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. Het verdient aanbeveling de treinreiziger die alleen via een omweg zijn

bestemming kan bereiken een vergoeding voor het ongemak aan te bieden, in

plaats van de extra railkilometers in rekening te brengen.
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ABSTRACT

Scheut jens, Jan M.H.M., Laboratory for Physical and Ceolloid Chemistry,
Agricultural University, Wageningen, The Netherlands.

MACROMOLECULES AT INTERFACES; a flexible theory for hard systems.
Ph.D. Thesis, Agricultural University, Wageningen, (19853).

168 + 8 pages, 61 figures, 4 tables. English and Dutch summaries.

A statistical theory for flexible macromolecules at interfaces has been devel-’
oped. The theory 1s based on a lattice model in which the equilibrium set of
molecular conformations in a concentration profile is evaluated, using a self-
consistent procedure. In this way, the Flory-Huggins theory for polymer solu-
tions 1is extended to inhomogeneous solutions of macromolecules without any
additional assumption. Apart from the Flory-Huggins polymer-solvent interac-—
tion parameter Y%, a similar parameter Ag is used to describe the interaection
of polymer segments with a sclid interface. The average number of molecules in
each particular conformation can be computed, so that a very detaliled picture
of the interfacial structure is obtained. Thus also the traln, loop, and tail
size distributioms of adsorbed polymer canm be calculated. In prineiple, there.
are no adjustable parameters in the theory. Moreover, there are no restric-
tions on the system parameters such as polymer concentration, chain length,
number of species in a mixture or solvent quality, although in some cases
numerical problems may occur. Results are given for adsorption of homopoly-
mers, polydisperse polymer, polyelectrolytes, and star-branched polymer, for
the structure of lipid bilayers and of the amorphous phase of semicrystalline
polymer, and for the Interaction between surfaces due to the presence of
adsorbing or nonadsorbing polymer. Available experimental data on adsorption
isotherms, bound fraction, layer thickness, surface fractionation, steric
stabilization, and pelymer bridging agree very well with the theoretical

predictions.

Free descriptors: polymer adsorption theory, lattice wmodel, polymer chain
statistics, step weighted walk, adsorbed chain conformation, macromolecular
interfacial structure, segment density distribution, polymer concentration
profile, polymer adsorption isotherm, surface tension, steric stabilization,

flocculation, polymer bridging, surface fractionation.
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1 INTRODUCTION

1.1 GENERAL

The subject of this study is the behaviour of linear, flexible polymer
molecules at interfaces. A new statistical theory has been developed, which
gives a very detailed picture of the equilibrium state of the interfacial
region. The basic concept of this theory is applicable to all systems in-
volving concentrated inhomogeneous distributions of polymer molecules in
thermodynamic equilibrium.

Polymer adsorption from solution is a very universal phenomenon. Many
applications are based on the repulsive or attractive forces between two
polymer layersl-

In food technology and pharmacy the utilization of natural polymers like
polysaccharides and proteins as stabllizers for emulsions is widespread.
Other examples where the stabilization of colloids plays a major role are
pesticides, cosmetics, paints and inks.

Destabilization of dispersions occurs often at low concentrations of
polymer and is important in mineral processing and water purification. This
phenomencn 1s called flocculation, since one of the essential steps is the
forming of large floes with a loose but stable structure. The capablility of
inducing floe formation makes polymer wvery helpful for the improvement of
5011 structure.

Polymer adsorption and adhesion are operative in biological systems and
interfere with many processes used in polymer technology. It is crucial in
the production of magnetic tapes, rubber coatings for tires, and for the
operation of gum erasers.

Most applications have been developed without insight into the underly-
ing mechanisms. Some 30 years ago the knowledge about polymer adsorption was
very poor, but it has increased steadily over the last decadesz- In view of
the diversity of materials, the lack of suitable experimental techniques and
the complexity of polymer adsorption, it is not surprising that in most

cases a comparison between theoretical and experimental results show only



qualitative agreement. A detailed description of polymers at interfaces is
therefore of extreme importance for all applications mentioned above. A
quantitative prediction of the forces between two polymer covered colloidal
particles hinges on the knowledge of the exact shape of the polymer layers
in interaction. Due to the thermal motion of the flexible polymer molecules,
this shape is statistically determined and hence, a theory for polymer ad-

sorption is necessarily based on statistical methods.

1.2 POLYMER STATISTICS

1.2.1 Polymers

A flexible, linear polymer molecule consists of a chain of monomer

units. A variety of polymers exists3

« The namber of units in a c¢hain may be
as large as 105, but is usually between 10% and 10%. Molecules with less
than around 100 units are called oligomers.

For homopolywers the repeating units are all identical, whereas co-
polywers have two or more different types of monomer units in sequences that
are elther systematically (synthetic altermate and block copolymers, but :
also natural macromolecules like DNA, RNA, and proteins) or statistically
(random and blocky copolymers) arranged. Polyelectrolytes contain units that
are electrically charged. According to the nature of the charges the poly-
electrolyte is either weak or strong.

The primary structure of flexible polymers 1is not always strictly
linear. Some polymers are branched (irregular, star- or couwb-like) and a
special class is formed by the ring polymers.

In a homodisperse polymer sample all chains have the same number and
type of monomer units. Most synthetlc and many biological polymers are poly-
disperse: they have a statistically determined chain length distribution.
The term heterodisperse 1is used to refer to a distribution in monomer
sequences in random and blocky copolymers.

Solution and adsorption properties of polymers depend largely on the
characteristics of the chains and a general theory for macromolecules at
interfaces must be able to incorporate the main features of each polymer

type in order to predict its behaviour in real systems.




1.2.2 Polymers in solution

The solubility of macromolecules is low, due to their high molecular
weights. A polymer chain in solution interacts simultaneously with a very
large number of solvent molecules. Because of the rotational freedom of the
chemical bonds between the monomer units the chain can assume a large number
of different spatial arrangements and its shape is continually changing by
thermal motion. For sterical reasons each bond has a small number of prefer-
red rotational angles which determine the main permissible distributions,
called conformations, of the chain. The number of conformations is extremely
large. For example, if for a chain of X monomer units each bond has on the
average three preferred angles, the number of conformations is 3x_1, which

is approximately 10x/2.

Even for polymers with only 100 monomer units per
molecule this number is already as high as 2.1047. Since it is impossible to
consider every permissible conformation individually, a statistical approach
must be adopted.

The shape of the macromolecules is a weighted average of the shape of
their conformations. Energetically favourable conformations have a relative-
ly high probability. Specific interactions between monomer units, such as in
proteins, have a strong influence and reduce the number of significant con-
formations considerably. Therefore, proteins are relatively rigid, whereas
most homopolymers are flexible.

Much theoretical work has been done on the average shape of homo-

polymers4

. To some extent, they can be described as a sequence of identical
and rigid segments with bond angles that can assume any value. The length of
a segment and the number of segments per chain are adjusted such as to mimic
the length and flexibility of a real chain. Thus, with increasing flexibili-
ty of rthe real chain, the number of segments increase and their length de—
creases. Typlcally, each segment represents 2 to 5 monomer units.

1f the segments are infinitely thin, there is no excluded volume for the
segments and the conformations of the chain can be simulated by random
walks. The average shape of such a chain is that of a random coil. The
radius of gyration of such a coil, for a chain of r segments, is proportlion—

0.5

al to r”°”. However, a real poelymer chain has a finite thickness and it is

clear that two monomer units will never occupy the same volume. Hence, self-

5

avoiding walks are more appropriate. Computer simulations indicate” that a

chain of r spherical segments has a radius of gyration proportional to r0'6-



For finite chains the exponent depends on the ratio between length and
thickness of a segment and, for various geometries, it has a value bhetween
0.5 and 0.6. The volume of the chain acts as a repulsive force between the

segments which causes the coll to expand.

