric J7J.

{ue of LISTZ is assigned to LETLIST

rogram MIN..
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ICIRCZ index to define the type of algorithm preferred.-
= () search according to two linear directions.

- == 1 circular search.

* LASTI1Z number of data to be produced in output list.

The subroutine subprogram is used to apply the back projection algorithm. Auxil-
iary vectors UDELT and VDELT are calculated. Optimization is for both step fac-
tor EPS1 = 4 and direction of search EPS2 = 2 cos ¢ or EPS2 = ¢.

ENTRY Bl, ENTRY B2 Used to perform two-dimensional circular search.
SUBROUTINE TRACK(NTYPE,NP,START,NSTEP,KTIMES,NAUT,LIST)

In this subroutine several procedures are collected that transform the observation
vector YOBS or that determine the curvature emplrlcally Procednres are defined by
the variable NTYPE.

NTYPE==1 subdivision of the vector YOBS minus YCLCA to perform controlled
approach,
= 2 subdivision of the vector YOBS minus YCLCB proceeding in the direction of
search to perform controlled approach. '
= 3 reflection of the terminal point of YOBS in the tangent plane before the mini-
mum is determined.
= 4 reflection of the terminal point of YOBS in the terminal point 6.

. = empirical determination of curvature of the fitting surface along intermediate
fitting results by calculation of the distance perpendicular to the final tangent plane
at 89, and the distance perpendicular to the YOCA vector at 8.
= 6 as before, but along the direction given by 8 — 8@ for 10 equal steps.

Use of further arguments depend on the value of NTYPE. They are listed in Table .
15, S .

SUBROUTINE LIHYPEX (LHE,N1,N2,N3,NCRIT,LIST)

LHE index that defines the type of formula to be used.
* = l afourth degree polynomial is applied.
- == 2 a hyperbolic function is applied.
= 3 an exponential function is applied.
NI1,N2,N3 cycle numbers from which the resulis to be extrapolated are taken (N1< :
<N2<N3). If LHE=1 a fourth degree polynomial is calculated through the P"mts
obtained in cycle numbers NI+I*(N2—N1), where I=0(1)4.

NCRIT criterion for the accuracy of the iteration process calculating the constants
if LHE=3; e.g. NCRIT=3,
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Table 15. Use of arguments in SUBROUTINE TRACK.

NTYPE NP START NSTEFP . KTIMES NAUT LIST
land 2 number of starting number of redefinition not = [*
parameters value on parts in of number  used gives
used in YOCAO. = whichthe of fitting list
fitting pro- START <  remainder  cycles (e.g. = ( gives
cedure (e.g. 1.0 of YOCAis KTIMES =5} only
NP = divided . main
NPART) . results
3through6 not used not used notused - mnotused —0fora =1*
single out-  gives
come only  list
= 1 proceeds = 0 gives
automat- only
ically main
results

*. For min (NDATA, 10) a list is printed out of YOBS(D), X(,1) and YCLCA(I to indicate the rela-
tionship between observed and used vectors.

LIST index that defines whether an output list of intermediate results will be produced.

= 0 no list is produced.
= 1 an output list will be produced.

arameter values by extrap-

The subroutine subprogram produces convergence of p
¢ in main program NLV the

olation. When using this subroutine it is necessary to defin
value for END greater than 1.

13.4 Default values

can be defined in main program NLV.
predefined for normal routines. There-
A list of parameters and

Values of algorithm and process parameters
Experience learned that several of them can be
fore a default value has been assigned to these parameters.

their default values is given in Table 16. .
The contents of tables of optimization results in the output can be chosen by the

values assigned to the logical unit in formatted write statements. This is governed by
the indices INK3, INK7 and INK8 which take the value 3 to produce an output list
and the value 7 to write information onto a scratch file. Pertinent combinations of
values are given in Table 17. If INKi options are equal to 7, they override output
options in the argument of the subroutine subprograms, except for SUBROUTINE

MIN. As the definition of INKIi options can occur anywhere in the main program the'y
can be used to serve a single subprogram by changing the value of the Iog:ca[ unit
default value again,

before the CALL statement and redefining it after use to its
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Table 16. Algorithm a.nd process parameters, their function, defanlt value and possd:le alternative

values.
Parameter =~ Function Default Alternative
NCYCLES  Number of fitting cycles to be produced at most. 10 2,...,15
END Number of times that NCYCLES 1 >1
cycles have to be repeated.
INK3 Index to define desired output, 7 3
INK7 Ibidem. 7 3
INK8 Ibidem. _ 7 3
LSUMRY Index to define desired output. 1 0,2
- = 0 output mainly based on the first part of
SUBROUTINE HOWA.
= 1 no restrictions.
= 2 as = @ with additional information on scale
: factors and curvature,
NDATA - Number of observations to be processed. Ifnot ~ SHCOUNT < MAXDAT
defined in NLV, data will be counted in )
SUBROQUTINE READ. '
NOUTRD Nurnber of data in output list of SUBROUTINE 0 (NDATA) = NDATA
READ, to avoid the production of long tables
not necessary. If not defined in NL'V the value
of NOUTRD will automatically be equalled to - *
min (NDATA, 50).
NOUTEN Number of data in output list of 1 < NDATA
SUBROUTINE FNCTN.
NOUTDF Ibidem for SUBROUTINE DFDA. 1 < NDATA
NOUTD2F . Ibidemfor SUBROUTINE D2FDA. 1 - = NDATA
NOUTFL Number of data in output list of SUBROUTINE S5HNDATA == NDATA
- HOWA, If not defined in WLV the value of
NOUTFL will antomatically be equalled to
min (NDATA, 50).
COSCRIT Variable to define the cosine criterion that is to 1009, 10°,n >0
be fulfilled to terminate the fitting procedure. - B
Logyp (COSCRIT) furnishes number of leading
zeros after the decimal point at least to be '
obtained. ‘
EPS Initial step factor along direction of search. 001 >0
EPSEST Step factor approximated by second dcnvatwes 001 not used
if available, S
EQS Step factor reduction. 66666 > 0.
RN Fraction of the negative slope that is at least tobe .1 ~ > 0.
o obtained in a given direction of search to conclude
- that a subminimum of S is reached.
RP Ibidem for positive slope, . : Jd >0, -
R Fraction of progress along the chord to assess the 1, O<RZEL .
minimum in a given direction of search. : ' o
R = 1 gives ‘Regula Falsi’ algorithm. _ . o _ .
ea,..., Six variables available for additional comments . 10L(BLANK) 10 Hollerith
1C(6) to be defined in NLV and printed during - “ characters,
“+ 7 execution of ENTRY HEADING, - start with 10L

146



Table 16, Continued.

Parameter Function : Default
REC1 Two parameters to be used to ) 0.0
REC2 define whether sequential treatment 0.0
' should be employed,
NO2 Index to be used to define whether the 0
Hessian should be applied.

Alternative

1.0
1.0

~Table 17, Values of the logical unit in formatted write statements defined by INKi (i = 3,7 or 8).

To obtain Process parameter
INK3 INK7 INKS
Complete output 3 3 3
Partial output of main results 3 7 3
Information about scale factors and curvature only 7 7 3
Output of intermediate results from special subroutines 7 3 7
. 7 7 )

Default output
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Summary

Research workers who describe their problems with mathematical formulas in
which variables and unknown parameters occur, have need for testing their working
hypothesis with the aid of observations. Since most models consist of functions that
are nonlinear in the parameters, iterative methods have to be employed to optimize
the parameter values. The objective function to be minimized is the sum of squares
of deviations of calculated function values from observed function values (Chapter 1).

~ In the present study spaces and surfaces that play a role in least squares techniques
were investigated. Main spaces to be considered are the observation space and the
parameter space (Chapter 2). Vectors of calculated function values are position vectors
to the fitting surface in the observation space. This surface is covered with curvilinear
coordinates: the parametric curves. Elements of differential geometry were used to
investigate the role of scale factors and of curvature, both being essential properties
of curvilinear coordinate systems. Analytical treatment requires the derivation of
first and second derivatives of condition and objective function with respect to the
parameters. To generalize the analysis, parameters were expressed as functions in
which vectors and algorithm parameters occur; condition and objective function con-
sidered to be functions of these algorithm parameters. In many methods a step factor
that controls the progress in a direction of search is the only algorithm parameter
that is applied. In this study the derivation of derivatives has been extended to make
the formulas suit algorithm parameter vectors. The notion of linear and strict para-
meter functions was introduced to particularize general formulas. Formulas for first
and second derivatives for several functions that play a role in gradient algorithms
are given. Formulas for the curvature of parametric curves were derived as well as
those for the curvature of a path in an arbitrary direction of search on the fitting
surface. For a simple condition function the use of formulas for arc length is given
to demonstrate that it makes sense to distinguish between three important proper-
ties of nonlinear fitting surfaces: the curvature of the surface, the curvature of the
parametric curves and the course of the scale factors along a path of search. The
relationship between parameter, observation and response space is discussed. Geo-
metrical interpretation gives insight in the slow convergence of normally used non- -
linear curve fitting methods. This cumulated in the development of procedures that
accelerate convergence. o '

Least squares methods have their own place in nonlinear optimization techniques,
and algorithms developed for more general situations can be applied. On the other
hand more specific methods sometimes can be considered valid for least squares prob-
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lems. This for instance when second degree approximation to the fitting surface is
. accurate enough, Techniques that can be applied are briefly commented and main
* features that play a role in nonlinear optimization are discussed (Chapter 3). Gra-
dient methods with step length optimization in each cycle use first derivatives of the
condition function. Methods developed in this study make use of the gradient vector
and the vector of differential corrections. It therefore was assumed that at least first
derivatives of the condition function are available. Their availability gives the further
advantage to be able to set stopping criteria based on the fact that it is an orthogonal .
projection of the terminal point of the observation vector on the fitting surface that
is to be determined. . ' :
Condition functions may have a complicated structure in that they can be implicit
functions, sequential functions or can consist of models involving alternative func-
tions (Chapter 4). Tt was treated how a system can be set up with which the condition
function and the first derivatives can be calculated systematically in these cases. A
process parameter that governs the type of use of sequential functions was introduced,
© Flowcharts were given that illustrate the general treatment of the mentioned types of
condition function. The special structure of some of these functions gives complica-
tions when exploring the fitting surface. Along a chosen direction of search jumps
to additional fitting surfaces can occur and it was explained in which way results have .
to be interpreted in these cases.

Analysis of the fitting surface and its coordinate system of parametri
an indication on the cause of slow convergence. The concept of using scale factors as
weights to the direction of search was worked out analytically (Chapter 5). Two types
of weights were introduced using differences and differentials of scale factors respec-
tively. In the second case second derivatives of the condition function must be avail-
able. With an example the acceleration of convergence — expressed as decrease in num-
ber of mew directions of search necessary to fulfill default stopping criteria — was dem-
onstrated. A reduction was found from 25 cycles for the modified Gauss-Newton to
11 cycles for the scale factor differential correction method. Application of differences
of scale factors has the disadvantage that two points in the direction of search must be
celculated. However, the first stage of the approach to the final parameter values
appeared to be faster than with the aid of differentials. )

The deviation of points on the path of search on the fitting surface from the direc-
tion of differential corrections in the tangent plane — caused by the curvature of .the
parametric curves and scale factor variations ~ was measured by orthogonal projec-
tion of the path of search in the fitting surface, on the tangent plane (Ch.aptt‘er 6). Sin-
ce this concerns the same tangent plane as the one used for the determination of the
direction of search, this method was called the back projection method. To correct

deviations from the required direction, the projection of an intermediate point found
by back projection was reflected in the total tangent vector on the tange.nt plane.
because of the properties of the

Paths found this way may still not be satisfactory . '
d to produce in back projec-

fitting surface, Therefore two algorithms were developed & 1 back projec-
tion a two-dimensional linear and nonlinear search respectively, to optimize bo ;

¢ curves gave
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. direction of search and the step length. The method appeared to be most effective
when applied in the tangent space using relationships between parameter vectors

~ rather than between vectors in the observation space. For the example chosen, back

projection gave slightly better results in that less fitting cycles were required than when
using scale factor corrections. .
Subdivision of the program makes it possible to link subprograms in specific ways.
To make the program suitable for investigating the. condition function as well as
the convergence process, an analysis was made of the subroutines that occur in gra-
dient methods. Considerations that lead to the subdivision of the program in sub-
routine subprograms are discussed (Chapter 7). It appeared to be useful to divide
the program into three groups of subprograms: subprograms that need updating for
each new function to be fitted, subprograms that need no updating and contain the
essential parts of gradient algorithms and finally subprograms that need not necessari-
ly be loaded since they consist of specific subroutines. The subprograms are linked
by the main program NLV that can be modificd to apply special procedures. Atten-
tion was paid to the problem of how and when to terminate the execution of an opti-
mization algorithm. Stopping criteria based on the geometric interpretation of the
algorithm were introduced and compared. Although the value of some of these
criteria ~ viz. criteria on the total cosine and on partial cosines — converges to zero
in the optimal point on the fitting surface, this value is not reached by a monotone
decrease of the absolute values of the cosines, not even when the objective function
in subsequent fitting cycles is decreasing monotone. It is of importance to recoghize
this behaviour of the process to be able to judge on the basis of intermediate results
whether or not execution is to be terminated. It appeared to make sense to distinguish
two types of convergence. Type I was defined as the type for which in subsequent cy-
cles the sum of squares with respect to the fitting surface decreases and, at the same
time, the sum of squares with respect to the tangent plane increases. Type 11 was de-
fined as the type for which both sums of squares decrease at the same time. Experience
learned that Type II convergence indicates that progress will be slow. This was dem-
onstrated with an example where both types occur alternately, - - )
Condition functions can be given a particular form by choosing particular values
for one or more of its parameters. The program thus must give the possibility to keep
constant any of the parameters in order to omit parts of the condition function. In
the program this is generalized by an option to permute the components of the param-
etet vector and to partition the parameters into three groups (Chapter 8). The
first group consists of those parameters that have to be fitted, the second group of
those that need not to be fitted but give additional information and the third group
of those parameters that are kept constant. This partitioning is achieved by putting
paramete-r index cards in the main program NLV in the required order. Permutation
and partitioning then takes Place automatically throughout all subroutines in the
subprograms. For economic reasons the calculation of normal equations is confined
to parameters occurring in the first two groupsonly.. .-~ . - e
A central part of the entire optimization process is the determination of the mini-
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mum response in a given direction of search (Chapter 9). The search for such a sub-
minimum can be done by methods using first and second derivatives of the objective
fu.nction. First derivatives are useful in setting efficient stopping criteria, second deriv-
atives can be used to give a prediction of the step factor. With second derivatives
the geodesic curvature in the direction of search can be determined. From the curva-
ture the radius of curvature can be derived. In the given example fast convergence

- occurs when this radius is large and consequently the curvature of the path of search
is small. Convergence is slow when the radius of curvature is small. Then the path of
search deviates appreciably from the path as indicated by the total tangent vector
on the tangent plane. Scale factor correction and back projection method were
developed to correct for this deviation.

The search for a subminimum can be made more general by introducing nonlinear
parameter functions. It then is necessary to determine separately the correction to the
parameters and the direction of search, by differentiating the parameter update for-
mula with respect to the algorithm parameter. This generalization, already applied
for the back projection method with two dimensional nonlinear search, can also be
aIJI-JliecI to an empirical approach (Chapter 10). Slow convergence sometimes seems
to justify a linear extrapolation of intermediate parameter values. It appeared to be
more cfficient to extrapolate intermediate results for each parameter separately
with simple nonlinear functions. With a few preliminary results available, this ex-
trapolation is useful because during the extrapolation procedure no fitting cycles

need be executed. In the given example it seemed if about 10 cycles were skipped when

using exponential extrapolation and only 7 further cycles were needed instead of

the 19 further cycles required for optimization without intermediate extrapolation.
The only restriction laid upon the intermediate results of the convergence process
with methods thus far considered is that they be optimal with regard fo moves into
chosen directions, A method was developed where intermediate points were required
to be the foot of a perpendicular from the terminal point of intermediate observation
vectors to the fitting surface (Chapter 11). Heavy oscillation on the fitting surface of
intermediate results thus is avoided, as was illustrated with an example. It also ap-
peared that the curvature properties of the parametric curves are of more importance

than those of the fitting surface itself. For this reason scale factor correction and back

projection are efficient methods. The parametric curves that are passed when follow-
ketched. In this way an insight can be

ing the path of controlled approach can be s
obtained of the pattern of the parametric curves on the fitting surface. This was iflus-
trated with an example. -
For the algorithms and metho
gram for nonlinear parameter op
programmed for analytical methods as well
results can be used to test the formulas for
Since difference methods work best in an approximately 1
calculated function values are used as observation to simu
neighbourhood of the initial point. When testing of first and sec

ds developed, a generally applicable computer pro-
timization was written. Since several algorithms are
as difference or empirical methods, their
first and second derivatives (Chapter 12).
inear situation, rounded
late this situation in the
ond derivative formu-
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las gives a positive result, optimization algorithms can be applied. .

