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Abstract The lumpy distribution of species along a continuous one-dimensional niche axis recently found by Scheffer and
van Nes (Scheffer and van Ness 2006) is explained mathematically. We show that it emerges simply from the eigenvalue
and eigenvectors of the community matrix. Both the transient
patterns—lumps and gaps between them—as well as the
asymptotic equilibrium are explained. If the species are evenly
distributed along the niche axis, the emergence of these
patterns can be demonstrated analytically. The more general
case, of randomly distributed species, shows only slight
deviations and is illustrated by numerical simulation. This is a
robust result whenever the finiteness of the niche is taken into
account: it can be extended to different analytic dependence of
the interaction coefficients with the distance on the niche axis
(i.e., different kernel interactions), different boundary conditions, etc. We also found that there is a critical value both for
the width of the species distribution σ and the number of
species n below which the clusterization disappears.
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Introduction
In a recent work, Scheffer and van Nes (2006) found that
community interactions alone can create lumpy distributions of species along a niche axis. This is an important
finding as it implied that there are to different ways for
species to coexist: either by being sufficiently different or
by being sufficiently similar. This is in agreement with the
conjecture of Bonsall et al. (2004) that coexisting species
may be more similar than one would expect by chance
alone and that their distribution falls into a number of
distinct clusters. More recently, Roelke and Eldridge (2008)
found similar patterns in different resource competition
model. Furthermore, they suggest that this mechanism is
not very fragile. This counterintuitive result that reconciles
niche theory (MacArthur & Levins 1967) with neutrality
(Allen et al. 2006; Holt et al. 2006) has received quite some
attention (Herault et al. 2007; Hubbel et al. 2007) but
remains hard to understand exactly.
Along a niche axis, self-organized clusters of look-a-likes
emerge spontaneously from coevolution of competitors
described by n-species Lotka–Volterra competition model
(LVCM):
!
n
X
dxi
¼ r i xi 1 
aij xj
i ¼ 1; :::; n
ð1Þ
dt
j¼1
where xi is the density of species i, normalized by its
carrying capacity Ki (xi =Ni/Ki); ri is its maximum per capita
growth rate; and the coefficients αij represent the competitive
interaction of species j over species i. Or in matrix notation:
dx
¼ rxð1  AxÞ
dt

ð1′Þ

This LVCM is parameterized in such a way that it
mimics competition between species along a niche gradient
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(see “Methods”) and so the elements αij of the A matrix are
given by
aij ¼ e



ðmi mj Þ2
4s 2

ð2Þ

where μi is the position on the niche axis of species i and σ
stands for the width of the niche.
The model produces rather long transients with clumps
of similar species that can become stable if there is density
dependent predation (Scheffer and van Ness 2006).
Here, we explain this so-called paradox of the clumps
(Nee and Colegrave 2006) from a mathematical point of
view, showing that it emerges simply from the associated
linear system of equations.
We start by considering an equilibrium of the system
specified by a set of equilibrium densities xi* for each
species i. To check the stability of this equilibrium, the
standard procedure is to study the fate of small disturbances
yi from the equilibrium values xi*. It can be shown that the
temporal variation of the perturbation y is approximately
proportional to the matrix A: dyðt Þ=dt / Ayðt Þ (see
“Methods”). This is a linear model than can be solved
easily. For large times only the maximal eigenvalue λm of

the matrix –A, and its associated eigenvector vm determines
the rate and direction of change of the disturbance y,
respectively. As we will show, λm is positive and the
initially small perturbation, instead of being smoothed out,
yields for large times (see “Methods”).
x  eAv t ¼ elm v t ðfor t largeÞ
m

m

Analytic expressions for the eigenvalues and eigenvectors of −Α are not known for the general case of random
distributions of species on the niche axis. However, for the
simpler case when the n species are evenly spaced along
the niche axis, that is μj =(j−1)/n, the eigenvalues λk and
the components vkj of the eigenvectors vk (k=1,…,n) are
given, for n even and PBC, by (Berlin & Kac 1952):
lk ¼  c 1 þ 2

n=2
X

cj ðn; s Þ cos ½2p ðk  1Þðj  1Þ=n

j¼2

Þ

þ cn=2þ1 ðn; s Þ cos ½p ðk  1Þ ;

ð4Þ

with cj ðn; s Þ ¼ eð 2sn Þ for 1  j  n=2 þ 1;
j1 2

i
8  1
 1 h
< 2 2 sin 2pðk1Þðj1Þ ¼ 2 2 sin 2p ðk  1Þmj
if k  n2 þ 1
n
n
n
h
i
vkj ¼   1
j ¼ 1; . . . ; n
1