Although locally the chains are always self-avoiding, the overall con-

formation of the chain depends also on the solvent quality. There are two
cases In which a polymer coil has the dimensions of a random walk: in pure
liquid polymer and in an ideally poor or ©-solvent at low concentrations of

1:><:-lyme1:5

« In liquid polymer the repulsive force between segments of the same
chain equals that between segments of different chains. Coil expansion does
not decrease the total repulsion, but merely the number of conformations.
Only the entropy determines the average conformation. At low concentrations
in a ©@-solvent the hard core repulsion between the segments is compensated
by a mutual attraction, or equivalently, by a repulsion between segments and
solvent. Obviously, this latter repulsion decreases with decreasing solvent
concentration, hence, with increasing polymer concentration. Consequently,
in a ©-solvent, the coll expansion as a function of polymer concentration
exhibits a maximum and it 1is zero in very dilute solutions and in pure

liquid polymer.

The solvent quality is determined by the net interaction between seg- '

ments and solvent. The free energy of mixing of polymer and solvent has been

extensively examined by Flory and Huggins, who approximated the solution by !

a sgemicrystalline lattice. They introduced the parameter %, which gives the
interaction energy difference (in kT units) when a solvent molecule is
transferred from pure solvent to liquid polymerl*. For an athermal salvent
¥ = 0 and it increases with decreasing solvent quality. The entropy of
mixing was calculated by evaluating the number of distinguishable ways in
which a given number of solvent molecules and sequences of segments can be
placed in the lattice. It appeared that ¥y = 0.5 for a G-solvent. In a worse
than O-solvent (% > 0.5) the polymer is not soluble at all concentrations
leading to phase separation domains. For y < 0.5 the solution is thermo-
dynamically stable at all concentrations.

A lattice model 1is especially suitable for quantitative comparisons
between free energies under different conditions. The set of possible con-
figurations on a lattice comprises a representative sauple of the infinite

number of spatial distributions in a real system.




1.2.3 Polymer adsorption

Flexible polymer wmolecules are able to adjust their conformation in the
presence of an interface such as to maximize short ramge interactions
between polymer segments and the surface. The attraction between segment and
surface is multiplied by the large number of adsorbed segments per polymer
chain so that a strong attractive force per molecule is present, even when
the contribution per segment is only small. If enough surface area is avail-
able, each single chain in the system will be adsorbed. In this case the
adsorbed macromolecules are so far apart that they do not affect each other
{(isolated chains). The spherical shape of the polymer coils in solution
changes drastically upon adsorptioné’j.

A very elegant model for the description of the adsorption of isolated
chains is that of DiMarzio and Rubin6’7, who developed a matrix method for
the generation of all conformations, with their appropriate probabilities,
of a chain near a wall. As in the Flory-Huggins model, they represent the
conformations of the chain by random walks on a lattice. Each step in or
towards a lattice layer adjoining the wall simulates a segment in contact
with the surface and hence, is assigned a weighting factor eXp(XB), where
—Xg is the adsorption energy per segment (in kT units).

This and other models predict that most of the segments of isolated
adsorbed homopolymers form long sequences, 'trains', in contact with the
surface. The trains are interconnected by short 'loops' of segments sticking
into the solution. The chain ends are either adsorbed or form dangling
‘tails'. The average conformation of an adsorbed chain depends on the ad-

sorption energy. If %, is below a critical value ¥ the polymer does not

sc?
adsorb, whereas a value slightly above x,. causes the chain to adsorb in a
very flat conformation with long traims, short loops, and hardly any tail.
The cricical adsorption energy Yge is the energy per segment that just com—
pensates the conformational entropy loss of the chain when its shape changes
from a 3~-dimensional coll to a 2Z-dimensional conformation parallel to the
surface.

If the surface is saturated with polymer, the segments have to compete
for surface sites. With increasing polymer concentration, the fraction of

1. The first ctheories on polymer

segments in loops and tails will increase
adsorption at high concentrations calculate the number and lengths of loops

by minimizing the free energy of an adsorbed polymer layer with a predeter-



mined shape of the segment density profile in the loop region. For instance,

8

Silberberg” used a constant loop density and Hoeve9 an exponential decay.

For computational reasons, tails were not taken into account.

A few lattice models allow for the computation of segment density pro-!

10

files at high concentratlon: that of Mackotr and Van der Waals for ad-!

sorption of rigid rods, of Ash et al-l1 for adsorption of very short flex-i

ible oligomers, and that of Roel? for flexible nomopolymers. The most ad-
vanced theory is that of Ash et al., but it suffers from severe computation—
al problems. Only results for chains not longer than tetramers have been
obtained. The Roe theory applies for relatively thin adsorbed polymer
layers, with most of the segments in trains. This theary is not adaptable to
copolymers or special chain structures like branches and it gives no inform-
ation on the average conformation of the adsorbed polymer in terms of train,

loop, and tail distributions.

1.2.4 Reversibility of polymer adsorption

Theories that are based on equilibrium thermodynamics are not very use-—
ful for systems in which the establishment of equilibrium is very slow. A}
rather common opinion is that adsorption and desorption of polymer are very1
slow processes. Evidence that seems to support this view is amply avallable:
the adsorbed amount often increases slowly in time, even on a time scale of
weeks and once adsorbed, polymers are difficult to desorb by dilution. An-—|
other problem is that the amount adsorbed per surface area often increases
with increasing volume of the equilibrium solution. Because of these 'arte—.
facts' many experimental data were not very reproducible and polymer ad-
sorption was considered to be irreversible.

Fortunately, it has been shown recently that many of the apparent irre-

versibility effects are now quantitatively explainable using simple argu-
13

ments "« The most important parameter which has often been overlooked is the
polydispersity of the polymer. From dilute and semidilute solutions of a
polydisperse sample, long chains adsorb preferentially over shorter ones.
When the surface is saturated with polymer, the chains are cowpeting for
surface sites and small differences in chain length will discriminate
between 'winners' (long chains) and 'loosers' (short chains). The resulting

fractionation process may take a long time, because the diffusion of a small



fraction of very long chains towards the surface through a high concen-
tration of lower molecular weight polymer is slow. Thus, the average mole-
cular weight of the adsorbate increases slowly with time, due to the dis-
placement process. The variation in adsorbed amount reflects the molecular
weight dependence of the adsorption. If the latter is weak, displacement
still occurs, but it does not lead to a higher adsorption.

Adding more polymer, either by increasing the solution concentraticen at
constant volume or increasing the solution volume at constant concentration,
is tantamount to introducing new winners and the composition of the adsor-
bate will change again. On the other hand, removing polymer from the solu-
tion, which contains only loosers, does not affect the interface. Hence, the
hysteresis after addition and removal of the same amount of polymer is
caused by a difference in composition of these polymer fractions and conse—
quently, this hysteresis does not detract from the reversibility of polymer
adsorption.

Strong evidence that polymer adsorption is reversible is also available.
Apart from the quantitative prediction of polydispersity effects while as-
suming complete equilibrium, polymer adsorption is usually reversible with
respect to changes in solvent type, pH, and salt concentration. Hence, theo—
ries on equilibrium thermodynamics are in most cases appropriate and poly-
dispersity effects should be taken into account when the polymer is not

homodisperse.

1.2.5 Steric stabilizacion and flocculation

Polymer adsorption has a very pronocunced effect on the stability of
colloidal systemsl. A strong interaction between polymer covered particles
arises as soon as adsorbed polymer layers overlap each other. In a betcer
than O-solvent cthis interaction is repulsive and Increases the stability of
the dispersion, whereas in a worse than O-solvent the force is attractive
and flocculation ensues.

