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STELLINGEN

-1 -
De poging van Baskir en medewerkers om de ketenstatistiek in een bolvormig
rooster ult te voeren is mislukt. Eerst zondigen zij tegen de inversiesymmetrie
regels en door opeenvolgende “correcties” neigt hun rooster vervolgens naar een

vlakke geometrie.
J.N. Baskir, T.A. Hatton en U.W. Suter; Macromolecules, 20 (1987), 1300.

_II_
Het is mogelijk om de statistische thermodynamica van associatiekollolden te
ontwlkkelen zonder bij voorbaat de positles van de kopgroepen in het grensvlak

vast te leggen.
Dit proefschrift.

- IIT -
Een gemiddeldveld theorie kan slechts dan de gel-vloeibaar faseovergang in
bilaag membranen reproduceren indien een orientatieafhankelijke entropieterm in

de statistische verwerking wordt meegenomen.
Dit proefschrift hoofdstuk &.

_IV—
Het gedrag van ketenmoleculen in een grensvlak met laterale inhomogeniteiten
kan bestudeerd worden met een tweedimensionale variant van het, door Scheut jens

en Fleer geIntroduceerde, zelfconsistente veld model.

Dit proefschrift hoofstuk 5.
J.M.H.M. Scheutjens en G.J. Fleer; J. Phys. Chem. 83 (1979), 1619.

-.-V_
Vloeistoffen laten zich het eenvoudigst modelleren met roastertheoriebn,

terwijl kristallen zich beter met continue theorie®n laten beschrijven.



_v'[-
De toenemende professionalisering in het ontwikkelingswerk is geen garantie

voor een betere uitvoering van de professie.

- VII -
Het 1s afkeurenswaardig dat bij sportenm zoals turnen, gymnastiek en ponyrijden
zoveel militaristische trekjes terug te vinden z1ijn, vooral omdat er kinderen

bij betrokken zijn.

- VIII -

Het maximale gewicht dat in een stelling gelegd kan worden wordt voornamell jk

bepaald door het aantal steunpunten van de basis.

- IX -
Uitgerekend rekencentra kunnen er op rekenen dat ze over enkele jaren zijn

uitgerekend.

Mozes was een kolloIdchemicus.

Exodus 3%:20.

- X1 -

In een proefschrift is een cullnaire stelling op zijn plaats.

Proefschrift Frans A.M. Leermakers
STATISTICAL THERMODYNAMICS OF ASSOCIATION COLLOIDS
The Equilibrium Structure of Micelles, Vesicles, and Bilayer Membranes

Wageningen, 6 mei 1938
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Introduction

011 and water don't mix. If we shake the two liquids vigorously, we can
at best obtain an emulsion, that is a fine distribution of oil droplets in
water or the other way around. However, such an emulsion is unstable, it
separates Iinto the two original liquids (phase separation).

In contrast to oil, there are other liquids, like alcohol, that mix very
well with water. We vefer to molecules that do dissolve in water as
hydrophilic and as hydrophobic when they do not. Hydrocarbons belong to the
latter category. Hydrocarbons with small molecules like methane, ethane and
propane are inert gases at ordinary conditions and dissolve poorly in water.
Higher hydrocarbons, like octane, nonane and decane are liquids which de not
mix with water. 0il consists for a large fraction of hydrocarbons. In fact it
is common usage to use the term "oil™ as a collective noun for all liquids
that do not significantly mix with water. Alcohol molecules are composed of
ethane and a polar hydroxyl group. The influence of the polar group is so
strong that the molecule as a whole is hydrophilic.

If, however, the hydrophobic hydrocarbon moiety is much longer than in
ethane, one polar group at the end of the molecule is not strong enmough to
render the entire molecule so soluble that it can mix with water in all
proportions. Let us modify decane by attaching a polar group at one end of the
hydrophobic chain. The resulting molecule 1s pictured as having an apolar tail
and a polar head and is referred to as amphipathic or amphiphilic. Experience
has shown that large amounts of these amphipolar molecules can be dissolved in
water, not as molecules but as assoclates of, usually several tens of
molecules, called micelles.

Micelles can have various sizes and shapes. Irrespective of their
morphology the heads are found at the interface between the apolar tails and
water. The average sizes and shapes of these association colloids, the way the
molecules arrange themselves in the structure, and whether or not any water is
present in the micelles is determined by the energy and entropy balance, that
is by a compromise between the tendency to organise itself due to

intermolecular interactions and the tendency to randomise. At this point it is




Figure 1.

A model of the lipid Dipalmitoylphosphatidylcholine.

worth while to realise that relatively small changes in conditiocns (increasing
the concentration or the temperature, variations in polar/apolar ratio of the
bipolar molecules) can dramatically effect the properties of the micelles.
Spherical micelles are composed of 50 to 100 amphipathic molecules. Extremely
high aggregation numbers are found in flat lamellar micelles called bilayer
membranes. In bioclogical systems membranes are formed by amphipathic molecules
called lipids which commonly possess two apolar tails and one polar head
group. Figure (1) gives an example of a (phospho}lipid.

Membranes are essential for life. Due to their structure membranes permit
the compartmentalisation of living matter, that is: they prevent the mixing of
the contents of cells with the surroundings. However, many membranes are semi-
paermeable, that 1s: some specific substances can pass it where all others are
re jected. Membranes are not only part of the cell wall, but a large variety of
membranes is found inside cells as well. The nucleus, mitochondria, liposomes,
chloroplasts and many other cell organelles hold membranes and have a
membrane-like envelope. Most membranes also contain proteins besides the
constituent lipid molecules. These proteins can be loosely adsorbed on the
membrane or they can have a strong interaction with it when they span the

membrane in a trans-membrane configuration. The contact of the protein with



the membrane is in general essential for its biological activity. Further, and
this fllustrates the complexity of natural membrane systems, not only single
membranes are observed, but double membranes or even multilayer membrane
systems also occur. For example, the myelin sheath surrounding the axon of a
nerve cell f{s several bilayers thick, in chloroplasts grana stacks (aggregated
bilayers) are in equilibrium with stroma lamellae (non—-aggregated bilayers)
and in mitochondria two membranes are associated. In all these examples, the
membrane-membrane interaction contributes significantly to the biological
activity of the structures.

Membranes are not only found in cells. Certain viruses, like for example
the retrovirus causing AIDS, possess a coat formed by a continuous bilayer in
which viral coat proteins are embedded.

It is in the nature of man to use insights gained from the study of
natural processes for his own benefit. We will illugtrate this by mentioning a
few examples of applications of membrane systems. Knowing membrane properties
helps to'develop drugs, anaesthetics, pesticides etc. Membrane-like vesicles
are used to build artificial chloroplasts. These systems might help us to
better understand photosynthesis. A very interesting application is the use of
man-made liposomes to encapsulate drugs. These liposomes are designed to give

a controlled release of the drug on the site of the human body where the drug

—
-

Two-dimensional cross-section through a membrane cowposed of amphiphilic
molecules with a head group segment and one taill of nine apolar segments
each. The triangles indicate water. This membrane system has a high degree

of order.



Several of these applications are still in an early stage of development.
Research on these and several other applications will benefit from a better
understanding of membrane structures and the factors that mould them, i.e.,

the very theme of this thesis.

