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Abstract 
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Abstract: 

A pure steady-state dilation of a liquid interface, either liquid-air or water-oil, 

can be accomplished far from equilibrium by means of the overflowing 

cylinder technique. The resulting dynamic surface tension data correlate well 

with characteristic parameters of processes like foaming, emulsification, and 

the spreading of droplets and thin liquid layers. 

Fundamental knowledge of the physical mechanism of operation of the 

overflowing cylinder technique is obtained by analyzing the relation between 

interface dilation and underlying bulk flow. Upon the addition of a surfactant 

the interface velocity increases considerably, since the propulsion mechanism 

changes from driven by the bulk flow to surface tension gradient driven. 

The surface Theological behaviour of the expanding interface is studied for 

various surfactant solutions. Generally practical systems give rise to a major 

increase in surface tension during interface dilation. The results are discussed 

in terms of the transport of surfactant components. 

The present findings explain why the overflowing cylinder technique is such a 

useful tool for studying many practical processes which imply interface 

dilation far from equilibrium. Meanwhile, however, they urge a reconsidera

tion of the meaning of the surface dilational viscosity. 



Stellingen 

1 De grootte van de oppervlaktedilatatieviscositeit zegt vaak meer over 
de zuiverheid van een oppervlakte-actieve oplossing dan over zijn 
oppervlakte gedrag in expansie ver van evenwicht. 
Dit proefschrift. 

2 De aanwezigheid van een oppervlaktespanningsgradiënt kan - beter dan 
door middel van een rechtstreekse bepaling - aangetoond worden via 
een meting van de oppervlakte snelheid. 
Dit proefschrift. 

3 Nu uitvoering geven aan de filosofie 'niet doen wat je vindt dat je moet 
doen, maar doen waar je goed in bent', kan straks in een spiraal
werking een verenging van 'de zaken waar je goed in bent' betekenen. 

4 De universiteiten en de publieke omroepen verkeren binnen de 
Nederlandse samenleving in verschillende opzichten in dezelfde positie. 
Met het oog op de versterking van beider positie hebben zij elkaar over 
en weer meer te bieden dan nu zichtbaar en hoorbaar is. 

5 Jonge ouderen (55 - 70 jaar) realiseren zich vaak niet of nauwelijks dat 
ook zij in de schijnwerpers staan in dit Europese jaar van de ouderen. 
Dit tekent de wijze waarop zij met het ouder worden omgaan. 

6 De geplande reductie van het aantal verzorgingsplaatsen in de provincie 
Noord-Holland stelt niet alleen een verbetering van de kwaliteit van de 
zorg binnen het verzorgingstehuis in het vooruitzicht, maar stelt tevens 
deze kwaliteit zwaar op de proef. 
Kaderplan: voorzieningen voor ouderen; periode 1993 - 1996; provincie N-Holland. 

7 Voor een bruidspaar levert een huwelijk dat in de R.K.-kerk ten 
overstaan van een pastoraal medewerker 'gesloten' is, kerkjuridisch 
niet, maar feitelijk wel meer problemen op bij een scheiding dan men 
op grond van de formele status zou mogen verwachten. 

8 De beeldcultuur wordt in onze samenleving steeds dominanter; dat veel 
intellectuelen dit niet (willen) onderkennen en de voorkeur blijven geven 
aan letters boven beeldlijnen, wordt ook geïllustreerd door de aanblik 
van wetenschappelijke posters. 

9 Als pakkende variatie op de bestaande leus "Een béétje vent strijkt zijn 
eigen overhemd" zal "Een échte man kan er in de keuken óók wat van" 
meer aandacht van de doelgroep trekken. 

10 Deze laatste stelling wordt veelal niet als laatste gelezen. 

Stellingen bij het proefschrift "Interface Dilation. The Overflowing Cylinder Technique" door 
Diane J.M. Bergink-Martens. Wageningen, 15 juni 1993. 



Voorwoord 

Een proefschrift is een beschrijving van eigen proeven 
en een beproeving van eigen schrijven 

Juist hier bij aanvang van dit werk 
wordt - in een jamben reeks verpakt -
bewust de bovenstaande leus 
op ' t woordje 'eigen' afgezwakt. 

De eigen proeven werden noest 
diep in de kelder uitgevoerd 
naar een idee dat vaak door Prins 
zeer enthousiast was aangeroerd. 

Betrokken én nieuwsgierig, ook, 
kwam Prins zeer dikwijls naar benee; 
als echte 'veldambassadeur' 
bracht hij dan soms bezoekers mee. 

Ook Arne, Marjo, Stephanie 
verkregen in hun doctoraal 
na wat gestoei met nattigheid, 
discussiestof voor dit verhaal. 

Het eigen schrijven werd beproefd, 
doch afstand neem je niet maar zo; 
een welkom duwtje werd verleend 
door de promotor en zijn 'co' . 

Prins tastte heel zorgvuldig af 
en trad ook vaak beschermend op; 
dan had zijn 'co' een and're kijk, 
uitdagend zelfs: Bos op en top. 

De sectie bood een prima sfeer, 
leuk met collega's onderling. 
Grafieken poetste Bertram op, 
terwijl zijn 'rust' onrust verving. 

Elkeen gaf richting aan de weg 
die ik in vier jaar ben gegaan. 
Dit dichterlijke woord van dank 
bied ik hen daarom heel graag aan. 



VI 

Contents 

1 General introduction 

1.1 Surface dynamics 1 

1.2 The acquaintance with the overflowing cylinder technique 4 

1.3 Outline of this study 6 

References Chapter 1 7 

2 Introduction of the physical parameters 

2.1 Schematic representations of the overflowing cylinder 9 

2.2 Nature of the surface flow 13 

References Chapter 2 14 

3 Theoretical aspects 

3.1 Fluid dynamics 15 

3.2 Transport phenomena 24 

3.3 The height of the meniscus 29 

3.4 Physical mechanism of operation 33 

References Chapter 3 39 

4 Methods and materials 

4.1 The overflowing cylinder set-up 41 

4.2 Measurement of the surface velocity 46 

4.3 Rheological methods 58 

4.4 Materials 58 

References Chapter 4 60 



Contents vii 

5 Experimental results and discussion 

5.1 Fluid dynamics of pure liquids 61 

5.2 Fluid dynamics of surfactant solutions 64 

5.3 Transport phenomena 75 

5.4 The height of the overflowing meniscus 91 

5.5 Influence of the bulk viscosity 98 

References Chapter 5 102 

6 The magnitude of the surface expansion rate 

6.1 Factors of influence on the relative surface expansion rate . . . . 103 

6.2 Comparison with other techniques 112 

References Chapter 6 119 

7 The water-oil overflowing cylinder 

7.1 The creation of an expanding water-oil interface 121 

7.2 Experimental results and discussion 124 

7.3 Practical utility 130 

References Chapter 7 132 

8 General discussion and conclusions 133 

List of symbols 141 

Summary 145 

Zusammenfassung 147 

Samenvatting 149 

Curriculum Vitae 151 



Chapter 1 

General introduction 

It is considerably important to study the dynamic surface behaviour of 
surfactant solutions far from equilibrium, because this behaviour plays a 
crucial role in numerous technological processes. Surface dilational properties 
can be studied under steady-state conditions by means of the overflowing 
cylinder technique (§1.1). Although various researchers have already 
succesfully used the overflowing cylinder technique for their investigations, a 
more detailed description of the physical mechanism which underlies the 
operation of the technique, has not been given so far (§1.2). The aim of the 
present investigation directly follows from the experienced lack of knowlegde 
of the operation of the overflowing cylinder technique (§1.3). 

