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ABSTRACT: Optimal economic decisions under uncertain circumstances are usually made on the basis of
expected costs. For this kind of investment strategy the variance of costs is often quite large. When also considering
this variance, one is said to be risk averse. The impact of this type of decision-making is pointed out using the case
of dike-heightenings in the Netherlands. By application of the (non-homogeneous) Poisson process to describe
the uncertain occurrence of floods, the variance is calculated for the cost-benefit models for dike-heightening
by Van Dantzig and Eijgenraam. These results are used to show the effect of a more risk averse decision rule on

the outcomes in terms of crest levels and flood probabilities.

1 INTRODUCTION these modelsis not constant over time (forexample due
to sea level rise), the homogeneous Poisson process is
About 60% of the surface of the Netherlands is locatedhot sufficient for this purpose.
below sea level and this area is protected by a system
of dikes. In 1953, a large flood in the southwest of the,
country initiated new research into making optimal2 E(IDSRKIDBIQSEE:E(I:((;):'ITE?\JFTI’\\:EFIT MODELS
decisions for flood risk reduction. Van Dantzig pre-
sented a risk-based cost-benefit analysis to determinf
the optimal crest level of the dikes (Van Dantzig 1956).
Eijgenraam extended this cost-benefit analysis by takrhe principal idea in the model by Van Dantzig is to
ing future dike-heightenings (which are necessary duevrite both the investment costs of dike-heightening
to e.g. sea level rise) and their investment times aand the expected amount of damage caused by future
decision variables in the model (Eijgenraam 2006). Afloodings as analytic functions of the crest level after
description of the two models is given in Section 2. dike-heightening. The optimal dike height is deter-

The problem of dike-heightening is similar to the mined through minimization of the total cost, which
problem of maintenance optimization: the uncertainis the sum of the investment costs and the expected
occurrence of failures affects the planning and tim-amount of flood damage. In the model it is assumed
ing of preventive maintenance actions. When usinghat the initial dike-heightening is followed by peri-

a risk-based decision rule, the optimal time betweemdical augmentation of the crest level to compensate
repairs is often determined by the interval with thefor e.g. sea level rise and soil subsidence. The initial
lowest present value of the costs involved. Due to thelike-heightening (att D 0) is the decision variable in
probabilistic nature of such an approach, this value ishe model.

uncertain and the expectation is used for decision mak-

ing. However, practical experience has shown that thé-1.1 Flood probability

variance of this optimum is usually quite large; see o calculate the probability of flooding, it is assumed
for example, Van Noortwijk (2003). In these cases, ithat a flooding occurs when the sea level exceeds the
is desirable to choose a maintenance interval which igrest level of the dikes. The sea level is assumed to
less optimal, but of which the outcome is less uncerfollow an exponential distribution. The yearly flood
tain. When making such a decision one is often said t@robability can then be written as:

be risk averse. R —

A common problem is that the variance of the eco-p(h’t) Do M
nomic costs of optimal decisions, is difficult to deter-where p(h,t) D yearly flood probability (1/year);
mine. In this paper, the (non-homogeneous) Poissoh= crest level after dike-heightening @map); t D
process is used to represent the uncertain occurrentime (years);po D initial flood probability before
of floods in the Netherlands. This approach allows thelike-heightening (1/year® D scale parameter of the
calculation of the variance of the present value of totabxponential distribution (1/m¥ D initial crest level
costs in the optimal investment strategies in both th¢mCnap), and” D relative decrease in crest level
Van Dantzig and the Eijgenraam models. This is showrim/year) due to, for example, sea level rise and soil
in Section 3. Since the probability of flooding within subsidencenap D Normal Amsterdam Level.