Extensive experimental research on the lipid matrix showed, among other
facts, that:

- the hydrophobic core of the membrame is virtually free of water.

- the membrane thickness is roughly twice the length of the extended apolar
tails of the lipld molecules.

-~ there 1s a high degree of order along the bilayer.

- the lateral mobility in the membrane is high and fluid-like, while the
transversal mobility (flip-flop) is slow and solid-like.

- membranes show a phase transition: they have a high-temperature fluid-like
and a low-temperature gel-like phase. Biological membranes are always
found to be in the fluid state.

A membrane is often plictured as in figure (2). The tails are ordered and the

head groups are supposed to be all in the same plane. Although this 1is known

to he an oversimplified representation, many experiments teach us that, in
broad lines, figure (2) might not be too bad. Can we understand this membrane

structure from a physical point of wiew? It 1s not straightforward why such é

high degree of ordering should be expected in the bilayer. Why do lipid

i
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Figure 3.
A similar membrane as given in figure 2. In this case the membrane is more

disordered.




molecules give up so much entropy in the membrane? We like to know why a
significantly different membrane structure, as for example the one given in
figure (3), 1is not found. One of the goals of the present thesis is to give
answers to these questions.

Recently, considerable progress has been made on the statistical
mechanics of interacting chain molecules in inhomogeneous systems. Especially
the theoretical developments of Scheutjens and Fleer [l1] have served as a
starting point to elaborate a theory for association colloids [2]. The new
theory, elaborated in much detall in this thesis can deal with many of the
systems discussed above. The thesis contains five chapters which are written
such that they can be read independently.

In chapter (1) we present some general aspects of the morphology of
micelles. In agreement with experimental data, the theory predicts that small
chain surfactants form spherical micelles whereas 1lipid molecules prefer
membrane structures. This encouraged us to study in chapter (2) the structure
of model membranes formed by model lecithin-like molecules. Realising that
open membranes do not exist {in practice membranes are always closed) we treat
lipid wvesicles in chapter (3). The gel-liquid phase transition in 1lipid
membranes is examined in chapter (4). Finally, 1in chapter (3) the theory is

applied to study the interaction of copolymers with a model bilayer membrane.

{1] J.M.H.M. Scheutjens, and G.J. Fleer; "Statistical Theory of the Adsorption
of Interacting Chain Molecules."”
1. "Partition Function, Segment Density Distribution, and Adsorption
Isotherms”. J.Phys.Chem. 83 (1979) 1619.
2. "Train, Loop, and Tail Size Distribution”, J.Phys.Chem. B& (1980} 178.
[2]) F.A.M. Leermakers, J.M.H.M. Scheutjens, and J. Lyklema; "On the Statisti-
cal Thermodynamics of Membrane Formation”, Biophys.Chem. 18 (1983) 353.



CHAPTER 1

SURFACTANT MICELLES

Abstract

Recently we generalised the lattice theory for chain molecules in
inhomogeneous systems of Scheuntjens and Fleer [l] to amphipolar molecules in
non-lamellar geometries [2,3,4]. This theory is used to study surfactant
micelle systems.

In this paper it is shown that the critical micelle concentration for
surfactant micelles is theoretically well defined. The fact that in most
experimental systems the first order phase transition is not clearly
observable is explained. The relation between chain architecture and overall
surfactant concentration on the size and shape of surfactant micelles is
discussed. Segment density profiles through a cross section of a spherical

micelle are presented.

Introduction

Above the critical micelle concentration amphipolar molecules in aqueous
solutions form association colleids. This phenomenon is of considerable
theoretical and technological interest. In 1976 Hall and Pethica [5] published
an extensive theoretical analysis of wmicellisation in solutions of nonionic
surfactants, based on the thermodynamics of small systems developed by Hill
[6]. This framework 1s used here to present a detailed analysis of surfactant
systems over a wide concentration range. Statistical thermodynamics is used to
give an interpretation on a molecular level. For example, the relation between
the architecture of the amphiphiles and their aggregation structure is worked
out in some detail. Segment density profiles for the assoclation colloids are
also obtained. Our approach is more general than other statistical mechanical
theories [7-9], because no preassigned positions of the amphiphiles are
required, i.e., the positions of the head groups are not a priori fixed onto
certaln lattice sites in the system. It is the first statistical approach
which successfully applies the thermodynamics of small systems to 1it.
Complementary to our approach, Molecular Dynamics [10] and Monte Carloe [l1]

simulations can algse give detailed information on surfactant-water systems. In



these simulations methods the computation time {5 many orders of magnitude
larger than for a statistical one. Typically, our statistical approach needs
less than a minute CPU on a VAX 8700.

In the following part the theory is briefly reviewed. A more detailed
discussion is given elsewhere [2]. See also ref. [3] for more results on

surfactant micelles.

Theory

Ta facilitate the counting of conformations of chain molecules a lattice
is introduced. The lattice is designed to have shells of L{z) lattice sites of
constant volume on which the segments of the chain molecules and the solvent
molecules are placed. The lattice layers are numbered z = l,...,M, where 1 is
the centre of the lattice and M a layer in the bulk solution. In general the
volume of the lattice from layer number 1 up to a layer z is (in units of

lattice sites):
= 2 3 2
V(z) = 2 AS z4+1mhzt + (4n/3) z {z>0, h™> nAs) (1)

where the parameters A; and h, determine the geometry of the lattice. For a
spherical lattice, Ay and h are zero. For rods of length h, with a
hemispherical cup at either end, A; 1s zero. For planar parts we assume that
an area Ag; is surrounded by a curved half of a cylinder. A disk of radius Ry

and a contour length 2 h = 2 ¢ R,; for all other

would have an area As =7 R2 &

2 d
structures h* > 1 As.

The number of lattice sites in layer z is given by the simple expression:
L{z) = v(z) - V(z-1) (2)

The contact area S5(z) (in units of surface area of an unperturbed lattice

site) between layer z and z+l 1is given hy:
S(z) =2 A+2nhz+b 2t (3)

Equation {2) and (3) determine Xz _z(z) the fraction of contacts of a site in

layer z with sites in layer z' where 2' is z-1, z, and z+l, regpectively:



A_l(z) =i, S(z-1)/L(z)
AO(Z) =1- A_l(Z) - A () (4)
A z) = A 8(z)/L(z)
1 1
Here l]. = )«_1 are the fractions of contacts a site has in flat lattice with

either of its neighbouring layers.

A spatial conformation of a chain molecule is specified by the lattice
sites in which the consecutive segments, numbered s = 1,...,r, are situated.
This definition implies that when one of the segments of conformation ¢ is
fixed on the lattice all other segments have a specified position. In a
lamellar lattice the degeneration of a conformation ¢ is «C = L because only
the first segment can choose between L lattice sites. The degeneracy of a
conformation ¢ in a curved lattice 1is slightly more complicated while the
degeneracy should not depend on which segment of a conformation is placed
first. When segment number 1 of conformation ¢ is free to choose its position

in the lattice layer the degeneracy is given by:

C
o = L(e())) T Aa(e-1)-2(s) (2]

()

c
lz(swl)—z(s)

2
where z(s) is the lattice number segment s is in. The superindex ¢ indicates
that the segment positions of conformation ¢ are taken. Further,
is A

Ar(s-1)~z(s)
A, or A when segment s-1 {3 In a previous, same or following layer

,
with ]-resp(zzct to lthe position of segment s, respectively. Realising that the
number of steps from z to z+l must be equal to the number of steps from z+l to
z, 1l.e., Al(z) L(z) = 1_1(z+1) L(z+l), equation (5) can be transformed in
order to assign an other segment than segment number 1 of conformation ¢ to
choose its position.