Methods introduced in this study can easily be made operational with the main
program NLV. The default algorithm of the program is the modified Gauss-Newton
algorithm, A short description of the subprograms and the use of their arguments is
given (Chapter 13). The complete text of the program and the instructions to modlfy
the main program NLV are given in Appendlx 1. :

152



Samenvatting

Een bijdrage tot theorie en praktijk van niet-lineaire parameter-optimalisering

Bij het leggen van een verband tussen variabele grootheden wordt aan de variabelen
de voorwaarde van het moeten voldoen aan een mathematische betrekking opgelegd.
Van een dergelijke betrekking wordt aangenomen dat daarin variabelen en parameters
voorkomen en dat waarnemingsuitkomsten voor de variabelen kunnen worden inge-
vuld, Aan de parameters wordt de eis opgelegd dat ze een waarde moeten aannemen
_ zodanig dat de berekende functiewaarden zo goed mogelijk aan de bijbehorende waar-
“nemingen zijn aangepast. De doelstellingsfunctie waarmede de vitdrukking ‘zo goed

mogelijk’ operationeel wordt gemaakt is in het hier beschreven onderzoek de som van
kwadraten van afwijkingen tussen gemeten en berekende functiewaarden — ofwel het
kwadraat van de lengte van de verschilvector — aangeduid als de respons. Kleinste
kwadraten-technicken bestaan er uit deze respons te minimaliseren. Aangenomen
wordt nu dat minstens één van de parameters niet-lineair in de voorwaardefunctie
voorkomt. In het algemeen zal de aanpassing dan — beginnend met een beginschatting
-~ iteratief in een aantal ronden moeten plaatsvinden — om de optimale parameterwaar-
den - de eindoplossing — te leren kennen (hoofdstuk 1). '
- Eigenschappen van ruimten en oppervlakken die een rol spelen in kleinste kwadra-
ten-technieken werden onderzocht (hoofdstuk 2). De belangrijkste ruimten zijn de
waamemingsruimte en de parameterruimte. Vectoren waarvan de kentallen berekende
waarden van de voorwaardefunctie zijn, zijn plaatsvectoren van het vereffeningsopper-
vlak dat in de waarnemingsruimte ligt. Dit opperviak bevat een stelsel kromlijnige
codrdinaten: de parameterkrommen. Een baan waarlangs het vereffeningsoppervlak
kan worden onderzocht — of: waarlangs de respons wordt bepaald - kan worden uit-
gedrukt in deze kromlijnige cobrdinaten. Met behulp van differentiaalmeetkunde
werd de invloed van twee essentiéle grootheden van kromlijnige codrdinaten, de
kromming en de schaalfactoren, op het convergentieproces onderzocht. Een analy-
tische behandeling van het hier geformuleerde probleem vereist het bepalen van eerste
en tweede afgeleiden van de voorwaardefunctie en de doelstellingsfunctie naar elk van
de parameters. Om tot cen generalisatie te komen zijn parameters opgevat als functies
van algorithmeparameters waarin ook vectoren en scalaire grootheden kunnen voor-
komen. Hiermede worden voorwaardefunctie en doelstellingsfunctie beschouwd als

functies van deze algorithmeparameters. Afgeleiden werden bepaald voor het algeme-
ne geval dat de voorwaardefunctie een functie is van ecn algorithmevector. Het b'egﬂP
eciale oplossingen

lineaire en strikte parameterfunctie werd ingevoerd om weer tot sp
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te komen aangezien veel methoden als enige — lineaire — algorithmeparameter een stap-
factor bevatiten die de staplengte langs de baan van exploratie bepaalt. Formules voor
eerste en tweede afgeleiden van functies die een rol spelen bij gradiéntmethoden wer-
den gegeven evenals de formules voor de kromming van parameterkrommen en van de
geodetische kromming van de baan waarlangs het vereffeningsopperviak wordt on-
derzocht. Voor een eenvoudige voorwaardefunctie werd een voorbeeld van toepassing
gegeven van de formules voor het bepalen van booglengten onder meer om aan te
geven dat het zinvol is drie belangrijke eigenschappen van niet-lineaire oppervlakken
te onderscheiden: de kromming van het oppervlak, de kromming van de parameter-
“krommen en het verloop van de schaalfactoren langs een gekozen baan, Het verband
tussen de parameter-, waarnemings- en responsruimte werd besproken.

Kleinste kwadraten-methoden nemen een eigen plaats in in niet-lineaire optimali-
seringstechnieken ; methoden ontwikkeld voor meer algemene problemen kynnen ech-
ter worden toegepast. Meer specifieke methoden zoals die welke zijn ontwikkeld voor
problemen waarbij de te optimaliseren grootheid kwadratisch in de voorwaardefunc-
tie voorkomt, kunnen worden toegepast wanneer een tweedegraads benadering van
het vereffeningsopperviak voldoende nauwkeurig is. Van de samenhang tussen optima-
liseringsmethoden werd cen kort overzicht gegeven (hoofdstuk 3). Gradiéntmethoden
maken gebruik van eerste afgeleiden en aangezien in het hier beschreven onderzoek
gebruik wordt gemaakt van de gradiéntvector en van de differentiaalcorrectievector,
werd aangenomen dat van voorwaardefuncties in ieder geval eerste afgeleiden beschik-
baar zijn. Hun beschikbaarheid heeft het verdere voordee! dat besindigingscriteria
kunnen worden geformuleerd die zijn gebaseerd op het feit dat het de loodrechte
projectic van het eindpunt van de waarnemingsvector op het vereffeningsoppervlak is
die moet worden bepaald. De theoretische waarde van het criterium is daarmee bekend.

Voorwaardefuncties kunnen een gecompliceerde structuur hebben aangezien hier-
onder zowel implicite functies, sequentiéle functies als modellen waarin keuzemoge-
lijkheden kunnen voorkomen, worden begrepen (hoofdstuk 4). Er werd aangegeven
hoe een systeem kan worden opgezet waarmede ook in deze gevallen eerste afgeleiden
systematisch kunnen worden bepaald en geprogrammeerd. Een procesparameter werd
ingevoerd waarmede de keuze van het al of niet sequentieel gebruik van sequentiéle
functies kan worden bestuurd. Stroomdiagrammen werden gegeven ten einde de al-
gemene behandeling van de genoemde typen functies te illustreren. Door de bijzon-
dere structuur van sommige van deze functies kunnen complicaties ontstaan bij het
ctnderzoek van de bijbehorende vereffeningsoppervlakken. In een gekozen zoekrich-
ting kunnen discontinuiteiten voorkomen die sprongen naar nevenoppervlakken ver-
oorzaken. Er werd uiteengezet hoe in deze gevallen verkregen uitkomsten moeten
worden geinterpreteerd. I L . PR

De meetkundige interpr;tatie van de eigenschappen van het vereffeningsopperviak
en het daarop gelegen cobrdinatensysteem geeft cen inzicht in de reden van het Y0OT-
igﬁig:nlizglam:hcznvergenﬁe bij niet-lineaire optimalisering. Dit leidt'ie.tot het
versneld. Hot genbﬁ;k oden waarmede de convergentie .naar de eindoplossn}g wordt

. van schaalfactoren ~ te weten de lengte van de raaklijnvector
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aan de parameterkrommen — als wegingsfactoren voor toe te passen correcties op .
beginschattingen voor de parameters werd analytisch uitgewerkt (hoofdstuk 5). Twee
manieren voor het vaststellen van deze gewichten werden geintroduceerd, namelijk het
gebruik van differenties en het gebruik van differentialen van schaalfactoren. In het
~ laatste geval moeten tweede afgeleiden van de voorwaardefunctie beschikbaar zijn. De
‘met deze methoden te bereiken versnelling in convergentie werd met een voorbeeld
toegelicht, Voor voorwaardefunctie en gegevens vermeld in appendix 2.3, waarvoor bij
het gebruik van de Gauss-Newton methode met staplengte-optimalisering 25 volledige
berckeningsronden nodig waren, waren met gebruik van correcties door middel van
differentialen van schaalfactoren nog slechts 11 ronden vereist. Het toepassen van dif-
ferenties heeft het nadeel dat eerst ook van een tweede punt op het vereffeningsopper-
vlak de schaalfactoren berekend moeten worden; het voordeel is dat geen tweede afge-
leiden behoeven te worden berekend. Voor het kiezen van een tweede punt werden
algorithmen gegeven waaruit met een voorbeeld bleek dat de gewogen nieuwe correc-
ties het aantal banen benodigd om de eindoplossing te vinden sterk reduceerde, terwijl
" in de beginfase van het optimaliseringsproces een nog sterkere reductie van de kwa-
draatsom van afwijkingen werd bereikt dan met het toepassen van differentialen.
Wanneer op het vereffeningsoppervlak een baan wordt gevolgd die start in de rich-
ting gegeven door de differentiaalcorrecties berekend in het raakvlak aan het opper-
vlak, dan zullen de punten van deze baan na terugprojecteren op het raakvlak niet op
* de rechte liggen die opgespannen wordt door de vector gegeven door differentiaal-
correcties. Dit tengevolge van het feit dat op het vereffeningsoppervlak de baan ge-
kromd is door de krommingseigenschappen van de parameterkrommen (hoofdstuk 6),
Dit feit werd geanalyscerd hetgeen resulteerde in een rekenwijze waarbij de afwijkin-
gen, hanteerbaar gemaakt in het raakvlak door middel van het terugprojecteren, wer-
~den gecorrigeerd. Ten einde de methode zo efficiént mogelijk te maken werden twee
algorithmen ontwikkeld waarbij tweedimensionale lineaire respectievelijk niet-lineaire
optimalisering werd toegepast om zowel de staplengte als de zoekrichting zo goed mo-
gelijk vast te stellen. De methode gaf voor het gegeven voorbeeld cen versnelling van
- de convergentie dic vergelijkbaar is met die welke verkregen werd met de methode
waarbij schaalfactoren als gewichten werden gebruikt. ‘ i
" Bij het schrijven van een programma voor niet-lineaire optimalisermgstechm-eken
vallen een aantal subroutines te onderscheiden die tevens kunnen diene'n om de eigen-
schappen van de voorwaardefunctie zowel als die van het convergentieproces te on-

derzocken (hoofdstuk 7). Overwegingen werden gegeven die l?idden tot een indeling
van het totale programma in subroutine subprogramma’s die met behulg van Pet
berekeningswijze op de vereiste wijze

hoofdprogramma NLV al naar de gewenste swWijze
kunnen worden gekoppeld. De subprogramma’s kunnen in drie groepen worde.n on-
bprogramma’s die voor elke nieuwe

dergebracht. De eerste groep bestaat uit de su : g i afge-
voorwaardefunctie moeten worden aangepast omdat daarin de fui,ictn-: en ziyn 'g'l
 leiden voorkomen, de tweede groep bestaat uit de subprogrammas die de essenticle

onderdelen van gradiéntmethoden bevatten en verder geen aanpassu':g a:n nieuwe
voorwaardefuncties behoeven terwijl tenslotte de derde groep bestaat uit subprogram
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ma’s die geschreven zijn voor speciale algorithmen en procedures en die niet in de com-
puter ingelezen behoeven te worden wanneer deze speciale algorithmen nict worden
toegepast, Aandacht werd besteed aan het probleem van het beéindigen van het itera-
tieproces. Hierbij werd vooral nadruk gelegd op het gebruik van de cosinus van de
hoek die de verschilvector maakt met de raaklijnvector aan elk van de parameter-
krommen. Er werd op gewezen dat, hoewel het optimaliseringsproces dusdanig kan
verlopen dat de kwadraatsom monotoon afneemt, dit niet het geval behoeft te zijn
voor deze cosinussen. Deze kunnen in absolute waarde zelfs toenemen waarbij toch
vorderingen worden geboekt in het convergentieproces. Twee typen van convergentie
werden onderscheiden. Type I werd gedefinieerd als het type waarvoor de kwadraat-
som met betrekking tot het vereffeningsoppervlak afneemt terwijl de kwadraatsom
met betrekking tot het raakvlak toeneemt. Type IT werd gedefinieerd als het type waar-
voor deze beide kwadraatsommen tegelijkertijd afnemen. Uit ervaring bleek dat het
optreden van Type II een aanwiizing inhoudt dat de convergentie naar de eindoplos-
sing traag zal verlopen. Dit werd met een voorbeeld gedemonstreerd.

Voorwaardefuncties kunnen een specifieke gedaante worden gegeven door één of
meer van de parameters constant te houden. Het computerprogramma moet dan de
mogelijkheid bevatten deze parameters als constante te behandelen. Aangezien dit
nict noodzakelijkerwijze de laatste parameters behoeven te zijn, dient het programma
tevens de mogelijkheid te bevatten de kentallen van de parametervector te permuteret.
Dit is in het programma algemeen gemaakt door een driedeling van de kentallen van
de parametervector toe te passen (hoofdstuk 8). De eerste groep bestaat dan wit die
parameters die moeten worden geoptimaliseerd, de tweede groep uit die parameters
die aanvullende uitkomsten geven over het optimaliseringsproces alsof deze para-
meters daarin opgenomen zijn, de derde groep tenslotte bestaat uit die parameters die
constant worden gehouden. De permutatie en driedeling wordt bereikt door parame- -
terindexkaarten in het hoofdprogramma NLYV in de vereiste volgorde te leggen. Per-
mutatie en driedeling komen dan automatisch tot stand in alle subprogramma’s. Ten
einde de berekeningen doclmatig te doen verlopen worden de normaalvergelijkingen
alleen opgesteld en opgelost voor de parameters uit de eerste twee groepen.

In het gehele optimaliseringsproces neemt het bepalen van een minimum in de rich-
ting waarin het vereffeningsoppervlak wordt onderzocht een centrale plaats in (hoofd-
stuk 9). Het zoeken naar zulk een subminimum kan worden gedaan met methoden
waarbij zowel ecrste als tweede afgeleiden van de doelstellingsfunctie worden gebruikt.,
Eerste afgeleiden werden gebruikt om de mate van nauwkeurigheid van het verkregen
resultaat vast te stellen terwijl tweede afgeleiden, indien beschikbaar, kunnen dienen
om de staplengte in de richting van exploratie vast te stellen. Met tweede afgeleiden
kan bovendien de geodetische kromming worden bepaald van de baan waarin het ver-
effeningsoppervlak wordt onderzocht. Uit het gegeven voorbeeld valt op te maken
dat de convergentie snel verloopt wanneer de kromming in het beginpunt gering is
en de kromtestraal bijgevolg groot, terwijl de convergentie traag verloopt indien de
geodetische kromming een grote waarde heeft. De methode waarbij gebruik wordt
gemaakt van gewichten gebaseerd op het verloop van schaalfactoren en de methode
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waarbij door afwijkingen terug te projecteren in het raakvlak correcties werden aan-
gebracht op de richting waarin het vereffeningsoppervlak wordt onderzocht, werden
ontwikkeld om juist op deze kromming te corrigeren.

Het bepalen van een subminimum werd gegeneraliseerd om het invoeren van niet-
lineaire parameterfuncties mogelijk te maken. In dit geval moeten de correctie aan te
brengen aan de parametervector en de richting waarin het vereffeningsoppervlak
wordt onderzocht afzonderlijk worden berekend, de laatste door de parameterfunctie
te differentiéren naar de algorithmeparameter. Deze generalisatie werd reeds toegepast
voor de methode van het terugprojecteren maar kan ook worden gebruikt voor een meer
empirische benadering van het convergentieproces (hoofdstuk 10). Er werd een reken-
wijze opgesteld waarbij met behulp van reeds verkregen tussenresultaten de nadering
naar de eindoplossing wordt gesimuleerd door voor elke parameter de tussenresultaten
te extrapoleren. Voor deze extrapolatic werd zowel een aanpassing aan een vierde-
graads polynomium gebruikt als een aanpassing aan een hyperbolische en aan een
exponentiéle functie. Tijdens het extrapoleren behoeven geen volledige vereffenings-
ronden te worden berekend hetgeen de hoeveelheid uit te voeren rekenwerk gunstig
beinvloedt. In het gegeven voorbeeld bleken tijdens de extrapolatic als het ware 10
ronden te zijn overgeslagen waardoor het eindresultaat na nog slechts 7 verdere ron-
den werd bereikt in plaats van de 19 ronden die nodig waren bij het consequent door-
voeren van de Gauss-Newton algorithme zonder extrapolatie van tussenresultaten.

De enige restrictie die aan de tussenresultaten tot zover werd opgelegd was dat deze
ieder in hun eigen richting een optimale decloplossing moesten vormen. Aan de tussen-
resultaten werd een verdere voorwaarde opgelegd ten einde banen op het verefTenings-
oppervlak te verkrijgen die aan slechts geringe afwijkingen van een rechtstreekse na-
dering naar het eindpunt onderhevig zouden zijn (hoofdstuk 11). Een uitwerking werd
gegeven voor de eis dat alle tussenresultaten op het vereffeningsopperviak loodrechte
projecties zijn van deelpunten van de verschilvector voor de beginschatting. Het bleek
hierbij dat de krommingseigenschappen van de parameterkrommen c¢en grotere in-
vloed op het verloop van het convergentieproces hebben dan de krommingseigen-
schappen van het vereffeningsoppervlak zelf. De ontwikkelde procedure heeft het -
voordeel dat een inzicht kan worden verkregen in het patroon van de parameterkrom-
men voor de toegepaste voorwaardefunctie en de daarbij gebruikte gegevens.

De ontwikkelde algorithmen en methoden werden toepasbaar gemaakt in een com-
puterprogramma dat door middel van een hoofdprogramma kan worden bestuurd en
waarmee de vereiste modificaties kunnen worden gerealiseerd (hoofdstuk 12). Aan-
gezien met het programma een aantal berekeningen zowel met analytische methoden
kunnen worden uitgevoerd als met differentie en empirische methoden, biedt het pro-
gramma tevens de mogelijkheid om door het vergelijken van beide uitkomsten de pro-
grammering van eerste en tweede afgeleiden te testen. De benodigde modificaties in
het programma kunnen met het hoofdprogramma NLV tot stand worden gebracht.

Een korte beschrijving van de subprogramma’s en het gebruik van hun argumenten
is in een afzonderlijk hoofdstuk opgenomen (hoofdstuk 13). Voor de complete telfst van
het programma en nadere instructies voor het gebruik zij verwezen naar appendix 1.
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1 PROGRAMS 1.1 Technical information

L+ THIS PROGAAN 15 DEVELOPED BY PH.TH.STOL+ WEAD SECTION NI'IM'MYIC!I ]lllT['lI"!
FOR LAND ANG WATER MANABEWENT ﬂ[!!llﬂh 1 NM'#(I[GI F-n-l M 35+ WASEHINGEW
""’( NETMFLMDS- TEL. 08T ~ L7100« LAST PROSRAM UPDATE 5 JINU-IR\’ 1915

23 PRoGHAM 15 WRITIEN IN fﬂl!lln EXTENOED AS. DESQRIlED IN EONTROL
runau EI‘END!D REFERENCE #ANUALs PUBLECATION MR 48176600 119710 RZV[IWN &

ORPORAT[O0Ms ZLS NDFFETT PARK DRIVE: SUMNYVALEs l:ll,l!nﬁ!ll.l

DE DF 7.CMIAC1ER VARTABLES: THE PROGRAN |5 PUNCHED Tn 020

T A 134 CrARACTER LINC PRINTEA,
OF CONTROL DATA WEBERLAND. DAH
Ll Al

1
MARC=T I'Eaulull. OF FHE TELHHICM. ANG SCIENTIFIC COMPUTER emun
OF TrE SOVERNAENT STAYICT FOR LAND A0 WATER USE» L2 AALIESIHGELs UTRECMT.