Loops and tails protuding from one particle may form bdridges by adsorb-
ing on free surface of another particle, inducing an attraction between
these surfaces. For flocculation to be effective the net interaction between
the particles must be attractive. Tf the particles are stabilized by elec-
trostatic forces, the loops and talls must protude beyond the double layer



]

8

in order to reach the opposite surface. & thick polymer layer is not con-—
sistent with free surface on the particles, hence flocculation occurs only
over a limited range of surface coverages. Bridging works most efficiently.

when fully covered particles are mixed with an equal portion of uncovered
14

particles

For a quantitative evaluation of the interaction between two adsorbed
polymer layers, the segment density profiles and the conformations of the:
polymer must be known as a function of the particle separation.

DiMarzio and Rubin15

have adopted their matrix model for one chain be-
tween two plates and showed that the interaction between the surfaces is
repulsive for non-adsorbing polymer (xs < xsc) and attractive for adsorbing
polymer (xs > %gp)» independent of the interplate distance.

For real systems one expects a repulsive force at small surface separa-
tions if the amount of polymer between the surfaces remains constant, since
polymer occupies a certain velume. Hence, a single chaln model 1s not able

to predict essential characteristics of a many chain system. A quantitative

model should give information for high surface coverages.

1.3 PURPOSE AND BASIC CONCEPTS OF THIS STUDY

The aim of the present study is to develop a theory that gives a detail—:
ed description of the behaviour of macromolecules at interfaces. For polymer
between two surfaces, the model must be able to predict steric stabilization
and flocculation quantitatively.

The lattice model of DiMarzio and Rubin]'5 1s chosen as a starting point,

since it allows to obtain all relevant informaticen about the chain conforma-

tions, is not rtestricted to homopolymers, and the generation of conforma-%
tions is much simpler than in the theory of Ash et al.ll.

The most important problem is to incorporate the volume of the E:egmem:s‘E
so that each lattice site is not occupied by more than one segment at a
time. In the model of DiMarzic and Rubin, this volume exclusion is neglect-
ed. Consequently, all steps have the same probability, except steps in or
towards a surface layer where the adsorption energy is operating. In a so—
phisticated model, all steps into a lattice site already occupied by a seg-
ment have to be prohibited. An exact solution of this problem 1is not yet

feasible. An approximate solution {is possible by using a mean field ap-




proach. Then the assumption is made that the probability that a site on
distance 1 from a surface is occupied is equal to the average wvolume frac-
tion ¢; of segments at distance i. This leads to a weighting factor 1 - by
for each step in or towards layer i. In this way a step into a region of
high segment density becomes less probable and the generation of conforma-
tions via random walks is shifted, to some extent, towards that via self-
avoiding walks. The volume fraction ¢; is to be obtained by the matrix meth-
od, where the matrix is now a function of all ¢;'s. A self-consistent solu-
tion can be found numerically.

When two surfaces approach each other and the polymer remains adsorbed,
the volume fractions ¢; increase and eventually the step probabilities de-
crease rapidly. The result 1is that the force between the surfaces is always
repulsive at short separations. At the minimum possible distance cthere is
only polymer in the gap (¢; * 1), the step probabilities are essentially
zero and the force is infinite.

Physically, the relation hetween step probability and volume fraction
simulates segments competing for surface sites. An interesting consequence
1s that adsorption of many chains on one plate can be studied using the same
model. For example, adsorption isotherms can be computed over the entire
concentration range, from zero up to liquid polymer, and for any chain
length.

The model as given above, applies to athermal solvents, i.e., when the
energy of a segment does not depend on the local concentration of other
segments. For other solvents the net interaction energy between segments
gives rise to another Boltzmann factor in the step probabilities, similar to
the factor exp(xs) for the adsorption energy. According to the theory of

Flory and Huggins4

the interaction energy of a segment at 1 equals
-x<$;> kT, where y is the polymer-solvent interaction parameter and <$;> is
the average volume fraction of segments arcund a site at i. In fact, a seg-
ment competes with a solvent molecule for a lattice site. Since a step cor-
responds to the replacement of a solvent molecule by a segment the total
energy change 1is —21<¢i> kT and hence, the Boltzmann factor becomes
exp(2x<¢i))- As discussed in section 1.2.2, in a O-solvent the interaction
energy compensates the repulsive volume forces between the segments at low
concentrations. In such a solvent ¥ = 0.5 and if the step probabilities for
steps not touching the surface are set equal to (1l-¢;)exp(2x<6;>) the expo-

nent indeed cowmpensates the decrease of the factor 1—¢i at low concentra-
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tions in a ©-solvent. In this way the salvent quality as expressed by the
x—-parameter is incorporated in the theory.

In order to give the theory a sound thermodynamie basis, a partition
function has been derived irom which the step probabilities can be found

directly, using a statistical thermodynamic procedure (see chapter 2).

1.5 COMPUTATIONAL PROBLEMS

The first computer program that solved the implicit equations was based
on a primitive iteration scheme and performed several hundreds of iterations
for polymer chains up to 40 segments long. For a chain of r segmeats, a
series of r2/2 matrix-vector multiplications was necessary for each itera-
tion. Fortunately, a considerable simplification of the DiMarzio-Rubin equa-
tions was possible (see the appendix of chapter 2) that reduced the number
of matrix-vector multiplications to r per iteration.

The number of iterations could be decreased by using the Newton-Ralphson

method, for which a good initial starting point is necessary. Such a start-

ing point can be obtained from the polymer adsorption theory of Roelz. With
increasing chain length r, a number of problems occur.
1) For adsorption on one plate the number of iteratiom varlables in-

creases, because the thickness of the adsorbed layer and hence, the

distance for which the segment density is higher than the solution
concentration inecreases proportional to Y. On the average, a total of
3¥r variables is required.

ii) A total of 3rYr quantities is to be stored during the matrix multipli-

cations. As this 1s currently impossible on most computers for

r 2 1000 an overlay structure, using a disk as backing store, or re-

peatedly recomputing of data is unavoidable.
1ii) The sequence of r wmatrix multiplications may induce floating point
overflows or underflows. A careful renormalisation of vectors solves

this problem.

iv) The Roe theory 1s not wvalid for long chains and provides in that case

a poor starting point, leading to a large number of iterations.
Calculations have been performed for r < 104, which covers almost the whole

molecular weight range of available polymers.

The exchangeablility of computer programs between different computers is




11

still poor. The software crisis forces one to rediscover wmost of the compu-
tational tricks and to develop a new program for almost each desired varia-
tion of a model. A suitable programming language for the type of calcula-
tions in this study would have facilities for structured programming, dynam—
ic wmemory allocation, vector processing, on-line debugging, and access to a
mathematical library, including optimization routines. Currently, widely
used programming languages 1n science are Fortran, Basic, Algol60, and
Pascal. Of these, only Algol has the dynamic array facility which 1s wvery
suitable for this study. Unfortunately, it is impossible to write portable
Algol programs, since the input and output statements are not standardized.
The first program of this study has been written in Algol60 and all
subsequent programs in Simula6?. Simula is based on Algel60 with the addi-
tion of many facilities such as pointer structures. It 1s available on many
computers and is well standardized, but the number of users is not large.

Some simplified versions of our programs have been translated into Fortiram.

1.5 OUTLINE OF THIS STUDY

In chapter 2 the new theory 1s introduced and its derivation is given
starting from the partition function. The theory requires only 5 parameters,
all having a clear physical meaning. In principle, they are experimentally
accessible. A number of numerical results for adsorption of homopolymers is
shown and, where appropriate, compared with predictions from other theories.
It is demonstrated that the tall fraction of adsorbed polymer is much larger
than has been expected before. The assumption in other theories that end
effects can be ignored is not warranted at finite solution concentratious.

In chapter 3 the principles of the theory are explained in a more physi-
cal way and it is shown how to obtain more information about the structure
of the adsorbed polymer, such as the train, loop, and tail size distribu-
tions. In addition, the thickness of the adsorbed layer is shown to be pro-
portional to the quare root of the chain length in all solvents.