The conformations are generated by a Markov-type approximation {2]. In
this procedure we accept chains which can intersect with themselves or with
other molecules in the lattice. The structure of the wmolecules (branching,
chain length etc.) determines the number of allowed conformations. The main
advantage of accepting this possibility is, that the conformations can be
generated using a recurrence relation. Very efficient computation schemes have
been developed to generate all conformations [2]. Using them, the number of
operations needed to genmerate all couformations is reduced from about 3r-1 to

about r. We refer to reference [2] for more details of our computation method.



To calculate the statistical weight of each conformation, the potential

of each conformation must be known. Three contributions are identified. First,
the potential of a given conformation depends on the number of segment (xX)-
gegment (y) and segment-solvent centacts. We will wuse a mean field
approximation to calculate the average interaction each segment {n the
molecule has with the surrounding molecules. Second, differences between
gauche and trans configurations are accounted for. To do this, a third order
Markov process, the rotational isomeric state (RIS) scheme, is used to
generate the wvarious conformations of the chains. In the RIS scheme the
"memory"” of the random walk type of conformations is two bonds long. A third
bond can only have three different directions. Two of them result in a gauche
and a third one in a trans configuration. A third contribution to the
potential of a conformation u'(z) orlginates from hard core Iinteractions.
u'(z) is chosen such that all lattice sites are filled, {i.e., § ¢x(z) =1 for
each layer z. The u'{z) potentials are normalised with respect of the bulk.
Thus this interaction 1s independent of the type of segment or solvent
molecule.

The average segment density of segments of type x in layer z is given by
¢x(z) = nx(z)/L(z), where nyg{Z) is the number of segments of type x Iln layer

z. The potential u®€ of conformation ¢ is given by:

r
c gc B . s C
<¢x(zs)> + n® U +S£l u (zs) (6)

c r
u=~kKT I E yx

s=] x xy (s)

nB® {5 the number of gauche bonds in conformation ¢ and U8 the energy
difference between a gauche and a trans configuration. The nature of segment
nunber s is y(s). In equation (6) the well known Flory-Huggins parameters
Xxy Occurs. They are only non~zero when x # y, because the energetic effect of
any xy contact is taken with respect to the pure phases x and y. The angular

brackets in equation (6) indicate an averaging over three consecutive layers:
W(2)> = a_j(2) (z=1) + A (2) $(2) + A (2) p(z+D) )
The number of chains in conformation ¢ is now given by:

¢ & e-uc/kT (8)

n =

Realising that a solvent molecule 1is a "chaln" of only one segment, a similar
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equation applies for solvent molecules. In equation (7) C is a normalisation
constant which is either found from the number of wolecules in the system, or
from the bulk concentration.

Summation of all segments of each conformation result in the segment
density distributions. With these segment density profiles, new statistiecal
welghts of each conformation can be calculated. In general a self-consistent
set of conformations can only be found iteratively [2}. As soon as a self-

consistent micelle profile is found the partition function can be evaluated.

Thermodynamics of small systems

For surfactant micelles, the excess free energy plays a key role in
determining the stability of a given arrangement of molecules. We showed
before {3] that for micelles with a fixed centre of mass the excess free

energy AY is given by the following, rather forbidding equation:

. o (z)
AT/KT = - % n, + I L(z) ln(k%g%fJ
1 z % (9
PRI T T Gt gy Xy 1D [0,02) <ou(2)> - ab o))

zZ XYy

where 1 indicates the molecule type 1 = 1 (water), 2 (amphiphile),..., the
superscript b indicates the bulk value and the superscript o indicates that
the quantity is counted as an excess value with respect to the bulk solution.
Equation {9) contailns an osmotic, an ideal mixing and an interaction term. The
excess free energy given in equation (9) is identical to the subdivision
potential for fixed centre of mass defined by Hill [6]. Hall and Pethica [5]
showed that in equilibrium AY must be compensated for by terms not included in
equation (9). The most Important term of this kind is the translational
entropy of the micelle, for the computation of which the volume fraction of
micelles in the system must be known. Let Vg be the volume of the small system
in which one micelle is present. Realising that n

272
for the volume of the micelle we find for the equilibrium condition of the

T, is a good approximation

micelle:

v
AS/KT = In _ 5 (10)

0y Ty

From a mass balance we know that
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- b
TS hTv—t % (i

where 32 is the overall surfactant concentration in the system. Combining

equations (10) and (11) we find the useful formula:
3, = exp(-A9NT) + ¢p (a% > 1) (12)

Which gives us the overall surfactant concentration of the system at
given A°(¢g). We note that our present model is only valid for low micelle

concentrations, i.e., as long as the micelles do not interact with each other.

Results

First, the behaviour of AjsBy is discussed, an unbranched surfactant with
12 tail gsegments and three head group segments. The interaction parameters are
found by fitting known CMC values for a series of surfactants with different
tail-lengths [3]). How to obtain CMC values with the present theory will be
discussed ©below. The following set {s wused throughout this paper:

Xaw ™ 18 xgy = 70-3s xup
interaction is chosen to promote phase separation between tails and water. The

= 1.5. The high wvalue for the tail-water

15 -
A%
10

A\

T e . S B S S . H A S
q 50 100 150

surfactant molecules /micelte

Figure 1.
The excess free energy A as a function of ng for a surfactant Aj3By in a

spherical aggregate. The dashed curve can be found when shape variations

o

are taken into account.
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2.5

-2.30
log ¢7

-2.35 4

-2.40 -

-2.45 —-—————————r——
2 50 100 150
surfactant molecules [ micelle

Figure 2.
Log ¢g as a function of the excess mumber of surfactants AjyBg aggregated
in a globular geometry. Two arbitrary points of equal overall surfactant

concentration are indicated.

negative head group—water interaction represents an attraction between these
two species. PFurther, the tail~head interaction is chosen fairly repulsive,
promoting the partitioning of head groups and tail segments. This increases
the stability of the micelles. The flexibility of the acyl chain is reduced
due to steric hindrance. This is modelled by an energy difference between a
gauche and trans configuration of U = 0.8 kT (T = 300 K).

Figure (1) gives the excess free energy A7 (with fixed centre of mass) as
a function of the excess number of surfactants aggregated. The part with
negative A is physically irrelevant. The part of the curve with a positive
slope leads to micelles that are metastable because for a given composition
another micelle system with a lower free energy can always be found (see
figure 2). The very first thermodynamically stable micelles are fouand at the
maximum fn figure (l). From the equilibrium condition given in equation (10),
we know that the tramslational entropy of the micelles also passes a maximum.
We conclude that micelle concentration can not exist below a given
concentration; in other words, the small system {(which holds only one micelle)
can not be arbitrarily large. At the CMC a micelle has the same average number
of surfactant molecules in it and the concentration of micelles is finite (the

size of the small system is limited). Thus, theoretically the CMC is well
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defined. The same conclusion was reached by Ruckenstein an Nagarajan [12~-14].
9 contains information on the size fluctuations

We note, that the slope 3A°/an2
of micelles [5,15]. The steeper the curve the sharper the size distribution

Near the maximm in A° large fluctuations In micellar size mst be

is.
Near the CMC the micelles change their aggregation number rather

expected.
than that more micelles are formed. See also discussion of figure (4).

