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POSTULATES

A probabilistic model involving an exponential decay similarity function is
consistent with an observed Gaussian relationship between similarity and distance
involving confusable stimuli (Nosofsky, 1986,1988; Shepard, 1988).
Nosofsky, R.M. (1986). Attention, similarity and the identification-categorization
relationship. Journal of Experimental Psychology: General, 115,39-57.
Nosofsky, R.M. (1988). On exemplar-based exemplar representations: Comment on Ennis
(1988). Journal of Experimental Psychology, General, 117,412-414.
Shepard, R.N. (1988). Time and distance in generalization and discrimination: Comment
on Ennis (1988). Journal of Experimental Psychology, General, 117,415-416.
This thesis.

The expected value of an exponential decay similarity function of city-block
interstimulus distance will be experimentally insensitive to perceptual dependence
(correlated psychological dimensions).
This thesis.

3.

Any psychological task which can be modeled by assuming that subjects choose one of
two representations based on the smallest Euclidean distance to a third
representation can be expressed in terms of the distribution of an indefinite
quadratic form.
This thesis.

4.

Models based on the entire sequence from stimulus to percept will have greater
validity, often with fewer parameters, than models which ignore the physicochemical
parameters of stimuli.
This thesis.

5.

The power of the triangular and duo-trio discrimination methods is so low, relative
to 2-alternative and 3-alternative forced choice procedures, that their extensive use
in testing for small differences between stimuli is not to be recommended.
Ennis, D.M. (1990). The relative power of difference testing methods in sensory
evaluation. Food Technology, 4 4 , 1 1 4 , 1 1 6 & 117.

6.

Molecular models of chemical sensing show that molecular parameters, such as binding
constants, can be estimated directly from perceptual information without using
biochemical assays.
Ennis, Djvf. (1989). A binary mixture model applied to the sweetness of fructose and
glucose mixtures: De Graaf and Frijters revisited. Chemical Senses, 14,597-604.
Ennis, D M . (1991). Molecular mixture models based on competitive and noncompetitive
agonism. Chemical Senses, in press.

7.

Biodegradable polymers can be developed by incorporating naturally occurring amino
acids into synthetic polyamides such as the alternating copolymer of e-amino caproic
acid and glycine.
Ennis, D.M. and Kramer, A. (1974). Bacteria capable of degrading polymeric and low
molecular weight amides. Lebensm. -Wiss. u, TechnoL, 7,214-216.
Ennis, D.M. and Kramer, A. (1975). A rapid microtechnique for detecting the
biodegradability of nylons and related polyamides. J. Food Sc., 40,181-185.

8.

All synthetic fertilizers applied to soils with structural problems, caused by high
exchange capacity clays, should contain up to 10% dicarboxylic acid salts (such as
magnesium, potassium, ammonium and hexanediamine salts of adipic, glutaric and
succinic acids) to improve soil structure.
Ennis, D.M., Kramer, A., Mazzocchi, P.H., Jameson, C.W. and Bailey, WJ. (1975).
Synthetic N-releasing biodegradable soil conditioners. HortScience, 10,505-506.
Ennis, DM. 1978. Synthetic N-releasing soil conditioner. US Patent 4066431.
Ennis, D.M. 1981. Process for improving soil structure. Canadian Patent 1099942.

9.

An outlier detection and elimination procedure should be implemented in international
judging competitions involving sports such as gymnastics and diving to help to avoid
the unfair effects of catastrophic errors.

10.