&) PERFORAWANCE OF TH{ PROGRAN 15 UWDER scw: 3.3 1255.9 INSTALLED AT 0B/08/71)4
AS BESCIHIED il CVI!MI' SCOPE 3.3 REFERENCE WANUAL BATCH AND REMOTE BATCH
OPERATING § E ]CITID" NG 8651R000 (1973} BY CONTROL DATA CORPORATION
RAWSF ¢ l-.n.u MINNE

31 THE PROGRAM 1% SPLIT wP » ML PROSRAM PARTS 4AE OW FILES 1w
UPDATE CREATION WODE. THL ALGORITHM ROUTINES ARE FIXED ENCEPT FOR THE BIMEH-
S10nS OF FHE SHISCIIP’ID VARIABLESs ThE vARINBLE PROGRAN PARTS CONMIST OF THE

CONDITION FUNCTEON #HD ITS D(Rl\‘i'llv[s IITH HESPECT [ THE PARANETEAS,
YARLABLE !RBGH’M F!RTS ARE USED A4S U DECKS, SC0PE 3,3 UPDATE S7SYEM
PIWIIN LS VSED TO MAnIPULATE THE L[!RIHY fll.[! 10 LIng THE PROGAAN PAATS.

!RR"’ SI1ZES ARL DETERMINED WITH TwE ALD OF TNE IMTESERS MENTLONES GELOW

NUMEER OF DIAECTIVE COMSTANTS I MEW FUNCTION  CoMMBER us€hs ELsE Cal
HUMIER D? Phﬂll('l!ii TN HEY FUNCTION PmMPAR

MMEBER D A H=pDATA

MMBER OF !SERUEU \’IP[!BI.ES HANARVEL

SECOND DEH'IIII[UE Tolih- (NDI. TulHe lﬂll-
BEFINE PLep CPIaChe  IFITLEMAH=)  THFM  Phwni)eai=

FRod THESE GILCHL-“E I'I INTEGERS aapsl D CNWIZ

"‘!EE IIIE »ﬂ R(SIRICI'IIIHS EN YHE PROGRAM WITW RESPECI’ TL THE NUMBERS Cs Ay N
s THE TAHLEMG DF PARTIAL SO0LUTIONS: FROOUCED IN SUBROUTLIME
Ll!‘l'm tFDﬂMIS 351 3T AND 25) AND THE F!RMIETEQ PEAMUTAT IOH ‘IAII.ES FNDHCW

TR TOR1AL SEIKH I! '“
& PERMUTEQD PARAMETERS AT MOST = DIMENSIOW NLAS®14 IN SURROLTINE
USED IN ENTRY COMBIN ANO FORMAT S2T ~ o FORMATS 520, 321 AND 322 ARE
fDl 30 PARANETERS AT MOST.
]

ARRAY Sl!li OF YARTAGLE COMMON DIWENSLOWS RAE SSEE APPENDIR L.ée))
ACOMDECK DY al

COIHDN #IPI-EiP]-HAnIIF)|NIM(IPI|DGHI|PIDDiLT-l('IstDEIIPI
COMMON 1A 18} +HB (0] s ANGRI(Q2 VBNORM{Q S 1 EP () + JP TR
COHMON YCLCA tHE s TSLCR IN) 1 YOCA IN} 2 YOCB {N|
COmiiw. &F LRC (P14 ALE {8 | e AU (P15 LR LPL+F &1N,
COMMON llN-Il-lAl]! P 15 3 o HCOSNY L
COMMON £PAR

NPMrwn

ARRAY S1ZES OF VARIADLE DI‘NSIGHS IN SUBPROBRAHS ARE

SCOMOELK OEMINITL  OJIEMSION 15T
SCOMDECK CGIWFWCTN OIMENSION C(P Ct‘il)l\'ﬂlhl
SCOWMDECK DImDFDA  DINENSL ClF 19} 1 YOLCND o YCLCANY J ORDERED (P} » [PERMIPS

o

OH

CCOMDECK DIMDRFDA DINENSION Faa2 (P11 ek LlcFlllTﬂ.l:(ldlbmmll
oCOMOECK DIMNRMEQ DIMENSION n(HIICMII(DIn 5 oc
*COMOECK DIMSGLYE DIMENMSION CIP)oSOLNTA)# CNI.’ *COSINF(R) #D (T
SCOMDECK BIMHOWA  JJMENSION D(Plo!ilhlsl‘lﬂﬂl JCM.I:IMI.FDC W1 THESIPL)

OIMENSION LR
ACOMDECK DIWMIM DINENSION K5 l'l! -FIECHI 1FJSIM1) s THFSS [PLY IDCURYE (P1}
DIMENSION CRCTHAP)» 1DMIR)
SCOMOETH DIML1ST DIMEWSION A2414P)sTOTZLIP)» ITALLY(P) s INMLUEAP)
SCOMDELK DIMBLOCK  DIMENSION 1PB{SsPiaJPBrSsP)+ISTERIPY
SCOMDECK DIMBACK  BIMENSION VBELI'IFMWEIJ +018) L YOAINY
#CGMDECK DIMTAACK JIMEMSION ARA(P) « YCAL
*COMDECK DIMLFFER  OIMENSIOH AM(P1+80 IPI OCC IPL200 1P 2EE P34 TTELPY

OFHER SUBSCRIPTED WARTABLES MAVE FINED CIMEWSIONS AMD MEED NOT BE UPDATED.

Y INSTAUCTIONS FOR USE OF WARIABLE aAND PARAMETER WAMES WHICH A4E CBL1&atony
HAIN PROGRAM KLY THITLAL PARAMETERS 10 95 DEF SHED
ON PARMETIR wALUE CardsS AR w g un v IRRLsWPAR)

SUBRLUTINE READ

OBSERYED FUNCTION VALIES YOOI (1) s 101 nDATA
JHREPEMOENT OBSERAVED vARTAGLES Al eddelalamnila
=B MAAVEC

XATeh) 1S WORKING FIELD FOR

YOBS{I) AWD CANNOT AE USED.

WHEH DATA ARE PUNCHED DM J(liMOATA
FOUTINE

CAN BE USER IM *COMDECK RDDATA
WHERE FINALLY THE ACTUAL NUNBER
W°DITI HOATASHIN(KDATA; D=1}

3 READI2ed) ltlv!iw\'b.!ll}
GPaNOATA? GO TO W

TFIECF12)) 999, 0000
493 CONTINUE
FORNAT (278 ,0}
NOATAel=]}

FOBADUTINE FNCTH ChLLULATED 'uu:nm \uuzl

PARAMETERS TO €€ F.

INDEPENDENT DISEIV{D Vll!ll.q_is lll-dllllw:gl'rl
1v0 TYPES OF FURTHER vANISELES In naemavee
:.:xuuu STATENEWTS ARE AvAILABLE CPARILI sL=1428

FOR WHICH THE INTESER C IS praadiislane

TO BE DEFINED (IF T usfbs r=|)

M%g:ﬂlcn FUNCTLONE l(l.u CAN
Pk

3 STARTING vaLUE
FTERATION On vELCCD)
SUBROUT [NE DFDS VALUWES OF FIRSP DEAIVATIVES FAlLK .:-|.mn.|
xl-xz-.
OR FenPin |n!1
HIH‘M’!\‘(!

TOR MAMES OF PhIJNETEIS AnD
VARIABLES SEE 508 ¥
FoR JwPLLCIT m" US!

VALUES OF SECOND DERIVATIVES

SUBROUTENE D2FOA

Paly/p
SECONE DERIvALIWES

DR NAMES U' PMM‘“S
AATASLES spa t

FNCTN
. FIIR IIPLICI' FUNC"I'M! UsE PLLEt I o lm] ynbDATA
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L2 ‘
THE USE OF FLRST GEEIII”VES OF THE CONDLTIDN FUNCTION 1% DELIGATORY AS THE
ALGORITWNS 14 THE PRUDRAM ARE BASED ON THELR AYAILABILLTY
THE 4SE OF SECOND DERIVATIVES QF THE COMCITION FUNCTION lS OPTIOHAL. THEDR
USE THROUGH ALL SUBROUTINES 15 GOYERMED MERELY Y THE CALL STATEMENT IN THE

AN

HAIN MLV,

A0ITOTAL TEME YO READ FHE ENTIRE PROGEAM OM A MAAC-1[ REAGER ASCUT 25 WENUTES
T0TAL TINE FOR UPOATE hNOD CGIW!LJI‘[M |WT‘Iv\.‘|\ ARUT TS DEC.STITER SECONDS
TITAL TIME REQUIRED TO PRODUCE 4 FROGAAH AND ALL SUlPRi
UNDER Ra3 OPFION ABOUT »5 HINUTES n~ I'NE HlﬁC—H TERMINAL LINE PRINTER.

117 PROGRAMS ARE COMPILED WNDEA FORTRAN OPT=2 COMPILE MODE. DEFAULT FIELR LEHGEH
FQR LOADING CAN BE TAREM 760&0‘001!- A REDUCTION OF F|ELD LENSTH BY MEANS OF
A RECUCTLOM CONTROL CARD W HOMORED FOR WODERATE S1ZED EHS,

lil SIBRDUTIP‘ SUBPRUGAANS. -IFE CALLEU BY WAJN PROGRAN KLV, [NSTRUCTIOHS FOR

ICATION ARE GIVEM N STOL (19TSs APPENDLX L+5F THE DEFAULT ALBOAITHM IR
lll S=HEWTON WITH STEP LENGFW CPTINIZATIONS
1 aAﬁMTEHS FRESENT I THE CONCITION FUNCTION CAN BE PERMUTEID BY PARAKETEI

PERMUTATLON CARDS IN THE MALN PROGRAM WLW. GROUPING OF PARAMETERS IS ACRI!IED
BY U3ING THE PARAMETER GROUPING CARDS % NLV uwlcu ARE FOR

NPAAT = PARTIAL PARANETER vECTOR To OPTIMIZED,

NPAR = uuus: OF PARKHETEAS ro« HICH uurmn EQUATIONS wiLt SE SOLVEDy

QRMATION ABOUT THE WUMERICAL PROCESS L% CBTAINE
HPAR = TOTIL NUMEER OF FAFI'(TERS THAT OCCUR IN THE CDH[I]I’]M FUNCTION.

QUTRUT OF IN‘EHNEDIIIE RESULTS CNN BE ATAINED BY CHANGING ﬂ* DEFAAT VALUES

OF THE QUTP RANETERS. THIS CAM BE DONE IV MAIN PROGEAM MLV 8T

CrOGSING INKJEDI?!INKIRJ AND CNF GING THE OUTPUT VARIABLES lN T"E lml‘”"

THE SUBROUTINES. UNDER CONTROL OF DEFAWLT WALUES THE DUTPUT OF ARl

WHLCH DEPEND ON TRE NUMBER OF DATA 1S AUTOMATICALLY REPUCED To Nlﬂtmlllnill-

EXESUTION TERMINATES N THE FOLLOWING CASES AECAUSE OF AN ERROR)

SUBROUTIRE INITL STOR L&  COMMON STATEWENTS IN MAIN= AND SUBPROCAANS
HAVE DIFFERENT DIMENSLONS OF ARRATS, OF
COMMON CARDS OUT OF OADEA

STOF 11 NPART40s PARANETER PERMITATION CARDS IN HATH
PROGRAM NLV NOT IN PROPEA OKDER. -

STOP 28 HUMBER OF DLGREES OF FREEDON INBATA-HPART)
. LESS THAH ZERO. NUWBER OF HATA {WDATAF HAS TO
BE CrECKED.

5TOR 30 THITIA, PARAMETER VALGES DMTSIOE QOUNO3.
OEFINITION OF BOUWDS AWO INITIAL PARAMETER
VALIES TH WY SHGILD BE CHECKED.

STCP 40  LENGTH OF YECTCR OF GERLVATIVES (3CALE FaC-
1081 EWIA. ¥0 PEAD. CHECK FIRET DERIVATLVE
FORMULAS IN SUB DFOA DR CHOOSE NEW INITIAL

PARANETER VALUES IN l‘lIN PROSAAN HLY .

SUSROLTINE READ
SUPRGUTINE FRETH

SUBROUTINE DFOA

SUBROUTINE SDLVE STOR 50  ZERQ DIAGOMAL ELEWENTS DCCUR 1w THE WATRIA W -
OF HORMAL EAUATIGNS. IT IS ALs0 TESTED

wnncn ZERDS OECUA anNG NE MMERLCAL
L

AL EOUA!
ﬂl'lllll SINGULAR ¢ lh(rlﬂt CMIF DIRECT10KS
FRDBABLY DEPENDENTs SUPERTLUOUS PARAHETERS
CAN BE PRESENT [N THE CONDITION FUNCTION.

SUBROUTINE HOWL  [NFORWATIVE  OPTIwaL STEP LENGTH IS FOUMD To SE IERD 1N
THREE CONSECUTIVE CYCLES. CORRECTION VECTOR
PROBABLY ZEAG OR SLL PARAMETER VALUES T00
CLDSE TO PAAAHETER ROUHOS.
EREZUTION TERWINATES IN WAIN PROSRAN WLV AT
5710P L (SEE BELOWI.
DER 5TOP ] ISEE SELOW),

S0P 60 SUBROUTINE WIN TWD TIMES IM & RO¥ uumm
4ITW STEP FACTOR {EPS) EOQUAL TO ZERG.
MINIMA [N OJRECTION OF SEARCH CAN ocun USE
A WAITE OPTIOM IN THE ARGUMENT OF Sull WIN PG
. INVESTIGATE THE (EPS-50; AELATIONSMIF.

SUBROUTINE AIn STOP 8)  IW Two CONSECUTIVE ETERATIONS THE 3184 oF N
THE DERECTION OF SEARCH CHANSBED YO CATAIN
NEGATEYE SLOPE aT EPS=.0s WO INBICATION FOR
A SPECIAL ERAOR. USE WRITE OPTI1ON SEE 8TOP L1

5T0F 70 ni vlLuE 0F THE INFEGER END THAT BEFINES THE
ER OF REPEFITIONS OF THE 7OTAL Pl"IN‘
FWCEDME HAS TO BE GAEATER THAN OA E
. 2, REDEFINE END [N JHE MAIN PROSFAN ’l-"-

SToP 7L WUMBER DF CYCLES 700 SWML 10 ARFLY TWiS
SUBROUTINE+ JNCREASE WALLE OF NCYCLES TN
_ HAIM PROGAAN HLY.

STOP T2 COLLIMEARETY OF POINTS, HYPERBOLIC ANR EX=
POMENTIAL SIMOLATLON CAN HOT BT PIRFORNED.

Elﬂu'llﬂl TERMINATES IH A NORMAL WAT IN THE MAIN PROGRAM NLY WHEW THE
REQUIRED COMVERGENCE CONDITION 15 FULFILLED OR WHEW TME DEF INED NUWGER o
CYCLES IS PERFORMED. JME ACTERMATIVES AREZ

PROBAAN MLV S0P 3 OCFINED NUNBER OF CYCLES MAS BEEW PLRFORMEN
(GEFAULT HCYCLES*1%r TO OF REPEATED l'm-l'c
TIMES) MAALMUN WUMBEN OF CYCLES THAT Caw
DEFINED IN ML¥ NCYCLES21S~

STOP S5 COSINE OF THE ANGLE BETWEEW THE DIRECTION -
OF THE PARAMETREC CUAVES AND THE RESIDUAL
YECTOR FOR THE FIRST mm!r rE LT

SUBRCUTIME WIN

AUBRQUTINE LINYPEA

SUBRJUTINE #OWA.

MUMEER OF STOF DEPEMOS O WMICH CONOITION 1S PULPILLED FINSY. IN MLV SPECIM
PROCEDUAES THAT HAVE T BE CARASED QUT wilM [HE FINAL FARAMETER VALUES CiN
BE INSERTED BEFORE THE STOP 55 STATEMENT.

EXECUTION TERMINATES Im & NOAMAL WAY I
SUBRCUTINE BLoCk ESECUTION TEANINAYES Iu #ROGAAN MY I e
COSINE CHITERIQN 1M THE ARGUMENT OF S K0
CCCRITY 13 FULFILLED FOR ALL BLOCKS

WCDLFICATEONS [0 THE DEFAULT DECK AETun TO Tie CALLING PROGRAW AND EAECUTITN
2, TERIATES AT 5TOF 1 07 $10P S5 tw WAIN PROSRAN MLV RESPECTIVELY.

WTPUI‘ ?:n:l: U}I'N SUBJECT HEADING PRENTED BELOM THE SECOMG J0B SECUENCE
UFPUT OF PROGRAN TEAT 13 SUPPRESSED
193" In0ER COMTAGL o e FAULT VALUES STOP 55 FERWINAY 10N PRODUCES A friadd o
MMERLEM, AND STATISTICA. RESULTS OF TuE FITTING PAOCESS, MOER STOP
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1.2 Default main program NLV

n
DEFALT DECK MAIM PROGRAN WLV WITH PARANETER PERNUTATION CA
PARAMETER COMDITION FUNCTIONS CARDS TRAT WAVE TO @F ntgflgu‘;e:n:age:l:n
uv ® IN THE FIAST COLUMN, SEE EXPLANATION IN SECIION 3b.

PHOUNKODLFILD GEFRUALE DECK FOR WAIN PROBRAN NLYS®S

PROGRAM WLV | INRUT s GUTPUT s TAPEZ=INPUT - TAPEI=DUTPYY » TAPET }
REaL $  INTEGER EwD !