Figure (2) gives the relation between the equilibrium volume fraction on

the number of aggregated surfactants. AY passes through a maximum when log ¢§
law; the pertaining value

goes through a2 minfimum in accordance with Gibhs'
of ¢g is the CMC. At each overall concentration $2, beyond the CMC there are
equilibrium concentrations 9y+ In figure (2) one of such

two possible
combinations is indicated. As can be easily seen, the molecules in the bigger

chemical potential and these micelles are

a lower
small micelles we

micelle have always

therefore thermodynamically more favourable. TFor very
require very high equilibrium concentrations, as would be characteristic for
In the physically realistic part of figure (2), beyond

9 because

nucleation phenomena.
the CMC and for bigger micelles, the chemical potential rises with n

gain in energy of the tails upon micellisation 1Is counteracted by the loss in
This repulsive force rises with

2

energy of the repulsive head groups.
increasing aggregation number, while this gives a larger number of head groups

T 1 -2
5 *#10

Figure 3.
The equilibrium bulk concentration as a function of the everall surfactant

Ay 9B3 volume fraction.
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b (micelle)

l 2
5 %10

o
N
w

-~

Figure 4.
The volume fraction of micelles as a function of the overall surfactant

AjyBy volume fraction.

in the interface between the apolar tails and polar head groups. This
mechanism i1s responsible for the finite dimensions of the micelles, i.e., it
prevents the micelles from growing indefinitely towards wacroscopic
dimensions.

We note that especlally when the maximum Ac(ng) is not high, the micelle
concentration at the CMC is relatively high. Naturally, the first micelles can
only be formed by a surplus of surfactants in the system. Thus there can be a
difference between the theoretically defined CMC at the maximum in Ao(ng) and
the lowest possible equilibrium volume fraction of the system.

In many exXperimental systems the overall concentration is fixed. In
figure (3) the equilibrium bulk concentration ¢g is related to the overall
concentration $2. Obviously, below the CMC 52 = ¢g, as there are no micelles.
Surprisingly, the difference between $5 and $2 remains undetectable over a
considerable concentration range just beyond the CMGC. Only at higher concen-
trations becomes ¢g esgsentially independent of the overall concentration. As
given in equation (12), as long as AY is large no big difference between ¢2
and ¢2 can be expected. Ihe behaviour changes dramatically when exp(-A®/kT)
becomes of the order of ¢2 As a consequence, the theoretical CMC is difficult
to determine experimentally. In the last case a more convenlent definition of
the CMC is useful, for example, the point where the ¢g and $2 start to deviate
can be identified as the experimental CMC.

The concentration of micelles as a function of compesition is given in



-16-

head groups

] H 10 15 20 -] 0 B 40 b 5 10 15 20 25 3 ¥ 40
layer z layer z

Figure 5.

Segment density distribution through a cross section of a globular micelle
composed of: a) 45 molecules Aj2B3 (the equilibrium bulk volume fraction
s 3.92 1073 (CMC), and A%= 16.51 kT per micelle), b) 97 molecules A;,B4
(the equilibrivm bulk volume fraction 1s 4.46 1073, and A%= 7.5 kT per

micelle).

figure (4). As anticipated in figure (1), the micelle concentration is not
detectable initially, although the concentration of micelles is finite at the
CMC. The presence of micelles often defies experimental observation at the
thermodynamic criterion for the CMC. Only when the micelles are larger does
their concentration become linear with the overall surfactant concentration.
In figure (5a) the segment density distribution through a cross section
of a micelle is given at the CMC. The micelle consists of 45 AjsB3 molecules.
The layers are numbered arbitrarily, so the origin of the lattice and the
centre of the micelle is between layers 20 and 21. As can be seen from the
segment distributions, the head groups are not confined to one layer but
spread out over several layers. The local concentration of head groups is low.
This gives plenty of room for many tail-water contacts. The distribution of
segments of a given ramk in the surfactant molecule (not presented) is also
wide. This indicates that the entropy of the chain molecules in the aggregates
is rather large, and that a dynamic picture of the micelles is more correct
than a static one. The profiles show that some solvent is found in the core of
the micelle. Indeed, this must be expected for a liquid consisting of simple
unassoclated isotroplc monomers. For water this is not a good model.

Therefore, we believe that the amount of solvent in the micelle is
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Figure 6.
Stability domains for micelles of varying shapes. Given is the relative
change in equilibrium concentration ¢2 for AjjB3y micelles of different
shapes, characterised by the parameters A; and h. The overall surfactant
volume fraction is near its CMC. In the graph with iso-¢g lines the fault
line gives the limit of the physically significant area.

overestimated. In figure (5b) the segment distributions of a cross section
through a globular micelle in which 97 surfactant molecules are aggregated is
giver. These micelles are found at an overall surfactant volume fraction of
EZ = 0.005. The unfavourable inhomogeneities observed in the centre of this
micelle originate from the fact that the radius of the micelle is too big.
This 1indicates that other micellar shapes might be more favourable at this
surfactant concentration.

We showed that in more concentrated systems the micelles are larger, the
corresponding chemical potential of the surfactants is higher and the excess
free energy of the micelles are lower. In general, when A% approaches zero,
the system can change its surface area without change in Gibbs energy. Thus we
can expect shape fluctuatioms ia the concentrated regime. In order to
investigate this phenomenon, the equilibrium bulk concentration at glven
composition has been calculated for micelles of other geometries by changing h
and A in equations (1) and (3). Figure (6) shows how, for the surfactant A4;183
near the CMC, the shape variations are related to the equilibrium bulk
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Figure 7.
Stability domains for micelles of varying shapes. See also figure (6). The
overall surfactant concentration is very high so that the micelles do not

have any translational entropy (4% = 0).

Figure 8.
Stability domains for micelles of varying shapes for the lipid molecule

with a lecithin-like structure:

AB— B - ?
AS— B - ?
A-B

3

for moderate overall volume fractioms. See also figure (6).
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concentration. As c¢an be seen, the globular micelle has the lowest free
energy. {In figure (6) the most favourable micelle shape 1s indicated by an
asterisk.) Therefore it is concluded that the very first wmicelles are
globular.

At very high overall concentration (micelles with aAY = 0; translational
entropy is neglected) we see in figure (7) that for the same molecules disk-
like structures have the lowest free enargy. However, the variation in
chemical potential as a function of micellar shape 1s small, so that a
homodisperse micelle system 1s very unlikely. Consequently, the curve shown in
figure (1) is modified for small A% when we allow shape variations. In this
case a dashed curve as sketched in figure (1) will more likely be followed.

Similar analysis for a lipid lecithin-like molecule with two apolar tails
of 8 (A) segments, a glycerol backbone, and three head group {(of type B)
segments, shows that the very first association collolds are again globular
micelles. Increasing the concentration of the lipids has the effect that the
aggregates grow in to flat membrane-like structures. This is illustrated in
figure (8). This tendency 1is more pronounced when the tails are longer.
Therefore, lecithin molecules are likely to prefer flat membranes over small
micelles. Additional detalls of the cross over from a given assoclation
structure Into ancther as a function of molecular architecture are given

elsewhere [3].