Children should not be introduced by schools to computers until they have completed
their secondary education.
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ABSTRACT

Mental representations of objects may fluctuate or change from moment to moment. Many
models of similarity, identification, classification, and preferential choice are
deterministic. These models cannot formally account for perceptual fluctuations. In this
thesis, it is assumed that there exists a probability density function for psychological
magnitudes (usually assumed to be multivariate normal) and a judgment function which defines
how these magnitudes are used to make a particular decision. Based on these ideas,
probabilistic models of triad discrimination, similarity, identification and preferential
choice are derived and evaluated. Several of these models can account for differences in
self-similarity, asymmetric similarities and violations of the triangle inequality because
the metric axioms are not assumed to apply to proximity measures among stimulus means. A
paradox, created when deterministic models of identification are compared, concerning the
universal form of the similarity function and the distance metric, is resolved using a
probabilistic model The use of nonlinear least squares to estimate parameters is
illustrated in the case of several of the models. Fechner-Thurstone models, in which
stimulus variability, a psychophysical transformation, and psychological variability are
formally included, are discussed.
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CHAPTER 1

GENERAL INTRODUCTION

2
Probabilistic Models

A wide range of decision processes, such as those involved in identification, forced
choice, preferential choice, grouping and categorization, can be mathematically modelled as
stochastic or probabilistic processes. This means that the momentary psychological magnitudes
or percepts are treated as if they were drawn from a particular probability distribution. In
this thesis it will be assumed that this distribution is unidimensional or multidimensional
normal. The primary goal of the thesis is the development and evaluation of models of several
different types of subject tasks all of which share a common framework concerning the
probability distribution of the percepts used in each task.
The work to be reported in this thesis started with an interest in extending the
unidimensional Thurstone-Ura model for the triangular method (Frijters J.E.R., 1979, British
Journal of Mathematical and Statistical Psychology, 32,229-241) to the multidimensional case.
The triangular method is a tri-stimulus discrimination method commonly used in research on the
chemical senses and in applications to food and beverage sensory testing. Frijters very clearly
set out the framework for modelling a task such as the triangular method under the assumption
that the momentary psychological magnitudes or percepts are univariate normally distributed.
Once this research was initiated, several new research areas opened up and appeared worthy of
pursuit These included the development of Thurstonian models for other tristimulus methods,
models which formally connect physicochemical measures, including variances, to their
corresponding psychological magnitudes, and multidimensional probabilistic models of other
perceptual processes such as similarity, identification and preferential choice.
Given a number of alternative probabilistic models for a particular task, such as
identification, it has been of interest to compare the models with regard to how they respond to
changes in the models' parameters (such as the degree of perceptual dependence or correlation
between dimensions). This has been a fruitful area to pursue. There are large differences
between the predictions made by several of the newly developed probabilistic models that may be
related to easily manipulated behavioral variables.
Other results from the multidimensional model evaluations suggested new interpretations
for existing identification data sets which may be more plausible than current deterministic
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identification models. A paradox concerning the metric which defines distances, and the
judgment function used to determine similarity for highly confusable objects is resolved. These
evaluations have led to a justification for the implementation of probabilistic models instead
of deterministic ones in cases where perceptual noise is large.
A recurrent theme in many of the papers in this thesis is to extend existing models,
find underlying connections between models and attempt to reach increasingly higher levels of
consolidation and simplification. Some areas of perceptual measurement may appear unrelated,
but actually share identical models. An example is the multidimensional probabilistic model for
Torgerson's method of triads and a general model for preferential choice. This relationship is
discussed along with other special cases of this model.