Comparison with experimental results in chapter 4 shows excellent agree—
ment for adsorption of homodisperse polymers. Preferential adsorption from a
solution aof polydisperse polymer 1is examined theoretically and a transition
from preferential adsorption of long chains to preferential adsorption of

short chains is predicted when the concentration of polymer in the solution
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increases beyond a volume fraction of the order of 10%.

In chapter 5 the interaction between adsorbed polymer layers is studied
in detall. It 1s predicted that the force is always attractive for systems
where polymer is allowed to desorb when two particles come close (full ther-
modynamic equilibrium). When the amount of polymer between the surfaces is
constant, the force is repulsive at high concentrations of polymer and at-
tractive at low concentrations, even in pgood solvents. This prediction
agrees with experimental evidence. The attraction originates from bridging
of polymer between two particles.

The principles of the new theory are applicable to many other systems
involving flexible polymers. In chapter 6 a number of examples are given:
adsorption of polydisperse polymer, of star-branched polymer, and of poly-
electrolytes; the structure of lipid bilayers and of the amorphous phase of
semi-crystalline polymer; and depletion flocculation in the presence of non-
adsorbing polymer.

The advantage of the new concept is that it can handle the entire molec—!
ular weight range, from monomers up to very long polymers, the whole concen-
tration range, all types of solvent, all sequences of different segments}
within the polywer chain, all types of branches aleng the chain and all;
mixtures of different (chain) molecules. Recent interest from technical and
industrial laboratories indicates that this study is not only of theoretiecal

importance.
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Statistical Theory of the Adsorption of Interacting Chain Molecules. 1. Partition
Function, Segment Density Distribution, and Adsorption Isotherms
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‘We present a general theory for polymer adsorption using a guasi-crystalline lattice model. The partition function
for a mixture of pelymer chains and solvent molecules near an interface is evaluated by adopting the
Bragg-Williams approximation of random mixing within each layer parallel to the surface. The interaction
between segments and solvent molecules is taken into account by use of the Flory-Huggins parameter x; that
between segments and the interface is described in terms of the differential adsorption energy parameter x,.
No approximation was made about an equal contribution of all the segments of a chain to the segment density
in each layer. By differentiating the partition function with respect to the number of chains having a particular
conformation an expression is obtained that gives the numbers of chains in each conformation in equilibrium.
Thus alse the train, loop, and tail size distribution can he computed. Calculations are carried out numerically
by a modified matrix procedure as introduced by DiMarzio and Rubin. Computations for chains containing
up to 1000 segments are passible. Data for the adsorbed amount I, the surface coverage 6, and the bound fraction
p = 0/T are given as a function of x,, the bulk solution volume fraction ¢., and the chain length r for two x
values. The results are in broad agreement with earlier theories, although typical differences occur. Close to
the sutface the segment density decays roughly exponentially with increasing distance from the surface, but
at larger distances the decay is much slower. This is related to the fact that a considerable fraction of the adsorbed
segments is present in the form of long dangling tails, even for chains as long es r = 1000. In previous theories
the effect of tails was usually neglected. Yet the occurrence of tails is important for many practical applications.
Our theory can be easily extended to polymer in a gap between two plates (relevant for colloidal stability) and

ta copolymers.

I. Introduction

The adsorption of polyiners at interfaces is an important
phenomenon, both frem a theoretical point of view and
for numerous practical applications. One of the areas
where polymer adsorption plays a role is in colloid science,
since many colloidal systems are stabilized or destabilized
by polymeric additives. In these cases, not only the ad-
sorbed amount is an important parameter, but also the way
in which the polymer segments are distributed in the
vicinity of a surface. An adsorbed polymer molecule
generally exists of trains (sequences in actual contact with
the surface), loops (stretches of segments in the solution
of which both ends are on the surface), and tails (at the
ends of the chain with only one side fixed on the surface).
If two surfaces are present at relatively short separations,
bridges (of which the ends are adsorbed on different
surfaces) may also occur. The properties of systems in
whith polymer is present depend strongly on the length
and distribution of trains, loops, tails, and bridges.

Many of the older theories!® on polymer adsorption
treat the case of an isolated chain on a surface. These
treatments neglect the interaction between the segments
and have, therefore, little relevance for practical systems,
since even in very dilute solutions the segment concen-

tration near the surface may be very high. Other theories’®
account for the interaction between chain segments but
make specific assumptions about the segment distribution
near the surface which are not completely warranted, such
as the presence of a surface phase with only adsorbed
molecules” or the neglect of tails.? For cligomers up to four
segments a sophisticated theory has been presented? but
its application to real polymer molecules is impossible due
to the tremendous computational difficulties involved.
The most comprehensive theory for polymer adsorption
as yet has been given by Roe,!? although here also a
simplifying assumption is made, namely, that each of the
segments of & chain gives the same contribution to the
segment density at any distance from the surface. Roe
arrives at the segiment density profile near the surface, but
does not calculate loop, train, and tail size distributions.
Recently, Helfand!! has shown that Roe’s theory is also
incorrect on another point, since the inversion symmetry
for chain conformations is not properly taken into account.
Helfand corrects this by introducing the so-called flux
constraint, but his calculations apply only to infinite chain
lengths.

Less work has been done on the problem of polymer
between two plates. DiMarzio and Rubin!? give an elegant
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matrix procedure for this case, but are not able to in-
corporate the polymer—solvent interaction. In two other
recent theories'®! this was done for terminally adsorbing
polymers. The paper by Levine et al.** can be considered
as a combination of the matrix method of DiMarzio and
Rubin and the self-consistent field theory.”® However, here
also the loop, train, and tail size distributions were not.
caleulated.

In this series of articles, we describe how the probability
of any chain conformation in a lattice adjoining one or two
interfaces is found from the partition function for the
mixture of polymer chains and solvent molecules in the
lattice. The crucial difference with the theories of Roe and
Helfand is that the partition function is not written in
terms of concentrations of individual segmenis, but in
terms of concentrations of chain conformations; throughout
the derivation the chains are treated as connected se-
quences of segments. The interaction between segments
and solvent molecules is taken into account by using the
Bragg-Williams approximation of random mixing within
each layer parallel to the surface, in a way similar to the
well-known Flory-Huggins theory for moderately con-
centrated polymer solutions. The segment density near
the interface is found from a modification of DiMarzio and
Rubin’s matrix formalism.'? Since the probability of each
conformation can be calculated, the distribution of trains,
loops, and tails (and for the two-plate problem also bridges)
can be found.

In this first paper we derive the adsorption isotherms
and the segment density distribution for polymer ad-
sorbing on one plate. In a second article, the loep, train,
and tail size distribution will be treated in more detail.
The general trends are in agreement with earlier theo-
ries,” 9 but an important difference occurs concerning the
segment density at relatively large distances from the
surface. In this region, the main contribution to the
segment concentration appears to be due to the presence
of long dangling tails. This outcome was not found by
former theories and may be considered as one of the most
interesting results of the present treatment. 1t is certainly
very important in the stabilization and flocculation of
colloidal particles by polymers.

In a subsequent publication we shall treat the problem
of polymer between two plates which is, among other
applications, relevant for flocculation. Our method can
eagily be extended to {block and random) copolymers, to
heterogeneous surfaces, etc. In later contributions these
aspects will be dealt with.