Conclugsions

The thermodynamics of small systems 1is combined with a statistical
thermodynamical Self-Consistent Field theory and applied to amphiphilic
molecules in aqueous solutions. Micelle formation is found to be a first order
phase transition, but because of the low concentration of the micelles at the
CMC, the theoretical critical point is not easily found experimentally. We
showed that the very first wmicelles to form are globular and have fluctuations
in size. At higher surfactant concentration the wicelles can change their
shapes. Then larger fluctuations with respect to their shapes are predicted.
This behaviour strongly depends on the architecture of the wmolecules.
Lecithin-like molecules are shown to prefer membrane-like structures, whereas
short chain surfactants will form relatively small aggregates even at high

surfactant concentration.
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CHAPTER 2

LIPID BILAYER MEMBRANES

Abstract

Step-weighted random walks (modified Markov chain statistics) combined
with a self-consistent field approximation form the basic concepts of a Flory-
Huggins type of theory to describe the lipid bilayer [1]. The purpose of the
present paper 1s to extend this model by incorporating the rotational isomeric
state scheme, both for linear and branched chain molecules. Only three
measurable interaction energy parameters of a Flory-Huggins type are required,
namely for the head group tail, the head group water, and the tall water
contacts. In addition, the theory needs one energy parameter for the internal
trans/gauche transition energy of the chain. Results of this self-consistent
field (SCF) theory are given for membranes formed by lecithin-like molecules.
With respect to earlier work, more detalled 1insight is obtained in the
behaviour of the 1lipid bilayer above the gel to 1liquid phase transition
temperature. Equilibrium conditions are formulated. Segment density profiles
and solvent distributions are calculated. It is shown that the two apolar
tails of the lecithin do not behave identically. The talil next to the head
group 1s lifted slightly more out of the membrane than the other tail. The
well-known balance of forces, responsible for membrane formation is analysed.
We found that the repulsive tail head interaction, often ignored in theories,

is essential for the stability of association colloids.

Introduction

Lipid bilayer membranes provide the living cell with a surface on which
protein molecules have interaction. Membranes also are the interfaces between
cell compartments. The recognition that these propertlies serve vital functions
in living material has stimulated the research on lipid bilayers. There is a
need for a general theory which describes equilibrium properties of 1lipid
bilayers, explains the polymorphism of lipid aggregates, gives insight into
the molecular behaviour of the lipids in an aggregate, and eventually shows
the gel to liquid phase tramsition behaviour. These topics have been the
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subject of many studies and several theories deal with various aspects of this
problem. In a serles of papers we will show that it is possible to design a
comprehensive statistical thermodynamical theory which is able to deal with
all of these aspects simultaneously.

Molecular dynamics (MD) 1is an alternative method to obtain detailed
information on aggregates of amphipolar molecules. One of the first MD studies
on the bilayer membrane is performed by Van der Ploeg and Berendsen [2]. The
excluded volume of the molecules is treated rigorously and all interactions
are taken into account with high accuracy. Indeed, modern simulations de not
fix the head groups positions to a certain plane and the few results obtalned
so far seem realistic [3]. Unfortunately, MD needs many parameters. It has
been shown recently that results depend on the model which 1s used to simulate
the solvent phase [4]. Further, the method is limited by the small number of
molecules, and the relatively short tail lengths, which can be taken into
account. Because of the time scale of the simulations (in the order of 100
pico seconds) a slow process like the exchange of lipids between a membrane
and the bulk solution cannot yet be simulated by molecular dynamics.

In principle, Monte Carlo (MC) simulations may also be useful to gain
insight into the behaviour of amphipolar molecules in aqueous media. Results
for small surfactant molecules have recently been obtained by Owenson and
Pratt [5]. They did not restrict the positions of the head groups, and
therefore thelr results should compare well with ours. However, for
computational reasons, detailed information on 1ipid membranes formed by
lecithins is not yet available.

Statistical mechanical calculations based on a self-consistent field do
not rely as much on the computer capacity as MD or MC techniques do. The
quality of the outcome of such calculations depend on the rigour of the
partition function derived. Several groups studied the conformations of
hydrocarbon tails anchored to a given plane [6,7] or have used {arbitrary)
head group positions [8]. The main result of these theories 1s the order
profile along the hydrocarbon chain. Very eritical for this profile is the
effective head group area or, in other words, the number of chains per surface
area. This parameter can be estimated from experimental values of the membrane
thickness. The gquestion why a given membrane thickness is found remains to be
solved.

Our theory has a more ab initio character. It allows all molecules to
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distribute freely throughout the system. In this way, equilibrium with the
bulk solution is automatically guaranteed. In other words, the membrane
structure can no longer he dictated. The membrane thickness and the average
surface area per molecule are results of the calculations. The composition of
the molecules and the values for the {nteraction parameters determine the
properties of the aggregates. The morphology of the association colloids can
also be studied if one allows for non-planar aggregates as well.

This article explains the statistical and computational aspects of the
rotational isomeric state scheme in a Markov approximation, applied to
branched molecules in a lamellar geometry. All conformations of a chain are
generated in the mean fleld due to all of the other chains. During this
generating process the different conformations are properly weighted. Our
method of generating chain conformations shows similarities with the theory of
Dill and coworkers [8]. After some manipulations the segment density profile
is found. The statistical weight of each individual conformation can be
calculated when this profile is known. Therefore, the ctheory can also be
formulated 1in terws of a set of conformations defining the equilibrium
properties of the system [9]. When doing so, the relatlion between our theory
and MC simulations [5], or with theories in which the individual <({tail)
conformations are generated, as in the work of Gruen [7], is more clear. From
this set of chain conformations, the partition function of the system can be
calculated from which all necessary thermodynamic quantities follow. For more
details of the derivation of the partition function, we refer to other papers
[1,10].

First order Markov chains _

A polymer chain is built uwp of r segments (e.g. CHp groups), with ranking
numbers s = 1,..,r. Each segment may be connected to one ot more other
segments in the chain, but we assume that no ring structures are present, so
that each chemical bond connects two independent parts of the chain. One of
the maln goals of a many-chain problem 1s to calculate the whole set of
conformations of all molecules Iin a give volume. To deal with this, it is
convenient to design a lattice composed of lattice sites te which polymer
segments or solvent molecules are confined. Scheutjens and Fleer modified a
matrix method first introduced by Di Marzio and Rubin [11] to generate all

conformations of the polymer chains iIn thils lattice. In the absence of a
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potential field, this matrix formalism can be shown to be equivalent with
random walk statistics. Tt 1s characteristic for the random walk on the
lattice that each step has Z options, irrespective of previous steps, where Z
is the co-ordination number of the lattice, 1i.e., the number of neighbouring
lattice sites. In the present elaboration the lattice consists of parallel
layers of L lattice sites each. They are numbered z = 1,...,M, where layer

numbers 1 and M form the boundaries of the system. A fraction A_, of these Z

1

gites is situated in a previous layer, a fraction A, in the next layer and a

1
fraction A  in the same layer. We are interested in the density distribution

of each ;Lgment for a given potential profile u{z) (a free energy per
segment). This profile is wusually different for each type of segment or
solvent wolecule and includes hard core interactions and specific contact
energies. In this way we can use simple Boltzmann statistics to obtain the
distribution functions. For example, the density distribution of solvent,

denoted by subscript W, is given by
_ b
by(2) = ¢y Gyulz) (L)

where ¢w(z) is the wvolume fraction of solvent in layer gz, ¢3 that in the bulk
solution and Gy(z) = exp(-uy(z)/kT} gives the distribution function of solvent
molecules. S5imilarly, Ga(z) = exp(-up(z)/kT) gives the distribution functien
of monomers of type A in a potential field up(z), whereas Ga(z) X ,_, Gglz")
glves the distribution function of AB dimers, where segment A is in layer =z
and segment B in layer z'. The distribution of A segments of these dimers is
thus given by G(z,Ag) = Ga(2) I,4),¢_., Cglz")-