1.1 Surface dynamics 

The application of surfactant solutions in processes invariably implies the 

creation of non-equilibrium situations. Due to the fact that interfaces between 

two liquid phases are mobile, in processing applications deformation of 

interfaces occurs. Foaming and emulsification are examples of processes 

having such a dynamic character. These processes involve the break-up of 

large bubbles and drops of the disperse phase into smaller parts. Generally 

the resulting deformation of the interface will not be homogeneous. Moreover 

in foaming and emulsifying machines conditions of f low may be such that 

zones of different deformation rates exist side by side. Once foams and 

emulsions have been created, the dynamic character shows again, since the 

quiescent dispersions are principally unstable. Due to a lack of complete 

thermodynamic equilibrium, the dispersion properties may vary in time. So 

during preparation, storage, and usage of dispersions, liquid interfaces are 

continuously exposed to all kinds of disturbances and instabilities may arise. 

Dynamic behaviour not only comes to play when foams and emulsions are 
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considered. Many other processes in practice imply deformation of liquid 

interfaces. In many of these processing applications the time scale of the 

deformation does not allow for surfactant molecules to be in equilibrium at 

the liquid interface. Consequently such processes cannot be understood and 

controlled on the basis of equilibrium studies only. The study of dynamic 

surface phenomena is of paramount importance to the knowlegde of these 

non-equilibrium applications of surfactants. 

The study of dynamic surface phenomena is covered by the field of surface 

rheology. This subject can be approached from a phenomenological point of 

view [1]. Within this approach the surface of the liquid system under 

investigation can experimentally be subjected to different types of mechanical 

disturbances: (i) a periodic change in surface area in a dynamic experiment, 

<ii) a transient disturbance in a so-called relaxation experiment, and (iii) a 

continuous deformation of the surface under steady-state conditions. 

Whereas dynamic experiments take place around the equilibrium situation, 

the continuous deformation under steady-state conditions generally concerns 

a mechanical disturbance far from equilibrium. Shear, curvature, and 

compression or expansion of the surface are distinquished as possible 

deformations. 

The present investigation is carried out within the framework of this last 

category of experimental conditions in phenomenological surface rheology. 

The deformation considered is expansion. So this thesis confines itself to a 

study of continuous expansion of the surface in a steady-state situation far 

from equilibrium. 

A continuous expansion of a liquid surface can be accomplished in different 

ways. The surface can be expanded by means of two barriers, moving apart 

at an appropriate velocity, like Van Voorst Vader et al [2] did in their steady-

state experiments. Ronteltap [3] carried out similar experiments by using a 
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Langmuir trough equipped with a caterpillar belt with several barriers. More 

frequently the falling film apparatus is used [4,5,6]. This apparatuses 

designed to imitate the rapid drainage in the early stages of a freshly made 

foam. The maximum-bubble-pressure-method is also widely known. Although 

the method indeed implies a continuous expansion of a liquid surface, the 

process does not take place under steady-state conditions [7]. The present 

study is limited mainly to the overflowing cylinder technique, one of the 

techniques accomplishing a pure dilation (without any shear-components) of 

a liquid surface under steady-state conditions far from equilibrium. 

Expanding liquid surfaces in practice 

In practice especially the behaviour of expanding liquid surfaces far from 

equilibrium plays an important role in a lot of processes which take place in 

various branches of industry. A few examples will be given to illustrate this 

statement. 

During foaming and emulsification of surfactant solutions new interfaces are 

formed. This implies an enormous expansion of the total interface area in a 

relatively short time. The newly formed bubbles and droplets will rapidly be 

exposed to the threat of coalescence with each other or with the surrounding 

atmosphere. The stability of the freshly made foams and emulsions against 

coalescence, however, is directly linked to the stability of the created thin 

liquid films in between respectively the air bubbles and the emulsion droplets. 

Since these thin liquid films can be made unstable especially when they are 

subjected to expansion, as happens during preparation of the dispersions, the 

study of the behaviour of expanding interfaces can result in a better under

standing of the foaming and emulsifying properties of surfactant solutions. 

Another example is the growth of bubbles in carbonated beverages like beer 

and champagne. Inhomogeneities in the wall of the glass into which the 

carbonated beverage is poured, may contain gas pockets giving rise to bubble 

growth. During this process the bubble surface expands very rapidly [3]. 

Surface dilational properties influence the process of bubble growth and the 
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moment of detachment from the glass wall. 

Application of a thin liquid layer on a solid surface implies expansion of the 

layer surface. This example refers for instance to sticker productions where a 

carrier has to be covered with a thin layer of glue, or surfaces which have to 

be painted, printed or coated. During these processes undesirable holes may 

be formed in the thin film. In order to prevent this from happening the applied 

liquid substance has to have the right surface dilational properties. 

In addition to these examples interface formation and surface expansion 

comes into play in numerous other processes like detergency [8], the 

spraying of plants [9] and the dyeing, finishing and impregnation of fibrous 

materials [10]. 

Knowledge of surface dilational properties counts for all of these examples, 

since a better understanding of the behaviour of expanding liquid surfaces 

may lead to improvement of products or production processes. Experimental 

studies in which the liquid surface is subjected to a continuous expansion 

under steady-state conditions far from equilibrium, may contribute 

substantially to the desired knowledge of surface dilational properties. Such 

experimental studies can be carried out by means of the overflowing cylinder 

technique. 

1.2 The acquaintance with the overflowing cylinder technique 

Already in the fifties researchers like Padday [11] and Piccardi and Ferroni 

[12,13] have used the overflowing cylinder technique for various fluids. They 

carried out dynamic surface tension measurements at its expanding surface. 

Since that time also variations on the concept of the overflowing cylinder 

have been introduced. Barber [14] and Joos and De Keyser [15] e.g. used an 

overflowing funnel and Schunk and Scriven [16] studied an overflow cell 

within the framework of their fundamental research of the process of 

coating. 
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More recently the overflowing cylinder appeared again in various publications. 