II. Theory

A. Formulation of the Model, We consider a mixture
of n polymer molecules, each consisting of 7 segments, and
n? solvent molecules distributed over a lattice such that
each solvent molecule occupies one lattice site. In the
present paper, we consider only homopolymers of which
each segment has the same size as a solvent molecule and
also occupies one lattice site. The lattice adjoins an ad-
sorbing surface and is divided into M layers of sites parallel
to the surface, numbered { = 1, 2, ..., M. Each layer
containsg L lattice sites. Therefore

n®+rn = ML (1)

The volutne fractions of solvent in layer i are indicated by
4" and &, respectively, and are given by

o =n/L  #=n/L (2)

where n? and »; are the numbers of solvent molecules and

polymer segments in layer i, Far from the surface these
volume fractions approach the equilibrium bulk volume
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Figure 1. Some examples of different arrangements for a chain of
10 segments (r = 10). All the indicated arrangements bekng to the
conformation (1.1%2,2)(3,2)(4,3K5,3X6,4X7.4)0,549,6)(10.6). This
example applies to a simple square iwo-dimensional lattice (z = 4, A,
= 1/4, Ay = 1/2). The rymber of different arrangements in the given
conformation is z®\h,*' = 16. Only four of them are indicated.

fractions ¢.° and ¢., respectively.

If z is the coordingtion number of the lattice, a lattice
site in laver i has 2 nearest neighbors, of which a fraction
Mjisinlayer j. Thus, b = hifj=dand A ;=2 =5,
it y =i+ 1. As there are no nearest neighbors in non-
adjacent layers, A;; = 0 if f - i| = 2, and we may write

M
A=l 1<i<M 3
=

For the two boundary Jayers (£ = 1 and / = M), a correction
has to be applied since there is only one adjacent layer,
and a segment has only z(A; + X)) = z(1 - A}) nearest
neighbors. Thus

M
Eag=l-N i=LM (4
i=1

The segments of a polymer chain are labeled s = 1, 2,
..y F. Each chain can assume a large number of possible
conformations in the lattice. We characterize a confor-
mation by defining the layer numbers in which each of the
successive chain segments find themselves. We denocte
such a conformation by

(LH2MNE ). = LD{rm)

indicating that the first segment is in ¢, the second in j,
the third in k, ete.

We have to realize that a conformation defined in this
way is actually a set of many different arrangements. If
segment & is placed in i and segment s + 1 in j, the number
of different positions of segment 5 + 1 with respect to
segment s is zxg if j = i and 2z, if j =i £ 1. A dimer with
conformation (1,/)(2,)) can assume Lz;; different posi-
tions; a trimer with conformation (1,i)(2,/)(3,k) can be
arranged in Lz%\; ), ; different ways, at least if backfolding
of the chain is allowed. For example, in a simple cubic
lattice (zA; = 1) backfolding accurs in the conformation
(1,2)(2,3)(3,2). In section ILD, we shall correct partly for
this backfolding effect. Figure 1 illustrates for a simple
case some different arrangetments in a conformation.

We label the different conformations by ¢, d, ... If
conformation ¢ for an r-mer is characterized by the se-
quence given above, the number of different arrangements
in this conformation is given by Lz"‘l,»_,-lk_j...k,,._,. More
generally, we can write for the number of arrangements
Luwz"" where w,.is given by

we= T 0 ®
=
Here (A ;+1)c = X if, in conformation c, segments s and s

+ 1 are in the same layer, and {}, 1), = A, if these two
segments are in neighboring layers. Since 2! is the
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nutnber of arrangements for a chain in bulk polymer, of
which one of the segments is fixed, . may be considered
as the ratio between the number of arrangements of
conformation ¢ and that in bulk polymer.

If the number of polymer molecules in conformation ¢
is n., we have

n=2Xn (6

where the summation extends over all possible confor-
mations ¢. Obviously, the numbet of terms in the sum-
mation of eq 6 increases sharply with r. In a few cases we
will consider all the possible arrangements of only a part
of the chain. Then, we will use the symbol w,(s,t} to in-
dicate the relative number of arrangements of the chain
part from segment s up to and including segment i,
Similarly, a summation ¥, , specifies that all the possible
conformations of that part of the chain have to be taken
into account. In this terminology, w, in (5) could be written
as w(L,r) and 3, in (6) as 2.

For the further elaboration it is expedient to introduce
the symbol r, . for the number of segments that confor-
mation ¢ has in laver i. Then the number of segments in
layer i is given by

n = E Fiolle (7)

In the following sections we need a symbol to indicate
the layer number in which segment s of conformation ¢
finds itself. For this we use k(s,c). Here, k is one of the
layer numbers 1, 2, ..., M and is completely determined if
conformation ¢ is specified.

One remark on the use of conformations as defined
above is in order. This definition corresponds to cne
particular way of grouping the possible arrangements of
individual chains in a set. Other ways of grouping are, in
principle, possible. Also, a procedure could be used in
which the individual chain arrangements are not combined
in sets but are all treated separately. It is easily proven
that, althaugh the pattition function te be detived below
iz slightly changed, the equations obtained after max-
imization of the partition function are identical. Therefore,
the grouping of chain arrangements in conformations as
defined above is only a matter of convenience.

B. Partition Function. Roe'® gives an approximate
expression for the canonical partition function Q(M,L,-
T,In0) for a given concentration profile [n9 of solvent
melecules in a lattice of M layers with L lattice sites each.
From this partition function, the equilibrium distribution
of solvent molecules and thus also the overall distribution
of polymer segments can be derived. Roe made no attempt
to calculate the distribution of trains, loops, and tails.

Roe's approach involves the assumption that the dis-
tribution of a polymer segment does not depend on its
ranking number s. The contribution of each of the r chain
segments to the segment concentration 4; in each layer is
considered to be equal to ¢;/r. This is correct in bulk but
not near an interface, because the interface imposes re-
strictions which are not necessarily the same for end and
inner segments. As Helfand'! has shown, Roe’s derivation
contains another error because the inversion symmetry is
not obeyed. This is the requirement that conformation
¢, defined as (1,i)(2,/)...(s.%)...(r,{), should have the same
probability as the inverted conformation ¢, characterized
by the sequence (L,{)...(r —s + Lk)...(r — 1,/){r,i). Helfand
maintains this symmetry by introducing an extra con-
straint, the flux constraint. His results apply ounly to
infinitely high chain lengths, The flux constraint is only
necessary if the partition function is written in terms of,
and maximized with respect to, the concentrations of
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individual segments in each layer. It may be considered
as a correction which is necessary to account fully for the
connected nature of the segments in a chain.

An alternative detivation is possible if the partition
function is maximized with respect to the numbers of
polymer chains in each conformation, i.e., with respect to
concentrations of chains in each conformation. This has
the additional advantage of giving immediately the
probability of every chain conformation in the equilibrium
situation, o that the train, loop, and tail size distribution
can be easily evaluated. Moreover, as will be shown below,
the inversion symmetry is an automatic result of this
approach. Thus, we want the canonical partition function
Q(M,L,TinJ) for an arbitrary but specified set of con-
formations {n,}. We have to realize that a given overall
segment distribution can be the result of a great number
of different combinations of trains, loops, and tails.

We now give a derivation of Q(M,L,T\inJ). Since the
nutnbers of chains in each conformation and thus the
numbers of solvent molecules in each layer are specified,
the energy 7 of the system for each of the possible ways
of arrangement is the same, at least if we adopt the
Bragg-Williams approximation. Therefore, the partition
function can be written as the product of a combinatory
factor (representing the configurational entropy) and
exp(-U/kT). In accordance with Flory'® and Roe!” we take
as the reference state disoriented bulk polymer and pure
solvent. Then

QM.LTinp = Hﬂ;e—ww @&

Here @ is the number of ways of arranging n,, ng, iy, ...
polymer molecules in specified conformations, and n,°,
.10, ..ny° solvent molecules over M distinguishable layers
of L lattice sites each. 7 is the number of ways of ar-
ranging n polymer chains over rr lattice sites in amorphous
bulk polymer.

The combinatory factor & has to be evaluated according
to the assigned distribution of conformations ). Nat-
urally, if this set of conformations {n.} is specified, the
concentration profile |r} is completely determined.