Generally, each segment s contributes a factor Gi(z,s) to the
distribution function of a chain i and the distribution function of the last

segment of a chaln of s segments can be expressed in a Markov approximation

G(z,sl) = G(z,s) f,lz'—z G(z‘,si) (2)
The subscript 1 refers to the bond 1 with which the rest of the chain is
connected. Note that the subindex i is dropped to indicate that the equation
1s general applicable. G(z',s{) is the distribution function of segment s'
when the bond between s and s’ is disconnected. In shorthand notation equation

(2) 1s written as
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G(z,sl) = G(z,3) <G(z,si)> )]

The angular brackets denote a welghted averaging of G(z,s]) over layers z-1,
z, and z+l. Equation (3) is a recurrence relation that expresses the end
segment distribution into that of a chain that is one segment shorter. A
segment with chain parts at two of 1ts bonds (1 and 2) has a distribution

funetion G(z,s.,) = (G(z,si)) G{z,s) <G(z,s§)> or

12

G(z,s = G(z,sl) G(z,sz)/G(z,s) (4)

12)
We have assumed that segment s' and 8" may overlap each other occasionally
(Markov-type behaviour}. The volume fraction of segment s Iin layer z is now

calculated as
¢(z,8,,) = € 6(z,8,,) (5)

where C 1s a normalisation constant, obtained from the volume fraction ¢b

b
¢c-& (6)

or from the total amount of segments § = % g $(z,5) in the system. Since
Ty G(z,815) is 1independent of s, é ; G(z,slz) =T % G(z,rl) = r G(rl), the
normalisation constant 1s

= [}
¢ T G(r

1 )]
Starting at either chain end, equation (3) generates all end segment
distribution functions needed in equation (4) from the monomer distribution
function G(z,s) (substituted by G,(z), Gg(z), etec., depending on the type of
segment s), so that the volume fraction distributions can be obtained from
equation (5). This procedure 1s repeated for each type of molecule (i) in the
system. For monomers equation {5) reduces to the simple form of equatien (1l).
The segment density distributions should obey the volume restriction

requirement {(constant density) in each layer z:
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i ¢, (2z) = 1 (8)
Here, x denotes segment or solvent type (x = A, B, W, ...}. In the simplest
case there are only hard core interactions in the system, so that G,(z)
exp(-u'(z)/kT) for all segment types x. In this case u'(z) is the hard core
potential and is chosen such that equation (8) is satisflied. More generally,
the potential profile of segment x Includes energetic contributions from
nearest neighbour interactions, which can be expressed in terms of Flory-

Huggins parameters y__ :

b
u (z) = u'(z) + kT & <¢ (z)> - ED]
L(2) = u'(2) I Xy (<8, (D> = ) (
The summation y rums over all segment types. The angular brackets again

indicate a weighted average over three consecutive layers (z' = z-1, z, z+l):
<o(z)> = x_, ¢(z") (10)
2t B2

The number of equations ((8) and (9)) always equals the number of unknowns
{u'(z) and uy(z)), so that the set of simltaneous equations can be solved
numerically.

Branched molecules are treated very similarly. If segment s (connected
with bonds 1 and 2 in the chain) has a branch at bond 3, we apply equation (4)
to connect the chain parts at bonds 1 and 2 and an equivalent equation (11) to

connect the branch at bond 3

G{2,8173) = G(z,s17) G(z,s83)/G(z,s) (L)

G(z,33) is generated using equation (3) and starting at the end of the branch
chain. The density distribution of the branching segment follows from
$(z,8193) = C G(z,s123)+ Equations (4} and (5) remain valid for all other
segments, because these segments have only two bonds each. However, G(z,sl) or
G(z,s2) should include the contribution of the branch. If the branch i{s in the
chain part that is connected to bond 1 of segment s and the branch point is

s', we can obtain G(z,s1) using equation (3) starting at G{z,s[3):

G(z,87) = 6(z,5") <G(z,8{3)>, where s" is the segment directly connected to

s'.
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Rotational isomeric state scheme

Due to steric hindrance, a sequence of three (C-C bonds has three
favourable, one trans (t) and two gauche (g+, g )}, configurations (see figure
1}. The two gauche configurations have an energy U8 =~ 1 kT higher than the
trans configuration. Each additional C-C bond has again three possible
orientations which form trans or gauche configurations with its two
predecessors. The whole chain will fit on a tetrahedral (diamond)} lattice,
where each bond is in one of four orientatifons e”, f", g", or h". In each of
these orientations we distinguish two opposite directions: e and e', f and f',
g and g', h and h', respectively (see figure 2). We orient the lattice in such
a way that bonds in orientations f" and g” connect segments within the same
lattice layer and bonds in orlentations e” and h" connect segments in

neighbouring lattice layers. If we rotate this lattice around its z axis over

| 1 1 I
o° 60°  120° 80° 240° 3007 360°

¢

Figure 1.
Schematic drawing of gauche and trans configurations in a chain and the
energy as a function of the angle ¢ between twe consecutive bonds in the
chain. The three minima in the energy curve correspond with a g', t, and
g configuratiom, respectively. The trans configuration is energetically

most favourable.
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angles of 120 degrees we get a superposition of 3 tetrahedral lattices which
is very similar to a hexagonal lattice: each lattice site gets 12 instead of 4
neighbours, but the & of them in the same layer do not form a hexagon. As we
will apply a mean field approximation within each layer, this difference will
not affect the results. Hence it will suffice to consider only the tetrahedral
lattice with the four bond orientations defined above.

There are two types of sites in the lattice which are mirror images of
each other. Sites of type T have neighbours {(all of type II) in directions e,
f, g, and h, whereas sites of type II are surrounded by sites of type I in
directions e', f', g' and h' {(see figure 2b). We will assume that a segment
can at the most have four possible bonds. These bonds give a segment an
orientation, irrespective whether the bonds are free or not. A segment on a

site in a tetrahedral lattice may assume one out of 12 orientations: one bond

i
i

z-1 z Z+l

Figure 2.
a. Identification of lamellae in a tetrahedal lattice. All segments are on
one of the parallel planes.
b. Alternative representation of the same lattice. The eight bond
directions, four bond orientations and the two types of sites are

ipdicated.
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Table 1. Compilation of segment orilentations in a tetrahedral lattice.