Ronteltap [3] used the apparatus as a tool to characterize different beers. De 

Ruiter et al [9] demonstrated that the retention of plant spray on plant 

species with reflective leave surfaces benefits from a low surface tension as 

measured during expansion of the surface of the spray liquid in the 

overflowing cylinder. Clark et al used among other techniques the 

overflowing cylinder to correlate the surface dynamics of mixtures of surface 

active food components with dispersion stability [17]. In one of the papers 

[18] preceeding this thesis it was qualitatively demonstrated that also the 

process of foaming benefits from a low surface tension as measured during 

expansion of the surface of a foamable surfactant solution in the overflowing 

cylinder. 

Besides these published results obtained by means of the overflowing 

cylinder or one of its variations, there are even more unpublished results, as 

many Dutch companies in various branches of industry succesfully use the 

overflowing cylinder to study the surface dilational properties of their own 

products without spreading this abroad. For these companies knowledge of 

the properties may lead to improvement of products or production processes. 

A lack of fundamental knowledge 

In general the overflowing cylinder is experienced to be a very handy and 

useful tool in studying surface dilational properties of surfactant solutions. In 

addition the overflowing cylinder happens to create an expanding surface 

having an expansion rate (see also chapters 2 and 6) which shows to be 

practically relevant to many applications of surfactant solutions. This makes 

the overflowing cylinder technique extremely suitable for all kinds of fluids 

which are used in practice. 

Despite its observed practical utility, there is a lack of fundamental 

knowledge of the operation of the overflowing cylinder. Some of the 

researchers mentioned above tried to relate the expansion rate of the surface 

to the flow rate of liquid through the cylinder or the funnel. This problem 
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appeared to be a difficult one, because it required insight in how the 

overflowing cylinder physically operates. None of these investigations, 

however, resulted in a more detailed description of the physical mechanism 

which explains the operation of the overflowing cylinder technique. 

1.3 Outline of this study 

It may be concluded from the previous paragraph that although the 

overflowing cylinder has already widely been used and highly valued for its 

practical utility, there is a lack of fundamental knowledge of the operation of 

the overflowing cylinder technique. The aim of the present investigation 

directly follows from this conclusion. In this thesis the relations existing 

between the physical parameters which determine the operation of the 

overflowing cylinder technique are studied. Attention will be paid to the 

forces responsible for the propulsion of the liquid surface. Simultaneously 

experimental results for various surfactant solutions obtained by means of the 

overflowing cylinder are presented and discussed. In this way the study may 

provide users background information giving insight in both the possibilities 

and the limitations of the overflowing cylinder technique. 

In industry the overflowing cylinder is used to experiment on practical 

systems. Since these systems are far from being model solutions, the scope 

of this study has been to investigate so called 'dirty systems' rather than 

model systems. This implies that the behaviour of solutions of model 

surfactants has not been studied extensively. 

This thesis continues with an introduction of the physical parameters (chapter 

2) which play an important role in the operation of the overflowing cylinder 

technique. In chapter 3 some theoretical aspects are dealt with. Attention is 

paid to the fluid dynamics of the overflowing cylinder, the transport of 
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Surfactant components to the expanding surface, as well as to theoretical 

relations between different parameters. Chapter 4 describes the materials and 

methods used. In chapter 5 the results of the experiments with the 

overflowing cylinder technique are presented and discussed in the 

perspective of the theoretical aspects dealt with in chapter 3. As for some of 

the researchers mentioned above [14,15] the key problem of the overflowing 

cylinder was to relate the surface expansion rate to other quantities like the 

f low rate through the cylinder, in chapter 6 special attention is paid to the 

factors which influence the magnitude of the expansion rate of the surface. 

This subject is also considered to be very important for all present-day users 

of the overflowing cylinder. A new dimension to the overflowing cylinder is 

formed by creating the possibility of expanding a water-oil interface. The 

opportunity of studying a continuous expanding water-oil interface is 

especially important when the preparation of emulsions is considered. This 

extension of the known overflowing cylinder technique will be elucidated in 

chapter 7. To conclude chapter 8 features a general view of the operation of 

the overflowing cylinder based on the results of the present study. 

Acknowledgments. This research was supported by the Netherlands 

Technology Foundation (STW) and by Shell Amsterdam. The author wishes 

to thank the STW users committee for valuable discussions and suggestions. 
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Chapter 2 

Introduction of the physical parameters 

In this thesis the relations between the physical parameters describing and 
determining the operation of the overflowing cylinder technique are studied. 
In this chapter schematic representations of the overflowing cylinder are 
given and the relevant parameters are introduced. Only the values of the flow 
rate and the length of the wetting film can be imposed on the overflowing 
liquid. The solution determines autonomously the values of all other 
parameters, the surface expansion rate included. The resulting combination of 
parameters is characteristic for a particular solution (§2.1). This behaviour is 
indicative of the nature of the surface flow (§2.2). 

2.1 Schematic representations of the overflowing cylinder 

Fig. 2.1: Schematic representation of a cross-section of the 
overflowing cylinder. 
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In Fig. 2.1 a part of the cross-section of the overflowing cylinder has been 

enlarged. The parameters are indicated by their respective symbols. Q is the 

f low rate of liquid through the closed system of the overflowing cylinder. The 

liquid is allowed to f low over the top rim of a cylinder of radius R, causing 

the circular liquid surface to be expanded continuously in a radial direction. 

The surface tension under these dynamic conditions, 7dyn, is generally higher 

than the equilibrium surface tension, yt, due to the surfactant depletion 

which occurs in the expanding area. So the excess surface tension which is 

represented by A7 (= 7dyn - yj, generally deviates from the zero value. The 

height of the centre of the meniscus above the rim of the cylinder is 

symbolized by hdyn. On the outside of the cylinder a wetting film of length L 

is formed. 

Fig. 2.2: Topview of the expanding surface of the overflowing 
cylinder. 

Fig. 2.2 shows the velocity profile of the expanding surface. Since we are 

dealing with a steady state situation, this surface dilation pattern is a 

constant in time. Hence for a given experimental set-up, keeping all other 

parameters constant, the radial velocity of the surface, vr, is only a function 

of the radial coordinate r. 
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Fig. 2.3 shows the liquid flow over the top rim of the vertical cylinder in 

detail. The horizontal free surface is in fact slightly convex, but may be 

considered to be almost flat in the vicinity of the axis of symmetry of the 

cylinder. When the liquid flows over the top rim the surface is curved with a 

radius of curvature R2 in the plane of drawing. Next the liquid forms a 

wetting film on the outside of the cylinder. The thickness of this film near the 

rim of the cylinder is indicated by ó0, whereas the surface velocity of the 

wetting film at the same position is symbolized by vs°. 

Fig. 2.3: Part of the cross-section of the overflowing cylinder. 