We use the Bragg-Williams approximation of random
mixing within each layer. This implies that the polymer
segments in each layer are considered to be randomly
distributed over the L lattice sites. The number of ways
of placing a chain in conformation ¢ in the empty lattice
is Lw2"" (see eq 5). If part of the lattice sites is already
occupied, a chain can only be placed if all the appropriate
sites are vacant. Then we have to apply r correction
factors, one for each of the chain segrnents. The correction
factor for each segment is the vacancy probability of the
gite 10 be occupied. According to the Bragg-Williams
approximation, we assume that all sites in layer { have the
sarne vacancy probability, equal to 1 — »;/ L, where p, is the
number of previously occupied lattice sites in layer i.
Obviously, »; = 0 for an empty layer. The number of
possibilities of placing one chain in conformation ¢ can now
be written as Low2"™ 1ﬁ,={ (1 - oo/ L) = ez /LY (L
= Ppsoohs Where vy, oy, is the number of previously occupied
sites in the laver where segment s of conformation c is
placed. For example, if conformation ¢ of a hexamer is
given by (1,)(2)(3,)) (4,/)(5,k}(6,/), w, = A,% and the number
of possibilities of placing this conformation in a lattice
where a;, a;, and g, lattice sites in the layers i, j, and % are
already occupied is (Az/LY(L - a ML — g} (L —a; - 1KL
—a;— L)(L - ay)(L - a; - 2). Generally, since r;, segmenta
are placed in layer {, this layer contributes r;, factors,
namely, (L -e)(L - o, - IML-a;-2}. (L -a,~-rj; + 1),
to the multiple product IT,."(L - vy, o). The product over
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the segment numbers can thus be replaced by a product
over the layer numbers. The number of arrangements «
of placing the first chain (in conformation c) in the empty
lattice {a; = 0 for all i) becomes

rie—1
w = wiz/Ly ﬁl @-w 9

where layers in which conformation ¢ has no segments
(thus for which 7, = 0} do not contribute to w.

Placing all the n, chains of conformation ¢ gives a factor
w2/ L)1 in (9} while the multiplication extends up
to v, = nr;o ~ 1. Similarly, the number of arrangements
for n = 3 .n, chains is

wln) = (z/L)r0n H w,™ H H (L-vy 10)

i=l =0
because r; = ¥ .r; .n. segments are placed in each layer.
Next, solvent molecules have to be arranged over the L -
n; remaining lattice sites, giving for each layer [[, ., XL
- v;} possibilities. Thus, we find for Q the simple expression

o= e men 12 1L an
¢ it =g

since IT,.,ML! = (L)™. The factorials n.! and #," in (11)

correct for the indistinguishability of the n, chains in each

conformation ¢ and of solvent molecules within each layer.

It may be noted that the order of placing chains and

solvent molecules is irrelevant for the final result. Sim-

ilarly, it does not matter which of the r chain segments of
a chain is placed first.

The combinatory factor 2* has been derived by Flory'¢
and can be written as

Q= Q(z/rn)(r-l)n 12

This combinatory factor can also be found by a procedure
similar to the derivation of our eq 11. In the bulk all the
lavers i are identical, so that the distinction in lattice layers
is irrelevant. Since rx is the total number of {equivalent)
lattice sites in bulk polymer, the factor (L)* in (11} has
to be replaced by {rn)! and the factor L¥1% by (ra)"1h,
Moreover, all possible conformations are equally probable,
and we can group them together in only one conformation.
Substitution of n. = n, w, = 1, and n? = 0 in (11) gives the
Flory exprassion (eq 12), demonstrating that our eq 11 is
in complete agreement with earlier theories.

Co:abinatiun of (11) and {12) gives for the entropy part
of ln ¢

In /0t =MLInL - Enc]nnc/wc ZnJ Inn®-
nlnr'f(rf!)nlnL (13)

if Stirling’s approximation for the factorials is applied.
The energy of the system contains a contribution due
to the adsorption energy and a mixing term originating
from the polymer—solvent interaction. We assume that in
both cases only nearest-neighbor interactions are involved.
The mixing term depends on the number of contacts
between segments and solvent molecules. Each solvent
molecule in layer i has 2z}, ; contacts in layer j, a fraction
¢; of which are with polymer segments, accurdmg to the
Bragg-Williams approxlmatlon Smce a site in { has
neighbors in the layers j = { - 1, [, { + 1 the number of
unlike contacts per solvent molecule in i is 23 ;M\ 0,
"['he total number of contacts is found by multiplying wi
n? and summing over all layera i. Thus, the total number
of contacts of solvent molecules with segments is
23 :-n2(#,) and the (equal) number of segment-solvent
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molecule contacts is z¥",-,"n{$.%), where the site volume
fractions (¢} for segments and {$,%} for solvent molecules
are defined as

M M

(¢} = Z1 Mg, (8% =,~>:1 A {14

I= =
In the bulk solution {¢.) = ¢. and (¢.%) = ¢.% Forl <
P<M (@) + (¢ =Lifori=landi =M, {¢;) + (")
=1 - &, [compare eq 4).

Using the familiar Flory-Huggins polymer solvent in-
teraction parameter,® we can write for the energy part of
In Q:

M

U=nu, + %L+ 2Ty Z nPe) (15)

=1

In this equation, u, and ., are the adsorption energies of

a segment and a solvent molecule, respectively. They

represent the energy change corresponding to the transfer

of a segment (or solvent molecule) from bulk polymer (or

solvent) to the surface. Equation 15 has also been given
by Roe.!®

It may be noted here that the energy terms in eq 15 also
contain the thermal entropy, i.e., the additive part of the
entropy proportional to the number of segments or solvent
molecules. This thermal entropy includes vibrational and
rotational contributions; the adsorption energy u, may
contain entropy terms due to otientation of solvent
molecules near the surface (hydrophobic bonding). In this
sense, the energy terms u,, 1., and kTx may be considered
as free energies. Obviously, the configurational part of the
entropy is accounted for in In /0%,

C. Conformation Probability. Equations 13 and 15 give
the logatithm of the partition function at a given distri-
bution of conformations {n .}, which in general does not
correspond to the equilibrium distribution. In order to find
this equilibrium distribution, i.e., the number of chains ry
in a particular conformmation d in the equilibrium situation,
we have to find the derivative of In Q with respect to ny.
The free energy of mixing is given by F/kT = -In Q. At
constant temperature and volume the variation in F is
given by dF = ¥, dn, + %i=/Mu® dnl. In equilibrium
the chemical potentials x, = pg = « Mehain of a chain with
respect to that in bulk polymer, and wd=pf=_ ulofa
solvent molecule with respect to that in pure sulvent are
constant throughout the system. Adding one chain in
conformation d (and removing r solvent molecules to
maintain constant volume) changes F hy an amount
(8F { 0Nglag 1, T n, ny 80 that

aln Q
-&T ( = fichain +
M ML Trmny
(] M [ on? 0
mn = penain — Fu® (16)
d J MLTomn,

Roe'® derived an analogous expression using the grand
canonical partition function. In eq 16 g - Tet is a
constant at given temperature and overall composition.
The derivative an,?/an, in (16) is obtained by realizing that
the differentiation has to be performed at constant volume.
This implies that on addition of one chain in conformation
d, r solvent molecules are removed from the system, of
which the spatial distribution is given by

Fia= ‘(6"1;0/3"1.1)141,,1’,»‘ ny (17)

because in each layer r; ; solvent molecules are displaced
by the r;4 segments that conformation d has in layer {.
DOhviously
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M
Erg=r {18)
i=t

The logarithm of the partition function is given by eq
13 and 15. The derivative of eq 13 is easily found with the
help of {17), (18), and an/ing = a(F_ .} /ans = 1. The result
18
aln (/0% ng
————— =-lh++hwy-nr+r-1+
any L

M
§ rigtn g2 (19)

For the differentiation of (15) we use also relation 17.
‘We obtain

H-U/RT)

any

M
= 2 ridbxdi + xUdd - (oD (20)