“INSEAT COMDECK OYAR (CARD 1 ~ T1
*IHSERT COMDECK OF1X (CARD & - I3

IPAﬁlh S HAAVEC= 2 5 WAXOAT® 20 5 NEmd 5 AlllwCaels 17 L
T

'"CYGLE!-"/EW Ill«3l7‘a'7!L§0‘|R\‘IlINN?FNODFvDZFI]nRD#’L!Nﬂ:ﬂWIT'()IHC.
SREDEFINE QEFALLT YALUES IF DESIRED

= "Y s sz EEsEECxzas AT R NEANuE S
INITIAL VALUES: BOUNDS AND PERMUTATION OF PARAMETERS

®INSERT PARLMETER VALUE CARDS FOR ALL MFAR PARAHETERS
"INSERT PARAMETEA BOUNDARY CARDS IF NECESSARY

< Lotk 3
K2 ]
Neked 5 IPLOIw b PK) ) m
Pt I Y sl
K=ie] 3 Ipt)= 3 5 Jre aren
Ll 8] ¥ IPix)I= & 4 SLIPING Ak
NPART = K i
NPAR ® K 2
MPAR & K J
B m SRS s e R P ER Ak s EEESESESIAANS AN SRy R
. HEADINGs INITLs READs NOGLESY TARoUSH 2 FORMAT [
e rtaarnean - N
CALL HEADING
CALL TWIYL
EILI’. F(:-U 1Le ) s NOUTRE)
10 JALP = [REP4L 3 Li=3 5 [FILSUWRY.NESD) L3eT
NOTLCe 1 5 WRITEIII2F WOCLEC 3 D05 K=

AIKIaaA{) oK mA (K}

2 FORMAT{1HL = “"SIIIT 0" CYELE W.I“ e ey
anx AreAsEdeax R a=s
ll.ﬁﬁﬂ['l'.' srninznvs

NC=D +  ACYCLS=NCYCLES

meamuman e

- m - b

ML=NCs |
CALL FHCTN (haLe50Aslsls YOLCAIYOCAS] -M"Nl
CACL DFDA(S+HASYELGRAVICAs 1y [ -HOUTOF |

CALL D2FDALLsSOAsHARTCLCASTOCAI L -lﬂU‘ﬂN)
CALL WEMIUCYOCALANORNsLaDsMielsleldt

CaALL SD‘-IEU!DELI’MN’!Q“

IF (HOC1 L. GE.HETCL Y)Y 50 g 10 & MOCLE=NOTLCHL
CALL MINIDELTAsEeLs oD, +20+040)
ClLL alse
IF(NC-\I-NCI‘EI,S’ ﬁﬂ T Zl
"= LT EX) -
uTeuy Imnm[n mﬂ |:.|LI. lum:mlll DE!]:G FILE pm (L] NMM CanD!
HE Pll'l ANB LUI(. V‘M.

§13
N

u. smv.utrmsun

REP oLTe EH0 ) GO 70 10
CaLL rum:nlo» LIST
5700 1

*0 CONTINUE
STUP 55
END

1 AN Ell!;g:TIBLE QEFAULY OECK 15 OBT4INED AS FOLLMWS, (SEE ALSG APPENDIN .10

=IWSERT

INSERT aY This PLAEE YTOMDECK DVAR ISEE APPENDIN {.4.1 FoR COMPLETE ExdmiiE)
K WiTn TDIE SANE DIMENSIONS A% USED IN THE SUBPROGAANS Lt OWL JOATORY,

IDE
#TMSERT COMDECK DFTA
SEAT AT FAIS PLACE SCONDECK DFIN ISEE APPENDIN 1.l FDA COMPLETE EXANRLL)
l!tncrluz DEFANT VALUES
DESIRED CHANGE DEFAULT WALUES HERE.
-lns:m amnu!lm VALULS
AP THiS FLACE CARDS ThHay -Is!!ﬂl INZTTAL VALUEY T4 ALL PARINETIRS
DI TS (B ion Fd o
=Ins RAM
OUNDS ON THE K-T# PARANETER Cay BE DEFINED BY TAL FOLLOWING STATEMENT.
ALRIK)I® =, 99E=%3 5 AUBIRIE S9E+89 & HBewdel & iNcumin K

OWLY THOSE FOA PARANETERS wifH Finilt MS NEED DE USEDr THE EXdhmLE S1¥ING
Q(LpWPAR [5 BLRNITTED.
S TnE FARAMETERS ani.

r.nu. READ u::mwrmn
ACL)  mY0BSILivl.
ulul-rassul 8 MBIlre S9E9% 8 =Nl § THMEIE § z
mEr .

“' SECOND DERIVATIVES ARE BROGAANNED AnD USEDs THE COMPLETE MESSIAN watrin

GFZ = (N=NE2} CAM BE APALIED BY REDEFINING No2e| {DEPMALY mOZ=i3

APAAT FROM TrIS USE OF SECOND LERIVATIVES THE DEFAULT vALUE “!-‘ PERMIITS
OF ThE APPROCINATION OF THE STER FACTOR A5 FOLLO

TFINOCLC.GE.NCYELSE 63 TO 20 5§  NOCLUmROCLESL
GTooSYEPS AND, EPSEST LT, 2.0E03) Miad L
SLEET 210 2

LTS
JF W0 SECOMO DERIVATIVES ARE PROGRANNED (DR IF fHEY ulu w07 BE UED P 3
BE SXIPPED) THE CALL B2fbh STATEAENT nas T3 SE DELETED OWLT.
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1.?; Subprograms in UPDATE creation moda

1
ek IMETL ; ¢ 2 CONTIMIE i
SUBROUTINE INITL H t 136
- WHEMSDATELTACII} 8 CLOCKSTIMEITATZIE & CPTIMEsSECONDITACI}) FEL
E WRITEN. .sn 3 WRITE(IRSY) 3 WRITESD,S2) 13
Thrkote eno s S0 FORMATIL N
'CALL DiaTHITL T Tt T FO#SUB I CTATASROATER T804 T INESTTLACO-SECATASHUSED FORSS) 1a8
(CALL GuaR H 52 FORMATLI PHOMLIMEAR PRAKAETER OPYIATZATIOUE! [
AL oFax 9 JRITLI382 T TA T w1 arion D 1uge: L
FORMATILHehBK o hiOp5Eni, Cl L
. @ 1015 “ = onin.nn ) -nuﬂ:»nn ll: T WRITE 13100 "(Ihllil {:;
ENTRY DEFALT 12 142 FORMATI/ I it
IF DEFAULT YALUES ARE CHANGED CMECK DUTPUT FORNATS 12aidsinsll }; we o I caunr 50 70 1 148
I nn’:l:I-|i'l‘lhm:ll'tl:-lIll!n"EIJlelﬁlHE(!- yReRiTEL3e200) 149
HOCLE= IAEPNCERCICLY=] 11 WAETES 3 1981 SWA I TE (30 19RL SHATTE 1 34 SOV MURETE {30 196) 15¢
LEERaES ALITY 00 TO 5¢ 197 FoomT o rstn eabaisgerr 351
MITE S ALLIWCK 3 ST0P 14 e Hi A it 158
HE AL K COMON COMDECKS OM PROPEX GADEkes) is Jon FoRaaT I Bhasrornanl : Hd
VTl -:rur AST SOMMON VARTARLE O TOMNON " 1o8 FORNATIIN FRRSPAORPNErIN OXPOSORSAY  CONTROL PARAMCTERS USED IV In
s 4o * -,
56 CoNTImE 2 L b TNGTION, TF AWT axpteTy fIN Saavsssraerss) i
00 & 1u],HPAR 2+ J ok _—_—n-
ALBAT) +3g 25
* Aaillee ik s :: e a2 rmsaxazsmmanm R
ARTngua 11 41mp 3 e Isva 1ol 20 M eu. . boceo v vl'm m e
WCTCLES=LE 3 3 o ST Tiei8e7 LSUMRT 2} 34 * Tre honTive
»mmn-nuu'rru-nwrnr-uouwzr-«oum. 1 \OxTasshebmT 30 130 CONTI
o bl 2 ’“"‘":E?':; Golmwlm S WASTE(3a32) {1PLIT0ialaWAARE 1o
a1abb. aEPSe. » 66068 E Viely .
gﬁf‘ms"“u IS St T B 36 FORMAT 1720 #PCRMUTATION OF THE FIRST WPAR SARAMETEASS/ 1HER K=w3Bl4 el
1s6
1 el 3 12 oRnLtln Aiperdie) ‘l::
00 1 I=ls ¥ S0 LIV I=1iNPAR 3
| CPARLII=, 10001 b IL% ISTARI(D) =8 s
RETURN el ARLTERD1I3) T1STARIT) + 141 (NPARTY 15
» 33 FORMAT (14 %R JCA%) H4
INITIAL VALUES ARE GEWERATED IN THIS PART o 110 CPIIMESSECONDCFS]  $  EATIMEIL)=EATIME(N}+FS-SP 1
HETURN
13 CONTINUE a2 END . u?
HAACYCLug 1 *DEER REND H
03 4 135,25 B SUBROUTLNE READ §1AEADD»14RLTEQSLASTS) H
& NI?MSMEIUICIINE(H!LI 45 c .
CPTIMC=Seeon) IS £ NRINGLU I LE=HAINSUR (L1 oL 4 REAL M H
-EPNW\I.M(PSMJHI- 9 41 *CALL HOINRD H
-zr s eCALL DVAR M
s A% oCALL DFIL !
00 3 {1, MAKY 50 :
3 uonnuu:-romn-.n % CPTIME=SECGMDIST!  §  NAINSUG (2FenmINSUBER) 41 "
07 l Hd 17 {MDATALEGSHCOUNT ) HDATA=9I99999 It
( AR
T JCOSAT 1] SACRLAT 1) =008 5 -ancu.xn +4
LG 10 141+HPAR b4 30 FoRm £Q READSS+AS) 44
KAcla Lhandil o« mmuwna.n.n 15
NndiTral,  $ 00 16 JmIeNCYELES 1 1L coNTIm 14
AT and i Irel, el
NEARTAL) SRART N AawsummawaARs sessrsrrmasvacancus b
IPKLIrEi=LHe . & READ DATA 70 YOBS1F3s XATsTre AC1s31s ser 1o
XCOSHIdvIlea0 sl
10 FRAL I TimRALFAGII=E . 62 1411 13 uORKING FIELD FoR ToRsLsy
&1 LABELS 340 oM
WRITE(312) MPAR,HPARLNPART (NOATA o4 PR o o RS
2 FORMATI/LiG#TQTAL NUNBER OF PARSMETERS  MPan mdis/LN #TOTAL Wuwd &5 *CaLL RPOATA .
#ER 70 BE SOLVED WPAR 4 |4/14 ATOTAL MUMBER TO BE FITTED w & R N PR R R LR R
SARTW#[4/LHOATOTAL MUMBER OF DATS WDATA=#T4,/71H #HUNSER OF 6? o
. DA!A lll_\, BE COUNTED IN SUBROUTINE READ IF MDATAsRY /1 ag PROCLED WiTH SUBROUTTNE 27
1] &
20 rounrun FeestulTL abdvesenss T . g
T.5T.0) GO 10 I teeaaa cmvememmmeean e camam—san (W
I*“Eﬂ-?l' D" 3 16 WHELPAMOATA | 3 | [FINOATALBT50) NMILAWAY n
21 TORKAT L/o/1H sNPATTa0n IHPROVE GROCR OF PARAMEYER PEAMUTATIoN CamD n IF CROUTFLJEG SHHDATA) MOUTTLENDATA )
#5 TN MAIN PROBRAM MLVA//0H #570P J1 (INITLI#Y ™ 1F CROUTHDEQ .01 HDNTRORNHELF 5
Ll IF {NDUTRE.Z040) NOUTRDWNDATS 3
T 1FNDATALGELWPARTY GD TO | 8 WDFNMOATA-PART 36
ENTRY HEADIWG " WRITELSL2 L] WOATAHPARTNGE % ToR 20 b
CRTINENSECOMDESTI 3 WRINSUG H1H - INSUB (1121 " 21 FORMAT(7/71H KNUMBER OF DEGREES DF FREEDOM ¢ 0y NORTASHIS# WPART »
JTEAT=) 5 G0 70 43 T #adlen D, F,eR150/1H aSTOP 20 (AEADIAY EH
a4 TTEATD . b ot it
WRITE(3+12] NCYCLESINBATALEPSHICT 1) +ENOLEPSESTIC12) »l 12 ronata
WRITE [3e1e) mran-lct)l.lml.umrm-!t!-ltln.:onﬁ,murnnlctsl a2z iz Ml-n.run
WRITEi3s380 INKrNOUTOZF o RMs ILL6) sNIUTFL RP 83
WAITE(D+38} LSUMRY+REC] s COSCRITRIREC - 8 IFUINRITEDLE4.01 6P To 13
HATRIHHOT a5 " s EEszsu asEEsBEamAsEEASEsSssmsEm=ECd
WRITE(3.29] WOZ §  IFCNOZ.E4.0] WAITEIDe2?) HOT : 4

29 FORMATL1HsBSKANATRIL NO2#SKSUSEDASKN IHOZ2® O sRiZe 24)

L DATA In]sbASTL
27 FORMATCINe Q6N A1) 1TE 1

Mr v 2 = s Bt bt et a .=
*CALL WTDATA
Skeléem 4 7 1 2 A T A MK ERAEREETEBE NG LR RN SRR

lt ﬂIIHAT( /lelz?l!IlLUf.S Of SYSTEW PARAMETERS DEFMY 7 USED
. In Jﬂﬂ’lln IJSG'-UJIIIN AHCYCLESR 1D  /e14 nSHCOUNT

- ll]ﬂil&li & 9l'lﬁll‘-ll|.(i|.lml Il?lllll/l.”
SPEND ® | n]t.uu(ﬂusr- . 2API0LBIRRICIZINLOLPORR /2y

A3y - " PRAOCEFD wEMW SURBROUTINE

1+ FORMAT 14 rznuuuvan =8 HOATAS nln|nucu..;ou”uannonu w "
£81ha PHSHOUTIH = #laslbts Fosl) ¥ B T e
SevsuaicinyeIotasnesagxaly /ln aimwer”2Y nls-u-«nurnl LR | 98 13 ContiMub
" FATeeBIEAICUSIR) DLE AR H2RALD) 9%
199 WRITE(3easr %
1 !MM"IN HINKE FAL0 1 DAPHOUTDZF & SP15a1BRRAN w0t [y Fnﬂuﬁ!i;lltn m.l(55-5:-'?-;::.;9(-."-.
n,b.uﬂcnl-lluvn-nnncnn rn-mwm. “SHNOATA s#14 I b FORMATCIN «XF INITIaL v AnETEy .nw MARERIZNSPERNUYEDS
hliulr #3198 ::2 -u:mnu:um TOREAND PARTIAL ()47 AL IRiIN . w2
TE (Jeked [LIRSERLALL]

13 FORMATILH FLSUMRY = | nl&-nnnn:n LI N ] 49710 171N T28 15 na.:;u:u:u”,.p”,:::.:.‘é':“'h'“u“hh :.J

-ncoscnlr- ""'/1 /:g;u : ”“““ ”a." X ﬂée-eﬂ ﬂfL s M ;:: % FORMATCIN S4ksTo BE FFTEDH/} 85

= - Ll FORN a L295K, l 0 141

v SopES % RTADM/LN AP NOUTRDE D HOGTRD WILL AUTOHATICALLY B 18 ..Eiu:}:.‘.:n‘z?:fht:‘ s.u;;::;::;f:;ﬂmza:; osnead ::

SEAUALLED T MININDATASSOI#/LH 41F MOUTFLE K NOUTFL WILL AUTOMATE 104 WAITE(DS] § WRITE(3482) {IeRACEeI)oMAME [LFa Do EPUE) eNACDeiPiTNES

SCALLY OE EQUALLED TO MIM(NOATA(5C) P2 i -mn:uaun-lvu ,,m“"”’“l ::

LA1Y &1 Format4iH 12g Hek 122,E.

TFINBLE.8F WRITEADs 13} 1t H ,m‘"“ms,"“,w“"“ ;:
13 FOAMAT (/71N FNO BOUNDS HAVE QEEN DEFINED BEFORE CALL HEADI W/} 1 H lle'l.G'l.IPAﬁl r-o TaT 12

IFIM8.E8.01 80 To 23 ik AR|YE ¢|:|.&:|| ||...n|.||.nn¢|:;.1. LTI LAY R H
i ::::E‘I?;ﬂ'.l' . " - ns 'Nlll((lﬂ [H-IFUI-IINT

1 TARTING vAL 116 8 Foam

o BOUNDA/IH  SRIkmal ) nr 7 -wng‘;;:':g“lﬂm'm“'“ 2

€0 19 [=1,4PAR 18 45 FORNAT (10 arpsy

unln:u-i:il l-umilihut 14 4+ FORNAT{/7IMQn+0wREAD KERQ™

+1E+90) VRUTEIr20) MR41) 120 WRLITE (3 3¢)
5 érmtl:‘l’zl.u. .l(ﬂlul WRITEE2:25) Augil) 12l S0 FORMAT (1414 1888 9x50(aei) )
CRTLRERSECOND LT S) - r5a5t

21 FORMATUIN J2/4XsA10 2240E13.50 . }i; ETORN PRI SIATIN R 5o

4 FORMATIRH*LEESELS,

NP&II-I- Ff.l"’ﬂﬂll’l 10 SINPLIFY EVALUATIDN OF DO-LOOPS OF DERIVATIVES
HAT MIGAT GCCUR IN SUBROUT INE FNCTH

¥
#1 FOMMATI/LN wNO SLOCKS MAVE GEEN OLFINEQN/) :;‘;

Z35 FORMAT(IHSSEKrn €10,5) N " Entay newzemo
22 COMTINGE 126 € -
IFINRINSUB LI47,ED. 83 GO TO 44 12% 2 DIRECT (UNIVARIATE) SEARCH
TALL BLOCA L) Bedeleall }:: c
60 1o &2 . 138 ¢ PROC=IREADD 8 REPTL=LWRITED $ [REPTZmpasti §  JA3EJI= N3
A8 WRITELIi0Y : : T <
c
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OETERNINATION OF BiK) BY PROPORTIONAL IWPROVEMEWTS YO d(x}

ane

NPRSHOAR ¥
DO B0 X¥1.WPAR
63 BIKImEA(Len) xh (K}

WERA=] 3 EPS2+LPS

CALL FNCTN(S+8250)

FITCL LA YOL,

CO b} A=lewPaRT 3 Ix=
. &1 CORRLIK)mAIIK)I*PROC, 100,
WRITELD+TO) PROC,IREPT14 IREPTZ4PROCI5Q1

T8 FORWATC//LHOWAPPLICATION OF RELATIVE CORRECTIONS IN OIRCCT (UMIVAR
*IATE) SEARCH Or WEWZERCI0/3 OF PARYySTEPS FOR HFART.HO OF ROUNDS)®
TAIH TERFAL L1124 T 144/ FHOAXAK IPELLENANEAGXIRE ADY A K4DARRAF AL TORS