Adjustable parameters 

From all the parameters which have been introduced in this paragraph, for a 

given experimental set-up only the values of the flow rate Q and the length of 

the wetting film L can be imposed on the liquid system in the overflowing 

cylinder. Q can be adjusted by means of a needle valve and L can be varied 

by changing the total amount of fluid present in the system. All other 

parameters, included the surface velocity, can not be adjusted. The solution 

itself determines autonomously what the values will be. When L and Q are 

given quantities having fixed values, for each solution studied in the 

overflowing cylinder a unique combination of all other parameters is found. 
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By means of the overflowing cylinder the surface dilational viscosity of a 

liquid surface, rjs
d [N-s/m], can be determined. This well known physical 

quantity is defined by the equation 

Yrfy„ - y e = A Y = nt ' àhLijdt, (2.1) 

where dlnA/dt represents the relative expansion rate of the surface area A. 

This relation is based on a suggestion of Boussinesq [1] and generally 

specifies r)s
d being a constant of proportionality between the excess surface 

tension of the expanding (or compressed) surface and the relative rate of 

expansion (or compression). 

Under the condition that the horizontal surface is almost flat in the region 

near the geometrical centre of the surface, it follows from the symmetry of 

the cylinder that the relative expansion rate of the overflowing cylinder 

depends on the radial velocity of the surface vr(r) according to 

v dv 
dinA/dt = -£ + _ : . (2.2) 

r dr 

This equation has already been derived in one of the papers preceeding this 

thesis [2]. As vr is one of the parameters which can not be adjusted, but is 

generated by the solution itself, also the value of the relative surface 

expansion rate is considered to be created autonomously by the liquid system 

in the overflowing cylinder. 

In practice during the preparation, storage and usage of dispersions the value 

of the surface expansion rate is not imposed on the liquid system either-. Only 

process conditions like the mixing rate, the pressure difference or the f low 

rate, are imposed on the system. Under these process conditions the system 

'chooses' its own value of the surface expansion rate. As the same happens 

in the overflowing cylinder, it is not surprising that the overflowing cylinder 

creates an expanding surface having an expansion rate which shows to be 

practically relevant to many applications of surfactant solutions. 
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2.2 Nature of the surface flow 

It was concluded in the previous paragraph that the liquid system itself 

determines what the value of the relative surface expansion rate of the 

overflowing liquid will be. This is in contrast with the way in which most of 

the other surface dilational apparatuses mentioned in Chapter 1, operate. 

From a physical point of view Prins [3] distinguishes between three kinds of 

dilational deformations of a flat liquid surface: 

a) an area-driven surface deformation. In practice this deformation for 

instance occurs, when bubbles grow in carbonated beverages. The 

area-driven surface deformation can experimentally be accomplished by 

the maximum-bubble-pressure method. Another method to change the 

area under investigation in an area-driven experiment is by applying 

moving barriers in a Langmuir trough. Among others Van Voorst Vader 

et al [4] and Ronteltap [5] used varieties of this trough. It counts for all 

of these techniques that, of course within the experimental limits, the 

desired surface expansion rate can be imposed on the liquid system 

under investigation. 

b) a hydrodynamically driven surface deformation. This deformation is 

caused by the motion of the liquid in the close neighbourhood of the 

surface and takes for instance place during homogenizing, when 

bubbles are elongated and disrupted. When a surfactant solution is 

studied in the falling film apparatus, the surface of the vertical film is 

hydrodynamically driven. Due to the downward liquid flow the film 

surface at the top is expanded, whereas the surface at the bottom 

where the liquid falls into a vessel, is compressed. 

c) a surface tension gradient driven surface deformation. An example of 

this kind of deformation is the spreading of an oil droplet over the 

surface of an aqueous solution. 

It may be clear that the deformation of the horizontal surface of the 

overflowing cylinder is definitely not of the first category. Comparable with 
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the surface of the free falling film in the falling film apparatus, the surface of 

the wetting film on the outside of the cylinder is hydrodynamically driven. It 

will be explained in the next chapter that in the presence of surface active 

components this wetting film causes a surface tension gradient driven flow of 

the liquid at the top of the cylinder. So in essence the dilational surface 

deformation of the overflowing cylinder is a combination of a 

hydrodynamically- and a surface tension gradient driven deformation. This is 

indeed different from the operation of all other surface dilational techniques 

which were mentioned in chapter 1 . 

References Chapter 2 

[1] M.J. Boussinesq, Ann. Chim. Phys., 29 (1913) 349. 

[2] D.J.M. Bergink-Martens, H.J. Bos, A. Prins and B.C. Schulte, J . Coll. 
Int. S c , 138 (1990) 1. 

[3] A. Prins and D.J.M. Bergink-Martens, in E. Dickinson and P. Walstra 
(Eds.), Food Colloids and Polymers: Stability and Mechanical 
Properties, Royal Society of Chemistry, Cambridge, (1993), pp. 291 -
300. 

[4] F. van Voorst Vader, Th.F. Erkens and M. van den Tempel, Trans. 
Faraday Soc, 60 (1964) 1170. 

[5] A.D. Ronteltap, Beer Foam Physics, Ph.D. thesis. Agricultural 
University Wageningen, (1989). 



15 

Chapter 3 

Theoretical aspects 

The fluid dynamical behaviour of pure liquids in the overflowing cylinder has 
been analyzed numerically, whereas the behaviour of surfactant solutions has 
been studied by deriving an algebraic expression for the relation between the 
relative surface expansion rate and the surface tension gradient (§3.1). The 
behaviour of surfactant solutions can also be approached from the point of 
view of transport of surfactant from the bulk fluid to the expanding surface 
by means of diffusion and convection. Both the dynamic surface tension and 
the excess surface tension can be related to transport parameters (§3.2). The 
height of the overflowing meniscus above the rim of the cylinder is for the 
greater part determined by the value of the dynamic surface tension. The 
value of the excess height of the overflowing meniscus compared to the 
situation of zero flow, is probably no proper measure for the relative surface 
expansion rate (§3.3). In the last paragraph of this chapter the separate 
theoretical elements are joined in an overall description of the physical 
mechanism of operation of the overflowing cylinder technique, which is put 
forward as a hypothesis (§3.4). 

3.1 Fluid dynamics 

The fluid dynamical behaviour of Newtonian liquids in the overflowing 

cylinder will be studied theoretically by analyzing and calculating the physical 

parameters in their dependence on the boundary conditions at the free 

surface. For this purpose the following overflowing cylinder configuration is 

considered. 

Formulation of the problem 

A semi-infinite cylindrical tube is cut perpendicular to its axis. The cylinder is 

positioned vertically in the gravitational field, and hence the axis of the 

cylinder coincides with the direction of the acceleration of gravity. A 

Newtonian liquid is pumped upward through the cylinder under atmospheric 
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pressure p0 at room temperature T0. In this cylinder geometry a cylindrical 

polar coordinate system is introduced. The axis of the coordinate system 

coincides with the axis of the cylinder and the origin of the coordinate 

system is chosen at an arbitrary distance below the rim of the cylinder. At 

the "entrance" of the cylinder (z = 0) a parabolic velocity profile is imposed 

on the Newtonian fluid. Because of the symmetry of the flowfield only half of 

the velocity field has to be considered, as indicated in Fig. 3 .1 . The fluid rises 

in the cylinder at a relatively low but constant rate till slightly above the rim. 