Organization of the Thesis

The thesis is divided into three main sections covered in Chapters 2 , 3 and 4. Chapters
5 , 6 and 7 contain the conclusions and summaries (in English and Dutch).
Chapter 2 contains an overview of the content of the thesis (in two papers) and will
give the reader a background on the deterministic precursors of the probabilistic models
discussed in the thesis.
There are three papers in Chapter 3 on unidimensional models. In the first of these
papers, unidimensional models for Torgerson's and Richardson's methods of triads are derived and
it is shown how the parameters of the models may be estimated using the method of nonlinear
least squares. Two commonly used methods, the duo-trio and the triangular method are shown to
be special cases of Torgerson's and Richardson's methods, respectively. In the second paper,
the consequences of relaxing one of the assumptions concerning resampling within a trial in
Richardson's method is explored. It is shown how decision conflicts may arise in which the same
two stimuli may appear to be most alike and most different A model for the probability of
occurrence of this event is derived. The final paper in this section deals with models (called
Fechner-Thurstone models) in which physicochemical parameters (means and variances), a
psychophysical transformation and perceptual variance are included in a single model. Parameter
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estimates for a sample problem are provided along with a discussion of the parameter efficiency
of models of this kind.
Chapter 4 contains six papers. In the first three papers, multivariate models for the
duo-trio and triangular methods are described. These papers provide both Monte Carlo results as
well as formal models for these methods which have been solved using numerical integration
techniques. A fundamental assumption in multidimensional scaling, that there is a monotonic
relationship between proximity measures and the perceptual distances between objects, is shown
to be false when the objects are confusable.
Many commonly used models of similarity and choice are deterministic. The fourth paper
in Chapter 4 addresses the development of a probabilistic model of similarity applied to samedifferent judgments. This paper contains a probabilistic approach to multidimensional scaling
using both real and artificial data. In the paper, and the one following it, it is pointed out
that what may appear to be a Gaussian judgment function and the Euclidean metric for distances
between stimuli using a deterrninistic model may also be thought of as an exponential decay
function and the city-block metric when perceptual variability is formally included in the
model. The latter model is also more consistent with a large body of literature concerning the
judgment function and metric in generalization experiments. Consequendy, hidden structure in a
data set may be revealed using a probabilistic model, where appropriate.
The sixth paper in Chapter 4 provides a comparison of three types of stochastic or
probabilistic models of identification with regard to perceptual dependence or the degree to
which perceptual dimensions are correlated. It is shown that some of these models are highly
sensitive to perceptual dependence and others are not The relevance of this result to
experiments involving trained and untrained subjects is discussed.
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CHAPTER2

OVERVIEW

Modelling similarity and identification when there are momentary fluctuations in
psychological magnitudes. In F.G. Ashby (Ed.) Probabilistic Multidimensional Models of
Perception and Cognition. 1991. Hillside, N.J.: Lawrence Erlbaum Associates, Inc, in
press.

A general probabilistic model for triad discrimination, preferential choice and twoalternative identification. In F.G. Ashby (Ed.) Probabilistic Multidimensional Models
of Perception and Cognition. 1991. Hillside, N.J.: Lawrence Erlbaum Associates, Inc,
in press.
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Modelling Similarity and Identification when there are
Momentary Fluctuations in Psychological Magnitudes

Daniel M. Ennis

Philip Morris Research Center
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To discover the hidden structure in what we observe is a source of great
enjoyment and a worthy goal for scientists to achieve. This structure is often revealed by
successively employing models of increasing elegance and generality. The physical attributes
of any set of objects will never occur at exactly the same value. Similarly, the chemical
fluctuations in time and space around each cell, the cacophony in the living world, ensure
that mental representations for the same and different objects will not be identical.
Explicit models for these fluctuations might be based on known molecular/cellular processes
and principles. In the absence of this knowledge, it is often useful to employ models that
can be justified on the basis of experience in model fitting. These models may be shown
later to have a basis in more fundamental processes, but initially must be viewed as
operational. The models to be discussed in this chapter fall into this latter class.
The modest goal of this paper is to describe models which can be used to explore the
consequences of momentary fluctuations in psychological values, irrespective of the processes
responsible for these fluctuations. This exploration does indeed lead to the exposition of a
hidden structure that cannot be seen from the perspective of models that ignore the existence of
momentary fluctuations.