*IKESTEPurp) # 640 OF #5348 HIH AJBRISREAJIARSTART WITH SQi=¢
12,57

<

€ REPEAT PROCECURE IREPTZ TIMES FOR SLL WPART PARANETERS

r:: ORDEA DF ARGUMENTS PROC.  IREFTIs  IAEPTZ

¢ DO &5 [R2=1.IREPTZ &  KX2=d ] InZweIR2
DG &4 K= iy NeaART

c KRFEE % KL $  CHTA®2, & INSIFN)

g REPEAT PROCEDURE AT MOST IREFT1 TIMES FOR EACH PARAMETEA

00 &3 181=}4 [REPT)

00 &6 KAsEAFeRAL

EPSFLOAT{KL) ~CNTA

BLIN) =l CIK] S EPSRCORR [ 1K)

IFIBLINI LLE ALBAIKI ) GO0 TG 4T

IFIBLIK) L1 FoAUBAIKY) OO TG 62
67 SAMINIKA+]D. “IIGPE+IC 1

62 CALL FHCTMIB 0, SOMINANRS 101 a8} s PCLEAYOL A0

& 1o 56

C 66 CONTINUE
e SHRAMINLCSOMINILII+2NINILZ) +SANINILIID
PO B8 KXe1,3
I'IH.EO.SONN(KI‘H)H B0 T0 52
¢ €8 CONTIN
(3 I cf""'ul. VALUE DHT OF 3 15 NOT OPTIWUM: PROCEED MITH EQUAL STEPS:
E AT moST [REPTL TIME:

52 il‘[ll!l..!ﬂ 1REPTLY Gﬂ T0 55
oNE, 60 TO

59"""13)'50!'!!1!21 5 SeHINIIZimteminiILl)
KAF=REL¥L 3 CNTR®CHTRe).
G0 Te tl

53 IFIKX.NE.*3] GG TO 5%
SAMINI LY RsQuMINILR) % SOMIN{IZI=SOMING}IY
KAF=KALE3 & CHTR&CNTA=1,

4 CONTINUE

IF XX=2 THEW PARAMETER ENCLUGSED AMO READY
55 KKZWe2H s TFiRKEREF KX2uNNZ+] 3 IF(NAEO.2) AX2wwZHee
OELTA USED AS AUKILLIARY FEELO FOR oWl ouTPUT

DELTA (K aSTRIHIKR+ 10}
K22 L] Kk

S ne0 ano

EPSaF|LOAT (%A, NTR
BLIK) AL 1K) $EPSSCORR (IR}

69 EMINARBLIK) =RA{d BN
EPSALLEBRINA/COARYIK)
1F4J3:EQ, 3,00, 1AZ2.EQ. IREPTZ)
‘;:I'l!‘)v’lllﬂ-ll-ﬂﬂ(llll-nl!l-‘llll|(PSELL0C0HHK)|“|"AI
=DELTA

T3 FORMAT (IR 21543RK4A10s4KsARIEIZ.S1FB IrEIBSrELTS4ELD5)

Ik} eR{IK)

60 70 64
IFKB.LT,HWPARE) &0 TO T2
3 SERRICaSezeldo.s501  # SQIsS0Z
LYE(3102 sz
42 FORNATANKe | 04KFEND OF ROUNDWIIM mAELZ,S,
n I (a2 u(.nmm 0 T0 &%
a3 AMREEPREZ ]
1K22,6T.HPART) &0 TO 0-‘
Lot S H
&% COHTINVE
IFIRAZLEQ.MEART) GO TO 74
43 ConTINVE
£ cnunuu(

AA=HIR $  [ncdzand
[FMP»\HT.LT-IPM? IRI'IE'JDIII
81 FORMAT{IH sroT usEoe,
NPAT | =Np/

Tl
[FINPM".I,'I’-IPM] ARITESIv39) ill]F(I)aNMIIPIK”il”!lI]I-KM".

H :.Dﬁ:}'un ZRGadXeAlgs6XsELZ.5)
24585 1REPTZ,IREPT1sIRZNINFART 4 KXE
L2 ] rnnnnrluln u:l‘:u; PROCEDUREF |6¢ ‘l:nts-lzxﬂ!vtrntm PCR nﬁll
SETER AT WOSTr[wm {IHESA/ )N SKSACTUAL DONESI B7IM "'\-"":L
* OF PARRMETERSS [4/LH LOKAREADY#I9# uunﬂmw&m FROH B 10 A
SREADY PROCESSER AUTCHATICALLYSS

SDECK FNCTH
SUBROUTIME FNGCTNLCHLSTC SllLﬂ'“-I!!nﬂv\'ﬂ.cﬂ'oevhls"'btulH
REM M §  [NTEGER £ND

SCALL DIWFNCTH

SCALL MOIWN

CRTINEWSECONDISTI  §  NRINSURCHINRIWSUBENI4L
13eLi=

SQEOYQL0VCaYOZVEZRVOFCael
CHECK ON DOUNDS ON PARAMETER=VALLES

F INGCLE . 6T,3) 60 "B L
|'lill-!°-l) @ TS5

[y Ta e
getainy

ARAE 1K vBELAL ) L0, AUB L) SBELCHN) HOP Tet L
14)

4 FORMATt/kH :zlnwnm. PARMIETER QUTS 1OE Imml H CYRLEALI/ /i

*ESTOP 30 (FNCTM) #s/7LN zun-mncnuxmc
WRLTEC312) Ko C UKD v ALE 1K)+ ALBAK] $KyC 1K

3 FORMAT (LA uhlan:--(lz s-lun:n.s-llxtn.s-mlonotnlMIZ-!!
srm L

1 CONTINUE
"‘llslw!.(h-ll Slﬂ' L1
§ CONTLWUE

nean

s E s xEEasssmTizaaeEs s sl T REEERE N B Eamn

e

ann

LASTDA

a1

19
116

15
15
&
21
1z

1

HCALZERA l-'lc.li.l:’ldxll ’

2
118

[t
12

ur
20

3

samdzdizaEemERSSmgnsssurS

TERF IR (D922 peuarClibrans) WHERE ¥OLGCDI =YD

IUKILIARY WARIABCES THis¥ak1doDyCof -
LABELS 200 T/ ) i

[PRSRE cm e e m e an . b

P R R I N N

PROCEED WIYH SUBROUYIHE

MING{LAST1aNDATAY
NDUTF oM LN (RQUTFNINDATA b
KOUTDF =4 |40 tHGUTDF sNOATA
NOUTD2F aM] KO {NDUTU2F sHOA TAY
NOUTFL*MTHO (MOUTF L INDATA)

VARLABLE METHO USED IN SUB TRACK
IF{METHOLEC. 1000 6O TO 3o
on 41 e,
YCa¥LLEL]) L]

.
i
A A e e s et e

i
Yemkilold s Pr1g-tL

SgeSgeprez

rob(Ly=p

1r||s1or.:°.1| 60 FO ol

GYC=GYD GYC=OVCaYE

VO2et0meroes2 5 YCESTCETCR®E 3 FOVESIQYGHTOSYE
CONTINUE

llluu:u: En.n snntnm!sn

xygs c2

|rnstna.:n v KeTe 30

FOATABNDATA
VOCERAATIrQZevC2y |
COSm1=TOrLsvaC
GYOmGYN/FOR T
GYCRGYC/FDATA

Y020 02-GTOHGYOFDATA
YCZRICR-BYCaBTCrFOATA
YOVLaVOrC-GrOeGYCeFDATE

RMLT=1OTL YOS/ YC2

KCOSHTINGCLCI mCOSHT 8 KCRLHY (HOCLS =RMLT

17 (INRDER.7; 6C T 30
IF WSTC.| ED ar W TQ 13

\EG FACTNASaas)

1TE
runmrllnu-
WRITECIMC» )Lt}
FOAMAT {1H i K
DO 15 Iwdel L] 1
IR[?EUM’J-]ISJ Il-C“ll-MlEIH)
FORNAT{NH L34 2%0ELS e Boskadlty
SFILSTSQIZ20:20e21
WRITEIINNI 212} 1150 J521.85)
FORRAT{//|H 35411
WRITE (INK3.110) ABETA
FORMA' 'IIIHGZHSBEIN!I'F".SMNM

LASTOA T=miNG ILAST P ro"]‘:
IF ILASTOAT.ED.O) .
MRITEXIMK3929) (1l7995"llll[o]lv'ﬁltllh"ﬂcllllloI-llLl!YMTl

FORMAT (1N JesdEL0.80 19F

son-.l
121 HOATA
son-st:nm"'.lul1 sou
RETECINRDs )32
FORMAT L4 14 SGIISUD-IEN-OJN
WRITE(IMe1175 (150571485}
FORMAT i7 JHOBSAYS /3
lrtusrvuu.su..u
QHE T

PAAR IK] ABMANANE IKE R/ H

I#LaxeYORSAL2asn1my USEDSLOLAYEAL

i
I
‘

)

t

¢
t
«
¢
&
P
T
T
1
1
1

1
]
!
t

t
3
»
3
.
s
5
s
]

]

]

]

5

]

.
]
L]
L]
]

WRITE CALCULATED FUNCTION VALUES [41+LASTL
LABELS 2080 T/M 3

NEXT TABLE IS luIL'l Uh 1'0 ROYT INE
[ roBsin) i rm:ln
s E18.6 &

ITHOUT MCIQL Illl’?l‘! 'NI:I'N.Z READS  ~CONTINME-

Te 1916MOUTRL

PROGEED WITH SUBROUTINE ::
T R IR AU ]
“"En'hl“:nc1n XEQURDeaSLs) It

MAT [StiRs o) :
] :::m:r i;‘;:m (P53 8 EAVINEL3)=EXTINE (30 FS.5T b
RETURN [
EHD
soeex ?uiﬁwm; OFDALEaHs YCLEAYOTILS THILSTFALASTI)
¢ AL M
eCaLL DINDFDA
*CALL NDImDF
sCaLL DVAR
eCaL DFIR '
- Blarel
CPRINERSECDND(3TI NRENSUD {41 =N NG
* HTuHPART ] ae Jl FOTLL !
30 FAziJI8.0 !

*wsEmsmassse
aamsminan ;.:.:ul-.:.-l‘l”"“"n' ITH aile

AURILIARY vARIMLES Tals¥eieQeEsl
LIIE\.‘ ZIII T/I I!ﬂ! .

ssamEmsAssEFSEIBEmsSEEEaRS s

anzassn
PROCIED w1TH SURROUT INE

] :2 e IA
Fhi
A2 u‘malamn-nuam--z

=1 sNPAR
Fgll.ll FAZ ) +FRITa b2
00 31 J=) sNPAA
HUJRSURTCFAZCIN]
CHECK Mi 30
""Wﬂ.ﬁnﬁlal.-ﬂhlm-"-ll 80 To M
ll[ﬁll

ALE FACTORS ON wALUES SACATER THan 7ERQ

MSTLP: ‘
bo &
IFD‘IK);EO--O) 60 TO 4
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43 K2CRDerZERDHL - T G0 10D [s1NPART
LF (K LEMPART 43 - I0GLE (-1 MZAUPAR=T1) s2o] g
1P AREERD.ED L uu:u.nl - oo b
A FORNAT{/ZIHOAS¥FOLLONING SCALE FALTORS ARE FOUND T BE ZEROW/IN a7 TO 100 Ju) sHEART ~z
PARARETERS BAGDUCTRG. 1T SHGLD MOT DLCUR BEFOAE APAR PERUTATION H 1] IFCi=E)108e1084101 by
PROGRAN WL CHECK FORWULAE OF i 108 Ka(sml3#(24HPARR 11 F241 :
50 SOTO Lt
uzunum.mm a1 11 «u-uﬂz-wn—u/au b4
T SAlGaR  maEle @) 52 182 Do 103
AT vﬂa.on 33 FaFar | All JHPALS T erALILIX) b
AT FORAAT1IHCTSKnva s} 5 IFaaLTo 10 10
40 CONTIHU 55 roru(han-m'n.ulu.navactn-rnlhm o
- 3¢ 143 CONTINK
IF(KIERDLME.1) WRITE{3vbs} 57 103 canrmuz . .
4 FORMATE/IH o9 [R0V)} - sa [+ |zo KoL oMEARY a2
lrlus'ror.u.\u 60 TO &% 5% b LERaHPART
WRITE (39 a0 129 ﬂru lull-roullxuu 53
"t vmnuu-»n“w. BECAUSE e EvEN OCEUAS BEFORE WPARTAZIAE &1 X s
AEOIT SSILN 271N PETP 40 1OFIAL) 2 . lbﬂi-ll-l{-ts::ﬂ-nlht H
[ unmu-sn . (o4 104 FRAZL1IAFRAZ TR SFAALL L IDGL) 982 : 5
S8 FORMAT (rrs) [ c :'
A1 [ INKeT H
&7 AFCING3NE 3, ANDaTHRELNELD] 6O TD 25 & o2
nlnn-nnllnzmn [ WRITECIMKeBL) 5 WAITEIIMK.623 GlFlrl-lll-mARTl b4
1 ANGLASTI M= 1t LR 14 22 FORNATLIH 2Re9304/
no n 4-1- To 83 FORMATA/LR #USED 708 TH DETERMINATION OF THE GOURSE OF SCALE FAGT a5
] lmnm:l.c.lﬂl.m-nu) 7L RS FAFAAINILIB/Y e
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206 FORRATIIN 1342K13E1545,18%eIELS.5)
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a3-nza1
©0 230 121,NPART
AbARAR 1172501302 1-8B1TI EDY
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CREATICM AUN

D0 251 1=l-HPAAT
lmipin)

YUEJICC U1/ (EIEPS-BBIT) b +AR (L)
CORRIL)=-CCIL2/ ((EI+ERS-BY LY 182}
RETURN

EXPOMENTIAL SIHULATION

wRITE(2.200) % WRITE(3s200)
TELI+2021 RisMZaNTeNTuhToM3
FOAMAT{LH+ S0k s~mcEAPONENTIAL 81N} =N (LIM] CREAP{-BRTEPS (N} ) omec)

NCRTT=MCRLT~L S DO 315 I=l«NPART
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ITERATIVE 5S0LUTTION
18126129999999999.
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GO 70 315
ARLI)EAI-DELTAII! % BAILI=l, § CCEDpm-DELTALINSEXP(EDD
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Fom«nnmn L LAS! A(K] USEDAL)ARENPONERTTAL PARANCTERSS 29 20

KIBACK SOLUTION ol

Faﬂunrun-nsx-nsan:m INCRIT#R120) 81 202
DO 310 [£5INPART 203
AASTNSCCH] > #E3P (-3 5 7ET) H1
B8EadA{Th+CCLIMHEAPI=BR (] #IED-E32} ) ::‘
CECRAAII) ~CCEI) SEAPI-801] p41EDe2, *EI2)
uunilmn.:nh Ircln-ucuz-wnu.nln.aau’-ocm-nl.uu-ccc. ::;
rununun 1302K29£15.50T0¢IE1.54 1200 209
EPS:E3Z 5 SUARSONININDY m
0D 331 I=l.HPaR ]
AL sKAINIe1) H
NRITECINGS123) W31 50A-EPS s
G0 Yo 399 HH
D4 351 I=lanPhat H:

Mret 218
Aulx:(:(lI-ExN-Balll-!ESOEPSI3 B
BilareAln*AkLl) n
COARY 1) x-BHELF +AUR 224
KRETURN pri

223
WRITELING»200] ;:;
FORMAT [//1H weas| JHYPEX KoDwedat/) 54
RETURN - rid
END
DECK LIST 48 WRIFTEH:I IF NEPL VEDATE ¥ia2 /LTS 12k M.
) THIS LPOATE
DECKS ARE LISTED [N THE ORDER OF THEIR DCGURREMCE 04 4 NEw PROGRAN LINRARY ¥ ONE [3 CAEATFD BY
pwass a0 Facry o oros o betd st o
A ALsB LI Dimwcie DIkOFDA  DIMOZYTA  DimewnEQ
Aeerezone ni:: w DA PM 191 DIMaLgCx DieghCk  DIWIRACK oI 1rER
2::‘2:2 2{",'1 NDINRO  RDBATA  WTBATA  WOINFs  WENCTH

WO IMOF HDFDA LOTL NDZFOA

THES UPDATE REGUIRED 136600 WORDS OF CORE,
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1.4 Condition function dependent parts

COMDECHS 10 BE CaLLED 8Y AL SuBPROCRAN!
COMDECKS T0 BE INSERTED IM MAIN !m‘n wy

*DECK lltf.
«ConDECK D!

wm Al Aked ‘l-nlldl ApsHAnNEE A)2CORR lhl‘l!L“ll llol’l‘bﬂ‘{ (3]
COMMON HAL 53 enbt PRl SEaBNORAL SV IPE S),

COMRON K1 281 TreRAISs 4)sXHA1L%1 S1e2COUNEIS, %11[PREIG, 4)
comn APARL  Thalt 5; SheaMt Se SIoFARL 200100 oFOFART A0 4]
TAFRAL e S)oFFRANNT &) 47551 0D TURVIOTI &) ,CURNGEDI &)
-:vnotcn DF

Ix
CONIH !Dll'llltl!llmmllﬂ'l!lrushxbﬂ.fllsnlm!lll-Nllllml!l
CouncH & DELTARIS) s XALFALIS. 1150 a KSANMA |15} v RBED
CWN NFIITII il IWS.IISIv (COSMT | 'LI'I'U!I‘EFM!HBI.I
T MPAR MDA T4 s MARDAT s HANVEC N8 o BOT YOM (5 o
PSEST I NRTHSUBLR5) +ENTINE €25 P
T

NCYELSANCaMARCTEL 2 LRERsENDILSUMRT oREC] JRECE
K¢ WOUTAO »HIUTF NIHDUTGF + MOUTO2F snOUTFL + METHDs CX

CHMON T Js INKT:
COMPON TaiIS)
FoMDECKS To NE CAMLLED By SINGLE SUBPRLCSRANS

SCOMDESK DIMINLTL
DI""‘"’N T5TaRE &1
«CONDELH Ol
DIMEN SIGN €t @)a¥CLEE 2014700 201
'EM“CI DInCFOA
IIEIIS]ON Cl 414HE 51, YOCT 201 4VELGIRE) +OROEREDT 41 2 JPERN{ &)
ACOMDECK [ IWD2F D
]n(ll!lﬂﬂ CC S1oFARZL &)t SlnILA1012¥ELCL 2032 T0CH 202
°tWD(Ck e Dl
n:uswu n! S1,CHORMT 52 )C0SNE 5297001 243
*CONDECK U Im!
RIME "SIW C‘ 41 0SOLME M) sEC @101 SH4CHI B0 EDSINFL SheD 5)
*CAMDECK