1 The model by Van Dantzig
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The time period between two dike-heightenings is2.1.3 Investment costs
denoted by, (years). Each periodical augmentationFor calculation of the costs of dike-heightening Van
is executed to compensate for the relative decrease Dantzig assumed that only the first heightening would

crest level and therefore equéks meters. bring along fixed costs. The variable costs of dike-
heightening on the other hand, are calculated for
2.1.2 Flood risk both the initial dike-heightening and the periodical

The expected amount of damage each year (also callécreasing of the crest level. The present value of the
the flood risk) is calculated by multiplying the yearly investment costs for all dike-heightenings is therefore
flood probability and the damage caused by flooding9iven by:

The latter increases over time due to economic growth, .

which increases the value of tangible assets within thr(h) = ¢, +c,(h—h,)+ > exp{-jor}c,nr

flood prone areas. It is assumed that the economi = ©6)
growth can be written as an exponential function: =c, e (h—h)+ anc

e exp{dr}-1
v(t) = v, exp{yr} 2

wherec; D fixed costs of dike-heightening (euro),

wherev(t) D damage caused by flooding (euroy;®  andc, D variable costs of dike-heightening per unit
initial damage caused by flooding (euro), ahdD  (euro/m). Note that(h), the present value of the invest-
yearly economic growth (1/year). ment costs for all dike-heightenings is a linear function

Using Equations 1 and 2, we can calculate thedf h, the crest level after the initial dike-heightening.
present value of the expected amount of flood dam-
age in the period between the initial dike-heightening2.1.4 Optimal dike-heightening
(att D 0) and the first periodical heightening of the The optimal dike height is determined through mini-

crest level (at D ¢). Itis given by: mization of the present value of the total costs, which
are given by:

T ]_ —(6-p)t

/:J;p(h,t)-v(t) exp{—é't}dt =35, eXp{—a(h—/’lo)}ig_ﬁ (3) K(h) - I(I’L)+S(h) (7)

wheret D discount rate (1/year D po2®vo D initial Figure 1 gives the present value of the investment costs

s well as the present value of the expected amount of
Z\ﬁ%ﬂyg ipgct@e’d(f /r;ec) :rr)n of flood damage (euro/year)gamage caused by future floodings and the total costs

Equation 3 gives the present value of the expecte@s analytic functions of the crest level. The parameter

amount of flood damage over the first period. In thevalues used for this end are adopted from (Van Dantzig

. 956) and given in Table 1. All values relate to the
same way it can be shown that the present value o]f L
expected amount of flood damage over th€ Gth Situation in 1953 at Hoek van Holland near Rotterdam.

perton c el o s vaue mutpled win  fac- | T1% 155 Ve e dkeehenn ot
tor exp{”¢ } due to economic growth and a discount by substitution of E ?JationsyS cellnd 6 and taking the
factor exp{#’¢}. The present value of the expected dy ivati ith qtt th t level 9
amount of flood damage over an infinite time horizon erivative with respect to the crest i

is therefore given by: & 4 W

=c, - e =6 —as(h) ®)
e dh o6-f 1-e @-7)
St =s,exp{-ath-h)}——— S exp{-jG-pr} ()
i=0 X 10’
— — - investment costs
For this valueS(h) to be finite, it is necessary that | o

the discount ratet is greater than the yearly eco-
nomic growth®. This is an important restriction to 1}
the model by Van Dantzig and one of the main rea-
sons for the extension to the model by Eijgenraam (se
Section 2.2).

If £ >° Equation 4 reduces to:

(euro)

osts
%

present value c

~athehy) | _ ,~0-pr N

5B 1-eor ® T

Sy€

S(h)=

——————————

and in the special case thatequals™, the fac- T T T S L

crest level after dike—heightening (m+NAP)
tor (1 exp{i (xi )&M(xi ) in Equations 4 and
5 is simply replaced by, which follows from the Figure 1. Economic optimization of the crest level after
Equations 4 and 5 by taking the limit > . dike-heightening in the model by Van Dantzig.
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Table 1. Parameter values in the model by van dantzig. x10°

Par.  Description Value Unit 4'i_
§
Po initial yearly flood 38£ 103 1/year ?5
probability o
®  scale parameter exp. 2.6 1/m £
distribution g2
ho initial crest level 4.25 r@nap LT
’ relative decrease in crest 0.01 m/year 1
'.e"e' . 03 50 100 150 200
é time period between 75 year time (years)
heightenings
Vo initial damage caused by 9:1£ 10° euro Figure 2. Yearly flood probability as a function of time in
flooding the optimal solution for the model by Van Dantzig.
° yearly economic growth 0.02 1/year
+ discount rate 0.04 llyear 10°
G fixed costs 2:8£ 10 euro
dike-heightening 108}
Cv variable costs 1.9£ 10 euro/m

dike-heightening

d risk (euro/year)