segment isomer I isomer II

site I 1I I IT

bond pumber 1234 1234 1234 1234

orientation ehfg h'e'f'g' hefg e'h'f'g’
efgh h'f'g'e’ hfge e'f'g'h'
eghf h'g'le'f’ hgef e'g'h'f'
fhge f'e'g'h’' fegh f'h'g'e’
fgeh f'g'h'e’ fghe f'g'e'h’
fehg f'h'e'g’ fheg fle'h'g’
gefh g'h'f'e! ghfe g'e'f'h'
gfhe g'f'e'n'  gfen g'f'h'e’
ghef g'e'h'f! gehf g'h'e'f’
hgfe e'g'f'h! egfh h'g'f'e’
hfeg e'f'h'g’ efhg h'fte'g’
hegf e'h'g'f’ ehgf h'e'g'f'

can choose between four directions and a second bond between three. The
directions of any other bonds are then fixed because of i1its stereo
specificity. The first columm of table (1) lists all these orientations for a
site of type I. Each orientation can be obtained from another one by rotation
around one of the bonds (keep any one bond in position and exchange the three
others). The stereo 1somer 1s obtalned by exchanging any two bond
orientations. The third column of table (1) 1lists all orientations of the
isomer on a site of type I (exchanging h and e). As a mirror image of a
segment on a site I is equivalent to its stereo isomer on a site II, we obtalin
a complete list of bond direction combinations on sites II by reversing all
directions in the first and third column {in table (1), giving columns four and
two, respectively.

A segment orientation is defined by specifying the directions of two of
its bonds. We will use the symbol 8®f when the first bond of segment s is in
direction e and the second bond in direction f. Equivalently, s8' -1’ signifies
that bond one is in direction g' and bond three is in direction h'. To
indicate the fact that the segment is part of a chain we write.S?;°'e' if

bond 1 in direction h' and bond 4 in direction e’ are connected to other chaln
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parts.
In this paper we assume that the potential profile (equation (9)) is

independent of the orientation of a segment, so that

af - 0 ifa=28 12

6(z,577) { G{z,s) otherwise (12)
where ¢ and R stand for the bond directions e, f, g, and h (or &', £', g',
and h' for sites of type II). There are 24 non-zero independent values
G(z,sas). Equation (2), descrihbing elongation of the chain at s' by one

segment s, becomes:

G(z,sfﬁ) = G(z,8%B) 1 ABTma"Y" G(z',siY'“') (2a)
¥

In this case bond 1 of segment s (in direction ) 1is connected to bond 2 of
segment s' (in direction a'). Layer z' is either z-1, z, or z+1 , depending
on the direction of o'. There are only three non-zero contributions to
G(z,s?ﬂ), because all combinations with o = g are excluded by equation (12).
The superscript g8"-o"—-y" refers to a sequence of three bonds, in orientation
g”, a", and y", respectively (a superscript g"a"y" would refer to three bond
orientations of the same segment)}, forming a gauche or trans configuration.

The three configurations are properly weighted by At or Ag:

w_pe__m t . -

x - { ; ;ih:rwisg a3
where & = 1/(2+exp(UB/KT)) and af =1 - 2 AB. Equation (2a) applies even to
dimers and end segments, because the difference bhetween t and g affects only
the orientation of the next bond, which is a free bond in these cases.
Therefore, the recurrence equation (2a) can be started at G(z,s?B) =
G(z,saB). The equivalent of equation (2a), starting at the other chain end

reads:

e e 1 t
G(Z,Sgs) - G(Z,SGB) T AO' B =y G(Z',Bés Y )
Y‘
where bond 2 of segment & im direction B is attached to bond 1 of segment s'
in direction g'.

The end to end connection of two chains at segment s in orientation of 1s
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now just a variation of equation (4), because all gauche and trans emnergies

are already accounted for.
6(2,559) = 6(z,83%) c(z,55%)/6(2,5%) (42)
and G{z,s),) in equation (5) becomes the average value of G(z,sfg)

G(z,8,5) = I I A“BG(z,sfg) (14)
a B
Here, AGB = 1/24 is the inverse of the number of segment orientations on sites
of type I and II. The number of segments on sites of type I must be equal to
those on type II, i.e., zi¢i(zl) = £1¢i(zII) = 0.5. In the present treatment
there is no numerical difference between G(z,s“B) and G(z,s“'ﬂl), so that this
constraint 1is automatically obeyed. Moreover, the congsecutive segments in a
chaln are placed on alternate type of sites. Only the chaln as a whole may in
certain systems prefer to start always on the same type of site. For example,
in a crystal the chains would be all in the same orientation.
A branch in the chalin presents some extra difficulties. Instead of

equation (11) we have

G(z,5%87) = G(z,5%87) 6(z,s3%7) 6(z,s36% / 6(z,s %82 (11a)
Although the orientation of a segment 1s fixed hy the direction of two of its
bonds, all three bond directions are indicated in equation (lla) for the sake
of clearness. Obviously, G(z,saBY) = G(z,sas). The chain end distribution
function G(z,s?BT) indicates that the rest of the chain is connected to bond 1
of s, which 1s 1in the o direction. This quantity is found by a modification of

equation (2a). When s' 1s the segment adjacent to the branching segment s then

a__w_gngn Vot

6(z,5%8%) = 6(2,6%8%) £ AT TEE gear,er YT (2b)
.Yl

where bond 2 of segment s' in direction a' i3 conmected to bond bond 1 of s

in direction g. To segment s alsc the directions B and & are assigned to which

bond 2 and 3 will be connected, respectively. The parameter AY"‘G"‘3"5"

welghts their contributions:
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A 1f o' = 4" or o = &

= { {13)
Agg otherwise

32 ~B"=y"$
where 2F€ = xtxg/(z AEAB + Agxg) and 388 = 1 - 2 xtg. It is illustrative to
give the equivalent expression (2b) for the case that bond 3 of s' in
direction 8' is connected to hond 2 of segment s, while bond 1 and 3 of

segment s are in directiomns o and §, respectively:

8%y = 6(z,s%8%) £ AY BT gar eyt B

Yl

G{z,s
Obviocusly, by the following equation a segment s" in orientation af is
connected with bond 1 te bond 2 of segment s which has other chain parts at
bonds 1 and 3:

6(z,57%F) = 6(z,57%F) £ AETOTYE gz, a1 00 (2¢)
Y

where G(z,sf&*) = G(z,szY) G(z,s%BY)/G(z,s“BY). The summation over '
represents the three directions of bond 1 of segment s with bond 2 in
direction o'. These orlentations can be obtalned from table 1 and determine
the directions §' simultanecusly. This formalism 1s easily extendible for a
branch point with four groups. For example, a segment s"” in orientation a8
is connected through bond 1 to bond 2 of segment s' to other chain parts at
bonds 1, 3, and 4 by:

6(2,8]%) = 6(z,5"%) i'xﬂ"'“"'T"G"e" G(z',8) 1,0 0" (2d)

where 3B "0 TY"8"€" 88t 3 \BET) _ q/3.
Computational aspects

Due to the symmetr} of the lattice and the mean field approximation, many
of the quantities G are numerically equal. We have already mentioned the
equivalence of sites of type I and II. Moreover, there will be an equal number
of bonds in orientations e” and h" (between two layers) and similarly in
orientations f" and g" (within a layer). Generally, for a segment with two
bonds there are only 7 numerically different segment orientations «f, instead
of 24. These are listed in table (2). In appendix A the resulting equations

((2a) and (4a)) are given in matrix notation.