DI!ENSION Dl th(! ‘hl.!'l.lll APsFCALCH 20014FDCE 201TIFSSL &2
URVE L

WENS 1O
-cMD!:x Bl
UIIKNSIOI N3l &)eFuSL 2ll- 'JS( 201» TOFSS) 43 OCUAYEL &3
OIMEHS1OM LRCTNE SielBME
‘CCWCCK DIMLIST
DIMENSLOW SZALL %E+TGTRN0 MPaTTALLYL A1L4TVALUEL &)
*COMDECK DLmdL QCR
DIMENSION IPBCS) 02 e PBISs ars LSTERL 4
SCOMBECK DINBACK
IMEHSLOR YOERTL 150EKETE #1a01 SEeTiAL 203
SCOMECK DINTAAC
uuslou lnc 41e¥CALET 2O)4TDIFL 200
'CGMCK Dim LpL.
DIMENSTTH ll! 41881 &p4CC1 41 +DDA S1+EEL &) 1TELE &)
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1.4.1 statements \

CoNDLCRS S0 BE CALLED Br SINGLE SURPRIGRANG

SDECK EX, Ml .
COMOECK XIM
Tor FWI""N-I!II SO MOISTURE RETENTION CURYE L}
Iﬂlfill-!'ll
26L FORMATEIW & mncn

0 FORMAT (/14 ¥SUALECTA/LH
*/1H SOIL MOISTURE IC'E'"[DOI l:lll\'Ei JANUARY ) 9TER

1wl rannlnnn s:mumrsum ROHRERRSES
R AORDZPB R
'/l'lll\'ll![lﬂLES Y= HOISTINE CONTENT IN PERCENTAGESY
AL N = LOGARITrM MOISTURE TEKS
/5H FRORMULA BY FINK AND JACKSON {1973: S0IL SC. VOL4ILE NOed Podé
*P%s3H 2APFLIED TO DATA FRON TCW=LAB. WAGENMINSEN®

/)
102 FORNATL/LN HFORMULAASLN #eae.
™+ -C

IH B L n A+ESLNGUFD]  =k3d

E 1
*/1HOPPARAMETERS 10 BE Fll’l’lnl
*/1H & C(1) = D = PORE SPACES
&f1H & Ce2) = & = LOCATIONM
*AH B L) = H v SCAE #
*/1H & Ceo) = ¢ = EXPOMENTY
Ll

NAME LY=L QHPORE SPACE
MlElZJ'JDHLﬁEAY!QN l
NANE( D)=

Muihulwupmznr c

c-...--n:smv:n FoR DIHENS 10N=mne
ACOMDECK RO
nutz-z; (AL I IR LS TN
2 FORNAT(LFA.S:
RiLaZingoe  §  X4Ze2)%0e0 9
us-zn-a.:i $  MeeZ)=2.7 8
HiPs2le6.4 3 WOATA=9
-l:mDEl:x wilara

K1De2b2kaS 5 Xths2ie2.0
AKITa21mdah 3 Xid:2) wbe2

ITELDe 150
[ FDR!‘”IIMHOXIDI"I READ IN SUBROUTINE READW/
TN LDAKTASAIVDASITANAN
*/1H | 9ASVRORRPF 2
sy

WAITE13,33)
F RIA“ I

m
-

240 lﬁ'l?f,llliiz! Iol’ﬂBSll.hll[v?)

202 FORMAT (14 LLISFLL-22F1La2)

WRITE{3s20)

FORMAT [LH #83/1H Res/lH o)

N=NpATA

‘Wl'lEl:-ZUZ) MIYOBSIND X iNI2)

+LONDECK M

C--'---IiiSEIWED FOR OIMENS 1ON=--v=

SCOMDECK WFNCTN
DO 208 i=)4NDATA
II‘I(IIZJ-CIZHICEJJ 5 ECEXPIQ)
l--]. ] $ EI=E+),
ElTagL
YCLCCTImCi{hIwED Y

200 CONTINUE

#COWMOECK WFNCTN
ONT INUE

SCOMRECK NOIMDF .

Lruve=RESERVED FOR DIIENSIQN-”“

SCOMDECK MDFOA
KLRMRIL) § K2=0Pi2) 3 K1ZJP{3) 5§ Ka=JFi4)
00 208 =1 ,MOATA
82 [X{Te20=0127)CE3)

"
s

% E=EXFiQ)
ElaT+l,
* EITI=EIT/EL
L ar
SRZIELLN) /LD FE{AIHENELTL
*RAIRL 12 A0 (D) A0 #RTESEITY

- F
FalL KA T L) (47 /S L) SALOGIED ] %
e cuur;nn: Eisei

:——-nssnv:n FOR DIMENSION=——=m
SCOMDECK wnZE A
eILIlE g wZafLiZ) 3 KIFILIA) 5 Kawliie) $ wSelc (52
u-\n.m S KT=lLiTY 3 KEmiLiB) 5 K9=1Ll3) 3 XidaiLile?

00 204 .ImloHOATA
A= {XELe2s=C12) 004N 3 EsExPio)
3 FleT=1, l Elscsl.

E1T/EL
QEFCCLILEIIILECII LAY

J=E L ACL2) SC LR ) -:n
2manFAACTKR2H
ﬂlll'nl-:.t:uuc:- ALOG (£1 )
FAAIToKS)==QCAERTLH {
FARI1.KS)=a8F AL LI 1ASH 111 .
!M(l.lh-{ll.s.r:(‘.n.r:(hlcuuf,v:nuu\_omnuuu-l.l
" 3]

“"E 'u:'lzc;IlfﬂlB)lClAb-{v;u';og|,||_un|{|)(¢|.;-|.n¢“|l
VRETPRELT#ALOGIEN F& 3oZ,8CEHIIICIA LIRS

240 CONTINE (ALOSCEL

IND OF RECORD

STARTING YALUES FOR THE PARAMLTERS
M348 3 AZicla3 & A(IIe,2T66 3 RlsraF.esd
FLAST PARAMETER REDEF INED L MATH PROSAAM MLV OY

:lLL ﬂ[lD llnthlRU)
ALl BBS(

!NE! -

DATA TO DEMOWSTRATE Fas1 CONVERGENCE

453 .34 w10 03 218 232 s ™ 2
GATA TO OEMONSTRATE SLOW CONVEAGENCE
1Y) T3 Ie0 33 290 281 172 H *

s1l-2



1.4.2 default output

(L2152 T 53 S535S$  S3EIME  diskssn  SESNEEY
LI I ST $9% S35 $% a5 i3 3% 33 3% 33
5 LI $535 5T 3% 35 £S5 34 58
S5 35 S5s5ssss 51 55 S 33 35BS 93 5% 353391
s s $3 35 9% 8 58 53 86 55 36
SSERESS 35 85 SRSESSES  RSssasd $§ 58 85 58 35 8f
§$ 83 83 3 3 0§58 83 38 01
S5 335 3§ % % 35 5 38 1 sé 35 5% 5
5 85 a5 38 ST SSEENE  S3NESE  SENSEsS  SPEMNES
s %
s L]
; $01. HOISTURE RETENTION CURYE :
[} $
SESESALIEILIRAEIEILIRISESFILNNSIETEAEITIILISENEITILIISTINSIITNIG

o CONTROL PARAMETERS USED [N FUNCTION: IF SNV .

HNONE
GALUES OF SYSTEM PARAMETERS  DEFALT  # USED 1w THIS JoB
NCYCLES=Rp 7 1& NDATA =SHCOUNT & Ers  x L081 s L00ER0D L IBLARRE  F
END =) 5 1 EPSESTs 081l /7  .00ic08 [Ei2)eli 4
NOUTRD =E(NDATA} £ O 101N eI ’
Wl =T /7 7 NOUTEN = ] /oL £QS T obBALE & JSbESD CCisiwadt,
IM? =T 7 T NOUTDF » | S E(SIn)l :
e =7 s T NOUTDZFE ) s 1 AN ol £ <10 [HOEY
MOUTFL SGHNDATS # X A = YasTIT) "
Lsumpy s 1 /L RZCL j HH
COSCAITE loao. 7 1000E+0% L wla 7 L.edo008 RECE B
[ aatLe X DATA wILL OE COUNIED 4 acu ) ° 0
WOUTRD® B HOUTRD WILL AUTSHATLICALLY BE ERUALLED TO MINIHGATA4
IF HOUTFL® K WQUTFL MILL AUTOWATICALLY BE ESyALLED TO HIN(HOATASE) HATRIZ NOZ NGT USED (DT N L
NO BOUNDS HAVE BEEN DEFINED BEFOAE CALL HEADING
NO BLOGKS WAVE BEEN DEFINED
SUBJECT DATE fint er-$ic vseD FoR
WOMLINEAR PARAMETER COPF|MIZATION 8111515 J2.nbaldle 2,46% CONF ILAT [ONALBADING
SveEct

seenrse
S3lu MOISTURE RETENTION CURVEs JANUARY 1975

COMMERTS
sassancy
COMMON DECK AD+/Q20A~

VARIABLES ¥ = MOLSTURE COMTENT IM PERCENTAGES
X & LOGARITHM OF THE WDISTURE TENSEON

FORNULA BY FiMS AND JACKSOM 11973} SOIL SC. WOL, 116 WOrh PZeR

APFLIED TS DATA FROM 1Cw-LAB. WAGEMINGEM

FORMULA
reszees

-
R o= A+BOLNILF/DY -1} '
wWICH 18 SOLVER FOR ¥ BY TuE FORWULA

[TEAY ) -1

YeDp*{E L

PARANETERS TO BE FITIER
cllt=p =

C(Zr a A =

€It = @ » SCALE

Cidl w € = LAPONEWT

BERMUTATION OF TME FIRST NPAR PARMMETERS °

L2 3 e
oL 2 3
awmaazens; =

YOFA, WnAER OF PARAMETENS woaR = 8
FOFAL NUMBER 70 BE SO VE NPAR = &
TOTAL HUMBER TO BE FITTED HWPOARTE &
10TAL WUMAER OF DATA WOATA=s X

NUMBER OF DATA WILL BE COUWRTED im SUBRQUT (RE AEMD IF WOATACX

everyliL MEGDeeS .

averEQ READT®S

DATA READ In SUBRQUTINE READ
1 Toas x
¥ PF

P T

* 2.k
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INITIAL VALUES PARAMETERS AND NAME PERMUTED WANE
ANQ PARTIAL (%)
10 BE FLITED
) «34BH0E-02 FORE SPACE 1 1 <JsE0tESOZ W PIRE SPACE 1
H a1IL00EFD) LOCATION A 2 2 sLINOCESOL ® LOCATION & 2
a +E7860E +00 SCALE -] 3 3 222440 9 * scaLd ] 3
. +34899E ¢ D) EAPONENT C© - 4 s EXFONENT € -
s*sREAD REQDeee
*START OF CYCLE W0 1 e
COS=HATAIX FOR & PARANETERS AND PARTIAL COSINES COSIFGIFK)

1 2 El -
' FO:E SPACE  LOCATION &  SCALE 6 EAPONENT C
z . 100000
3 (3 180000
. 25487 #5085 1400008
HERH #5113 »I5RNS 195378

CORRELATION MATRIX OF ESTINATES: OBTAIMED FROM THE INVERSE OF Wy FOR NPARTE 4

1 2 3 +
PORE SPACE  LOCATION & SCALE B EXAPDMENT C
1 le00880
2 24855 1.00000
3 «22973 Telbe 1.00090
» =sh7771 = B322s 436 La&O004
BIABOMAL . 18519E+0)k 112120g-0) +TOBBE=02  L197T6E+n1

LIMEAR REDUCTION OF sag aY apPLLCATION OF OFLTA CORRECTIONS TO L PARAMETERS

[ . AEDUCED 538 REOUCTIGH namE Ko REQUCTION/DELTA
-SE464838E D3
1 oATHO0BGUUESOZ  LA0513392E+03  JASIZTAMEEe0] pORE SPACE 1 3 +53406840)
& ~12106000E+ 01 +1063i501E 03 «2990Z261E401  LOCATION -l H z =392220404
3 SZTALOM00ECDD S TNGOO9DREsC]  .98O5121TEe02  SCALE 3 3. VI6122E 004
& «3a0%a000E 01 +62T9R6H0E 0L 11180224TEwGL  LaPOMENT c . & «ITR53Ee00
whe HOM A ShE AFTER CYCLE MO & mss MIadl= ¥arI) + 1,80000 = Yoci HOWA no= | wes MALTLCORR,S  SPEII9S  wwe
- "5t EHDw L see
asmazura
1 SUMMRRY OF SOLUTIONS
1 SOLVEDRs
mmxa .
1 S2SE400 L AMECOL --35{‘0] »TSEeD)
1 .m—nr JABESDE 656
1 +16Es0d
. .]55'!1
eraaraExan
RESULT OF SOLVING MRNEsg LENGTH OF VECTORS
roBs
.: 2%/ LO04ESE2
.
S0A .suslc‘oll- : SHa (SETEEL MULT.COSING & 97593 F3047® 23181802 s

o449 TANSENT PLang

& r
S8dFs 568335403
FCALC**Zm ,558)3€40]

TCTAL COSINE » .994a2

NCMCre LI5TRIC202

STAHCARD ERRCR= o10M2644112E497

Saa = SEAS00IT9E 03
NRLATAL L) = &
® COLINORMALADELTA) FOR NPART = _|3654T8  sene TANCEPS®933d4,10 L 10147E¢04 " EPSEPREDECTED) m
e (402 = O GIVES m

PARTIAL  PARTIAL
K AtK) usE0 €as A cas r DELTA-YECTOR HORMAL HASDEL T HASNORN
3 .aknuuu:'u - 253112 +251 198506 400 <21082901E002  L4IZAE4
; .:::::l +7821752 -9 +BiSS80HSE0]

B 61I182T6E-41 249TIITTE+04
0 +3489000000E+0 L #0178 +00840 1152772708001 :zz:o?nn(-n:l :%;I’::E':i

ENE OF CYOLE w0 )




*Rtvssdraves+ AST CYCLE) MO

COS=HATAIX FOR

T saa

& PARANETERS AND PARTIAL COSINES COSIFO.FK)

1 2 3 -
POAE SPACE  LOCATION &  SCALE B ERPOMENT ©
1 10400
H 273628 L.o00ae
3 - 20651 «TO34% LeB0000
- 56725 +BISAS 293825 180000
MOAM  J0D0DZ -0o0aF =40001 80002

" CORRELATLON MATRIX OF ESTINATESs 0BTAINED FROM THE INVERSE OF M+ FOR NPARTE 4

1 z a "
PORE SPACE  LOCATION A  SCALE 8  EaPONENT
i L. 00000
2 2181 L.oooac
3 ATeThe LT2306 1,00000
) - 45259 - B558Z -.be038 1.00000
«19272E-01  .11T63E-01 L 16980E+0L

CFIAGONAL 4 13THOE+D)

LINEAR REDUCTION OF SAB 8Y AppLICATION oF DELTA CORRECTIONS TO

L PARMIETERS

[ A REDUCED 588 REDUCTION HANE oL HEDUCTION/DELTA
L5958 TEOECL
1 e5ea35PZEe02  ,SOVGRTUE-DL  .26544161E-00 PORE SPACE 1 1 =2 LL297E=02
T L1760B409E+01  ,59948T60ESS]  ,258921TFE-14 LOCATION A 2 2 ~+58050E-0%
3 2374057625400 «59343700E 18TI026D8E=10 SCALE [] 3 3 ~e)BT6LE-C4
b LPAITHELDL  59943700Es0]  ,17Se3637E-08 EXPOWENT € 4 4 «ZTLUGE-D4
4w HOW A sus AFTER CYCLE WO 7 as A(1,1)s YA(HD + .00000 * YOCID) HOWS WOk BULT.CORR.e  IPUETH oo
ses Ew0e 1
[ T——
1 SUMMARY OF SOLUTIONS
1 SOLYED#e
s
+26E-04 23E-0h  JZGE-d%
A5E-05 =,20E-08 ,2IE-08
~eJ6E=05  .1EE-D4
SHLE-C4
RESULT OF SOLVING NRHE®S LENGTH OF VECTORS
vohs SYDBS/® aSOSBSE DT
-
. .
SOA= ,59949E+01 B 8 SeFe JSOD4IE+O0L HULT.COSINE = 99984 £50A7e p2e430E00
N
FYCALCS? POSRILAZ
SEAF= (40021E=08
FCALCepZn L40021E-08
ARD ERROR= JL49A97T24ZEN)
TOTAL COSINE = 400003 5"“‘"”2 R neaTestoE 1
MEARTEL T e b
01w HebaSE sa) wewe
*oa8 COSINIRMALIDELTA} FOR NPART =  ,03T9987  +vas  TANIEPS20,S0ael} = ~.BOOAIE-08 f::;':ﬂ:::}s“ - $9R0E00)
PARTIAL  PARTIAL Mo HATKD «
x KoK USED €05 & tos r QELTA-VECTOR NORNAL HASOELTS L .
" - P2EHIL
1 CSSURIGZIIZE02 L00002  =,00000  -,2)498833E-45 «102745038-33 --4:“::.:2 -::;::: ::quunoo! 7
2 *17808AEI4TELD] DOIDZ  -.00008  -o4hE030BLE-0T NN Tissemees i MOTE 3
E] #IT40576162E+00  » ,00001  =.00000 o IS8TISOSE-0S .:msssri-ﬂ: '-““x_“ L1102 aPISHE: -
- pEITITC EELE 2 TR L0000F  3.00800 +48L50503€ =04 +36081625E-0. - ¢
SR4END OF CYCLE M) 7 sen
o .
SUMHART N¢ L END= )
N COHTROLLED
INITIAL VALUE DIFFERENCE FINAL ¥ALUE NAME « LY «
L AlK} BiKY~A LK) | JL1} , '
]
1 «4S400CE~02 1435223E-81 oh§ad ISELOT PORE SPACE . 2
z «13100CE203 45084 1£400 +JT608RE+E] wocayran 4 2 3
a «ZTAGRRESDD 2 9F45T6E0K A7ADSAE PN SCAL e 4 ’ .
. -1AB900E+01 -543759€-02 pErerrev L H CAPONENT

TOTAL NUMBEA OF USED OATA NOAT.
TORaL WUNEER OF FITTED PARAMETERS NPART™

An

ra
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s FUNCTION EVALUAYION WITH FINAL PAPANETER YALLES BiK)

ANALYSIS OF DBSERVED AND CALCULATED FUNCYION WALUES HLEL=SUN/NDATA S«EcwSTANDARD ERROR AlevA+BETHAYOD WOXI=YCALC  TaWss.E.