By setting the derivative equal to zero, the followingé .
expression is found for the optimal crest level: h:

10°

. . . . .
_(5- 0 50 100 150 200 250 300
C 5— ﬁ l1-e &=pre ] time (years)

1, (e
h,, =%—;1ﬂ{—‘—'w )

Figure 3. Yearly expected flood damage (risk) as a function

Since the second derivative of the total costé fis of time in the optimal solution for the model by Van Dantzig.

given by®S(h), which is greater than or equal to zero,
|tffct)rl]lovtvsttk|1at thte optimum found s in fact a minimum can lead to higher water levels during a flood, which
0 _I_he ota costs. | . in Table 1 It results in more flood damage);

optimillpce:rea;TIZ\?erl \é?qﬂglstc?giwapawﬁichrlf)svl:ersm & the investment costs of increasing the crest level
the flood probability at the time origin from E8L0 3 are no longer proportional to the extent of the dike-

. . heightening, but also depend on the number of
6
(¥1/260) 10 6.% 10 (1/41/150‘0.00)‘ with the present dike-heigtenings accomplished. The reason for this
value of the total costs over time equal to roughly adjustment of the model is that dike-heightening
83 million euro.

will usually be executed with the use of a more
expensive technique when the dike already has a
higher crest level.

the actual heightening in itself (since higher dikes

2.2 The extended model by Eijgenraam

In the model by Van Dantzig the crest level of the dike Eijgenraam showed that the optimal investment

. L ... _strategy consists of an initial dike-heightening of size
is periodically restored to the same level after the initia . 2 -
dike-heightening. As a result the yearly flood probabil- meter at timet, followed by a periodical augmen

. o9 : ; o tation of the crest level witlu meter every;, years.
ity, which increases over time, is periodically brothtAlthough itwas not presumed in advance that the dike-

back to the same value. This is shown in Fig. 2. Th% . . S .
X . eightenings after the initial increasing of the crest
potential flood damage (Eqn. 2) however, increase evel should happen periodically, it turned out to be

over time, as a result of which the risk (yearly expecte . .
flood damage) also increases over time and grows t@i\?}%ﬁ'&?lirSnO|gtrg:“O;H:§0nr:$edgfl'th e model is that in
infinity (Fig. 3). To avoid this, Eijgenraam extended contrast with ?he solution given by Van Dantzig, it is
the model by taking notonly the first dike-heightening, he flood risk, not the roodgprobal:)J,iIity that shogid be
Ewu;iili:)ozltlelfumre heightenings as decision variable rought back periodically to the same value.

In Eijgenraam's model, the initial heightening of the
dike does not necessarily occurt@ 0. The moment

. - 3 GENERALIZATION USING A

of the first augmentation of the crest level as well as
the moments of all the future heightenings are decision NON-HOMOGENEOUS POISSON PROCESS
variables in the model. Besides this there are also so

minor changes in the model: M8 the cost-benefit analyses by Van Dantzig and by Eij-

genraam, optimal strategies for heightening the dikes
+ the damage caused by flooding does not onlare calculated by minimization of the expected value
increase due to economic growth, but also due tof the total costs. To investigate the variance of these
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total costs we use the Poisson process to representt’ 1" ‘ ‘ . ‘ ‘ , =
H K ~ ~ - expectation
uncertain occurrence of floods. ; — | Vasaicd

10°F — — variation coefficient

3.1 Expectation and variance of future
flood damage

Consider a continuous-time model with stochastic fail
ure times. The following notation is used. oy 1the
stochastic variabl@&y represents the interval between
the (k-1)th and the kth failure event. Using:

present value future flood damage (euro)

k
S,=0 and S, =T for k21 (10) w0 |
i=1

L L L L
6.2 6.4 6.6 72 74 7.6

the variableS; represents the time of the kth failure e et vl e ke -eihnin (mNAP)
event. The loss caused by such a failure is described . . - -
by a unciior(). which givesthe presentvalue o the [041e & Expectator varance and coefint ovariatr
costsin case of afailure at timeJsing th!s def|n|t|on,. the crest level after dike-heightening in the model by Van
the present value of the total costs of failures up to time) g

tis given by:

. In the model by Van Dantzig the present value of costs
C(t)= Zl{m -g(8,) (11) s calculated over an infinite time horizon. The expec-
k=l tation and variance of the present value of future flood

) damage are therefore given by:
It can be shown (appendix A) that under the assump-
tion that the failure events follow a non-homogeneous . . T
Poisson process the following expressions hold for thE[Cl=limB[c®] = ‘J_‘g(t)ﬂ(t)d’ an
expectation and the variance ©ft): .
, VAR [C]=lim VAR[C()] = [g* (1) A(t)dt (18)
E[Ct)]= Ig(r)/l(r)d?: (12) 0

, Using Equations 15 to 18, the expectation and vari-
VAR[C()]= J'gz(f)g(r)df (13) ance of the present value of future flood damage in the
0 model by Van Dantzig can be calculated. These cal-
culations are very similar and only the calculation for
In Equations 12 and 13, the functiQift) represents  the variance is shown. The calculation for the expec-
the intensity of the non-homogeneous Poisson procesgtion leads to the expression as given in Equation 5 in
which can also be seen as the frequency of failures, th&ection 2.1.2.
is the expected amount of failure events per time unit
(at imet). When the intensity at which failures occur yag[c]= ng(,)ﬂ(t)d,
is sufficiently small, the following approximation can 0
be used:

(k+)T

— Z J‘ poe—w[h—h‘,fl](l—kr)] .vgefz(zifyndt
k=0\_ &z

A1) = p(1) (14) s
) - ] =p, -Vﬁe’mh’h")i[e’aﬂm I e—[z(«i—y)-m;]rdtJ (19)
with p(t) the probability of (at least one) failure per P i
time unit (at timet). This will be used in the following - ) | = plo-r-ane
sections, where the Equations 12 and 13 are applied =p, 'VSe’“””/’")2[6’2“””” 257}
the models by Van Dantzig and Eijgenraam. =0 ©=n-an
2 ,vgefmhfho) ‘l_ef[z(éfr)fmz]f

T2-p-ag  1-e

-2(8-9)7

3.2 Application to the model by Van Dantzig

Figure 4 gives the expectation and variance of the

present value of the future flood damage as a func-

tion of the crest level. The parameter values used are

(15) those given in Table 1. Fig. 4 also gives the coefficient
of variation, which is defined as the square root of the
variance divided by the expectation.

In this model the flood frequency is approximated by
the yearly flood probability and can be written as:

At) = pyexp{-a[h—h —-n(t -k}, kr <t < (k+ D7

The functiong(t) equals: One can see that both the expectation and the vari-
ance approach zero as the crest level increases, while
(0 =v,exp{~(6- 11} (16)  the coefficient of variation increases.
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3.3 Application to the model by Eijgenraam 10t

3.3.1 Expectation and variance of flood damage .
We now continue with the application of Equations 125 " |
and 13 to the model by Eijgenraam. To make things
more comprehensible we use the fact that the optiz "
mal investment strategy consists of an initial dike-£
heightening of sizexmeter at timet; followed by 217
periodically increasing of the crest level witimeter
every¢ years . In this case the flood frequency in the * ‘ s s s s

model by Eijgenraam can be written as: ! * P et » o

Figure 5. Yearly flood probability as function of time in the

At)=p,e ™ for 0<t<t,
’ I (20) optimal solution for the model by Eijgenraam.

M) = pe e ™™ for t +kr<t<t +(k+1)T

10’

For the purpose of simplification, we also ignore the
increase of the potential flood damage as a result ¢
accomplished dike-heightenings. Then, the functiorc |
g(t) is the same as in the model by Van Dantzig, anc; |
is given by Equation 16.

The expectation and variance of the present valuz |

sk (eur

of future flood damage can be calculated with the helf® g
of Equations 17 and 18. Again, the derivation looks
very similar to the one in Equation 19. Below only the . ‘ ‘ ‘ ‘ ‘
resulting equations are shown. ¢ 30 W ey &0 30
—(ax+én) i ;
_ DPyV, & N Figure 6. Yearly expected flood damage (flood risk) as
]E[C]*—“gE : [I*e +(1-e )17((&#57)} 21 function of time in the optimal solution for the model by

Eijgenraam.