Here x, is the adsorption energy parameter, defined as
X =l - u) T (21

x, corresponds to the difference between the free energy
of the transfer of a segment from bulk polymer to the
surface and that of the transition of a solvent molecule
from pure solvent to the surface. x, is positive if a segment
is adsorbed preferentially to a solvent molecule. It is
idenﬁ‘ijcal with the x, parameter used by Silberberg” and
Roe.
Combining eq 16, 19, and 20, we obtain

M
Inng/L=lnC+lnwg+ ZrygnpP; (22)
i=1
or
M
ng/L = Cugll P @
i

where the conastant C is given by C = {1/r) exply g, —
ru%)/&T and the quantity P; is defined as

In Py =8+ x{g) — {@8) +Ing®  (24)

P; is a very important parameter determining the prob-
ability of finding a free segment (monomer) in layer ;. This
can be concluded from (23). For r = 1, this equation reads
¢ = /L = P;explu - u®)/&T. As for monomers P, is
proportional to ¢;, we may call P, the free segment
probability, According to eq 24, P, may be written as
@0 M T where A is the difference in free energy
{excluding the configurational entropy) between a free
segment and a solvent molecule in layer i. Af, contains
an adsorption energy contribution -k Ty, for the first layer
and & mixing term 2Tx{({¢°) - {&,)) arising from the
segmeni-solvent. interaction. The Boltzmann factor
exp(—Af//kT) has to be corrected by a factor ¢, the
fraction of the volume in layer ¢ not vccupied by segments.
‘This factor ¢;° = 1 - ¢; originates from the configurational
entropy term of In Q; ¢; represents the volume fraction
which is excluded due to the presence of other segments.
This effect is partly analogous to the well-known excluded
volume effect for polymer chains in solution. If ¢ ~ 1,
this “exclusion factor” is not impartant. That ¢? is an
entropy contribution may alse be seen by writing P, as
exp(-Af;/RT) where Af, = Af - BT In ¢,° now also includes
the configurational entropy term & In ¢

The starting point for further analysis is eq 23. It gives
the relation between the number of chains in each con-
formation (of which the number of segments in each layer
;415 known) and the free segment probability F; in each
of the layers. Equation 23 tells us that the probability of
a conformation d is proportional to the quantity

The Journai of Physical Chemistry, Vol. 83, No. 12, 1379 1823

wyl I, MPr, which we will call the conformation prob-
ability. From this probability, all information on the
segment density distribution and other equilibrium
properties (such as the train, loop, and tail size distri-
bution) may be obtained.

Equation 23 leads immediately to the conclusion that
any conformation has the same probability as its inverted
conforrmation (in which the segments arve ptaced in reverse
order), since all r; 4 values are the same for both confor-
mations. Thus the inversion syrnmetry discussed in section
ILB is an automatic result of our derivation and need not
be introduced as an extra constraint, as was done by
Helfand."* As discussed before, this is due to the fact that
the partition function is maximized with respect to the
number of chains in every conformation, which accounts
completely for the connected nature of the chain segments.

D. Segment Density Distribution. In this section we
calculate the equilibrium segment density distribution
from the conformation probability P(r),, which according
the the previous section can be defined as

i+
Pir)e = w, ﬁl Pfis = w, ]:11 Py (25)

Here we have used the fact that a product of P; over the
consecutive layer numbers § may be replaced by a product
over the consecutive segment ranking numbers s. In both
products the free segment probabilities corresponding to
each chain segment are taken once, and only the order in
which the P/’s occur is different. Py, is the free segment
probability for a segrment in the layer where segment s of
a chain in conformation ¢ finds itself. This layer number
is completely specified if ¢ is given.

We define the chain probability as the summation of
P(r). over all possible conformations:

P@) = X P, {26)

Pir) will be needed as a normalization factor.

Tt is useful to consider the probability P(s,i;r) that the
sth segment of any chain of r segments finds itself in i.
The probahility Pis,i;r), of a conformation ¢ of which the
sth segment is in i is equal to P{r), with the additional
condition that Py, ) = P

Plsiir), = w. ﬁ Pm,p]P-’ IL[ Pw,c) =
t=1 r=s+1
w, 5
£ 1 Pia f1 P @)

The last part of eq 27 is ebtained by including Py, = F;
in both multiple produets and is written in this way for
later convenience. Note that P(s,iy7). equals P(r), if
segment s in conformation ¢ is in layer ¢, and zero if s is
not in . Obviously, the probability of finding the sth
segment of any chain in layer ¢, Pls.f;#), is obtained by
summing over all possible conformations:

Pls,tr) = 2 Plsiir), (28)

Summation of P(s.£;r) over all layers gives just the chain
probability P(r):

M M

2 Pisizr) = L El Plsir). = L P(r), = Pir) {29)
= ¢ o= c

As mentioned above, the summation of Pis,kr), over all

layers gives only ane nonzero term P(r),.

A special case of P(s,i;7) is the probability P(ri;r) that
1he end segment of any chain of r segments is in layer i.
We use an abbreviated notation for this quantity: P{i,r)
= Pir,;;r). We can write P(i,r} as 3 P(r}, with the addi-
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tional condition that Py, = P;. According to (25}
Pl = B, E e I Pro @0
From (29) it follows:
._}J::fl PG,r) = Pir) (31)
We designate P(i,r) as the end segment probability.

The segment density in layer i is proportional to the
summation of P{s,i;r) over all the r chain segments:

& g Plsi;ry L
u L= “’ E P(s,;;r)  (32)
L rP(n) n
pIR-Y El Zl Pls i)
im] i=] g=

Thus, if we are able to evaluate the probabilities P(s.i;r)
we can calculate the segment volume fraction ¢; in each
layer. This we accomplish in two steps. First we show that
P(s,i;r) for any s can be expressed in the end segment
probabilities P{i,s} and P(i,r—s+1), and next we use a
well-known matrix procedure? to obtain the end segment
probabilities P(i,s).

‘The first step starts from eq 28 in which the summation
over all the possible conformations of the entire chain,
% et i8 replaced by a summation over all the possible
conformations of the first part of the chain, 3, ., and one
for the second part, 3. If segment s is in layer i, the
possible conformations ¢(1,s) are independent of the
conformations c{(s,r) because for any conformation of the
first s segments all conformations for the last r -5 + 1
segments are possible. Thus, we may use the relation
X ab = (La)Eb). Substituting (27) for Pis,i;r), and
splitting the multiple product w, = w (L} = [T, (A 41)e
in the factors w,(1,5) and w.(s,r) (compare eq 5}, we may
write:

Plsir)= L E Pls,ir). =

I.,x cls,r)

_( E w (1.’3) H Pi:(z,c:)( Z Wc(S r) H Pkfl CJ}
B c J'
Since Py, = P, the first factor between brackets equals
Pli,5), according to (30); the second factor is equal to
P{i,r-s+1) because the humber of conformations of the last
r - & + 1 segments should be equal to that of the first r
-5 + 1 segments. Therefore we have

Pls.iir) = P(i,s)Pli,r—s+1) /P, (33)

Thus, through eq 32 and 33 ¢; for r-mers can be expressed
as & function of end segment probabilities of shorter chains.