BETHA= 1.,0C00 95 D/0 CONFEDENGE INTERVAL FOA Fi8} KE=VCALC ANALYSIS
REMAEHOER tmmmmm e en
1 2 Ale Y-uSEQ ¥ LOWER BOUMD YCALL ¥ UPPER NOUWE v T SEF1 ]
1 »40040C+00 245300E 92 kIITZEL0Z w45 19TESO2 #*TO8IE DT + 1928708 ]
2 2 JRDPE D2 +*25 116402 2 AIBTIE 02 NS2IZE 402 PR A ] 2
) +HTeME 02 shDeBIESSR w4 2ESOEHT #F1BAJE+DD £
- 32152602 +13152e€002 ABMREIT = 2EISES 08 L3
L ] «26DIAE 02 «2031cE+02 w29P0HE+92 2 ThOLZE 0P L]
L] 2 21b04Es0R w2I04SE D2 o LS36eE+D} &
? w215£001 T
. - AT2E 71)5E+ 08 L]
L »BG0TIE+P) S29000E0Q) | $LIT42ESDS o694 TFEw] =eTRGE*DO +#2SAZE+DD PR LE L0
NOATA® 9 teem 2 [® 2242 U/9) OATA QUTSI0E ENTERVAL +J2453E+31
NPARTE & - ® - JORIPESRL
Oefs = 3 SUNs 41 TeAE 00
TS BE WEAN ZERO Solam L HOIIREDL
ahGISTE-OL Sebi(MiCalm  LIRaDUECLD RATLO= al2TE  Ca—sitmmeemeaee  HEANAY a4 TATSE40R
ESTIMATE FiB) = YCALC
SECOND DERIVATIVE MATRIX HOZ NOT USED IN /2= {M-n02) ZNG ORDER TERM - FIA‘;mI"V‘IIZ
= RENAJHDEN
STAMDSERROA  F{B) = SORT IFAFINVIN) «F A+VAR)

ANALYSIS OF TavrS.E, (EXPECTATIONS ARE USED IN MISHER WOMENTSH WDATA= &

EXPECTATION  LSTIMATE STAND . ERROR (ES-ERI/SE
WEAN [ . 13
VAR | ANCE ]
SKEWHESS»0AMMALL) [}
KURTOSIS GAMMALZ ) ()
v 1 1
HISTOBRAN OF T ) [ IR
RELATLVE 70 160 4s8 [ I T
] 3 »
CLASS LIMITS . B R ]
) 3 1
WORMAL DISTRIBUTION ¢ b | 9z
FOR NDATA® 9 ) . P
[ [l i

KO MOBOROY-SN IRNDY DNE-SANPLE 95 #/0 TMO=TAILED TEST FOR CUMULATIVE DISTRIBUTION OF Ts¥/S.E., NOATA® 93 CRITIGAL VALUEs 43,2

umPER BounD 43,26 RL20 4120 4320 #3,29 56,31 65,42 AT,64 100.00 L0d.#d 80 180,60 108,00 Léd.ed
DISTA. of 1 090 0. 0,00 800 0,00 JLlll 22,22 sA.k4 TILTA  BAEY  L80.00 100,00 100,00 o
LOWER BEUND 008 De0d 0.0 208 0.63 Q.09 0.B0  1.Z6 4S8 a5.69  B4.80  S4.80  54.80 S6.50  S6.00
NORNAL OTSTRIB. 00 13 W62 220 6,68 15,87  30.85 5000 5005 BAuis 9332 ONT2 ea.3M  wee 1400
DUTSIDE INTERWAL = + ’ -
HEGATIVE ¥ YALUES =  &bok 040

POSITIVE T YALUES =  55.6 6/ i . . .

424 TDTAL NO OF SUMRIES TO0 GY PRODUCEY

PeRsefOLLECTION OF RESULTS AFTER 7 CYCLES se® SUMRY NG
LIRS =

P DATE  OL/12/78
ST

INITIAL PARAMETER WALUES HARE

- -
- 1 24560000000E+02 PORE SPACE
* H «1310000000€ D) LOCATION A #
* ¥ +27%6000000E 100 SCME B+
: * 48950040 DE 00 EAPCNENT C *

*

i evete :..1—------------.—---.-—}----------..---=
TC QBTAIN ) SWARES T OE L#ust 1 LENBTIHS Y0 BE IEa
o 1 Toja NBTHS .1
aexrerae e sor : NDAMAL DELTA VISQA-SQFE woamat "¢ M Belva 1
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1.5 Instructions to apbly main program NLV

5 70 DISTINGUISH BETMEEN EXISTING MD SI.FFLEIEIII’M'I STATEMENTS THE I.-l“!l ARE HOGIFICATION 8¢ SIMULATION OF REVERSID TYPE OF COMVERSENCE
NUMBERED IM THE TIRD COLUMM. DEFAULY YALUES THET SHOULO BE CHANGBED FOR b APPRZACH WITh ODSERVATION VECTOR PEFLECTED IN EACH HEW TANBENT PLAHE
PROFER EXECUTION oF THE IOODIFICAHDN ARE 5"[" N THE “‘.ADIN. M) ARE ﬂ.llﬂ!u
MITH O L% TwE TIAC COLUMN, LF {HOOLE A GE WHEYELS ) mru n B HICLE=NOCLC T
FROGRAN JENTS ARE GIVEN ﬂETI({n Fuy L wus AND == LINES. A SERIES D" !ll! NG CALL THACKIJ.4PaRY L
JERED CAADS IN THE W, PROGAAN MLY TS DEMOTEQ BY «»c IN T Ny CALL WENCSELTA+Q4E

uNAL
i ml'lﬁl"lau LAAWPLES THE flﬂs'l' AND THE LAST LINE ARE EX1STINS “N‘LT(

STATERENTS OF THE DEIFAULT DECK,
roR lwn-unlu us: A STOP STATEMENT CAW OE INSEATED AT THE OESIRED POIuF OF - &2 APPROACH WITH CBSERVATION YECTOR REFLECTED IN THE TEANINAL PBINT
THE WAIN PROGRAM MLY, USE OF LSUMAY=d IS SUSOESTED FOR USE IN DIFFEAENT RUNS
oF muncnluus THAT ARE ENTERED AFTER THE &0 CONTIMUE STATEMEMT. 40 CONTINVE
CALL TRMMA-MFmr-.n-I.n-o-II )
MODEFLCATION Lo TEST OF THE FOAMULAS FOR FIAST AND SECOND DERTVATIVES Ft EREP .LTe END 3 GO TO 19 2
'™ ZURVE FITTING WITH AOUNDED CALCAS ATED VALUES USED AS CRSEAVATIONS srop 55
CALL AEAD {1y kaNSUTRD)
LSUARYAL u:v:n.:s-u 8 S rucwu.hsu.:.l.vc._cn.ro-cn.o.ol 1 mmncnlau 7. INTERWEDIATE INFORNATION ON THE FITTING PROCESS.
PO 85 1 .~mn % 610 r-u.oeuulsmu 2 LISTING OF TME (EPS»SQAI-RELATFONSHIP W1TH FouML STEPS ABOUR THE MINIMUM
IF CALOGL umuv-uwuv-l. n-in-z-lrlull.ulll'n H
as Yoasin= LT EIP X IYCLOA (115 18130 1FOVER) 1 /10000 IPDNER CALL WINIDELTA:ds) 04201040}
N ChLL WINIOTLTAY20. EPHININGELTS » S TREPHINIHOTLEY 22229205 3
ae CALL AISB
CALL MINIDELTAIO0]aalnads2hedel}
IF tNCLEQ, 1) s
SCALL MINIDELTA+O+C o=, 2SERMININDCLE) 4+ A*EPHININDCLC) 22240480 [ T2 CALCULATION DF CURVATURE ALONG EALH PARAMETRIC CURVE SEPARATELY
CaLL A)SB
CALL RINIDELTA 104 1sa0xs 03201050}
DO 83 K=leNPART % po &1 KLslaNPAR 1
MDOFFICATION 2. PROPERTIES OF CONDLTIONM FUNCTION AND STARTING PCINT BL CORRiKL)=.0 GORR (K2 #1 . z
i DETERMINATION OF A NEW STARFING POINT BT UNIWARIATE SEAACH FOR THE FIRST ot AENE TORR1 15002001 D400 D401 3
NPAAT PERWUTED PARAMETERS 80 Co w: .
CALL READ £3)1+MOUTAD) uu. AlsB
€Ay ut’uzr.nou.l-hm 1
CALI. H
3 MODIFICATION Bs SPEEOING UP CONVERGENCE USIMG FIRST DEALVATINES
lPE' -9 6,1 CORRECFION FOR NON LINEARITY BY SCALE FACTOR WVELGHTS BASED ow DIFFERENCES
THE STOP STATEMENT 1S OPTIONAL 5 TFANOCLCLGESNCYCLS) GOTO 38 §  HOGLE=NOCLE+) N
:ps-:p 3 CALL MINIDELTA:Q+l+,0+,0020:4) 5  EPSKRERS
2.2 CALDRATION OF THE SEST PARANETER CEMBINATION 41 COMDINATORTAL SEARCH wear ok HleeBefenie z
LSUMRY=0 55 GakR 111 -CORR 11 SHA (1] AHBAT) 3
EPS*EPSZ  §  CALL MINICORReDelo,beo0s2deds 3 EPSZEERE .
CALL HOWA CALL ALSB
CALL cOmBIN IFCNCLLTL3E 80 TO 20 1
IF (NOTLE- Bi-llC\'CI.SI GOTO 30 3 WOLLCANOLLE+L
8.24  CORRECTION FOR CURVATURE BY BACK PROJECTI
NUMGER OF CYCLES AUTOMATICALLY RESTAICTED To # THO DIMENSEONAL SEARCH I[N PARANZTER SPACE
MODIFICATION 3« SELECTIVE USE OF PARAMETERS CALL WANIDELTA0s0+,0+,012049+0)
3.3 AJTOMATICAL ORDERING OF PARAMETERS BY HEANS OF THEIR FARTIAL cosm:s CALL BACKINPART(Q,040+5) i
USE DEFAULT LSUNRY=L CALL
CALL DFOA [AsHA=YCLEASYACAS 11 NOUTDF § *u0 OEMENSTONAL SEARCH IN OBSERVATION SPACE [$ PEAFORHED BY
SALL CROTAYASMAVSCLEATIOCA WY Lo HOUTOF } Ca CALL BACKLNRART 3001 1045) s
CALL D2FDA{ArSOA»HERVCLCASYOCA S LaHOUTE2S)
8.28 COARECTION FOR CURVATURE 8Y BACK PROJECTION
2.2 USE OF Tuo GLOCKS VITH P:ﬂnumu AND BROUPED rmnuuzns IN THE FIRST BL0CK CIRCULAR SEARCH IN PARAMETER SPACE
ALTWUM NUMSER OF BLOCKS THAT CAW BE USED IS
USE LsuMaY=l {DEFAULTY) FOR mr:mzu:nz RESULTS. L} CALL ule[ul-u-l Io.lhzlnll-as
CALL BACK(NPARTSGrAsls S EPSSAVESEPS B 1
¢ aock ) IF INATNSUB (155 20, 80001 00 T3 s008 z
k=g ] CALL WINICORRaDs 11 a0es002000s 2
KuKel 3 (pikim 4 3 JRTIPIRYI AN CALL ulMCnPR-n.l .o.:.ulsvusnno.nz.u.u oPTIONAL
K=ke]l & [PiKim 2 S JRIIFRIIK CALL B1 (9201010, .
HPARY = & ] GuL ulnlconn-o.l..n..o.zo.n.n H
Kekel & IPtKIx L S JP(IPOOEK CaLL 82 10r6r010n0 5 EPSTEPSSAVE €
iR e K z 2000 CONTINUE ?
Kekel 5 IPIKI® 3 S PUIPIKY I caLL a1sB
IPAR = K k]
CALL BLDEKL} r0a0ra93 3 THE WRITE SPTION GIVES THE IEPSsSOAI-RELATIONSNIP FRON 0 10 24Pt
4 D:oc:u 2 3 A CALL BACKINPART140+1+SF
- : CIACULAR SEARCH Ti GASFRVATION SPACE 1S PERFORMED BY
KeK~] 5 Ipik= kb 3 SRR =K - K LNPA 1
::_{ : :::::: i Ponie 3 CALL BAGKINPANT+04ks105)
- SR ULEIKS V=R o [ TED Aj 'k TRAPOLAT IN
el 3 hmea i B L] E:;:lzua ED APPROACH BY AOLYMOMLNLs WYPERBOLIC DR EXPONENTIAL EXTRAP
WPRRE # K 2 1
NPAR = K K z CALL SUNRYLRETumng 1403
WPAR = K nooa3 CALL LIKTPEAT11304,5, 1
, ML BLOtRLEsd401u01 11 CACL MINICORRGoT 18y obs20ede0) 2
manama Pt Aizsesassemsnsassmmsmxnga CALL 4158 3
.c“:., IF¢ IAEP .iTe END » 60 YO O
CALL KA 12
Cnu. FNEI’N [T TS TLLER) YOCR ) LoHIUTFH) lonlrt:.rmu 9 SFEEDING 1P couvzuﬁm:z USING SEGCOND DERIvA?IVES
OF APPRGIIMATED STEP FACTOR BY SECOMD PERTVATIVES
ML3P ThW DE USED E.G.  GMLL BLOCKIDSZ.WCTOLESPEWDSCOSTAITH ) T I0N OF o o T i min
MEDIFICATION &, APPLICATION OF ALIORITHMS
ou CURVE FITTING ACCORDIMG To STELPEST DESCENT wom20 1””2%:;23?;?'” soro :z_‘ $  NOCLCAMOCLE+L L
2
FINDCLC,GE,NCYCLS) BOTO 30 5 NOCLCTNOELES] LF (EPSEST.GT.L58EPS) EPS=EFSEST
CALYL MIHIAHDRH109TE +05 o8 edGed 0} L oA uw;a:u.nm1..n'.|.~o.u.n 3
CALL AISA LL &

HOPIFICATION S, SELELTED PATHS 9.2 GORAECTION FOR WON LINEARITY OY SCALE FACTOR WEIGHTS SASED ON DIFFERINTIALS

S¢iA  CONTROLLED AFPROACH ALOWG THE FIRST TOCA-VECTOR WITW TRACK(1-WPAR
CONTROLLED APFROACH ALONG EACHM MNEN YOCA-VECTOR MITH TRACKI2+NPART EPSHAZERS "{"“ﬁﬁ',tﬁ;;‘ﬁ;‘ft}:,23{33’;.;:..;:2525;?3?“" 1
€0 W=1ipaR . H
uess § ACTELS=MCYCLES 60 DELTACKISOELTAIKE /{1, rEPSRAFF L - 3
CALL TRACK(L,WPRRT 121425460 1) 1 CALL WINIGELTAn0n)ssbeepozorbutr ro ! .
2 WEeHC GiLe
‘™30 conrm T
P LTe END § 50 TO 19 : HEFORE ENTERING THE 00 LODP EFSHARL, COWLD BE USER
e ‘““'}"“5.'.5"31:3':.» ¥ 50 10 10 HODIFICATION 18+ INFOAMATION OM RESULTS USING FIRST DERIVATIVES
aes 10u1A MMERICAL INVESTIGATION OF CURVATLRE ALONG FITTING QAOER TRACK {SeMPARTe..b .
40 CONTINUE NUMERICAL [MVESTIGATLOM OF CURVATURE FOR  EQUAL  STEPS TRACK{$eNPARTas.}
stoe 58 IF1 IREP «LTs END } G0 10 10 . 3 40 CONTINUE
CALL TRACKASNPART», 0520100 Ls0) !
CALL u:uuua.wnr..n..n.u.l.m !
Sl CONTROLLED APPROACH WITH REPETITION OF THE PROCEDURE OH THE La STOP 5 amm————
Tie IR WOMOER BEING DEF INED BY THE YARTABLE Lam - ¢ o+ ¢ LM3T InTERVA -
JREP u § 10,18 INVESTIGAYION OF THE FITIING SURFACE IM THE ulntcvmu OF EACH PAAAMETER
10o=) §_ JOONE*# . SEPARATELY Iy COMBIMATION WITH MODIFICATION 1.1
10 IREP = JREI 1323 L IFILSUHRY.EC. 0 [3a?
“as .
HEYCE 5=
. nsvv-m s S TRATK {1 1P AiTe. BatsTEPe s.pﬁf r{m-tmq z 53“;'2:?.‘.‘.3:';?'“';"".;.,‘2;‘(23 pan H
-
e 65 AlL)eRAINOCLE 4
0 CONTINUE eg ALIPOXIITEALLL1B 30 :
LAG=} & 1nwnu:.t.r.unp..,“.m.mp,n_u", Chik TRACK (62MPART 1033000061
CALL SumireRETY AT HC R A e e H ST s JV—
¥ £
are wRETY USE CAN BE WAGE oF PREDEF INED PARNMEYER VALUES. IW THIS EXAMPLE THE IWITIAL
0 CONTINUE YALUE IS RECALLED By THE STH INSERTED CARD. A USEFUL ALTERMATIVE IS
stop g5 T} IRER TV ENB 1 00 1o 1p s A{IP KR TEFUK)) =2, #5T0EV LK)
FINAL FEWARKS,
N . ALTHOUGH EACH OF THESE NODIFLCATIONS MAS SEEN TESTED CAREFULLY YO PERF

L[5 SPECIFIC ALGORITMA PAOPERLY ARNITRARY COMBINATIONS OF muncn'lﬂ‘! "‘"'
PRODUCE UNPREDICTABLE RESULTS.
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2 Examples

2.1 Specimen nonlinear condition function

Condition function y = x?
* Vector of observed variables x = (x,x,) = (¥,%)
Vector of parameters 8 = (§)
051
100 e
. Position vector £= (1,")* _ .
First derivative of condition function f = x° In x

Observation matrix X ==

Jacobian J = 29 , scale factor & = (%)

Matrix of normal equations J7J = M = (¢*%) = (7.38906)
Inverse matrix of normal equations M~ t = (e=%%) = (0.13534)
Initial parameter vector 8 = (1)

Difference vector x — f(0™) = f, = [183 - ;_713] = [ 2282]
Sum of squares at initial point f7f, = § = 53.273

Normal vector J7f,, = N = (19.794) and Jd =7.282

Differential correction M~1N = d = (2.679)

Updated value for 6 becomes 0 = (1 + 2.679) = (3.679)
Exact solution 6* = (2.30258)

Used to demonstrate application of arc length in Section 2.7.3. See also Figure 7.