with » D +°-®".
Figures 5 and 6 give the yearly flood probability and
@) the risk (yearly expected flood damage) as functions
} (22)  of time for this strategy. The yearly flood probability
has a negative trend, while the maximal risk is constant
over time.
The total costs for this optimal investment strategy
e equal to 83 million euro, consisting of 76 million
euro investment costs and 7 million euro expected
future flood damage. Using Equation 22 we can go
one step further and also calculate the variance of the
3.3.2 Optimal investment strategy present value of the future rood_ dgma_ge for the_ opti-
Thé optimal dike-heightenings and correspondin mal strategy. The sta_n_dard dewayo_n in the_ optimum
investment times are determined by minimization 0%urns out to be 179 million euro. It is interesting to see
that, although the expected value of the future flood

the present value of the total expected costs. The amage is small compared to the total costs in the opti-

expected costs consist of the present value of th TR )
expected future flood damage (Eqn. 21) and th?%hgltitgtz%g;i;tggggd deviation is more than twice

present value of the investment costs, given by:

lief(mwjf)

VAR[C]=Loto o [1755" +(1-¢%)

with » D 2(+°)-®".

Notice that Equation 21 is almost the same as Equaa{r
tion 22, but multiplied with the initial potential flood
damagevp and with a slightly different definition of
the combination parameter

=8(1+7)

p (23) 4 THE IMPACT OF RISK AVERSION ON
OPTIMAL DIKE-HEIGHTENING DECISIONS

I(t, x,7,0) = (¢, +¢,x)e™ ™ +(c, +c,u)

1—e”

Unlike in the model by Van Dantzig, the fixed costs
for periodical dike-heightenings are also taken intg®-1 General formula
account. For reason of simplification the depen-As we have seen, minimization of the total expected
dence of the investment cost on the number otosts in the models by Van Dantzig and Eijgenraam
dike-heigtenings accomplished was ignored. leads to optimal investment strategies, but leaves a
When we substitute the parameter values given iarge uncertainty for the actual costs of future flood-
Table 1 in Equations 21 and 23, and use a numerings. Therefore it can be desirable to choose an invest-
cal method for the minimization of the total costs, wement strategy which is less optimal, but of which the
find the following optimal investment strategy:D 0 outcome is less uncertain. To take this uncertainty into
years,x D 2:35 m,¢ D 73 years andi D 1:29 m.  accountthe variance of the total costs is included in the
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decision rule. Optimal heightenings and correspond¥able 2. Economic optimization of the crest level in the
ing investment times are calculated by minimizationmodel by Van Dantzig for different values of the risk aversion

of the following function: index.

Optimal Flood

crest level Total costs probability

Index (MCNAP) (mIn euro) (L/year)

whereK D present value of all future costs, consisting . R
of investment costs and flood damage (euro), laiidl k g g;(l) gz gg 1;“ iﬁgg'ggg
risk aversion index. This cost function was also use D 015 8'0 100 1/“ 14 50'0 000
in, for example, Van Gelder & Vrijling (1998) : ' o 00
n, , - 10 86 111 v41/21,000,000

Now the formulas for the variance of the future
flood damage in the cost-benefit models by Van
Dantzig and Eijgenraam turn out to be very valuable
since we can use them to calculate the optimal strate

ossible amount, we become more certain about our
- o e ctual costs in the future. The extent to which one is
for different values of the risk inversion indéx Of

. . ) illing to incur higher costs in order to reduce the
course, Equation 24 contains the variance of the totz%’i/sk igs represente?j by the risk aversion inétefk D 0

costs, but one should notice that this equals the VarEorresponds to a risk-neutral situation)
ance of the future flood damage, since (within these For the model by Van Dantzig even-a small value

models) the investment costs are notuncertain. 4t the indexk results in a significantly greater dike-
heightening. Ifwe takk D 0:1 as an example, the total
expected costs increase with less than 2.5%, but an
extra crestlevel of roughly 40 cmis needed, which low-
The model by Van Dantzig was presented in Sectiorrs the flood probability (and consequently the flood
2.1. Equation 19 gives the formula for the variancerisk) by nearly a factor 3.