Next the fluid flows over the edge and falls as a thin film downward along 

the outside of the cylinder. The flowfield of the cylinder is assumed to be 

completely laminar (see chapter 4). 

rmr, 
z=o m 

0 

v\ 

JlbJ 

Vo 

- » • r 

Figure 3.1: Half of the velocity field in a crossplane through the axis 
of the cylinder geometry. 

The incompressible viscous flow in the cylinder is governed by the 

conservation equation of mass 

_ I + _ 5 + _£ = 0 , 
or dz r 

(3.1) 

and by the three equations for the conservation of linear momentum: the 
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Navier-Stokes equations. Since the geometry is axially symmetrical and the 

f low is stationary, the Navier-Stokes equations reduce to 

dvr ^r 1 dp v — - + v—- = £• + v 
dr dz p dr 

i y \ 
V V - -1 

r r2 

(3.2) 

^z ^z 1 dp „2 
—£ + v —- = — + vV v -

dv, dv. 
, —£ + v 
r dr z dz p dz 

v r " ^ + vz—- = - - - T - + v v v - g. 

In these equations vr and vz are respectively the radial and vertical velocity 

components, p is the pressure, v the kinematic viscosity, p the fluid density, 

and g is the acceleration due to gravity. The symbol V2 indicates the Laplace 

operator 

T* d2 1 d d2 

" 2 + + . (3.3) dr2 r dr dz2 

The flowfield in the overflowing cylinder is quantitatively described by 

equations (3.1) and (3.2). If a proper set of boundary conditions is specified, 

it is in principle possible to solve these equations. 

Boundary conditions 

The first boundary condition follows from the no slip condition which applies 

to the inside and outside of the solid wall so 

vr = vz = 0 for r = R A r = R + Dw , (3.4) 

where Dw is the thickness of the wall. The second boundary condition follows 

from a free slip condition which is imposed on the axis of symmetry. The free 

slip condition implies that both the velocity norma! to the axis of symmetry 

and the normal derivative of the velocity tangential to the axis of symmetry 

are zero: 
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(ôv) 
(y) = 0 A —5 = O . (3.5) 
V r)r=0 fr 

What remains are the boundary conditions to be applied at the free surface. If 

surface active components are present in the overflowing liquid, a surface 

tension gradient may operate at the free surface. It is to be expected that in 

this practical situation the surface tension gradient will depend on r. Because 

of the fact that this is a complex configuration, two simpler systems will be 

considered here first: 

i) a system in which no surface tension is taken into account, and 

ii) a system in which a constant surface tension is incorporated (the 

surface tension gradient equals zero). 

A constant surface tension 

With respect to the systems i) and ii) Bos [1] obtained a numerical solution of 

equations (3.1) and (3.2). He analyzed and calculated the form of the fluid-air 

interface, the velocity field in the fluid, and the pressure distribution on a 

finite domain. In the solution procedure he made a choice for an explicit time 

dependent strategy. This implied that time dependent terms which were 

deleted in equations (3.2), had to be added again, yielding the time 

dependent Navier-Stokes equations. These unsteady equations were solved 

by an explicit Eulerian finite difference scheme on an orthogonal nonuniform 

Cartesian grid. The Newtonian liquid considered was pure water. At the start 

of the procedure the cylinder was filled to the rim with fluid and at time t = 0 

the f low was switched on by imposing the velocity profile already indicated in 

Fig. 3 .1 . Next the displacement of the free surface was tracked and the 

velocity field was calculated till after some time the flow converged into a 

steady state. He performed this type of calculation for several mass fluxes 

with and without surface tension. Some of the results of pure water at a 

temperature of 20 °C are presented below for a cylinder of radius R = 4 c m 

having a wall thickness of 2 mm. 



Theoretical aspects 19 

Figure 3.2: The velocity distribution in the surface of pure water; 
Q = 33.3 cm3/s. 

Fig. 3.2 shows the velocity distribution in the surface of pure water for a 

typical mass flow rate. In the vicinity of the centre of the circular meniscus 

the radial velocity appears to be linearly dependent on r. Consequently in this 

area the relative surface expansion rate given in eq. (2.2) can be simplified to 

dlivi/uV 
dv, 

dr r 
(3.6) 

Based on Fig. 3.2 the value of dlnA/dt in the vicjnity of the çenjre equals 

0.89 s"1 for Q = 7.6 cm3/s. In Fig. 3.3 the relative surface expansion rate at 

the centre of the surface is presented as a function of the mass flow rate. 

In Fig. 3.4 the overall radial velocity distribution in pure water is given. It is 

noticed from the figure that in the neighbourhood of the rim of the cylinder 

the maximum radial velocity occurs below the free surface. This implies that 

the bulk fluid drives the free surface and the surface layer via viscous forces. 

Further, in Fig. 3.5 Bos calculated the height of the centre of the meniscus 

above the rim of the cylinder, hdyn, as a function of the mass flow rate with 
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surface tension switched on and surface tension switched off. He noted that 

hdyn is strongly dependent on the value of the surface tension. 

Figs. 3.2, 3.3, and 3.5 will be compared with experiments in chapter 5. 

dlnA/df 

cm /s 

Figure 3.3: The relative surface expansion rate of pure water at the 
centre of the surface as a function of the mass flow rate. 
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Figure 3.4: The velocity distribution in pure water; Q = 7.6 cm3/s. 
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Figure 3.5: The height of the centre of the meniscus above the rim of 
the cylinder as a function of the mass flow rate through 
the cylinder with surface tension switched on and surface 
tension switched off. 

A surface tension gradient incorporated 

So far only the relatively simple systems i) and ii) have been considered. The 

latter system refers to pure liquids having a constant surface tension. In the 

overflowing cylinder the free surface of pure liquid systems is passive and the 

surface velocity distribution is dominated by the bulk flow. Due to the bulk 

f low the top surface is stretched nonuniformly. Near the rim of the cylinder 

the surface dilation is larger than in the centre. Hence, when liquids 

containing surface active components are introduced in the overflowing 

cylinder, the dynamic surface tension near the rim may be higher than in the 

centre. The creation of the surface tension gradient over the top surface may 

be strengthened by the condition of mechanical equilibrium with the vertical 

film surface (see §3.4). The resulting surface tension gradient changes the 

surface flow completely. The surface tension gradient influences a thin liquid 

layer on top of the bulk flow. Due to the surface tension gradient the thin 

surface layer is accelerated moving from the centre of the surface towards 

the rim of the cylinder. \n this steady state situation the resulting surface 

velocity will be considerably higher than in the absence of surfactants. 
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In order to obtain a quantitative insight in the region of influence of the 

interaction between the surface tension gradient and the surface flow Bos [2] 

performed a simplified analysis. In the analysis the stretching of the surface 

by the surface tension gradient was assumed to be the propulsion mechanism 

of the free surface flow. The influence of transport of surface active 

components to the expanding surface was left out of the analysis. 