2.2 Nonlinear condition fumction, fast convergence
A function analogous to the one given by Fink & Jackson (19?3) to describe sig-
moidal adsorption isotherms, applied to observations on .the soil moisture te?sm}:
(its common logarithm being denoted by x) and the moisture content Qf) ofsoo:
samples appeared to be a good condition function to demonstratt_% prope rt.le; © t 5-
timization processes. Examples are given for two series of observations carrl; 3&13 e):
the laboratory of the Institute for Land and Water Manager-neflt l?esearc s . w?th
ningen, The first series (Table 18) gives an example of an optlmlzatulm I;‘roce; oy
fast convergence, the second series, see Appendix 2.3, gives an example of an op
zation process with slow convergence.
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Table 18. Data to demonstrate fast convergence.

i 1 2 3 4 5 6 7 8 9
x 04 10 1.5 20 23 27 34 42 60
Ly 453 434 410 333 276 B2 15 14 24

The condition function reads

y = D{e x—A)/B + 1}—-1/C
" where the asymptotes are given by y = 0 and y = D,

Vector of observable variables x = (3,%) '

Vector of parameters 0 = (D,4,8,C)F

Initial parameter 8 = (34.8, 1.31, 0.2746, 3.489)7

* Initial parameter values obtained as an average for several samples Aﬁ:er the data
* are read the parameter 8, is redefined by 8, = »t'1+ 0,1 '

Sum of squares at initial point S(0'”) = 564.61

Sum of squares at final point S(8®) = 6.00

Final parameter 8% = (45. 44 1.761, 0. 3741 3.494)7

Results obtained in this example are used in Scctlons 934,944,114 and Appen— .
dices 1.4.1 and 1.4.2.

2.3 Nonlinear condition function, slow convergence -

Condition function and initial parameter as glven in Appendlx 2.2. Data as gwen in
Table 19.

Sum of squares at initial point S(8'”) = 976.40 |
- Sum of squares at final point S(6”) = 1.83
Final parameter 8% = (38.31, 2. 1277, 0. 5474 3. 047)T

i

Results obtained in this example are used in Sect:ons 5 5 6 5, 74. 3 9. 4 4, and
10.6. - | .

Table 19. Data to demonstrate slow convergence.

i 12 3 4 s 6 1 8 9
X 04 10 L5 20 23 .27 - 34 . 42 60 ..o
¥ 383 361 348 323 290 241 172 114 35
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List of symbolic FORTRAN names

Main symbols used throughout the subprograms are given. The dimension of
arrays is obtained by p = total number of parameters, ¢ =p -+ 1, ¢ = pg/2, m =
. total number of observed variables, v = total number of observations, ¢ = predefined
number of fitting cycles (t = 15), 1, =t + 1.

Name

A
ALB
ANORM

AUB-
B
BNORM

CORR

CURVGEO -

CURVTOT
DELTA
END

EPMIN
EPS .

EPSNEW ..

EQS
FA

FAA -
FAFAA

FA2

FS§S
FOFAA

pXp

Dimension Symbol
px1 fi 1)
Cp X1 :
gx1  NE
X1
px1 e
gx1 N({'Y)
px1 s
pxl1 Ky
S pXx1l K
pxl d
..tX 1. Axm
A
h x1 A
o
vxg . J
vy X fi—; :
pXp - My
Cogxlo (R
X1
e Noz: E .

Interpretatlon

: Imtaal parameter in each cycle

Lower bound of parameter values

. Normal at initial point A, extended with sum

of squares SQA -

.. Upper bound of parameter values

New parameter in direction of search
Normal at point B, ‘extended with sum of
squares SQB

Arbitrary direction of search

Geodesic curvature

- Total curvature

Differential corrections

- Number of repetitions of a predefined num-

ber of cycles

~ Optimal step factor in nth cycle

Step factor
Predicted step factor

. Reduction factor to step factor
. Jacobian matrix of first derivatives

extended with difference vector

_ Vectors of second derivatives

Scalar products of vectors of first and second

. derivatives
‘Square of length of ﬁrst derivatives extended

- with sum of squares (f5.fo)

- Curvature vector :
‘Scalar products of difference vector - and

.vectors of second derivatives
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Name

HA
HB

IB
1P
IPX

IREP

JP

MAXDAT
MAXVEC
MPAR
MT

NB

NC
NCYCLES
NCYCLS
NDATA
NOCLC
NPAR

NPART
NPARTX

NT
SQA
SQB

- SQMIN

STDEV
X

XA

XCOSMT

XCOSN
XCOSQ

188

Dimension Symbaol

qx‘l
g x1
pxli

g %1
txp

g x1
gxX4q

1

px1

vXm

EXp

rx1
tXp

trx 1.

h(0©)

;,(9(1'))

Nv oyt R

B

.(.p

4
241
S0

S(e™)
Sxin)

©

Cos o

. cos §

Interpretation

Scale factors at initial point A, extended
with square root of SQA

Scale factors at point B, extended with
square root of SQB

Index to save bounded parameters

Index to save parameter permutation

Index to save parameter permutation for
summary .
Index to save number of repetitions of pre-
defined number of cycles actually being
performed ‘
Index to save original parameter ordening |
Matrix of normal equations (extended)
Total number of data

- Total number of observed variables

Total number of parameters
MPAR+1

Total number of bounded parameters
Cycle number being performed
Number of cycles to be performed
Number of cycles to be performed
Total number of data to be performed
Cycle number being performed ‘
Number of to be fitted and informative
parameters

Number of to be fitted para,meters

- Number of to be fitted parameters saved for

summary

NPAR+1

Sum of squares at initial point A

Sum of squares at point B

Subminimum of sum of squares in direction.

.of search

Linearized standard deviation of parameter

. estimates in tangent plane

Observation matrix '
Initial and optimal parameter values saved
for summary

Multiple cosine saved for summary

- Partial cosines saved for summary

Total cosine saved for summary



Name Dimension Symbol  Interpretation
XCRLMT tx1 ' Multiple correlation saved for summary
XDELT tx1 fd]  Length of vector of differential corrections
_ for NPART parameters saved for summary
XDELTA rx1 Length of vector of differential corrections
: ' for NPAR parameters saved for summary
XGEO tx1 Xy Geodesic curvature in direction of search
saved for summary
XHA tXp ¥ Scale factors saved for summary
XM gxq MM-'  Matrix to save matrix of normal equations
: and its inverse .
- XNORM tx1 Length of normal for NPAR parameters
' . saved for summary
XNRM tx1 I Vil Length of normal for NPART parameters
saved for summary
XSQF tx1 {(4fo,*fo) . Sum of squares to tangent plane saved for
' C summary
YCLC vx1l y Calculated function values
YCLCA yx 1 )"(19“”)~ Condition function evalvated at initial point
YCLCB vX1 - f(8V) Condition function evaluated at point B
YOBS vx1  x ‘Observed function values
YOCA vx1.  f,(6) - Difference vector at initial point A
YOCB vx 1 f,(8)  Difference vector at point B
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List of sy:hbols

Symbols defined or introduced in chapters or sections mentioned between paren-
theses are used in a restricted number of sections. The other symbols are used
throughout the book. Symbols falling outside the main line of argument are deﬁned .
in the text only. Dlmenslon symbols are also explained in this list.

Symbaol Dimen-
sions

A

A

a

B PXp

b X1

b px1

b

C PXp

C

¢ pXx1

]

€1y C2

¢

C .

d : P X 1

d

ds

.EP

EP
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Chapter  Interpretation

Section
2.4 . Tangent plane :
2.4 - Left - superscript denoting quantities thh
respect to the tangent plane as 40, 4f, and 45
{10) . . Constant of parameter function
34 Metric matrix whose inverse acts on the
' vector of steepest descent —g :
2.9 Auxiliary vector in tangent space
. 6.2 - . Vector of back projection
- (10) - Constant of parameter function
2.2 Cosine matrix whose elements, cos (fi.f7), are
 the cosines of the angle between the direction
vectors
29 Contour curve for constant value of the
response
22 Cosine vector whose componeats,
' - €08 (f5, f2), are the partial cosines
3.1 Constraint to jth variable
@ . Constant function values

{6.3) " Algorithm parameter equal to 2 cos ¢ in
back projection method : )

(10) Constant of parameter function

(2.4) - Differential correction vector; the solutlon_ :
: of the normal equations

(10) - Constant of parameter function

27 Arc element :

1.3 p-dimensional Euclidean parameter space

1.3 - p-dimensional Buclidean tangent space



- Symbol

EP+1
E

1F2F

f.
Ao

£
o
A
s
*

A

G :

Dimen-
sions

v x1

vx 1
vXx1

v X1

vx1

X1

P Xp

-p X1

P Xp

22

Chapter
Section

2.2
1.3
(10)
22
1.2

Q)

2.1
2.1

2.8
28
2.1

21 .
2.1

@

2.5

(4)

2.2

22

28

@

34

2.2

2l

1.2 ¢

Interpretation

(p-+1)-dimensional Euclidean response space
v-dimensional Euclidean observation space
Constant of parameter function

Vector of implicit condition functions F
Implicit condition function

Left superscript denoting implicit condition
functions of different form

Vector of explicit condition functions £
Direction vector, tangent to kth parametric

-curve on the fitting surface

Direction vector with arc length taken as
parameter :

- Curvature vector

Difference vector in the observation space,

“equal to x — y, for differences between ob- ~

served and calculated function values
Explicit condition function
Explicit condition function differentiated

" with respect to the kth parameter
. Left superscript denoting explicit condition

function of different form

-Hessian matrix whose elements, 925/06,86;,

are second derivatives of the objective func-

~tion. ¢

Implicit condition function

Gradient vector

Vector of steepest descent -

Subscript ‘denoting quantities related to
geodesic curvature, e.g. K, (fJ, and (f,.,),
Explicit condition function

~ Matrix to be updated in subsequent cycles;

approximation to G™!

. Vector of scale factors b,
" . Scale factor; length of direction vector fe
- Identity matrix; dimensions being defined by

operation rules of matrix algebra
General supetscnpt for observations, e.g.

o xH

Ay

General superscnpt for steps in controlled
approach eg x® .
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Symbol

Jd

S, S,

N‘-...

S 192

Dimen-
sion
vXp-

vXp
P2 Xq

vXpoo

v x (3h)
vx1

vxl

“vx1

VX P

vx1

Chapter

Section

(10.1)

- 2.2

2.2

2.5
43

2.5
(©

2.4
(4.9)

1.2
(1.2)

2.1

2.3
2.1

2.1

Interpretation

General subscript for equidistant steps, e.g. 4,
Jacobian matrix, J{, consisting of direction
vectors £,

Jacobian matrix, 8f1')/80,; abbreviated to J

Jacobian matrix 86,/04,;
-Jacobian matrix 6F1"/a0, for implicit condi-

tion function F

Matrix of second derivaties fii? where k </
Vector in tangent plane obtained by back
projection; linear combination of direction
vectors

Total tangent; linear combination of direc-
tion vectors according to the solution of the
normal equations

Choice vector to save information on the
sequence of executed statements for alterna-
tive condition functions

General subscript for variables

Subscript assigned to quantities that refer
to a condition function solved for the Jth

variable, e.g. x, i, Y1, fos, Sy
Ibidem

- General subscript for algorithm parameters

Left superscript for general index of condi-

- tion functions of different form, e.g. ’f

General superscript for fitting cycles, e.g. 65"
Matrix derived from the Jacobian for the
determination of the curvature in an arbitra-
ry direction of search

General first choice subscript for parameters,
e.g 6,

General first choice subscript denoting dif-
ferentiation with respect to the kth parame-
ter, eg. -

Position vector of the tangent plane

- General second choice subscnpt for param-

eters, e.g. 8,

General second choice subscnpt denoting
differentiation with respect to the /th param-
eter, e.g. £, '



b S

Symbol Dimen-
' sion

M pXp

M12 P Xp

M, 3 x 3

m

N p X1

N %1

Noz PXp

N

n .

o(1%)

o(A3)

¥4

q

R

r

¥, i, ra

r

S

s px1

h .

T

t

11’ tz

Chapter
Section

24

2.5
2.5
1.2
2.4
(6.2)
2.5
(11)

1.4
(5.3)

(2.6)

1.2

2.5
4.3

- 2.8

@
©
1.2
1 .4.

2.7
(5.3)

©.3)
(10.4)

Interpretation

Matrix of normal equations with elements
(fif1); the square of the Jacobian J

Matrix with elements (£, £,

Matrix which is the square of the matrix Jz
Total number of real vanables of the condi-
tion function

Normal vector with components (fp,f,);

the right-hand side of the normal equations
Normal vector redefined for back projection
method

- Matrix with elements (f,,fi:)

‘Number of steps in controlied approach

General superscript for fitting cycles ¢.g.8™
Remainder of Taylor expansion of scale
factors representing terms of second degree

and higher

. Remainder of Taylor expansion of the objec-

tive function representing terms of third
degree and higher

Total number of real parameters of the
condition function

Total number of algorithm parameters
Reduction factor used in finding the sub-

.minimum

Subscript denoting quantities related to
remainder curvature, €.g. k,, (f2), and (f;9-
System parameter to control sequential use
of sequential condition functions

Subscript for reduction factor to step factor,

viz. A,
Objective function (fo.fp); sum of squares;

response
Arbitrary vector of direction of search

Arc length
Measure of slope to (4, S(A))-curve
Superscript denoting fitting cycle in which
stopping criteria are fulfiiled, ¢.g, v
Reduced measure of slope pT'
Auxiliary variable in exponential extrapola-
tion
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Dimen-
. sion

Symbol

T S S e R R

=

X v X m
x - I xm
x vx1
x® vx1

Xy yx1

y. : vx1

s vx1
Vs

z : px1

[ 3]

194

Chapter  Interpretation

Section

2.2)
@.0)

.1
(C))
@.1)
2.1
@
3.5

4)
(4.8)

1.2
1.2
2.1

an’

eR))
12 -

2.2

QD
2.1)

(6.4)
@.5).
(4.6).

2.4

24

39

24 -
(3.3)

Arbitrary matrix

Arbitrary vector; (also in Sections 2.9 and
3.5)

Arbitrary variable

Arbitrary function of the parameters
Arbitrary vector; (also in-Section 3.5)
Arbitrary variable

Arbitrary function of the parameters

Vector of weights; weights to be applied to
s; defined in Chapter 5

Arbitrary function of the parameters
Auxiliary variable for sequential condition
functions :
Observation matrix with elements x}”
Vector of real variables x,

Qbservation vector with components xt?
ith intermediate observation vector used in
controlied approach

Observation vector; observed values for y,
Observable real variable of the condition

.. function -

Vector of calculated values yf*3; position

. vector of the fitting surface

Vector of calculated values y}’ .
Variable for which the implicit condition
function F is solved

Basis vector used in back projection method
Arbitrary function of the parameters '
Auxiliary variable for sequential condition
functions; (alse in Section 4.8)

Angle between observation vector x and
position vector y
Multiple cosine; cos {x,») .
Algorithm parameter; (also in Section 6.3.1)

-Angle between f, and Jd

Total cosine; cos (fy,Jd)

| .Algorithm parameter; (also in Section 6.3.1)

Reduction factor of difference vector f, used
in controlled approach



- Symbol Dimen-  Chapter Interpretation

AT S

sion Section
4 p X1 2.3 Difference vector in the parameter space
é px1 (7.4) Stopping criterion vector for partial cosines
é vx1 23 Remainder vector of Taylor expansion of
position vector with components 5%
(7.4) Stopping criterion
px1 1.2 Parameter vector of real parameters 6,
1.2 Real parameter of condition function
2.3 Total curvature
Kq 2.8 Geodesic curvature
Kp - 2.8 Remainder curvature
4 g x1 25 Vector of algorithm parameters 4,
4 14 Algorithm parameter: step factor in direc-
‘ tion of search
A (12.1) - Equidistant points in direction of search
2 9.4 Reduction factor to step factor
v 1.2 Total number of observations
P 9.3 Reduction factor applied to measure of slope
T
¢ 6.3 Angle in tangent subplane between Jd and
Jb; algorithm parameter in back projection
: method
¢ 9.3) Angle between g and s
¥ 64 Algorithm parameter in back projection
method
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Special notation

Symbol

D

In
min(a,b)

< m o

vf
[]
0

W 1

*(n)

i

196

Dimen-

sion

pxi

gxl1

Chapter
Section

22

22

1.2
2.1

2.1

25

Interpretation

Superscript, adds the 4th component of the
superscripted vector to the (k,k)th element of
a zero matrix

Superscript, adds the inverse of the kth
component of the superscripted vector to the
(k,k)th element of a zero matrix

Differential operator

Base of system of natural logarithms
Natural logatithm

The minimum of the numbers ¢ and b
Superscript denoting transposition of a
vector or a matrix

General component of the operator V
Eiement of

Vector differential operator for differentia-
tion with respect to condition function
parameters

Vector differential operator for differentia-
tion with respect to algorithm parameters
Superscript; brackets denoting number of
observation, e.g. xif

Superscript; parentheses denoting number of
fitting cycle, e.g. 9™

Is defined by

Which defines

Superscript denoting quantities related to the
minimum response

Superscript denoting quantities related to the
minimum response in the nth cycle or to the
nth subminimum

Euclidean norm

Under the condition. Given



Symbol

+

3

L

k= I(1)p

Dimen-
sion

Chapter
Section

(9.3)
(9.3)

2.1

2.1

1.3

Interpretation

Prime, denoting the derivative with respect
to the innermost argument

Prime, used in superscripts defined in the text
Subscript assigned to quantities left to the
(sub)minimum

Subscript assigned to quantities right to the
(sub)minimum

Matrix (vector) whose elemeants (compo-
nents) are equal to 3; dimensions being
defined by operation rules of matrix aigebra
Unit vector in direction of kth coordinate
axis of an orthogonal reference system;
dimensions being defined by operation rules
of matrix algebra

The general subscript k ranges from 1 through
P, with increments () equal to 1
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