: 2 2 cos 2pðnkþ1Þðj1Þ ¼ 2 2 cos 2p ðn  k þ 1Þm if k > n þ 1
j
n
n
2
n

From Eqs. 4 and 5, one can see that, except for k=1 and
k=n/2+1, the eigenvalues come in pairs: λn-k+ 2 =λk, one
corresponding to the sine and the other to the cosine
eigenvector. Equation 4 can be used to find numerically the
index k=m with the maximal eigenvalue λm (n,σ) (as we
have just seen, k=n−m+2 has the same value). The specific
value of this index m is important since, as turns out from
Eq. 5, the corresponding dominant eigenvector vm has m−1
peaks and m−1 valleys.
The maximal eigenvalue λm was determined from expression Eq. 4 for a grid of values of n and σ: 2≤N≤200, and
0.05≤σ≤0.5. The surface depicted in Fig. 1 corresponds to λm
(n,σ), showing that λm is positive except for small values of n
(n<8) or when σ is below a critical value σc which is
approximately 0.075. This means that for higher values of n
and s than those threshold values the equilibrium in which all
species have the same biomass is not stable, implying that a
pattern can be formed.
The dominant eigenvector vm can also be used to predict
the species distribution in time, using Eq. 3. In Fig. 2, we can
see that the lumps and gaps coincide, respectively, with the m
−1 peaks and valleys of vm. In Fig. 3, we compare this

ð3Þ

ð5Þ

linearized model with simulations. For instance, if n=200 and
σ=0.15, we get m=5 (and m=200−5+2=197),
.
 and.then
is
either
sin
8pm
10
or
cos
8pmj 10.
λm =0.3938 and vm
j
j
Figure 3A is a plot of a typical population distribution,
produced by simulation, for t=1,000 generations and the
expected
biomass based on the dominant eigenvector vm

.
j ¼
cos 8pmj 10 substituted in the linearized model (Eq. 3).
Notice that the agreement is quite good and that the quality of
the agreement improves with time (Fig. 3B), until it becomes
very good when the lumps are thinned to single lines.
So far, the results are for the particular case of the n
species evenly spaced along the niche axis. What happens in
the general case in which species are randomly distributed?
In that case, we do not have an analytical proof. However, it
turns out that simulations show that the results are very
similar. This is evident from comparison of Fig. 3C and D
with Fig. 3A and B, respectively.
Notice that for a given n (even) the maximum possible
number of peaks is n/2 (one half of the components of the
eigenvector pointing up and the other half down).
The integer m that gives the maximal eigenvalue is only
a function of the width σ of the niche, m=m(σ), and is
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Fig. 1 λm, determined from Eq.
3 as a function of n and σ. The
arrow denotes the point n=200
and σ=0.15

independent from n, provided n is large enough (n/2≥m−
1). It turns out that m is always an odd number (and then
the number of clumps is even). The reason for this can be
traced from the cosines appearing in Eq. 4 making
contributions to the eigenvalues of opposite signs:
positive for odd k and negative for even k. As a
consequence the number of peaks, equal to m−1, is

Fig. 2 The coincidence of
lumps and gaps with, respectively, the peaks and valleys of
the dominant eigenvector for
n=200 and σ=0.15. Above:
results from a simulation after
t=1,000 generations. Below: the
components of the dominant
eigenvector vm

always even. For σ=0.15, m−1=4 for all even n greater
or equal than 8. The number of species that survive for
asymptotically long times is then given simply by
n1 ð s Þ ¼ m ð s Þ  1

ð6Þ

In summary, for LVCM with MacArthur–Levins niche
overlap, whenever the finiteness of the niche is taken into
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Fig. 3 Distribution of species for n=200 and σ=0.15. In black, results
from a simulation after t generations and in gray, exp[λmvmt]. a, b
Species evenly spaced along the niche axis for t=1,000 and 10,000

generations, respectively. c, d Species randomly distributed along the
niche axis for t=1,000 and 10,000 (vm is obtained now numerically
from the matrix −Α)

account (instead of considering a virtually infinite niche, see
a discussion on this in “Methods”), the linearized model is
enough to get: (1) qualitatively, the transient pattern—
lumps and gaps between them—and (2) quantitatively, the
asymptotic state. A key element behind this finding is that
provided n is large enough and σ above a critical value, the
maximum eigenvalue of the matrix –A is always positive
(or equivalently, the minimum eigenvalue of the community matrix A is always negative). As a consequence, the
dominant eigenvector ends controlling the sate of the
ecosystem. This result is robust since it does not depend
on taking different growth coefficients for the each species
or the same r for all the species; it is quite independent on
the interaction kernel and on the initial conditions.

ized by normal distributions on the niche axis with
standard deviation
σ 2 (MacArthur & Levins 1967):
pﬃﬃﬃﬃﬃ
2
PðxÞ ¼ 1= 2p eðxmÞ =ð2s Þ . The competition intensity
between species i and species j is assumed to be related to
their overlap and, thus, to the probability P that individuals
of the two species are at the same position on the niche axis,
which is the product of both probabilities. Then, the αij can
be computed following MacArthur and Levins (1967), and
we get the Eq. 2:
þ1
R
Pi ðxÞPj ðxÞdx
ðm m Þ2
 i 2j
1
4s
aij  þ1
¼e
R
Pi ðxÞ2 dx
1

i ¼ 1; :::n; j ¼ 1; :::n;
Methods
Parameterization of the model
In the model, each species has an arbitrary random
position μi on the niche axis ξ, between 0 and 1 (Scheffer
& van Ness 2006). The widths of the niches is character-