-33-

Table 2. Degenerate segment orientations

eh = h'e'
ef zeg = h'g' =h'?
fh = gh = g'e' = f'e!

fg = gf = g'£*' = f'g!

fe = ge = g'h' = £'h'
hf = hg = e'g"' = e'f!
he = e'h!

For a segment with three or four bonds each orientation on a site of type I
has only one numerically equivalent orlentatlon on a site of type II, e.g.,
ehfg = h'e'f'g’, efgh = h'f'g'e', etc., so that 12 different numbers remain.
(The corresponding palrs are listed fin table 1 next to each other.)

To fix the membrane on the lattice we place a reflecting boundary in the
centre of the the bilayer [l] (there 1s no reason why the bilayer would be
asymmetric), between layers 0 and 1. This is accomplished by settinmg all
(image) quantities in layer 1l-z equal to those 1in 1layer z.
Thus G(l-z,8 % ) = G(z,s'?

efgh hgfe
are rotated over 180 degrees, rather than reflected, because a reflection

}, ¢(1-2,8) = ¢{z,8), ete. In fact, the molecules

would produce the stereo isomer. The rule to find the rotated bond directions
is to replace e, f, g, h, e', £f', g', by h' for h, g, £, e, h', g', £', and
e', respectively.

Obviously, the reflecting boundary could alsc be placed in layer 0 so
that quantities in layer -z equal those in layer z. A similar reflecting
boundary can be placed in the bulk solution, between layers M and M+l or in
layer M. Hence, calculations for only M or M+l layers are to be performed.
Membranes are initiated in the first few layers by a suitable initial guess
{see appendix B).

Evaluation of the Markov chain and mean field approximations

It is appropriate to summarise the shortcomings and advantages of the
Markov chain approximation and, c¢onsequently, the local mean field
approximation coupled to it. Strictly spoken, our chain statistics has pure
Markov behaviour only if all steps are weighted with a constant factor, i.e.,

for a homogenecous system. Im a concentration gradiemt the steps are welghted
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according to the local potential and therefore our method may also be
characterised as "a step weighted random walk"™. Since in a Markov
approximation only short range correlations (along the chain) are taken care
of, we were able to use a recurrent relation which guarantees (within certain
limits) the generation of all allowed conformations of a chain in the average
field of all other chalms. By incorporation of some memory aleng the chain
path (RIS scheme), direct backfolding can be forbidden. With this method we
cannot prevent a chaln segment to enter a lattice site which 1is already
occupied by a segment of one of the other chains. We also allow the chain to
enter a lattice site which is already occupied by a segment of the same chain
if it is more than four bonds apart. We compensate for any multiple occupancy
of sites by allowing only L segments in each lattice layer.

The consequence of using the average segment density in each layer is
that inhomogeneities 1in each layer parallel to the membrane are neglected.
When a lamellar lattice is used, the membrane is forced to be flat and
spontaneous undulations along the bilayer are not taken Into account.

There are a few impressive achievements in the present treatment. One can
generate all conformations of chains of up to 10,000 segments without too much
computational effort. The segment density profiles of each conformation can be
calculated so that very detailed informatien on the segment positions is
available. Any number of different types of molecules (for example
polydisperse polymers, additives etc.) can be introduced without undue
complications. If necessary, other lateractions (for example electrostatic) or
external potentials (for example long range Van der Waals interactions) can be

taken into account as well.

Comparison with other theories

Dill and coworkers use a different but similar recurrence relation to
generate all possible conformations of chains on a lattice [8). However, they
fix the head groups in particular layers and allow all segments only to be in
the same layer or in the layers closer to the centre of the aggrepgates.

Gruen elther samples the set of conformations, or generates the whole set
[7]- His approach does not make use of a lattice and consequently his set of
conformations for the lipid mplecules is in this respect more realistic than
ours. For computational reasons, a predetermined number of head groups were

confined to a given layer so that equilibrium with the bulk solution was lest.
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A more severe drawback of his approach is that one cannot be sure to find the
set of conformations which minimises the free energy. Gruen generated several
solutions obeying the space filling requirement. The chain packing
corresponding to the lowest free energy found was accepted as the physical
realistie solution.

Both Gruen and Dill et al. did not allow solvent molecules or head groups
in the tail region, and therefore they did not need to take energetic
interactions into account. For the space filling requirement both theories
need a kind of osmotic potential like our u'({z).

In our theory all essential energetic interactions are accounted for. Our
segment density profiles are self-consistent, and equilibrium with the hulk
solution 1s always guaranteed. Standard thermodynamics are used to find the

equilibrium properties of the system.

Results and discussion

Lipid molecules

We will concentrate on lecithin-like molecules modelled by a glycerol
backbone, two identical tails of p (CHy) apolar (A) segments each and a head
group of q polar (B) segments:

AP“B-f

AP—B*? (16}
A-Bq

We disregard volume differences between a terminal CHy group and a CHy group,

nor do we specify more details In the head group. Henceforth the solvent

simply is indicated as "water” and {s modelled as a monomer of segment type W

The solvent molecules are denoted by 1 = 1 and the lipids by {1 = 2.

Interaction parameters

In the most simple case there are three x parameters for the various
contacts in the system. Roughly, Xaw {tail segment/water interaction) 1is 1.6,
Xpu (head group segment/water iInteraction) i1s 0 or slightly negative,
and Xan (tail segment/head group segment interaction) is around 1.5. This set

of y values implies that head groups are soluble in water, but the talls avoid
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head groups and water molecules (high y values}). It wmimics the well-known
opposing forces stabilising the 1lipid aggregates. Phase separation between
tails and water is the driving force for association. Head groups repel tails
and therefore they are forced to be on the outside of the aggregate. As they
like water, micelle or membrane growth 1s limited and the aggregate stabilises
at a certain size. In literature the Iinteraction between tails and heads is
often neglected. The choice Xap = 1.5 mimics a repulsion between these types
of segments. If this interaction 1s tooa weak, the head groups mix tco easily
with tail segments and consequently too many tail segments would be exposed to
the water phase. In this case no stable assoclates are formed. In the RIS
scheme o¢ne extra parameter is needed namely the energy difference between a
gauche and a trans configuration. We used a value of 1 kT at T = 275. This

resembles a literature value of around 0.8 kT at room temperature [12].

Branch points

We have allowed minor simplifications with respect to the computations at
the branch point. We will only account for non-overlapping chain parts. In
other words, a second order Markov approximation 1is used instead of a third
order (RIS) Markov approximation. Typically, a second order Markov
approximation has a chain end distribution function G(z,si“) which states that
the free bond 2 will be connected with a segment in direction a, while bond 1
is comnected with a chain in any of the three remalning directions. In this
case all A“"_B“_Yuau equal 1/3 for all possible combinations of the three
meeting chain parts. Further, we did not distinguish between the two
enantiomers. Consequently, the number of ways to connect the three subchains
in the branch point 1s doubled. Therefore, in this case the normalisation
given in equation (14) for the branch segment 3%*8Y= § %8 1s used. In this way

the number of operations for the branch point is reduced from 12 to 3.

Membrane in a frame

Membranes in a frame are known as black lipid films. Since they are
restricted from translation, they are relatively easy examined experimentally.
The membrane thickness and, more generally, the membrane composition can be
modified by a suitable experimental conditions. In our theory the membrane
composition is changed by changing the lipid concentration in the system. In
doing so, thermodynamic data can be calculated. Flgure (3a) shows how the