of the present value of future flood damage in the

model. With this information the value of the objective

function in Equation 24 can be calculated for differents CONCLUSIONS

values of the crest level (after dike-heightening) and

the risk aversion index. This is shown in Fig. 7. Theone of the main results of this analysis is the fact
optimal crest level after dike-heightening (that mini-that the assumption of a non-homogeneous Poisson
mizes the objective function) for a range of values forprocess to describe the occurrence of floodings over
k is given in Table 2. This table also presents the cortime |eads to elegant equations for both the expecta-
responding total expected costs and the yearly floogion and the variance of the discounted costs (Eqns. 12
probability after dike-heightening. _ and 13). These formulas were used to (analytically)
Itis clear from Table 2 and Fig. 7 that a higher valuecalculate the standard deviation of the costs in the cost-
of the indexk results in a higher crest level, which penefit models by Van Dantzig and by Eijgenraam. As
gives a larger amount of total expected costs, but alsgxpected, the variance of the costs in the strategy with
gives amuch lower flood probability and consequentiythe Jowest expected costs, turns out to be quite large.
a much lower flood risk. This illustrates the concept of The conclusion above leeds to a more risk averse
risk aversion; by investing a little more than the lowestype of decision rule, as given by Equation 24. Using
the model by Van Dantzig it was shown that even a
small value of the risk-aversion index can have a large
impact on the optimal decision. These results are valu-
able to anyone working on risk-based decision making
in various areas such as flood risk management and
management of infrastructure assets.

4.2 Application to the model by Van Dantzig
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APPENDIX A

In section 3.1 the non-homogeneous Poisson process

was introduced to describe the uncertain occurrence

of floodings over time. The present value of the flood

damage up to timeis given by:
With the help of Equation A7 the probability density
function for S,(Egn. A6) can be simplified to:

In section 3.1 it was stated that under the assump-

tion that floods occur according to a non-homogeneous

Poisson process, the following holds for the expectaAs stated before, we can conclude the proof of Equa-

tion and the variance of the stochastic varizB(€): tion A2 by showing that the sum of the probability
density functions of the flooding time%, equals the
intensity function, :

A proof of this statement is given below.

Expectation Second moment
First of all, the expectation can be written as follows: In order to calculate the variance, we first calculate the
' second moment aE(t). This :

To prove that this is indeed equal to Equation A2, weThe summation ovencan be divided in a sum over
only need to prove that the intensity functioequals N>k, n D k andn < k. This gives:

the sum of the probability density functions of the

flooding timesS;. To do so, we start with the joint

probability density function o, up to and including

Sh, given in Van Noortwijk et al. (2007):

with 0 < § < ¢¢& s, The probability density
function forS,, the time ofnth flooding event, can be The first part of this equation is easy to simplify, since
calculated by taking the integral over this joint densityit is similar to the equation for the expectation, but
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with g2(S.) instead ofg(S:). Similar to the proof of Now that we have this result we return to the double
Equation A2, it can be shown that: sum at the end of Equation A11.

The double sum at the end of Equation A11 is more
difficult to simplify. For this purpose we make use of
the conditional probability density function §f given

S:. The derivation of this function involves the follow-
ing steps. First we calculate the conditional probability. .
density function of all flood event times after the | € NeXtstep is to take the sum over k, where we
kth flooding event given the times of all preceding ©@" Make good use of Equation A16:

floodings. Using Equation A5 this equals:

Although we conditioned on all the preceding flood

event times, only the dependence on the last floodingina”y we calculate the double sum from Equation

time remains in Equation A13. This is to be expecteth11 the same way, this time using Equation A9:
because the non-homogeneous Poisson process is a '

Markovian process. We can conclude that this equation
also gives the conditional probability density function
of all flood event times after thkth flooding event
given only the time of thigth flooding event:

Now, we can also calculate the conditional proba-
bility density function ofS, givenS,, forn > k:
Where in the last step of Equation A19 the lemma
from Equation A7 was used again. Combination of
Equations All, A12 and A19 leads to the following
expression for the second momentGit):

Variance

The variance ofC(t), the present value of the flood
damage up to time can now easily be derived from the

. . equations for the expectation and the second moment
Where in the last step of Equation A15 the Iemma(ggnsl_ A2 and A203(:p !

from Equation A7 was used again. The conditional
probability density function from Equation A15 does
not look very nice yet, but when we take the sum over
n > k the result is surprisingly simple:

Which concludes the proof of Equation A3.
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