One of the intrinsic properties of the liquid flow in the overflowing cylinder is 

the existence of a stagnation point. The stagnation point is located in the free 

top surface at the intersection with the axis of symmetry. It was noticed 

from Fig. 3.2 that in the vicinity of the stagnation point the calculated radial 

surface velocity of pure water is linearly proportional to the distance from the 

stagnation point. The experimental results of chapter 5 will show that this 

behaviour is not only found for pure water, but also for aqueous surfactant 

solutions. However, a large quantitative difference between the two systems 

is the constant of proportionality, since for surfactant solutions this constant 

is a multiple of the constant for pure water. In a first approximation to a 

description of the complete f low in the overflowing cylinder Bos analyzed the 

flow in the vicinity of the stagnation point, where due to the linear 

relationship between the surface velocity and the radial coordinate according 

to eq. (3.6) dlnA/dt is a constant. His analysis of the uniformly stretched 

surface was based upon the conservation equation of mass (3.1) and the 

Navier-Stokes eqs. (3.2). In the local area near the stagnation point Bos 

assumed a similarity solution. The vertical coordinate z was non-

dimensionalized by defining a new coordinate 17. Also a stream function f(^) 

was introduced, and the velocity components vr and vz were related to f(?;) in 

such a way that the conservation equation of mass (3.1) was satisfied. In a 

next step Bos expressed the Navier-Stokes equations (3.2) and the boundary 

conditions [2] in terms of f(17) and its derivatives. The Navier-Stokes equation 

for the radial momentum flux was solved by means of a 4 th order Runge-

Kutta scheme. The final solution showed the stream function f(r?) and its 

derivatives as a function of -q. 
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When a surfactant solution generates a surface tension gradient, a tangential 

shear stress is present in the free surface. The tangential shear stress is 

balanced by the viscous shear stress, yielding at the surface 

dv 
K d z , 

(3.7) 

where -qb is the dynamic viscosity coefficient of the bulk fluid. After having 

related vr to the stream function f(ij) and having found a solution for f(i/), Bos 

was able to rewrite eq. (3.7) as 

3 

- ^ = 0 .415 r J ^ (dkiA/dt)2. <3-8> 
dr v 

The validity of this equation is limited to the vicinity of the stagnation point. 

There dlnA/dt is a constant implying according to eq. (3.8) that, like vr, also 

dY/dr is linearly dependent on r in this area. Upon rewriting eq. (3.8) again 

the relative surface expansion rate can be expressed in terms of the surface 

tension gradient. Because of the fact that also for a zero surface tension 

gradient a non-zero expansion rate exists, it seems plausible to add a term 

{dlnA/dt}0 symbolizing the relative surface expansion rate of the pure liquid: 

dkiA/dt = (0.415 r faö) 3 f ^ l 3 + {&nA/dt}0. <3-9> 
\dr ) 

In the analysis mentioned above the surface tension gradient was assumed to 

influence a thin layer on top of the bulk flow. Bos found for the thickness ôQ 

of this layer 

_ ^ ^ _ . ( 3 . 1 0 ) 

yUllWuV 

Summarizing, due to the presence of a surface tension gradient for surfactant 

solutions in the overflowing cylinder the behaviour of the surface differs 
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considerably from the behaviour when dealing with pure liquids. The surface 

itself contributes to the surface flow and the magnitude of the resulting 

relative expansion rate is directly related to the magnitude of the surface 

tension gradient. 

3.2 Transport phenomena 

In this paragraph the behaviour of surfactant solutions in the overflowing 

cylinder will be approached from another point of view. Here the transport of 

surfactant from the bulk fluid to the expanding surface will be studied. 

Formulation of the problem 

The radial movement of the surface over the top rim of the cylinder leads to a 

constant discharge of surface active material. Assuming for the sake of 

simplicity that both the relative expansion rate dlnA/dt and the adsorbed 

amount of surfactant T are uniform over the surface, the amount of surfac

tant, ns, discharged per unit area A and unit time t is given by 

1 <K 
A dt 

= T dlnA/dt. (3.111 

At the same time surface active material is supplied from the bulk solution by 

means of diffusion and convection. Generally the system will not succeed in 

restoring the equilibrium situation, and consequently due to the surfactant 

depletion in the expanding area, the dynamic surface tension will be higher 

than the equilibrium one, as has already been noticed in chapter 2. However, 

because of the fact that the expanding surface is in a steady state, the 

amount of surfactant transported to the surface equals the amount that flows 

away over the rim of the cylinder. This situation forms the basis of the 

overflowing cylinder transport problem. 
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The surface Fourier number 

Prins [3] approached this problem by defining a dimensionless surface Fourier 

number, Fos, being the ratio of the potential supply rate of surfactant diffu

sing to the surface to the discharge rate of surfactant from the surface. He 

took the fraction I7t as an order of magnitude of the potential transport rate 

of surfactant to the expanding surface. He obtained an expression for I7t on 

the basis of the penetration theory, implying that only the diffusion part of 

the transport was taken into account. The penetration theory gives the 

distance / over which a substance, having a diffusion coefficient D, is 

transported in a time t: 

/ = yf^Dt . < 3 - 1 2 > 

Prins suggested that in the overflowing cylinder a surfactant, which is 

present in the bulk fluid to the concentration cb, has to travel over a distance 

/ = r/cb in order to accomplish an adsorption T at the surface. It follows from 

the equation of the two length scales that 

r2 

—- = nDt. (3.13) 
cb 

Now the expression for the potential transport rate easily follows from eq. 

(3.13): 

L = Jl (3.14) 

t r 

According to eq. (3.14) the potential transport rate increases proportional to 

the square of the concentration in the bulk. Using eqs. (3.11) and (3.14) 

Prins introduced the surface Fourier number 

e, potential supply rate 2 ft D 
Fos = y ££-*• = cb

z— . (3.15) 
discharge rate I^dhvi/dr 

For high values of Fos the dynamic surface tension of the expanding surface 
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will be relatively low, or even approximate to the equilibrium value. Prins 

calculated the value of Fos for various concentrations of a commercially 

available Teepol solution in water. He noticed that both 7dyn and the 

foamability of the dilutions are related to the value of Fos to the effect that 

with increasing Fos the foamability increases, whereas 7dyn decreases. In this 

way the surface Fourier number is a measure for the diffusion efficiency of a 

surfactant to the expanding surface of the overflowing cylinder and a para

meter in describing the value of its dynamic surface tension. 

The magnitude of the excess surface tension 

Starting from basically the same problem as Prins, Van Voorst Vader [4] 

studied the magnitude of the excess surface tension A7 (= 7dyn - ye) during 

continuous expansion of a liquid surface. Experimentally he accomplished a 

continuous surface expansion by means of moving barriers in a Langmuir 

trough. Theoretically he succeeded in relating the resulting deviation in 

surface tension, A7, with the relative rate of expansion of the surface, 

dlnA/dt. He considered solutions of non-ionic, non volatile surfactants, and 

both diffusion and convection of the surfactant were taken into account. 