General Principles

An organism's behavior in responding to a stimulus can be modelled as if the organism
transduced physical and/or chemical information into mental representations and employed some
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decision process. Many aspects of this sequence can be expressed in alternative mathematical
forms, from which a particular model can be chosen. This selection would be based on fitting
the models to experimental findings.
In general, psychological magnitudes can be treated as vectors in which each element
of a vector corresponds to a value on a particular psychological continuum. Fluctuations in
the vector magnitudes for a particular stimulus may occur because the physical stimulus may
not be constant and/or because the information transduced to a mental representation
(percept) may change from moment to moment Fluctuations in the object or in the mental
representation of it can be modelled using particular probability density functions (pdfs).
In many probabilistic models, attention is paid only to fluctuations at the psychological
level by assuming that physicochemical stimulus variance is zero and it has been common to
assume that the psychological pdf is normal. Later in this chapter, the issue of
physicochemical fluctuation will be discussed. Ifƒ is any psychological pdf, g is a
judgment function for a particular task, and z is a vector which is a function of the
momentary psychological magnitudes, then a very large number of tasks in psychology can be
modelled based on the following simple equation:

(1)
D

where P is the probability that a particular decision will be made and D is the joint domain
off and g. Ifƒ is a multivariate normal density function, then

g
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The superscript,', denotes a row vector and 121 is the determinant of 2. 2 is the variancecovariance matrix for the z values and ji is their mean.

Similarity Models

Let x.and x, be vectors (n elements in each vector) of psychological magnitudes
1

J

corresponding to two objects presented to a subject on a single trial. If the subject were
to be presented with exacdy the same objects an instant later, these psychological
magnitudes might be different Assume that the momentary psychological values are mutually
independently distributed with x. having density function/, and x, having density function

i

i

j

fj. The probability densities f. and/\ are multivariate normal distributions with means
and \Lj and variance-covariance matrices Z. and 2^ Based on the momentary psychological
values, x and Xj, the subject decides whether the stimuli are the same or different Let z =
'

J

x . - x „ 2 is the variance-covariance matrix of z. When n = 2,
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where a? and a? are the variances of the distributions from which x., and x,„ were drawn
1

respectively;

i2

il

*

andoj are the variances of the distributions from which x ^ andx.^ were

drawn respectively; p, is the correlation coefficient between the dimensions of x.; and p is
2

the correlation coefficient between the dimensions of x.. u is a vector of differences
between the means of the momentary psychological values, jj and u^..
jt

A general formula for the distance between the vectors x. and x. is the y-Minkowski
i

j

distance, d, where

n
d. = [ £ l z , l Y
*=1 *

/ Y

Y*l.

(3)

V

If y is 1, the distance, d, is referred to as the city block distance, and if y is 2, d is
referred to as the Euclidean distance.
One can similarly define the distance between population means as

It is extremely important to distinguish between d.. and 8... The distance, d.., is
ij

U

iJ

only defined for a particular trial. Once that trial is over, d„ has no further meaning as
far as the subject is concerned. The distance, 8 „, is the distance between the means of the
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distributions of psychological magnitudes that give rise to d„. The means and the variancecovariance matrices of these distributions determine the likelihoods of occurrence of
particular values of d„ within a particular trial, The probability that a subject will ever
directly experience psychological magnitudes equal to jx^ or JX^. is zero. In many traditional
multidimensional scaling models that are not probabilistic (deterministic models), it is
assumed that a subject will experience psychological magnitudes exactly equal to JX . and jx .

'

/

whenever the two stimuli are presented. The difference between d.. and 8.. is central to

if

V

differentiating between probabilistic models, which allow for fluctuations in psychological
magnitudes from trial to trial, and deterministic models which make no probabilistic
assumptions.

The Similarity Function

In Equation 1 it can be seen that the probability of making a particular decision
depends on ƒ and g. The function, g, is the judgment function. Suppose that g was concerned
with perceived similarity between the momentary values, x^. and x^. Then g could be called
the similarity function. Similarity can be defined in terms of d (which is a function of z).
There are many different forms which could be proposed for the function, g. An obvious
requirement would be that g decreased as d increased. Shepard (1987) proposed an exponential
decay similarity function as a universal principle. A flexible function which includes the
exponential decay function is