To avoid border effects, periodic boundary conditions
(PBC) are imposed to the niche axis, so that each species
has equal numbers of competitors on both sides. We
implement this by just taking the minimal distance between
|μi−μj| and 1−|μi−μj| (see below for a discussion on
alternative implementations of boundary conditions and
their consequences).
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Placing a large number of species at random locations on
the niche axis, for example n=200, with random maximum
per capita growth rates ri between 0 and 1 and σ=0.15, and
starting from a random configuration of fractions xi, the
above model gives rise, after typically some hundreds of
generations, to a pattern of four lumps equally spaced by
four gaps. In fact, these lumps are transient and each shall
ultimately be thinned out to a single species for asymptotic
times (after some thousands of generations). Since we
checked that a fixed r for all the species does not introduce
noticeable changes, we work in what follows with ri =1
independent of the index i. This is easy to understand since
what is relevant for the equilibrium values xi* are the terms
between brackets in the Lotka–Volterra equation (Eq. 1),
and this does not change.
For other values of σ, the number of lumps (or gaps) may
change: the smaller σ, the greater the number of lumps.
The population densities for long times obtained
from a linear approximation

starting from a completely random assignation of densities.) Next, In this case, the equilibrium condition Eq. 7
reduces to:
1  x*

n
X

aij ¼ 0

i ¼ 1; :::; n

In addition, Eq. 9 becomes
dyðt Þ=dt ¼ x* Ayðt Þ

ð9′Þ

i.e., Jij becomes proportional to −αij. This implies that the
stability of the equilibrium depends simply on the eigenvalues of the matrix −Α. Since the coefficients of Α, given
by Eq. 2, are symmetric, then all its eigenvalues are real.
Then, for asymptotic times, y becomes proportional to the
dominant eigenvector vm, the one associated with the
maximum eigenvalue of −Α (or, equivalently, the minimum
eigenvalue of Α) λm
yðt Þ / elm t vm ðfor t largeÞ

The equilibrium fractions, xi*, follow from Eq. 1 equating
the right sides to 0:
!
n
X
*
*
xi 1 
aij xj ¼ 0 i ¼ 1; :::; n
ð7Þ

ð7′Þ

j¼1

ð10Þ

By Eqs. 8 and 7′, we have for the expression between
brackets in Eq. 1:
!
n
n
X
X
1
aij xj ¼ 
aij yj
ð11Þ
j¼1

j¼1

j¼1

Taylor expanding about this equilibrium for each
population, i.e.,
xi ¼ xi* þyi ðt Þ

ð8Þ

where yi denotes an initially small perturbation to the ith
population and discarding all terms which are of second or
higher order in the perturbations y, a linear approximation is
obtained as:
n
X
dyi ðt Þ
ﬃ
xi* aij yj ðt Þ i ¼ 1; :::; n
dt
j¼1

ð9Þ

Then one has to find the eigenvalues of the Jacobian or, in
the ecological language, the community matrix (May 1974)
Jij ¼ xi* aij . For simplicity, let us consider the equilibrium
in which all populations densities are equal, xi*=x* for all
i.1 (We checked that the same results are obtained when

1

Of course, in the general case of species randomly distributed, this is
not an exact equilibrium. However, for n large enough—say n = 200—
the sum of the competition coefficients along any row (or column),
by a probabilistic argument, is more or less equal to a constant Σ, so
xi* = x* = 1/Σ is close to an equilibrium. For the case of evenly
distributed species, xi* = x* = 1/Σ is an exact equilibrium although
in general nonstable.

Thus, Eq. 1 can be rewritten in matrix form as
d ln x
¼ Ay
dt

ð12Þ

Notice that from Eq. 10, due to the fact that λm is
positive, for large times, y becomes proportional to vm
(otherwise, if λm would be negative, the equilibrium would
be stable and the perturbation would be smoothed out for
large times). We then have
d ln x
 Avm ¼ lm vm ðfor t largeÞ
ð13Þ
dt
and by integration, we get the approximated solution given
by Eq. 3.
Different implementations of the boundary conditions
and their effects
Let us analyze the robustness of the lumpy pattern. For the
case of the Gaussian kernel (Normal probability distributions and MacCarthur–Levins niche overlap), it is sensitive on the implementation of boundary conditions: when
using the traditional periodic implementation of PBC
described above, as we do, the minimal eigenvalue is
positive and then the lumpy pattern occurs only for σ above
a critical value σc. Furthermore, there are lumps for kernels
with non-integer exponents p>1. In fact, the formula for the
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eigenvectors of Berlin–Kac is valid for any cyclic matrix α
of the form
2

c1 c2 c3 . . . . . . . . . cn

3

7
6 c c c .........c
6 n 1 2
n1 7
6
a ¼ 6 .....................7
7:
4 .....................5
c2 c3 . . . . . . . . . :cn c1

ð14Þ

For instance, for s=0.15, the species organize into three lumps
instead of four2.
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