Further, he assumed instantaneous equilibrium between the surface and the 

sub-surface layer. The final expression Van Voorst Vader obtained, is based 

upon eq. (3.11) as well as upon the following four equations, 

i) The Szyszkowski equation 

YL - ye = RTT„Hl + - ) , <3-16) 
a 

where yL is the surface tension of the pure solvent, r«, symbolizes the 

saturation adsorption of the surfactant, a is a constant, and R and T are the 

gas constant and the absolute temperature respectively, 

ii) The Langmuir equation 

r = r „ —^— (3.17) 
a + cb 
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gives the relative surfactant adsorption r at the bulk concentration cb. The 

surfactant adsorption at the expanding surface is also given by this equation 

provided that the sub-surface concentration c0 is substituted for cb. 

iii) The diffusion equation 

± £ = D — (3.18) 
A dt dz 

with z again the coordinate perpendicular to the horizontal top surface. This 

equation reflects that the increase in the amount of surfactant adsorbed at 

the surface is caused by diffusion. 

iv) The so called equation of convective diffusion. By changing the surface 

area, convection is introduced, and this convection must be accounted for in 

the diffusion equation. For an incompressible fluid in a steady state the 

equation of convective diffusion reads 

D^C - v V c (3-19> 

with v the liquid velocity vector and the symbol V2 indicating the Laplace 

operator. Van Voorst Vader neglected horizontal components of the 

concentration gradient, yielding the following simplification of equation (3.19) 

T^ &C ÔC 

D — = v — . (3.20) 
dz2 dz 

In a Langmuir trough the z-component of the liquid velocity in a thin layer 

immediately below the surface equals 

vz = -dkiA/dt • Z, (3.21) 

and consequently eq. (3.20) can be rewritten as 

D &£. = -dh\A/âî • z —. (3.22) 
dz2 dz 

By repeated integration of eq. (3.22) Van Voorst Vader obtained an 

expression for the difference in concentration between the bulk and the sub-
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surface layer. The excess surface tension was found by combining this 

expression with eq. (3.11) and the equations under i) up to and including iv). 

The final result was 

AY = RT r„]n. 2(1 + Q) 

(1 + Q - P) + ^(l - Q + pf + 4<2J 
(3.23) 

where the dimensionless quantities Q and P have been introduced to simplify 

the equation; 

cb r_ 
a a\ 2D 

% • dlnA/dt (3.24) 

Van Voorst Vader obtained a good fit between experimentally observed 

values of the excess surface tension and those calculated by eq. (3.23). So 

he concluded that the theory he developed is essentially correct. 

The question is whether this theory may be applied to the expanding surface 

of the overflowing cylinder as well. Of course, the validity of the equations 

under i), ii), and iii) are not limited to a specific apparatus. The equation of 

convective diffusion, eq. (3.19), reads for the cylindrical polar coordinate 

system of the overflowing cylinder 

D ( 1 i a 
+ — + 

2 r dr 

a2 

dz2) J 
f = v. 

de 

dz 
+ v. dr' 

(3.25) 

where eq. (3.3) for the Laplace operator has been used. Also in this case the 

horizontal components of the first- and second derivative of the concentration 

may be neglected compared to the vertical components, again yielding the 

simplified eq. (3.20). Further, from a combination of eq. (3.1) of the 

conservation of mass and the expression for the relative surface expansion 

rate eq. (2.2) it easily follows that eqs. (3.21) and (3.22) are also applicable 

to the expanding surface of the overflowing cylinder. The conclusion may be 
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drawn that the relations which led to the final expression Van Voorst Vader 

obtained for the Langmuir trough, are valid for the expanding surface of the 

overflowing cylinder as well, implying that also the final result itself, 

expressed by eqs. (3.23) and (3.24), can be applied to the overflowing 

cylinder. 

Summary 

Now two approaches to discussing experimental results of the overflowing 

cylinder within the framework of the transport phenomena at the expanding 

surface are available. Firstly the magnitude of the dynamic surface tension 

can be studied in its relationship with the surface Fourier number Prins 

defined, and secondly the obtained value for the excess surface tension can 

be compared to the theoretical value which follows from the theory Van 

Voorst Vader developed. In chapter 5 both approaches will be used to 

discuss the experimental data. 

3.3 The height of the meniscus 

For pure liquids in the overflowing cylinder Bos [1] is able to calculate the 

form of the fluid-air interface from the numerical solutions of the Navier-

Stokes equations (see §3.1). He noted that the height of the centre of the 

meniscus above the rim of the cylinder, hdyn, is strongly dependent on the 

value of the surface tension. For surfactant solutions in the overflowing 

cylinder no calculated values of hdyn are available. However, despite realizing 

that the horizontal velocity profile in the meniscus differs from the one of 

pure liquids, analogous to the case of pure liquids the value of hdyn may 

expected to be dependent on the value of the surface tension of the expan

ding surface. In this paragraph a simple relation between hdyn and 7dyn will be 

deduced. 
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The equilibrium meniscus 

First consider the cylinder to be filled till above the rim on condition that just 

no overflow takes place. In this equilibrium situation the curvature of the 

meniscus gives rise to an overpressure in the fluid meniscus to the extend of 

the Laplace pressure difference AP: 

AP = 
11 l" 

— + — 
yR

a 
Ru 

(3.26) 

Here Ra and Rb are the principal radii of curvature of the equilibrium meniscus. 

If this were a situation of capillary rise, the Laplace pressure difference would 

equal the pressure of the fluid risen to height h in the capillary, according to 

AP = pgh. (3.27) 

In fact analogous to capillary rise the height of the equilibrium meniscus of 

the overflowing cylinder is such that the pressure of fluid in the meniscus 

equals the Laplace pressure difference. So eq. (3.27) is also valid for the 

height he of the meniscus above the rim of the cylinder, when just no 

overflow takes place. Combining eqs. (3.26) and (3.27) gives the following 

expression for the height of the equilibrium meniscus 

PS 

1 1 
— + — 

v * Ru 
• yt 

(3.28) 

The overflowing meniscus 

When the liquid is allowed to flow over the rim of the cylinder, the curvature 

of the meniscus will change. In Fig. 3.6 the principal radii of curvature of the 

overflowing meniscus, R, and R2 , are shown for the axially symmetrical 

configuration of the overflowing cylinder. Besides that the value of the 

surface tension of the continuous expanding surface will generally be higher 

than the equilibrium value. By adding to eq. (3.28) a term Ahf,ow representing 
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the excess height due to the flow of liquid and by replacing ye by Ydyn, and Ra 

and Rb by R, and R2 respectively, the following expression for hdyn is 

obtained: 

%n 
J_ 
PS 

1 1 
— + — N Idyn + AhfloW (3.29) 

The first term on the right hand side of eq. (3.29) is the height of the 

imaginary meniscus of zero flow, not to be confused with the equilibrium 

meniscus. The principal radii of curvature of the equilibrium meniscus are Ra 

and Rb and its surface tension is the equilibrium surface tension, whereas the 

meniscus of zero flow is supposed to have the same curvature and dynamic 

surface tension as the overflowing meniscus. 