The second step for the calculation of ¢, is to find a
procedure to evaluate P(i,s). If the end segment of an
r-mer is in layer /, the {r-1)th segment can be in layer J
{1 2 j £ M), with a nonzero probabilityonly if j =i -1,
i,i + 1. The probability P(i,r} that the end segment of an
r-mer is in { can then be expressed in the probabilities
P(j,r-1) that the end segment of an (r-1)-mer is in layer
Jj. Using eq 30, we can again split the summation in two
parts: Toun = Leurplcr s AS the rth segment is fixed
in layer i, the summation ¥, includes only the possible
positions of the {r-1)th segment and may be replaced hy
a summation over j if w{r-1,7) is replaced by A;; and
Pip 1 by P Thus

Piir) = TA PP, lz @t rfl Prsor
e(lr-1 L

In this expression we recognize P(j,>-1), so that we can
write

J. M. H. M. Scheutjens and G. J. Fleer

Plr) = ): APPGr-1) 34)

It may be noted here that in thig derivation it was
assumed that the free segment probabilities P, for the last
segment, P, (j = i, § % 1) for the penultimate {(r—1}th}
segment and P, (k = /, j £ 1) for the antepenultimate
segment are independent of each other. P, P}, and P,
include a factor for the everage solvent volume fractwns
in the layers ¢, j, and k. This assumption implies that
backfolding of the chain (i.e., & = / in the example given}
is allowed under the constraint of the average excluded
velume in each layer. In other words, if segment r — 2 is
placed in i and segment r - 1 in i + 1, segment. r may fold
back to i with a probability P; in which the presence of the
(r-2)th segment is accounted for in the same way as the
presence of all other segments in i. Segment r - 2 is, like
all the previcusly placed segments, considered to be
“smeared out” over all the lattice sites L in i. A similar
approximation is made in the familiar Flory-Huggins
lattice theory.!®

Equation 34 can be expressed as a matrix multiplication
by defining a vector P(r) with M components P{z.r), whose
s according to (31) equals P(r), and a matrix Weof which
the elements W; are equal to A ;P Therefore

P(r) = WP(r—1) = WiP(1) (35)

where the components of the vector P(1) are the “end”
segment probabilities of a monomet and are thus simply
equal to F; as defined by (24). The matrix Wis, apart from
a different interpretation of P; (in which the polymer—
solvent interactions are included), identical with that used
by DiMarzio and Rubin.}? -

Thus we can calculate all the end segment probabilities
Pli,s) fors = 1, 2, ..., r. Substituting {33) into (32) and
realizing that 3, ™¢,; = nr/L we obtain

n_
LP P, E P(is)PUr-s+1) (36)
From these M implicit equations the M ¢,’s and the
equilibrium values for P; can be solved by an iteration
procedure {see section I11). We can arrange all the nec-
essary information in the array shown in eq 37, where the

=

POLYY LU PLS) ... Py
P=| ALY . P(EY L P 37)
PM1) .. PIMs). .. PIMr)

components of the first column are equal to P,...P,...Pyyand
the companents of the sth calumn P(i,s) are found from
the first after s - 1 matrix multiplications. The sum of the
components of the last column is equal to P(r) according
to (31}). For the calculation of ¢; we need the ith row of
array P, and we have to add the r products of the first and
the last, the second and the penultimate, the third und the
antepenultimate element, etc.

All the probabilities P(i,s;r), P(i,r}, and P{r} used in this
section depend on the lattice size M and on the average
segment concentration rn/ML. We shall need these
guantities in a following paper where we shall discuse the
case of a polymer between two plates at relatively short
separation and a constant ameunt of polymer. For the
adsorption on a single plate we relate the concentration
of polymer to the bulk volume fraction ¢.. It appears
advantageous in this case to use probabilities related to
those in the bulk schation.
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E. Adsorption Isotherms, In calculating adsorption
isotherms and related properties, the state of a chain or
a segment near the interface has to be compared to that
in the bulk of the solution. Consequently, it is useful to
define the probabilities of any configuration near the
interface with respect to those in bulk. We shall denote
bulk properties by an asterisk.

The free segment probability P. for a segment in the
bulk solution is analogously to eq 24 given by

In P. = x{dv— 6.2 + In (38)

We now define the free segment probability p; with respect
to the bulk solution as

p:= Fi/P. 39)

It is easily verified that p; can be written as (¢,%/¢.%:
exp{-Af*/kT), where Af* is the free energy difference
{excluding the configurational entropy) for the exchange
of a solvent molecule in layer [ and a free segment in the
bulk, The entropy factor ¢.°/¢.0 accounts for the dif-
ference in the “volume exclusion™ effect for a segment in
layer { and a segment, in bulk. It is obvicus that p. equals
unity.

With eq 39 we define the vectors p(r) and the matrix
was

ptr) =P /PS pG.1) = p; (40}
w=W/P wy=hap 4y
It may be noted here that the error introduced by allewing
backfolding (accounting for the average volume fraction)
is eliminated here to a large extent if this effect is equally
important in the bulk and in layer i, because probabilities
in layer i are now compared with those in bulk, Now eq
35 becomes
p(r) = wp(r-1) = w™'p(1) (42)
In a more explicit form, (42} can be given as shown in eq
43. Equation 36 can be written in a simpler way by re-

r-1

pn_.r) APy Mgty Qniee 0 »
; Mpe e, T .
p({.rl = i lom"MP‘I' 2
: : e T :
: L TP
piMr) [+ o o o2y Pu
(43)

alizing that from {34), which remains valid if F; and P( r)
are replaced by p; and p(i,r), follows that p(*,r) = p(*,r-1)
= p(*1) = p. = 1. Equaticn 36 applied for bulk soluticn
gives

e = nr/Lp(r) (44)
This can be substituted in {36), giving the result
¢ 1 .
¢ = — = L pligkplir—s+1) (45)
r pl 3=1

Also the components pli.s) can be arranged in an array p
{eq 46). The sum of the components of the last vector

p(1,1)...p(ls} ... p(L,r)
p=|pL1) ... plis) ...p(ir) (46)

p(M,1). .. p(Ms). .. piMr)

of pis indicated by p(r), analogously to eq 31,
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Figure 2. INustration of the definition of the excess adsorbed amoum
T, and the adsorbed amount I'. T, is equal to area A, whie T’
equals the sum of Aand 8. In order to show the difierence between
I' and I',,, more clearty, a rather high bulk volume traction (¢ . = 0.1)
was chosen in this example. The concentration profiles have been
calculated for r = 1000, x, = 1, x = 0.5, and Ay = 0.5 (hexagonal
lattica).

The simplest way of defining the adsorbed amount is
to consider only the exceas concentration of segments in
each layer with respect to the bulk concentration. Then
the excess adsorbed amount per surface site is

M
Te = a (¢; ~ @) “7)

This definition was used by Roe. However, another
definition is sometimes useful. If we want to know the
number of chain segments belonging to adsarbed chains,
suhtracting ¢. from ¢; for all layers is not the correct
procedure, since the volume fraction ¢; in the layers close
to the surface is predominantly {or completely, for { = 1)
due to adsorbed chains. In order to find the number of
adsorbed molecules, we have to cotrect only for the volume
fraction ¢ of free (i.e., nonadsorbed) chains that have not
a single segment in the first layer (see Figure 2}. In the
surface layer (i = 1), ¢, = ¢, = 0, for the other layers ¢
< ¢, 50 that eq 47 gives an underestimation of the ad-
sorbed amount. Therefore we define the adsorbed amount
T as

M
r= );1 (e — ¢ (48)

T thus gives the number of segments of adsorbed chains
per surface site; if I' = 1, one equivalent monclayer is
adsorbed. This definition of T' was also used by Silber-
berg.” Note that the summation of (48) contains only
nonzero terms for i < r.

The problem now is to find ¢,. A free chain has only
phe extra restriction: no segment of the chain may be in
the first layer. This is equivalent to the statement that
for the segments of feee polymer molecules the free seg-
ment probability p, in the first layer equals zero
(equivalent to x, = —=), while it the other layers the free
segment probability p; is the same for segments of ad-
sorbed and nonadsorbed chains. Naturally, the value of
p; for i > 1 is based on the total segment density ¢, We
may therefore define a vector p{1) with components pi(i,1)
=(1-4,)p{,1) and a matrix w; with elements w; = (1
- 8 )Aj b The end segment probability vector for free
chains is then given by

pir) = wpelr-1) = w/lpd1) (49)