Fig. 3.6: The principal radii of curvature of the fluid meniscus, /?, 
and R,. 

It has to be noted that possible effects on hdyn of a surface tension gradient 

present on the surface have not explicitly been accounted for in eq. (3.29) 

assuming that these effects are small. 

The relation between hdyn and 7dyn will be studied experimentally in chapter 5 

for different surfactant solutions at a fixed flowrate in order to verify eq. 

(3.29). 
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The excess height 

Joos [5] used the value of the excess height, Ahf,ow, as a measure for the 

relative expansion rate of the expanding surface of his overflowing funnel. 

Similar to eq. (3.29) he defined Ah f low as 

A V = hdyn - V <3-30> 

however, without giving an expression for the height of the meniscus of zero 

f low, h0. Joos stated that the volume of liquid, V, flowing over the rim of the 

funnel equals 

V = A-MfloW> < 3 - 3 1 > 

and consequently the flowrate through the funnel can be given by 

dA 
dt Q = AhfloW • —> <3-32> 

resulting in the following relation between the relative surface expansion rate 

and Ah f low: 

d l l L 4 / d f = "I TU • (3-33) A •A v 
This relation has been based on two assumptions which are both invalid for 

the overflowing cylinder according to the information given in this chapter. 

Firstly Joos attributes the transport of fluid only to the excess height Ahf,ow, 

whereas Fig. 3.3 shows that the entire meniscus contributes to the transport. 

Even the radial velocity of the fluid below the level of the rim of the cylinder 

has a finite value. Secondly Joos assumes that the radial velocity of the fluid 

in the entire volume of height Ahf,ow equals the velocity of the surface. This 

may approximately be the case for pure liquids in the overflowing cylinder, 

but is invalid for surfactant solutions, when a surface tension gradient is 

present over the surface. In that case, according to eq. (3.7), the tangential 

shear stress at the surface is balanced by the viscous shear stress yielding a 

normal derivative of the radial velocity which is definitely not zero at the 
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surface. So eq. (3.33) is unlikely to be accurate enough for Ahflovv to serve as 

a measure for the value of the relative expansion rate of the surface of the 

overflowing cylinder. 

3.4 Physical mechanism of operation 

In the last paragraph of this theoretical chapter an overall description of the 

physical mechanism of operation of the overflowing cylinder technique will be 

put forward as a hypothesis. The various elements which have been dealt 

with seperately in the previous paragraphs will be joined here, and their 

mutual relationschips will be described. So this paragraph will try to give an 

answer to the question how and why the fluid flows over the rim of the 

overflowing cylinder. 

Surfactant solutions in the overflowing cylinder behave fundamentally 

different from pure liquids, because only a fluid containing surface active 

material is able to create a surface tension gradient, which may have enor

mous effects on the fluid behaviour. For that reason the two systems will be 

elucidated here separately. 

Pure liquids 

In the case of pure liquids the dynamic surface tension of the continuous 

expanding surface equals the equilibrium value. This value is assumed to 

determine, for the greater part, the value of hdyn, as has been stated in the 

previous paragraph. Since the free surface is not able to create a surface 

shear stress, a viscous shear stress can not be compensated for. Conse

quently according to eq. (3.7) the normal derivative of the radial velocity of 

the surface is zero: 

(dv) 
111 = 0. (3-34) 
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Apart from the pumping action, the only force driving the overflowing liquid 

is the gravitational force. During the steady state of flowing the meniscus 

must be slightly higher in the centre than near the rim of the cylinder, so that 

the fluid is forced into the direction of the rim in the gravitational field. The 

wetting film on the outside of the cylinder falls in the gravitational field as 

well. Since according to eq. (3.34) the radial velocity of the sub-surface layer 

equals the velocity of the surface, the velocity profiles must be as indicated 

in Fig. 3.7. The velocity profile of the horizontal top surface is similar to the 

one calculated in Fig. 3.4. Both the horizontal top surface and the film 

surface are driven by the sub-surface layers via viscous forces. The 

conclusion may be drawn that in the case of pure liquids in the overflowing 

cylinder the bulk drives the surface. Consequently the continuous expansion 

of the top surface can be categorized as a hydrodynamically driven surface 

deformation. 

axis 

Fig. 3.7: Illustration of the physical mechanism of operation of the 
overflowing cylinder for pure liquids. 



Theoretical aspects 35 

Surfactant solutions 

If a surfactant is added to the liquid in the overflowing cylinder, the free 

surface will be able to generate a surface shear stress which compensates for 

a viscous shear stress. This implies that eq. (3.7) has to be used, and 

consequently at the surface the normal derivative of the radial fluid velocity 

may deviate from the zero value. In order to be able to explain how the 

overflowing cylinder operates in this situation, it is necessary to go into more 

details about the wetting film first. 

boundary 
layer 

L crit. 

Fig. 3.8: Cross-section of the wetting film indicating the boundary 
layer and velocity profiles at various heights (not to scale). 



36 Chapter 3 

The downward flow of liquid in the wetting film on the outside of the cylinder 

is influenced by a boundary layer which is built up along the wall. The 

boundary layer gradually covers a bigger part of the film, until the boundary 

layer reaches the film surface at a length Lcrit. At this length the boundary 

layer has become of the same thickness as the wetting film. In one of the 

papers preceding this thesis Bos [6] derived the following expression for Lorit: 
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where vs° and óQ are respectively the surface velocity and the thickness of 

the wetting film near the rim of the cylinder as defined in Fig. 2.3. The order 

of magnitude of Lcrit is a few centimeters. Fig. 3.8 shows which velocity 

profiles may be present in the wetting film at various heights. Following the 

wetting film on its way down, the boundary layer gradually influences a 

bigger part of the velocity profile. From the length Lcrit on the presence of the 

boundary layer determines the velocity of the wetting film completely 

resulting in a half parabolic velocity profile. In Fig. 3.8 the shaded part of the 

wetting film may be considered the free falling part of the film. As long as 

the length L of the wetting film is smaller than Lcrit, the volume, and 

consequently also the weigth, of the free falling part can be varied by 

changing L. The length L can be imposed on the liquid in the overflowing 

cylinder by changing the total amount of fluid present in the system, as has 

been explained in chapter 2. While L is increased to values larger than Lcrit the 

weight of the free falling part of the wetting film stays the same. The weight 

of the free falling part of the wetting film is assumed to determine the 

behaviour of the expanding top surface via the creation of a surface tension 

gradient in the following way. 

The free falling part of the film exerts a gravitational force on the vertical 

surface, which is expanded very rapidly, causing the dynamic surface tension 

to be higher near the rim of the cylinder than at a distance Lcrit from the rim. 


